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Global regularity of magneto-micropolar equations with
logarithmically dissipation

Jingbo Wu, Xiaoqin Nan, and Yan Jia

Communicated by Jiahong Wu, received May 23, 2022.

ABSTRACT. Inspired by a work of Terence Tao on a generalized Navier-Stokes
equations (T. Tao, Anal. PDE 2009), we examine in this paper the global
regularity of the 3D magneto-micropolar equations with logarithmically hy-
perdissipative velocity dissipation.
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1. Introduction and main results

Non-Newtonian magneto-micropolar fluid mode is coupled with the incompress-
ible Navier-Stokes flows, micro-rotational effects and magnetic effects. This motion
describes the conservation of linear momentum, the conservation of angular momen-
tum and Maxwell’s law of the incompressible conducting fluids, respectively. Physi-
cally it may represent the fluids consisting of bar-like elements. Certain anisotropic
fluids such as liquid crystals which are made up of dumbbell molecules are of this
type. The three-dimensional(3D) magneto-micropolar equations are governed by
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the following nonlinear partial differential equations

Ou+ (u-Vu— (v+ k)Au+ Vp=(b-V)b+ 2V x w,
ow+ (u-V)w —ocAw — uVV - w + drkw = 2kV X u,
Ob+ (u-V)b—nAb=(b-V)u,

V-u=V-b=0,

(1.1)

where u = (u1,us2,us) denotes the velocity, w = (wy,ws,ws) the microrotation
angular velocity and b = (by, ba, b3) the magnetic field, p(x,t) the scalar pressure,
(x,t) € R® x (0,00). v, K, 0, u,n are viscous coefficients.

When w = 0, b = 0 or w = b = 0, the system (1.1) reduces to the clas-
sic magnetohydrodynamics(MHD) equations, micropolar equations or the classic
Navier-Stokes equations ([2, 3, 4, 5]).

Like the 3D Navier-Stokes equations and MHD equations, the problem of global
regularity or finite time singularity for the 3D magneto-micropolar equations with
large initial data is still open. The main obstacle still lies in the fact that the dissi-
pative mechanism is insufficient to control the nonlinear convection. It is important
to understand the balance mechanism between the hyper-dissipation and global
regularity of the 3D system. In the pioneer work, Tao([16]) firstly investigated the
following logarithmically hyperdissipative Navier-Stokes equations,

O+ (u-V)u+D?*u+ Vp =0,
(1.2)

V.-u=0,
where the Fourier multiplier D satisfies

Sy s BT o
Dul®) 2 Crml©). for large |¢

and where g : R — RT is a non-decreasing function satisfying

/°° ds ~ e
1 sgi(s) .

He proved that for any smooth divergence-free initial datum, the logarithmically hy-
perdissipative Navier-Stokes equations possess a global smooth solution with large
initial data. We may refer to some further study on well-posedness of the hyperdis-
sipative Navier-Stokes equations ([15]).

Motivated by the results of Tao([16]), Wu([17]) recently examined the global
smooth solution of logarithmically hyperdissipative MHD equations. On comparison
with the generalized Navier-Stokes equations (1.2), some new regular estimates
have been explored due to the special structure of MHD equations. Wang, Wu
and Ye([18]) recently also examined the global regularity of the three-dimensional
micropolar equations with the logarithmically hyperdissipation in velocity fields.

Motivated by the results of Tao([16]), Wu([17]) and Wang, Wu and Ye([18]),
the main purpose of this paper is to understand the global smooth solution issue
of the 3D logarithmically hyperdissipative magneto-micropolar equations. More
precisely, we consider the following 3D magneto-micropolar equations with only
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logarithmically hyperdissipative velocity dissipation,

Ou+ (u-Vu+ L2u+Vp=(b-V)b+V x w,

ow + (u-V)w+2w =V X u,

(1.3) b+ (u-V)b=(b-V)u,

V-u=V-b=0,

u(z,0) =up(x), w(x,0)=wo(x), blx,0)="by(x),
where the Fourier multiplier £ is defined by

€l
_
_

)

and ¢g(7) > 1 is a radially symmetric, non-decreasing function satisfying

o dr
1.4 =00
(14) /e 7VInTg(T)
We will show the following global existence results.

THEOREM 1.1. Let (ug, wo, bo) € H*(R3) with s > % and V -ug = V - by =

0, then the 3D logarithmically hyperdissipative magneto-micropolar equations (1.3)
admits a unique global regular solution (u, w, b) such that for any given T > 0,

(u, w, b) € C([0,T]; H*(R?)), Lu € L*([0,T]; H*(R?)).

2. The proof of Theorem 1.1

In order to prove Theorem 1.1, it suffices to consider o = % because the case
o> % is more easier to deal with. Now we first derive the basic L?-energy estimates.

LEMMA 2.1. Under the same condition in Theorem 1.1, the corresponding so-
lution (u, w, b) of (1.3) admits the following bound for any t >0

5-267

lu(@)IZ2 + w172 + ||b(7f)||2m+/0 (A" u(r)lI72 + 1 Lu(r)|72) dr

< C(t, ug, wo, bo)

(2.1)

for any 6, € (0, 3).

PROOF OF LEMMA 2.1. Taking the inner product of (1.3) by (u,w,b) as well
as adding the resulting equations together, we have

5 = (lu®lZz + o ®)l[72 + 16ONZ2) + 1£ullZ> + 2llwl|Z

:/R3 ((wa).u+(qu)~w)dx.

Thanks to the assumptions on ¢g (more precisely, g grows logarithmically), one
may conclude that for any given ¢ > 0, there exists N = N (9) satisfying

g(r) < Cr?, forany r> N
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with the constant C' = C (9). Therefore, straightforward computations give for any
01 € (0, 3) that

E 22 _ |€|5 ~ 2d |§|5 ~ 2d
ol /L<qusﬁufn““@' £+ J o F20ED N €€
&
-  _a d
» z[&w@)wEﬂﬂmO|f
o &
ABWKMJMW ¢ A<Mm Geapaer

5—26 —
72 — Collulla,

> ChA

where a and 6’; depend only on 6;. Choosing 0, € (0, %), we have that by
combining all the above estimates

1d 1 —~  5-20,
L ()12 + ()2 + BOIZ) + S 1CullZs + CrllA = )2,
2 dt 2
< @HUH%Q —|—/ ((V xw)-u+ (V xu) -w)dac
]R3
< GallullZs + 2 Vel g2l 12
. i,
< @szm<wM2wA2 wbl)wmz

5-20,

Cl 2
S 1A ullze + O (fullfe + [lwlZ2) -

Consequence, it implies

d 5-2607
7 (lu@®Z2 + w122 + [16)][72) + [ Lull7e + 1A= w72

< C(llullfz + lwlZ + [1blI7-) -

Making use of the Gronwall inequality, it directly yields (2.1). This completes the
proof of Lemma 2.1. O

The following regular estimates are crucial for the proof of Theorem 1.1.

LEMMA 2.2. Assume (ug, wo, by) satisfies the assumptions stated in Theorem
1.1. Then the corresponding solution (u, w, b) of (1.3) admits the following bound
for any t > 0 and for any o € (0, 3_22‘91)

(2.3)
t
IVu()|[Z2 + [[VO()[[ 72 + [A7w(t)]|7 +/O (I1LVu(r)[|72 + A2~ Vu(r)||72) dr

S C(ta Up, Wo, b0>7

where 05 € (0, %] In particular, it implies

t
(2.4) / V()2 dr < C(t, ug, wo, by).
0
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PROOF OF LEMMA 2.2. Applying A° to (1.3), and taking the inner product
with A°w, we obtain

ld 5 2 5,002
S IATw(b) 3 + 2 AT

= / Ag(qu)A&wd:rf/ (A% u - VIwA®w dz
R3 R3

= K1 +K2

For K, Gagliardo-Nirenberg inequality implies, for o € (0, —3_2201 ), we have
Ki < CIAT )| A%w]) s
< AWl + Cllul? g

For K, employing the classic Kato-Ponce commutator estimates([12]) yields

Ky, = —/ [A%D,,, uJwA%w dx
R3
< A7 B, wilwl| 2 | A% w]] 2
< 0 (IVullim 87wl e + 147l g ol s ) 147w
< O (Iullim AWl + 1A Tl 2 [A7w] 2 ) [A7w]
<

C (IVullz= + 1A ullz2 ) 11A7w]l3.

Collecting the above estimates, we have for any o € (0, 3*2261 ), such that

o IATw (Ol < O (14 [ Vule + [ATul2 ) A7 s + Cll? s,

Applying the gradient operator V to the equations of (1.3); and (1.3),, multi-
plying them by Vu and Vb, respectively, we deduce that

1d
L2 (IOl + Vb)) + 17wl
= VVXw-Vudx—/ V(u~Vu)~Vud:rf/ V(u-Vb) - Vbdx
R3 R3 R3

(2.6) +/ (V(b -Vu)-Vb+V(b-Vb) - Vu> dx
RS

4
:ZZAk.
k=1

With the similar derivation of (2.2), we can establish the following estimate for
any 05 € (0, g)

(2.7) 1£Vu)2: > C1[|AR %2V, — Cof| Vul3..
Making use of (2.7) for any 65 € (0, 1], we deduce that
Al S C”'UJHL2||A2VU||L2
< Clwlle2(1£Vull g2 + [|Vull2)

IN

1
T IEVullz: + ClIVulze + CllwlZe.
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For the remainder three terms, it is not difficult to deduce

Az < C||Vul = | VulZ2,
Az < C||Vul < | Vb7,
Ay < C||Vul L= | VB 22

Putting together the previous estimates, it follows that

d Fa 5_
S UIVu®IL: + [VE@) 72 + [A7w(®)[72) + [£Vul7z + A2~ VulZ:

(28) < O+ [IVullp= + |[AZu]l o) (| Vul22 + V0|22 + [|A%w]22)
+ Clull? s-20, + C|lw]|2.
H 2
Letting

A(t) = |Vu(t) |22 + V()22 + [[Aw(t) |22,
B(t) = | LVu(t)|22 + A2 Vu(t)||2.,
h(t) = Clu®| s-z0, +Cllw(®)]7:,

we may rewrite (2.8)

(29) LA+ B() < OO+ Vull o~ + 1A ull2)A(9) + 5(1).

Employing the classic Littlewood-Paley decomposition (refer to [1] for details),
one shows that

N-—-1 0o
IVulle < A1 Vullpe + Y AVl + Y 1A V]|,
=0 I=N

where A; (I = —1,0,1,- - -) denote the nonhomogeneous dyadic blocks. Applying
Bernstein inequality obeys

|AZVullz~ < Cllulle,

S AVl <O 21 DA A2 Ty 2 < C2N D AT Ty 1,
I=N I=N

due to 0 € (0, 3].
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Similarly,
N—1 N-1

S IAVure <C Y 2% Al
=0 =0
5
4o 570

. 1
0 Hw 99(lE e

|€\2 oy

2

<C

(]

L2

0

=

IN

(]

c i),

IA
27

M

C

Rpu(g)

9

L2

- ﬂzl)) (; |8 R

N-1 \ 2
(2
=1
< Cg@")WN [|Lull - ,

where we have used the fact that ¢ is a non-decreasing function.
Putting the above estimates altogether implies

[Vullzw < Cllullze + Co@MVN |1 £u 2
(2.10) +C2N =D A3y .
By the same argument, it also gives

IA%ullz < Clullze + Cg@¥)VN |1 £ull

(2.11) +C2N =D || A0y .
It thus follows from (2.9) that

zZ o

l

<o
!

< Cyg(

1
9 2
L2

]

A3
g(A)

)
=z

LA+ B) < 01+ 9@V 1 Lull s + 27O DAVl 1) A1) + )
Noting that if we further take 65 € (0, 3], it also shows that
d ~ ~ : -
LA+ B) < 01+ 9@ Lull o + 27 ¥ AT Va1 ) A1) + ).
By taking N such that
o2V~ e+ A,

we thus deduce
%Z(t) +B(t) < C(1+ || Lull12) gle + A®t))y/In (e + A(t)) (e + A(t))
+CBY (1) (e + A(t)? + h(t)
< O (1+ [|Lull2) (e + A®)y/In (e + A(t)) (e + A(t))

+ 3 B(0) + Cle+ A1) + A1),
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9 A1)+ B) < 01+ ull2)
(2.12) ge+A@)y/In (e + A(t)) (e + A(t)) + Ch().
Due to

g(e+At))\/In (e + A1) (e + A(t)) > 1,

it follows from (2.12) that

e+A(t) dr t ~
7§C’/ 1+ h(r) + ||[Lu(T)]| ;=) dT.
/e+ﬁ(0) VInTg(7) 0 ( () + 1l )”L)

Notice that the condition
/OO dr n
T 4
e 7TVInTg(7)

and the following bound due to (2.1)

t
| (1R + £u(r)],2) dr < Ot o, wn, o)
0

we have
A(t) S O(t7 Up, Wo, bO)a
and
t o~
/ B(’T) dT S C(t, Ugp, Wo, bo)
0
That is

IVu(®)1Z: +IIV0() 172 + [IA7w (B2

t
| (hevutmis + a3 "vun)i ) ar

< C(t, uo, wo, bo).

+

In particular,
[Vl < CIAZ 2 Vu|2: + Cllul22, 6o < 1.

This completes the proof of Lemma 2.2. O

The rest of this section is devoted to proving the global H®-estimate. Applying
A* with s > 5 to the system (1.3) and taking the L? inner product with A%u, A%b
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and A®w respectively, adding them up, we can get

1 S S S S S
53 A ullZe + [A%w][Za + [A%B]72) + [1£A U] 7z + 2] A%w]|7e
—/ (A (Vxu) Mw+A*(V xw) - Asu> dx—/ [A%,u-V]u - Nudx
R3

/ ,u-Viw - Aswdx—i—/ [A%,b0-V]b - APudx

(2.13) s

/ [A%)b- V]u - Asbdx—/ [A% u-V]b - A°bdx
R3
6
=> k.
k=1
Due to the proof of (2.2), we have that for any 65 € (0, 2), such that

ILA%u|22 > C[AZ =% A% )22 — Caf|A%ul|2..

Now we thus deduce that for 65 € (0, 2),

J1 S CHAS’UJHLQHASVUHL2
< ClN w2 ([[EA%u]| > + [|Au|2)
1 S S S
< eleAulli: + C(IAwIT + [[A%w]Z:).

Using the Kato-Ponce inequality([12]), we immediately get
Jo < C|[A% u- Vul| g2 [|Au|| L2
< OVl =A% 7.

It follows from Galiardo-Nirenberg inequality that

J3 = —/ [A°Oy,, uJwA’w dx
R3
<NA®Oe, wilw|[ L2 (| Aw]| 2

<C(IVullp [A*w] L2 + Al

254525
25+5-203

o 1AW 22

25‘+o 2(7

<O(|Vull < l|Aw] = + llull 2
(2.14) IAZ =% A%l 7572 || ATw]| )| Awl| 2
254+5—25

<C(IVull e [A%wll e + ull 2 =7 (LA

Al ) 5 [ ATw] 1) [ A 1
1 S S
< T leAullz: + OVl [ A%w] 72
+ O+ JulZe + [A%w]Z2) (1 + [A%ullzz + [|A%w]Z2),

where o > 03. Now take p > 2 satisfying

1 > 19 — 1093 — 4(1 — 93)3
p- 6(5 — 203) ’
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then it is not hard to check that

Jo < COf[A%0- VI 2 [[A%ul| 25
Lpt2 Lp—2
< ClUVOlLa|A%bl a[A%ull | 2z,
3(p—2) 3(p 2)
< OBl T A )
BT | ) 300 gy B TTE
||Asb||L2(||Vu||L2( s+ 3)P ||A 3Asu||l(‘;+ - 3)17)
3(p—2) 3(p—2)
< OBl > AT E )

2(s—1)p+6 15+

A= 2(s
IIAébIILZIIVUHLQ T (|| LA g2+ [ A0 2) B0
< E\IEASUIIB +H(|Vul gz, [IV0]l2) (A%l 2 + [[A%B]Z2),

where H(z,y) is a smooth increasing function with respect to variable z and y.
Similar arguments also all us to show

Js, Jo o < CO([[A% w- Vbl L2 + [[[A®, 0 - V]ul[£2) [ A°b]| >
< C(IVullpe= [Ab][ 2 + [ VOl Lol A%ull 2 ) A°D 2
1 S S S
< pleAtullze + H(IVull iz, [1V8] L) (IA%ul 7z + [1A%B]IZ2)

+C[|Vul| oo [|A*D]| 2.
Collecting all the above estimates, one may derive that

d
dt

where Z(t) and V(t) are given by
Z(t) = A w72 + [Aw®)l[72 + [1A°b(t) 172,
V()= (14+ IVulie + [A7wlE: + H(IVulze, [95]2)) ().

Z(t) + ILAu]|Z < CV(t) (e + Z(1)),

It follows from (2.1) and (2.4) that

t
/ V(r)dr < C(t, ug, wo, by).
0

Now noticing the above bound and using the Gronwall inequality, we eventually
obtain

t
A u@®lIZ> + (A w(®)l[72 + [1A°bE)]17- +/ I£A*u(r)|[Z> dr < C(t, uo, wo, bo)-
0

We therefore complete the proof of Theorem 1.1.
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