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Dynamic analysis of a diffusive eco-epidemiological system
with fear effect and prey refuge
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ABSTRACT. In the evolutionary development of species, the prey can produce
the fear effect in the face of predation behaviors. This fear effect may affect the
own reproduction growth of the prey. In order to reduce the risk of predation,
the prey has the instinct to protect themselves. At the same time, the popula-
tion is easy vulnerable by disease in the ecosystem. Driven by these biological
facts, we propose an eco-epidemiological system with two-predator-one-prey
that considers fear effect and prey refuge. At the same time, we consider the
impact of spatial diffusion on the stability of the system. We discuss the con-
ditions for the existence of all equilibrium points with biological meanings in
non-spatial system. We also obtain local stability conditions for all equilibrium
points. We show that the deterministic system is bistable. Kolmogorov analy-
sis is used to analyze the appearance of limit cycles and chaos in the non-spatial
system. We consider k as a bifurcation parameter and study the existence of
Hopf bifurcation. In the spacial diffusion system, we deduce the local stabil-
ity conditions of the diffusion system and obtain the occurrence conditions of
Turing instability. Numerical simulations are given to explain the phenomena
beyond the scope of analytical methods and better understand the complex
predator-prey interactions.
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1. Introduction

Ecological epidemiology, as a branch of mathematical ecology, has aroused ex-
tensive research. When we study the predator-prey system, we can find rich dynamic
behaviors between predator and prey. In addition, the predator is similar to the
prey, and it can also be affected by natural factors, the most common of which is the
disease. In a certain ecological environment, the spread of infectious diseases and
the interaction between species can not be ignored, so it is essential to observe the
dynamics of the environmental interaction between species and infectious diseases.
Based on the classic SIR epidemic model, we take the predation behavior of ani-
mals into account, it can be found that when a predator is infected with a disease,
it will lose its predation ability and then reduce its predation efficiency by infecting
susceptible predators. Diseases can spread from predator to predator, so it is vital
to study predator-predator systems, especially infections in predator populations.
Many scholars are attracted to the study of ecological populations [1-5]. Feng et
al. [6] proposed a stochastic ecological population model and discussed the effects
of white noise on stability of three populations. So we consider a three-species
ecosystem, where one predator is infected and not able to eat any prey, and the
other predator is susceptible and has ability to catch the prey. From several classi-
cal predator-prey systems, we can find authors usually considered the consumption
of the prey as a result of direct killing by predators or natural death [13-16]. In
1990 Steven Lima and Lawrence Dill published a review paper at Simon Fraser
University in British Columbia, Canada, they explored the possibility that the ef-
fects of predators may go beyond directly killing prey which led some biologists
to recognize that the non-lethality of predatory behavior (the fear effect) has been
underestimated. In recent years, biologists have been simulated the behavior of
vertebrates on land [7-10], and we have found that the fear effect of prey reduces
reproduction to some extent according to their studies, which means that in nature,
the abundance of the prey is determined not only by its birth rate, death rate and
direct predation but also by the fear effect of predator [11], authors showed that
high levels of fear could make the predator-prey system be stable while low levels
of fear can induce multiple limit cycles. In [12], we know the fear effect can induce
stability in the system.

As the prey evolved, they came up with a number of ways to protect themselves
from predators, the most common of which was to build prey refuge. A spatial prey
refuge protects a certain percentage of prey from predation. The emergence of
prey refuge can provide prey with a degree of protection and reduce the chance
of extinction. The study of prey refuge has become a topic of interest for some
scholars [17-20]. Collings in [21] proposed a prey-predator system with prey refuge,
and he found the increasing of refuge made a population outbreaks. In [22], the
authors considered a predator-prey model with constant-rate prey harvesting and
prey refuge, they obtained the result that prey refuge may affect the harvesting
efforts of the prey. Based on the above factors, we establish the following model.

For the prey-predator system, many researchers studied logistic prey growth, we
take into account the effect of fear on the prey growth. In 1959, Holling proposed the
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predator-prey model by using Holling II functional response in [23]. In this paper,
we consider the prey refuge as a Holling II functional response which is written as

_r
1+a(l—m)x
Then we consider the following equation:
dx _ r B(1—m)S
G =X [1+kS —aX - 1+¢(1(17m)X:| )
. ds __ B1(1-m)X
(11) E—S{m_61_01}7
% = I(CS - 52),

where X, S, I represent the density of prey, susceptible predator and infected
predator at time ¢, respectively. Moreover, another functional response can be

defined as
ma?

a+ 2
which is known as Holling IIIT functional response. We apply the non-monotonic
functional response to the rate of transmission between infected predator and sus-
ceptible predator which we suggest that susceptible predators have a sense of self-
protection against infected predators. Based on the system (1.1), we propose the
modified model

ax _ r B(1l-m)S

& =X [1+k5 —aX — 1+a1(1—m)X} ’

ds _ Bi(1—m)X cl
(1.2) G =9 {1+;1(1—m)X — 01— bSQ—&-az} ,

dr S

a =1 [bsg+a2 - 52} ’

(1—m)X is the number of prey available to the predator, where m € [0, 1). It is well
known that in real ecosystems, the development and interaction of species depend
on the spatial environment, many researchers are concerned with the dynamics
of spatially uniform steady-state solutions of diffusion systems. Motivated by the
pioneer works, the reaction-diffusion predator-prey system is of the form:

B~ hAX +X | —oX - 2075 eyt >0,
% — o AS + 8 | 2T - 6 - ety me Rt >0,
I N (i ret>0,
9X — 95 = 9L —, z €00, t>0,
X(x,0) = S(x,0) =I(x,0) =0, z €O, t>0,

where v is the normal outward vector of 92, A is Laplacian operator, €2 is a bounded
open region with smooth boundaries 0f2, and the system is under the Neumann
boundary value conditions, and other parameters are explained in Table 1.  The
aim of this paper is to investigate the influence of prey refuge and fear effect on
the stability of the system (1.3). The organization of this paper is as follows: In
Section 1, we present a formulation of a new class of eco-epidemiological system, and
mathematically analyze the non-spatial system (1.2). We prove the boundedness
of solutions, and obtain the conditions under which all equilibrium points exist
are given in Section 2. In Section 3, we analyze the conditions of stability around
equilibrium points. Kolmogorov analysis is applied to examine appearance of limit
cycle and chaos in non-spatial system (1.2). In Section 4, the local stability and
Turing instability for spatio-temporal system (1.3) have been discussed. Numerical
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Parameter Meaning value source
r Intrinsic growth rate of prey 0.45 | Assumed
k The level of fear effect 0.6 [25]

«@ Intra-specific competition rate 0.18 | Assumed
Jé] Catching rate 0.9 [26]
b1 The effective catching rate 0.5 | Assumed
m The level of the prey refuge 0.25 [25]
al Saturation constant of prey 0.75 | Assumed
as Saturation constant of susceptible predator | 0.8 | Assumed
Inverse measure of inhibitory effect
b of infected predator 0-4 (28]
01 The death rate of the susceptible predator | 0.18 [27]
02 The death rate of the infected predator 0.22 [27]
c The infectious rate 0.5 [24]

TABLE 1. Parameters and their meanings

simulations of spatial as well as non-spatial system are presented to verify the
correctness of the theoretical results in Section 5. Finally, we present conclusions
of this paper in Section 6.

2. Properties of the corresponding temporal system (1.2)

In this section, we mainly discuss some properties of system (1.2), including the
boundedness of solutions, the meanings of equilibrium points, and the conditions
where equilibrium points exist.

2.1. Boundedness. In an ecosystem, the solution with biological significance
must be nonnegative and bounded, thus we give the following theorem.

THEOREM 2.1. For any positive initial value X (0) = Xy > 0, S(0) = Sy > 0,
I1(0) = Iy > 0. It is clear that all positive solutions of the system (1.2) which initiate
in R are bounded.

Proor. From the first equation of system (1.2), one has

dx rX 9 B(l—m)SX

o 1+kS Y T ira-omx
< rX —aX?=X(r-aX),

which means X < g
Denote the positive definite function

(2.1) vz%x+s+1.
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Differentiating both sides of the equation (2.1) along time ¢, one yields,

av BidX dS  dI
R TR T
- 517)( [1 +rkS CeX e 1+B<(i(; T)TS)X]
e S R et
_ %_%YXL&S—M
< ﬁg: +%— (%X +615+521>
_ B””E;,”Ojr D (%X +515+521>
< 5”(5(;1) —P(%X+S+I)
_ L"ga* Y _py,

where P = min{1, §1, 62 }. Therefore, all positive solutions in system (1.2) are uni-
formly bounded for all ¢ > 0, and confined in the following region (X, S,I) € Ri :

0<X < g, %X +S5+71I< % This completes the proof. O

2.2. Equilibria points. In this subsection, we analyze the related properties
of equilibrium points. We first show equilibrium points of the system (1.2) which
are expressed as follows.

1. The trivial equilibrium point Ey = (0,0, 0) always exists, and it is not stable.

2. The equilibrium point £, = (%,0,0) always exists, as the prey population
grows to a fixed value in the absence of predation.

3. Due to the extinction scenario of susceptible predator, the infected predator
population can not be existed, so there is no equilibrium point in the x — z plane.
Moreover, neither susceptible predator population, nor infected predator population
can survive in the absence of prey species X, hence there is no equilibrium point in
the y — z plane.

3. In the absence of infected predator, the susceptible predator can survive on
its prey. Hence the equilibrium point Ey = (X, S, 0) exists in the interior of positive
quadrant of © — y plane.

4. The positive equilibrium point E, = (X, Ss, I..) exists, if and only if there
is a positive solution to the following algebraic nonlinear system.

Next, we will give a detailed expression of the equilibrium points. By setting the
right-hand side equal zero, it is easy to get the trivial equilibrium point Ey = (0,0, 0)
and prey-only equilibrium point F; = (%,0,0).

For the biological significance equilibrium points Es, we have

Y T 7% B(1-m)S —
(2.2) X [1+k5 —aX — 1+a1(17m))2i| =0,
’ G| Br1l-m)X —
5 [1+1a1(1inm))’( - 61] =0,



252 TINGTING MA AND XINZHU MENG

from the second equation, we have X = m, which means 8 —a16; > 0.

Then putting X in the first equation of (2.2), we have

T - B(1—m)S
4k T TramiomX
r+ar(l—m)X —[aX +aja(l —m)X?)(1 +kS) — B(1 —m)(1+ kS)S
—kB(1 —m)S% — [akX + ajak(l —m)X? + B(1 —m)]S +r+ar(l —m)X
—aX —aja(l —m)X? =0,

let A= —kB(1—m), B=— (akX + a1ok(l —m)X?+ (1 —m)),C =r+ar(l—
m)X —aX —aja(l —m) X2 This is a quadratic polynomial with respect to S, and
there is a unique positive solution § = =B+ BZ—44C VQBXW if and only if C' > 0.

For E., let both size of the equation (1.2) equal zero, we get

r 5(1 m)S
Xo | Trrss — % — THaraom) X*:|
Brl—m)X, cl, _
(2.3) S m — 01— m] =
I* b52+a 52} = 07

a/(,2 4ba25 S - c+\/c2 4ba262 if

from the last equation in (2.3), we have S; = — o,

2 — 4ba26§ > 0. From the first equation, X, can be calculated as

(24) 0 = [—aia(l —m)—aiak(l —m)S,]X
+[—a — akS. 4+ a1r(1 — m)|X. — kB(1 —m)S? — B(1 —m)S. + 7.

From the quadratic equation, we can make the following classification:
Case it C7 > 0, then the quadratic equation (2.4) has one positive solution

X1 _ —B1—+/B 74A101

A,
Case ii: Ch <0, 31 > 0 and B? —4A4,Cy > 0, the quadratic equation (2.4) has
two positive solutions

X, = —B1 — \/B% —4A,C X, — —B1 + B% — 4A101’

24, ’ 24,

where

Ay = —a1a(l —m) — ayak(l —m)S,,
By = —a — akS, + a1r(1 —m),
Cy = —kB(1—m)S? - B(1 —m)S, + .

Putting S, and X, into the second equation of (2.3), we have

bSE + as 61(1 — m)X*
I, = -0 ).
c 1+a1(1—m)X,

Next, we show the analysis of stability of system (1.2) around different equilibrium
points.
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3. Stability of system (1.2)

In this subsection, we linearise the system (1.2) near the equilibrium points to
analyze the local stability of all biological feasible states, we first define

T B(A—m)S —
s — X — s m)X M,
= M27

B1(1-—m)X
1+Zsl(1fm)x — 01—

C —
b4, — 02 =M.

b52+a2

The variational matrix V' of system (1.2) is obtained as

X0+ X%h X 6?1;{1
(3.1) V= SaM2 S 4 M, S
IaMs 16M3 1900 4 M
The variational matrix around Ey = (0,0,0) can be expressed as
r 0 0
Ve, =1 0 =61 0
0 0 =4

The extinction equilibrium point Ey = (0,0, 0) is unstable saddle point, indeed, Vg,
has one positive eigenvalue . Hence, Vg, is one dimensional unstable.
The variational matrix around E; = (Z,0,0) can be written as

kr2 7"/3(1 m)
T e T warom Y
Ve, = 0 7{1;@1&}(1’”;) -6 0
0 0 —5

Obviously, the equilibrium point E; = (£,0,0) has one negative eigenvalue —ds,
another two eigenvalues of variational matrix Vg, can be analyzed by discussing the
following variational matrix

—r kr? —:5(1(1m) )
‘/2 _ (7): atarr m ,
0 w5

atair(l—m)

tr(Va) = —r + _rbl=m) 51, det(Va) = —r <M _ 51) 7

a+ayr(l—m) a+ar(l—m

% — §1 < 0, the eigenvalues of V5 have negative real part, which means

Vg, has three negative eigenvalues. Hence E; is locally asymptotically stable when
Sl — 6 < 0 holds.

The variational matrix around Es = (X, S,0) is

r s B(1—m)S krX B(1—m)X
TiEs 20X — (tai(1-m)X)2 (1+k5)2Z  Tta(l-—m)X 0
_ B1(1—m)S S
Ve, = (1+a11(1—m)>?)2 0 bS§+a2
s
0 0 bégﬁ =02

The variational matrix Vg, has an eigenvalue b52 — 0, if 7 52 — do > 0, the

E5 is always unstable. Otherwise, we analyze the followmg Varlatlonal matrix

% B(1—m)S krX B(1—m)X
V, = ( TS 20‘;((1_ (1)Jsfa(17m)5()2 T k5?2 Tta(l-m)X )
1 —m
(14+a(1—-m)X)?2 0
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By a simple calculation, we obtain that all eigenvalues have negative real part if
and only if
r - B(1—m)S
— —2aX — = < 0.
1+kS 0 [Ttal—m)X)?

The variational matrix at the positive equilibrium E, = (X, S, I.) is given by

a1 a2 0
(3.2) Ve, = a2 a2 as |,
0 az2 ass

where the entries of the Jacobian Vg, are

r B(1—m)S.,
G = {yg T 20K - (1 —|—a(1(1 — ;)X*)Q’
e — krSuXe Bl -—m)X.
BT 4kS)? T+a(1-m)X,
B B(1 —m)S, B 2bcl, S? _ ¢S,

T ATl —mX)? BT 0821w BT b2t ay

fcbI*Sf + ascl, ¢S,
32 = —F 5 g — 0s.

(0S2+ a2 P T 052+ ay

The characteristic polynomial of variational matrix Vg, can be written as

3 2
(3.3) A% 4+ X1 A"+ x2 A+ x3 =0,
where X1 = —(a11 + a2 + asz), X2 = a11a22 — G12G21 + A22a33 — G23a32 + (11033,
_ _ 9 2
X3 = 11023032 + (12021033 — G11022033, A = —a7;(age + as3) — az9(a1 + ass) —

a35(a11 + a2) + ajpag (a1 + asz). According to the Routh-Hurwitz criterion, the
positive equilibrium point F, is locally asymptotically stable if x; > 0, i = 1,2, 3,
and A, > 0 hold.

To sum up, we give the following summary.

ProrosiTion 3.1.
e The extinction equilibrium point Eg = (0,0,0) is always unstable.
o If % < 01 holds, the prey-only equilibrium point Fy is locally
asymptotically stable.
o Infected predator-free equilibrium Es is locally asymptotically stable if

S % B(1—m)S
5 ra < %2 s — 20X — moaomse <0
o The coexistence equilibrium point E, is locally asymptotically stable if x; >

0,i=1,2,3, and A, > 0 hold.

3.1. Limit cycles and chaos. In this section, we mainly focus on the exis-
tence of Hopf bifurcation, limit cycle and chaos. Kolmogorov theorem [29] is well
known to be used to solve two-dimensional (2D) prey-predator systems in theoreti-
cal biology. By changing the values of system parameters, the amplitude of periodic
oscillation of the system will be changed. The Kolmogorov theorem assures that if
relevant conditions are satisfied (detailed biological significance can be seen [29]),
then there exists either stable equilibrium point or stable limit cycle behavior in
the phase space of the 2D dynamical systems. Next, we discuss the conditions
that satisfy the Kolmogorov theorem for different 2D systems. We start with the
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susceptible predator-prey system

X = X [ s — oX - 20| = X,

(3.4) dt 1+kS THar(I—m)X
' ds _ Bi(1—-m)X .
48 = 5 [T — 6] = Sae.

First, we consider the system satisfies any initial condition X (0) > 0, S(0) >
0. Then if the two-dimension system (3.4) satisfies the following conditions and
requirements,

. OMy a 5(1_7”)25 .
): 5% =—a+ (1+1a1(1 —myxyz < 0;

6M 8M _ krS B(A-m)S .
i) XGx +5%s = ~miher ~ @raa-mxy — X <0;
iii): X8M2 +SBM2 _ _ BA(l-mX > > 0;

(I14+a1(1—-m)X)
Mz _ g,

(
(
(
(i
(v): Ml(O O)—r>0
(
(
(
(

Vi) Mi(0,V4) = 0 = 13 = =20 m)+\//32(2lkﬂm)2+4kr6(1 DR

QH H

vii): My(U1,0)=0,U =
Vlll) MQ(UQ, ) Uy = m = [ — dia1 > 0;
. . g 6
X): & > Grran=m
the subsystem (3.4) will produce a limit cycle or stable equilibrium point. According
o0 [24], we know that the above Kolmogorov constraints can sometimes be relaxed
in that an inequality can be replaced by equality.

Similarly, we consider the infected predator-prey system

dx _ r B(1—m)I _
(3.5) G =X {1+kX —aX — 1+a1(17nm)X = XM,
’ dr
&= 5 |55 — 03] = SMs,

: 2 _4azbo2 .
we have when = > %, the subsystem (3.5) satisfies the K-theorem.

If the above conditions are obtained, then the two-dimension system possesses either
a stable equilibrium point or a stable limit cycle.

THEOREM 3.1. The system (1.2) exhibits limit cycle or chaotic attractor, if

a1B(1 —m)%S c £/ — 4axbd

0 >
1+a1(1_ )X<Oé’ 61> 141, ’

.

a 205

—B(1 —m) +/B2(1 —m)? + 4krB(1 — m)
2kﬁ

hold at equilibriums.

>0

2. Hopf bifurcation induced by fear effect. In a population system, the
change of a certain factor will destroy the stability of the system. Next, we discuss
how the fear effect affects the stability of the system, we regard the fear effect
as a bifurcation parameter, and investigate the Hopf bifurcation near the positive
equilibrium Fi.

THEOREM 3.2. According to [81], the Hopf bifurcation occurs at equilibrium E.,
of system (1.2) when k = k* if the following criterion hold:
(1): xi >0,i=1,2,3,
(2): =0,
(3): 44 # 0, where x; and A, are defined in equation (3.3).
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ProoF. If A, = 0, then the equation (3.3) has three roots. Let A(k) =
k(k) 4+ iC(k) be the roots of (3.3) near k = k*. Then we verify the following
transversality condition d(ﬁc* # 0, holds. putting values of A(k) in equation
(3.3), and differentiating two sides with respect to k and separating the real and

imaginary parts, ones

(3.6) { Fi(k)r (k) = Fa(k)C (k) + F3 = 0,
' Fy (k)& (k) + Fy(k)C (k) + F4 =0,

where
Fy = 362%(k) 4+ 241 (k)k(k) + As(k) — 3¢%(k),
Fy = 6k(k)((F) + 2A1(k)C(k),

/

Fy = w2 (k) Ay (k) + A (k)r(k) + A" (k) — A (k) (K),
Fy = 25(k)C(K) Ay (k) + Ay (R)C (k).
Notice that x(k*) = 0, differentiating two sides of (3.3) with k, we have

/

d) Ag(k*) = Aa (k) Ay (k%) — A, (k%) Aa (k")
3.7 Re(— = 23 0,
en (3], 2(Aa(k") + (Ar())7) ’
which means the transversality condition 45= # 0 holds.
The proof is completed. O

3.3. The stability of the bifurcating periodic solutions at Fy(X,S,0).
This subsection discusses the stability of the bifurcating periodic solutions at the
infected predator-free equilibrium Ey(X, S,0), for the sake of simplicity, we analyze
the subsystem

dx _ T B(1-m)S
(3.8) =X [1+kS —aX — 1+a1(17m)Xi| ) t>0,
: ds _ B1(1 m)X
E_S[Hlal(l m) 51} £>0.

Let us make a translation which is to translate Ey to the origin by the translation
X=X-X,8§=58-25. For simplicity, we denote X and S by X, S, respectively,
then the system (3.8) becomes
dX S r
X+ X -
dt (X+ ){1+k(s+§)
a5 _ [ B0-mEX+X)
d " 1+a(l-mX+X)
Applying the Taylar series expansion theorem about the (X , S’) = (0,0), and the
system (3.8) can be rewritten as

a(X 4 %) BA=m)(S +5) }

(3.9) 1+ai(1—m)(X + X)

dx
Ty X X, S, k"
(3.10) % :J(S>+<£EX,S,IC*)))’
where,
(3.11)
r 5 B(1—m)S —krX Bl —m)X
S| TR T T e mX)? T ESE  Tta(l-m)X
pri(1 —m)S 0 ’

(14 a;(1 —m)X)2’
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and
f(X, S, k‘) = CL1X2 + as XS + a35'2 + a4X3 + a5X25 + a6X52 + a753,
g(X, S, k‘) = b1X2 + b2XS+b3S2 —|—b4X3 + b5X2S+ b6X52 —|—b753
with B _
o = 2B - m)*S oy 2k 26(1 —m) o 2k*r X
e ()X T T (RS (b (i m) X (1 kS
_ 6aip(1—m)*S _ 6a1B(1—m)® e 6k°r o —6k°rX
T T U Ha—mX)" P T (v —mX) T k9 T T 1+ kS
by = —2a1ﬁ1(1— )25 b o ﬂl(l—m) ba = 0. by — 6a151(1—m)2
! (1+a1(1— mX)3B T Q+a(l-—mX)2 > T (I+a(l—-m)X)Y
__2aip(1-m)*
bs = Gta= )X)S,b 6 =0, by = 0.
The characteristic equation of system (3.9) is
(3.12) 12 — e+ eqes,
where
r > Bl —m)S pi(1 —m)S
= _ — 20X — = S—
o (1+/~cs e -mX )) T (ra-—mX)
o —krX . Ba- m)X
T 1+kS)?2 (I+a(1-mX)
€1

Define 11 = m(k)+in(k), 12 = m(k)—in(k) are the roots of (3.12) where m(k) = 5

1
n(k) = im' Next, we set a matrix

o= (10 )
clearly,
o= )e=m= (1 )
where M = _na)’ N — 2;(62)_

By the transformation,

(5)=e(2)

and the system (3.10) becomes

dz

a |- T fi(z, s, k)
(3.13) % = J(k)< i >+ ( s k) )

dt
where

1
filz, s, k) = Mg(Nm +s, Mz, k),

N
g1(z, 8, k) = f(Nz+ s, Mx, k) — Mfl(a:,s,kj).
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Using the polar coordinate form, (3.13) becomes

(3.14) { =k 4+ ak )t 4

0 = w(k*) +c(k*)r? +....

When k = k*, it follows from the Taylor expansion that

{ P () = k) a(k)r 4o (K — k)Pr, (K — k), o)
0

) = w(k™) +w (k") (k* — k) + c(k*)r? + o ((k* — k)%, (k* — k)r®,rt).

In order to investigate the stability of Hopf bifurcation, we determine the sign of

the coefficient a(k™) which is expresses as

1

(315) a(k*) = 16 [sza: + Fros + Ga::vs + Gsss]
1
—— |Fs(F, Fg) —
+16w(/€*) [ ws( zz + ss) Gws(Gmm +Gss)

*szGmr + FssGss} ‘(0,0,k*)a

where,
N3 3b 200 N
Frow = 6(b4N2+b5M>7 meyzz(]\;+b4), ny ]\14— +b2)7
b N? b
F,, = 2 1N + by N, Fyy = 2M1’
2 2 2 o 3bsN?
mey = 2(2asMN + agM* + 3a,N* + 3a7N* — 2b4yN* — ——— |,
bs N N
Gyyy = 6 (a4 +ar — M> , Gay=2a1N +asM — 2b1ﬁ — by N,
bt N N3
Gyy = 2 (a1 - ]1\4> , Gz =2 (a1N2 + agMN + agM? — blﬁ — b2N2> .

Applying the Poincare-Andronov Hopf bifurcation theorem [30], we have the fol-

lowing conclusions:

(i): If a(k™) < 0, the bifurcating periodic solution is stable and the direction of the

Hopf bifurcation is subcritical;

(ii): If a(k™) > 0, the bifurcating periodic solution is unstable and the direction of

the Hopf bifurcation is supercritical.

By Hopf bifurcation theorem and using the formulae defined in (3.15), we can com-
pute the corresponding values of ap~ = 13.327 > 0 which means the bifurcating
periodic solutions is unstable. According to the analysis results of Fy, E> and FE,,
we believe that there exists the bi-stability phenomenon in system (1.2) between

E,, E, and a limit cycle, see Fig. 1.
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Fig. 1. Phase portrait for system (1.2), the stability around Fj,
FE5 and E,, respectively, all parameters are set in Table 1, except
k =0.25, k = 0.6, k = 2 respectively.

For cases beyond the scope of analytical methods, in order to explore the
complex dynamics of the system (1.2), we use numerical simulation to verify the
conclusions. We choose an arbitrary set of stable coexistence equilibrium F, =
(1.1188,0.3770,0.1004). In Fig. 2, we present E, is stable with three different
initial value, they eventually balance out to a common point. We verify that
the Routh-Hurwitz stability criterions automatically hold by calculating, includ-
ing Ay = 0.2006 > 0, Ay = 0.0257 > 0, A3 = 0.0056 > 0, A; A; — A3 = 0.0184 > 0,
the parameters are in Table 1. We perform extensive simulations to observe the dy-
namical behavior of the deterministic system (1.2). In Fig. 3, we see the coexistence
equilibrium F, losses its stability and a Hopf-bifurcation occurs at the critical value
k* = 0.173. When k > k*, E,. becomes stable. We control the parameter k in [0,
0.45] and observe the influence of parameter changes on system stability, as shown
in Fig. 3, bifurcation diagrams are generated for the population densities of prey,
susceptible and infected predators, respectively. The E, is stable for k£ > 0.173 and
losses its stability for & < 0.173. And critical Hopf bifurcation occurs at k = 0.173.
In Fig. 4, the three species population oscillates in a range, and a stable limit cycle
emerges when k = 0.1. As the value of k increases to 0.6, a stable focus attractor
appears and the impact of time variation on the population density of species is
presented. The 3D view of the limit cycle and the stable focus point is presented
in Fig. 5. When £ is large, such as k = 2, the infected predator goes to extinct, it
tends to the equilibrium FEs instead of E,, we can see Fig. 6. Too large value of k
can reduce the number of species. Fig. 7 is the 3D view.

The birth rate r of prey shows quite complex population dynamic behaviors.
In Fig. 8a, we present a chaotic attractor when r» = 1.45 and all other values are
fixed in Table 1. Fig. 8b is the phases of time evolution. Attractors set in x-y-view
for r = 0.2, r = 0.6, and r = 1.5, respectively are presented in Fig. 9. We made a
comparison by changing the values of the fear effect k£ and the values of the prey
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refuge m, The prey refuge can promote the stability of the system. In Fig. 10a to
Fig. 10c, we fix £ = 0.55, and choose m = 0, m = 0.5, m = 0.9 respectively, the
stability of F, is not change with different m. From the perspective of population
density, with the increase of m, the population density of prey increases, but on the
contrary, the density of predators decreases. When the protection force is large, the
infected predator becomes extinct. On the other hand, from Fig. 10d to Fig. 10f,
we can verify that k can change the stability of the system once by changing the
values of k and fixing m = 0.25. At the same time, we discuss the defensive ability
of susceptible predators, it is observed that the defense efficiency of the susceptible
predator has a significant role in the population dynamics, it can not change the
stability of coexisting equilibrium FE,, but it has a strong negative effect on the
prey population and infected population. Biologically, it suggests that the better
defense of the susceptible predator reduces the ability of the infected predator to
infect, resulting in stronger predation on prey and lower growth of the infected
predator, which can be reflected in Fig. 11.

S() o2 es X(t)

Fig. 2. Phase portrait for system (1.2), E., is globally asymptoti-
cally stable with different initial values.

o I —
02 03 04 3 b 005 01 015 02 025 03 0% 04 0ds

o o005 o1 o015 02 025 03 0% 04 045

Fig. 3. Bifurcation diagram for level of fear effect k, and other
parameter values are given in Table 1. (a) Prey population, (b)
Susceptible predator population, (c) Infected predator population.
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Fig. 4. (a): Time-series plots for prey, susceptible predator, in-
fected predator. Left figure is k = 0.1, right figure is k = 0.6. (b):
Phase diagrams of system (1.2) when k& = 0.1 and k = 0.6, other
parameters are fixed.
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Fig. 5. 3D view of stable focus for prey-susceptible predator-
infected predator when k£ = 0.1 and k& = 0.6.
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Fig. 6. (a): Time-series plots for prey, susceptible predator and

infected predator. (b): Phase diagram of system (1.2) when k = 2

and other parameters are fixed.
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Fig. 7. 3D view of infected predator-free for prey-susceptible
predator-infected predator when m = 0.85, k = 0.1.

Fig. 8. (a):
domain waves for X (¢), S(t), and I(¢t) of system (1.2).
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Fig. 10. Phase portraits of system (1.2) with other parameters set
in Table 1 except (a) m = 0, k = 0.55; (b) m = 0.5, k = 0.55; (c)
m = 0.9, k = 0.55; (d) m = 0.25, k = 0.05; (¢) m = 0.25, k = 0.25;
(f) m = 0.25, k = 0.9.
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4. Properties of diffusion induced system

In this section, we discuss the local stability and Turing instability of spatial
diffusion system, we give the conditions of local stability and diffusion-driven equi-
librium instability. Firstly, we obtain the local stability conditions of the spacial
diffusion system, and then prove that the spacial diffusion can make the uniform
steady state be unstable, and hence leads to the Turing instability.

4.1. Local stability. For the convenience of discussion, the linearization of
the system (1.3) at the homogeneous steady state E. (X, Sk, I.) can be expressed

by
0X(z,t)
X(z,t) X (z,t)
(4.1) ) oA | S@t) | +40| S@e) |,
) I(a,1) I(a.1)
where
d 0 0 ai; a2 a3
D= 0 dy O , Ag=| a1 ax as |,
0 0 ds azy az2 ass

Ap has the same meaning with (3.2). The corresponding Jacobian matrix of (4.1)
at B, is

di A+ any a2 ais
Jo = as1 do A + ago a3
as1 as2 dsA + ass

Let p; is an eigenvalue of J,, we have the matrix

—dipy + an a2 as
(4.2) W = az —dafu + az az3
as azs —d3p + ass

From the (4.2), we can get the characteristic polynomial

(4.3) 1+ ®1 (D2 4 Oo(l)py + B3 = Ay, 1 € Ny,

where

Oy (1) = (dy + do + d3)l + x1,

®y(1) = (dydg + dyds + dads)l* — ((agz + azz)dy + (a1 + asz)dz
+(a11 + ag2)ds) I + X2,

D3(1) = didadsl® — (didsags + (1l2dsa11)l2 + (di(az2a33 — az3asz) + daar1a33
+ ds(aiiaze — ai2a21))l + xs,

X1, X2, and x3 have the same meanings with the equation (3.3).

THEOREM 4.1. Assuming x; > 0, i =1,2,3, and A, > 0 always hold. Accord-
ing to to Routh-Hurwitz criterion, we can confirm the spacial diffusion system (4.1)
1s local stable around the coexistence equilibrium steady state E, when the following
conditions hold:
(2): ®o(1) > 0;
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(3): @5(1) > 0;
(4) Agp = @1(1)‘1’2([) - @3(l) > 0.
PROOF. It is clearly that ®;(l) > 0 always holds. For ®5(l), we consider the

quadratic equation of one variable, when (asa+ass)di+(a11+ass)da+(a11+ags)ds <
0, then ®5(I) > 0 holds. Define

(4.4) Ag = D1 (1)Pa(1) — P3(1) = T11% + Tol® + Y3l + T,
where
Ty = (di +dz + d3)(dida + dads + did3) — dydads,
Ty = —(a11 + age)(didz + d3(dy + da + d3))
— (ag2 + azz)(dads + di(dy + da + d3)) — (a11 + asz)(dids + da(dy + da + d3)),
Ts = (di + da +ds)x2 — [(a2e + as3)dr + (a11 + az2)ds + (@11 + ass)d2] x1
— [di(ag2a33 — azzaszs) + daariasz + dz(ariaz — a1za21)],

T = —(a11 + a22 + aszz)(a11a22 + a22a33 + a11a33 — 23032 — A12021)

+ (a11a22a33 — A12G21a33 — A11023032).

Thus we basically get the stability property. O

Below we discuss how the spatial diffusion affects the stability of the system in
a predator-prey system with diffusion.

4.2. Hopf bifurcation for system (1.3) near F.. In this subsection, ap-
plying Hopf bifurcation theorem [33], we investigate the bifurcation solution of the
system(1.3) near E, by taking r as a bifurcation parameter.

THEOREM 4.2. Hopf bifurcation occurs at v = r* for the reaction-diffusion
dA
system (1.3), ifd—(b [—
&

PRrROOF. Indeed, solving the roots of a cubic equation with one variable is more
complicated, we assume that there exists one root with a negative real part and
the other two roots are pure imaginary roots which are —6, ni and —ni. The
characteristic equation can be expressed as

(e + ) (e + m8) (e — mi) = 0,
by a simple calculation, we have
(4.5) 1i + 0pi + 0P+ 0n® =0,
compared with equation (4.3), we obtain
0=>0.(), n*=d(), On*=ds.

It is obviously that Ag = &Py — $3 = 0.

Let [ be a positive constant, differentiating with respect to r, similar to Theorem
3.2, one yields

% |r:7‘*7’é O

According to [32], Hopf bifurcation occurs in the reaction-diffusion system (1.3)
near the E,. This bifurcation solution is spatially dependent and the bifurcation is
induced by diffusion.
The proof is completed. O
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4.3. Diffusion induced instability. In nature, the population system is al-
ways affected by spatial factors, and the system instability caused by spatial diffu-
sion is called Turing instability. In this subsection, we discuss the conditions that
lead to Turing instability. Assume that y; > 0, x2 > 0, x3 > 0, A, > 0. If any
one of the Theorem (4.1) does not hold, then the Turing instability may occur.
Obviously, ®1(l) > 0 always holds, then we analyze ®5(1), ®3(1) and Ag.

(1) For

(I)Q(l) = (d1d2 + dqds + d2d3)l2
— ((a22 + asz)di + (a11 + ags)da + (a11 + az2)ds) L + x2 > 0,

which implies that the polynomial must have two positive roots

oo etV w0 —o— 0% —dws
1= 2 =
2

26 ’

where
0 = (a2 + azz)di + (a11 + ass)da + (a11 + az2)ds,
¢ =didy + did3 + dad3, w = xo.
Consequently, we obtain the following conclusions that Turing instability is possible:
(i) <I>2(l) <0, if [1<0,
(ii) 0* — 4ws > 0.
(2) For
(4 6) ( ) = dldgdgl — (d1d3a22 —+ d2d3a11)l
+ (di1(a22a33 — aggasz) + daaiiass + ds(aiiaze — aj2a21))l + X3,
for convenience, define
Y1 = didads, 9 = didzags + dadzais,
3 = dy(a22a33 — a23a32) + daayass + ds(ariaze — ai2az1),

differentiating the equation (4.6) with respect to I, yields
(4.7) Dy (1) = 34412 — 2l + 3,

the equation (4.7) has two extreme points

A 2 + /43 — 124173 T —2 — /43 — 124193

min 6’(/)1 ) max 6’(/]1 N
Hence, Turing instability may occurs if
(i) 493 — 12¢19h3 > 0,
(ii) @3(l) <0, if lyin <O.
Taking advantage of the same way, we can obtain the relevant conclusions for
Ag < 0.

5. Numerical simulations for reaction-diffusion system

We present some numerical simulations to study the dynamic of the
eco-epidemiological system as well as to verify and supplement the numerical results
given in the previous sections. In addition, we study the effects of fear effect and
prey refuge on the dynamics of the populations and give their biological significance.
In the non-space system and the reaction-diffusion system, we give the correlation
figures of the influence of parameter changes on the system stability. The parameters
are given in Table 1. Next, we conduct numerical simulations from diffusion dy,
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dy, d3 and r, respectively. For the solution initiated from X (x,0) = 1.1188 +
0.1sin(0.52), S(x,0) = 0.3770 + 0.1 sin(0.5z), I(z,0) = 0.4766 + 0.1 sin(0.5z).

For the stable focus point around E, of system (1.2) with dy = ds = d3 =0
(see Fig. 2), in Fig. 12, we choose small values for diffusion coefficients with d; =
0.01, do = 0.001, and ds = 0.0001, which also satisfies Routh-Hurwitz criterions:
x1 = 0.1904 > 0, x2 = 0.0257 > 0, x3 = 0.0001004 > 0, A, = x1x2 — X3 =
0.0186 > 0, the system (1.3) is stable, while Fig. 13 shows that for a large value
for d; = 1, a spatial periodic solution appears with yo = —0.00001, xy3 = —0.0047,
x1X2 — X3 = —0.0094. For the effect of diffusion parameter dz, when we increase dg
to 0.001, we can see in Fig. 14 that the solution converges to Fo, which implies that
a large d3 may make the infected predator go extinct, and it promotes the stability
of the reaction-diffusion system (2.1). When r > r*, the system (1.3) occurs Hopf
instability, we can see in Fig. 15. Fig. 16 represents the bifurcation diagrams
generated for the successive maxima of the population densities S, X and I in the
ranges [0.0,12], [0.0,4.5] and [0.0,2.5] respectively for r which is in the range of
[0.2,1.45] and the other parameters are fixed in Table. 1. From Fig. 17a, d; can
promote the occurrence of Turing instability, while do can inhibit the occurrence
of Turing instability in Fig. 19b. blue color is for spatial system when d; = 0.1,
de = 0.1, d3 = 0.001 and red color is for the non-spatial system. Fig. 17c is the
comparison of the bifurcation appearing around the coexistence steady state E, for
the non-spatial system and the spatial system with respect to r, it can be observed
that in the spatial system, bifurcation occurs earlier than it in the deterministic
system. Moreover, we give the space plot of the spacial system (1.3) at r = 0.9
and » = 1.5. When r = 0.9, there exists periodic phenomenon in the space, as r
increases to 1.5, the space trajectory becomes chaotic.

Fig. 12. Plots of system (4.1) with d; = 0.1, do = 0.001, d3 =
0.0001 in the first line, d;y = 1, dos = 0.001, d3 = 0.0001 in the
second line (a), (a’): prey, (b), (b’): susceptible predator, (¢), (¢’):
infected predator.
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Fig. 13. Plots of system (4.1) with d; = 1, do = 0.001, d3 = 0.001,
(a): prey, (b): susceptible predator, (c): infected predator.

Fig. 14. Plots of system (4.1) with d; = 0.1, do = 0.001, d3 =
0.001, » = 0.9 (a): prey, (b): susceptible predator, (c): infected
predator.

Fig. 15. Bifurcation diagram for intrinsic growth rate r, and other
parameter values are given in Table 1. (a) Prey, (b) Susceptible
predator, (c) Infected predator.

X

Fig. 16. a: the curves of Ay and dy, b: the curves of As and ds
when r € [0.4 — 1.2], ¢: bifurcation diagram for prey with intrinsic
growth rate 7.
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6. Conclusion

In nature, the predation relationship between prey and predator is the most
basic one. Due to predator hunting, prey may produce the fear effect and take
protective measures against such hunting. Infectious diseases are highly essential
factors affecting the size of human and animal populations. The infectious diseases
and predator-prey interactions produce complex effects that regulate predator and
prey densities. As an illustration of these common phenomenons, in this paper, we
propose a reaction-diffusion eco-epidemiological system with two-predator-one-prey
that considers fear effect and prey refuge. We prove that positive solutions exist
and are bounded, and obtain the existence conditions of all equilibrium points in
biological significance, and study the stability of system (1.2) at different equilibrium
points by using the Jacobian matrix.

We would also like to mention that the fear effect k can induce Hopf bifurcation,
we regard the fear effect k as a bifurcation parameter, and we verify the existence of
Hopf bifurcation in the deterministic system (1.2) at the critical point k*. Moreover,
we find that when the degree of the fear effect is too large, the number of both prey
and predator will decrease, but when the fear effect is too small, the system will
be unstable. At the same time, it is found by numerical simulation that when the
growth coefficient r of prey exceeds a threshold value, the coexistence population
state may be unstable. When the growth rate of the prey is particularly slow, the
density of diseased predators tends to zero. Moreover, we studied the influence
of prey refuge on the system stability. We found that the change of prey refuge
can not make the stable system become unstable, but the increase of prey refuge
value m would make the unstable system become stable. However, when the refuge
value m is too high, it can lead to a decrease in population density and may lead
to the extinction of predators. We conduct numerical simulation on the protection
coefficient b of the susceptible predator, and find that when the b is higher, the
density of both prey and infected predators may decrease, and on the contrary, the
density of the susceptible predator increases.

When we consider the influence of spatial diffusion on the system, we find that
diffusion instability will appear when the prey diffusion is more active and the
propagation speed is relatively fast. We derive conditions for Turing instability
and examine the consequences of defense and cannibalism in pattern formation.
We used numerical simulation to explore the following characteristics: when we
fix the other parameters, and change the diffusion parameters d; and ds, from
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the figures, unlike the case of classical linear diffusion, the Turing instability can be
suppressed when diffusion of the do become fast while d; can promote the occurrence
of Turing instability. Moreover, spatial diffusion can lead to an earlier occurrence
of bifurcation.

Our research suggests that understanding the dynamics of ecosystems with
the infectious diseases can help us better facilitate the evolution of biological sys-
tems. The defense effect of the prey, fear effect and the defense effect of susceptible
predator on infected predator all affect population stability and population density
change. In addition, controlling the birth rate of the prey is also important for the
stability of the system. It is an important task to consider the optimal harvest of
species in the fishing industry and fishing industry. In the future research, we will
combine economic benefits to establish a model and get the optimal harvest scheme,
we will also study spatial instability due to time delay, such as [34] and so on.
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