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ABSTRACT. In this paper, we study the asymptotic behavior of short trajec-
tories of weak solutions to the 2D nonhomogeneous heat-conducting magneto-
hydrodynamic equations. Several bounds for short trajectories are obtained.
An attracting set is constructed, which consists of orbits on [0, 1] of complete
bounded solutions. Furthermore, the attracting set is compact in different

topologies.
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1. Introduction

Magnetohydrodynamic (MHD) equations describe the motion of a conductive
fluid in an electromagnetic field. In the present paper, we study the nonhomo-
geneous heat-conducting MHD equations in a bounded simply-connected smooth
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pe + div(pu) =0,
(pu); + div(pu @ u) — pAu+ Vr = (b- V)b + pfl,
(1.1) col(p0)¢ + div(pud)] — kA = 2u|d(u)|? + v|curl b)? + pf2,
by —vAb+ (u-V)b— (b-V)u =0,
div u = div b =0,

where p is the mass density; u = (u',u?) and b = (b',b?) are the velocity field and

the magnetic field respectively; 6 and 7 represent the temperature and the pressure;
f = (f, f?) is the external volume force. Here curl b = 9,,b% — 9,,b'; the term
d(u) = [Vu+ (Vu)'] is the deformation tensor. p is the viscosity coefficient of the
fluid, v > 0 is the magnetic diffusive coefficient, ¢, and k are the heat capacity and
the ratio of the heat conductivity coefficient over the heat capacity.

We consider the initial and boundary conditions as follows:

(pauaba 9)(%,0) = (pOaUOabﬂaoo)(z)a in Qa
u=0, b-n=0, curlb=0, 6=0, on 09,

where n is the unit outward normal vector on 9f2. For simplicity, we consider
i =v=k=c, =1 in this paper. The initial density is assumed to be bounded

(12) 0<B§p0 §ﬁ7

where p, p are positive constants.

If b = 0, problem (1.1) reduces to the nonhomogeneous heat-conducting Navier-
Stokes equations which have been discussed in numerous studies on the regularity of
solutions. W. Wang, H. Yu, and P. Zhang [22] proved the global well-posedness of
small strong solutions to the 3D nonhomogeneous heat-conducting Navier-Stokes
equations in bounded domains. For the nonhomogeneous heat-conducting MHD
equations (1.1), H. Wu [23] proved the local existence of strong solutions to (1.1)
with vacuum under some compatibility conditions. Later, X. Zhong [27] obtained
the global small strong solutions of 3D initial boundary value problems with vac-
uum. Recently, X. Zhong [28] established the global well-posedness of strong solu-
tions to the 2D Cauchy problem with large initial data and non-vacuum density at
infinity. For similar models in fluid mechanics, it is referred to [5, 21, 24, 25, 26|
and the references therein.

For evolution equations in mathematical physics, it is significant to study the
long-time behavior of solutions as t — +o00. If the external force function decays to
zero at some rate, the solutions will also decay to zero. In 1985, M. E. Schonbek [18]
obtained the optimal decay rates of weak solutions to the incompressible Navier-
Stokes equations. C. He and D. Zhou [14] studied the temporal decay for strong
solutions of an incompressible Newtonian flow with intrinsic degree of freedom. L.
Brandolese [3] showed the space-time decay of left invariant non-stationary Navier-
Stokes flows in R? (d = 2, 3). For the Navier-Stokes equations in R?, H. O. Bae and
B. J. Jin [1] obtained the temporal-spatial decay rates. Moreover, the upper and
lower bounds of weighted decay for weak solutions of the Navier-Stokes equations
in R™ were obtained by H. O. Bae and B. J. Jin [2].

If the external force does not tend to zero, then the solutions may not decay
to zero. In this case, the long-time behavior of solutions can be described in terms
of attractors. For the 2D classical homogeneous Navier-Stokes equations (p = 1
and @ = b = 0 in (1.1)), the theory of global attractors in bounded domains has
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been widely studied by many scholars (see [8, 15]). For systems lack uniqueness,
we cannot study global attractors by semiflow methods. An example is the 3D
homogeneous Navier-Stokes system (p = 1 and § = b = 0 in (1.1)). To overcome
this difficulty, G. R. Sell [19] developed a new point of view for constructing a
global attractor by considering trajectories as data and studying trajectories in
stead of solution semigroups. V. V. Chepyzhov and M. I. Vishik [7] provided the
theory of so-called trajectory attractors which can be used to study the behavior of
solutions without uniqueness. J. Malek, J. Necas and D. Prazzdk [17] developed
the method of short trajectories using similar ideas. Silimarly, E. Feireisl and
H. Petzeltovd [12] proved the existence of a compact global attractor for the 3D
isentropic compressible Navier-Stokes equations. V. V. Chepyzhov and M. 1. Vishik
[6] constructed a uniform trajectory attractor for non-autonomous equations. Up
to now, few results for nonhomogeneous problems (p is not a constant function)
are known. In the present paper, we will use similar techniques to those in [11] for
compressible problems which is different from the semiflow methods.
In this paper, we set

Coo() = {p € CZ(Q) | div ¢ = 0},
L%(2) = the closure of Coo () in L*(Q),
Hj ,(€) = the closure of C2%(Q) in Hy (1),
G(Q)=L2(Q)n{be H(Q) | curl b= 0 on 99},
HY(Q)/R = {n € H'(Q)

/ mdr = 0}.
Q
For the external force, we suppose

Fc{f e LERLXQ) | [Ifllzz < Rr},
(1.3) T(s)F C F, forall s >0,
F is compact in LE (R; L*(9)),

where T (s) : f(-) = f(-+ ) is the translation, R is a nonnegative constant and

t+1
11 =sup [ 155)ad:
teR Jt

This paper is organized as follows. In Section 2, we shall recall some preliminar-
ies. In Section 3, we will study global weak solutions obtained by approximation.
In section 4, we will give the theory of short trajectories. In the fifth section, we
shall study trajectory attractors of (1.1).

2. Preliminaries
For the Stokes problem, the following two regularity results hold, see [20] and
[27].
LEMMA 2.1. Let Q C R? be a smooth bounded domain, f € L*().
(i) The Stokes problem with the non-slip boundary condition

—Au+Vr=f inQ,
divu =0, in §,
u =0, on 052,
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has a unique strong solution (u,7) € H?(Q) x [H'(Q)/R] such that
IV?ullzz + V7|2 < Ol fll 2,

where C' depends on Q) only;
(i1) If Q is simply-connected, then the Stokes problem with the Navier-type bound-
ary condition
—Au+ V7 =f, in €,
divu =0, mn €,
u-n=curlu=0, on R,

has a unique strong solution (u,7) € H?(Q) x [HY(Q)/R] such that
12l + [V xlz2 < Cllflz,
where C' depends on € only.
We also need the following so-called uniform Gronwall inequality, see [7].

LEMMA 2.2. Let g, h,y be three positive locally integrable functions on (0, +00)
such that y' is locally integrable on (0,400), and which satisfy

y <gy-+h, forallt>0,

and

t+1 t+7 t+1
/ g(s)ds < aq, / h(s)ds < as, / y(s)ds <as, forallt>0,
t t t

where T,a1,asz,az are positive constants. Then
as a
y(t+7) < ( +612)e L forallt>0.
T

For compactness in time with values in weak topologies, we refer to [16]. This
will be used for convergence of density functions.

LEMMA 2.3. Let X be a separable reflexive Banach space and Y be a Ba-
nach space such that X < Y, Y’ is separable and dense in X'. Let {f,}nen C
C([0,T];Y) and be bounded in L*>°(0,T;X) for some T > 0. We assume that for
al g €Y', (o, fn(t))y:y is uniformly continuous in t € [0, T uniformly in n > 1.
Then, { fn}nen is relatively compact in C([0, T); Xweak)-

3. Global weak solutions

In this section, we shall study global weak solutions obtained by approximation.
To this end, we consider the auxiliary problem first.

LEMMA 3.1. Let Q C R? be a smooth simply-connected bounded domain and F
satisfy (1.3). For any (po, uo,bo,00) € C*°() x Hj ,(Q) x G(Q) x L*(2) satisfying
(1.2), f € F, there exists a weak solution (p,u,b,0), for all T >0,

0<p<p<p,

we Lo(0,Ts Hy () N L*(0,T; H2(%)),
be L>(0,T;G(Q)) N L0, T; HX(Q)),

6 € L>=(0,T; L?(2)) N L2(0,T; H3(Q)),
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to the system

pe + div(pus) =0,

(pu)s + div(pus @ u) — Au+ Vr = (bs - V)b + pfl,

(p0)¢ + div(pust) — A0 = 2|d(us)|? + |curl bs|* + pf?,

by —Ab+(U5~V)b—(b5-V)u+V7~T=0,

divu = divb=0,

(pa u, b7 9)|t:0 = (p07 U, b07 90)7

where us,bs is the so-called retarded mollification of u,b introduced by Caffarelli-
Korn-Nirenberg in [4]. Moreover, there exists a time

(3.1)

to = to([[uollr, [[bollmr [1Boll 2, || fII £2)
such that, for all t > tg,

I Cu(t).b(e), 60 < ClLIE2e 52,

and
i+l ) 5 o CIfIL,
/ (I (us; bs, 072 + (1w, b, 0)[[772)ds < Clf[zz€ b,
t

where C' is independent of po, ug, b, 0o, f-

ProOOF. The density p is solved by the method of characteristics. Let X =
X () be the solution to

XI(T) - u5(X7 T)v
{ X|7—:t = X.

Then X describes the trajectories of liquid particles. By ODE theory, such X =
X (7;t,z) uniquely exists and is smooth. Let p(z,t) = po(X(0;¢,2)), then p is a
solution to (3.1)1, and p < p < p.

Testing (3.1)2 by 2u, (3.1)4 by 2b, integrating by parts, and using p < p < p,
we can deduce B

d
Z(IVpulzz + [BlIZ2) + e([Vulze + lleurl b]72) < Cllf 2 (lullz + [Bll2)-
Recall the Poincaré inequality (see [13])

llullz: < C||Vul|zz, for uw € HY(Q) with u-n = 0 on 9,
and the following inequality (see [9])

6| g2 < Cllcurl b| g2, for be L2(Q) N HY ().

We derive

d 2 2 2 2 2
(3.2) 7 Veullzz +1blZ2) + el Va2 + [leurl b][72) < Cllfl|Z--
Furthermore

d
Z(IVpullZe + [1Bl172) + e(llullZ + [1b]72) < ClIf (17

Noticing p < p < p, we have

d
@(II\/ﬁUIIZLz +[blI72) + e(llvpullZz + [blZ2) < ClIfIIZe-
The Gronwall inequality leads to

t
Ivpullzz + bl72 < (lvpouollZz + [lbollZ2)e™ + C/O eI f(5)|[72ds.
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If we assume f(t) = 0 when ¢t < 0, then

‘ t
[ e DN s = [ et - o)ads
0 0

—+oo
< / O f(t — ) |2ads
0

0 il
=Y [ el - 9leds
i=0""
oo ) +1
<ot [ o)lds
i=0 i
<D eIl
1=0
— (L= eI,
< L+ cIfIE.
Therefore,
(33)  Ivpu(®)Z + Il < (lvaouols + [boll2)e + CIF 2.

Moreover, we derive from (3.2) that

T
(3-4) /O (IVullZz + lleurl b][Z2)dt < Clllv/pouollZz + lIbollZz + (T + DIIfIIZ].
Test (3.1)2 by 2uy, then
d
ZIVulliz +elvpuliz < Cllitous - V)ullz + 1155 - V)bl oz + llof [ 22wl 22

Using p < p < p, we obtain

lutllLz < Cllv/puellrz < Clluel| 2.
Thus,

d
(3-5) IVulliz + eluliz < Cllious - V)ulze +11(5s - VIBlIZz + 1f172]-

Multiplying (3.1)4 by 2b; gives

d
(3.6) llenrl DZz +ellbellz2 < Clli(us - VIBIE2 + (155 - V)ullz]
Recalling
1
(3.7) lellze < Cloll2.(IVgllze + lellz2)?, for all p € HY(Q),

and p < p < p, we deduce

(3.8) 1(pus - V)ullf> < Cllus||Za ]| VullZs
< Cllus) 2 [Vus Ll Vull 2 (V% ul 22 + |V £2).-
Similarly,

(3.9)  |[(bs - V)b||22 < C||bs]|L2|lcurl bs|| 2 ||curl bl L2 (|| V3] L2 + ||curl b]z2).
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We deduce from (3.1)2 and Lemma 2.1 that

(3.10)  [Vullr2 < Clpuelice + ll(pus - V)ullze + [[(bs - V)bl 22 + [|pf ]| 22).
Analogously,

(3.11) V20l 22 < Cllbell 22 + [[(bs - V)ullz2 + [[(us - V)b 22).

Taking (3.8)—(3.11) into (3.5), (3.6), we derive

d
(3.12) S IVl + flowrl bl[Z2) + e(lludllZe + [BelIZ + [VZullZ: + [VZ0]72)

< C(1+ |lusl| 22 VuslZ2 + I1bsl|72 lcurl bsl|72) (Vull72 + eurl bljZ.).

Because ug, bs is the retarded mollification of u, b, estimates (3.3) and (3.4) are also
valid for them. Thus,

T
/0 (luslF2llVuslFe + 1105l 22 V05 72)dt < C(T, [[uollzz, [[boll 2, [ £l 22)-
Using the Gronwall inequality, we deduce

(3.13) sup ([ Vu(t)F2 + [[eurl b(t)[|72) < C(T, luol a1, 1boll a1 £11 22),
0<t<T
T

(3.14) /0 (I0cu()[17= + 10:6(t)172)dt < C(T, Juoll e, boll e [ £1lz2),

T
(3.15) /O (IV2u(®)1Z2 + IV20()[[72)dt < O(T, |[uollar, lboll s 1 £ 2)-
Testing (3.1)3 by 20 and integrating by parts, we can deduce

d
—IVPOlTz + el VOIT: < C(IVusllZe + llourl bsl7a + [1f]122) 6]l 2
< C(IVus|7s + lleurd bs|[7s + 1 2) VO] 2

Hence,

d
(3.16) IVPOlLe + el VOIIZ: < C(IVusza + lewd bs|7s + I fIIZ2)-
Combining (3.13) and (3.15), we deduce from (3.7) that

T T
/0 (I Vugl|%e + [leurl bgl|ta)dt < C / Vs 2 (9205 |20 + Vg |22 dt

T
+C/ [leurl bs[|72 ([[V2bs1 72 + [[curl bs||7)dt
0
< C(T fwoll e s ool e, [ £ 1l 22)-
Thus we deduce from (3.16) by the Gronwall inequality that
T
(3.17) OZ‘?ETH\/WIIQLQ +/ IVO|[72dt < C(T, lluollar, Iboll e, 160l 2. 11 £ 22)-
<t< 0

Moreover, from (3.2) and (3.3), there exists C; > 0 and
t1 = t1(Cy, [[uoll Lz, [[boll L2, [ f ]l 2),
such that for all t > ¢,
lu(®)lIZ= + [BOIZ2 < Crllf1I7,
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and
t+1
/ (IVullZ> + lleurl bl[Z2)ds < C1llf7.-
t
Applying Lemma 2.2 to (3.12), we deduce for all ¢t > ¢; + 1 that

C 4
Iu(t) 32 + fleurl b(0)[32 < CJ£150e "

Taking it into (3.12) then

i 2 2 2112 2,112 2 Cliflye
(luslize + 1bsllz2 + [IVoullzz + [V7blz2)ds < O fl1z€ b
¢

Thus the right-hand-side of (3.16) possesses the estimate

o 4 4 4 CIAIL
[ U9l + leud sfi2)ds < Ol e,
t

By similar procedures to (3.3), we derive from (3.16) that
IVPION72 < Vet + 1Bt + 1)|[F2e= 7Y + || |7
Inequality (3.17) says that

IV p(ts + 10t + 1)lI72 < Clt, luoll o, ool 160l 2, 1 1] 2)-

Therefore, there exists C> > 0 and ty = t2(C1, Ca, ol a1, [[boll a1, (|00l 22, (| fll22),
such that for all t > to,

4
CIflt;

C 4
1000) 122 < Call F2¢ 104,
and by (3.16),
t+1 4
C 2
| IV0lEads < cul e
t

Multiplying (3.1)3 by 26;, then

d
T IVOIIZ: + ellvpoullZe < Clli(pus - V)OIl + [ Vusllze + llowrl bsllze + [l fII7:]

Using p < p < p and the standard elliptic regularity theory instead of Lemma 2.1,
we obtain from Lemma 2.2 that, for all ¢ > 5 + 1,

C 4
IV6(0) 132 < Cllfl3ze" 2,

and

bt ) o 1o o ClfIL,
t (10s11z2 + IV70llz2)ds < Clfllzz€ b

Now we construct weak solutions to (3.1) with initial data py € L>°(2).

THEOREM 3.2. Let Q C R? be a smooth simply-connected bounded domain and
F satisfy (1.3). For any (po, uo,bo, 0) € L>=(Q)x H () x G(Q) x L*(Q) satisfying
(1.2), f € F, there exists a weak solution (p,u,b,0) to (1.1), for all T > 0,

0<p<p<p,

we Lo(0,Ts Hy () N L*(0,T; H2(%)),
be L>(0,T;G(Q)) N L0, T; HX(Q)),

6 € L>=(0,T; L?(2)) N L2(0,T; HX(Q)).
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Moreover, there exists to = to(||uollm, [|boll mr |00l 2, || fllz2) such that for all t >
tO)
2 2 Clfllze
[[(u(®),0(2), ()| < Clifllzze "0,
and

i+l ) 5 5 CIfIs
/ (I (us; bs, 072 + (1w, b, 0)[[772)ds < Clf[zz€ b
t

where C' is independent of pg, ug, bo, 0o, f-

Proor. Let (p°,u®,5°,60%) (0 < § < 1) be the weak solution obtained in Lemma
3.1 with initial data (po s, ©o, bo, 0o), where pg s is the standard mollification of py. It
is not difficult to verify that all estimates in the proof of Lemma 3.1 are independent
of §, which means that (p°,u’,b°, 6%) converges to (p,u,b,0) as § — 0% in some
sense by the weak convergence theorem. Meanwhile, (3.13)—(3.15) give

T
/0 106 (Vul) [ -1 + 10:(VO) [ Fr-1]dt < C(T, [[uoll v, [1boll a1 £ 22)
and
T
A (VU |31 + V0| F2)dt < C(T, ol [[boll s, 1 1l 2)-

Noticing that the imbedding H!(Q) < L?(Q) is compact, we can derive from the
well-known Aubin-Lions lemma that

Vu® — Vu strongly in L2(0,T; L*(Q)),

Vb — Vb strongly in L2(0,T; L?(Q)),
which gives the strong convergence of |d((u?)s)|? and |curl (b?)5]2. We can also pass
the other terms in (3.1) to the limit by similar procedures to the inhomogeneous
Navier-Stokes equations (see [16, Chapter II]). Moreover, Vi = 0 (in the limit
equations), see [10]. We omit the details here. O

LEMMA 3.3. For any weak solution (p,u,b,0) obtained in Theorem 3.2, we
have p € C([0,T7; LP(Y)), for any 1 < p < oo and T > 0. The norm ||p(t)|/rr is
independent of t.

PROOF. We consider p > 1 first. Because v € L*(0,T; H} () C L*(0,T; LP(£2)),
we deduce p; = —div (pu) € L*(0,T;W~1P(Q)) and p € C([0,T]; W~1P(Q)). Ac-
cording to p < p < p, we derive p € L>(0,T; LP(2)) and then p € C([0, T]; LY . ().
Next, by extension and mollification, we can obtain p € C([0,T]; L?(2)) from the
continuity equation (1.1); (see [16, Chapter II, Lemma 2.3] and what follows).

For p = 1, we take pp > 1 and then obtain from the Hélder inequality that
lo(t + &) = p()|11 < ot + At) = p()| Lo Q17 — 0, as At — 0,

for any t € [0,T]. So p € C([0,T]; L*()).

Equation (1.1); together with the incompressibility condition (1.1)s implies
that the distribution function of p(t) considered as a function of x is independent
of t, because of the celebrated Liouville theorem, see [16, Section 2.3]. Thus,
[lo(t)]| e is independent of ¢. O



216 PIGONG HAN, KEKE LEI, CHENGGANG LIU, AND XUEWEN WANG

4. Short trajectories
We first study short trajectories to (1.1). Define
U*[Eo, FI(t) = {(p,u,b,0)(7), 7 € [0,1] | (p,u,b,0)(7) = (7,7, b,0)(7 +1),
for some weak solution (p, ﬂ,g, 5) obtained in Theorem 3.2
with initial energy (@, b)(0)]|%: + [0(0)]2> < Eo},

and

Fr=T(s)7F,
s>0
where the closures are taken in L _(R; L?(€2)). Under the assumption (1.3), F+ C
F is nonempty and compact in LZ (R; L2()).
The set U®[Ep, F](t) describes the behavior of weak solutions on [t,¢ + 1]. We
can deduce the following proposition which can be regarded as the behavior of

U#[Ey, F](t) as t — +o0 in some sense.

PROPOSITION 4.1. Let Q C R? be a smooth simply-connected bounded domain
and F satisfy (1.3).

(pn>un;bn70n) S US[EO’]:](t’ﬂ)?

for a sequence t, — +o00. Then, there is a subsequence {(pn,, Uny s Ony s Ony ) teen,
such that

(42) (unk ’ bnk ) enk) — (u*v b*7 9*) n C([O7 1]; H&;eak(Q))v

(43) (unk ) bnk ) enk) — (u*a b*7 0*) weakly* * in L™ (07 1; Hl(Q))a
(4.4) (Uny s brg s Ony ) — (Us, bs, 0,) weakly in L*(0,1; H*(Q2)),
(4.5) (tny s brg s Ony ) — (us, by, 0.) strongly in L*(0,1; H*(Q)),

as k — oo, for any 1 < p < 0o, where (px, s, by, 0x) is a weak solution of (1.1)
in Q x R with f. € F¥, such that for all t > s,

(4.6) (e, b, 0) (D31 < CRECF,
and
t
(4.7) / (|t Db, 00,12 + [ (e, b, 02) 32 )dr < C(t = 5, Rp).

PROOF. From Theorem 3.2, we know that there exists to = to(Ey) such that,
for all £ > to,

1 (8), b0 (0), 00 (1)) 3 < OR%CTS,
and

1
/ (H(atumatbnvaten)”%? + H(unvbnven”ﬁﬂ)ds < CR%—'eCRZLf’
0

where C is independent of pg, ug, bg, 0o, F. Then (4.3)—(4.5) can be obtained for
some subsequence {(un, ,bn, 00, )} ken-
Because p < p, <, for all 1 <p < oo,

(4.8) Pny — px weakly—x in L°°(0,1; LP(£2)),
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as k — oo for some p, € L*>(Q x (0,1)). By (1.1)1, we have for all 1 < p < oo,
(4‘9) Hatpn||L°°(0,l;W—1=P(Q)) < Hp’nunHLW(O,l;LP(Q)) < C’||un||Loo(071;H1(Q)) <C.
Then,

t+AL
|mﬁ+Amw—@umwh{[ (0, pu (7). )\

< N10epnll= 5w -1l 100 [ AL
< Cllgllyaar AL,

(4.10)

WP
for all p € Wol’p/(Q) and t,t + At € [0,1]. So
19t + AL) — pu(®) w10 < CIAY.

Taking X = LP(Q), Y = W~1P(Q), then (4.1) follows from Lemma 2.3. For all
p € L*(Q) and t,t + At € [0, 1], we obtain

t+At
[(un(t + AL), ) = (un(t), ¥)| = / (Orun(z, 7), o(z))dr
t
< 10runll 20,1522 lell L2 V1AL

< Cliellez V1AL

[lun (€ + AL) — up ()] 2 < CV/|AL.
Taking X = H*(Q), Y = L?(Q), then we deduce from Lemma 2.3 that

Uy, — Uy n C([07 1]7 Hvlveak(Q))'

So

Similarly,
(bnk’enk) — (b*7 9*) in C([O’ 1]; Hvlveak(Q))'
Because the imbedding H!(Q2) — L*(€) is continuous, then from (4.5),

(4.11) (tny by s Oy, ) — (s, b, 0,) strongly in L*(0, 1; L*(Q)).
This together with (4.8) shows that
(4.12) (P tng s PrpOns) — (Patin, puy) weakly in L2(0, 1; L*(2)).

Combining (4.11) and (4.12) gives
(Prp Uy @ Unys ProgUny,Ony) — (Pste @ U, patiny) weakly in L1(0,1; L2(Q)).
Combining (4.5) and (4.11) yields
(tn, - V)bn, — (us - V)b strongly in L'(0, 1; L%(Q)).
Similarly,

4

(b - V)tn, — (bs - V)u, strongly in L'(0,1; L3 (Q)),
(bny - V)bp, — (b - V)b, strongly in L*(0,1; L3 (2)).
We deduce from (4.5) that
(|d(un, )%, |curl by, |*) — (|d(us)|?, [curl by |?) strongly in L*(0,1; L*(Q)).
Finally, because of (1.3), we can take some f, € F* such that
fux — f« strongly in L?(0,1; L*(Q)).
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This together with (4.8) yields
Py frn — pufr weakly in L?(0,1; L*(12)).

Thanks to the above convergences, we can pass (1.1) of (pp,, Un,, bn,,0n,,) to
the limit. Thus (p«, ux, by, 6.) is a weak solution to (1.1) in Q x (0, 1).

It is easy to verify that, for any N € N, we can obtain similar bounds for
(Prps Unys bny s Ony ) In Q X [-N, =N + 1] and in Q x [N, N + 1], when k is suf-
ficiently large such that t,, > to +2N. Thus, we can take a subsequence which
satisfies analogous convergent properties in 2 x [-N, N +1]. By a diagonal process,
(s, Us, by, 0,) satisfies (1.1) in the sense of distributions in 2 x R. Inequalities (4.6)
and (4.7) are natural according to Theorem 3.2. O

Proposition 4.1 gives a strong convergence of {(un, (t),bn, (t),0n, ()} ken in
HY(Q) for a.e. t € [0,1]. But we do not know whether it converges strongly at
some desired fixed time, for example, ¢ = 0. We can obtain a strong convergence
at endpoints as follows.

COROLLARY 4.2. For (Un,,bn,,0n,) and (u.,bs,0.) in Proposition 4.1, 1 <
r < 00,
(Uny (0), b1, (0), 65, (0)) — (u4(0),4(0),0.(0)) strongly in L"(£2).
PrROOF. From (4.2),
(tn, (0), b1, (0), 05, (0)) — (ux(0),b4(0),0,(0)) weakly in H(2).
Because H'(Q) < L"(Q) is compact, the strong convergence in Corollary 4.2 is

valid. (]

Proposition 4.1 does not give a good strong convergence of p,, (e.g. in some
C(]0,1]; LP(€2))) while (up, , by, , Or,, ) possesses a strong convergence, which is differ-
ent from the compressible Navier-Stokes equations (see [12]). The following exam-
ple shows that we could not expect for a strong convergence in some C([0, 1]; L?(€2)).

EXAMPLE 4.3. Let Q be the unit ball in R?, f' = (1,0), f2 = 0. Then,
(pn,0,0,0) € U?[Ey, F|(t), for all t > 0, where

(Z‘ x T)_ 3’ ‘:Cle( 1+2gn27 1+2k71)5 ']{‘.:17“_’271’
Pn\T1,T2, - 1’ 1’16( 1_~_2];n 7_1_’.31?) k:1772"

Obviously, |p,| < 3. For any ¢ € C2°(Q), set

O(x1) = /_ 1_T12 o(x1,x2)dxs € C([—1,1]).

Then
142551
/( Ddz = Z / O(x1)dx;.
1+ 2n
Let
my = inf ®, and My = sup D,
(—14+2572 — 14+ 3% (—14+2552 142k
Then,

2" 2"
221_"mk < /(pn —1pde < 221_"Mk.
k=1 Q k=1



HEAT-CONDUCTING MAGNETOHYDRODYNAMIC EQUATIONS 219

By the deﬁmtlon of Riemannian integral, the both sides of the above inequalities
converge to f ®(z1)dxy = [, ¢(x)dz, which implies

lim [ (pn—1)pde = / ed.
Q

n—00 Q

Therefore, for all 1 < p < 00, p,,(7) — 1 converges to 1 weakly in LP(£2) as n — o0,
by density of C2°(€) in L? (). Then p,(7) converges to 2 in LP(Q) weakly. If
pn converges in some C([0,1]; L9(R2)), then p,(7) converges to 2 in L9(Q2) and
a.e. in © which contradicts to p,(x,7) € {1,3}. So, p, does not converge in any
C([0,1]; L9(2)), 1 < ¢ < oo.

If p, satisfies some additional compactness conditions, then we can derive
strong convergence for short trajectories. Let K be a compact set in L'(£2) and
define

Ugk|Eo, FI(t) = {(p,u,b,0) € U°[Ey, F|(t) | p(7) € K for some 7 € [0, 1]}.
PROPOSITION 4.4. Under the assumptions of Proposition 4.1.
(Pns tn; b, On) € Ugc[Eo, Fl(tn),
for a sequence t,, —» 4+00. Then, for (p.,u, by, 04) obtained in Proposition 4.1,
P — px strongly in C([0,1]; LP(£2)),
as k — oo, for any 1 < p < oco.
PrOOF. We first assume that
(4.13) Py (1) — pas strongly in L*(Q),
for some p.. € KN L>(Q). By p < p,, < p, this convergence can be revised to
Py (1) — pas strongly in LP(Q),
for all 1 < p < co. From (4.1),
P (1) — pu(1) weakly in LP(€2).

Then p.(1) = psx. Lemma 3.3 shows that ||p,(¢)||ze = ||pn(1)]ze, t € [0,1]. The
proof of Lemma 3.3 can also be applied to p.. Thus,

(| ($)llze = Hm (|, (Dlze = [p«(L)lze = llpx(t)]| e,

—00 k— o0

and

lpn. (t) = p<(ONIZ2 = llpn D72 + I« (072 = 2(pn, (1), p+ (1)) 2
= llpnc 1Lz + o« (W72 = 2(pn, (1), pu(t)) 22
For any & > 0, from p, € C([0,1]; L?(12)), there exists M > 0, s.t.

. 1
‘p*(t)—p*(]\i[> <e, forallte{j J

MM
From (4.1), there exists N > 0, for any k > N, for all t € [L, L], j=1,--- , M,

'<p (t) = p.(8), - (AQ))

:|7 jzlaaM
L2
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Thus,
(e (0,42 — (981, (1)
i),
- (Pm (]&D ( (1)),
|(nr0.(5)) o000
< Innslegossan -0 = . ()|
|(p0=p000(3))
#leleqoaan|o-0) - (3|
< Ce.

Therefore,

590 o, ()= £ O < oy DI + - (DIE= =2, int - (0 +2C

= o WIZ2 = llpx (D)2 + 2Ce.
Letting & — 0o, we obtain
Pn, — P« strongly in C([0, 1]; L*(%2)),
and then Proposition 4.4 follows from p < p,, < p and the Holder inequality.

Now we start to show (4.13). By the definition of U, [Ey, F|(t), we can assume
that p,(7,) € K, for some 7,, € [0,1]. Then

Py (Tn ) — pas strongly in L2 (),

for some p.. € K N L*(Q). Taking subsequence, we deduce limy_, o0 7, = Tx €
[0,1].

For ¢ € C°(Q), by (4.9) and (4.10), {p«, ) is uniformly (w.r.t. 7) continuous.
For any € > 0, there exists N > 0, such that |(p.(7n,) — p«(7), )| < €, for all
k> N. By (4.1),

(P (Tni) = pu(Tni)s 1] < sup (o (T) = pu(7), )| <&

Thus,

‘<pnk (Tnk) - p*(T*),<,0>| < |<pnk(7—nk) - p*(Tnk)’(pH + ‘<p*(7-nk) - p*(T*),QDH < 2e.

By the density of C2°(Q) in L?(2), we deduce that p,, (,,) converges to p.(7:)
weakly in L?(Q2). The uniqueness gives p.. = p«(7%). Thus p,, (7., ) converges to
0« (1) strongly in L?(Q). By Lemma 3.3, ||pn, (Tn, )|z = [|pn, (7+)]| 2. Then

(o, (T)l[z2 = Hm flpn, (Tay)llzz = [l (7) ] 22

—00 k—o0

By (4.1) again, p,, (7«) converges to p.(7.) weakly in L?(£2). Thus
Py, (7o) — pu(T2) strongly in L*().
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Translating 7, to 1, we finish the proof. O

5. Trajectory attractors
Define
A*[F] = A{(p,u,b,0)(7), 7 € [0,1] | (p,u,b,0) is a weak solution of (1.1)
in Q x R with f € 71, such that (4.6) and (4.7) hold}.

THEOREM 5.1. Under the assumptions of Proposition 4.1, A%[F] is compact
in C([0,1]; L7, () x L*(0,1; H(Q)), weakly—+ compact in L>(Q x (0,1)) x

weak
L>(0,1; HY () and weakly compact in L9(0,1; LP(Q)) x L*(0,1; H*()), for all
1 < p,q < 0o. Moreover, for any Eg > 0, and ¢ € Lp/(Q), 1<p<oo,

/Q(cp1 — U pde

su
7€[0,1]

sup inf + ||<I)2 - \I]2||L2(0,1;H1) — 0,

DU By, F(t) VEA[F]

ast — +o0, where ®' is the p—component of ®, and ®? is the (u,b,d)-component
of ®.

Proor. For ¥,, = (pn, tn, by, 0,) € A°[F], there exists a weak solution U,, of
(1.1) in Q@ x R with f,, € FT, such that (4.6) and (4.7) hold and ¥,, = W, |9 1]. Let
U,, = T(—t,)U,, then ¥, is a weak solution of (1.1) in Q x R with 7(—t,)f € F*+

satisfying (4.6) and (4.7). Noticing that ¥, (-) = U, (- + ¢,), then the compactness
of A*[F] follows from Proposition 4.1.
Fixing ¢, we set

J(t,®, V) = sup /(@1—\1/1)@1;5
T€[0,1] | JQ

for ® € U*[Ey, F|(t) and ¥ € A*[F]. Define

L(t) = sup inf  J(t, P, V).
Q BeUs[Ey,F|(t) YEA®[F] ( )

By Proposition 4.1, for ¢t > tg, J(¢,®, V) and L(t) is bounded. Then, there exists a
sequence t, —> 400, such that

lim L(t,) = limsup L(¢).

n—00 t—+o00
For any e > 0, there exists ®,, € U*[Ey, F|(tn), s.t.
L(t,) <e+ inf J(t,,®,, 7).
weAs[F]

+[©% = U 20,11y,

Using Proposition 4.1 again, we can take a subsequence {®,, }ren such that

ol — olinC(0,1]; L7 . (Q)),

Nk weak
2 2 <1200 1. fl
®;, — @ strongly in L(0,1; H*(Q)),
for some @, € A*[F]. Then
lim J(t, &y, ,®,) = 0.

k— o0
Noticing that

veAs[F|
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Then
lim L(t,,) <e.

k— o0

By the arbitrariness of ¢, we deduce

limsup L(t) = klim L(tn,) = 0.
—00

t——+o0

O

Theorem 5.1 says that A®[F] attracts U®[Ey, F|(t). In other words, the short
trajectories of weak solutions with finite initial data always get close to the set
consisting of complete bounded trajectories.

To consider the behavior of states, we define

UlEy, FI(t) = {®(0) | © € U*[Eo, F](D)},

and

AlF] ={2(0) | & € A°[F]}.

THEOREM 5.2. Under the assumptions of Proposition 4.1, A[F] is compact in
(Q) x L™(Q), for all 1 < r < co. Moreover, for any Ey > 0, and ¢ € L*(Q),

sup inf H/ Yodx
<I>EU[E0, Fl(t) YEA[F]

ast — +o0.

LOO

weak—x

+ [|@% — x112||y] — 0,

PROOF. The compactness follows from Corollary 4.2. The asymptotic behavior
can be obtained by similar technique used in the proof of Theorem 5.1. (]

For U} [Ey, F](t), we can also obtain similar properties. Define
A5 F] = {(p,u,b,0) € A°[F] | there exists T € [0, 1] such that p(r) € K},
and
Uk [Eo, FI(t) = {®(0) | ® € Ug[Eo, F(1)},
Ar[F] ={2(0) | & € A% [F]}.
THEOREM 5.3. Under the assumptions of Proposition 4.1,
(i) A3 [F] is compact in C([0,1]; LP(2)) x L?(0,1; HY(Q)), weakly— compact in

L*(2 x (0,1)) x L*(0,1; HY(Q)) and weakly compact in L(0,1; LP(Q)) x
L2(0,1; H?(Q)), for all 1 < p,q < co. Moreover, for any Ey >0, 1 < p < oo,

sup inf [||<1>1 U eqoney + 192 = 2|\ 12(0,1,81)] — 0,
DU} [Eo, FI(t) YEALI
as t — 4005
(ii) Ax[F] is compact in LP(Q) x L"(Q), for all 1 < p,r < co. Moreover, for any
Ey >0,
sup inf [||<I>1 TH|pp + [|®% — T2 1r] — 0,

PEUK [Eo, F(t) YEAKF

as t — +o0.

The proof of Theorem 5.3 is analogous to those of Theorem 5.1 and Theorem
5.2. We omit the details here.



(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]

9
(10]
(11]

(12]

(13]
14]
(15]
(16]
(17)
(18]
19]
[20]

(21]

22]

23]

[24]
(25]

[26]

HEAT-CONDUCTING MAGNETOHYDRODYNAMIC EQUATIONS 223

References

H. O. Bae, B. J. Jin, Temporal and spatial decays for the Navier-Stokes equations, Proc.
Roy. Soc. Edinburgh Sect. A 135, no.3 (2005), 461-477.

H. O. Bae, B. J. Jin, Upper and lower bounds of temporal and spatial decays for the Navier-
Stokes equations, J. Differential Equations 209, no.2 (2005), 365-391.

L. Brandolese, Space-time decay of Navier-Stokes flows invariant under rotations, Math. Ann.
329, no.4 (2004), 685-706.

L. Caffarelli, R. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the
Navier-Stokes equations, Comm. Pure Appl. Math. 35, no.6 (1982), 771-831.

C. Cao, J. Wu, Two regularity criteria for the 3D MHD equations, J. Differential Equations
248, no.9 (2010), 2263-2274.

V. V. Chepyzhov, M. I. Vishik, Evolution equations and their trajectory attractors, J. Math.
Pures Appl. 76, no.10 (1997), 913-964.

V. V. Chepyzhov, M. I. Vishik, Attractors for equations of mathematical physics, American
Mathematical Society, Providence, RI, 2002.

P. Constantin, C. Foias, Global Lyapunov exponents, Kaplan-Yorke formulas and the dimen-
sion of the attractors for 2D Navier-Stokes equations, Comm. Pure Appl. Math. 38, no.1
(1985), 1-27.

B. Desjardins, C. L. Bris, Remarks on a nonhomogeneous model of magnetohydrodynamics,
Differential Integral Equations 11, no.3 (1998), 377-394.

G. Duvaut, J. L. Lions, Inéquations en thermoélasticité et magnétohydrodynamique, Arch.
Rational Mech. Anal. 46 (1972), 241-279.

E. Feireisl, Propagation of oscillations, complete trajectories and attractors for compressible
flows, NoDEA Nonlinear Differential Equations Appl. 10, no.1 (2003), 33-55.

E. Feireisl, H. Petzeltovd, Asymptotic compactness of global trajectories generated by the
Navier-Stokes equations of a compressible fluid, J. Differential Equations 173, no.2 (2001),
390-409.

G. P. Galdi, An introduction to the mathematical theory of the Navier-Stokes equations.
Steady-state problems, 2nd ed., Springer, 2011.

C. He, D. Zhou, Existence and asymptotic behavior for an incompressible Newtonian flow
with intrinsic degree of freedom, Math. Methods Appl. Sci. 37, no.8 (2014), 1191-1205.

O. A. Ladyzhenskaya, A dynamical system that is generated by the Navier-Stokes equations,
Dokl. Akad. Nauk SSSR. 205 (1972), 318-320.

P. L. Lions, Mathematical topics in fluid mechanics, Vol. 1, Incompressible models, The
Clarendon Press, Oxford University Press, 1996.

J. Mélek, J. Necas, A finite-dimensional attractor for three-dimensional flow of incompressible
fluids, J. Differential Equations 127, no.2 (1996), 498-518.

M. E. Schonbek, L? decay for weak solutions of the Navier-Stokes equations, Arch. Rational
Mech. Anal. 88, no.3 (1985), 209-222.

G. R. Sell, Global attractors for the three-dimensional Navier-Stokes equations, J. Dynam.
Differential Equations 8, no.1 (1996), 1-33.

M. Sermange, R. Temam, Some mathematical questions related to the MHD equations,
Comm. Pure Appl. Math. 36, no.5 (1983), 635-664.

Y. Wang, G. Wu, D. Zhou, Refined regularity class of suitable weak solutions to the mag-
netohydrodynamic equations with an application, Z. Angew. Math. Phys. 67, no.6 (2016),
Art. 136, 22pp.

W. Wang, H. Yu, P. Zhang, Global strong solutions for 3D viscous incompressible heat
conducting Navier-Stokes flows with the general external force, Math. Methods Appl. Sci.
41, no.12 (2018), 4589-4601.

H. Wu, Strong solutions to the incompressible magnetohydrodynamic equations with vacuum,
Comput. Math. Appl. 61, no.9 (2011), 2742-2753.

J. Wu, Generalized MHD equations, J. Differential Equations 195, no.2 (2003), 284-312.
J. Wu, Y. Wu, Global small solutions to the compressible 2D magnetohydrodynamic system
without magnetic diffusion, Adv. Math. 310 (2017), 759-888.

W. Yang, Q. Jiu, J. Wu, The 3D incompressible magnetohydrodynamic equations with frac-
tional partial dissipation, J. Differential Equations 266, no.1 (2019), 630-652.



224 PIGONG HAN, KEKE LEI, CHENGGANG LIU, AND XUEWEN WANG

[27] X. Zhong, Global existence and large time behavior of strong solutions for 3D nonhomoge-
neous heat-conducting magnetohydrodynamic equations, J. Geom. Anal. 31, no.11 (2021),
10648-10678.

[28] X. Zhong, Global well-posedness to the 2D Cauchy problem of nonhomogeneous heat conduct-
ing magnetohydrodynamic equations with large initial data and vacuum, Calc. Var. Partial
Differential Equations 60, no.2 (2021), paper No. 64, 24pp.

(P. Han) ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCI-
ENCES, BEIJING 100190, CHINA & SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE
ACADEMY OF SCIENCES, BELJING 100049, CHINA

Email address: pghan@amss.ac.cn

(K. Lei) ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCI-
ENCES, BEIJING 100190, CHINA & SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE
ACADEMY OF SCIENCES, BELJING 100049, CHINA

Email address: leikeke@amss.ac.cn

(C. Liu) SCHOOL OF STATISTICS AND MATHEMATICS, ZHONGNAN UNIVERSITY OF ECONOMICS
AND Law, WUHAN, 430073, CHINA
Email address: 1lcg@amss.ac.cn

(X. Wang) ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCI-
ENCES, BEIJING 100190, CHINA & SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF CHINESE
ACADEMY OF SCIENCES, BEUJING 100049, CHINA

Email address: xwwang@amss.ac.cn




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


