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Explicit solutions of atmospheric Ekman flows for some eddy
viscosities in ellipsoidal coordinates
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ABSTRACT. In ellipsoidal coordinates, we study the motion of the wind in the
steady atmospheric Ekman layer for the height-dependent eddy viscosities in
the form of some quadratic, fourth and rational power functions. We construct
the explicit solutions for these forms of the eddy viscosities by using suitable
boundary conditions. Furthermore, we write down a formula of the angle
between the wind vector and the geostrophic wind vector at any height.
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1. Introduction

The Ekman layer is a boundary layer where there is a balance between the
viscous friction force and the Coriolis force at non-equatorial latitudes. The classical
Ekman theory needs to ignore the nonlinear effects and achieve a balance of three
forces, namely the Coriolis force, the pressure gradient force and the friction force
[1, 2]. But in equatorial regions, the Coriolis effect disappears, so the nonlinear
effects must be considered [3, 4, 5, 6]. The Ekman layer theory is applicable to
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many fields such as the bottom of the atmosphere, the bottom of the ocean, and
surface waters.

Under the assumption of constant vertical eddy viscosity, the first mathemat-
ical model to describe the behavior of wind-generated steady surface streams was
formulated by Ekman [7]. He further analyzed the model, derived the Ekman
flow and gave three predictions from it. Two of the predictions have been con-
firmed by some data from non-equatorial regions. However, there is a big differ-
ence between the prediction of the deflection angle of the surface flow from the
wind direction and the actual measurement data [8, 9, 10]. This difference is
caused by the assumption of the constant eddy viscosity. Therefore, the authors
in [11, 12, 13, 14, 15, 16, 17, 18, 19] further considered the problem of atmo-
spheric flow with the eddy viscosity varying with the height in the Ekman layer.
It is worth noting that Ionescu-Kruse in [13] constructed the explicit solutions for
the cases where the eddy viscosities are some quadratic or rational power functions,
and Guan et al. in [19] gave the explicit solutions for the cases where the eddy
viscosity is a quadratic or piecewise function.

The above works were done in spherical coordinates and local Cartesian coor-
dinates. However, for the study of the atmosperic flow, the spherical coordinates
and the local Cartesian coordinates cannot fully preserve the details of the Earth’s
curved-space geometry. Fortunately, a more accurate simulation of the atmospheric
movement was given. Constantin and Johnson in [20] used the ellipsoid approxima-
tion of the Earth to model the large-scale atmospheric flow, that is, an ellipsoid coor-
dinates was established on the Earth that could describe the atmospheric flow more
accurately. The general governing equations for the steady motion of the viscous
compressible atmosphere in ellipsoidal coordinates were further presented, and how
the new system recovers the classical Ekman equations was shown. Further, Con-
stantin and Johnson in [21] discussed the propagation of waves in the atmosphere
in ellipsoidal coordinates. In addition, using asymptotic methods, Constantin and
Johnson in [22] investigated the propagation of nonlinear waves in the atmosphere.
Based on the the thin-shell approximation, Johnson in [23] was concerned with the
mathematical fluid dynamics of the atmospheric Walker circulation. Ionescu-Kruse
in [24] considered the viscous compressible zonal flows in a neighbourhood of the
Equator. Here, we highlight that Constantin and Johnson proposed a new extended
Ekman model in [20, 21]. Then, Yang et al. presented the dynamical properties
[25] and some explicit solutions [26] for the atmospheric Ekman flows in ellipsoidal
coordinates.

Based on the above papers, we discuss the atmospheric Ekman flows with
the eddy viscosities in the form of quadratic, fourth and rational power functions
in ellipsoidal coordinates. After choosing the suitable boundary conditions, we
construct the explicit solutions for these cases. Then, we write down a formula of
the angle between the wind vector and the geostrophic wind vector at any height.

2. Governing equations

In atmospheric science, the shape of Earth’s sea-level geopotential surface is
usually approximated by an ellipsoid obtained by rotating an ellipse around its
semi-minor (polar) axis (of length dp ~ 6357 km), and its semi-major (equato-
rial) axis of length dp ~ 6378 km. (We use prime numbers to denote physical
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[dimension] variables; these will be removed when we introduce a suitable non-
dimensionalisation.)

The coordinate system (¢, 0, 2), Z being the vertical distance up from the sur-
face of the ellipsoid, is associated with the ellipsoid which is rotating about its polar
axis with (constant) angular speed Q ~ 7.29 x 1075 rad - s~'. In this system, the
unit tangent vectors at the surface of the ellipsoid are (e,, es,€;); e, points from
West to East along the geodetic parallel, eg from South to North along the geodetic
meridian, and e, points upwards. The spherical coordinates, the hybrid spherical-
geopotential rotating coordinates and the ellipsoidal coordinates are shown in Fig-
ure 1. The introduction of the ellipsoidal coordinates and the connection between
the three coordinates are described in [20].

FIGURE 1. Away from the polar axis, we represent a point P
in the atmosphere using the hybrid spherical-geopotential rotat-
ing coordinate system (¢, 6, Z), obtained from the spherical system
(e, €q, e,) and the geopotential system (e, eg,e.). Here, ¢ and 0
are the longitude and geocentric latitude of P, respectively, 5 and
« are the geodetic and geocentric latitude of the projection P* of P
on the ellipsoidal geoid, respectively, and e, points upwards along
the normal P*P to the geoid (which intersects the equatorial plane
in the point P.). The unit vectors (e, e,) are obtained by rotating
the unit vectors (eg, e,) by the angle (8 — 6), in the plane of fixed
longitude ¢.

Here, we consider the governing equation of the atmosphere is the Navier-
Stokes equation for a compressible fluid with the dynamic eddy viscosity which
depends on only Z. By finding the transformation formula between the spherical
coordinates and the ellipsoidal coordinates, and introducing the appropriate non-
dimensionalisation, the approximate parameter of thin-shell € and the parameter
§ = ¢2 (¢ is the eccentricity) which measures the effects of small deviations of
the ellipsoid from the spherical, we derive the governing equation of the viscous
compressible atmosphere in ellipsoidal coordinates from the governing equation of
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the viscous compressible atmosphere in spherical coordinates (see [20]), as follows,

(L—e2z+0dA)dp € 6( ou

_ g € o (f Ou 2 2
(2.1) 2epvsin gz 2, TR o: mﬁz) + O(g%,€6,67),

(2.2) 2e? pusin @+ep(1 + ez — §A) sinf cos 6

_ op 21, %P
=—(1—¢ez+0A) {580+(25A+6 D)az}

—26Apg[1 + 6(sin @ + cos 0) cos 6 — 3ez]
g2 0 o 3 oc o
R 0: <m) O(e%,e%0,£6%),

0z
(2.3) —epcos?f = — % — pg(1 —2e2 + 26A) + O(e?, €6, 6%),

where (u(p, 8, 2),v(p,0,2),w(p,0,2)) is the velocity, p(¢, 0, z) is the density,
p(p,0,2) is the pressure, m(z) is the dynamic eddy viscosity, g ~ 9.81 m - s72 is
the acceleration of gravity, R, is the Reynolds number, A(f) = % sin6cos6, and
D(0) = (1 — 2 sin®0) sin 0 cos 6.

We find that (2.1)-(2.3) describe a purely horizontal flow. For purely horizontal
flow the atmosphere behaves as though it were an incompressible fluid [1]. Fur-
thermore, the basic state (standard atmosphere) density varies across the lowest
kilometer of the atmosphere by only about 10%, and the fluctuating component of
density deviates from the basic state by only a few percentage points [1]. So, the
density p(p, 0, z) can be replaced by a constant mean value p. Then the classical
Ekman equations can be recovered from the above equations (2.1)-(2.3), as follows

(see [20)),

1
2pvosin€—|——2 m% =0,
R, 0z 0z
(2.4)
2usin9—i£ m% =0
pro R.o:\"02) " "
We take the following boundary conditions for the system (2.4)
(2.5) ug=a, wvg=~>b, at z=zg,
and

™V Gsing
H

where a and b are nonzero constants, 1, and v, are the nondimensionalize geostrophic
velocities, and H the maximum height of the troposphere.

W./ﬁ(
H

and nearly equal to the geostrophic value (ug,v,), it is conventional to designate
this level as the top of the Ekman layer [1], so we change the condition (2.6) to

h
(2.7) Uy = Ug, Vo =7y, at 2z=23=—=,

H

where h is a constant (observations indicate that h &~ 1km, see [1]).

2.6 Uy = Ug, Vg =74, at z=
9 9

b

REMARK 2.1. When z = a constant), the wind (u,v) is parallel to
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3. Main results

Let ¢ = ug + ivg, and from (2.4), we obtain

(3.1) m% +m ? —i2ppsinfR, = 0,
the boundary conditions (2.5) and (2.7) become

(3.2) ¢=¢g=a-+1ib, at z= z,
and

(3.3) ¢ =¢1 =uy+ivg, at z=zs.

If the eddy viscosity m = constant, then (3.1) will be transform into

0%¢ _; 2R.p¢sin 6

(3.4) 9.2 -

=0,
then, we get the solution of the equation (3.4) is
¢ = Ae\/@(lﬂ)z i Be—\/@(lﬂ)z’

with A, B constants. We determine the constants A and B that satisfy the bound-
ary conditions (3.2) and (3.3). Imposing the boundary conditions (3.2) and (3.3),
we get

s {Aeﬁmc:wmm 4 Be VIR s _ g

AeVEEEE (42 4 BemVEEEI (i) — ¢
y (3.5), we obtain

¢oe_\/R67 LRl (14i)z5 _ pre” VBT (144)

A =
oV BT (1) (z0—23) _ o/ ETRE (140) (3 —20)
¢1€ /Re;:me (1+i)20 _ (boe /Repsi119(1+i)zg
B =

VI (14i) (z0—23) _ o3/ BT (14i) (23 —20)
So, the solution of the equation (3.4) is
eV EEEE (1) (2 =25) _ o/ TR (1) (25 —2)
\/m(1+1) (20—28) _ o/ TBERE (140) (25— 20)
VI (144) (20—2) _ o/ T (144) (2 20)
oV BT (140) (20—23) _ o/ T2 (14i) (25 —20)

However, the eddy viscosity m(z) always varies with height [10], here, we con-
sider the following cases.

¢ =

+ é1

3.1. Case I. Here, we consider the case of an eddy viscosity given by

2R, psinf
m(z) = iepsind 22,
c
where ¢ > 0.

We write (3.1) as
(3.6) (m(2)¢") —i-2R.ppsind = 0,
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we integrate the equation (3.6) and get

(3.7) m(z)¢' —i-2Re.p sin@/qbdz =0.
With the notation

(39) ) = [ oaz,

the equation (3.7) will become

(3.9) m(z)n"(z) —i-2Repsinfn(z) = 0.

Note that m(z) = Mz% so we have

1 c

(3.10) n'—i- 2—277:0.
By the transformation

1
(311) ne) =), =,

the equation (3.10) becomes
¢"(s) =i-s72((s).
We look for solutions of the form
C(s) = s™.
The equation that « has to satisfy is

a?—a—i-c=0.

Thus, there are two possible values for a:

1£v1+i-4c 1:|: c i 1 (V162 +1-1
0= = _— 7 — _—

2 2 V1611 2 2
V 3

Then, the general solution of the equation in ( is

FRT A BRI Y SVATIEE S T 1, 2 P B RVATTCESES |
C(S) _ A/S2 V16e241-1 2 2 —I—BISZ 162411 2 2

where A’, B’ are constants. So, by (3.11),

ER A RIS Y VAT S T 1 1 [ V/16e2 411
N L e S e e o
and by (3.8), the general solution of the equation (3.1) is

i1 . o2 11—
—1-c 2 —i-3 / \/1602+1 1 —Lte 2 +i-d / \/1()<:2+1 1
¢ — Az 16c2+1—1 V16e2+1-1

with A, B constants. Imposing the boundary conditions (3.2) and (3.3), we obtain

)

+ Bz

(3.12)
7%76 2 72.% / \/16c2+1—1 7%+C 2 +i-% / 16c22+1—1
16c2+1—1 V16c241-1
Az, + Bz, = ¢y,
—1-c 2 il /\/16(:2«#1—1 ~lie 2 +il /\/16c22+1—1
V16c2+1-1 V16c241-1
Az + Bz, = ¢1.
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We can rewrite the formula (3.12) as

/71602_*_1_1 _;.Inz0 \/15L2+171
2

1/ 15C2+171 . lnzo 16r2+1—1
—|—Bz0 v
/ P
1662+1 1 i 1nz3 16¢ +171

1/ 1()(:2+171 ,11123 / 1602+171
+BZ?> ¢1

Let A= Ay +iAs, B=B;+iBy and ¢ =,/ m , and expanding the fomula
(3.13) into real and imaginary parts, we have

(3.13) = 9o,

—l—c —C .
Aqzy 2 ?cos (qlnz") +A220 qsm(qlnzo)
n

2
1 1
. “+c .
+Bizy ? “cos (U520 ) — Byzy ? qsm(‘”;o =a,
i1-c —t—cq .
Aoz % cos —qlgzo — Az, 2 % gin ql“”)

2
1
—5—c 1 —cq . In 2
Ayzg 2" “ cos (q nz3> +A223 sin ( 4 1123)
n

2
CRRS —14ecq .
+B125 2" “ cos (M) — Byzy 2 “sin (ql

2 2
1
Agzé_cq coS —qlnz“”) — A1z3_§_6q sin (qlnz?’)
2
n

2
1+c —1+c
+Byzy ? qbln(mT'Z?’)+BQZ32 qcos(q1

2
1
+Blzo 2+ qSiIl (qlnzo) +BQZO 2+CqCOS (qlnzo) :b7

Thus,
oo (Um)  oF Vi (1lgm) g BT oo (alpm) oY gin (a1
oo Eein (115) Mo (415) 2y H g (15) g 30 o (1130)
z;%_cqcos(iqlg%) zé_cqsin(qlgzs) 3_;+0qcos(qh;z3) fz;%ﬂqsin(iqh;z"*)
,%76 gln zs %76(] qlnz3 ;“I’Cq . gqln zg 7%+Cq qln zg
—zy 2 “sin (4228) 277 “cos (1B28) 2 sin (£522)  z, cos (1522
Al a
» As| | b
B1 B Ug ’
BQ Vg
ie.,
A1 a
Ax| | b
(3.14) d Bi| = |uy

BQ Vg
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Obviously,

In(z0) — 1n(23)>}

q

—1—2¢q —1—2¢c 4c 4c 2cq 2
det(d) = 2y ““zg [ Tt 257 — 225123 cos (

—1-2 —1-2 4 4 2 2
s oyt e e g 20 ]

2
_ —1-2cq_—1-2cq 2¢q 20q
=2, 23 [23 25 > 0.

So according to Cramer’s Rule, we obtain an unique solution of the equation (3.14),

(3.15) o det(dy)  det(d2) _ det(ds) _ det(dy)
. 1= =7, Aa= ———+, Bi=———7, Bao= ——-+
det(d) ’ det(d) ’ det(d) ’ det(d) ’
where
1
5—cq . —5tc —5tc
a g mn(qlgz‘)) 2z 2 ? cos (qlg‘zo) —2zq 2 qsm(qlgzo)
1
5—cq —35+tcq . —35+c
b z¢ cos (qlgzo) 2, 2 “sin (qlgzo) 2 2 “cos (qlgzo)
dl = 1 1
5—cq . —5tc -5+ . ’
ug 23  sin (qlgzg,) 23 2 “cos (qlgzg,) —z5 2 “sin qlgz“”)
l7cq —i4cq . —14c
vy 23 cos (ql’;ZS) 2g 2 ©gin (‘“3“) 2g 2 % cos (qlng)
1
-1 —L+tc -1+
Zg 2 cos (qlnzo) zo 2 cos (qlgz") —zy 2 “sin (qlgz")
¢ —-14c —-1+c
—z5 2 “sin qlnzo b oz, 2 “gin (2inzo 2 2 cos ((2inzo
d 0 0 2 0 2
2 = _1_. _1 _ )
q +c +
Zg cos (qlgzs) u, 25 % 'cos (qlgz3) —z5 2 “sin qlgzg)
1 1
-1 —14ec -1t
—25 7 “sin (qanS) vy 2z 2 'sin (qlng) 23 2 “cos (qngQ’)
7%70(1 qln zg %7cq . qln zg *%“F q gln zg
2 cos ( 57 z5  sin (45 a e sin ( 45
—t—cq . 5—C —5+
—z, 2 sin (‘JIHTZO) 2 ?cos (qlgzo) b oz, 2 ?cos (qlgz0>
dg - 1 1 1
—5—cq - s—cq . - —5tc
zg 2 CoS (qh%) 22~ “sin (qlgzd) uy, —z5 2 Usin qlgzd)
1 1 1
—5—cq . 1 5 —C —5+c
—z3 2 sin (%) 22" cos (qh;zf’) vy 232 cos (qlng’)
1 1
—5—cq 7—c —5tc
2z 2 cos (—qlgzo) % sin <q1220> 02 % cos (qlgzo> a
—t—cq . ——c —1+4ecq .
2, % “sin (qlnTz"> 7 cos (q 50 ) 2, 2 “sin (qlgzo) b
d4 - 1 1
—5—cq 5— —5+tc
2q 2 cos (—qlgz"’ qblIl “ ) 2g 2 1 cos (qlg“) Ug
—1-cq . - —14cq .
—2g 2 ?sin (qlr‘TZ?’) 232 ?cos (qlgzc“) 5 2 “sin (qlg“) Vg

From the above discussion, we get the following result.
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THEOREM 3.1. The solution of the problem (3.1) with the boundary conditions
(3.2) and (3.3) is

1 2
o T2 V16c2+1-1 In z 2
ug = AlZ COS =5 m
1. [
V16e2+1-1 s Inz 2
+Azz S "2/ Ve 111
—1+c %
16c2+1—1 Inz 2
+Bz cos (—2 Tcukl)
iy 2
—Byz & VVielrioigy (lnz /2
(3.16) SV
’ 1 ¢ )2
2 V16c24+1-1 1 2
vy = Aoz cos | 7%= oIl
1 2
R V162411 In z 2
7A12 S11 5 7%1602-&-1—1
—1l4 -2
2 V16c24+1-1 Inz 2
+Biz sin ( 75 o1
1 2
_7+c [
2 16c241—1 Inz 2
+Bsz cos | 75 ool )

where Ay, As, By and By are given by (3.15).

We denote the angle between the wind vector at any height and the geostrophic
vector by 7(z), that is

ug + 1o UgUy + VoVg + 2(VoUy — UgU
7(2) = arg ——— = arg s T ilvouy 2) _ arctan

VoUug — UpVyg
; 2 2 :
Ug + 104 ug + vy UoUg + VoUg

We assume v, = 0 for simplicity, together with (3.16), we get
vo(2)
uo(2)

—A; tan (ql;z) + Ayz + Byz%¢4 tan (“%) + Byz2c

7(z) = arctan

=arctan ,
Ay + Asztan (‘112&) + B12%2¢4 — Byz2¢d tan ((11%)

with q =4/ ﬁ Then, we find that
Yg

T(z9) = arctan — and 7(z3) = arctan = = 0,
a Ug

which means that the value of the angle between the wind vector and the geostrophic
vector at the boundary is determined by the value of the velocity components at the
boundary. In other words, as the height of the boundary changes, the velocity of
the atmosphere at the boundary will also change, resulting in a change in the value
of the angle between the wind vector and the geostrophic vector. Furthermore, the
angle between the wind vector and the geostrophic vector becomes zero when the
height reaches z3 (the velocity components ug = ug and vy = vy).

REMARK 3.2. For the top of the Ekman layer z = z3, the angle 7(23) = 0
which means the wind vector becomes the geostrophic vector, this is consistent
with the result in the paper [19]. For the bottom of the Ekman layer, the angle
7(20) = arctan 2. If we consider a > 0 and b > 0, then we obtain that the angle

a
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7(20) € (0, %), this is consistent with the result in the paper [13]. If we consider

a > b > 0, then the angle 7(2) € (0, %), this is consistent with the result in the
paper [19].

3.2. Case II. We consider the case of an eddy viscosity given by
m(z) := 2R,psin 0z*.
Then, the equation (3.9) becomes

(3.17) 0 =iz
THEOREM 3.3. The solution of (3.17) can be expressed by the following formula
(3.18) n(z) = Aze™ % + Bze®.
And the solution of (3.1) with the boundary conditions (3.2) and (3.3) is
(3.19) ¢(z):A(1+\ﬂ> e—f+3<1—ﬂ> e,
z z
where

(1) (18 E )
() (2] () ()T
o (1+ %) e % — ¢y (1+%) %

0 FE (D F T

PRrOOF. From (3.18), we have

n’(z)zA(l—i—\f) ¥ +B (1—\f> e,

then

therefore,

N 7

) Vi
—Ale ¥ 4Bl — (),
3¢ 3¢ n'"(2)

which implies (3.18) is the solution of (3.17).
By (3.8), we obtain the solution of (3.1) is

¢(z)=A<1+ﬂ> e‘f—i—B(l—ﬂ) e,
z z
Considering the boundary conditions (3.2) and (3.3), we get

(3.20) ¢0—A<1+ﬂ> e % +B<1_‘ﬁ> e,

20

(3.21) ¢1A<1+ﬂ> e—&B(lﬁ) 2

z3
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Combining (3.20) and (3.21), we have
, N Vi VA :
(1= 5) (1 )% o (1-5)
A= 5 -
- - Vi_2vi ) - Vi’
() () () ()
23 20 28 3
, NG , Vi
o (1+8) e h s (1)
= : N Vi i - N Vi Vi
(1-2) 1+ L) s 5 - (1-4) 1+ L) 5%
z3 Z0 20 Z3
This proof is complete. O

We introduce the angle between the wind vector at any height and the
geostrophic vector:

T(z) = arg Yo + o = arg 0(2)

ug + vy o1
which, by taking into account (3.19), is equal to:

1) (- () (o 9)

Then, we get the angles at the bottom of the layer and the top of the layer are

7(29) = arctan Zl;" +ZZ" and 7(z3) = arg ¢(Z'*)

= arg 1l = 0, respectively.

3.3. Case III. We consider the case of an eddy viscosity given by
m(z) := 2R.psinfz7 .

Then, the equation (3.9) becomes

(3.22) e

For the exponent v = f%, and the constant ¢ = i, we let ¢ :

~lat1=3-2)+
1= % Due to % = 7 is an odd number, by following [27], the example 2.14, we
obtain the general solution to the equation (3.22) is the Cayley solution given by

=4 (1 G 958 = 6861\623) oTViz T

- 1

with A, B constants. By (3.8), the general solution of the equation (3.1) is

T - 1
¢<Z) =A (—;ZZ_7 + % ;) 67\[”7 +B( ;ZZ_S + ?56 ;) 6—7\[127.
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Let A= A1 +iAs, B = By +1iBs, and expanding this into real and imaginary parts,
we have

7 5 7 1 686 3 7 1 Lz%
3.23 ug=A1 (=27 7sin | —27 | + — 2z 7T cos | —=27 ev2
(3.23) oo (5 (\/i ) 15 (\/5 ))

+ A Zz_% cos lz% - @2_% sin lz%
2\5 O] 15 2
7 _s 86

W

(3.24) vo =A; <;z? cos ( ! z%> +
+ A <;z; sin (\Ziz%> +
+ By (—72_g cos (72'%) — @2_% sin (72%)> 6_%2%
5 V2 15 V2
+ By (—72_2 sin <7z%> + @z_% cos (72%)> e_%z%.
5 V2 V2

To determine the constants Ay, Ay, By and By, imposing the boundary conditions
(3.2) and (3.3), we get

a1 a2 a3 aus| [A a
(3.25) a21 a2 Q23 (24 Ay _ b ’

az1 asx azz ass| | By Ug

(g1 Q42 43 agq| |Bo Vg

where

ajp = (fl(Zo)gl(Zo) + fl(zo)gz(zo))ch a12 = (f1(20)92(20) - f2(20)91(2’0))01,
—f1(20)g1(20) + f1(20)g2(20) o f1(20)92(20) + f2(20)g1(#0)

a3 = , 414 ’
az1 = (—f1(20)92(20) + f2(20)91(20))c1, a2z = (f1(20)91(20) + f2(20)g2(20))c1,
s — —f1(20)g2(20) — fz(Zo)gl(Zo),a24 _ —f1(20)91(20) + f2(20)92(20)

az1 = (f1(23)g1(23) + f1(23)g2(23))c2, az2 = (f1(23)92(23) — f2(23)g1(23))c2,
—f1(23)91(23) + f1(25)92(23)  _ fi(23)g2(23) + f2(23)91(25)

aszs = , W34 )

C2 C2
as1 = (—f1(23)g2(23) + fa(23)g1(23))c2, aaz = (f1(23)91(23) + f2(23)g2(23))c2,
s — —f1(23)g2(23) — f2(23)91(z3)7a44 _ —fi(z)g1(z8) + f2(23)92(23)’

1(2 :Zz*%, 2(z :@z*%, 1(z) =sin (27 , 92(%) = cos T2t ,
5 15 9 3 9 2

R 7
c1=ev2 0 and ¢cg = ev2™3
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The first matrix of formula (3.25) on the left side is denoted by d. Clearly,

det(d)
4 4 1 1 1 1
4802(9 + 96042 ) (9 + 960424 [cosh (7\/5 (;;O - zg)> — cos (7\/5 (zg - 237))]
506252, 23"
>0.

By the Cramer’s Rule, we determine that the constants A;, Ay, By and By are
expressed as follows

A det(dl) det(dg) det(dg) det(d4)
det(d) ’ det(d) ’ det(d) ’ det(d) ’
where
a a2 a3 a4 aix a4 a3z a4
dy = b azx a3 a dy = a21 b a3 any
Ug a3z a33 G34| asy Ug a3z aza|’
| Vg Q42 Q43 Q44 | Q41 Vg Q43 (44 |
ailp a2 @ Aai4 aipr a2 a3z a
ds = az1 a2 b anx d, = a1 asz azz b
asy a3z Ug G34|° asy a3z  G33 Ug
| @41 Q42  Ug Q44 | Ld41 Q42 Q43 Vg |

We introduce the angle between the wind vector at any height and the
geostrophic vector:

7(2) = arctan U—O,
up

which, by taking into account (3.23) and (3.24), is equal to:

Ey + Fy
7(2) = arctan ——, for z € [z, 23],
=) e 20,23

where
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) 1
By =4, Zz*% tan Lz + @z*% eva®T
5 2 15
7 5 686 _s 7 1 A
4+ Ay | =277 — —2z 7tan | —==27 eva™',
5 15
686 7 7 _ 1.
Fy, =B, (152'_3 — 52_% tan (\/52;>) e veidkd

1
+ By <;z_? + 61i562_% tan (72%)> eV

=

Then, we get the angles at the bottom of the layer and the top of the layer are
7(29) = arctan 2 and 7(z3) = 0, respectively.

3.4. Case IV. Here, we consider the case of an eddy viscosity given by
m(z) := 2R.psin 025 .

Then, the equation (3.9) becomes

(3.26) n'(z)—i-2z"5n=0.

THEOREM 3.4. The solution of (3.26) can be expressed by the following formula

(3.27) n(z)=A (z + 3ﬂz%) e‘3ﬁz—% +B (z - 3\[12%> e?’\/iz_%.

And the solution of (3.1) with the boundary conditions (3.2) and (3.3) is

(3.28) p(z) =A (1 +3VizT5 + 3z‘z—%) BViz TS
+B (1 — 3T+ 3¢z—%) BVizTS

where

3ﬂ<z;%_zo_§> _ ¢1f(Z0)g(Zo)

A= ®0f(20)9(z3)e
f2(20)9(23)€3ﬂ<z3 S s) — f(zo)f(zg)g(zo)efsﬁzafé
B 91/ (2000 * — gof(z)e=Vi%s ®

f(z0)9(z3)e ) f<23>g<zo)e3”(25 )

and f(z) = (1 +3viz"3 + 3iz_%), g(z) = (1 —3Viz"i + 32’2_%).
PROOF. From (3.27), we get
() = A (1 + 3V 3iz—%) eV L (1 _3Vir b+ 3i2—%) (3VizTE
then

5 - 1 1
n'(z)=A (1 + 3\/2'2_%) iz"3e Ve 8 4 B (1 + 3\/1'2'_%) iz 3e3Viz 3
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therefore,
o s =1 - 1
7 - zfgn(z) =1- z*% (A (Z + 3\/22’7> efd\ﬂz *+B (Z — 3\/;7;%) es\ﬂz 3)
3

1 s a1
ﬂz*%) iz 3e3VizT3 4 p (1 + 3\[2‘2*%) iz 3e3Viz S

o

= 77//(2)’

which means (3.27) is the solution of (3.26).
By (3.8), we obtain the solution of (3.1) is

- - 1 . -1
o(z) =4 (1 +3VizTh 4 3i2’%) e ViEE L B(1-3VizTs 4 31'2*%) VTS
Imposing the boundary conditions (3.2) and (3.3), we get
1 _2 o -1
(3.29) o= A (1 +3Vizy ¥ + 3izg e~3Viz ®

(3.30) 61 = A(1+3Vizg * +3izg

+ B (1-8Vizg 430z 0 ) Vin

_1 _2 o /3 3
+ B (1-3Vizg ¥ 4305 ) Vi

Let f(z) =1+3Viz"3 +3iz73, g(z) = 1 — 3z 3 + 3iz— 3, combining (3.29) and
(3.30), we obtain

3V zi%—zi%

( Y ) — ¢1f(20)9(20)

A= ¢of(z0)g(23)€l - 7
f2(20)g(23)e3\ﬁ<z3 -~ 3) — f(zo)f(zg)g(zo)e—sﬁz;%
B = $1f(z0)e™ >V © — o f(z3)e3Vi% O

1 _1 1 1\
3\ﬂ<z33 —Z 3) 3\ﬁ<zg 3 —Zz3 3)

f(z0)g(23)e — f(z3)g(z0)e

We introduce the angle between the wind vector at any height and the
geostrophic vector:

_wptivg  $(2)
7(2) = arg ——— = arg ——,
Ug + Vg 01

which, by taking into account (3.28), is equal to:
7(2)
1 - L1 - 1
A(1+3Vizh 431271 ) eV 0 4 B (1-8vieTh 43027 ) 3V
P1

4 F(2)F(20)g(z0)e

=arg

ol

- f(ZO)f(ZS)g(ZO)e_g‘ﬁZQ%
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st ) %g(z)f@g)em(f%_z;%)

’ ; iz - )

1 1
3\@(233 -z 3

J(20)g(z3)e ) — f(z3)g(20)e

Then, we obtain the angles at the bottom of the layer and the top of the layer are

7(20) = arctan 2229 and 7(z3) = arg

$(z3) _

5 T arg 1 = 0, respectively.
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