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Global regularity of magneto-micropolar equations with
logarithmically dissipation
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Abstract. Inspired by a work of Terence Tao on a generalized Navier-Stokes
equations (T. Tao, Anal. PDE 2009), we examine in this paper the global

regularity of the 3D magneto-micropolar equations with logarithmically hy-

perdissipative velocity dissipation.
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1. Introduction and main results

Non-Newtonian magneto-micropolar fluid mode is coupled with the incompress-
ible Navier-Stokes flows, micro-rotational effects and magnetic effects. This motion
describes the conservation of linear momentum, the conservation of angular momen-
tum and Maxwell’s law of the incompressible conducting fluids, respectively. Physi-
cally it may represent the fluids consisting of bar-like elements. Certain anisotropic
fluids such as liquid crystals which are made up of dumbbell molecules are of this
type. The three-dimensional(3D) magneto-micropolar equations are governed by
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the following nonlinear partial differential equations

(1.1)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tu+ (u · ∇)u− (ν + κ)Δu+∇p = (b · ∇)b+ 2κ∇× w,

∂tw + (u · ∇)w − σΔw − μ∇∇ · w + 4κw = 2κ∇× u,

∂tb+ (u · ∇)b− ηΔb = (b · ∇)u,

∇ · u = ∇ · b = 0,

where u = (u1, u2, u3) denotes the velocity, w = (w1, w2, w3) the microrotation
angular velocity and b = (b1, b2, b3) the magnetic field, p(x, t) the scalar pressure,
(x, t) ∈ R

3 × (0,∞). ν, κ, σ, μ, η are viscous coefficients.
When w = 0, b = 0 or w = b = 0, the system (1.1) reduces to the clas-

sic magnetohydrodynamics(MHD) equations, micropolar equations or the classic
Navier-Stokes equations ([2, 3, 4, 5]).

Like the 3D Navier-Stokes equations and MHD equations, the problem of global
regularity or finite time singularity for the 3D magneto-micropolar equations with
large initial data is still open. The main obstacle still lies in the fact that the dissi-
pative mechanism is insufficient to control the nonlinear convection. It is important
to understand the balance mechanism between the hyper-dissipation and global
regularity of the 3D system. In the pioneer work, Tao([16]) firstly investigated the
following logarithmically hyperdissipative Navier-Stokes equations,

(1.2)

{
∂tu+ (u · ∇)u+D2u+∇p = 0,

∇ · u = 0,

where the Fourier multiplier D satisfies

D̂u(ξ) ≥ |ξ| d+2
4

g(|ξ|) û(ξ), for large |ξ|

and where g : R+ ⇀ R+ is a non-decreasing function satisfying∫ ∞

1

ds

sg4(s)
= +∞.

He proved that for any smooth divergence-free initial datum, the logarithmically hy-
perdissipative Navier-Stokes equations possess a global smooth solution with large
initial data. We may refer to some further study on well-posedness of the hyperdis-
sipative Navier-Stokes equations ([15]).

Motivated by the results of Tao([16]), Wu([17]) recently examined the global
smooth solution of logarithmically hyperdissipative MHD equations. On comparison
with the generalized Navier-Stokes equations (1.2), some new regular estimates
have been explored due to the special structure of MHD equations. Wang, Wu
and Ye([18]) recently also examined the global regularity of the three-dimensional
micropolar equations with the logarithmically hyperdissipation in velocity fields.

Motivated by the results of Tao([16]), Wu([17]) and Wang, Wu and Ye([18]),
the main purpose of this paper is to understand the global smooth solution issue
of the 3D logarithmically hyperdissipative magneto-micropolar equations. More
precisely, we consider the following 3D magneto-micropolar equations with only
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logarithmically hyperdissipative velocity dissipation,

(1.3)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂tu+ (u · ∇)u+ L2u+∇p = (b · ∇)b+∇× w,

∂tw + (u · ∇)w + 2w = ∇× u,

∂tb+ (u · ∇)b = (b · ∇)u,

∇ · u = ∇ · b = 0,

u(x, 0) = u0(x), w(x, 0) = w0(x), b(x, 0) = b0(x),

where the Fourier multiplier L is defined by

L̂u(ξ) = |ξ|α
g(|ξ|) û(ξ), α ≥ 5

2

and g(τ) ≥ 1 is a radially symmetric, non-decreasing function satisfying

(1.4)

∫ ∞

e

dτ

τ
√
ln τg(τ)

=∞.

We will show the following global existence results.

Theorem 1.1. Let (u0, w0, b0) ∈ Hs(R3) with s > 5
2 and ∇ · u0 = ∇ · b0 =

0, then the 3D logarithmically hyperdissipative magneto-micropolar equations (1.3)
admits a unique global regular solution (u, w, b) such that for any given T > 0,

(u, w, b) ∈ C([0, T ];Hs(R3)), Lu ∈ L2([0, T ];Hs(R3)).

2. The proof of Theorem 1.1

In order to prove Theorem 1.1, it suffices to consider α = 5
2 because the case

α > 5
2 is more easier to deal with. Now we first derive the basic L2-energy estimates.

Lemma 2.1. Under the same condition in Theorem 1.1, the corresponding so-
lution (u, w, b) of (1.3) admits the following bound for any t > 0

(2.1)
‖u(t)‖2L2 + ‖w(t)‖2L2 + ‖b(t)‖2L2+

∫ t

0

(‖Λ 5−2θ1
2 u(τ)‖2L2 + ‖Lu(τ)‖2L2) dτ

≤C(t, u0, w0, b0)

for any θ1 ∈ (0, 3
2 ).

Proof of Lemma 2.1. Taking the inner product of (1.3) by (u,w, b) as well
as adding the resulting equations together, we have

1

2

d

dt
(‖u(t)‖2L2 + ‖w(t)‖2L2 + ‖b(t)‖2L2) + ‖Lu‖2L2 + 2‖w‖2L2

=

∫
R3

(
(∇× w) · u+ (∇× u) · w

)
dx.

Thanks to the assumptions on g (more precisely, g grows logarithmically), one
may conclude that for any given ϑ > 0, there exists N = N(ϑ) satisfying

g(r) ≤ C̃rϑ, for any r ≥ N
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with the constant C̃ = C̃(ϑ). Therefore, straightforward computations give for any
θ1 ∈ (0, 5

2 ) that

(2.2)

‖Lu‖2L2 =

∫
|ξ|<N(θ1)

|ξ|5
g2(|ξ|) |û(ξ)|

2 dξ +

∫
|ξ|≥N(θ1)

|ξ|5
g2(|ξ|) |û(ξ)|

2 dξ

≥
∫
|ξ|≥N(θ1)

|ξ|5[
C̃|ξ|θ1]2 |û(ξ)|2 dξ

=

∫
R3

|ξ|5[
C̃|ξ|θ1]2 |û(ξ)|2 dξ −

∫
|ξ|<N(θ1)

|ξ|5[
C̃|ξ|θ1]2 |û(ξ)|2 dξ

≥ C̃1‖Λ
5−2θ1

2 u‖2L2 − C̃2‖u‖2L2 ,

where C̃1 and C̃2 depend only on θ1. Choosing θ1 ∈ (0, 3
2 ), we have that by

combining all the above estimates

1

2

d

dt
(‖u(t)‖2L2 + ‖w(t)‖2L2 + ‖b(t)‖2L2) +

1

2
‖Lu‖2L2 + C̃1‖Λ

5−2θ1
2 u‖2L2

≤ C̃2‖u‖2L2 +

∫
R3

(
(∇× w) · u+ (∇× u) · w

)
dx

≤ C̃2‖u‖2L2 + 2‖∇u‖L2‖w‖L2

≤ C̃2‖u‖2L2 + 2

(
‖u‖

3−2θ1
5−2θ1

L2 ‖Λ 5−2θ1
2 u‖

2
5−2θ1

L2

)
‖w‖L2

≤ C̃1

2
‖Λ 5−2θ1

2 u‖2L2 + C
(‖u‖2L2 + ‖w‖2L2

)
.

Consequence, it implies

d

dt

(‖u(t)‖2L2 + ‖w(t)‖2L2 + ‖b(t)‖2L2

)
+ ‖Lu‖2L2 + ‖Λ 5−2θ1

2 u‖2L2

≤ C
(‖u‖2L2 + ‖w‖2L2 + ‖b‖2L2

)
.

Making use of the Gronwall inequality, it directly yields (2.1). This completes the
proof of Lemma 2.1. �

The following regular estimates are crucial for the proof of Theorem 1.1.

Lemma 2.2. Assume (u0, w0, b0) satisfies the assumptions stated in Theorem
1.1. Then the corresponding solution (u, w, b) of (1.3) admits the following bound
for any t > 0 and for any σ̃ ∈ (0, 3−2θ1

2 )
(2.3)

‖∇u(t)‖2L2 + ‖∇b(t)‖2L2 + ‖Λσ̃w(t)‖2L2 +

∫ t

0

(‖L∇u(τ)‖2L2 + ‖Λ 5
2−θ2∇u(τ)‖2L2) dτ

≤ C(t, u0, w0, b0),

where θ2 ∈ (0, 1
2 ]. In particular, it implies∫ t

0

‖∇u(τ)‖2L∞ dτ ≤ C(t, u0, w0, b0).(2.4)
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Proof of Lemma 2.2. Applying Λσ̃ to (1.3)2 and taking the inner product

with Λσ̃w, we obtain

1

2

d

dt
‖Λσ̃w(t)‖2L2 + 2‖Λσ̃w‖2L2

=

∫
R3

Λσ̃
(∇× u

)
Λσ̃w dx−

∫
R3

[Λσ̃, u · ∇]wΛσ̃w dx

:= K1 +K2.

For K1, Gagliardo-Nirenberg inequality implies, for σ̃ ∈ (0, 3−2θ1
2 ), we have

K1 ≤ C‖Λσ̃+1u‖L2‖Λσ̃w‖L2

≤ ‖Λσ̃w‖2L2 + C‖u‖2
H

5
2
−θ1

.

For K2, employing the classic Kato-Ponce commutator estimates([12]) yields

K2 = −
∫
R3

[Λσ̃∂xi
, ui]wΛ

σ̃w dx

≤ ‖[Λσ̃∂xi , ui]w‖L2‖Λσ̃w‖L2

≤ C
(
‖∇u‖L∞‖Λσ̃w‖L2 + ‖Λσ̃+1u‖

L
3
σ̃
‖w‖

L
6

3−2σ̃

)
‖Λσ̃w‖L2

≤ C
(
‖∇u‖L∞‖Λσ̃w‖L2 + ‖Λ 5

2u‖L2‖Λσ̃w‖L2

)
‖Λσ̃w‖L2

≤ C
(
‖∇u‖L∞ + ‖Λ 5

2u‖L2

)
‖Λσ̃w‖2L2 .

Collecting the above estimates, we have for any σ̃ ∈ (0, 3−2θ1
2 ), such that

d

dt
‖Λσ̃w(t)‖2L2 ≤ C

(
1 + ‖∇u‖L∞ + ‖Λ 5

2u‖L2

)
‖Λσ̃w‖2L2 + C‖u‖2

H
5−2θ1

2

.(2.5)

Applying the gradient operator ∇ to the equations of (1.3)1 and (1.3)3, multi-
plying them by ∇u and ∇b, respectively, we deduce that

(2.6)

1

2

d

dt

(‖∇u(t)‖2L2 + ‖∇b(t)‖2L2

)
+ ‖L∇u‖2L2

=

∫
R3

∇∇× w · ∇u dx−
∫
R3

∇(u · ∇u) · ∇u dx−
∫
R3

∇(u · ∇b) · ∇b dx

+

∫
R3

(
∇(b · ∇u) · ∇b+∇(b · ∇b) · ∇u

)
dx

:=

4∑
k=1

Ak.

With the similar derivation of (2.2), we can establish the following estimate for
any θ2 ∈ (0, 5

2 )

‖L∇u‖2L2 ≥ C1‖Λ 5
2−θ2∇u‖2L2 − C2‖∇u‖2L2 .(2.7)

Making use of (2.7) for any θ2 ∈ (0, 1
2 ], we deduce that

A1 ≤ C‖w‖L2‖Λ2∇u‖L2

≤ C‖w‖L2(‖L∇u‖L2 + ‖∇u‖L2)

≤ 1

16
‖L∇u‖2L2 + C‖∇u‖2L2 + C‖w‖2L2 .
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For the remainder three terms, it is not difficult to deduce

A2 ≤ C‖∇u‖L∞‖∇u‖2L2 ,

A3 ≤ C‖∇u‖L∞‖∇b‖2L2 ,

A4 ≤ C‖∇u‖L∞‖∇b‖2L2 .

Putting together the previous estimates, it follows that

(2.8)

d

dt
(‖∇u(t)‖2L2 + ‖∇b(t)‖2L2 + ‖Λσ̃w(t)‖2L2) + ‖L∇u‖2L2 + ‖Λ 5

2−θ2∇u‖2L2

≤ C(1 + ‖∇u‖L∞ + ‖Λ 5
2u‖L2)(‖∇u‖2L2 + ‖∇b‖2L2 + ‖Λσ̃w‖2L2)

+ C‖u‖2
H

5−2θ1
2

+ C‖w‖2L2 .

Letting

Ã(t) := ‖∇u(t)‖2L2 + ‖∇b(t)‖2L2 + ‖Λσ̃w(t)‖2L2 ,

B̃(t) := ‖L∇u(t)‖2L2 + ‖Λ 5
2−θ2∇u(t)‖2L2 ,

h̃(t) := C‖u(t)‖2
H

5−2θ1
2

+ C‖w(t)‖2L2 ,

we may rewrite (2.8)

d

dt
Ã(t) + B̃(t) ≤ C(1 + ‖∇u‖L∞ + ‖Λ 5

2u‖L2)Ã(t) + h̃(t).(2.9)

Employing the classic Littlewood-Paley decomposition (refer to [1] for details),
one shows that

‖∇u‖L∞ ≤ ‖Δ−1∇u‖L∞ +

N−1∑
l=0

‖Δl∇u‖L∞ +

∞∑
l=N

‖Δl∇u‖L∞ ,

where Δl (l = −1, 0, 1, · · ·) denote the nonhomogeneous dyadic blocks. Applying
Bernstein inequality obeys

‖Δ−1∇u‖L∞ ≤ C‖u‖L2 ,

∞∑
l=N

‖Δl∇u‖L∞ ≤ C

∞∑
l=N

2l(θ2−1)‖ΔlΛ
5
2−θ2∇u‖L2 ≤ C2N(θ2−1)‖Λ 5

2−θ2∇u‖L2 ,

due to θ2 ∈ (0, 1
2 ].
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Similarly,

N−1∑
l=0

‖Δl∇u‖L∞ ≤ C

N−1∑
l=0

2
5l
2 ‖Δlu‖L2

≤ C

N−1∑
l=0

∥∥∥Δl

(
g(Λ)

Λ
5
2

g(Λ)
u
)∥∥∥

L2

≤ C

N−1∑
l=0

∥∥∥ϕ(2−lξ)g(|ξ|) |ξ|
5
2

g(|ξ|) û(ξ)
∥∥∥
L2

≤ C
N−1∑
l=0

g(2l)
∥∥∥ |ξ| 52
g(|ξ|) Δ̂lu(ξ)

∥∥∥
L2

≤ C

(
N−1∑
l=0

g2(2l)

) 1
2
(

N−1∑
l=0

∥∥∥ |ξ| 52
g(|ξ|) Δ̂lu(ξ)

∥∥∥2
L2

) 1
2

≤ Cg(2N )

(
N−1∑
l=1

1

) 1
2
∥∥∥∥∥ Λ

5
2

g(Λ)
u

∥∥∥∥∥
L2

≤ Cg(2N )
√
N ‖Lu‖L2 ,

where we have used the fact that g is a non-decreasing function.
Putting the above estimates altogether implies

‖∇u‖L∞ ≤ C‖u‖L2 + Cg(2N )
√
N ‖Lu‖L2

+C2N(θ2−1)‖Λ 5
2−θ2∇u‖L2 .(2.10)

By the same argument, it also gives

‖Λ 5
2u‖L2 ≤ C‖u‖L2 + Cg(2N )

√
N ‖Lu‖L2

+C2N(θ2−1)‖Λ 5
2−θ2∇u‖L2 .(2.11)

It thus follows from (2.9) that

d

dt
Ã(t) + B̃(t) ≤ C

(
1 + g(2N )

√
N ‖Lu‖L2 + 2N(θ2−1)‖Λ 5

2−θ2∇u‖L2

)
Ã(t) + h̃(t).

Noting that if we further take θ2 ∈ (0, 1
2 ], it also shows that

d

dt
Ã(t) + B̃(t) ≤ C

(
1 + g(2N )

√
N ‖Lu‖L2 + 2−

N
2 ‖Λ 5

2−θ2∇u‖L2

)
Ã(t) + h̃(t).

By taking N such that

2N ≈ e+ Ã(t),

we thus deduce
d

dt
Ã(t) + B̃(t) ≤ C (1 + ‖Lu‖L2) g

(
e+ Ã(t)

)√
ln
(
e+ Ã(t)

)(
e+ Ã(t)

)
+ CB̃

1
2 (t)

(
e+ Ã(t)

) 1
2 + h̃(t)

≤ C (1 + ‖Lu‖L2) g
(
e+ Ã(t)

)√
ln
(
e+ Ã(t)

)(
e+ Ã(t)

)
+

1

2
B̃(t) + C

(
e+ Ã(t)

)
+ h̃(t),
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or

d

dt
Ã(t) + B̃(t) ≤ C (1 + ‖Lu‖L2)

g
(
e+ Ã(t)

)√
ln
(
e+ Ã(t)

)(
e+ Ã(t)

)
+ Ch̃(t).(2.12)

Due to

g
(
e+ Ã(t)

)√
ln
(
e+ Ã(t)

)(
e+ Ã(t)

) ≥ 1,

it follows from (2.12) that∫ e+ ˜A(t)

e+ ˜A(0)

dτ

τ
√
ln τg(τ)

≤ C

∫ t

0

(
1 + h̃(τ) + ‖Lu(τ)‖L2

)
dτ.

Notice that the condition ∫ ∞

e

dτ

τ
√
ln τg(τ)

= +∞

and the following bound due to (2.1)∫ t

0

(
1 + h̃(τ) + ‖Lu(τ)‖L2

)
dτ ≤ C(t, u0, w0, b0),

we have

Ã(t) ≤ C(t, u0, w0, b0),

and ∫ t

0

B̃(τ) dτ ≤ C(t, u0, w0, b0).

That is

‖∇u(t)‖2L2 + ‖∇b(t)‖2L2 + ‖Λσ̃w(t)‖2L2

+

∫ t

0

(
‖L∇u(τ)‖2L2 + ‖Λ 5

2−θ2∇u(τ)‖2L2

)
dτ

≤ C(t, u0, w0, b0).

In particular,

‖∇u‖L∞ ≤ C‖Λ 5
2−θ2∇u‖2L2 + C‖u‖2L2 , θ2 < 1.

This completes the proof of Lemma 2.2. �

The rest of this section is devoted to proving the global Hs-estimate. Applying
Λs with s > 5

2 to the system (1.3) and taking the L2 inner product with Λsu, Λsb
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and Λsw respectively, adding them up, we can get

(2.13)

1

2

d

dt

(‖Λsu‖2L2 + ‖Λsw‖2L2 + ‖Λsb‖2L2

)
+ ‖LΛsu‖2L2 + 2‖Λsw‖2L2

=

∫
R3

(
Λs(∇× u) · Λsw+Λs(∇× w) · Λsu

)
dx−

∫
R3

[Λs, u · ∇]u · Λsu dx

−
∫
R3

[Λs, u · ∇]w · Λsw dx+

∫
R3

[Λs, b · ∇]b · Λsu dx

+

∫
R3

[Λs, b · ∇]u · Λsb dx−
∫
R3

[Λs, u · ∇]b · Λsb dx

:=
6∑

k=1

Jk.

Due to the proof of (2.2), we have that for any θ3 ∈ (0, 5
2 ), such that

‖LΛsu‖2L2 ≥ C1‖Λ 5
2−θ3Λsu‖2L2 − C2‖Λsu‖2L2 .

Now we thus deduce that for θ3 ∈ (0, 3
2 ),

J1 ≤ C‖Λsw‖L2‖Λs∇u‖L2

≤ C‖Λsw‖L2(‖LΛsu‖L2 + ‖Λsu‖L2)

≤ 1

16
‖LΛsu‖2L2 + C(‖Λsw‖2L2 + ‖Λsu‖2L2).

Using the Kato-Ponce inequality([12]), we immediately get

J2 ≤ C‖[Λs, u · ∇]u‖L2‖Λsu‖L2

≤ C‖∇u‖L∞‖Λsu‖2L2 .

It follows from Galiardo-Nirenberg inequality that

(2.14)

J3 =−
∫
R3

[Λs∂xi
, ui]wΛ

sw dx

≤‖[Λs∂xi , ui]w‖L2‖Λsw‖L2

≤C(‖∇u‖L∞‖Λsw‖L2 + ‖Λs+1u‖
L

3
σ̃
‖w‖

L
6

3−2σ̃
)‖Λsw‖L2

≤C(‖∇u‖L∞‖Λsw‖L2 + ‖u‖1−
2s+5−2σ̃
2s+5−2θ3

L2

‖Λ 5
2−θ3Λsu‖

2s+5−2σ̃
2s+5−2θ3

L2 ‖Λσ̃w‖L2)‖Λsw‖L2

≤C(‖∇u‖L∞‖Λsw‖L2 + ‖u‖1−
2s+5−2σ̃
2s+5−2θ3

L2 (‖LΛsu‖L2

+‖Λsu‖L2)
2s+5−2σ̃
2s+5−2θ3 ‖Λσ̃w‖L2)‖Λsw‖L2

≤ 1

16
‖LΛsu‖2L2 + C‖∇u‖L∞‖Λsw‖2L2

+ C(1 + ‖u‖2L2 + ‖Λσ̃w‖2L2)(1 + ‖Λsu‖L2 + ‖Λsw‖2L2),

where σ̃ > θ3. Now take p̃ > 2 satisfying

1

p̃
≥ 19− 10θ3 − 4(1− θ3)s

6(5− 2θ3)
,
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then it is not hard to check that

J4 ≤ C‖[Λs, b · ∇]b‖
L

2p̃
p̃+2
‖Λsu‖

L
2p̃

p̃−2

≤ C‖∇b‖Lp̃‖Λsb‖L2‖Λsu‖
L

2p̃
p̃−2

≤ C(‖∇b‖1−
3(p̃−2)
2(s−1)p̃

L2 ‖Λsb‖
3(p̃−2)
2(s−1)p̃

L2 )

‖Λsb‖L2(‖∇u‖1−
2(s−1)p̃+6

(2s+3−2θ3)p̃

L2 ‖Λ 5
2−θ3Λsu‖

2(s−1)p̃+6
(2s+3−2θ3)p̃

L2 )

≤ C(‖∇b‖1−
3(p̃−2)
2(s−1)p̃

L2 ‖Λsb‖
3(p̃−2)
2(s−1)p̃

L2 )

‖Λsb‖L2‖∇u‖1−
2(s−1)p̃+6

(2s+3−2θ3)p̃

L2 (‖LΛsu‖L2+‖Λsu‖L2)
2(s−1)p̃+6

(2s+3−2θ3)p̃

≤ 1

16
‖LΛsu‖2L2 +H(‖∇u‖L2 , ‖∇b‖L2)(‖Λsu‖L2 + ‖Λsb‖2L2),

where H(x, y) is a smooth increasing function with respect to variable x and y.
Similar arguments also all us to show

J5, J6 ≤ C(‖[Λs, u · ∇]b‖L2 + ‖[Λs, b · ∇]u‖L2)‖Λsb‖L2

≤ C(‖∇u‖L∞‖Λsb‖L2 + ‖∇b‖Lp̃‖Λsu‖
L

2p̃
p̃−2

)‖Λsb‖L2

≤ 1

16
‖LΛsu‖2L2 +H(‖∇u‖L2 , ‖∇b‖L2)(‖Λsu‖2L2 + ‖Λsb‖2L2)

+C‖∇u‖L∞‖Λsb‖2L2 .

Collecting all the above estimates, one may derive that

d

dt
Z(t) + ‖LΛsu‖2L2 ≤ CV (t)

(
e+ Z(t)

)
,

where Z(t) and V (t) are given by

Z(t) := ‖Λsu(t)‖2L2 + ‖Λsw(t)‖2L2 + ‖Λsb(t)‖2L2 ,

V (t) :=
(
1 + ‖∇u‖L∞ + ‖Λσ̃w‖2L2 +H(‖∇u‖L2 , ‖∇b‖L2)

)
(t).

It follows from (2.1) and (2.4) that∫ t

0

V (τ) dτ ≤ C(t, u0, w0, b0).

Now noticing the above bound and using the Gronwall inequality, we eventually
obtain

‖Λsu(t)‖2L2 + ‖Λsw(t)‖2L2 + ‖Λsb(t)‖2L2 +

∫ t

0

‖LΛsu(τ)‖2L2 dτ ≤ C(t, u0, w0, b0).

We therefore complete the proof of Theorem 1.1.
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