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Global existence and asymptotic behavior of solutions for a
fractional chemotaxis-Navier-Stokes system

Miguel A. Fontecha-Medina and Élder J. Villamizar-Roa
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Abstract. We consider a fractional chemotaxis-Navier-Stokes model in the
whole space RN , N ≥ 2, with a time-fractional variation in the Caputo sense,
a fractional self-diffusion for the physical variables and a fractional dissipa-
tion mechanism for the chemoattraction process. We prove the existence and

uniqueness of global mild solutions with small initial data in a larger class of
critical spaces of Besov-Morrey type. Our result extend the well-posedness
ones in the classical (no fractional regime) obtained by Postigo and Ferreira
[16]. We also prove the long-time asymptotic stability of solutions.
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1. Introduction

Chemotaxis corresponds to the biological mechanism of the movement of living
organisms in response to a chemical stimulus, which can be given towards a higher
concentration of the chemical concentration (attractive) or towards regions of lower
concentration (repulsive). In addition, some experimental studies, as reported in
[17] and [28], have indicated that the interaction between cells and fluids affects
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considerably the dynamics. Some examples of this kind of behaviour have been
reported in striking experiments showing spontaneous formation of plume-like ag-
gregates in populations of Bacillus subtilis suspended in sessile water drops [31].
This kind of chemotaxis-fluid interaction can be modeled through the following
chemotaxis-Navier-Stokes system:

(1.1)

⎧⎪⎪⎨
⎪⎪⎩

nt + u · ∇n = DnΔn− χ∇ · (n∇c),
ct + u · ∇c = DcΔc− ρnc,
ut + (u · ∇)u = DuΔu−∇π − n∇φ,
∇ · u = 0,

where n = n(x, t) ≥ 0, c = c(x, t) ≥ 0, π(x, t) and u(x, t) denote respectively the
cell density, the concentration of the chemical signal, the pressure, and the velocity
of the fluid at position x ∈ Ω ⊆ RN , N = 2, 3, and time t > 0. In this model
it is assumed that the chemical signal is consumed with a rate ρ proportional to
the amount of cells. Both the cells and chemical substance are transported by a
viscous incompressible fluid, which, in turn, is driven by gravitation-induced force
−n∇φ, modeling the effects due to density variations caused by cell aggregation.
The additional parameters χ,Dn, Dc and Du are positive constants representing
the chemotactic sensitivity, the cell diffusion coefficient, the chemical diffusion co-
efficient, and the viscosity of fluid, respectively.

Taking into account that the behavior of most biological systems has memory
properties, which are neglected when an integer-order time derivative is assumed,
a natural consideration is substitute the first order in time derivative in (1.1) by a
temporal derivative in a fractional framework, introducing a nonlocal delay in time
for the moving population. On the other hand, system (1.1) assumes that the cell
diffusion is not affected by the nonlocal spatial behaviour of the organisms. How-
ever, recent observations indicate that in certain cases of chemotactic motion, or-
ganisms develop alternative search strategies, particularly when chemo-attractants,
food, or other targets are sparse or rare. This means that the trajectories of the
population of organisms are better described by the so called Lévy flights than
Brownian motion (see [12] and [20]). Lévy flights mechanism has been suggested
in several biological contexts, including immune cells, ecology, and human popula-
tions (c.f. [13] and references therein for a deeper discussion). Therefore, motivated
by the previous observations, we propose and analyze theoretically the following
chemotaxis-Navier-Stokes system in a fractional setting RN × (0,∞), N ≥ 2:

(1.2)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

cDβ
t n+ u · ∇n = −Dn (−Δ)

α/2
n− χ∇ · (n∇((−Δ)−θ/2c)),

cDβ
t c+ u · ∇c = −Dc (−Δ)

α/2
c− ρnc,

cDβ
t u+ (u · ∇)u = −Du (−Δ)

α/2
u−∇π − n∇φ,

∇ · u = 0,

where cDβ
t denotes the Caputo fractional derivative of order β ∈ (0, 1]. We recall

that the Caputo fractional derivative of order β of f is defined by

cDβ
t f(t) :=

d

dt

{
I1−β
t [f(t)− f(0)]

}
,
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for f ∈ L1(0, T ;X), T > 0, X a Banach space, and Iβt denoting the Riemann-
Liouville fractional integral of order β of f given by

Iβt f(t) :=
1

Γ(β)

∫ t

0

(t− s)β−1f(s) ds, t ∈ [0, T ].

Further, in (1.2), (−Δ)α/2, α ∈ (0, 2], denotes the fractional Laplacian operator of

order α/2 defined by (−Δ)α/2f(x) = F−1(|ξ|αf̂(ξ))(x), where f̂(ξ) = F(f)(ξ) and
F−1(f)(ξ) denote the Fourier transform and the inverse Fourier transform of f ,
respectively. In addition, ∇ (

(−Δ)−θ/2c
)
, θ ∈ [0, N), is also a nonlocal term which

can be alternatively represented by K(x)∗ c, K(x) ∼ x
|x|N−θ . The case β = 1, α = 2

and θ = 0 formally corresponds to the chemotaxis-Navier-Stokes system (1.1). For
simplicity in the notation and without loss of generality we assume that the value
of the physical parameters is 1, that is, Dn = χ = Dc = Du = ρ = 1.

In recent years, the analysis of existence, uniqueness, regularity, and long-time
asymptotic behavior solutions of chemotaxis-Navier-Stokes models has attracted
the attention of several authors, due to the importance in the biological context
and its theoretical challenges. For results on existence, uniqueness, regularity and
long time asymptotic behavior of solutions for (1.2) in the case of bounded domains
we refer [2, 3, 9, 23, 18, 26, 10, 29, 30, 31] and references therein. On the other
hand, in the whole space RN , N = 2, 3, the local and global-in-time existence of
solutions for (1.2) has been analyzed in [5, 6, 7, 21, 34], and some references
therein. In particular, in [21] the authors obtained a class of small global solutions
in the framework of weak-Lp spaces including double attraction nonlinear terms in
the density equation. A 3D-local well-posedness result for initial data in the non-
homogeneous Besov spaces class Bs

p,r×Bs+1
p,r ×Bs+1

p,r where 1 < p <∞, 1 ≤ r ≤ ∞,
and s > 3/p + 1, was proved in [34] and, in [7] the authors obtained a result of
existence of local-in-time solutions for large initial data, as well as global-in-time
existence for small initial data and some smallness condition on the gravitational
term, in critical homogeneous Besov spaces. Later, in [5] the authors proved an
extension criterion for local-in-time solutions. Even in the 3D case, in [6] the ex-
istence of global solutions for small initial data in the critical homogeneous Besov

space Ḃ
−2+3/p
p,1 × Ḃ

3/p
p,1 × Ḃ

−1+3/p
p,1 with 1 ≤ p < 3 was proved. More recently, in

[11, 16], the authors obtained results of existence and asymptotic behavior of small
global solutions in different classes of Besov-Morrey spaces type spaces.

Previous results are related to the non-fractional model (1.1). The aim contri-
bution of this paper is to analyze the existence and stability of global solutions for
the full fractional system (1.2). To the best of our knowledge, the fractional system
(1.2) has not been previously analyzed. However, the time-fractional Navier-Stokes
equations (with integer diffusion), which corresponds to a submodel of (1.2), have
already been studied in [4] in the framework of Lp-spaces. As point out in [4], the
interest in the analysis of the Navier-Stokes equations was reflected in [25] con-
sidering smooth solutions and establishing several results about the regularity of
their fractional derivative. Subsequently, in [33] the author proved the Shinbrot
conjecture, which stated that any weak solution of Navier-Stokes equations has
any fractional derivative of order less than or equal to 1/2. Some results on the
Navier-Stokes system with fractional diffusion were obtained in [15]. On the other
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hand, the fractional Keller-Segel system, even in the case in which the consumption
term nc is replaced by n − c, also has not been extensively studied. In fact, we
only known the references [1, 8] where the authors studied the global existence and
long-time behaviour of solutions for the time-fractional Keller-Segel system, that is,
assuming α = 2, θ = 0 and β ∈ (0, 1), and considering the production-degradation
regime n− c in the concentration equation. In [1], the authors analyzed the global
existence and long-time behaviour of solutions considering small initial data in the
Besov-Morrey space N−b

r,λ,∞ × Ḃ∞,∞ with N ≥ 2, 0 ≤ λ ≤ N − 2, b = 2− N−λ
r and

N−λ
2 < r < N − λ. The existence space in [1] is based on auxiliary norms like in

[32]. Some regularity properties of solution for (1.2), assuming α = 2, θ = 0 and

β ∈ (0, 1), and initial data in LN ∩ LN/2 ∩ L∞ × Ḃ∞,∞ were obtained in [8].

Our aim is to analyze the existence, uniqueness, and asymptotic behaviour of global
solutions for the spatio-temporal fractional chemotaxis-Navier-Stokes system (1.2)
in the framework of critical Besov-Morrey spaces. Before establishing our main
results, briefly we recall some preliminaries results about Morrey and homogeneous
Besov-Morrey spaces. For further details see [19, 22, 24, 27].

Definition 1.1. For 1 ≤ p1 ≤ p ≤ ∞ the Morrey space Mp
p1

= Mp
p1
(RN ) is

defined as the set of all measurable functions u : RN → R such that

‖u‖Mp
p1

= sup
x0∈RN

sup
R>0

R
N
p − N

p1 ‖u‖Lp1 (B(x0,R)) <∞,

where B(x0, R) is the closed ball in RN with center x0 and radius R. The space
Mp

p1
, endowed with the norm ‖ · ‖Mp

p1
, is a Banach space. For 1 ≤ p <∞ it holds

that Mp
p = Lp. In the case p = p1 =∞, it holds that M∞

∞ = L∞.

Next we recall the Hölder inequality in the framework of Morrey spaces.

Lemma 1.2. (Hölder inequality) Let 1 ≤ p1 ≤ p ≤ ∞, 1 ≤ q1 ≤ q ≤ ∞ and

1 ≤ r1 ≤ r ≤ ∞. If
1

r
=

1

p
+

1

q
and

1

r1
=

1

p1
+

1

q1
, then

(1.3) ‖fg‖Mr
r1

≤ ‖f‖Mp
p1
‖g‖Mq

q1
,

for all f ∈Mp
p1

and g ∈Mq
q1 .

Let us consider the Schwartz class S and the space of tempered distributions
S ′. Let u ∈ S ′ and ϕ(z) be a C∞-function on [0,∞) such that 0 ≤ ϕ(z) ≤ 1,

ϕ(z) ≡ 1 for z ≤ 3

2
and supp ϕ ⊂ [0, 5/3). Then, for all j ∈ Z, defining ψj(ξ) =

ϕ
(
2−j |ξ|)− ϕ

(
21−j |ξ|), it holds that ψj(ξ) ∈ C∞0 (RN ) and

∞∑
j=−∞

ψj(ξ) = 1, for all ξ �= 0.

Definition 1.3. The homogeneous Besov-Morrey space N b
p,p1,r = N b

p,p1,r(R
N )

is defined as the set of all u ∈ S ′/P such that ϕ∨j ∗ u ∈Mp
p1

for all j, and

‖u‖N b
p,p1,r

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎛
⎝∑

j∈Z

(
2bj

∥∥ψ∨j ∗ u∥∥Mp
p1

)r

⎞
⎠

1
r

<∞, 1 ≤ r <∞,

sup
j∈Z

(
2bj

∥∥ψ∨j ∗ u∥∥Mp
p1

)
<∞, r =∞,
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for 1 ≤ p1 ≤ p ≤ ∞ and b ∈ R, where P denotes the set of polynomials with N
variables. The space N b

p,p1,r is a Banach space with the norm ‖ · ‖N b
p,p1,r

.

Let us denote by {Sα(t)}t≥0 the fractional heat semigroup, which is defined

in Fourier variables as Ŝα(t)f = e−t|ξ|α f̂ . In this point we observe that if b < 0
the following equivalence holds (its proof follows in the same way of the proof of
Proposition 2.22 in Mazzucato [24])):

(1.4) ‖u‖N b
p,p1,∞

∼= sup
t>0

t−
b
α ‖Sα(t)u‖Mp

p1
.

In order to eliminate the pressure in (1.2), which can be recovered a posteriori, we
apply the Leray projector P = {Pjk}j,k=1,2,3 onto the velocity equation in (1.2). We

recall that P is defined by Pjk = δjk +RjRk, where Rj =
∂

∂xj
(−Δ)−

1
2 corresponds

to the Riesz operator. Thus, taking into account the Duhamel principle, system
(1.2) is formally equivalent to the following integral formulation:
(1.5)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n(x, t)=Eβ(−tβ(−Δ)α/2)n0 −
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇n) dτ

−
∫ t

0

(t− τ)β−1∇Eβ,β(−(t− τ)β(−Δ)α/2)(n∇((−Δ)−θ/2c)) dτ,

c(x, t)=Eβ(−tβ(−Δ)α/2)c0 −
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇c− nc) dτ,

u(x, t)=Eβ(−tβ(−Δ)α/2)u0−
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)P(u · ∇u+n∇φ) dτ,

where {Eβ(−tβ(−Δ)α/2)}t≥0 and {Eβ,β(−tβ(−Δ)α/2)}t≥0 are the Mittag-Leffler families
defined by

Eβ(−tβ(−Δ)α/2) =

∫ ∞

0

Mβ(τ)Sα(τt
β)dτ,(1.6)

Eβ,β(−tβ(−Δ)α/2) =

∫ ∞

0

βτMβ(τ)Sα(τt
β)dτ,(1.7)

with Mβ : C→ C being is the Mainardi function which is given by

Mβ(z) =

∞∑
N=0

(−z)N
N !Γ(1− β(1 +N))

.

In (1.5) n0, c0, u0, with ∇ · u0 = 0 in S ′, are distributions representing the initial
data. A triple [n, c, u] satisfying (1.5) is called a mild solution of (1.2).

2. Main results

Note that system (1.2) has a scaling property. Indeed, it is not difficult to check
that if [n, c, u] is a classical solution of (1.2), then [nλ, cλ, uλ], λ > 0, defined by
(2.1)

[nλ(x, t), cλ(x, t), uλ(x, t)]=[λαn(λx, λα/βt), λα+θ−2c(λx, λα/βt), λα−1u(λx, λα/βt)]

is also solution of (1.2). In this case, the map

[n, c, u] �−→ [nλ, cλ, uλ]

is called the scaling of (1.2), and the solutions invariant by this scaling are called
self-similar solutions. Observe that if [n, c, u] is a self-similar solution, the initial
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data [n0, c0, u0] must be invariant by the scaling, and therefore it must satisfy

n0(x) = λαn0(λx), c0(x) = λα+θ−2c0(λx), u0(x, t) = λα−1u0(λx).

Motivated by the above scaling analysis, we consider the following class of critical
spaces for the initial data:
(2.2)⎧⎨
⎩ n0 ∈ N

N
q −α

q,q1,∞(RN ), c0 ∈ L
N

α+θ−2 (RN ) with ∇((−Δ)−θ/2)c0 ∈ N
N
r −α+1

r,r1,∞ (RN ),

u0 ∈ N
N
p −α+1

p,p1,∞ (RN ),

and the external source φ such that

(2.3) tβ−
2β
α ∇φ(·) ∈ BCw((0,∞);MN

N1
),

where the exponents p, p1, q, q1, r, r1 and N1 are as in the following assumption.

Assumption 1. Assume that N ≥ 2, α >
3

2
, α + θ ≥ 2, β >

α

α+ 1− θ
and

p > r. For N = 3, suppose that the exponents p, q and r satisfy the conditions (i),
(ii) or (iii) below

(i)
N

2(α− 1)
< q < N ,

N

α− 1
< p <

qN

N + (1− α)q
,

N

α− 1
< r <

qN

N + (1− α)q
;

(ii) q = N ,
N

α− 1
< p <

N

2− α
,

N

α− 1
< r <

N

2− α
;

(iii)
βN

2βα− β − α
< q <

2βN

βα+ β − βθ − α
,

N

α− 1
< p <

βqN

(2βα− β − α)q − βN
,

qN

N + q(α+ θ − 2)
≤ r <

βqN

(2βα− β − α)q − βN
.

If N = 2 assume that p, q and r satisfy the condition (iii) above. Moreover, we
suppose also that p1, q1, r1 and N1 satisfy the following conditions:

(A) 1 ≤ p1 ≤ p, 1 ≤ q1 ≤ q, 1 ≤ r1 ≤ r, 1 ≤ N1 ≤ N ;

(B)
1

p1
+

1

q1
≤ 1,

1

r1
+

1

q1
≤ 1,

1

p1
+

α+ θ − 2

N
≤ 1,

1

q1
+

α+ θ − 2

N
≤ 1,

1

N1
+

1

q1
≤ 1;

(C)
p

p1
≤ q

q1
=

r

r1
;

(D) p1

(
1

N1
+

1

q1

)
≤ p

(
1

N
+

1

q

)
.

Remark 2.1. Assumption 1 comes from the time decay and nonlinear esti-
mates appearing in Sections 3 and 4 below, which are necessary to use a fixed point
argument. If we fix the parameters β, α and θ fixed as in Assumption 1, then it is
possible to find p1, q1, r1 and N1 sufficiently close to p, q, r and N , respectively,
such that the Assumption 1 is not empty. Also, if we formally consider β = 1,
α = 2 and θ = 0, our results are in agreement with the results established in [16]
for the non fractional chemotaxis-Navier-Stokes system (1.1).
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We define the functional spaces

(2.4)

X1 :=
{
n : t−

βN
αq +βn(·) ∈ BCw((0,∞);Mq

q1)
}
,

X2 :=
{
c : c ∈ BCw

(
(0,∞);L

N
α+θ−2

)
with t−

βN
αr − β

α+β∇((−Δ)−θ/2c(·)) ∈ BCw

(
(0,∞);Mr

r1

)}
,

X3 :=
{
u : t−

βN
αp − β

α+β ∈ BCw

(
(0,∞),Mp

p1

)}
,

where, for a general Banach space Z, BCw ((0,∞), Z) denotes the class of bounded
functions from (0,∞) to Z that are weakly time continuous in the sense of S ′. The
spaces X1, X2 and X3 are Banach spaces endowed with the norms

‖n‖X1
:= sup

t>0
t−

βN
αq +β ‖n(t)‖Mq

q1
,

‖c‖X2
:= sup

t>0
‖c(t)‖

L
N

α+θ−2
+ sup

t>0
t−

βN
αr − β

α+β
∥∥∥∇((−Δ)−θ/2c(t))

∥∥∥
Mr

r1

,

‖u‖X3
:= sup

t>0
t−

βN
αp − β

α+β ‖u(t)‖Mp
p1

.

Next, let us introduce the product space X
(2.5) X := {[n, c, u] : n ∈ X1, c ∈ X2, u ∈ X3}
with the norm

‖[n, c, u]‖X := ‖n‖X1
+ ‖c‖X2

+ ‖u‖X3
,

and the space of initial data

I := {[n0, c0, u0] : n0, c0 and u0 are as in (2.2)} ,
with the norm
(2.6)

‖[n0, c0, u0]‖I := ‖n0‖
N

N
q
−α

q,q1,∞
+‖c0‖

L
N

α+θ−2
+
∥∥∥∇((−Δ)−θ/2c0)

∥∥∥
N

N
r
−α+1

r,r1,∞
+‖u0‖

N
N
p
−α+1

p,p1,∞
.

Now we state our main results.

Theorem 2.2. Let N ≥ 2, the exponents p, p1, q, q1, r, r1 and N1 be as in As-
sumption 1. Suppose that the initial data [n0, c0, u0] ∈ I and the external force
f ∈ MN

N1
(RN ). There exist positive constants ε, δ(ε) and K1 such that the system

(1.2) has a unique global mild solution [n, c, u] ∈ X satisfying ‖[n, c, u]‖X ≤ 2K1ε
provided that ‖[n0, c0, u0]‖I ≤ δ. Moreover, the data-solution map is locally Lips-
chitz continuous.

Theorem 2.3. Under the hypotheses of Theorem 2.2, assume that [n, c, u] and
[ñ, c̃, ũ] are two solutions given by Theorem 2.2 corresponding to the initial data
[n0, c0, u0] and [ñ0, c̃0, ũ0], respectively. Then

lim
t→∞

(
t
− βN

αq
+β

∥∥∥Eβ(−tβ(−Δ)α/2)(n0 − ñ0)
∥∥∥
Mq

q1

+
∥∥∥Eβ(−tβ(−Δ)α/2)(c0 − c̃0)

∥∥∥
L

N
α+θ−2

+ t−
βN
αr

− β
α
+β

∥∥∥∇(−Δ)−θ/2Eβ(−tβ(−Δ)α/2)(c0 − c̃0)
∥∥∥
Mr

r1

+ t
− βN

αp
− β

α
+β

∥∥∥Eβ(−tβ(−Δ)α/2)(u0 − ũ0)
∥∥∥
Mp

p1

)
= 0,

(2.7)
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if, and only if,

lim
t→∞

t
− βN

αq
+β ‖n(·, t)− ñ(·, t)‖Mq

q1
= lim

t→∞
‖c(·, t)− c̃(·, t)‖

L
N

α+θ−2

= lim
t→∞

t−
βN
αr

− β
α
+β

∥∥∥∇(−Δ)−θ/2(c(·, t)− c̃(·, t))
∥∥∥
Mr

r1

= lim
t→∞

t
− βN

αp
− β

α
+β ‖u(·, t)− ũ(·, t)‖Mp

p1
= 0.(2.8)

3. Linear estimates for the Mittag-Leffler operators

We start this section recalling some time-decay estimates of the heat semigroup
{Sα(t)}t≥0 on Morrey spaces (e.g. [14, Lemma 2.2]).

Lemma 3.1. Let k be a multi-index, 1 ≤ p1 ≤ p < ∞ and 1 ≤ q1 ≤ q < ∞. If
p ≥ q and p

p1
≥ q

q1
, then there exists a positive constant C > 0 such that

‖Sα(t)f‖Mp
p1
≤ Ct−

N
α (

1
q− 1

p ) ‖f‖Mq
q1
,(3.1) ∥∥∇kSα(t)f

∥∥
Mp

p1

≤ Ct−
N
α (

1
q− 1

p )− |k|α ‖f‖Mq
q1
,(3.2)

‖Sα(t)f‖L∞ ≤ C ‖f‖L∞ ,(3.3)

for all f ∈ S ′.
Next lemma is necessary to obtain time-decay estimates for the Mittag–Leffler

operators in Besov-Morrey spaces.

Lemma 3.2. If β ∈ (0, 1) and −1 < l <∞, then

Mβ(t) ≥ 0 for all t ≥ 0, and

∫ ∞

0

tlMβ(t) dt =
Γ(l + 1)

Γ(βl + 1)
.

Lemma 3.3. Consider β ∈ (0, 1) and p1, p, q1, q be as in Lemma 3.1 such that

p

p1
≥ q

q1
, 1 < q ≤ p <∞, and

pN

αp+N
< q.

Then, for any f ∈Mq
q1 , there exists a constant C1 > 0 such that∥∥∥Eβ(−tβ(−Δ)α/2)f

∥∥∥
Mp

p1

≤ C1t
− βN

α ( 1
q− 1

p ) ‖f‖Mq
q1
,∥∥∥Eβ,β(−tβ(−Δ)α/2)f

∥∥∥
Mp

p1

≤ C1t
− βN

α ( 1
q− 1

p ) ‖f‖Mq
q1
.

Proof. Using (1.6), (3.1) and Lemma 3.2 we obtain∥∥∥Eβ(−tβ(−Δ)α/2)f
∥∥∥
Mp

p1

≤
∫ ∞

0

Mβ(τ)
∥∥Sα(τt

β)f
∥∥
Mp

p1

dτ

≤
∫ ∞

0

Mβ(τ) C
(
τtβ

)−N
α (

1
q− 1

p ) ‖f‖Mq
q1
dτ

≤ C

∫ ∞

0

Mβ(τ) τ
−N

α (
1
q− 1

p )t−
βN
α ( 1

q− 1
p ) ‖f‖Mq

q1
dτ

≤ Ct−
βN
α ( 1

q− 1
p )

(∫ ∞

0

τ−
N
α (

1
q− 1

p )Mβ(τ) dτ

)
‖f‖Mq

q1

≤ C1t
− βN

α ( 1
q− 1

p ) ‖f‖Mq
q1
, t > 0.
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On the other hand, using (1.7), (3.1) and Lemma 3.2 we have that∥∥∥Eβ,β(−tβ(−Δ)α/2)f
∥∥∥
Mp

p1

≤
∫ ∞

0

βτMβ(τ)
∥∥Sα(τt

β)f
∥∥
Mp

p1

dτ

≤
∫ ∞

0

βτMβ(τ) C
(
τtβ

)−N
α (

1
q− 1

p ) ‖f‖Mq
q1
dτ

≤ βC

∫ ∞

0

Mβ(τ) τ
1−N

α (
1
q− 1

p )t−
βN
α ( 1

q− 1
p ) ‖f‖Mq

q1
dτ

≤ βCt−
βN
α (1q− 1

p )
(∫ ∞

0

τ1−
N
α (

1
q− 1

p )Mβ(τ) dτ

)
‖f‖Mq

q1

≤ C1t
− βN

α ( 1
q− 1

p ) ‖f‖Mq
q1
, t > 0.

Note that if l1 := −N
α

(
1
q − 1

p

)
then by hypotheses l1 > −1, and thus, from Lemma

3.2, the constant C1 = C1(p, q,N, β) is such that

C1 ≥ C max

{
Γ(l1 + 1)

Γ(βl1 + 1)
,

β Γ(l1 + 2)

Γ(β(l1 + 1) + 1)

}
> 0.

�

Lemma 3.4. Let k be a multi-index, β ∈ (0, 1) and p1, p, q1, q be as in Lemma
3.1 such that

p

p1
≥ q

q1
and

pN

(α− |k|) p+N
< q ≤ p <∞.

Then, for any f ∈Mq
q1 , there exists a constant C2 > 0 such that

∥∥∥∇kEβ(−tβ(−Δ)α/2)f
∥∥∥
Mp

p1

≤ C2 t−
βN
α ( 1

q− 1
p )− β|k|

α ‖f‖Mq
q1
,(3.4) ∥∥∥∇kEβ,β(−tβ(−Δ)α/2)f

∥∥∥
Mp

p1

≤ C2 t−
βN
α ( 1

q− 1
p )− β|k|

α ‖f‖Mq
q1
.(3.5)

Proof. From the Leibnitz rule we have that

∇kEβ(−tβ(−Δ)α/2)f =

∫ ∞

0

Mβ(τ)∇kSα(τt
β)f dτ,

∇kEβ,β(−tβ(−Δ)α/2)f =

∫ ∞

0

βτMβ(τ)∇kSα(τt
β)f dτ.

Arguing as in the proof of Lemma 3.3, using (3.2) and Lemma 3.2, we can obtain

∥∥∥∇kEβ(−tβ(−Δ)α/2)f
∥∥∥
Mp

p1

≤
∫ ∞

0

Mβ(τ)
∥∥∇kSα(τt

β)f
∥∥
Mp

p1

dτ

≤
∫ ∞

0

Mβ(τ) C
(
τtβ

)−N
α (

1
q− 1

p )− |k|α ‖f‖Mq
q1
dτ

≤ C

∫ ∞

0

Mβ(τ) τ
−N

α (
1
q− 1

p )− |k|α t−
βN
α ( 1

q− 1
p )− β|k|

α ‖f‖Mq
q1
dτ

≤ Ct−
βN
α ( 1

q− 1
p )− β|k|

α

(∫ ∞

0

τ−
N
α (

1
q− 1

p )− |k|α Mβ(τ) dτ

)
‖f‖Mq

q1

≤ C2t
− βN

α ( 1
q− 1

p )− β|k|
α ‖f‖Mq

q1
, t > 0.
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On the other hand, by (3.2) and Lemma 3.2, we obtain∥∥∥∇kEβ,β(−tβ(−Δ)α/2)f
∥∥∥
Mp

p1

≤
∫ ∞

0

βτMβ(τ)
∥∥∇kSα(τt

β)f
∥∥
Mp

p1

dτ

≤
∫ ∞

0

βτMβ(τ) C
(
τtβ

)−N
α (

1
q− 1

p )− |k|α ‖f‖Mq
q1
dτ

≤ βC

∫ ∞

0

Mβ(τ) τ
−N

α (
1
q− 1

p )− |k|α +1t−
βN
α ( 1

q− 1
p )− β|k|

α ‖f‖Mq
q1

dτ

≤ βCt−
βN
α ( 1

q− 1
p )− β|k|

α

(∫ ∞

0

τ1−
N
α (

1
q− 1

p )− |k|α Mβ(τ) dτ

)
‖f‖Mq

q1

≤ C2t
− βN

α ( 1
q− 1

p )− β|k|
α ‖f‖Mq

q1
, t > 0.

Note that if l2 := − |k|α − N
α

(
1
q − 1

p

)
then by hypotheses l2 > −1 and thus the

constant C2 = C2(p, q,N, β) (by Lemma 3.2) is such that

C2 ≥ C max

{
Γ(l2 + 1)

Γ(l2 + 1)
,

β Γ(l2 + 2)

Γ(β(l2 + 1) + 1)

}
> 0.

�

Lemma 3.5. Let k be a multi-index, 1 ≤ q1 ≤ q < ∞, 1 ≤ r1 ≤ r < ∞ and
b < 0, then there exists a constant C3 > 0 such that∥∥∥Eβ(−tβ(−Δ)α/2)f

∥∥∥
Mq

q1

≤ C3t
βb
α ‖f‖N b

q,q1,∞
,

∥∥∥Eβ(−tβ(−Δ)α/2)f
∥∥∥
L∞

≤ C3 ‖f‖L∞ ,∥∥∥∇kEβ(−tβ(−Δ)α/2)f
∥∥∥
Mr

r1

≤ C3t
βb
α

∥∥∇kf
∥∥
N b

r,r1,∞
.

Proof. Using the equivalence (1.4) and Lemma 3.2, we get∥∥∥Eβ(−tβ(−Δ)α/2)f
∥∥∥
Mq

q1

≤
∫ ∞

0

Mβ(τ)
∥∥Sα(τt

β)f
∥∥
Mq

q1

dτ

≤
∫ ∞

0

Mβ(τ)
(
τtβ

) b
α (τtβ)−

b
α

∥∥S(τtβ)f∥∥Mq
q1

dτ

≤
∫ ∞

0

Mβ(τ) τ
b
α t

βb
α ‖f‖N b

q,q1,∞
dτ = t

βb
α

(∫ ∞

0

Mβ(τ) τ
b
α dτ

)
‖f‖N b

q,q1,∞

= t
βb
α

Γ( b
α + 1)

Γ(β b
α + 1)

‖f‖N b
q,q1,∞

≤ C3t
βb
α ‖f‖N b

q,q1,∞
.

On the other hand, using (3.3) we obtain∥∥∥Eβ(−tβ(−Δ)α/2)f
∥∥∥
L∞

≤
∫ ∞

0

Mβ(τ)
∥∥Sα(τt

β)f
∥∥
L∞ dτ

≤
∫ ∞

0

Mβ(τ) C ‖f‖L∞ dτ

= C

(∫ ∞

0

Mβ(τ) dτ

)
‖f‖L∞ ≤ C3 ‖f‖L∞ .
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In addition, using the equivalence (1.4) and Lemma 3.2 we have that∥∥∥∇kEβ(−tβ(−Δ)α/2)f
∥∥∥
Mr

r1

≤
∫ ∞

0

Mβ(τ)
∥∥∇kSα(τt

β)f
∥∥
Mr

r1

dτ

≤
∫ ∞

0

Mβ(τ)
(
τtβ

) b
α (τtβ)−

b
α

∥∥Sα(τt
β)∇kf

∥∥
Mr

r1

dτ

≤
∫ ∞

0

Mβ(τ) τ
b
α t

βb
α

∥∥∇kf
∥∥
N b

r,r1,∞
dτ

= t
βb
α

(∫ ∞

0

Mβ(τ) τ
b
α dτ

)∥∥∇kf
∥∥
N b

r,r1,∞

= t
βb
α

Γ( b
α + 1)

Γ(β b
α + 1)

∥∥∇kf
∥∥
N b

r,r1,∞

≤ C3t
βb
α

∥∥∇kf
∥∥
N b

r,r1,∞
.

Thus, we conclude the proof of the lemma. �

4. Global existence and stability

In this section we prove the main results established in Section 3. For that, we
prove a set of linear and bilinear estimates in the norms of solution spaces which
allow us to apply a fixed point argument. For each triple of initial data [n0, c0, u0]
and force φ, we consider the mapping F ([n, c, u]) = [N , C,U ], defined by
(4.1)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N (t) = Eβ(−tβ(−Δ)α/2)n0 −
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇n)(τ) dτ

−
∫ t

0

(t− τ)β−1∇Eβ,β(−(t− τ)β(−Δ)α/2)(n∇((−Δ)−θ/2c))(τ) dτ,

:= Eβ(−tβ(−Δ)α/2)n0 + B1
3,1(t) + B1

1,2(t),

C(t) = Eβ(−tβ(−Δ)α/2)c0 −
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇c)(τ) dτ

+

∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(nc)(τ) dτ,

:= Eβ(−tβ(−Δ)α/2)c0 + B2
3,2(t) + B2

1,2(t),

U(t) = Eβ(−tβ(−Δ)α/2)u0 −
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)P(u · ∇u)(τ) dτ

−
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)P(n∇φ)(τ) dτ

:= Eβ(−tβ(−Δ)α/2)u0 + B3
3,3(t) + L3(t), 0 < t <∞.

In (4.1) we use conveniently the notation Bj
i,k(t) where the subscripts i, k indicate

the unknowns appearing in the term Bj (1 for n, 2 for c and 3 for u). Using this
notation, we introduce the following lemma, which is key to prove Theorem 2.2.
The proof of this lemma can be found in [16].

Lemma 4.1. For 1 ≤ i ≤ 3, let Xi be a Banach space with the norm ‖ · ‖Xi
.

Consider the Banach space X = X1 ×X2 ×X3 endowed with the norm

‖x‖X = ‖x1‖X1
+ ‖x2‖X2

+ ‖x3‖X3
,
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where x = [x1, x2, x3] ∈ X . For 1 ≤ i, k, j ≤ 3 assume that Bj
i,k : Xi ×Xk → Xj is

a continuous bilinear map, that is, there is a positive constant Cj
i,k such that

∥∥∥Bj
i,k(xi, xk)

∥∥∥
Xj

≤ Cj
i,k ‖xi‖Xi

‖xk‖Xk
, for all (xi, xk) ∈ Xi ×Xk.

Also assume that L3 : X1 → X3 is a continuous linear map such that ‖L3‖X1→X3
≤

γ. Set the constants

K1 := 1 + γ and K2 := γ

3∑
i,k=1

C1
i,k +

3∑
j,i,k=1

Cj
i,k,

and let 0 < ε <
1

4K1K2
and Bε = {x ∈ X : ‖x‖X ≤ 2K1ε}. If ‖y‖X ≤ ε then there

exists a unique solution x ∈ Bε for the equation x = y+B(x), where y = [y1, y2, y3],
B(x) = [B1(x),B2(x),B3(x)] and

B1(x) =

3∑
i,k=1

B1
i,k(xi, xk), B2(x) =

3∑
i,k=1

B2
i,k(xi, xk),

B3(x) =

3∑
i,k=1

B3
i,k(xi, xk) + (L3 ◦ (y1 + B1))(x).

4.1. Bilinear estimates.

Lemma 4.2. Under the hypotheses of Theorem 2.2 there exist positive constants
K1 and K2 such that

∥∥B1
3,1(u, n)

∥∥
X1

≤ K1 ‖u‖X3
‖n‖X1

,∥∥B1
1,2(n, c)

∥∥
X1

≤ K2 ‖n‖X1
‖c‖X2

,

for all [n, c, u] ∈ X .

Proof. From the conditions (i), (ii) and (iii) in Assumption 1, we have that

β − β

α
− βN

αp
> 0, 1− 2β +

β

α
+

βN

αp
+

βN

αq
> 0.

Taking s1 = p1q1
p1+q1

, from (A), (B) and (C) in Assumption 1, it follows that

1 ≤ s1 ≤ pq

p+ q
≤ q and

q

q1
≥ pq

p+ q

1

s1
,



ON THE FRACTIONAL CHEMOTAXIS-NAVIER-STOKES SYSTEM 297

and from Lemma 3.4, we get∥∥B1
3,1(u, n)(t)

∥∥
Mq

q1

(4.2) ∥∥∥∥
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇n)(τ) dτ

∥∥∥∥
Mq

q1

≤
∫ t

0

(t− τ)β−1
∥∥∥∇ ·Eβ,β(−(t− τ)β(−Δ)α/2)(un)(τ)

∥∥∥
Mq

q1

dτ

≤ C2

∫ t

0

(t− τ)β−1(t− τ)−
βN
α ( 1

q+
1
p− 1

q )− β
α ‖(un)(τ)‖

M
pq

p+q
s1

dτ (by (3.5))

≤ C2

∫ t

0

(t− τ)β−1− βN
αp − β

α ‖u(τ)‖Mp
p1
‖n(τ)‖Mq

q1
dτ (by (1.3))

≤ C2

∫ t

0

(t− τ)β−1− βN
αp − β

α τ
βN
αp + β

α−βτ
βN
αq −βdτ ‖u‖X3

‖n‖X1

= C2 t
βN
αq −β b

(
β − β

α
− βN

αp
, 1− 2β +

β

α
+

βN

αp
+

βN

αq

)
‖u‖X3

‖n‖X1

= K1 t
βN
αq −β ‖u‖X3

‖n‖X1
,

for all t > 0, where K1 = K1(N, β, p, p1, q, q1, ) and b(·, ·) denotes the beta function.
In addition, from the Assumption 1, we have

β − β

α
− βN

αr
> 0, 1− 2β +

β

α
+

βN

αq
+

βN

αr
> 0.

Taking s2 = r1q1
r1+q1

it follows that

1 ≤ s2 ≤ rq

r + q
≤ q and

q

q1
≥ rq

r + q

1

s2
,

and applying Lemma 3.4 we get∥∥B1
1,2(n, c)(t)

∥∥
Mq

q1

(4.3)

=

∥∥∥∥
∫ t

0

(t− τ)β−1∇Eβ,β(−(t− τ)β(−Δ)α/2)(n∇((−Δ)−θ/2c))(τ) dτ

∥∥∥∥
Mq

q1

≤
∫ t

0

(t− τ)β−1
∥∥∥∇Eβ,β(−(t− τ)β(−Δ)α/2)(n∇((−Δ)−θ/2c))(τ)

∥∥∥
Mq

q1

dτ

≤ C2

∫ t

0

(t− τ)β−1(t− τ)
− βN

α

(
1
q
+ 1

r
− 1

q

)
− β

α

∥∥∥(n∇((−Δ)−θ/2c))(τ)
∥∥∥
M

rq
r+q
s2

dτ

≤ C2

∫ t

0

(t− τ)β−1− βN
αr

− β
α ‖n(τ)‖Mq

q1

∥∥∥∇((−Δ)−θ/2c)(τ)
∥∥∥
Mr

r1

dτ (by (1.3))

≤ C2

∫ t

0

(t− τ)β−1− βN
αr

− β
α τ

βN
αq

−β
τ

βN
αr

+ β
α
−βdτ ‖n‖X1

‖c‖X2

= C2 t
βN
αq

−β
b

(
β − β

α
− βN

αr
, 1− 2β +

β

α
+

βN

αq
+

βN

αr

)
‖n‖X1

‖c‖X2

= K2 t
βN
αq

−β ‖n‖X1
‖c‖X2

,

for all t > 0, where K2 = K2(N, β, q, q1, r, r1). Thus, from (4.2) and (4.3), we
conclude the proof of the lemma. �
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Lemma 4.3. Under the hypotheses of Theorem 2.2 there exist positive constants
K3,K4,K5 and K6 such that

∥∥B2
3,2(u, c)

∥∥
X2

≤ (K3 +K4) ‖u‖X3
‖c‖X2

,(4.4) ∥∥B2
1,2(n, c)

∥∥
X2

≤ (K5 +K6) ‖n‖X1
‖c‖X2

,(4.5)

for all [n, c, u] ∈ X .

Proof. From the conditions (i), (ii) and (iii) in Assumption 1, we have that

β − β

α
− βN

αp
> 0, 1− β +

β

α
+

βN

αp
> 0 and

βN

αr
− βN

αp
> 0.

Taking s3 = p1N
N+p1(α+θ−2) , from (A), (B) and (C) in Assumption 1 we get

1 ≤ s3 ≤ pN

N + p(α+ θ − 2)
≤ N

α+ θ − 2
and 1 ≥ pN

N + p(α+ θ − 2)

1

s3
,

and

1 ≤ s3 ≤ pN

N + p(α+ θ − 2)
≤ r and

r

r1
≥ pN

N + p(α+ θ − 2)

1

s3
.

Hence, from Lemma 3.4 we have the following bound for B2
3,2 and∇((−Δ)−θ/2B2

3,2):

∥∥B2
3,2(u, c)(t)

∥∥
L

N
α+θ−2

(4.6)

=

∥∥∥∥
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇c)(τ)dτ

∥∥∥∥
L

N
α+θ−2

≤
∫ t

0

(t− τ)β−1
∥∥∥∇ ·Eβ,β(−(t− τ)β(−Δ)α/2)(uc)(τ)

∥∥∥
L

N
α+θ−2

dτ

≤ C2

∫ t

0

(t− τ)β−1(t− τ)−
βN
α (α+θ−2

N + 1
p−α+θ−2

N )− β
α ‖(uc)(τ)‖

M
pN

N+p(α+θ−2)
s3

dτ

≤ C2

∫ t

0

(t− τ)β−1− βN
αp − β

α ‖u(τ)‖Mp
p1
‖c(τ)‖

L
N

α+θ−2
dτ (by(1.3))

≤ C2

∫ t

0

(t− τ)β−1− βN
αp − β

α τ
βN
αp + β

α−βdτ ‖u‖X3
‖c‖X2

= C2 b

(
β − β

α
− βN

αp
, 1− β +

β

α
+

βN

αp

)
‖u‖X3

‖c‖X2

= K3 ‖u‖X3
‖c‖X2

,
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and

∥∥∥∇((−Δ)−θ/2(B2
3,2(u, c))(t)

∥∥∥
Mr

r1

(4.7)

=

∥∥∥∥∇(−Δ)−θ/2

∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(u · ∇c)(τ) dτ

∥∥∥∥
Mr

r1

≤
∫ t

0

(t− τ)β−1
∥∥∥∇2−θ ·Eβ,β(−(t− τ)β(−Δ)α/2)(uc)(τ)

∥∥∥
Mr

r1

dτ

≤ C2

∫ t

0

(t− τ)β−1(t− τ)−
βN
α ( 1

p+
α+θ−2

N − 1
r )− β(2−θ)

α ‖(uc)(τ)‖
M

pN
N+p(α+θ−2)
s3

dτ

≤ C2

∫ t

0

(t− τ)
βN
αr − βN

αp −1 ‖u(τ)‖Mp
p1
‖c(τ)‖

L
N

α+θ−2
dτ

≤ C2

∫ t

0

(t− τ)
βN
αr − βN

αp −1τ
βN
αp + β

α−βdτ ‖u‖X3
‖c‖X2

= C2 t
βN
αr + β

α−β b

(
βN

αr
− βN

αp
, 1− β +

β

α
+

βN

αp

)
‖u‖X3

‖c‖X2

= K4 t
βN
αr + β

α−β ‖u‖X3
‖c‖X2

.

Analogously, from the conditions (i), (ii) and (iii) in Assumption 1, we have that

β − βN

αq
> 0, 1− β +

βN

αq
> 0, and

β

α
− βN

αq
+

βN

αr
> 0.

Taking s4 = q1N
N+q1(α+θ−2) , from (A), (B) and (C) in Assumption 1, we obtain

1 ≤ s4 ≤ qN

N + q(α+ θ − 2)
≤ N

α+ θ − 2
and 1 ≥ qN

N + q(α+ θ − 2)

1

s4
,

and

1 ≤ s4 ≤ qN

N + q(α+ θ − 2)
≤ r and

r

r1
≥ qN

N + q(α+ θ − 2)

1

s4
.

Hence, using Lemma 3.3 we can estimate B2
1,2 and ∇((−Δ)−θ/2B2

1,2) as follows:
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∥∥B2
1,2(n, c)(t)

∥∥
L

N
α+θ−2

(4.8)

=

∥∥∥∥
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(nc)(τ)dτ

∥∥∥∥
L

N
α+θ−2

≤
∫ t

0

(t− τ)β−1
∥∥∥Eβ,β(−(t− τ)β(−Δ)α/2)(nc)(τ)

∥∥∥
L

N
α+θ−2

dτ

≤ C1

∫ t

0

(t− τ)β−1(t− τ)−
βN
α (α+θ−2

N + 1
q−α+θ−2

N ) ‖(nc)(τ)‖
M

qN
N+q(α+θ−2)
s4

dτ

≤ C1

∫ t

0

(t− τ)β−1− βN
αq ‖n(τ)‖Mq

q1
‖c(τ)‖

L
N

α+θ−2
dτ (by (1.3))

≤ C1

∫ t

0

(t− τ)β−1− βN
αq τ

βN
αq −βdτ ‖n‖X3

‖c‖X2

= C1 b

(
β − βN

αq
, 1− β +

βN

αq

)
‖n‖X3

‖c‖X2

= K5 ‖n‖X3
‖c‖X2

,

and

∥∥∥∇((−Δ)−θ/2(B2
1,2(n, c))(t)

∥∥∥
Mr

r1

(4.9)

=

∥∥∥∥∇(−Δ)−θ/2

∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)(nc)(τ) dτ

∥∥∥∥
Mr

r1

≤
∫ t

0

(t− τ)β−1
∥∥∥∇1−θ ·Eβ,β(−(t− τ)β(−Δ)α/2)(nc)(τ)

∥∥∥
Mr

r1

dτ

≤ C2

∫ t

0

(t− τ)β−1(t− τ)−
βN
α ( 1

q+
α+θ−2

N − 1
r )− β(1−θ)

α ‖(nc)(τ)‖
M

qN
N+q(α+θ−2)
s4

dτ

≤ C2

∫ t

0

(t− τ)
βN
αr − βN

αq + β
α−1 ‖n(τ)‖Mq

q1
‖c(τ)‖

L
N

α+θ−2
dτ

≤ C2

∫ t

0

(t− τ)
βN
αr − βN

αq + β
α−1τ

βN
αq −βdτ ‖n‖X3

‖c‖X2

= C2 t
βN
αr + β

α−β b

(
β

α
− βN

αq
+

βN

αr
, 1− β +

βN

αq

)
‖n‖X3

‖c‖X2

= K6 t
βN
αr + β

α−β ‖n‖X3
‖c‖X2

,

for all t > 0, where K3 = K3(N, β, p, p1), K4 = K4(N, β, p, p1, r, r1), K5 =
K5(N, β, q, q1), K6 = K6(N, β, q, q1, r, r1). Thus, from (4.6)-(4.9), we conclude
the proof of the lemma. �

Lemma 4.4. Under the hypotheses of Theorem 2.2 there exists a positive con-
stant K7 such that for all u ∈ X3,∥∥B3

3,3(u, u)
∥∥
X3

≤ K7 ‖u‖2X3
.
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Proof. From the conditions (i), (ii) and (iii) in Assumption 1, we have that

β − β

α
− βN

αp
> 0, 1− 2β +

2β

α
+

2βN

αp
> 0,

and since the projector operator P is bounded in Mp
p1
, we get

∥∥B3
3,3(u, u)(t)

∥∥
Mp

p1

=

∥∥∥∥
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2))P(u · ∇u)(τ)dτ

∥∥∥∥
Mp

p1

(4.10)

≤
∫ t

0

(t− τ)β−1
∥∥∥P∇ ·Eβ,β((t− τ)β(−Δ)α/2))(u⊗ u)(τ)

∥∥∥
Mp

p1

dτ

≤
∫ t

0

(t− τ)β−1
∥∥∥∇ ·Eβ,β((t− τ)β(−Δ)α/2))(u⊗ u)(τ)

∥∥∥
Mp

p1

dτ

≤ C2

∫ t

0

(t− τ)β−1(t− τ)−
βN
α ( 2

p− 1
p )− β

α ‖(u⊗ u)(τ)‖
M

p
2
p1
2

dτ (by (3.5))

≤ C2

∫ t

0

(t− τ)β−1− βN
αp − β

α ‖u(τ)‖Mp
p1
‖u(τ)‖Mp

p1
dτ (by (1.3))

= C2

∫ t

0

(t− τ)β−1− βN
αp − β

α ‖u(τ)‖2Mp
p1

dτ

≤ C2

∫ t

0

(t− τ)β−1− βN
αp − β

α τ
2βN
αp + 2β

α −2βdτ ‖u(τ)‖2X3

= C2 t
βN
αp + β

α−β b

(
β − β

α
− βN

αp
, 1− 2β +

2β

α
+

2βN

αp

)
‖u(τ)‖2X3

= K7 t
βN
αp + β

α−β ‖u‖2X3
,

for all t > 0, where K7 = K7(N, β, p, p1).
�

Lemma 4.5. There exists a constant γ > 0 such that for all n ∈ X1,

‖L3(n)(t)‖X3
≤ γ ‖n‖X1

.

Proof. From the conditions (i), (ii) and (iii) in Assumption 1, we have that

β − β

α
− βN

αq
+

βN

αp
> 0, 1− 2β +

2β

α
+

βN

αq
> 0.

Taking s5 = N1q1
N1+q1

, from (A), (B) and (C) in Assumption 1, we get

1 ≤ s5 ≤ Nq

N + q
≤ p and

p

p1
≥ Nq

N + q

1

s5
.
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Thus L3(n) can be estimated as follows:

‖L3(n)(t)‖Mp
p1

=

∥∥∥∥
∫ t

0

(t− τ)β−1Eβ,β(−(t− τ)β(−Δ)α/2)P(n∇φ)(τ) dτ

∥∥∥∥
Mp

p1

(4.11)

≤
∫ t

0

(t− τ)β−1
∥∥∥PEβ,β((t− τ)β(−Δ)α/2))(n∇φ)(τ)

∥∥∥
Mp

p1

dτ

≤ C1

∫ t

0

(t− τ)β−1(t− τ)−
βN
α ( 1

q+
1
N− 1

p ) ‖(n∇φ)(τ)‖
M

Nq
N+q
s5

dτ

≤ C1

∫ t

0

(t− τ)β−1− βN
αq − β

α+ βN
αp ‖∇φ(τ)‖MN

N1

‖n(τ)‖Mq
q1
dτ (by (1.3))

≤ Cφ

∫ t

0

(t− τ)β−1− βN
αq − β

α+ βN
αp τ−β+ 2β

α τ
βN
αq −βdτ ‖n(τ)‖X1

(by (2.3))

≤ Cφ t
βN
αq + β

α−β b

(
β − β

α
− βN

αq
+

βN

αp
, 1− 2β +

2β

α
+

βN

αq

)
‖n(τ)‖X1

= γ t
βN
αq + β

α−β ‖n‖X1
,

for all t > 0, where γ = γ(N, β,N1, p, p1, q, q1, φ). �

4.2. Proof of Theorem 2.2. Consider X1, X2, X3 as in (2.4) and let

y =
[
Eβ(−tβ(−Δ)α/2)n0, Eβ(−tβ(−Δ)α/2)c0, Eβ(−tβ(−Δ)α/2)u0

]
.

For x = [n, c, u] ∈ X = X1 × X2 × X3, we denote B(x) = [B1(x), B2(x), B3(x)],
where

(4.12)

B1(x) = B1
3,1(u, n)(x) + B1

1,2(n, c)(x),

B2(x) = B2
3,2(u, c)(x) + B2

1,2(n, c)(x),

B3(x) = B3
3,3(u, u)(x) + L3 ◦

(
Eβ(−tβ(−Δ)α/2)n0 + B1

)
(x).

Note that from Lemmas 4.2, 4.3 and 4.4 the operators Bk
i,j in (4.12) are bilinear

and continuous; also, from Lemma 4.5 it holds that L3 is a continuous linear map.
Now, let

(4.13) K1 = 1 + γ and K2 = γ(K1 +K2) +

7∑
i=1

Ki,

where K1,K2, · · · ,K7 and γ are the constants given in the previous lemmas. Then,
computing the norm X of y, we get

‖y‖X =
∥∥∥Eβ(−tβ(−Δ)α/2)n0

∥∥∥
X1

+
∥∥∥Eβ(−tβ(−Δ)α/2)c0

∥∥∥
X2

+
∥∥∥Eβ(−tβ(−Δ)α/2)u0

∥∥∥
X3

= sup
t>0

t
− βN

αq
+β

∥∥∥Eβ(−tβ(−Δ)α/2)n0

∥∥∥
Mq

q1

+ sup
t>0

∥∥∥Eβ(−tβ(−Δ)α/2)c0

∥∥∥
L

N
α+θ−2

+ sup
t>0

t−
βN
αr

− β
α
+β

∥∥∥∇(−Δ)−θ/2Eβ(−tβ(−Δ)α/2)c0

∥∥∥
Mr

r1

+ sup
t>0

t
− βN

αp
− β

α
+β

∥∥∥Eβ(−tβ(−Δ)α/2)u0

∥∥∥
Mp

p1

.
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Recalling that the initial data satisfies (2.2), applying Lemma 3.5 and taking into
account the definition of the norm X in (2.6) we obtain

‖y‖X = sup
t>0

t−
βN
αq +β C0 t

βN
q
−βα

α ‖n0‖
N

N
q
−α

q,q1,∞
+ C0 ‖c0‖

L
N

α+θ−2

+ sup
t>0

t−
βN
αr − β

α+β C0 t
βN
r
−βα+β

α

∥∥∥∇((−Δ)−θ/2c0)
∥∥∥
N

N
r
−α+1

r,r1,∞

+ sup
t>0

t−
βN
αp − β

α+β C0 t

βN
p
−βα+β

α ‖u0‖
N

N
p
−α+1

p,p1,∞

= C0 sup
t>0

t−
βN
αq +β t

βN
αq −β ‖n0‖

N
N
q
−α

q,q1,∞
+ C0 ‖c0‖

L
N

α+θ−2

+ C0 sup
t>0

t−
βN
αr − β

α+β t
βN
αr + β

α−β
∥∥∥∇((−Δ)−θ/2c0)

∥∥∥
N

N
r
−α+1

r,r1,∞

+ C0 sup
t>0

t−
βN
αp − β

α+β t
βN
αp + β

α−β ‖u0‖
N

N
p
−α+1

p,p1,∞

≤C0
(
‖n0‖

N
N
q
−α

q,q1,∞
+‖c0‖

L
N

α+θ−2
+
∥∥∥∇((−Δ)−θ/2c0)

∥∥∥
N

N
r
−α+1

r,r1,∞
+‖u0‖

N
N
p
−α+1

p,p1,∞

)
≤ C0 ‖(n0, c0, u0)‖I .

Then ‖y‖X ≤ ε provided that ‖(n0, c0, u0)‖I ≤ δ, where δ = ε
C0 . Hence, from

Lemma 4.1 we have that, if 0 < ε <
1

4K1K2
, there exists a unique solution x ∈ X

for the equation x = y + B(x), and thus, there exists a unique solution [n, c, u] for
the system (4.1) such that ‖[n, c, u]‖X ≤ 2K1ε. �

4.3. Proof from Theorem 2.3. We first show that (2.7) implies (2.8). Let
[n, c, u] and [ñ, c̃, ũ] be two solutions provided by Theorem 2.2 and let

lq = −βN

αq
+ β, μr = −βN

αr
− β

α
+ β and μp = −βN

αp
− β

α
+ β.

Taking the difference n− ñ and computing the norm ‖ · ‖X1
, we get

tlq ‖n(t)− ñ(t)‖Mq
q1

(4.14)

≤ tlq
∥∥∥Eβ(−tβ(−Δ)α/2)(n0 − ñ0)

∥∥∥
Mq

q1

+ tlq
∫ t

0

(t− τ)β−1
∥∥∥Eβ,β(−(t− τ)β(−Δ)α/2) (u · ∇n− ũ · ∇ñ)

∥∥∥
Mq

q1

dτ

+ tlq
∫ t

0

(t− τ)β−1
∥∥∥∇Eβ,β(−(t− τ)β(−Δ)α/2)

(
n∇((−Δ)−θ/2c)− ñ∇((−Δ)−θ/2c̃)

)∥∥∥
Mq

q1

:= tlq
∥∥∥Eβ(−tβ(−Δ)α/2)(n0 − ñ0)

∥∥∥
Mq

q1

+ J1(t) + J2(t).
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Using that u · ∇n− ũ · ∇ñ = (u− ũ) · ∇n+ ũ · ∇(n− ñ) and working as in (4.2),
the integral J1 is bounded as follows:

J1(t) ≤ C̃1 tlq
∫ t

0

(t− τ)μp−1
(
‖(u− ũ)(τ)‖Mp

p1
‖n(τ)‖Mq

q1
+ ‖ũ(τ)‖Mp

p1
‖(n− ñ)(τ)‖Mq

q1

)(4.15)

≤ C̃1 tlq
∫ t

0

(t− τ)μp−1τ−μp−lqτμp ‖(u− ũ)(τ)‖Mp
p1
‖n‖X1

dτ

+ C̃1 tlq
∫ t

0

(t− τ)μp−1τ−μp−lqτ lq ‖ũ‖X4
‖(n− ñ)(τ)‖Mq

q1
dτ

≤ C̃1

∫ 1

0

(1− z)μp−1z−μp−lq (tz)μp ‖(u− ũ)(tz)‖Mp
p1
‖n‖X1

dz

+ C̃1

∫ 1

0

(1− z)μp−1z−μp−lq (tz)lq ‖ũ‖X4
‖(n− ñ)(tz)‖Mq

q1
dz (taking τ = tz)

≤ C̃1

∫ 1

0

(1− z)μp−1z−μp−lq

(
(tz)μp ‖(u− ũ)(tz)‖Mp

p1
‖n‖X1

+ (tz)lq ‖ũ‖X4
‖(n− ñ)(tz)‖Mq

q1

)
dz.

Working in analogous way to the last inequality, but taking into account the
reasoning used in (4.3) we have that

J2(t) ≤ C̃2 tlq
∫ t

0

(t− τ)μr−1τ−lq−μrτ lq ‖(n− ñ)(τ)‖Mq
q1
‖c(τ)‖X2

dτ

(4.16)

+ C̃2 tlq
∫ t

0

(t− τ)μr−1τ−lq−μrτμr ‖ñ(τ)‖X1

∥∥∥∇((−Δ)−θ/2(c− c̃))(τ)
∥∥∥
Mr

r1

dτ

≤ C̃2

∫ 1

0

(1− z)μr−1z−lq−μr (tz)lq ‖(n− ñ)(tz)‖Mq
q1
‖c‖X2

dz

+ C̃2

∫ 1

0

(1− z)μr−1z−lq−μr (tz)μr ‖ñ‖X1

∥∥∥∇((−Δ)−θ/2(c− c̃))(tz)
∥∥∥
Mr

r1

dz

≤ C̃2

∫ 1

0

(1− z)μr−1z−lq−μr

(
(tz)lq ‖(n− ñ)(tz)‖Mq

q1
‖c‖X2

+(tz)μr

∥∥∥∇((−Δ)−θ/2(c− c̃))(tz)
∥∥∥
Mr

r1

‖ñ‖X1

)
dz.

On the other hand,

‖(c− c̃)(t)‖
L

N
α+θ−2

≤
∥∥∥Eβ(−tβ(−Δ)α/2)(c0 − c̃0)

∥∥∥
L

N
α+θ−2

(4.17)

+

∫ t

0

(t− τ)β−1
∥∥∥Eβ,β(−(t− τ)β(−Δ)α/2) (u · ∇c− nc− ũ · ∇c̃− ñc̃) (τ)

∥∥∥
L

N
α+θ−2

:=
∥∥∥Eβ(−tβ(−Δ)α/2)(c0 − c̃0)

∥∥∥
L

N
α+θ−2

+ J3(t),
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tμr

∥∥∥∇(−Δ)−θ/2(c− c̃)(t)
∥∥∥
Mr

r1

(4.18)

≤ tμr

∥∥∥∇(−Δ)−θ/2Eβ,β(−(t− τ)β(−Δ)α/2)(c0 − c̃0)
∥∥∥
Mr

r1

+ tμr

∫ t

0

(t− τ)β−1

∥∥∥∇(−Δ)−θ/2Eβ,β(−(t− τ)β(−Δ)α/2) (u · ∇c− nc− ũ · ∇c̃− ñc̃) (τ)
∥∥∥
Mr

r1

:= tμr

∥∥∥∇(−Δ)−θ/2Eβ,β(−(t− τ)β(−Δ)α/2)(c0 − c̃0)
∥∥∥
Mr

r1

+ J4(t),

and

tμp ‖(u− ũ)(t)‖Mp
p1
≤ tμp

∥∥∥Eβ(−tβ(−Δ)α/2)(u0 − ũ0)
∥∥∥
Mp

p1

(4.19)

+ tμp

∫ t

0

(t− τ)β−1
∥∥∥Eβ,β((t− τ)β(−Δ)α/2)P(u · ∇u− ũ · ∇ũ)(τ)

∥∥∥
Mp

p1

dτ

+ tμp

∫ t

0

(t− τ)β−1
∥∥∥Eβ,β((t− τ)β(−Δ)α/2)(n∇φ− ñ∇φ̃)(τ)

∥∥∥
Mp

p1

dτ

:= tμp

∥∥∥Eβ(−tβ(−Δ)α/2)(u0 − ũ0)
∥∥∥
Mp

p1

+ J5(t) + J6(t).

On the other hand, from the estimates (4.6),(4.7),(4.8),(4.9),(4.10) and (4.11) we
have

J3(t)(4.20)

≤ C̃3

∫ 1

0

(1− z)μp−1z−μp

(
(tz)μp ‖(u− ũ)(tz)‖Mp

p1
‖c‖X2

+ ‖ũ‖X4
‖(c− c̃)(tz)‖

L
N

α+θ−2

)
dz

+ C̃4

∫ 1

0

(1− z)lq−1z−lq

(
(tz)lq ‖(n− ñ)(tz)‖Mq

q1
‖c‖X2

+ ‖ñ‖X4
‖(c− c̃)(tz)‖

L
N

α+θ−2

)
dz,

J4(t) ≤ C̃5

∫ 1

0

(1− z)μp−1z−μp−μr

(
(tz)μp ‖(u− ũ)(tz)‖Mp

p1
‖c‖X2

+ ‖ũ‖X4
(tz)μr

∥∥∥∇(−Δ)−θ/2(c− c̃)(tz)
∥∥∥
Mr

r1

)
dz

+ C̃6

∫ 1

0

(1− z)lq−μr−1z−lq

(
(tz)μp ‖(u− ũ)(tz)‖Mp

p1
‖c‖X2

+ ‖ũ‖X4
‖(c− c̃)(tz)‖

L
N

α+θ−2

)
dz,

J5(t) ≤ C̃7

∫ 1

0

(1− z)μp−1z−2μp

(
(tz)μp ‖(u− ũ)(tz)‖Mp

p1
‖u‖X4

+ ‖ũ‖X4
(tz)μp ‖(u− ũ)(tz)‖Mp

p1

)
dz,

and

(4.21) J6(t) ≤ γ̃

∫ 1

0

(1− z)lq−μp−1z−lq (tz)lq ‖(n− ñ)(tz)‖Mq
q1

dz.

Now we define
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A1 := lim sup
t→∞

tlq ‖n(·, t)− ñ(·, t)‖Mq
q1
, A2 := lim sup

t→∞
‖c(·, t)− c̃(·, t)‖

L
N

α+θ−2
,

A3 := lim sup
t→∞

tμr

∥∥∥∇(−Δ)−θ/2(c(·, t)− c̃(·, t))
∥∥∥
Mr

r1

,

A4 := lim sup
t→∞

tμp ‖u(·, t)− ũ(·, t)‖Mp
p1

.

Since ‖[n, c, u]‖X , ‖[ñ, c̃, ũ]‖ ≤ 2K1ε, we have that A1, A2, A3, A4 <∞. Taking the
lim sup
t→∞

in (4.14),(4.17), (4.18), (4.19), and using (4.15), (4.16) and (4.20)-(4.21),

we obtain

A1 ≤ 0 + C̃1 2K1ε

∫ 1

0

(1− z)μp−1z−μp−lq dz (A4 +A1)

+ C̃2 2K1ε

∫ 1

0

(1− z)μr−1z−lq−μr dz (A1 +A3)

≤ 2K1ε [K1(A1 +A4) +K2(A1 +A3)] ,

A2 ≤ 0 + C̃32K1ε

∫ 1

0

(1− z)μp−1z−μp dz (A4 +A2)

+ C̃4 2K1ε

∫ 1

0

(1− z)μr−1z−lq dz (A1 +A2)

≤ 2K1ε [K3(A2 +A4) +K4(A1 +A2)] ,

A3 ≤ 0 + C̃5 2K1ε

∫ 1

0

(1− z)μp−1z−μp−μr dz (A4 +A3)

+ C̃6 2K1ε

∫ 1

0

(1− z)lq−μr−1z−lq dz (A1 +A2)

≤ 2K1ε [K5(A3 +A4) +K6(A1 +A2)] ,

A4 ≤ 0 + C̃72K1ε

∫ 1

0

(1− z)μp−1z−2μp dz (A4 +A4)+

γ̃

∫ 1

0

(1− z)lq−μp−1z−lq dz A1

≤ 2K1ε [K7 2A4] + γA1,

where K1,K2,K3,K4,K5,K6,K7 and γ are as in Lemmas 4.2,4.3, 4.4 and 4.5,
respectively. Recalling that K1 = 1 + γ and K2 = γ(K1 + K2) +

∑7
i=1 Ki (see

(4.13)) and summing all Ai’s, we arrive at

A1 +A2 +A3 +A4

≤ 2K1ε [A1(K1 +K2 +K4 +K6)] +A2(K3 +K4 +K6) +A3(K2 +K5)

+ A4(K1 +K3 +K5 + 2K7) + γA1]

≤ 2K1ε [A1(K1 +K2 +K4 +K6) + γ(K1 +K2) +A2(K3 +K4 +K6)

+A3(K2 +K5 + γK2) +A4(K1 +K3 + 2K7 + γK1)]

≤ 2K1ε [A1 ((K1 +K2 +K4 +K6) + γ(K1 +K2)) +A2(K3 +K4 +K6)

+A3(K2 +K5 + γK2) +A4(K1 +K3 + 2K7 + γK1)]

≤ 2K1ε(A1 +A2 +A3 +A4)× [(k1 + k2 +K3 +K4 +K5 +K6 + 2K7) + γ(K1 +K2)] ,
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Note that K1 +K2 +K3 +K4 +K5 +K6 + 2K7 + γ(K1 +K2) ≤ 2K2, and then

A1 +A2 +A3 +A4 ≤ 4K1K2ε (A1 +A2 +A3 +A4),

but observing that 4K1K2ε < 1, we conclude that

A1 = A2 = A3 = A4 = 0.

Now we turn to show that (2.8) implies (2.7). We proceed as in the estimates (4.14),
(4.17)-(4.19) and using the hypotheses A1 = A2 = A3 = A4 = 0 in order to obtain

lim sup
t→∞

tlq
∥∥∥Eβ(−tβ(−Δ)α/2)(n0 − ñ0)

∥∥∥
Mq

q1

≤ A1 + lim sup
t→∞

(J1(t) + J2(t))

≤ A1 + 2K1εK1(A1 +A4) + 2K1εK2(A1 +A3) ≤ 0,

lim sup
t→∞

∥∥∥Eβ(−tβ(−Δ)α/2)(c0 − c̃0)
∥∥∥
L

N
α+θ−2

≤ A2 + lim sup
t→∞

J3(t)

≤ A2 + 2K1εK3(A2 +A4) + 2K1εK4(A1 +A2) ≤ 0,

lim sup
t→∞

tμr

∥∥∥∇(−Δ)−θ/2Eβ(−tβ(−Δ)α/2)(c0 − c̃0)
∥∥∥
Mr

r1

≤ A3 + lim sup
t→∞

J4(t)

≤ A3 + 2K1εK5(A3 +A4) + 2K1εK6(A1 +A2) ≤ 0,

and

lim sup
t→∞

tμp

∥∥∥Eβ(−tβ(−Δ)α/2)(u0 − ũ0)
∥∥∥
Mp

p1

≤ A4 + lim sup
t→∞

(J5(t) + J6(t))

≤ A4 + 2K1εK72A4 + γA1 ≤ 0

and thus, the proof is finished. �
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[23] J. López-Ŕıos, E. J. Villamizar-Roa, An optimal control problem related to a 3D-chemotaxis-
Navier-Stokes model, ESAIM Control Optim. Calc. Var. 27 (58) (2021), 37 pp.

[24] A. L. Mazzucato, Besov-Morrey spaces: function space theory and applications to non-linear
pde, Trans. Amer. Math. Soc. 355 (4) (2003), 1297–1364.

[25] M. Shinbrot, Fractional derivatives of solutions of the Navier–Stokes equations, Archive for
Rational Mechanics and Analysis, 40 (2) (1971), 139–154.

[26] Y. Tao and M. Winkler, Eventual smoothness and stabilization of large-data solutions in a
three-dimensional chemotaxis system with consumption of chemoattractant, J. Differential
Equations, 252 (3) (2012), 2520–2543.

[27] M. E. Taylor, Analysis on Morrey spaces and applications to Navier-Stokes and other evolu-
tion equations, Communications in Partial Differential Equations, 17 (9-10) (1992), 1407–
1456.

[28] I. Tuval, L. Cisneros, C. Dombrowski, C.W. Wolgemuth, J.O. Kessler and R.E. Goldstein,
Bacterial swimming and oxygen transport near contact lines, Proc. Nat. Acad. Sci. 102 (7)
(2005), 2277–2282.

[29] M. Winkler, Global large-data solutions in a chemotaxis-Navier-Stokes system modeling cel-
lular swimming in fluid drops, Communications in Partial Differential Equations, 37 (2)
(2012), 319–351.

[30] M. Winkler, Global weak solutions in a three-dimensional chemotaxis-Navier-Stokes system,
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