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Asymptotics toward rarefaction wave for an inflow problem
of the compressible Navier-Stokes-Korteweg equation

Yeping Li, Yujie Qian and Shengqi Yu

Communicated by Jiahong Wu, received February 25, 2022.

Abstract. In this article, we are concerned with the large-time behavior of
solutions to an inflow problem in one-dimensional case for the Navier-Stokes-
Korteweg equation, which models compressible fluids with internal capillarity.
We first investigate that the asymptotic state is the rarefaction wave under
the proper condition of the far fields and boundary values. The asymptotic
stability of the rarefaction wave under some smallness conditions is shown.
The proof is completed by the energy method with the help of time-decay
estimate for the rarefaction wave.

Contents

1. Introduction 225
2. Smooth approximate rarefaction wave 230
3. Reformulation of the original problem 232
4. A priori estimates 233
5. The proof of Theorem 1.1 243
References 244

1. Introduction

In this article, we are interested in the following one dimensional compressible
Navier-Stokes-Korteweg equation, which reads as{

ρt + (ρu)x̃ = 0,
(ρu)t + (ρu2 + p(ρ))x̃ = μux̃x̃ + κρρx̃x̃x̃

(1.1)

with the following initial data

(ρ, u)(0, x̃) = (ρ0, u0)(x̃) for x̃ > 0, and inf
x̃∈R+

ρ0(x̃) > 0,(1.2)
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the boundary condition at the infinity x̃ = ∞
lim

x→+∞(ρ, u)(t, x̃) = (ρ+, u+), for any t ≥ 0,(1.3)

and also the boundary condition at x̃ = 0

ρ(t, 0) = ρ−, u(t, 0) = u−, ρx̃(t, 0) = 0, for any t ≥ 0.(1.4)

Here, ρ and u are unknown functions in t and x̃, which stand for the density
and the velocity, respectively. The time and space variables are t ≥ 0 and x̃ ∈
R

+ := {x̃ ∈ R : x̃ > 0}. The function p(ρ) is the pressure defined by p(ρ) = kργ ,
where k > 0 and γ ≥ 1 are the gas constants. The positive constants μ, κ denote,
respectively, the viscosity and the capillary coefficient, and κ is also called Weber
number. ρ+, ρ−, u+ and u− are constants satisfying ρ± > 0 and u− > 0. And
ρ0(x̃), u0(x̃) are two given functions.

The model (1.1) considered is supposed to govern the motion of compressible
fluids such as liquid vapor mixtures endowed with a variable internal capillarity,
and is originated from the works by van der Waals [42] and Korteweg [23]. Its
modern form is actually derived in the 1980s using the second gradient theory (see
for instance [11]). Recently, Heida and Málek [17] also derived the compressible
Navier-Stokes-Korteweg equations by the entropy production method which does
not require to introduce any new or non-standard concepts such as multipolarity
or interstitial working which are used in [11]. We point out that special cases of
these models have also arisen in other contexts, e.g. in the water waves theory
and more recently in quantum hydrodynamics. Finally, one can see easily that
when κ = 0, the system (1.1) is reduced to the classical Navier-Stokes equations for
compressible fluids. The mathematical justification from the compressible Navier-
Stokes-Kortewg system to the compressible Navier-Stokes equation have shown in
[2].

Recently, there have been a great number of mathematical studies about the
compressible Navier-Stokes-Korteweg equations. About the existence and unique-
ness of solutions to the isentropic compressible Navier-Stokes-Korteweg equations,
and we can refer to [1, 5, 9, 10, 13, 14, 15, 16, 22, 24] and some references
therein. In what follows, let us focus on the large-time behavior of solutions to
the isentropic compressible Navier-Stokes-Korteweg equations towards the nonlin-
ear wave pattern, which is related to our interest. More precisely, Chen [3] and
Li and Luo [29] discussed asymptotic stability of the rarefaction waves to Cauchy
problem for the one-dimensional compressible fluid models of Korteweg type, re-
spectively. Chen, et al. [4] also showed asymptotic stability of the rarefaction waves
for the one-dimensional compressible Navier-Stokes-Korteweg system with large ini-
tial data. Li and Zhu [32] further showed asymptotic stability of the rarefaction
wave with vacuum for the one-dimensional compressible Navier-Stokes-Korteweg
equations. Chen, He and Zhao [7] studied nonlinear stability of traveling wave so-
lutions to the Cauchy problem for the one-dimensional compressible Navier-Stokes-
Korteweg equations. Li, Chen and Luo, and Li and Luo showed stability of the
planar rarefaction wave to two- and three-dimensional compressible Navier-Stokes-
Korteweg equations in [28, 30], respectively. The stability of stationary solutions
of the multi-dimensional isentropic compressible Navier-Stokes-Korteweg equations
was studied by Li [26], and Wang and Wang [44] in the case with a external force,
respectively, under the assumption that the states at far fields ±∞ are equal. More-
over, we also mention that there are some studies about the large-time behavior and
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the optimal decay rates of the global classical solutions and of the global strong solu-
tions for the isentropic compressible Navier-Stokes-Korteweg equations around the
non-vacuum constant states, for example, see [39, 40, 41, 43] and some references
therein.

In general, it is well known that the large-time behavior of solutions to the
compressible Navier-Stokes-Korteweg equations in the half space is much more com-
plicated than that for the corresponding Cauchy problem due to boundary effect.
Tsyganov [38] discussed the global existence and time-asymptotic behavior of weak
solutions for an isothermal model with the viscosity coefficient μ(ρ) ≡ 1, the cap-
illarity coefficient κ(ρ) = ρ−5 and large initial data on the interval [0, 1]. The
global existence and exponential decay of strong solutions with small initial data
to the Korteweg system in a bounded domain of Rn (n ≥ 1) were also obtained
by Kotschote in [25]. Chen, Li and Sheng [8] proved the nonlinear stability of
viscous shock wave for an impermeable wall problem of the compressible Navier-
Stokes-Korteweg equations with constant viscosity and capillarity coefficients and
small initial data. Chen and Li [6] discussed the time-asymptotic behavior of strong
solutions to the initial-boundary value problem of the compressible Navier-Stokes-
Korteweg equations with density-dependent viscosity and capillarity in the half
space, and showed the strong solution converges to the rarefaction wave as t → ∞
for the impermeable wall problem under large initial perturbation. Hong [18] and
Li and Zhu [33] showed the existence and stability of stationary solution to an out-
flow problem of the compressible Navier-Stokes-Korteweg equations with constant
viscosity and capillarity coefficients in the half space, respectively. Li, Tang and Yu
[31] obtained asymptotic stability of rarefaction wave for the outflow problem to the
compressible Navier-Stokes-Korteweg equations in the half space. However, to the
best of our knowledge, there is little result about the stability of nonlinear wave pat-
terns for the inflow problem on the compressible Navier-Stokes-Korteweg equations
which is interest in our paper. Li and Chen [27] and Hong [19] showed the existence
and stability of stationary solution to an inflow problem of the compressible Navier-
Stokes-Korteweg equations in the half space, respectively. Hong [19] also showed
stability of viscous shock wave and the superposition of the stationary wave and
the viscous shock wave in the inflow problem for isentropic Navier-Stokes-Korteweg
system. Subject to [19, 27], we are going to the asymptotic behavior toward rar-
efaction wave for an inflow problem of the compressible Navier-Stokes-Korteweg
equation in the half space.

We now turn back to the inflow problem. As in [19, 27], consider the coordinate
transformation

t = t, x =

∫ (x̃,t)

(0,0)

ρdx̃− ρudt,

and set v = 1
ρ , s− = −u−

v−
< 0. Then the inflow problem (1.1)-(1.4) is transformed

into the problem in the Lagrangian coordinate⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

vt − ux = 0, x > s−t, t > 0,

ut + p(v)x = μ
(

ux

v

)
x
+ κ

(
−vxx

v5 +
5v2

x

2v6

)
x
, x > s−t, t > 0,

(v, u)|x=s−t = (v−, u−), v− = 1
ρ−

, u− > 0,

vx|x=s−t = 0,
(v, u)|t=0 = (v0, u0)(x) → (v+, u+) as x → +∞.

(1.5)
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Further, the corresponding hyperbolic system without viscosity and capillarity is{
vt − ux = 0,
ut + p(v)x = 0,

(1.6)

and its characteristic speeds is λi = (−1)i
√−p′(v)(i = 1, 2). Since the sound speed

c(v) is defined by

c(v) = v
√

−p′(v) =
√
kγv−

γ−1
2 ,

we can decide the (v, u) into three regions:

Ωsub = {(u, v) : |u| < c(v), v > 0, u > 0},
Γtrans = {(u, v) : |u| = c(v), v > 0, u > 0},
Ωsuper = {(u, v) : |u| < c(v), v > 0, u > 0}.

We call them the subsonic, transonic, and supersonic regions, respectively. From
gas dynamic theory in [36], we first review that for given constants (v±, u±) with
v± > 0, the following Riemann problem of the compressible Euler equations:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

vt − ux = 0,

ut + p(v)x = 0, t > 0, x ∈ R,

(v(0, x), u(0, x)) =
(
vR0 (x), u

R
0 (x)

)
=

{
(v−, u−), x < 0,

(v+, u+), x > 0

(1.7)

admits a weak entropy solution
(
vRi , u

R
i

)
(t, x) (i = 1, 2) called the i-rarefaction wave

if (v+, u+) ∈ Ri(v−, u−), where

Ri(v−, u−) =

{
(v, u) ∈ ω

∣∣∣∣ u = u− −
∫ v

v−
λi(s)ds, u ≥ u−

}
(1.8)

is the i-rarefaction wave curve, and
(
vRi , u

R
i

)
(t, x) is expressed by:

(
vRi , u

R
i

)
(t, x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(v−, u−), −∞ ≤ x
t ≤ λi(v−),(

λ−1
i

(
x
t

)
, u− −

∫ λ−1
i ( x

t )

v−
λi(s) ds

)
, λi(v−) ≤ x

t ≤ λi(v+),

(v+, u+), λi(v+) ≤ x
t ≤ +∞.

In (1.8), ω is a suitable neighborhood of (v−, u−) in R
2.

In this paper, we consider the boundary value and far field state satisfying
(v−, u−) ∈ Ωsuper and (v+, u+) ∈ R2(v−, u−). That is, we are going to show the

time-asymptotic nonlinear stability of the rarefaction wave
(
vR2 , u

R
2

)
(t, x). Now the

main results are stated as follows.

Theorem 1.1. Let (v−, u−) ∈ Ωsuper and (v+, u+) ∈ R2(v−, u−). Assume that
v0 − vr0 ∈ H2

0 (R
+), u0 − ur

0 ∈ H1
0 (R

+). Then there exists ε0 > 0 such that if
0 < ε ≤ ε0 and ‖v0 − vr0‖2 + ‖u0 − ur

0‖1 ≤ ε0, then there exists a unique strong
solution (v, u) of (1.5), which satisfies

v − vr ∈ C([0,∞);H2
0 (R

+)), u− ur ∈ C([0,∞);H1
0 (R

+)),

(v − vr)x ∈ L2([0,∞);H2(R+)), (u− ur)x ∈ L2([0,∞);H1(R+)).
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Moreover,

lim
t→+∞ sup

x>s−t
|(v, u)− (vr, ur)| = 0.(1.9)

Here ε, (vr, ur) and (vr0, u
r
0) are given by (2.3)2, (2.5) and (2.6), respectively.

Remark 1.2. For the case (v−, u−) ∈ Ωsuper and (v+, u+) ∈ R1R2(v−, u−), we
can find (v̄, ū) ∈ R1(v−, u−) and (v+, u+) ∈ R2(v̄, ū) such that we can show that
the solution (v, u) of (1.5) tends toward the combination of (vR1 , u

R
1 ) and (vR2 , u

R
2 )

as in [37].

Remark 1.3. In this article we only consider the asymptotic behavior of the
stationary wave for in-flow problem to one-dimensional compressible Navier-Stokes-
Korteweg equations with small initial perturbation, in fact, it is interest and plausible
that we can consider the corresponding results for large perturbation as in [12] for
the compressible Navier-Stokes equation. It is expected to be done in the forthcoming
papers.

This article is follow-up study of [27]. Now we give main ideas and arguments
of the proof for Theorem 1.1. Applying L2-energy method and some time-decay
estimates in Lp-norm of the smoothed rarefaction wave as in [21, 34, 35, 37], we
prove the asymptotic stability of the rarefaction wave in the case that the initial data
are a small perturbation of the rarefaction wave. The key ingredient in the proof of
Theorems 1.1 is to deduce the a-priori estimates. The main difficulties are as follows.
The first one is the occurrence of the third order dispersion term. The second is how
to control the boundary terms in order to establish the dissipation of the density. To
overcome the first difficulty, we need more regularities for the density and smooth
rarefaction wave, which have made in [3, 6, 7, 8, 28, 30, 33]. We also note that
the basic energy is obtained with the help of higher order estimates. For the second
difficulty, we first have ϕ(t, 0) = ψ(t, 0) = ϕy(t, 0) = 0 from the boundary data
(3.6)2 and (iii) of Lemma 2.2. Next, similar as [37], we can establish the boundary
dissipation of ψy(t, 0). Finally, we can obtain the boundary dissipation of ϕyy(t, 0)
due to the Korteweg term, which is different from the out-flow problem in [31, 33].
With these boundary values and the boundary dissipations at hand, we can close
the a-priori estimate.

The rest of this paper is organized as follows. After stating some notations,
in Section 2, we recall a smooth approximation (vr(t, x), ur(t, x)) of the rarefac-
tion wave

(
vR2 , u

R
2

)
(t, x) by (2.5), and list some basic properties of the smooth

approximate rarefaction wave (vr(t, x), ur(t, x)) in this section for later use. Then
we reformulate the original problem in terms of the perturbation variables in Sec-
tion 3. Section 4 is the key part of this article, in which we will establish the a
priori estimates by the elaborate energy estimates. Finally, we complete the proof
of Theorem 1.1 in Section 5.
Notations. Throughout this paper, several generic positive constants are denoted
by c and C without any confusion. For function space, Lp(Ω)(1 ≤ p ≤ +∞) is an
usual Lebesgue space on Ω ⊂ R = (−∞,+∞) with its norm

‖f‖Lp(Ω) = (

∫
Ω

|f(x)|pdx) 1
p , 1 ≤ p < ∞, ‖f‖L∞(Ω) = sup

Ω
|f(x)|.
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H l(Ω) denotes the l-th order Sobolev Space with its norm

‖f‖l =
(

l∑
i=0

∥∥∂i
xf

∥∥2)
1
2

where ‖ · ‖ := ‖ · ‖L2(Ω).

H l
0(Ω) is a closure of C

∞
0 (Ω) with respect toH l(Ω)-norm, so that f ∈ H l

0(Ω) satisfies
f(∂Ω) = 0. Finally, we denote by C0([0, T ];Hk(Ω)) (resp. L2(0, T ;Hk(Ω))) the
space of continuous (resp. square integrable) functions on [0, T ] taking values in the
space Hk(Ω).

2. Smooth approximate rarefaction wave

Since the rarefaction wave
(
vR2 , u

R
2

)
(xt ) is not smooth, we need to construct a

smooth approximation (vr, ur) (t, x) of the rarefaction wave
(
vR2 , u

R
2

)
(xt ). As [34],

we start with the Riemann problem on R = (−∞,+∞) for the typical Burgers
equation:

(2.1) wt + wwx = 0,

with initial data

(2.2) w(0, x) = wR
0 (x) =

{
w−, x < 0
w+, x > 0,

where w− < w+. The weak solution of (2.1)-(2.2) is a rarefaction wave wR(xt )
connecting w− and w+, namely,

wR(
x

t
) =

⎧⎨
⎩

w−, x < w−t,
x
t , w−t ≤ x ≤ w+t,
w+, x > w+t.

From [36], it is well known that when w− = λ2(v−) > 0 and w+ = λ2(v+) > 0, the
centered rarefaction wave

(
vR2 , u

R
2

)
(xt ) can be defined by

(vR, uR)(
x

t
) =

(
λ−1
2 (wR(

x

t
)), u− −

∫ λ−1
2 (wR( x

t ))

v−
λ2(s)ds

)
.

It is easy to check that vR2 (t, x) and uR
2 (t, x) satisfy{

vt − ux = 0,
ut + p(v)x = 0

with

(v, u)(0, x) = (vR0 , u
R
0 ) =

{
(v−, u−), x < 0,
(v+, u+), x > 0.

Now we approximate the rarefaction wave wR(xt ) by the solution w(t, x) of the
following Cauchy problem:⎧⎨

⎩
wt + wwx = 0,

w(0, x) =

{
w−, x < 0,
w− + Cqw̃

∫ εx

0
zqe−zdz, x ≥ 0,

(2.3)

where w̃ = w+ − w−, Cq > 0 is a constant satisfying Cq

∫ +∞
0

zqe−zdz = 1 with
q ≥ 8 being a positive constant, and ε ≤ 1 is a positive constant to be determined
later. Then the properties of w(t, x) can be summarised in the following lemma.
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Lemma 2.1. (See [6, 21, 34]) Let 0 < w− < w+, then the Cauchy problem
(2.3) admits a unique global smooth solution w(t, x) satisfying:

(i) w− ≤ w(t, x) ≤ w+, wx > 0, x ≥ 0, t ≥ 0.
(ii) For any p with 1 ≤ p ≤ +∞, there exists a constant Cp,q > 0 such that

for t ≥ 0,

‖wx(t)‖Lp ≤ Cp,q min
{
w̃ε1−

1
p , w̃

1
p t−1+ 1

p

}
,

‖wxx(t)‖Lp ≤ Cp,q min
{
w̃ε2−

1
p , w̃

1
q ε1−

1
p+

1
q t−1+ 1

q

}
,

‖wxxx(t)‖Lp ≤ Cp,q min
{
w̃ε3−

1
p , w̃

2
q ε2−

1
p+

2
q t−1+ 2

q

}
,

‖wxxxx(t)‖Lp ≤ Cp,q min
{
w̃ε4−

1
p , w̃

3
q ε3−

1
p+

3
q t−1+ 3

q

}
.

(iii) When x ≤ w−t, it holds that

w(t, x)− w− = wx(t, x) = wxx(t, x) = wxxx(t, x) = 0.

(iv) lim
t→+∞ sup

x∈R

∣∣w(t, x)− wR(t, x)
∣∣ = 0.

Now, we should construct the smooth approximate rarefaction wave (vr, ur)(t, x)
of (vR2 , u

R
2 )(t, x). As in [37], we define (ṽr, ũr)(t, x) as follows:

(ṽr, ũr)(t, x) =
(
λ−1
2 (w(t, x)), u− −

∫ λ−1
2 (w(t,x))

v−
λ2(s)ds

)
,(2.4)

here w(x, t) is the solution of (2.3). Then we set

(vr, ur)(t, x) = (ṽr, ũr)(t, x)
∣∣
x≥s−t

,(2.5)

which together with (2.3)2 and (2.4) implies

vr0(x) = λ−1
2 (w0), ur

0(x) = u− −
∫ λ−1

2 (w0)

v−
λ2(s)ds,(2.6)

here

w0(x) =

{
λ2(v−), x < 0,
λ2(v−) + (λ2(v+)− λ2(v−))Cq

∫ εx

0
zqe−zdz, x ≥ 0.

It is easy to check from (2.4) and Lemma 2.1 that (vr, ur)(t, x) has the following
properties:

Lemma 2.2. Let δ = |v+−v−|+|u+−u−|, the smooth approximation (vr, ur)(t, x)
of (vR2 , u

R
2 ) has the following properties.

(i) ur
x ≥ 0, |ur

x| ≤ Cε, ∀ t ≥ 0, x ≥ s−t.
(ii) For any p with 1 ≤ p ≤ +∞, there exists a constant Cp,q > 0 such that

‖(vrx, ur
x) (t)‖Lp ≤ Cp,q min

{
δε1−

1
p , δ

1
p (1 + t)−1+ 1

p

}
,

‖(vrxx, ur
xx) (t)‖Lp ≤ Cp,q min

{
δε2−

1
p , δ

1
q ε1−

1
p+

1
q (1 + t)−1+ 1

q

}
,

‖(vrxxx, ur
xxx) (t)‖Lp ≤ Cp,q min

{
δε3−

1
p , δ

2
q ε2−

1
p+

2
q (1 + t)−1+ 2

q

}
,

‖(vrxxxx, ur
xxxx) (t)‖Lp ≤ Cp,q min

{
δε4−

1
p , δ

3
q ε3−

1
p+

3
q (1 + t)−1+ 3

q

}
.
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(iii) (vrx, u
r
x)
∣∣
x≤s−t

= (v−, u−),
∂j

∂xj
(vrx, u

r
x)(t, x)

∣∣
x≤s−t

= 0, j = 1, 2, 3.

(iv) lim
t→+∞ sup

x≥s−t

∣∣∣(vr, ur)(t, x)− (
vR2 , u

R
2

)
(
x

t
)
∣∣∣ = 0.

3. Reformulation of the original problem

Since it is convenient to regard the solution (v, u)(t, x) as the perturbation
of (vr, ur)(t, x), we are going to reformulate the original problem in terms of the
perturbation variables in this section. First of all, we consider the coordinate trans-
formation

t = t, y = x− s−t,(3.1)

by using (3.1), we rewrite the initial value problem (1.5) as follows⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vt − s−vy − uy = 0,

ut − s−uy + p(v)y = μ
(uy

v

)
y
+ k

(−vyy

v5 +
5v2

y

2v6

)
y
,

(v, u)|t=0 = (v0, u0)(y) → (v+, u+),
(v, u)|y=0 = (v−, u+), vy|y=0 = 0,

(3.2)

and, correspondingly (vr, ur) satisfies⎧⎪⎪⎨
⎪⎪⎩

vrt − s−vry − ur
y = 0,

ur
t − s−ur

y + p(vr)y = 0,
(vr, ur)|t=0 = (vr0, u

r
0)(y),

(vr, ur)|y=0 = (v−, u−), vry, v
r
yy, v

r
yyy|y=0 = 0.

(3.3)

Further, let us define the perturbation (ϕ, ψ)(t, y) by

ϕ = v(t, y)− vr(t, y), ψ = u(t, y)− ur(t, y).(3.4)

From (3.2) and (3.3), one knows at once that (ϕ, ψ)(t, y) satisfies the system in
R

+ × R
+ below⎧⎪⎪⎨

⎪⎪⎩
ϕt − s−ϕy − ψy = 0,

ϕt − s−ψy + (p(vr + ϕ)− p(vr))y − μ
(

ψy

vr+ϕ

)
y

= μ
(

ur
y

vr+ϕ

)
y
+Ky,

(3.5)

and initial boundary values:{
(ϕ, ψ)|t=0 = (ϕ0, ψ0)(y) = (v0 − vr0, u0 − ur

0),
(ϕ, ψ)|y=0 = (0, 0), ϕy|y=0 = 0.

(3.6)

Here

K = κ

(
−ϕyy − vryy
(vr + ϕ)5

+
5(vry + ϕy)

2

2(vr + ϕ)6

)
.

Therefore, we are now in a position to restate our main results in terms of the
perturbed variable (ϕ, ψ)(t, y) as follows.

Theorem 3.1. Suppose that all the assumptions of Theorem 1.1 are met. Then
there exists a unique global solution (ϕ, ψ)(t, ξ) to problem (3.5)-(3.6), satisfying

ϕ ∈ C([0,∞);H2
0 (R

+)), ψ ∈ C([0,∞);H1
0 (R

+)),

ϕy ∈ L2([0,∞);H2(R+)), ψy ∈ L2([0,∞);H1(R+)),
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and

(3.7) lim
t→∞ sup

y∈R+

|(ϕ, ψ)(t, y)| = 0.

To prove this theorem, we shall employ the standard continuation argument
based on a local existence theorem in the following Lemma and on a priori estimates
stated in the following proposition. First, the local existence of the solution (ϕ, ψ)
to the initial-boundary value problem (3.5)-(3.6) is proved by the standard method,
for example, the dual argument and iteration technique. We refer the details to
[15, 16, 25, 38].

Lemma 3.2 (Local existence). Assume that the conditions in Theorem 1.1 hold.
Then there exists a positive constant T0 such that the initial-boundary value problem
(3.5)-(3.6) has a unique solution (ϕ, ψ)(t, y) that has the following properties:

ϕ ∈ C([0, T0];H
2
0 (R

+)), ψ ∈ C([0, T0];H
1
0 (R

+)),

ϕy ∈ L2([0, T0];H
2(R+)), ψy ∈ L2([0, T0];H

1(R+)),

inf
t,y∈R+

v(t, y) > 0.

Next, we prove the following a priori estimates in Sobolev spaces, which are
stated in Proposition 3.3.

Proposition 3.3. Let (ϕ, ψ) be a solution to the initial-boundary value problem
(3.5)-(3.6) in a time interval [0, T ], which has same regularities as in Theorem 3.1.
Then there exist constants ε0 > 0 and C > 0 such that if

N(T ) := sup
t∈[0,T ]

{‖ϕ(t)‖2 + ‖ψ(t)‖1} ≤ χ,(3.8)

and ε+ χ � ε0, then the following estimate holds for any t ∈ [0, T ]

‖ϕ(t)‖22 + ‖ψ(t)‖21

+

t∫
0

(
ψy(τ, 0)

2 + ϕyy(τ, 0)
2 + ‖ϕy(τ)‖22 + ‖ψy(τ)‖21

)
dτ

≤ C(‖ϕ0‖22 + ‖ψ0‖21 + ε
1
6
0 ).(3.9)

4. A priori estimates

This section is devoted to the derivation of a priori estimates for the unknown
function (ϕ, ψ)(t, y) and their derivatives, we then show that Proposition 3.3 is
valid. Moreover, in establishing a priori estimates, we shall employ a mollifier with
respect to time variable t to resolve an insufficiency of regularity of the solution
obtained in Proposition 3.3. As this argument is standard, we omit the details and
proceed a derivation of those estimates formally. To derive these a priori estimates,
we assume that there exists a solution (ϕ, ψ)(t, y) to problem (3.5)-(3.6), such that

(ϕ, ψ)(t, y) ∈ C([0, T ];H2
0 (R

+))× C([0, T ];H1
0 (R

+)),

inf
(t,y)∈[0,T ]×R+

(ϕ+ vr)(t, y) > 0
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for any T > 0. From (3.8), one can see easily that there exist two positive constants
c and C such that

0 < c ≤ v ≤ C for t ∈ [0, T ],(4.1)

since V ≥ c > 0 for a positive constant c. To this end, we introduce

Φ(vr, ϕ) = p(vr)ϕ−
∫ vr+ϕ

vr

p(η)dη

combining this with (4.1) yields

cϕ2 ≤ Φ(vr, ϕ) ≤ Cϕ2.(4.2)

Now let us derive the basic energy estimate. First, utilizing (3.5)1, it is see that

Kyψ = κ
{[−ϕyy − vryy

(vr + ϕ)5
+

5(vry + ϕy)
2

2(vr + ϕ)6

]
ψ
}
y

+
κ

(vr + ϕ)5
ϕyyψy +

κ

(vr + ϕ)5
vryyψy − 5κ

2(vr + ϕ)6
(vry + ϕy)

2ψy

= κ
{[−ϕyy − vryy

(vr + ϕ)5
+

5(vry + ϕy)
2

2(vr + ϕ)6

]
ψ
}
y
+

κ

(vr + ϕ)5
ϕyy(ϕt − s−ϕy)

+
κ

(vr + ϕ)5
vryyψy − 5κ

2(vr + ϕ)6
(vry + ϕy)

2ψy

= κ
{[−ϕyy − vryy

(vr + ϕ)5
+

5(vry + ϕy)
2

2(vr + ϕ)6

]
ψ
}
y
+

κ

(vr + ϕ)5
vryyψy

+
( κ

(vr + ϕ)5
ϕyϕt

)
y
−
( 5κs−
2(vr + ϕ)5

ϕ2
y

)
y
−
( κ

2(vr + ϕ)5
ϕ2
y

)
t

− 5κ

2(vr + ϕ)6
(vr2y ψy + ur

yϕ
2
y).

Further, from (3.5) and using above equality, the straightforward but tedious com-
putations give[1

2
ψ2 +Φ(vr, ϕ) +

κ

2(vr + ϕ)5
ϕ2
y

]
t
+R1y +R2 = R3.(4.3)

Here

R1 = −s−
[1
2
ψ2 +Φ(vr, ϕ)

]
+ [p(vr + ϕ)− p(vr)]ψ − μ

(ur
y + ψy

vr + ϕ
− ur

y

vr

)
ψ

−κ
[−ϕyy − vryy

(vr + ϕ)5
+

5(vry + ϕy)
2

2(vr + ϕ)6

]
ψ − κ

(vr + ϕ)5
ϕyϕt +

5κs−
2(vr + ϕ)5

ϕ2
y,

R2 = μ
ψ2
y

vr + ϕ
− μur

yϕψy

vr(vr + ϕ)
+ [p(vr + ϕ)− p(vr)− p′(vr)ϕ]ur

y,

and

R3 = μ
(ur

y

vr

)
y
ψ +

κ

(vr + ϕ)5
vryyψy − 5κ

2(vr + ϕ)6
(vr2y ψy + ur

yϕ
2
y).
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Lemma 4.1. Assume that (ϕ, ψ)(t, y) is a solution to (3.5)-(3.6), satisfying the
conditions in Proposition 3.3, then the following estimate holds

‖ϕ(t)‖21 + ‖ψ(t)‖2 +
∫ t

0

(
‖(ur

y)
1
2ϕ‖2 + ‖ψy‖2

)
dτ

≤ C(‖ϕ0‖1 + ‖ϕ0‖2 + ε
1
6
0 ) + Cε0

∫ t

0

‖ϕy‖2 dτ(4.4)

for all t ∈ [0, T ].

Proof. Integrating (4.3) with respect to y over (0,∞) yields

d

dt

∫ ∞

0

[
1

2
ψ2 +Φ(vr, ϕ) +

κ

2(vr + ϕ)2
ϕ2
y

]
dy +R1

∣∣∣
y=0

+

∫ ∞

0

R2dy

=

∫ ∞

0

R3dy.(4.5)

First, noting (4.1) and using (4.2), we obtain easily∫ ∞

0

[1
2
ψ2 +Φ(V, ϕ) +

κ

2(V + ϕ)2
ϕ2
y

]
dy ≥ c(‖ϕ‖2 + ‖ψ‖2 + ‖ϕy‖2).(4.6)

Due to ϕ(t, 0) = ψ(t, 0) = ϕy(t, 0) = 0, it is easy to see

R1|y=0 = 0(4.7)

Moreover, in [37], the authors have showed

R2 ≥ c(‖ψy‖2 + ‖(ur
y)

1
2ϕ‖2).(4.8)

Finally, let us estimate the terms of
∫∞
0

R3dy one by one. First, from Lemma
2.2, we have

‖ur
yy‖

4
3

L1 ≤ C‖ur
yy‖

1
6

L1‖ur
yy‖

7
6

L1 ≤ Cε
1
6 (1 + t)−

49
48 ,(4.9)

and

‖ur
y‖

4
3 ≤ C‖ur

y‖
1
6 ‖ur

y‖
7
6 ≤ Cε

1
12 (1 + t)−

7
12 .(4.10)

Then it follows from the Hölder inequality, the Sobolev inequality, and the Young
inequality and using (4.1), (4.9)-(4.10) that∫ +∞

0

μ

(
ur
y

vr

)
y

ψ dy ≤ C‖ψ‖L∞
(‖ur

yy‖L1 + ‖vry‖‖ur
y‖
)

≤ C‖ψ‖ 1
2 ‖ψy‖ 1

2

(‖ur
yy‖L1 + ‖vry‖‖ur

y‖
)

≤ c

4
‖ψy‖2 + Cε

1
6 ‖ψ‖ 2

3

[
(1 + t)−

49
48 + (1 + t)−

7
6

]
≤ c

4
‖ψy‖2 + Cε

1
6 [(1 + t)−

33
32 + (1 + t)−

5
4 ]‖ψ‖2

+Cε
1
6 [(1 + t)−

65
64 + (1 + t)−

9
8 ].(4.11)

Next, utilizing the Young inequality, (4.1) and Lemma 2.2, we have∫ +∞

0

κ

(vr + ϕ)5
vryyψy dy

≤ c

4
‖ψy‖2 + C‖vryy‖2 ≤ c

4
‖ψy‖2 + Cε

1
4 (1 + t)−

7
4 ,(4.12)
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and

−
∫ +∞

0

5κ

(vr + ϕ)6
vr2y ψy dy

≤ c

4
‖ψy‖2 + C‖vry‖

1
3

L4‖vry‖
11
3

L4 ≤ c

4
‖ψy‖2 + Cε

1
4 (1 + t)−

11
4 .(4.13)

Finally, from (4.1), the Hölder inequality and Lemma 2.2, it is easy to obtain

−
∫ +∞

0

5κ

(vr + ϕ)6
ur
yϕ

2
y dy ≤ Cε‖ϕy‖2.(4.14)

Therefore, combining (4.5), (4.6)-(4.8), (4.11)-(4.13) and (4.14), and integrating

the resultant inequality with respect to t, then implies (4.4) provided that Cε
1
6
0 < 1

4 .
This completes the proof of Lemma 4.1.

Lemma 4.2. Assume that (ϕ, ψ)(t, y) is a solution to (3.5)-(3.6), satisfying the
conditions in Proposition 3.3, then the following estimate holds

‖ϕy‖2 +
∫ t

0

(
ϕ2
y + ϕ2

yy

)
dτ ≤ C(‖ϕ0‖21 + ‖ψ0‖21 + ε

1
6
0 ).(4.15)

for all t ∈ [0, T ].

Proof. Rewriting equation (3.5)2 as(
μ

ϕy

vr + ϕ
− ψ

)
t
− s−

(
μ

ϕy

vr + ϕ
− ψ

)
y
− p′(vr + ϕ)ϕy

=
μ

(vr + ϕ)2
vryψy + [p′(vr + ϕ)− p′(vr)]vry

+
μ

(vr + ϕ)2
vryu

r
y − μ

ur
yy

vr + ϕ
−Ky.(4.16)

Multiplying (4.16) by
ϕy

vr+ϕ , we obtain

( μϕ2
y

2(vr + ϕ)2
− ψϕy

vr + ϕ

)
t
+
{ 1

vr + ϕ
ψψy − μs−

2(vr + ϕ)2
ϕ2
y +

s−
vr + ϕ

ψϕy

−κ
[ ϕyyϕy

(vr + ϕ)6
+

vryyϕy

(vr + ϕ)6
− 5(vry + ϕy)

2

2(vr + ϕ)7
ϕy

]}
y
− p′(vr + ϕ)

vr + ϕ
ϕ2
y

+
κ

(vr + ϕ)6
ϕ2
yy

=
1

vr + ϕ
ψ2
y +

1

(vr + ϕ)2
vryψψy − 1

(vr + ϕ)2
ur
yψϕy +

μ

(vr + ϕ)3
vryϕyψy

+
1

vr + ϕ
[p′(vr + ϕ)− p′(vr)]vryϕy +

μ

(vr + ϕ)3
vryu

r
yϕy − μ

(vr + ϕ)2
ur
yyϕy

− κ

(vr + ϕ)6
vryyϕyy +

5κ

2(vr + ϕ)7
(vry + ϕy)

2ϕyy

+
κ

(vr + ϕ)7
(vry + ϕy)ϕyϕyy +

κ

(vr + ϕ)7
(vry + ϕy)v

r
yyϕy

− 5κ

2(vr + ϕ)8
(vry + ϕy)

3ϕy.(4.17)
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Here we used

Ky
ϕy

vr + ϕ

= −κ
[ ϕyy

(vr + ϕ)6
ϕy +

vryy
(vr + ϕ)6

ϕy −
5(vry + ϕy)

2

2(vr + ϕ)7
ϕy

]
y

+
κ

(vr + ϕ)6
ϕ2
yy +

k

(vr + ϕ)6
vryyϕyy − 5κ

2(vr + ϕ)7
(vry + ϕy)

2ϕyy

− κ

(vr + ϕ)7
(vry + ϕy)ϕyϕyy − κ

(vr + ϕ)7
(vry + ϕy)v

r
yyϕy

+
5κ

2(vr + ϕ)8
(vry + ϕy)

3ϕy.

Integrating (4.17) with respect to y over R+ and taking into the boundary condition
(3.6)2, we have

d

dt

∫ ∞

0

( μϕ2
y

2(vr + ϕ)2
− ψϕy

vr + ϕ

)
dy −

∫ ∞

0

p′(vr + ϕ)

vr + ϕ
ϕ2
y dy

+

∫ ∞

0

κ

(vr + ϕ)6
ϕ2
yy dy

=

∫ ∞

0

1

vr + ϕ
ψ2
y dy +

∫ ∞

0

1

(vr + ϕ)2
vryψψy dy −

∫ ∞

0

1

(vr + ϕ)2
ur
yψϕy dy

+

∫ ∞

0

μ

(vr + ϕ)3
vryϕyψy dy +

∫ ∞

0

1

vr + ϕ
[p′(vr + ϕ)− p′(vr)]vryϕy dy

+

∫ ∞

0

[ μ

(vr + ϕ)3
vryu

r
yϕy − μ

(vr + ϕ)2
ur
yyϕy − κ

(vr + ϕ)6
vryyϕyy

]
dy

+

∫ ∞

0

[
5κ

2(vr + ϕ)7
(vry + ϕy)

2ϕyy +
κ

(vr + ϕ)7
(vry + ϕy)ϕyϕyy

+
κ

(vr + ϕ)7
(vry + ϕy)v

r
yyϕy − 5κ

2(vr + ϕ)8
(vry + ϕy)

3ϕy] dy,(4.18)

which together with (4.1) yields

d

dt

∫ ∞

0

(ϕ2
y − ψϕy) dy +

∫ ∞

0

(ϕ2
y + ϕ2

yy) dy

≤ C(

∫ ∞

0

ψ2
y dy +H1 +H2 +H3 +H4),(4.19)
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where

H1 = |
∫ ∞

0

vryψψy dy|+ |
∫ ∞

0

ur
yψϕy dy|+ |

∫ ∞

0

vryϕϕy dy|,

H2 = |
∫ ∞

0

vryu
r
yϕy dy|+ |

∫ ∞

0

ur
yyϕy dy|+ |

∫ ∞

0

vryyϕyy dy|

+|
∫ ∞

0

(vry)
2ϕyy dy|+ |

∫ ∞

0

vryv
r
yyϕy dy|+ |

∫ ∞

0

(vry)
3ϕy dy|,

H3 = |
∫ ∞

0

vryϕyψy dy|+ |
∫ ∞

0

vryϕyϕyy dy|+ |
∫ ∞

0

vryyϕ
2
y dy|

+|
∫ ∞

0

(vry)
2ϕ2

y dy|,

and

H4 = |
∫ ∞

0

ϕ2
yϕyy dy|+ |

∫ ∞

0

vryϕ
3
y dy|+ |

∫ ∞

0

ϕ4
y dy|.

Now let us estimate the terms on the right-hand side of (4.19). First, using
Lemma 2.2, Hölder inequality and Young inequality, we have

H1 ≤ C‖ψy‖2 + 1

8
‖ϕy‖2 + C(‖vry‖2L∞ + ‖ur

y‖2L∞)(‖ϕ‖2 + ‖ψ‖2)

≤ C‖ψy‖2 + 1

8
‖ϕy‖2 + Cε

1
6 (1 + t)−

11
6 (‖ϕ‖2 + ‖ψ‖2).(4.20)

Next, similar to (4.12) and (4.13), one deal with the terms of H2 as follows:

|
∫ ∞

0

vryu
r
yϕy dy|+ |

∫ ∞

0

ur
yyϕy dy| ≤ 1

8
‖ϕy‖2 + Cε

1
4 (1 + t)−

7
4 ,

|
∫ ∞

0

vryyϕyy dy|+ |
∫ ∞

0

(vry)
2ϕyy dy| ≤ 1

8
‖ϕyy‖2 + Cε

1
4 (1 + t)−

7
4 ,

and

|
∫ ∞

0

vryv
r
yyϕy dy|+ |

∫ ∞

0

(vry)
3ϕy dy|

≤ 1

8
‖ϕy‖2 + Cε

1
4 (1 + t)−

11
4 + Cε

1
4 (1 + t)−

15
4 .

Then we have

H2 ≤ 1

8
(‖ϕy‖2 + ‖ϕyy‖2) + Cε

1
4 (1 + t)−

7
4

+Cε
1
4 (1 + t)−

11
4 + Cε

1
4 (1 + t)−

15
4 .(4.21)

Moreover, similar to (4.14), we can obtain

H3 ≤ Cε
(‖ϕy‖2 + ‖ϕyy‖2

)
,(4.22)

Finally, using Cauchy inequality, Sobolev inequality and the assumption (3.8), we
get

H4 ≤ C‖ϕy‖L∞(‖ϕy‖2 + ‖ϕyy‖2)
+C‖vry‖L∞‖ϕy‖L∞‖ϕy‖2 + C‖ϕy‖2L∞‖ϕy‖2

≤ C(χ+ ε)(‖ϕy‖2 + ‖ϕyy‖2).(4.23)
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Hence, combining (4.19), (4.20)-(4.22) and (4.23), then integrating the resultant
inequality with respect to t and using (4.4), we can obtain (4.15) provided that

Cε
1
6
0 < 1

4 . This completes the proof of Lemma 4.2.

With Lemmas 4.1 and 4.2 in hand, we can show the fundamental energy esti-
mate.

Corollary 4.3. Assume that (ϕ, ψ)(t, y) is a solution to (3.5)- (3.6), satisfying
the conditions in Proposition 3., then it holds that

‖ϕ(t)‖21 + ‖ψ(t)‖2 +
∫ t

0

[‖ϕy(τ)‖21 + ‖ψy(τ)‖2
]
dτ

≤ C
(
‖ϕ0‖21 + ‖ψ0‖2 + ε

1
6
0

)
(4.24)

for any t ∈ [0, T ].

Lemma 4.4. Assume that (ϕ, ψ)(t, y) is a solution to (3.5)-(3.6), satisfying the
conditions in Proposition 3.3, then the following estimate holds

‖ψy(t)‖2 + ‖ϕyy(t)‖2 +
∫ t

0

(‖ψyy‖2 + ψy(τ, 0)
2 + ϕyy(τ, 0)

2
)
dτ

≤ C
(
‖ψ0‖21 + ‖ϕ0‖22 + ε

1
4
0

)
(4.25)

for all t ∈ [0, T ].

Proof: Multiplying (3.5)2 by −ψyy, one have(1
2
ψ2
y +

κ

2(vr + ϕ)5
ϕ2
yy

)
t

−
(
ψtψy − s−

2
ψ2
y +

κ

(vr + ϕ)5
ϕyyψyy +

κs−
2(vr + ϕ)5

ϕ2
yy

)
y
+

μ

vr + ϕ
ψ2
yy

= − μ

vr + ϕ
ur
yyψyy +

μ

(vr + ϕ)2
ur
y(v

r
y + ϕy)ψyy +

μ

(vr + ϕ)2
(vry + ϕy)ψyψyy

+[p(vr + ϕ)− p(vr)]yψyy − 5κ

(vr + ϕ)6
(vry + ϕy)ϕyyψyy

− 10κ

(vr + ϕ)6
(vry + ϕy)v

r
yyψyy +

κ

(vr + ϕ)5
vryyyψyy

+
15κ

2(vr + ϕ)7
(vry + ϕy)

3ψyy − 5κ

2(vr + ϕ)6
(ur

y + ψy)ϕ
2
yy.(4.26)

Here we used

−ψtψyy = −(ψtψy)y +
(1
2
ψ2
y

)
t
,

and( κϕyy

(vr + ϕ)5

)
y
ψyy =

( κ

(vr + ϕ)5
ϕyyψyy

)
y
− κ

(vr + ϕ)5
ϕyyψyyy

=
( κ

(vr + ϕ)5
ϕyyψyy

)
y
− κ

(vr + ϕ)5
ϕyy(ϕtyy − s−ϕyyy)

=
( κ

(vr + ϕ)5
ϕyyψyy

)
y
−
( κ

2(vr + ϕ)5
ϕ2
yy

)
t

+
( κs−
2(vr + ϕ)5

ϕ2
yy

)
y
− 5κ

2(vr + ϕ)6
(ur

y + ψy)ϕ
2
yy
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with the help of ϕtyy − s−ϕyyy − ψyyy = 0. Moreover, from ϕty − s−ϕyy − ψyy = 0
and ϕty(0) = 0, it is easy to see

ψyy(0) = −s−ϕyy(0).(4.27)

Then integrating the equality (4.26) with respect to y over R+ and taking into the
boundary condition (3.6)2 and (4.27), and (4.1), we get

d

dt

∫ ∞

0

(ψ2
y + ϕ2

yy) dy −
s−
2
ψy(t, 0)

2 − κs−
2v5−

ϕyy(t, 0)
2 +

∫ ∞

0

ψ2
yy dy

≤ C(I1 + I2 + I3 + I4 + I5).(4.28)

Here

I1 = |
∫ ∞

0

ur
yyψyy dy|+ |

∫ ∞

0

vryyyψyy dy|+ |
∫ ∞

0

vryu
r
yψyy dy|

+|
∫ ∞

0

vryv
r
yyψyy dy|+ |

∫ ∞

0

(vry)
3ψyy dy|,

I2 = |
∫ ∞

0

vryϕψyy dy|, I3 = |
∫ ∞

0

ϕyψyy dy|,

I4 = |
∫ ∞

0

vryψyψyy dy|+ |
∫ ∞

0

ur
yϕyψyy dy|+ |

∫ ∞

0

vryyϕyψyy dy|

+|
∫ ∞

0

ur
yϕ

2
yy dy|+ |

∫ ∞

0

vryϕyyψyy dy|+ |
∫ ∞

0

(vry)
2ϕyψyy dy|,

and

I5 = |
∫ ∞

0

ϕyψyψyy dy|+ |
∫ ∞

0

ψyϕ
2
yy dy|+ |

∫ ∞

0

ϕ3
yψyy dy|

+|
∫ ∞

0

vryϕ
2
yψyy dy|.

Now let us estimate the terms on the right-hand side of (4.19). First, similar as
(4.12)-(4.13) and (4.20), we have

I1 ≤ 1

8
‖ψyy‖2 + Cε

1
4 (1 + t)−

7
4 + Cε

1
4 (1 + t)−

11
4

+Cε
1
4 (1 + t)−

15
4 + Cε

1
2 (1 + t)−

3
2 ,(4.29)

and

I2 ≤ 1

8
‖ψyy‖2 + Cε

1
6 (1 + t)−

11
6 ‖ϕ‖2.(4.30)

Next, from the Cauchy inequality and the inequality, it is easy to obtain

I3 ≤ 1

8
‖ψyy‖2 + C‖ϕy‖2.(4.31)

Finally, similar to (4.14) and (4.23), we obtain

I4 ≤ Cε
(‖ϕy‖2 + ‖ψy‖2 + ‖ϕyy‖2 + ‖ψyy‖2

)
,(4.32)

and

I5 ≤ C(χ+ ε)
(‖ϕy‖2 + ‖ψy‖2 + ‖ϕyy‖2 + ‖ψyy‖2

)
.(4.33)

Hence, insertion (4.29)-(4.33) into (4.28), then integrating the resultant inequal-
ity with respect to t and using (4.24), we can obtain (4.25). This completes the
proof of Lemma 4.4.
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Finally, we are going to establish the dissipation for ϕyyy.

Lemma 4.5. Let (ϕ, ψ)(t, y) be a solution to (3.5)-(3.6), satisfying the conditions
in Proposition 3.3, then it holds that∫ t

0

‖ϕyyy(τ)‖2dτ ≤ C(‖ϕ0‖22 + ‖ψ0‖21 + ε
1
4
0 )(4.34)

for an arbitrary t ∈ [0, T ].

Proof. We first recall that

ϕty − s−ϕyy − ψyy = 0,(4.35)

and

ϕtyy − s−ϕyyy − ψyyy = 0,(4.36)

further, we have

(ψt − s−ψy)ϕyyy = (ψtϕyy)y − (ψyϕyy)t + (ψyψyy)y − ψ2
yy,(4.37)

and

μ

vr + ϕ
ψyyϕyyy

=
μ

vr + ϕ
(ϕty − s−ϕyy)ϕyyy

=
( μ

vr + ϕ
ϕtyϕyy − μs−

2(vr + ϕ)
ϕ2
yy

)
y
−
( μ

2(vr + ϕ)
ϕ2
yy

)
t

+
μ

(vr + ϕ)2
(vry + ϕy)ϕyy(s−ϕyy + ψyy)− μ

2(vr + ϕ)2
(ur

y + ψy)ϕ
2
yy

− μs−
(vr + ϕ)2

(vry + ϕy)ϕ
2
yy.(4.38)

Then multiply (3.5)2 by ϕyyy and use (4.37)-(4.38) to obtain[ μ

2(vr + ϕ)
ϕ2
yy − ψyϕyy

]
t

+
[
p′(vr + ϕ)ϕyϕyy +

μs−
2(vr + ϕ)

ϕ2
yy −

μ

vr + ϕ
ϕtyϕyy + ψyψyy

]
y

−p′(vr + ϕ)ϕ2
yy +

κ

(vr + ϕ)5
ϕ2
yyy

= ψ2
yy +

μur
yy

vr + ϕ
ϕyyy − κ

(vr + ϕ)5
vryyyϕyyy − [p′(vr + ϕ)− p′(vr)]vryϕyyy

+p′′(vr + ϕ)(vry + ϕy)ϕyϕyy +
μ

(vr + ϕ)2
(vry + ϕy)(s−ϕyy + ψyy)ϕyy

− μ

2(vr + ϕ)2
(ur

y + ψy)ϕ
2
yy −

μ

(vr + ϕ)2
(ur

y + ψy)(v
r
y + ϕy)ϕyyy

− μs−
(vr + ϕ)2

(vry + ϕy)ϕ
2
yy +

10κ

(vr + ϕ)6
(vry + ϕy)(v

r
yy + ϕyy)ϕyyy

−15κ(vry + ϕy)
3

(vr + ϕ)7
ϕyyy.
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Integrating the above equality with respect to y over R+ and taking into the bound-
ary condition (3.6)2 and (4.27), and (4.1), we get

d

dt

∫ ∞

0

(ϕ2
yy − ψyϕyy) dy − μs−

4v−
ϕyy(t, 0)

2 +

∫ ∞

0

ϕ2
yy dy +

∫ ∞

0

ϕ2
yyy dy

≤ C(

∫ ∞

0

ψ2
yy dy + ψy(t, 0)

2 + J1 + J2 + J3 + J4).(4.39)

Here

J1 = |
∫ ∞

0

vryϕϕyyy dy|,

J2 = |
∫ ∞

0

ur
yyϕyyy dy|+ |

∫ ∞

0

vryyyϕyyy dy|+ |
∫ ∞

0

vryu
r
yϕyyy dy|

+|
∫ ∞

0

vryv
r
yyϕyyy dy|+ |

∫ ∞

0

(vry)
3ϕyyy dy|,

J3 = |
∫ ∞

0

vryψyϕyyy dy|+ |
∫ ∞

0

ur
yϕyϕyyy dy|+ |

∫ ∞

0

vryϕyϕyy dy|

+|
∫ ∞

0

vryϕ
2
yy dy|+ |

∫ ∞

0

ur
yϕ

2
yy dy|+ |

∫ ∞

0

vryϕyyϕyyy dy|

+|
∫ ∞

0

vryyϕyϕyyy dy|+ |
∫ ∞

0

(vry)
2ϕyϕyyy dy|,

and

J4 = |
∫ ∞

0

ϕyψyϕyyy dy|+ |
∫ ∞

0

ψyϕ
2
yy dy|+ |

∫ ∞

0

ϕyϕ
2
yy dy|

+|
∫ ∞

0

ϕyϕyyϕyyy dy|+ |
∫ ∞

0

ϕ2
yϕyy dy|+ |

∫ ∞

0

ϕ3
yϕyyy dy|

+|
∫ ∞

0

vryϕ
2
yϕyyy dy|.

Now let us deal with the terms on the right-hand side of (4.19). First, similar
as (4.20), we have

J1 ≤ 1

8
‖ϕyyy‖2 + Cε

1
6 (1 + t)−

11
6 ‖ϕ‖2.(4.40)

Next, similar to (4.12)-(4.13), one get

J2 ≤ 1

8
‖ϕyyy‖2 + Cε

1
4 (1 + t)−

7
4 + Cε

1
4 (1 + t)−

11
4 + Cε

1
4 (1 + t)−

15
4

+Cε
1
2 (1 + t)−

3
2 .(4.41)

Moreover, similar to (4.14) and (4.23), we obtain

J3 ≤ Cε
(‖ϕy‖2 + ‖ψy‖2 + ‖ϕyy‖2 + ‖ϕyyy‖2

)
,(4.42)

and

J4 ≤ C(χ+ ε)
(‖ϕy‖2 + ‖ψy‖2 + ‖ϕyy‖2 + ‖ϕyyy‖2

)
.(4.43)

Therefore, insertion (4.40)-(4.43) into (4.39) yields

d

dt

∫ ∞

0

(ϕ2
yy − ψyϕyy)dy + ϕyy(t, 0)

2 + ‖ϕyy(t)‖2 + ‖ϕyyy(t)‖2

≤ C‖ψyy(t)‖2 + Cψy(t, 0)
2 + C(χ+ ε)

(‖ϕy‖2 + ‖ψy‖2
)
,
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further, integrating the above inequality with respect to t, and using (4.24) and
(4.25), we obtain (4.34). This completes the proof.

Proof of Proposition 3.2. Summing up the estimates (4.24), (4.25) and (4.34),
we immediately have (3.9).

5. The proof of Theorem 1.1

This section is concerned with the proof of our main theorem. To prove The-
orem 1.1, we employ the standard continuation argument based on a local exis-
tence theorem and the a priori estimates. Therefore, to complete the proof of
Theorem 1.1, we need only to investigate the large-time behavior of the solution
(v, u)(t, x−s−t) to the initial boundary value problem (1.5) as time tends to infinity.

The completion of the proof of Theorem 1.1. Based upon the energy estimates
derived in the previous sections, we will complete the proof of Theorem 1.1. To this
end, we first prove that

sup
x≥s−t

|(v − vr, u− ur)(t, x)| → 0,(5.1)

namely,

sup
y∈R+

|(ϕ, ψ)(t, y)| → 0,(5.2)

as t → ∞.
This is obvious suppose that we have proved the following assertion

lim
t→+∞ ‖(ϕy, ψy)(t)‖ = 0.(5.3)

As a matter of fact, if it were true, we infer from the Sobolev inequality that

‖(ϕ, ψ)‖L∞ → 0, as t → +∞.(5.4)

Hence, it remains to show (5.3). To this end, from the relations (4.18) and
(4.28), and Corollary 4.3, Lemmas 4.4 and 4.5, one can show that∫ ∞

0

(‖ϕy‖2 + ‖ψy‖2
)
+ ψy(t, 0)

2τ < +∞,(5.5)

and that ∫ ∞

0

∣∣∣∣ ddt‖ϕy‖2
∣∣∣∣ dτ < +∞,

∫ ∞

0

∣∣∣∣ ddt‖ψy‖2
∣∣∣∣ dτ < +∞.(5.6)

Then (5.3) follows from inequalities (5.5)-(5.6). Consequently, from (5.1), we prove
(1.9) and complete the proof of Theorem 1.1.
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