Dynamics of PDE, Vol.19, No.4, 285-309, 2022
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ABSTRACT. We consider a fractional chemotaxis-Navier-Stokes model in the
whole space RV, N > 2, with a time-fractional variation in the Caputo sense,
a fractional self-diffusion for the physical variables and a fractional dissipa-
tion mechanism for the chemoattraction process. We prove the existence and
uniqueness of global mild solutions with small initial data in a larger class of
critical spaces of Besov-Morrey type. Our result extend the well-posedness
ones in the classical (no fractional regime) obtained by Postigo and Ferreira
[16]. We also prove the long-time asymptotic stability of solutions.
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Chemotaxis corresponds to the biological mechanism of the movement of living
organisms in response to a chemical stimulus, which can be given towards a higher
concentration of the chemical concentration (attractive) or towards regions of lower
concentration (repulsive). In addition, some experimental studies, as reported in
[17] and [28], have indicated that the interaction between cells and fluids affects

1991 Mathematics Subject Classification. 35R11, 35A01, 35B40, 35K55, 35Q92, 92C17.

Key words and phrases. Chemotaxis-Navier-Stokes system, Besov-Morrey spaces, Caputo

fractional derivative, fractional dissipation.

M.A. Fontecha-Medina was supported by Vicerrectoria de Investigacién y Extensién.

E. J. Villamizar-Roa was supported by Vicerrectoria de Investigaciéon y Extensién, UIS,

Project 3704.

(©2022 International Press

285



286 MIGUEL A. FONTECHA-MEDINA AND ELDER J. VILLAMIZAR-ROA

considerably the dynamics. Some examples of this kind of behaviour have been
reported in striking experiments showing spontaneous formation of plume-like ag-
gregates in populations of Bacillus subtilis suspended in sessile water drops [31].
This kind of chemotaxis-fluid interaction can be modeled through the following
chemotaxis-Navier-Stokes system:

ng+u-Vn=D,An—xV - (nVc),
(1.1) ¢ +u-Ve=D.Ac— pne,
' ug + (u- V)u = DyAu— Vo —nVeo,
V-u=0,

where n = n(z,t) > 0, ¢ = ¢(z,t) > 0, 7(x,t) and u(z,t) denote respectively the
cell density, the concentration of the chemical signal, the pressure, and the velocity
of the fluid at position z € Q@ C RN, N = 2,3, and time ¢ > 0. In this model
it is assumed that the chemical signal is consumed with a rate p proportional to
the amount of cells. Both the cells and chemical substance are transported by a
viscous incompressible fluid, which, in turn, is driven by gravitation-induced force
—nV ¢, modeling the effects due to density variations caused by cell aggregation.
The additional parameters x, D,, D. and D, are positive constants representing
the chemotactic sensitivity, the cell diffusion coefficient, the chemical diffusion co-
efficient, and the viscosity of fluid, respectively.

Taking into account that the behavior of most biological systems has memory
properties, which are neglected when an integer-order time derivative is assumed,
a natural consideration is substitute the first order in time derivative in (1.1) by a
temporal derivative in a fractional framework, introducing a nonlocal delay in time
for the moving population. On the other hand, system (1.1) assumes that the cell
diffusion is not affected by the nonlocal spatial behaviour of the organisms. How-
ever, recent observations indicate that in certain cases of chemotactic motion, or-
ganisms develop alternative search strategies, particularly when chemo-attractants,
food, or other targets are sparse or rare. This means that the trajectories of the
population of organisms are better described by the so called Lévy flights than
Brownian motion (see [12] and [20]). Lévy flights mechanism has been suggested
in several biological contexts, including immune cells, ecology, and human popula-
tions (c.f. [13] and references therein for a deeper discussion). Therefore, motivated
by the previous observations, we propose and analyze theoretically the following
chemotaxis-Navier-Stokes system in a fractional setting RY x (0,00), N > 2:

Dln+u-Vn=—D, (—A)*"*n— V- (nV((=A)~2c)),
“Dlec+u-Ve=—D, (—A)O‘/2 ¢ — pne,

Dlu+ (u-Vu=—D, (—A)**u— Vr —nVe,

V-u=0,

(1.2)

where thB denotes the Caputo fractional derivative of order 5 € (0,1]. We recall
that the Caputo fractional derivative of order 3 of f is defined by

D} 5(t) = 4 {1717 - FO)1}
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for f € L'(0,T;X), T > 0, X a Banach space, and I/ denoting the Riemann-
Liouville fractional integral of order 5 of f given by

IPf(t) = 11(15)/0 (t—s)"1f(s)ds, tel0,T].

Further, in (1.2), (—A)®/2, a € (0,2], denotes the fractional Laplacian operator of
order a/2 defined by (~A)*/2 f(z) = F~1(¢|* f(€))(x), where f(¢) = F(f)(¢) and
F7L(f)(€) denote the Fourier transform and the inverse Fourier transform of f,
respectively. In addition, V ((—A)_e/zc), 0 € [0,N), is also a nonlocal term which
can be alternatively represented by K(z)*c, K(z) ~ = The case f =1, v =2
and 6 = 0 formally corresponds to the chemotaxis-Navier-Stokes system (1.1). For
simplicity in the notation and without loss of generality we assume that the value
of the physical parameters is 1, that is, D,, = x=D. =D, =p=1.

In recent years, the analysis of existence, uniqueness, regularity, and long-time
asymptotic behavior solutions of chemotaxis-Navier-Stokes models has attracted
the attention of several authors, due to the importance in the biological context
and its theoretical challenges. For results on existence, uniqueness, regularity and
long time asymptotic behavior of solutions for (1.2) in the case of bounded domains
we refer [2, 3, 9, 23, 18, 26, 10, 29, 30, 31] and references therein. On the other
hand, in the whole space R, N = 2,3, the local and global-in-time existence of
solutions for (1.2) has been analyzed in [5, 6, 7, 21, 34|, and some references
therein. In particular, in [21] the authors obtained a class of small global solutions
in the framework of weak-L” spaces including double attraction nonlinear terms in
the density equation. A 3D-local well-posedness result for initial data in the non-
homogeneous Besov spaces class By ,. BS+1 X BS+1 where 1 < p < o0, 1 <7 < oo,
and s > 3/p + 1, was proved in [34] and in [7 ] the authors obtained a result of
existence of local—ln time solutions for large initial data, as well as global-in-time
existence for small initial data and some smallness condition on the gravitational
term, in critical homogeneous Besov spaces. Later, in [5] the authors proved an
extension criterion for local-in-time solutions. Even in the 3D case, in [6] the ex-
istence of global solutions for small initial data in the critical homogeneous Besov
space B 2+3/p X B‘i/p X B 1+3/p with 1 < p < 3 was proved. More recently, in
[11, 16} the authors obtalned results of existence and asymptotic behavior of small
global solutions in different classes of Besov-Morrey spaces type spaces.

Previous results are related to the non-fractional model (1.1). The aim contri-
bution of this paper is to analyze the existence and stability of global solutions for
the full fractional system (1.2). To the best of our knowledge, the fractional system
(1.2) has not been previously analyzed. However, the time-fractional Navier-Stokes
equations (with integer diffusion), which corresponds to a submodel of (1.2), have
already been studied in [4] in the framework of LP-spaces. As point out in [4], the
interest in the analysis of the Navier-Stokes equations was reflected in [25] con-
sidering smooth solutions and establishing several results about the regularity of
their fractional derivative. Subsequently, in [33] the author proved the Shinbrot
conjecture, which stated that any weak solution of Navier-Stokes equations has
any fractional derivative of order less than or equal to 1/2. Some results on the
Navier-Stokes system with fractional diffusion were obtained in [15]. On the other
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hand, the fractional Keller-Segel system, even in the case in which the consumption
term nc is replaced by n — ¢, also has not been extensively studied. In fact, we
only known the references [1, 8] where the authors studied the global existence and
long-time behaviour of solutions for the time-fractional Keller-Segel system, that is,
assuming o = 2, =0 and 3 € (0,1), and considering the production-degradation
regime n — ¢ in the concentration equation. In [1], the authors analyzed the global
existence and long-time behaviour of solutions considering small initial data in the
Besov-Morrey space Nrfoo X Boom with N >2,0< A< N-—-2,b=2— @ and
N2 < p < N — X The existence space in [1] is based on auxiliary norms like in
[32]. Some regularity properties of solution for (1.2), assuming o =2, 6 = 0 and

B € (0,1), and initial data in LY N L¥/2 N L x B, o were obtained in [8].

Our aim is to analyze the existence, uniqueness, and asymptotic behaviour of global
solutions for the spatio-temporal fractional chemotaxis-Navier-Stokes system (1.2)
in the framework of critical Besov-Morrey spaces. Before establishing our main
results, briefly we recall some preliminaries results about Morrey and homogeneous
Besov-Morrey spaces. For further details see [19, 22, 24, 27].

DEFINITION 1.1. For 1 < p; < p < oo the Morrey space Mb = M», (RN) is
defined as the set of all measurable functz’ons u: RN = R such that
[ull pz, = Sup sup R lull Lor (B(2o,r)) < OO
where B(xo, R) is the closed ball in RN with center x¢ and radius R. The space
Mb , endowed with the norm || - ||Mg1 , 15 a Banach space. For 1 < p < oo it holds
that M5 = LP. In the case p = p1 = o0, it holds that M3 = L.
Next we recall the Holder inequality in the framework of Morrey spaces.

LEMMA 1.2. (Hélder inequality) Let 1 < py < p < o00,1 < ¢ < g < o0 and

1 1 1 1 1 1
1§T1§r§oo.lff:f—i—fand— ——i—— then
r q 1 P @
(1.3) 19l ey, = IFlaaz, 191l

Jor all f € MV —and g € MY,

Let us consider the Schwartz class S and the space of tempered distributions
S, Let u € & and ¢(z) be a C*-function on [0,00) such that 0 < ¢(z) < 1,

p(z) =1 for z < % and supp ¢ C [0,5/3). Then, for all j € Z, defining 9;(&) =
@ (2771¢]) — ¢ (2'77]¢]), it holds that ¥;(£) € Cg°(RY) and

Z (&) =1, for all £ # 0.

j=—o0

DEFINITION 1.3. The homogeneous Besov-Morrey space NP, = NP (RY)

is defined as the set of allu € §'/P such that ¢} *u € Mb  for all j, and

3=

Z(2ij1/’g'v*uHM’;l)r <oo, 1<7r<oo,

lellae =9 \Jez

pP,p1,7T )
s (P} vl Y < r=oe
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for 1 < p; <p < oo andb e R, where P denotes the set of polynomials with N

variables. The space N;,’pl . s a Banach space with the norm || - |[\» .
) 5 P,p1,7T

Let us denote by {S.(t)},5, the fractional heat semigroup, which is defined

in Fourier variables as m‘ = e‘t‘é‘af. In this point we observe that if b < 0
the following equivalence holds (its proof follows in the same way of the proof of
Proposition 2.22 in Mazzucato [24])):

_b
(1.4) lullyg,, 2 sup t# | Sa(t)ulyg, -

In order to eliminate the pressure in (1.2), which can be recovered a posteriori, we
apply the Leray projector P = {P;}; x=1,2,3 onto the velocity equation in (1.2). We
recall that P is defined by P, = 61 + R; Ry, where R; = %(—A)*% corresponds
to the Riesz operator. Thus, taking into account the Duhamel principle, system

(1.2) is formally equivalent to the following integral formulation:
(1.5)

n(z,t)=Es(~t"(=A)**)no _/0 (t =) Epp(—(t = 7)°(=A)*?)(u- Vn) dr
—/0 (t =) 7' VEsp(—(t — 1) (=) (nV((-2)~"%¢)) dr,

c(m):E@(—tﬁ(—A)a/Q)co—/0 (t =7V Ess(—(t — 1) (=A)?)(u- Ve — ne) dr,

w(z,t)=Ep(~t° (=8 uo— / (t =) Epp(-(t — 1)’ *)B(u- VutnVe) dr,

where {Eg(—t?(—=A)*/?)}1>0 and {Eg s(—t?(—A)*/?)},>0 are the Mittag-Leffler families
defined by

(1.6) Ep(—t?(—A)°/?) = / " My (r)Sa(rt?)dr,

w7 Bop(—4"(=8)"/%) = [ 7 prMs(n)Sa(rt)r
0
with Mg : C — C being is the Mainardi function which is given by
- (=)

Mp(2) = NEZ:O NIT(1—B(1+N))’

In (1.5) ng, o, ug, with V- ug = 0 in &', are distributions representing the initial
data. A triple [n, ¢, u] satisfying (1.5) is called a mild solution of (1.2).
2. Main results

Note that system (1.2) has a scaling property. Indeed, it is not difficult to check
that if [n, ¢, u] is a classical solution of (1.2), then [ny,cx, ux], A > 0, defined by
(2.1)

[na(z, 1), ex(x, t), un(x, £)] = A2z, XY Pt), XNeH0=2c(Aa, A% BL), X" Lu( e, A/ Pt)]

is also solution of (1.2). In this case, the map
[TL, C, u] — [TL)\, Cx, U,\}

is called the scaling of (1.2), and the solutions invariant by this scaling are called
self-similar solutions. Observe that if [n,c,u] is a self-similar solution, the initial
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data [ng, co, up] must be invariant by the scaling, and therefore it must satisfy
no(x) = A%no(Ax), co(z) = )\a+07260(>\x), ug(w,t) = A" Hug(Ax).

Motivated by the above scaling analysis, we consider the following class of critical
spaces for the initial data:
(2.2)
N_, N . _ N _a+1
no € Nolp.oo(RY), ¢ € LaFe=2(RN) with V((—=A)"%2)co € N7y 0o (RY),
%—a-&-l

up € Nplpr oo (RY),
and the external source ¢ such that
_28
(2.3) 775 V() € BCw((0,00)s My, ),
where the exponents p,p1,q, q1,7, 71 and N are as in the following assumption.

3
ASSUMPTION 1. Assume that N > 2, a>—, a+0 > 2, 3> % and
2 a+1—46

p >r. For N = 3, suppose that the exponents p, q and r satisfy the conditions (i),
1) or (iii) below

(i) <g< N N <p< N N <r< N
2(a—1) e ’ 1 5P N+(1-a)g a-1 N+ (1 —-a)q’
y N N
(it) ¢ =N, 7a71<p<727a’ a71<r<2fa’
BN 28N N BgN
() e —F—a " Basp-pi-a a-1 P @Fa—B-aq-pBN’
av <r< BaN

N+ gla+6-2) (2B8a— B —a)g— BN’

If N = 2 assume that p, q and r satisfy the condition (iii) above. Moreover, we
suppose also that p1,q1,71 and Ny satisfy the following conditions:

(A) 1<m<p, 1<q <gq, 1<r <r, L< N <Ny
(B) i+i§17 i‘f'iSL i_i_LMgl, i+L9_2§17
1p1 1q1 L oq1 p1 N q1 N

— + — <1
N1 ¢ —
© I<l="
pP1 q1 r1

1 1 1 1
(D) m (E—qul) §P<N+;>.

REMARK 2.1. Assumption 1 comes from the time decay and nonlinear esti-
mates appearing in Sections 3 and 4 below, which are necessary to use a fixed point
arqument. If we fix the parameters 3, a and 0 fized as in Assumption 1, then it is
possible to find p1, q1, r1 and Ny sufficiently close to p, q, v and N, respectively,
such that the Assumption 1 is not empty. Also, if we formally consider § = 1,

a =2 and 0 = 0, our results are in agreement with the results established in [16]
for the non fractional chemotazis-Navier-Stokes system (1.1).
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We define the functional spaces
Xy = {n 75 n() € BO((0,00) M3, |

Xy := {c :ce€ BC, ((O,oo);Lﬁ)
(2.4)
with t-i—’f—éwv((—A)—e/zc(.)) € BC,, ((0, 00); Ml})} ,

Xy = {u: 7% =547 € BC, ((0,00), M2,) },

where, for a general Banach space Z, BC,, ((0,00), Z) denotes the class of bounded
functions from (0, 00) to Z that are weakly time continuous in the sense of S’. The
spaces X1, Xo and X3 are Banach spaces endowed with the norms

Inllx, == sup {- S n(t Mg, >

S| V() )|

lellx, = sup lle@®Il, .

ullx, = sup i S fu(t )||Mg1 :

Next, let us mtroduce the product space X
(2.5) X :={[n,c,ul :me Xy, ce Xo, ue X3}
with the norm
In, e ulllx = lnllx, + llellx, + llullx,
and the space of initial data
T := {[no, co, uo] : no, co and ug are as in (2.2)},

with the norm
(2.6)

o, co, o]l := Imoll ., sy V)| il
q,91,°° T P,P1,©

Now we state our main results.

THEOREM 2.2. Let N > 2, the exponents p,p1,q,q1,7,71 and N1 be as in As-
sumption 1. Suppose that the initial data [ng,co,up] € Z and the external force
f e MY (RN). There exist positive constants €, d(e) and Ky such that the system
(1.2) has a unique global mild solution [n,c,u] € X satisfying ||[n,c,u]| , < 2/Ci€
provided that ||[no, co, uoll|; < 6. Moreover, the data-solution map is locally Lips-
chitz continuous.

THEOREM 2.3. Under the hypotheses of Theorem 2.2, assume that [n,c,u] and
[n, ¢, 1] are two solutions given by Theorem 2.2 corresponding to the initial data
[no, co, uo] and [Rg, o, Gg), Tespectively. Then

N
t—oo Lato—2

lim ( feTte HEﬁ(—tﬁ(—A)a/Q)(no - ﬁo)HMgl + HEB(—tB(—A)D‘/Q)(co - 60)‘

| V(=8) B (0 (-2) ) e — )|
2.7) 1
BN

B B -, ) =0
P1
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if, and only if,

. — BN - . ~
lim ¢ 57 1) = A )|y, = Jim e 1) = & )]

t— La+]g—2
B B
= lim (- 8) 2 el 1) — el )|
t—o0 M:l
. _BN_ B -
(2.8) = lim 5 T u( 1) = 1)y, = 0.

3. Linear estimates for the Mittag-Leffler operators

We start this section recalling some time-decay estimates of the heat semigroup
{Sa(t)};>¢ on Morrey spaces (e.g. [14, Lemma 2.2]).

LEMMA 3.1. Let k be a multi-index, 1 <p; <p<ooand 1l <q <q<oo. If
p>q and pﬁl > qll, then there exists a positive constant C > 0 such that

(3.1) 1Sa(t) fla, < CFGET0) £l ugg
(3:2) V58 vy, < Ct G075 ) gy
(3.3) 1Sa(®)fll e < Cl Sl »

forall f €S,

Next lemma is necessary to obtain time-decay estimates for the Mittag—Leffler
operators in Besov-Morrey spaces.

LEMMA 3.2. If 8 € (0,1) and —1 <1 < o0, then

ri+1)
Lpl+1)

LEMMA 3.3. Consider B € (0,1) and p1,p,q1,q be as in Lemma 3.1 such that

P q pN
— > = 1<g<p< o and
»oa 1=r ’ ap+ N

Then, for any f € M , there exists a constant Cy > 0 such that

Mp(t) >0 forall ¢ >0, and / t'Mp(t) dt =
0

<q.

ProoF. Using (1.6), (3.1) and Lemma 3.2 we obtain

[Bs-tcarai],, < [ Mo I8a0 g, o

< [ Mu@) (@) T g, dr

0
<0 [ Myr) mEG DG | f gy dr
0
<o #6 ([TrH D) 0r) 171y
o q1
<Ot = G8) | fll g+ >0
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On the other hand, using (1.7), (3.1) and Lemma 3.2 we have that

HEﬁ,ﬁ(*tﬁ(*A)o‘/z)fH < /OOO BrMg(7) HSa(TtB)fHMEI dr

P
Mp,

Note that if [; = —& (% — }%) then by hypotheses [y > —1, and thus, from Lemma

[e3

3.2, the constant Cy = C4(p, ¢, N, () is such that

Il +1) B Il +2)
LBl +1)" T(B(l + 1) + 1)} -0

Clzcmax{
O

LEMMA 3.4. Let k be a multi-indez, 8 € (0,1) and p1,p,q1,q be as in Lemma

3.1 such that

N
LS9 gpda — P g<p<oo

L G (—I[k)p+ N
Then, for any f € M , there exists a constant Cy > 0 such that

_ Blk|

(3.4) HvkE'B(_tﬁ(_A)a/Z)fHMgl <Oyt~ w(G5) - e

Blk|

I O ) e A [P

PROOF. From the Leibnitz rule we have that

VEEg(—t?(—A)*/?) f = / h Mg(T)V*So(rt?) f dr,
0

VEEg s(—t?(—=A)*/?) f = /0 BTM s(1)VES, (rt7) f dr.

Arguing as in the proof of Lemma 3.3, using (3.2) and Lemma 3.2, we can obtain

HVkE,B(_tﬁ(_A)a/Q)fHMp S/O Ms(7) |V Sa () || vpp, A7

oo gy (1-1)-Ll
< | My(n) C (%) N | fl g, dr
0
<[ M) GG ) dr
0

o0

<o () (/ r % (G2 My () dT) 111,
0

_ Blkl

BN
<Ot~ = )5 | fll g+ t> 0,
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On the other hand, by (3.2) and Lemma 3.2, we obtain

[V Bast-t -], < /0 BrM (1) V4 5at7) || 1,

< BC M (7) T*%(%*%)*%+1t*%(é -2 Hf”Mq dr

< ot~ (G-5)- 5 (/ Tl_%(%_%)_%Mﬁ(T) dT) 1l ame
0 q1

< Oyt~ G3) -2 1£lagg, + t>0.

Note that if Iy := ‘aﬂ x
+0)

constant Cy = Cy(p,q, N

L(ly +1) BT (ls+2)
Cy>C max{r(l2+1)7f(,8(l2+1)+1)} -0

(% — %) then by hypotheses lo > —1 and thus the
(by Lemma 3.2) is such that

O

LEMMA 3.5. Let k be a multi-index, 1 < ¢ < q<o0,1<r; <r < oo and
b < 0, then there exists a constant C3 > 0 such that

HE,@(—tﬁ(—A)m)fHMgl < Ogt™ 1fllas, -
|Ba(=t" =0y s < Califll,-

HV’“EB(—tB(—A)"/2)fHM < Ot || VS|

NP

T, 71,00

PRrROOF. Using the equivalence (1.4) and Lemma 3.2, we get

HEM—t%A)a/Q)fHMgl < [ M) 150 | g, 7

< /0 Mu(r) (rt)* (rt%) =% ||S(rt) ) g,

o b 80 8o b
S/O Mﬁ(T) Tota ||fHN;quood7‘:ta </O Mﬁ(T) Ta dT> ”f”/\/b

_tBb F(b ) f <Ct& f
- m” H/\/b 3 ” ”Ng’qloo

On the other hand, using (3.3) we obtain

[Ba-e-arp], < [ Mo 5are) ] i

< / My(7) C | f]l e dr
—-C (/ Mpg(T) dT) Ifll oo < Callfll oo -
0



ON THE FRACTIONAL CHEMOTAXIS-NAVIER-STOKES SYSTEM 295

In addition, using the equivalence (1.4) and Lemma 3.2 we have that

HV’“EQ(—tﬁ(—A)a/Z)fHM; < /Ooo Mjs(7)||V*Sa(rt))f oy, dr

S/o Mpg(T) (Ttﬁ) (Ttﬁ)7%|{5a(7't5)ka||M:1 dr

g/o My(r) 5% |V f| dr

T,71,00

& h ) 7% dr k
i (/O Mu(r) d>||vﬂ

o DR +1)
F(ﬂg +1) ||v f”]\/',h,loc

<Ot |V,

b
Nr,rl.oo

t

Thus, we conclude the proof of the lemma. O

4. Global existence and stability

In this section we prove the main results established in Section 3. For that, we
prove a set of linear and bilinear estimates in the norms of solution spaces which
allow us to apply a fixed point argument. For each triple of initial data [ng, cq, ug]
and force ¢, we consider the mapping F ([n, ¢, u]) = [N, C,U], defined by
(4.1)

N(t) = Ep(~t(=2)**)no —/0 (t =) " Bpp(—(t — 1) (=2)*/?)(u- Vn)(r) dr

*/0 (t—71)"'VEgs(—(t — 7)?(=A)**)(nV((-A)"%¢))(7) dr,
= Eﬁ(_tﬁ(_A)a/z)no + le),,l(t) + B%,z(t),

C(t) = Es(—t7(=2)*"*)co —/0 (t =) Bap(—(t — 1) (=2)*?)(u- Ve)(r) dr

+ / (t = 1) By p(~(t — )% (~A)*/)(ne)(r) dr,
= E/J‘(_t/@(_A)a/Z)CO + Bg,z(t) + B%,z(m

Uty = Ep(—t"(=2)*"*)uo —/ (t =) Bpp(—(t = 1) (=A)**)P(u- Vu)(r) dr

- / (t— 1) B 5(—(t — 1) (~A)*D)P(nV ) (r) dr
= Eg(—t?(=A)*?)ug + B3 5(t) + La(t), 0<t< oo.

In (4.1) we use conveniently the notation Bfk(t) where the subscripts ¢, k indicate

the unknowns appearing in the term B7 (1 for n, 2 for ¢ and 3 for u). Using this
notation, we introduce the following lemma, which is key to prove Theorem 2.2.
The proof of this lemma can be found in [16].

LEMMA 4.1. For 1 <i <3, let X; be a Banach space with the norm || - || 5.
Consider the Banach space X = X1 X X5 X X3 endowed with the norm

[zl = llzallx, + 2l x, + 3]l x, ,
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where © = [z, 2, 23] € X. For 1 <i k,j <3 assume that Bj X X Xy = X is

a continuous bilinear map, that s, there is a positive constant C]k such that

for all (x;, x) € X; x Xp.

L) | < Ol el

Also assume that L3 : X1 — X3 is a continuous linear map such that ||L3||X1_>X:3
v. Set the constants

Ki:=1+~ and Ko :72 k+ZC

i,k=1 7,i,k=1

and let 0 < e <

and Be = {x € X : ||z||, <2Ki€}. If ||y]l < € then there
1Ko
exists a unique solution x € B, for the equation © = y+B(x), where y = [y1,y2, Y3,

B(x) = [By(x), Ba2(x), Bs(x)] and

3 3
Bl<x) = Z Bz‘l,k('ri’xk>7 Z xzaxk )
i k=1 ik=1
3
Bi(x) = B} (@i, ox) + (L o (y1 + B1))(z)
k=1

4.1. Bilinear estimates.

LEMMA 4.2. Under the hypotheses of Theorem 2.2 there exist positive constants
K1 and Ko such that

[Bs1 ()|, < Killullx, lInllx,

[Bia(n. )|y, < Kalinllx, llell,

for all [n,c,u] € X.

PRrROOF. From the conditions (i), (i4) and (i) in Assumption 1, we have that

BN B, BN BN _,
pa

B-C =500 1-284 04
ap

Taking s; = 241, from (A), (B) and (C) in Assumption 1, it follows that

1<51<ﬂ<q and i>ﬂi

P+q @ ptgst
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and from Lemma 3.4, we get

(42) (1B} 1) 0] vy

t L BN_B
Scz/o t—7) . (T paz, ()| pgg, dr - (by (1.3))

t
<o [ (e R Rl I,
0

BN _ N N N
_ oyt 56(6—ﬁ—ﬂ 1-op B BN LB )nunxgnm
a ap a ap aq

BN _
=Ky ton 7 ully, lInl,

for all t > 0, where K1 = K1(N, 8,p,p1,49,q1,) and b(-, -) denotes the beta function.
In addition, from the Assumption 1, we have

N N N
ﬁ—é—ﬂ—>0, 1—26+é+ﬁ—+5—>0.
a ar a  aqg ar
Taking s = T:fél it follows that
1
1<s < <gand L> "1
T+ g T+qs2

and applying Lemma 3.4 we get
(43)  [|BLam O] ey

</ (=1 [T Ea s (= 1~ V(A 20| dr

| = B (= 7 () @V (-A) ) () dr

Sl
N
Q
~—r
Q

t
§C2/ (t77')371(t77')7%(1+l7l T
0

BN B

t
<O [[(t=1" " ()],
0

VAP, dr by (13)

t _,_BN_B BN_5 BN B _
<y / (t—7) S R A B Il el
BN _ N B BN BN
_ oy Bb(ﬁ—ﬁ—ﬁ—,l—zﬂ+—+—+— Il lellx,
(073 ar (0] Oéq oTr

BN _
=Ko tor P ln|ly, llex, -

for all ¢ > 0, where Ko = K2(N,8,q4,q1,7,71). Thus, from (4.2) and (4.3), we
conclude the proof of the lemma. O
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LEMMA 4.3. Under the hypotheses of Theorem 2.2 there exist positive constants
K3, K4, K5 and Kg such that

IA

(4.4) 183 2w, )| .,
(4.5) B 2(n, ¢

(K + Ka) [Jull x, llellx, -
(K5 + Ko) [[nllx, llellx, -

IN

x,
for all [n,c,u] € X.

PROOF. From the conditions (4), (#4) and (7i7) in Assumption 1, we have that

N N N
5—§—6—>0 ﬁ+ﬂ+ﬁ—>0 and PN _ PN > 0.
ap ap ar  ap
Taking s3 = WI\M, from (A), (B) and (C) in Assumption 1 we get
pN N pN 1
1< < < d 1>
783*N+p(a+9—2)*a+9—2 an T N+pla+60—2)s;
and
pN r pN 1
1<s3< < d —
S S N et = M I N et 0-2) 5

Hence, from Lemma 3.4 we have the following bound for 133 , and V((—A)*Q/ng)Q):
(4.6)
HB§,2(u7 C)(t) ||L$

/0 (t—7)P  Epp(—(t — )P (~A)*)(u- Vo) (r)dr

N
L at0-2

</ (=) Bap(—lt =)Aoy dr

0

_N
Loato—2

<0 / (t—7)P Lt — ) W (25— o) (1))

pN
MSI\37+p(o4+972)

<G [ =) B () g, )], a0 ((13))

L+92

t
_ BN _B BN B __
<0 / (t— )P IS A Ay ]y, llelly,

N N
:@b( 80N 1-p+by 5p)||u|xs|c||x2

= K3 |ully, IICIIXQ,
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and
(4.7)
|V(=2) 2B )|,
t
= [z [ Bt A Vel e
0 M;l
t
< [a=n |92 Bopt =y oy yworn)||ar
t N (1 « —2 1 2—
o L Rl o Yl [5G, [
0 MSJX+p(a+9—2)

L+92

¢ BN BN 4
<Oy ; (¢ =r)er—er lu(T) | g Mle(T)]

t
BN_i_ /3N B _
<0, / (t— )1 ar ful ., el

N N
_ o, s, (5 LI ﬁp) lully, el

ar ap

BN B
=Ky tor o0 lully, e, -

299

Analogously, from the conditions (4), (i7) and (7i¢) in Assumption 1, we have that

N N N N
B—B—>0, 1—6+6—>0, and é—ﬁ—+5—>0
aq aq ag  ar
Taking s4 = WI\M, from (A), (B) and (C) in Assumption 1, we obtain

1<sy < Al < d 1> Al !
an -,
=M= Niga+0-2 " a+0-2 = Ntaqlat0—2) s
and
qN r qN 1
1< < <r and —>
== Naglat+6-2) N+qgla+0—2)ss

Hence, using Lemma 3.3 we can estimate 57 , and V((fA)’G/zBiQ) as follows:
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(4.8) [|BY5(n,0)(1)]|

< [ |Bas-t— P 2y me)

0

N
Lato—2

/0 (t = 1) B p(—(t — 1) (—=A)/2)(nc) (r)dr

N
L at6-2

dr

_ N
Lato—2

N _ _
L(%“+%7L“

<c [=nP - ) @) e dr

q
M§Z+q(”+972)

<a | (t—ﬂf’*%nn(ﬂnwl le)l s dr (by (13))

L+92

t
1—
<c / (t— )P S B dr nly, ey,
0

o ( - 1o ﬁN) Inllx, lelx,
— K5 [Inllx, llellx,

and

(4.9)

|V (=2)72(B2 (. 0))

r
My

= HV(—A)_‘”2 /0 (t =) B p(—(t = 7)°(=2)"/?)(ne)(r) dr

MT

1

< /Ot(t =[O B - 1 A A0, dr

BN (1 +60-2 1 B(1—0)
(EJFQT*?)*T

t — )Pt — 1) ne)(T N T
§C2/O(t Yl — ) [CRTC TP

NFq(ato—2)
s4

EN

t
BN BN B_4q
<c, / (t =) S S () g, eIy, dr

BN _ BN B

t BN Mfﬁ
< / (t— 1) S+ P ar ], el
0

wis g, (B_ BN BN o
et (22 B0 B 5 B el

BN  B__
=Kg tarta B Hn||X3 HC||X2 )

for all ¢ > 0, where K35 = K3(N,53,p,p1), Ks = K4(N,B,p,p1,7,11), K5 =
K5(N,B,q,q1), K¢ = Ks(N,B,q,q1,7,r1). Thus, from (4.6)-(4.9), we conclude
the proof of the lemma. O

LEMMA 4.4. Under the hypotheses of Theorem 2.2 there exists a positive con-
stant K7 such that for all u € X3,

1B a(w, 0|, < Krllul, -
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PROOF. From the conditions (i), (#4) and (7i7) in Assumption 1, we have that

B—é—B—N>O 1—25+%+25—N>0,
ap ap

and since the projector operator P is bounded in MPb ;| we get

(4.10)

||B§73(u,u)(t)’|M§1 = H/O (t =7V By s(—(t — 1) (=A)*?))P(u - Vu)(r)dr

Mi,
< [t=0 |V Baate - P2 o), dr
< [= |9 Baate - -y e i), ar
<Gy / (=) WG lweumll g dr (by (3.5)
<G [[6= 7 ) g, I, dr (b (13)
=G [[= ) B g, dr
<G [(-mp B ) R,
= Cytitas b(ﬁ—g—ijz 1—2ﬁ+25+w> lu(7) 1%,
= Kz tor T ful,
for all t > 0, where K7 = K7(N, 8, p, p1)-
(I

LEMMA 4.5. There exists a constant v > 0 such that for alln € X1,

[L3(n) Dl x, <vllnllx, -
PRrROOF. From the conditions (i), (i4) and (4i7) in Assumption 1, we have that

B—é—ﬂ—N+ﬂ—N>0, 1—2ﬂ+£+5—>0
e aq ap aq

Niga

Taking s5 = 744, from (A), (B) and (C) in Assumption 1, we get

N Ng 1
1<s5< q <p and £> 4

~ N+4gq N+gqss
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Thus Lz(n) can be estimated as follows:

(4.11)

a0 Ol = | [ =7 B0 = (- ) 2T )) ar

M3,
t
< [e=nr 2 [Bsste -0 =81 Ve, dr
t N (1 1 1
e T s Sl [ UG [
0 MSI\S’Jrq
¢ _1_B8N_ B BN
<G [ = E V) g, I, (O (13)
t N 3 53N 2 3N
<y [(t-ry T E S i)y, (b (23)
0
N N N 2 N
<ottty (5o 2L AN o B B o,
a  aq ap « aq
BN B _
=y R
for allt>0, Where’Y:’Y(N7/87NlapaplaQ7q17¢)' 0

4.2. Proof of Theorem 2.2. Consider X7, X2, X3 as in (2.4) and let
y = |Eg(—t"(=2)*)ng, Es(—t?(=A)*"*)co, Eg(—t?(=A)*"*)uq| .

For = [n,c,u] € X = X; x X5 x X3, we denote B(x) = [By(z), Ba2(x), Bs(z)],
where

Bi(z) = B3 1 (u,n)(x) + By 5(n, c) (2),
(4'12) BQ(CC) = 832)’2(’11,, C)(SC) + B%,Q(n7c (1‘),
Bs(z) = Bgs(u,u)(x) 4+ Lso (EB(—tﬁ(—A)a/Q)no + Bl) (x).
Note that from Lemmas 4.2, 4.3 and 4.4 the operators Bf’j in (4.12) are bilinear

and continuous; also, from Lemma 4.5 it holds that L3 is a continuous linear map.
Now, let

7
(4.13) Ki=1+7 and Ky=~v(Ki+K)+) K
i=1
where K1, Ko, -+ , K7 and «y are the constants given in the previous lemmas. Then,

computing the norm X of y, we get

9l = || Ba(=t* (=2)")no|

o B 2y e

o [ B 2

X3

=supt oo 7| Eg(—t?(—A Es(—t7(-A

sup 8(=t"(=A)* )no g, TSP (=7 (=A) " eo|| _x
. _BN_B.p —0/2 B a/2

+supt ar @ V(=A)""""Eg(—t7(—A)*)co
>0 My

BN B
tsup ¢ arath HEB(—#*( - A)Q/Z)UOH

t>0 Mp,y
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Recalling that the initial data satisfies (2.2), applying Lemma 3.5 and taking into
account the definition of the norm X in (2.6) we obtain

BN

_BN g P
lylle = sup ¢~ a7 Co t 7= |Inoll x_. +Co lleoll |
t>0 4,91 ,°0
BN
_BN_B T Pats _
+sup tar "ot Co T V((=4) G/QCO)‘ ot
>0 Nilry o0
BN
BN _ 8 BN _patp
+sup ter “tP eyt G [uoll & ais
t>0 Np‘?pl,oo
_ B 5B
= Co sup £ er 70 e HnO”Nﬁ;‘; +Colleoll, -,
+ Cy sup t_%_g—i_ﬁ t%+§_ﬂ V((—A)_Q/QCO)‘ N _ i1
t>0 Nrlry oo
_BN_B BN B _
+Cosup ¢~ e Tt et e || w
t>0 NP?T’lvOO

AV-0/2
<Co (Il s o +leol, iy + [T2) 20| s otlvol s )

S CO H(n(b COvuo)”I .

Then |ly||, < e provided that [|(no,co,u0)ll; < J, where § = 7-. Hence, from

Lemma 4.1 we have that, if 0 < e < , there exists a unique solution z € X

1
41 Ko
for the equation 2z = y 4+ B(x), and thus, there exists a unique solution [n, ¢, u] for
the system (4.1) such that [|[n, ¢, u]||, < 2K €. |

4.3. Proof from Theorem 2.3. We first show that (2.7) implies (2.8). Let
[n, ¢, u] and [, ¢, @] be two solutions provided by Theorem 2.2 and let

N N N
W BN BN B BN B
aq ar  « ap  «
Taking the difference n — 7 and computing the norm || - || , we get

(4.14)
t' |ln(t) — ()| ag,

<t [ Ba(=t"(=2)"*)(no — o)

q
Mgy

+ la /Ot(lf—r)ﬁ_1 HEBVB(—(t—T)/B(—A)a/Q)(“'V”_a'vaMZ .

+ 1l /j(t =) VB =) ) (aV (2 —avi-a) )|

= tla

Es(—t"(=8)")(no = )|, +J1(6) + ().

a1
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Using that w-Vn —a-Va = (u—a)-Vn+a-V(n—n) and working as in (4.2),
the integral .J; is bounded as follows:

(4.15)

#p_l

I /\

t—T

(1w = DOl aag, 12l ag, + 15 g, = 7)) g,

\\

t, T Np L —mp—lq tp H( )(T)”Mgl HTLHX1 dr
+Crt / (t =)= tr Tl ) fl(n = 7) (7)) g dT
o 1
1
<G / (L= 2= el (t2) || (u — @) (t2) |z, Il d2
0

1
+Cy / ) L e Y (7 (1% [(n = @)(t2) | pga dz (taking 7 = tz)
0 1

IN
o)
h

(1 —z)re=tyrela

((tZ)“’” 1w = @) ()l agg, I, + ()" lallx, ll(n — ﬁ)(tz)”Mgl) dz.

Working in analogous way to the last inequality, but taking into account the
reasoning used in (4.3) we have that

(4.16)
t

Ta(®) < ot [ (6= rye e (= )0l ey, (), d7
0

t
L N e e S LTI/
0

V(=8 Pe—am) dr

M£1

1
<G [ 4 (= R ) g, el 2
0

V«fArW%cfaxmledz

1
< s / (1 — z)rtylammr
0

((tZ)lq l[(n = 2)(E2) | pag, Nlellx, +(82)"

(=2 e=ania)| |ﬁ||X1> dz.
On the other hand,

(4.17)

le =N, 4y < |[Bo(—t7(=2)°")(co — o)

N
Lato—2

- /Ot(t =) || B (—(t = )P (=2)°/) (u- Ve~ ne — - Ve~ i) (7)|

N
Late—2

N T+ J3(t)7

Lato—2

= [Ba=? a)72) e — )|




ON THE FRACTIONAL CHEMOTAXIS-NAVIER-STOKES SYSTEM 305

(4.18)  thr

VA e o),

S t#r

V(=) Ep p(~(t = 1) (=)"/) (e — @) |

t
+ thr / (t—7)°1
0

HV(_A)—G/QEM(—@ —P(=A)*?) (u- Ve - ne — @ - VéE— 7d) (T)H

M;l

Mz
= hr VPAYﬂnE&M—U—ﬂBPAfﬂx%_6®M4‘+A@%

and

(4.19)  t*» ||(u_a)(t)”M£1 < the EB(—tB(—A)‘W)(uo—ﬂo)HM51
4 hr /Ot(t_T)BflHEM((t—7)5(—A)°‘/2)P(u-w—ﬁ'W)(T)HM,@ ar
g /Ot(th)B—l HEM((tfT)ﬁ(fA)D‘p)("V‘ﬁ*hv‘g)(T)HMg ar

= thr

Ea(—t°(=A)) (uo — aO)HMP + J5(t) + Jo(2).

P1

On the other hand, from the estimates (4.6),(4.7),(4.8),(4.9),(4.10) and (4.11) we
have

(4.20) Js(t)
<Gy /01(1 — oyl
((tZ)“” I(w = @) ()| pz, el x, + 1Tl x, [I(c = &) (E2)
+C /01(1 —z)lamlyTle

()" 10 = )2l g, el + 7l e = DE ) de

N )dz

||La+9—2

1
J4(t) S C~5 / (1 — Z)MP71Z7MP7MT
0

((tZ)”’“ I(w = @) pp, Nlellx, + llallx, (E2)"

)V(—A)*W?(c - é)(tz)HM: > dz

1
+ Ce/ (1 —z)la—rr=1,7lk
0

(7 lw =gy, el + Nl e = ey ) d

at+6—2

1
Js(t) < Cr / (1 — z)He= 1720
0

(@27 I = @)t pag, Tl + Nl )7 1w = @)(E2)l]pgp, ) d2,
and
(4.21) Jo(t) <& /0 (1 —2)la ety gyl || (n — 7)(t2) || nqg, d-

Now we define
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Ay :=lim sup tle [ln(-,t) — ~(-,t)||Mg , A :=1lim sup|c(-,t) — é(-, t)]]
t 1 t—00

— 00

_N
Lato—2

As ;= lim sup t""
t—o00

V=8) et~ n)],,

Ay :=1lim sup t"? ||u(-,t) — @(-,t)HMg .
t 1

—o0
Since ||[n, ¢, ul|| 5 , |[70, € 4]|| < 2/Cre, we have that Ay, As, A3, Ay < oo. Taking the
lim sup in (4.14),(4.17), (4.18), (4.19), and using (4.15), (4.16) and (4.20)-(4.21),

t—o00
we obtain

1
A1 < 0+ C~’1 2]C1€/ (1 — Z)Mpilzi‘upilq dz (A4 + Al)
0

1
+ 02 2’C16/ (1 — Z)‘ur_lz_lq_ﬂr dz (Al + A3)
0
<2K1€e[K1 (A + Ag) + Ka(Ay + A3)],

1
Ay <0+ 032’(:16/ (1 — Z)H”_lz_ﬂp dz (A4 + Ag)
0

1
+ 64 2/C16/ (]. — Z)urilzilq dz (Al + AQ)
0
< 2Kq€e[K5(A2 + Ay) + Ka(Ar + Ad)],

1
A3 <0+ 05 2]C16/ (1 — Z)ﬂpilzi’upiﬂr dz (A4 + Ag)
0

1
+ Cs 2/C16/ (1 —2)lamr=1y7la gy (A} + Ay)
0
< 2K € [K5(As + Ayg) + Ke(Ar + Ag)],

1
Ay <0+ 072’(:16/ (1 - Z)“P_lz_glw dz (A4 + A4)+
0

1
’y/ (1 —z)lamrr=17l gy Ay
0
< 2K1e[K7 2A4] + vAq,
where K, Ko, K3, K4, K5, K¢, K7 and ~ are as in Lemmas 4.2.4.3, 4.4 and 4.5,
respectively. Recalling that 1 = 1 4+ v and Ky = y(K; + Ka) + ZZ:1 K; (see
(4.13)) and summing all A;’s, we arrive at
Al + As+ As + Ay
<2K1e[A1(K1 + Ko + Ka + Ke)] + A2(K3 + Ka + Kg) + As(Ka2 + Ks)
+ As(K1 4 Kz + K5 + 2K7) + vA4]
<2K1€e[A1(K1 + Ko+ Ko+ Ko) + (K1 + K2) + Ao (K3 + Ka + K)
+A3(Ks + K5 + vK2) + As(K1 + K3 + 2K7 + vK1)]
< 2Ki€ [Al ((Kl + Ko+ Ky + Ks) + (K1 + K2)) + Az(Kg + K4+ Kg)
+As(Ks + K5 + vK2) + As(K1 + K3 + 2K7 + vK1)]
<2Kq1e(Ar + As + A+ As) X [(k1 + ke + Ks + Ka + K5 + Ko + 2K7) +v(K1 + K2)],
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Note that Ky + Ko + K3 + K4 + K5 + K¢ + 2K7 + v(K1 + K3) < 2K,, and then
Ay + Ag 4+ Az + Ay < 4AK1Kqe (A + As + As + Ay),
but observing that 4/ se < 1, we conclude that
A=Ay =A3=A4,=0.
Now we turn to show that (2.8) implies (2.7). We proceed as in the estimates (4.14),
(4.17)-(4.19) and using the hypotheses A; = Ay = A3 = A4, = 0 in order to obtain

lim sup £ || E5(—t? (—A)*/2)(ng — ﬁo)H < Ay +lim sup (J1(t) + Ja (1))
M, t— 00

t—o0

<A+ 2’C1€K1(A1 + A4) + 2’C1€K2(A1 + Ag) <0,

v < Ay +lim sup Js(t)

pave=2 t—00

lim sup HEB(—tﬁ(—A)a/Q)(Co - 50)‘

t—o0

< Ay + 2K eK35(Ag + Ag) + 2K1e K4 (A1 + Ag) <0,

lim sup 4" ‘V(—A)_9/2E5(—tﬁ(—A)O‘/Q)(co - 50)H < As + lim sup Jy(t)
t—00 M:1 t—00
< A3 + 2]C16K5(A3 + A4) + 2]C16K6(A1 + Ag) < 07
and
lim sup ¢ || Eg(—t? (—A)*/?)(ug — ﬂo)H < Ay +lim sup(J5(t) + Js(t))
t— 00 M, t—o0
<Ay +2K1eK72A4 +vA1 <0
and thus, the proof is finished. [ |
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