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Asymptotics toward rarefaction wave for an inflow problem

of the compressible Navier-Stokes-Korteweg equation
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ABSTRACT. In this article, we are concerned with the large-time behavior of
solutions to an inflow problem in one-dimensional case for the Navier-Stokes-
Korteweg equation, which models compressible fluids with internal capillarity.
We first investigate that the asymptotic state is the rarefaction wave under
the proper condition of the far fields and boundary values. The asymptotic
stability of the rarefaction wave under some smallness conditions is shown.
The proof is completed by the energy method with the help of time-decay
estimate for the rarefaction wave.
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In this article, we are interested in the following one dimensional compressible

Navier-Stokes-Korteweg equation, which reads as
(11) { Pt (pu)s =0,
(pu)e + (pu” + p(p))z = puzs + Kppzaz
with the following initial data
(1.2) (p,u)(0,Z) = (po, up)(Z) for & > 0, and zierg+ po(Z) >0,
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the boundary condition at the infinity & = oo
(1.3) lirf (p,u)(t,Z) = (p4,uq), for any t > 0,
Tr—r 400

and also the boundary condition at £ =0
(1.4) p(t,0) = p_, u(t,0) =u_, pz(t,0) =0, for any ¢ > 0.

Here, p and uw are unknown functions in ¢ and z, which stand for the density
and the velocity, respectively. The time and space variables are t > 0 and = €
Rt := {Z € R: % > 0}. The function p(p) is the pressure defined by p(p) = kp7,
where k£ > 0 and v > 1 are the gas constants. The positive constants u, x denote,
respectively, the viscosity and the capillary coefficient, and x is also called Weber
number. py, p—, uy and u_ are constants satisfying p+ > 0 and u_ > 0. And
00(Z),uo(Z) are two given functions.

The model (1.1) considered is supposed to govern the motion of compressible
fluids such as liquid vapor mixtures endowed with a variable internal capillarity,
and is originated from the works by van der Waals [42] and Korteweg [23]. Its
modern form is actually derived in the 1980s using the second gradient theory (see
for instance [11]). Recently, Heida and Mélek [17] also derived the compressible
Navier-Stokes-Korteweg equations by the entropy production method which does
not require to introduce any new or non-standard concepts such as multipolarity
or interstitial working which are used in [11]. We point out that special cases of
these models have also arisen in other contexts, e.g. in the water waves theory
and more recently in quantum hydrodynamics. Finally, one can see easily that
when x = 0, the system (1.1) is reduced to the classical Navier-Stokes equations for
compressible fluids. The mathematical justification from the compressible Navier-
Stokes-Kortewg system to the compressible Navier-Stokes equation have shown in
[2].

Recently, there have been a great number of mathematical studies about the
compressible Navier-Stokes-Korteweg equations. About the existence and unique-
ness of solutions to the isentropic compressible Navier-Stokes-Korteweg equations,
and we can refer to [1, 5, 9, 10, 13, 14, 15, 16, 22, 24] and some references
therein. In what follows, let us focus on the large-time behavior of solutions to
the isentropic compressible Navier-Stokes-Korteweg equations towards the nonlin-
ear wave pattern, which is related to our interest. More precisely, Chen [3] and
Li and Luo [29] discussed asymptotic stability of the rarefaction waves to Cauchy
problem for the one-dimensional compressible fluid models of Korteweg type, re-
spectively. Chen, et al. [4] also showed asymptotic stability of the rarefaction waves
for the one-dimensional compressible Navier-Stokes-Korteweg system with large ini-
tial data. Li and Zhu [32] further showed asymptotic stability of the rarefaction
wave with vacuum for the one-dimensional compressible Navier-Stokes-Korteweg
equations. Chen, He and Zhao [7] studied nonlinear stability of traveling wave so-
lutions to the Cauchy problem for the one-dimensional compressible Navier-Stokes-
Korteweg equations. Li, Chen and Luo, and Li and Luo showed stability of the
planar rarefaction wave to two- and three-dimensional compressible Navier-Stokes-
Korteweg equations in [28, 30], respectively. The stability of stationary solutions
of the multi-dimensional isentropic compressible Navier-Stokes-Korteweg equations
was studied by Li [26], and Wang and Wang [44)] in the case with a external force,
respectively, under the assumption that the states at far fields 00 are equal. More-
over, we also mention that there are some studies about the large-time behavior and
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the optimal decay rates of the global classical solutions and of the global strong solu-
tions for the isentropic compressible Navier-Stokes-Korteweg equations around the
non-vacuum constant states, for example, see [39, 40, 41, 43] and some references
therein.

In general, it is well known that the large-time behavior of solutions to the
compressible Navier-Stokes-Korteweg equations in the half space is much more com-
plicated than that for the corresponding Cauchy problem due to boundary effect.
Tsyganov [38] discussed the global existence and time-asymptotic behavior of weak
solutions for an isothermal model with the viscosity coefficient u(p) = 1, the cap-
illarity coefficient k(p) = p~° and large initial data on the interval [0,1]. The
global existence and exponential decay of strong solutions with small initial data
to the Korteweg system in a bounded domain of R™ (n > 1) were also obtained
by Kotschote in [25]. Chen, Li and Sheng [8] proved the nonlinear stability of
viscous shock wave for an impermeable wall problem of the compressible Navier-
Stokes-Korteweg equations with constant viscosity and capillarity coefficients and
small initial data. Chen and Li [6] discussed the time-asymptotic behavior of strong
solutions to the initial-boundary value problem of the compressible Navier-Stokes-
Korteweg equations with density-dependent viscosity and capillarity in the half
space, and showed the strong solution converges to the rarefaction wave as t — oo
for the impermeable wall problem under large initial perturbation. Hong [18] and
Li and Zhu [33] showed the existence and stability of stationary solution to an out-
flow problem of the compressible Navier-Stokes-Korteweg equations with constant
viscosity and capillarity coefficients in the half space, respectively. Li, Tang and Yu
[31] obtained asymptotic stability of rarefaction wave for the outflow problem to the
compressible Navier-Stokes-Korteweg equations in the half space. However, to the
best of our knowledge, there is little result about the stability of nonlinear wave pat-
terns for the inflow problem on the compressible Navier-Stokes-Korteweg equations
which is interest in our paper. Li and Chen [27] and Hong [19] showed the existence
and stability of stationary solution to an inflow problem of the compressible Navier-
Stokes-Korteweg equations in the half space, respectively. Hong [19] also showed
stability of viscous shock wave and the superposition of the stationary wave and
the viscous shock wave in the inflow problem for isentropic Navier-Stokes-Korteweg
system. Subject to [19, 27|, we are going to the asymptotic behavior toward rar-
efaction wave for an inflow problem of the compressible Navier-Stokes-Korteweg
equation in the half space.

We now turn back to the inflow problem. Asin [19, 27], consider the coordinate
transformation

(&:t)
t=t, z:/ pdx — pudt,
(

0,0)

and set v = %, s_ = —== < 0. Then the inflow problem (1.1)-(1.4) is transformed
into the problem in the Lagrangian coordinate

vy — Uy = 0, r>s_t, t>0,

2
up +p(v)e = u(%) + H(’fj;” + g&) , x>s_t, t>0,
x x

(1'5> (Uau)|x=s,t = (v_,u_), V- = p%7 u— >0,

vm|z:s_t = Oa
(v, u)|t=0 = (vo, uo)(z) = (v4,us) as T — +00.
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Further, the corresponding hyperbolic system without viscosity and capillarity is

(1.6) { v — Uy =0,

Ut +p(v)3¢ = 07

and its characteristic speeds is A; = (—1)*y/—p’(v)(i = 1,2). Since the sound speed

¢(v) is defined by
v) = v/~ () = Vhre T
we can decide the (v, u) into three regions:
Qsub = {(u,0) : |u| < e(v),v > 0,u > 0},
Tirans = {(u,v) @ |u| = ¢(v),v > 0,u > 0},
Qsuper = {(u,v) : Ju| < c(v),v > 0,u > 0}.

We call them the subsonic, transonic, and supersonic regions, respectively. From
gas dynamic theory in [36], we first review that for given constants (vy,uy) with
vy > 0, the following Riemann problem of the compressible Euler equations:

vy — Uy =0,
u +p()y =0, t>0,2€R,
(1.7)

(v_,u_), © <0,

(’U(O,.’L‘),U(O,CL')) = (U(})%(m)vu(l)%(x)) = {

(’l)+,’u,+), x>0

admits a weak entropy solution (v, ul?) (t,2) (i = 1,2) called the i-rarefaction wave

if (vy,us) € Ri(v_,u_), where
U=u_ — / Ai(s)ds,u > u_}

is the i-rarefaction wave curve, and (vff,uf?) (t,z) is expressed by:

(1.8) Ri(v_,u_) = {(v,u) cw

(U—au—)7 —o0 < % < )\i(v—)v

A
(uFtuf) (t,2) = (W 5o |

%)
Ai(s) dS) v Ai(v-) < F < Nivy),

(U+,U+), )\1’(7}4—) < % < +o0.

In (1.8), w is a suitable neighborhood of (v_,u_) in R2,

In this paper, we consider the boundary value and far field state satisfying
(v—,u_) € Qsuper and (vy,uy) € Ra(v_,u_). That is, we are going to show the
time-asymptotic nonlinear stability of the rarefaction wave (1)5”7 Uy ) (t,z). Now the
main results are stated as follows.

THEOREM 1.1. Let (v_,u_) € qupcr and (vy,ut) € Ro(v_,u_). Assume that
vo — vy € HERT), ug — ufy € HY(RT). Then there exists eg > 0 such that if
0 < e <egand ||lvg — V5|2 + |luo — uflls < eo, then there exists a unique strong
solution (v,u) of (1.5), which satisfies

v—0" € C([O,OO),HS(RJF)), u—u" GC([OaOO)7Hé(R+))7
(v —v"), € L*([0,00); H*(RT)), (u—u"), € L*([0,00); H'(RT)).
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Moreover,

(1.9) lim sup [(v,u) — (v",u")| = 0.

l=+00p>s ¢
Here e, (v",u") and (vj,ul)) are given by (2.3)2, (2.5) and (2.6), respectively.

REMARK 1.2. For the case (v—,u_) € Qsyper and (v4,us+) € R1Ra(v_,u_), we
can find (v,u) € Ri(v—,u_) and (v+,uy) € Ra(v,u) such that we can show that
the solution (v,u) of (1.5) tends toward the combination of (v, uf) and (vE, ul’)
as in [37].

REMARK 1.3. In this article we only consider the asymptotic behavior of the
stationary wave for in-flow problem to one-dimensional compressible Navier-Stokes-
Korteweg equations with small initial perturbation, in fact, it is interest and plausible
that we can consider the corresponding results for large perturbation as in [12] for
the compressible Navier-Stokes equation. It is expected to be done in the forthcoming
papers.

This article is follow-up study of [27]. Now we give main ideas and arguments
of the proof for Theorem 1.1. Applying L?-energy method and some time-decay
estimates in LP-norm of the smoothed rarefaction wave as in [21, 34, 35, 37], we
prove the asymptotic stability of the rarefaction wave in the case that the initial data
are a small perturbation of the rarefaction wave. The key ingredient in the proof of
Theorems 1.1 is to deduce the a-priori estimates. The main difficulties are as follows.
The first one is the occurrence of the third order dispersion term. The second is how
to control the boundary terms in order to establish the dissipation of the density. To
overcome the first difficulty, we need more regularities for the density and smooth
rarefaction wave, which have made in [3, 6, 7, 8, 28, 30, 33]. We also note that
the basic energy is obtained with the help of higher order estimates. For the second
difficulty, we first have ¢(¢,0) = ¥(¢,0) = ¢,(¢,0) = 0 from the boundary data
(3.6)2 and (iii) of Lemma 2.2. Next, similar as [37], we can establish the boundary
dissipation of 1, (¢,0). Finally, we can obtain the boundary dissipation of ¢, (t,0)
due to the Korteweg term, which is different from the out-flow problem in [31, 33].
With these boundary values and the boundary dissipations at hand, we can close
the a-priori estimate.

The rest of this paper is organized as follows. After stating some notations,
in Section 2, we recall a smooth approximation (v"(¢,x),u"(t,z)) of the rarefac-
tion wave (v, uf) (t,z) by (2.5), and list some basic properties of the smooth
approximate rarefaction wave (v" (¢, z),u"(t,2)) in this section for later use. Then
we reformulate the original problem in terms of the perturbation variables in Sec-
tion 3. Section 4 is the key part of this article, in which we will establish the a
priori estimates by the elaborate energy estimates. Finally, we complete the proof
of Theorem 1.1 in Section 5.

Notations. Throughout this paper, several generic positive constants are denoted
by ¢ and C' without any confusion. For function space, LP(2)(1 < p < 400) is an
usual Lebesgue space on 2 C R = (—o0, +00) with its norm

1w = /|f IPd)? 1< p < oo, |l = sup|F(a)]
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H'(Q) denotes the [-th order Sobolev Space with its norm

1
1 2
I£1l: = (Z ||a;fH2> where || - || == || - | L2 (-
i=0

H}(9) is a closure of C§°(2) with respect to H'(Q)-norm, so that f € H}(Q) satisfies
f(09Q) = 0. Finally, we denote by C°([0,T]; H*(2)) (vesp. L2(0,T; H*())) the
space of continuous (resp. square integrable) functions on [0, T taking values in the
space H* ().

2. Smooth approximate rarefaction wave

Since the rarefaction wave (vdf,uf’) (%) is not smooth, we need to construct a
smooth approximation (v",u") (t,z) of the rarefaction wave (vf',ud’) (£). As [34],
we start with the Riemann problem on R = (—o0,+00) for the typical Burgers

equation:

(2.1) wy + ww, =0,
with initial data

RN wo, <0
(22) w0.0) = wfit) = { 7 TS0

where w_ < wy. The weak solution of (2.1)-(2.2) is a rarefaction wave w’(%)
connecting w_ and wy., namely,

wo, x<w-_t,
) = T w_t <z < wyt,

Wy, x> wyt.

R,
wi(Z
(t

From [36], it is well known that when w_ = Ay(v_) > 0 and wy = A\y(vy) > 0, the
centered rarefaction wave (vf, ult) (£) can be defined by

(UR’UR)(%) = (/\Q_I(wR(%)),u_ - /:ZI(WR(f)) )\g(s)ds>.

It is easy to check that vl(¢,z) and uf(t, ) satisfy
v — Uy = 0,
Ut + p(v)z =0
with

(v,u)(0,2) = (v(lf,ué:"‘) = { EZ;:ZISZ i ; 87

Now we approximate the rarefaction wave w’(%) by the solution w(t,x) of the
following Cauchy problem:

wy + ww, =0,

w(0, ) = w_, x <0,
T wo + Cu [T 2% *dz, x>0,

(2.3)

where W = wy —w_, C; > 0 is a constant satisfying C, f0+°° zie *dz = 1 with
q > 8 being a positive constant, and € < 1 is a positive constant to be determined
later. Then the properties of w(t,«) can be summarised in the following lemma.
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LEMMA 2.1. (See [6, 21, 34]) Let 0 < w_ < w, then the Cauchy problem
(2.3) admits a unique global smooth solution w(t,x) satisfying:
(i) w- <w(t,z) <wg, wy >0, x>0,t>0.
(ii) For any p with 1 < p < 400, there exists a constant Cp, 4 > 0 such that

fort >0,
lwa (Bl pr < Cpqmm{@g p,w%t—ué}
lwaa (@)l < Cpqmin {we?5, wiel =5+t +i
lwans(®)ll o < Cpgmin{we® 5, wie? i+ 1+i},
|wazze (Ol p < Cpqmm{ws‘l_%’w%53—%+%t—1+g}

(i) When x < w_t, it holds that

w(t,x) —w_ = wy(t,2) = War (t, ) = Wage (¢, ) = 0.
. . R _
(iv) t_l:+moo 2161% lw(t,z) —w(t,x)| = 0.

Now, we should construct the smooth approximate rarefaction wave (v", u")(t, x)
of (vf,u?)(t, x). As in [37], we define (0", a")(t, z) as follows:

2 ' (w(t,2))
24) @, a@)(tz) = (A;l(w(t,x))m, - / )\g(s)ds),
here w(x,t) is the solution of (2.3). Then we set

(25) (vr’ur)(t’x) - (ﬁrvﬂr)(tax)bzsftv
which together with (2.3); and (2.4) implies

2 (U)O)
(2.6) () = A3 (wo), ul() = u_ — / Na(s)ds,
here
) Aa(v-), x <0,
wo (@) —{ Ao(v_) + (Aa(vg) — NCy [57 29e72dz, > 0.

It is easy to check from (2.4) and Lemma 2.1 that (v" ,ur)(t,ac) has the following
properties:

LEMMA 2.2. Let§ = |vp—v_|+|uy—u_|, the smooth approximation (v",u")(t, )
of (v, uf) has the following properties.

(i) ul, >0, Jul|<Ce, Vt>0,2>s_t.
(i) For any p with 1 < p < 400, there exists a constant Cp ¢ > 0 such that

() (D < Cogmin {87, 87 (14675

|V ) Dl < Cpgmin {3277, 7' 3L+ |,

| Vs ) () < Cpgmin {8575, 5727571 +t>*1+%},
(

| vzzzx’ zxmm) (t)HLP S Cp,q min {564_%’ 5263 %(]‘ + t) } .
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")(t, )ymm 0, j=1,2,3.
x
t

() L), e, , = (), o,

(U aur)(t .’E (U2 7u2)

i li
@ bm, g

3. Reformulation of the original problem

Since it is convenient to regard the solution (v, u)(t,x) as the perturbation
of (v",u")(t,x), we are going to reformulate the original problem in terms of the
perturbation variables in this section. First of all, we consider the coordinate trans-
formation

(3.1) t=t, y=x—s_t,

by using (3.1), we rewrite the initial value problem (1.5) as follows
Vg — S_Uy — Uy = 0,

(32) Ut—S,uyﬁ-p(v)y:ﬂ(%)yﬂ—k( 'Uyy +2v6)y7

(v, u)lt=0 = (vo,u0)(y) = (v4,us),
(Uvu)|y=0 = (v_,u+), Uy|y:0 =0,

and, correspondingly (v",u") satisfies

vy = S_vy —uy, =0,
uy —s_ul, +p("), =0,
3’3 tT T Y T Y T
(33 (0 2o = (v ) (v):
(W u")|y=0 = (v-,u_), vy,vyy,vyyy|y 0=0.
Further, let us define the perturbation (¢, )(t,y) by
(34) Y= ’U(t, y) - vr(tv y)a 1/1 = ’U,(t, y) - ur(t, y)

From (3.2) and (3.3), one knows at once that (¢,1)(t,y) satisfies the system in
R* x R* below

1 — 5@y — Py =0,

(3.5) Pt — s—ty + (p(v" + @) = p(v"))y — (z,l‘ﬁ%)y
s (W?EW)y Ky,

and initial boundary values:

(<P7¢)|t:0 = (9007 '@ZJO)(y) = (vo — v, uo0 — uy),
(3.6) { @ )0 = (0,0),  ylyp = 0. 0 0

Here

K= —Pyy — Vyy I 5(“5 + ‘Py)2
(" + )5 2w+ p)S ]

Therefore, we are now in a position to restate our main results in terms of the
perturbed variable (¢, %)(t,y) as follows.
THEOREM 3.1. Suppose that all the assumptions of Theorem 1.1 are met. Then
there exists a unique global solution (¢,¥)(t,&) to problem (3.5)-(3.6), satisfying
¢ € C([0,00); H3 (RT)), ¢ € C([0,00); Hy(RY)),
py € L*([0,00); HA(R™)), ¢, € L*([0,00); H'(RT)),
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and

(3.7) lim sup [(, ¥) (¢, )| = 0.

t—o0 yER*

To prove this theorem, we shall employ the standard continuation argument
based on a local existence theorem in the following Lemma and on a priori estimates
stated in the following proposition. First, the local existence of the solution (¢, 1))
to the initial-boundary value problem (3.5)-(3.6) is proved by the standard method,
for example, the dual argument and iteration technique. We refer the details to
(15, 16, 25, 38|.

LEMMA 3.2 (Local existence). Assume that the conditions in Theorem 1.1 hold.
Then there exists a positive constant Ty such that the initial-boundary value problem
(3.5)-(5.6) has a unique solution (p,1)(t,y) that has the following properties:

v € C([0, To; H5 (RT)), v € C([0, Tol; Hy (RT)),
py € L*([0, Tol; H*(RT)), 4y, € L*([0,To]; H' (RT)),

inf v(t y) > 0.
t,yeR

Next, we prove the following a priori estimates in Sobolev spaces, which are
stated in Proposition 3.3.

PROPOSITION 3.3. Let (v, ) be a solution to the initial-boundary value problem
(8.5)-(3.6) in a time interval [0, T, which has same regularities as in Theorem 3.1.
Then there exist constants eg > 0 and C' > 0 such that if

(3.8) N(T) == sup {lle@)ll2+ lo@)]L} < x,
t€[0,T]

and € + x < €q, then the following estimate holds for any t € [0,T

le I3 + e ()1F

t

4 [ 07 + i (m. 0P + oy (DI + (7)) dr
0

(3.9) < Cllwol3 + llvollf +6)-

4. A priori estimates

This section is devoted to the derivation of a priori estimates for the unknown
function (p,)(t,y) and their derivatives, we then show that Proposition 3.3 is
valid. Moreover, in establishing a priori estimates, we shall employ a mollifier with
respect to time variable t to resolve an insufficiency of regularity of the solution
obtained in Proposition 3.3. As this argument is standard, we omit the details and
proceed a derivation of those estimates formally. To derive these a priori estimates,
we assume that there exists a solution (¢, %)(t,y) to problem (3.5)-(3.6), such that

(0, 0)(t,y) € C([0,T); Hy(RT)) x C([0,T]); Hy(RT)),

inf (t,y) >0
(t7y)ef3T]XR+(<p+U )t y)
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for any T' > 0. From (3.8), one can see easily that there exist two positive constants
¢ and C' such that

(4.1) 0<c<v<Cfortel0T],

since V' > ¢ > 0 for a positive constant c¢. To this end, we introduce

combining this with (4.1) yields
(4.2) cp? <O, ) < Op?

Now let us derive the basic energy estimate. First, utilizing (3.5)1, it is see that

o = ([t 5§ffriﬁ>)62}¢}y

5 T
Yo P%wy< o B g ey
Pyy — 5(vy, "‘Spy)? K
- H{{ UT—HO yy 2(v" + )8 }w}y+ (vr+¢)5@yy((pt_s_¢y)
5k T 2
+ (v + <p)5 Uyy¥y — 200" + )b (vy + ©y) "y

= n{ [_(s’j::’y_i__@)gy + 52(51374_—'_%))62}1/)}?; + mv;ywy
(o), (rra), ()
K

r2
“Er g e )

Further, from (3.5) and using above equality, the straightforward but tedious com-
putations give

1
(43) {51/}2 + @(UT7 <,0) —+ m@z}t + R1y + Ry = Rs.
Here
1 r _|_ T
R = —s_ {51/}2 + @ (0", w)} + [p(v" + @) = (o) — u(iuvy ;iy - %)1/}

—Pyy — Uy S(vy + ©y)? K BKS_ 5

_H[ v+ p)° 2(v" + 6} (v + 5<py(pt+2vr+ 5Py
¥ ¥ ¥ ¥

1/)5 B Py, Pty

— T _ TN (T s
R2 o ‘uvr _|_ SO Ur(,ur + (,0) + [p(U + SD) p('U ) p (?) )QO]Uy,
and
Uig K 9K r2
Ry = M(Ur)y T (v + )5 yywy (11’“ + )6 ( Yy + “3490?4)
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LEMMA 4.1. Assume that (¢,1)(t,y) is a solution to (3.5)-(3.6), satisfying the

conditions in Proposition 3.3, then the following estimate holds
t -
le(t) I + e (8))12 + / ()bl + 1y 12) ar

t
1
(4.4) < Cllpolls + H<Po||2+53)+050/ lpyl|* dr
0

for allt €10,T).
Proof. Integrating (4.3) with respect to y over (0,00) yields
g o0

First, noting (4.1) and using (4.2), we obtain easily

1 oo
|:2w2 + (I)('UT’ 90) + 3 (p;:l dy + Rl‘y*O + / Rody
= 0

k-
2(v" + @)

(4.6) / (507 + (V.0 + S o) 4 2 el + 1917 + ey ).
Due to ¢(t,0) = ¥(¢,0) = ¢, (t,0) = 0, it is easy to see

(4.7) Rily=0 =0

Moreover, in [37], the authors have showed

(4.8) Ry > c([[y1” + II(uy) 2 ¢ll).

Finally, let us estimate the terms of fooo R3dy one by one. First, from Lemma

2.2, we have

4 1 T
(4.9) gy 52 < Cllugy 152l l172 < Ces(1+1)7%,
and
(4.10) [l |5 < Cllub || |up||s < Cetz(1+1)7 1.

Then it follows from the Holder inequality, the Sobolev inequality, and the Young

inequality and using (4.1), (4.9)-(4.10) that

“+oo u’
[ () vay <l (gl + g )
Y
< CUIEIylE (gl + o)
C 1 2 49 _T
< Ll lP+Cetwl® [+ 78 + 1 407F]
C 1 _33 _5
< Sl + Cet [+ 078 + @+ 7 Fw)
(4.11) +CeF[(1+1) 78 + (1+1)75).

Next, utilizing the Young inequality, (4.1) and Lemma 2.2, we have

+oo K
T d
/O (’UT + @)S/UZJywy Y

c , c 1 _z
(4.12) < glyll? + Cllog, I < 7l |I” + Cet (1 +1)73,
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and
“+oo
5k
- —_ d
/o e
11 C 1 _ 11
(4.13) < f||¢y||2+0||vruL4||v*||3 Zllyl? + Cet (1 +1) 7.

Finally, from (4.1), the Holder inequality and Lemma 2.2, it is easy to obtain

(4.14) —/+005"6 dy < Cellpy|*.
. 0 (’UT + QO) ygpy y QOU
Therefore, combining (4.5), (4.6)-(4.8), (4.11)-(4.13) and (4.14), and integrating
1

the resultant inequality with respect to ¢, then implies (4.4) provided that Ce§ < %.
This completes the proof of Lemma 4.1.

LEMMA 4.2. Assume that (p,)(t,y) is a solution to (3.5)-(3.6), satisfying the
conditions in Proposition 3.3, then the following estimate holds

¢ 1
(4.15) oy 1 +/0 (105 +#yy) d7 < Clligollf + Ilvoll? + &)
for allt €10,T7.

Proof. Rewriting equation (3.5)2 as

(uv,fpj o w)t — 5 (u o w)y —P (" +¢)py

— H (T r
RGO vty + [P (V" + @) — P/ (v7)]vy
P Uyy
4.16 +———vlu; — = — K.
(4.16) (" + )2 v MUTJFSQ y
Multiplying (4.16) by T+ , we obtain
2
1y Yy ) { 1 S — 9 S_
- ) - +
(2(v“r90)2 o) T T P T
7}?[ Pyy Py G ©y)° }} Pt o
(" + )8 (0T )8 20+ )7 Ty v Y
K 2
+(vr T o) Pyy
1 9 1 . 1 : 7 .
e oo b L oo R A T e LR A
/(04T (T T H ror . 1% r
+v’“ T (pLP (W) =p(v )]’Uysﬁy + 7(117" T (p)?,vyuycpy 7(“ n sD)Quyygoy
K 5K

T I S & 2
(’UT + (p)G'Uyngyy + 2(’[)T ¥ 90)7(1131 + (py) Pyy

aZ T K T T
+W(vy + Py)Pypyy + W(Uy + oy )Vyy Py
5Kk

A P & 3
WA =g g T er
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Here we used

Py
Yo+ o
r r 2
Pyy Vyy 5(vy + ¢y)
W+ T e 2 ) Ty

+ 2 4 k o _ 5k (vr+ )2
(Ur+¢)6<'0yy (,Ur+90)6 nypyy 2(0T+(p)7 Y Py) Pyy

K K
— = (v + Py) Py Pyy — (o (vy + @y)vg, Py

(v + )7 v+ )7
5K

r 3
AP TOGEAE vy 20) 0w

Integrating (4.17) with respect to y over RT and taking into the boundary condition
(3.6)2, we have

d [*™ ey, P P (V" +
7/ ( ryQ_Ty)dy_/ (T )widy
dt Jo \2("+¢)? vt 0o Ve
v —T 2
/0 (Ur_i_@)ﬁ@yy Y
= /Oo L P2 d +/m#vrwwd7/w¥uw d
I A U Eh A A R (U e A

> 1% r > 1 I 1N
+/O va@ywydy+/o U”F@[p (0" + ) = p'(v")]vy e, dy

+/M[Lvrur<p S - Uy SR vy P }dy
o (vr+w)3 yryry (Ur_|_(p)2 yyry (vr+(p)6 yyryy

> oK T 2 K r
+ ) [W(”y + @y) oy + m(vy + ©y)PyPyy
K T (s oK T 3

which together with (4.1) yields

d o0 oo
o / (02 — hpy) dy + / (05 +¢5,) dy
0 0

(419) < C(/ 1/13dy+H1+H2+H3+H4),
0
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where
H, = I/ v;wwydy\ﬂ/ uzwydlerI/ vy Py dyl,
0 0 0
H, = I/ vzu;%dylﬂf uzywydylﬂ/ VyyPyy Y|
+|/ @yydylﬂ/ yywydyHI/ )%y dyl,
H; = |/ U;Wywydm““/ U;‘Py‘pyydy‘+|/ UZyQOzdyl
0 0 0
o
H [ @ al,
0
and

H4=I/ wf,@yydylﬂ/ v;soidlerl/ oy dyl.
0 0 0

Now let us estimate the terms on the right-hand side of (4.19). First, using
Lemma 2.2, Holder inequality and Young inequality, we have

1 T T
Cllgyll® + Slleull® + Cllvgllz + Iy lZ<) (el + [141%)

1 1 _1
Cllwy|1* + §||90y||2 +Ces(1+6)7% (lol* + [19)1%).

Next, similar to (4.12) and (4.13), one deal with the terms of Hy as follows:

H,

IN

(4.20)

IN

> T, T _T
|/ vyuysoydyIH/ Uy, Py dy| < f||50y||2+054(1+t) 1
0

1 1 L,
|/ yyﬁﬁyydy|+|/ )2 pyy dy| < §|‘<Pyy||2+054(1+t) 4

I/0 Uy Py dy| + I/ )%y dy|

1 11
Sl +Cet (14 +

an

15

+Cei(1+1)" 7.

Then we have
1 2 2 1 _z
Hy, < g(H@yH + lloyyll) + Cex (1 + )74
(4.21) FCei(1+18)" T +Cei(l4+1)" 7.
Moreover, similar to (4.14), we can obtain

(4.22) Hs < Ce (H‘Py”2 + ||‘pyyH2) ’

Finally, using Cauchy inequality, Sobolev inequality and the assumption (3.8), we
get

Hy < Cleyle= eyl + llegy )
+Cllogllzeslleyll=lloyll® + Cllgylli eyl
(4.23) < Oyl + eyl
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Hence, combining (4.19), (4.20)-(4.22) and (4.23), then integrating the resultant
inequality with respect to ¢ and using (4.4), we can obtain (4.15) provided that

1
Ce§ < i. This completes the proof of Lemma 4.2.

With Lemmas 4.1 and 4.2 in hand, we can show the fundamental energy esti-
mate.

COROLLARY 4.3. Assume that (p,9)(t,y) is a solution to (3.5)- (3.6), satisfying
the conditions in Proposition 3., then it holds that

le®IF + @)1 +/0 [y (MIIE + Iy (7)]I7] dr

(4.24) < (ol + Iol* +§ )
for any t € [0, 7).

LEMMA 4.4. Assume that (¢,1)(t,y) is a solution to (3.5)-(3.6), satisfying the
conditions in Proposition 3.3, then the following estimate holds

t
H%(t)HQJrllwyy(t)ller/O ([yyll* + 9y (7,0)% + @y (,0)%) dr

1
(425) < (ol + llpol3 + <)
for allt €10,T).
Proof: Multiplying (3.5)2 by —,,, one have

L o K 2)
(21%“‘ (UT_HD)swyy

—<¢t¢y ¢ + 1 <p)5 T PyyVyy T 2(1)587;()0)59012/1/)2! + vriﬂiy
= T lj_ (p“;y%y + m“;@; + ©y)tbyy + W(U; + @y )by Uyy
HPO + ) = Py — T 0+ 2
e U+ G + T
(426) g (0 + 0 s — gy + )y

Here we used

1
ety =~y + (593) -

and

( : KPyy - ) y¢yy

K
v+ @) 5 ‘Pyywyy) - m‘/’yyﬂ’yyy

5 ‘Pyywyu> ” - 5 Pyy (Ptyy — S—Pyyy)

(" + )

(vT—Hp
- (v"—i—gp
L 2)
(1} +<p 5<Pyy¢yy) (2(vr+w)5¢yy t
+

5 T
( (UT + <,0)5 90?3?4) m(uy + wy)@iy
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with the help of @iy — s_@yyy — Vyyy = 0. Moreover, from @iy, — 5_pyy — Py, =0
and @4, (0) = 0, it is easy to see
(4.27) Yyy(0) = —5_y, (0).

Then integrating the equality (4.26) with respect to y over RT and taking into the
boundary condition (3.6)2 and (4.27), and (4.1), we get

d [ S_ KS_ >
a/o (¥ +¢p,) dy — 71/’74(7570)2— ﬁ¢yy(t70)2+_/() Uy dy
(428) < C(LW+1Ix+ I3+ 1, + I5).
Here
o0 o0 o0
Bo= 1 sl +1 [ sl | [ v,
> r,.r > r\3
+ [ oyl 1 [ @) dul
b= 1 et B=1 [ el
I, = |/0 Ug¢y¢yy dy| + |/O u;@ywyy dy| + |/O U;gﬁpywyy dy|
+|/0 uz%z/y dy| + |/0 U;‘Pyywyy dy| + |/0 (U;)z‘wayy dyl,
and

L o= | / vyt dy| + | / byt dyl + | / by dy|
0 0 0

+ [ eebn .
0

Now let us estimate the terms on the right-hand side of (4.19). First, similar as
(4.12)-(4.13) and (4.20), we have

]. 1 1 11
L < glldyl® + Ot (L 46)7 7 4 Ce(L4)7%

(4.29) FCei(1+18)"F +Cei(1+1)2,

and

(130) Iy < Ll + Ceb (14 07 gl

Next, from the Cauchy inequality and the inequality, it is easy to obtain
(431) Iy < Sl + Cligy |

Finally, similar to (4.14) and (4.23), we obtain

(4.32) Iy < Ce (”‘Py”2 + HwaZ + H‘Pyy”2 + HwvaQ) )

and

(4.33) I < Cx +¢) (leyll” + 19yl1? + oy 1 + 14y lI%) -

Hence, insertion (4.29)-(4.33) into (4.28), then integrating the resultant inequal-
ity with respect to ¢ and using (4.24), we can obtain (4.25). This completes the
proof of Lemma 4.4.
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Finally, we are going to establish the dissipation for ¢, .

LEMMA 4.5. Let (v, v)(t,y) be a solution to (3.5)-(3.6), satisfying the conditions

in Proposition 3.3, then it holds that

t 1
(4.34) / oy (M) I2dr < Clgoll? + ol + &3)

for an arbitrary t € [0,T.

Proof. We first recall that

(4.35) Gty — S—Pyy — Pyy =0,

(4.36) Pryy = S—Pyyy = Vyyy = 0

further, we have

(4.37) (Pt = 5-Vy)Pyyy = (Vepyy)y — (VyPyy)t + (Pythyy)y — wsw

(4.38)

= 7(%3} - 5—90yy)<)0yyy

= (hoewen s on),~ Garsa o),
v+ eI T a0 ) Y]y T B 1) 7Y

1% r o 9
(v + )2 (Uy + ) Pyy (S—Pyy + Vyy) — W(uy + ¢y)90yy

LS
NG A

Then multiply (3.5)2 by ¢y, and use (4.37)-(4.38) to obtain

e
[2(1}’” + ) Puy ~ VuPuy t
HS— 2

H
Ur_;'_(p)(pyy T +S0

+ [P/(’UT + @)yoyy + 2 Dty Pyy + Vythyy )

1o 2 K 2
-p (U + S0)901111 + (,U'r +S0)5 Pyyy

oy, K
Y Pyyy — (v + SD)g,UZyyspyyy - [p/(vr + ) — p’(vr)]vzsoyyy

= wjy“_

v" +
T T ILL r
+p" (0" + ‘P)(”y + @y)PyPyy + W(Uy + 0y) (5= pyy + Yyy)Pyy
ILL r M r T
—W(% + Py Py, — m(uy + Py) (v + 0y)Pyyy
s— 10k -
T+ )2 5 (v + (py)‘pyy + (" + )b (vy + @y) (Vyy + Pyy)Cyyy

15/{(% + goy)?’
LG



242 YEPING LI, YUJIE QIAN AND SHENGQI YU

Integrating the above equality with respect to y over Rt and taking into the bound-
ary condition (3.6)2 and (4.27), and (4.1), we get

d > HS— 2 < =

(4.39)< / Yoy dy + 1y (£,0)% + J1 + Jo + J3 + Ja).

Here
J1o= ‘/ U;‘P‘Pyyydy‘,
Jo = ‘/ Uy Pyyy dy|—|—|/ Vyyy Pyyy dy|—|—|/ Uy Pyyy Y|
+|/ yy‘Pyyy dy| + |/ ‘Pyyy dyl,
0
J3 = ‘/ vZ%%yydylH/ u;@y@yyydm"“/ ”;‘Py@yydy‘
0 0 0
o0 o0 o0
r 2 r 2 r
+|/ Vyy Py Pyyy Ayl + |/ )* @y Pyyy dyl,
and
Jy = I/ Py yPyyy dy| + I/ Py oy dy|+|/ Pypy, dyl
0 0 0

o0 oo oo
+| / Oy PyyPyyy Ayl + | / ‘P?ﬁoyy dy| + | / 9029%3/3/ dy|
0 0 0

o0
+| /0 U;‘Pfﬁpyyy dyl.

Now let us deal with the terms on the right-hand side of (4.19). First, similar
as (4.20), we have

(4.40) *H‘PyyyHQ"'CEG(l"'t " lpll?.
Next, similar to (4.12)-(4.13), one get

15

T < %Ilwyyy\\z FCeT(1+ ) F +Cet(1+1) % + Cet(14+1) 7
(4.41) +Ce3(1+1)72.
Moreover, similar to (4.14) and (4.23), we obtain
(4.42) J3 < Ce (”SDyH2 + ||¢y||2 + ||S0yy||2 + ||80yyyH2) )
and
(4.43) J1 < Clx+e) (loyl? + 1eyl? + leyyI? + lpyyyl1?) -

Therefore, insertion (4.40)-(4.43) into (4.39) yields

d oo
i /0 (SOZy = Yy Pyy)dy + pyy(t, 0)2 + ||‘Pyy(t)||2 + ||S0yyy(t)||2

Clibyy (DI + Crpy (,0)* + Cx +€) (lpyI” + 1y %)

IN
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further, integrating the above inequality with respect to ¢, and using (4.24) and
(4.25), we obtain (4.34). This completes the proof.

Proof of Proposition 3.2. Summing up the estimates (4.24), (4.25) and (4.34),
we immediately have (3.9).

5. The proof of Theorem 1.1

This section is concerned with the proof of our main theorem. To prove The-
orem 1.1, we employ the standard continuation argument based on a local exis-
tence theorem and the a priori estimates. Therefore, to complete the proof of
Theorem 1.1, we need only to investigate the large-time behavior of the solution
(v, u)(t, x—s_t) to the initial boundary value problem (1.5) as time tends to infinity.

The completion of the proof of Theorem 1.1. Based upon the energy estimates
derived in the previous sections, we will complete the proof of Theorem 1.1. To this
end, we first prove that

(5.1) sup |(v —v",u —u")(t,z)| — 0,
r>s_t
namely,
(5.2) sup |(¢,¥)(t, y)| — 0,
yER+
as t — o0.
This is obvious suppose that we have proved the following assertion
(53 iy, ,)(1)] = 0.

As a matter of fact, if it were true, we infer from the Sobolev inequality that
(5.4) (o, ¥)||Le — 0, as t — 4o0.

Hence, it remains to show (5.3). To this end, from the relations (4.18) and
(4.28), and Corollary 4.3, Lemmas 4.4 and 4.5, one can show that

o0
(5.5) A (logll? + 6y 112) + by (£, 027 < +oc,
and that
(5.6) /w 1oyP| dr < 400 ‘/w‘ﬁwn2d < too
. —_— T —_ T .
, |dt"y I A P

Then (5.3) follows from inequalities (5.5)-(5.6). Consequently, from (5.1), we prove
(1.9) and complete the proof of Theorem 1.1.
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