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ABSTRACT. A new configurational probability diffusion - CPD - equation that
accounts for temperature dependent molecular dynamics for incompressible
polymer fluids is introduced. We prove the existence of positive solutions for the
corresponding variational formulation using Schauder’s fixed point theory. The
polymer fluid macromolecules are modeled as Finitely Extensible Nonlinear
FElastic dumbbells, also known as FENE chains.
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1. Introduction

Polymer fluid industrial flows are commonly subjected to strong temperature
gradients: this is a feature of almost all processing technologies (see e.g. [4], [27],
[28]). Even though this was known for a long time, studying non-isothermal flows is
notoriously difficult at both modeling and mathematical levels and the issue remains
largely an open question only seldom addressed.
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Kinetic theories ( [5], [19], [32]) focus on for the dominant inter and intra molec-
ular interactions responsible for the macroscopically observed rheological behavior.
Gathering inspiration from the earlier work of Curtiss and Bird in [18], we obtained
in [I6] a more general configurational probability diffusion (CPD) equation based
on temperature dependent polymer molecular dynamics, without the linearizations
originally assumed in [18], an undertaking never considered before. Very important
to recall here, CPD equations are the theory’s backbone for they enter the defini-
tion of the fluid stress tensor, reason for which they are studied to this day, see,
c.g. [24], [21], [22], [20], [25], [12], [13], [14), [1], [2], [3], [L1], [9], [26], [6], [30], 8]
[15], [10].

Specifically, we assumed the polymer chains to be modeled as FENE ( F'initely
Extensible Nonlinear Flastic) dumbbells, a popular approximation of the physical
reality. In the modeling calculations we assumed the temperatures at dumbbell
extremities to be different from each other. This situation corresponds to a rather
general case in which the heat flow also occurs along the chain. The fluid is assumed
incompressible: the macroscopic velocity v satisfies V,-v = 0. Let v, 0 and @) denote
the probability density, the temperature and the end-to-end vector, respectively.
2VL d the Deborah bD—<VZ(2)
o and the Deborah number De = TN
e.g. in [24] and [16] (see also [I7] for several remarks). De can equivalently be

v
introduced as De = 431 A but since H = H(#) = lf&, upon normalizing 6 one
0

recovers exactly the definition just presented. The corresponding initial boundary
value problem reads

Define the Péclet number Pe =

0
L rTa @) = po Ve (Ve 010) + Vo (@ V) )] )
+ Vo (xQy) - %VQ B0 )
1
(1.1) ~ 5peVe (VoY) - VQ (1_”5”2%2%91/)) =0
(1.2 Ylosyxom) =0
(1.3 ¥(t = 0) = o, Yo given

In [16] we proved the existence of positive solutions to the corresponding vari-
ational formulation of using fixed point techniques.

In this paper we continue the aforementioned work and take on to studying a
closely related CPD. Specifically, instead of assuming two different temperatures at
the dumbbell’s ends, we now assume the temperature field on the average and be
given at the FENE dumbbell’s barycenter. The subsequent calculations are identical
in nature to those of [16]. The new CPD reads:

%
ot

(1.4) - 2D Vo (0Vey) —

+ Ve (09) = 5oVe [Va (09) 6] + Vo - (QU)

1 0 -
D6 <1 S ToTEeY W) =0
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For commodity, a further simplification can be achieved by carrying out the
re-scaling Q/Qo. Relabeling the newly introduced variable again by @ for sake of
simplicity of notations leads to

0
% + Vi (vY) —diVe - [Ve (0In) ] + Vg - (kQY) — daVq - (0VqY)
i >
1.5 — dodVg - | ———=0 =0
(1) Vo (= fgpte
'thd—id—# d § = Q3 bei iti tant
w1 1= Pe, 2 = 2Q(2)De an = 0 €mg positive constants.

As an aside: if the temperature 6 is set constant and the probability density ¢
considered to be independent of the macroscopic (Eulerian) variable z, then both
and simplify to the standard FENE diffusion equation (see equation
13.2-13 on page 62 in [5]) the steady state form of which was studied in [12].

Now, equation is taken with the more specialized boundary conditions

(1.6) and (1.7)) - as compared to (|1.2) - in order to also ensure v is normalized (see
also [25]):

(1.6) [vp —d1 Vg, (0ln) Y] v, =0, z€0Q, Qe B(0,1), te(0,T)

(1.7) [an — 20V o1 — dad0 ] o =0, 2€Q, Qe dB(0,1), te(0,T)

2Q

TP

Of notice the above boundary conditions - render the study of solu-
tions existence significantly more complicated than it is the case for the standard
Dirichlet condition . In order to deal with the said complexity we need to
use (introduced in the next section) and to work within the framework of
appropriately defined weighted Sobolev spaces V and H - fact leading to increased
proofs technicality - as opposed to working with classical Sobolev spaces H} as done
in [16].

The ensuing problem is proved to have positive solutions using Schauder’s fixed
point theory.

The paper is organized as follows:

e Section [2]is devoted to obtaining the variational formulation of the CPD
equation under consideration

e Section [3| deals with the problem regularization

e In Section [ we obtain estimates uniform in e

e Section [f] gives the proof of the main and final existence result

2. Introducing the Problem and Its Variational Form

Let Q be an open domain with smooth enough boundary 02 € ¢! and B(0,1)
R d=2or3. Next ¥:=Qx B(0,1),z€Q, Qe B(0,1). Let Xp := X x [0,7),
T >0, and Qr := Qx[0,T). Let k = V, v denote the macroscopic velocity gradient,
and the usual summation convention over repeated indices applies, i.e. KQ = K;;Q;.
The problem is stated as follows: find ¥ : X7 — R, such that
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oy

o+ Ve () =diVe [Vo (0lng) U] + Vo - (kQY) — d2Vq - (VoY)
(21) — d25VQ . < TQQQ 9w> 7 (.f, Qvt) € ZT

solution complying with the boundary conditions

(2.2) v —diVy (0Iny)¢] ve =0, z€0Q, Qe B(0,1), te (0,T)

(2.3) [Kw — A2V g — 280 QIIQw] —0,2€Q, Qe dB(0,1), te (0,T)

and with the initial conditions

(2.4) Y (z,Q,t =0) =1 (x,Q), with ¢y : ¥ — R being given

Since by a simple calculation one has

Ve (@ln) = InpV,0 + 0V, 9
then (2.2)) takes the form

%/; + Vi (v¢) —diVy - (0Vy) —diV, - [ In oV, 0]

2
+ Vo (kQY) —daVg - (0Vq) — dadVq - <1_%29¢> —0,
(2:5) V(z,Qt) € X
Also, can be re-written as

(2.6) [vY) — d10V 30 — dyp In V0] - vy = O

Observe now that

da0Vop  + d205 QﬁQH? =d20 {Vqy— 0 [Voln(1—|Q*)] v}

= B0V (yemd M-I (Il

which leads to

P
2T BVqu + sy = Mg (M),M@):(l—nc)n)é

Assume in the following that

(2.8) 5> 1
We now take on to give the variational formulation of the problem ({2.5)), (2.6]

and (2.3]). Let
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{¢ YoR: J—¢ dde<oo}

endowed with the inner product {¢, ¥ gy = J — ¢ dzd@.
Let

- o 12, 1 2 o
V= {¢>z R: JE[M¢ +M|Vm¢| +M‘VQ(M>

endowed with the inner product

2
] dzd@ < oo}

1 1 b "
(o, byv = L [Mebw + 4 Vet Vath + MVq (M) Vo <M>] dzdQ

Both H and V are Hilbert spaces. Next, one multiplies (2.5)) by %, ¢ €V, and
using Stoke’s Theorem and (2.7) one gets:

1 o 6
A f—v v¢>+d1f TVt Ve

4 | 790 M) 0 Voo
>
1 ¢
+ J;?QxB(OJ) i [v — d10V 0 — V.0 (In ) Y] - v, — Jz KQY - Vg (M)
o) ()
1 ) _
* anB(o,l) M [HQ¢ —BMOVe <M>] e =0

The boundary terms in the above do vanish thanks to (2.3)), (2.6) and (2.7)).
Therefore the variational formulation reads:

0
Glave = | e veera | 15V Vio
+ dl JE Mvwe (lnw) "/) ' vw¢ - .L] HQ¢ ) VQ (;@)
(2.9) 4 dgj MOV, (E) Vo (;;) —0, VoeV
P

Moreover, (2.5)) and ([2.4)) can be recast in the form that is given in the following
for better grasping: for any & € €1 [0, T] such that £(T) = 0,
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LT o~ €(0) L ot — LT Lo V.64 d LT L gev,0 v
v

1
o em v vio- [ egu-vo (17)

(2.10) + do | M6V (]\i) Vo <X2> £=0,VpeV

X
3. The Regularized Problem. Estimates, Positive Solutions Existence

3.1. Notations, Assumptions and Preliminary Results. Let
d
Xp = {(,25 e L%(0,T;V) : d—(f e L*(0,T; V’)}.

The inclusions V < H c V' are continuous. The inclusion V ¢ H also being
compact (see [31]), it implies the inclusion X7 < L?(0,T; H) is also compact. We
make the following assumptions regarding the problem data:

° UEL%(ZT), KZEL%(ET)
e e L”(0,T; W™ (%))

there exists 0, > 0 such that §(z,t) = 0,, a.e. for (z,t) e 2x(0,T)
e assume ¥y € H

From hereon we employ the shorthand notation B = B(0,1). Let p > 2 be such
that H* (R?) c L? (R?) holds true. Let ¢; > 0 be such that [[u]1» (o) < ¢sfulmi(q),
for all w e H'(Q2), and, |u|pr(py < csllu|m(p), for all ue H'(B).

Let the following Hilbert spaces be defined as:

Hp = {¢5BHR3f A14¢2dQ<OO}
B

2

N L ¢
Ve = {¢'BHR'L;M¢ +M‘VQ (M)
Using assumption (2.8)) one can prove (see Theorem 6.2.5 in [29], equation (26)

in [25], and Lemma 3.6 in [7]) the below recalled result:

¢ 2 ¢
PROPOSITION 3.1. Let ¢ € Vg. Then ————— € L*(B), —— € LP(B).
VM (1—Q?) VM

dQ<oo}

Moreover, there exists cg > 0 such that

< cg|Plvy, for all p € Vp
L*(B)

@

(i) H < cg|P|vy, for all p€ Vp

VM | o5 3

Let p1 > 2, po > 2 be such that 1/p; + 1/ps = 1 and 1/p + 1/ps = 1/2. The

following result is proved below:

0 | i

PROPOSITION 3.2. Let ¢ € V. Then LM e HY(X), and for all ¢ € V there
. iy ¢
exists a positive constant cy such that ‘ < co| v -
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¢

PROOF. Capitalizing on the definition of the functional space V', one gets that
g € L) and \/iﬂvxqs € I2(X). Next,
¢ ¢ ¢ ¢
1 — | = M— — M
(3.1) VQ(\/M Vo | VM4 ) =VMVq + VQ(V )

M

Since Vg (\/7) 5@ ETaTER

By observing that

[t = [ [ ot < [ Joli,a0
sMA-[QI»* Jalts M(1-]Q[?) Q
and by Proposition one gets %V@ (\/M) e LA(%).

o o
then 37 Ve (VM) = =00 3 gy

Before ending this Section we give the proof of the following result.
PROPOSITION 3.3. Let MX := {M¢, ¢p € X}. Then ME* () is dense in V.

PRrROOF. Let first the following functional spaces be given by:

1% z{(gzZHR:J M<(£2+
b

- - ~ 12
Vg = {d):Bn—»R:JBM<¢2+‘VQ¢‘ )dQ<oo}

They are Hilbert spaces endowed with corresponding inner products. The map-
pings V 3 ¢ —~ M¢eV,and Vg 3¢ — M(b € Vp are isomorphisms from V to V,
and from Vg to Vg respectively.

In order to prove the announced result, we point out that it suffices to prove
that € (%) is densely included into V. First, that € (B) is densely included into
V3 is a consequence of part ¢ of Theorem 3.2.2 on page 239 in [31]. Even though we
capitalize on the aforementioned result, its proof will here be significantly modified
in order to deliver the result we stated.

Let ¥y = R? x B(0,1) c R?? and let the functional space

Vo = { (;NS:EOHR:JE<Q~S2+

for |z| = a, for some a > 0 }

+ ‘vQéf) dzdQ < oo}

+ ‘VQqE‘Q) dzdQ < o0, and ¢ =0

We now introduce the extension operator P, that sends gg e V into Pgod~> e Vp.
There exists cx, > 0 such that, for all gz~5 ev, gi)
introduced using a partition of unity with respect to the variable « (thus “ignoring”
the variable Q).

We next prove that for any fixed ¥ € Vy and for any ¢ > 0, there exists
e € € (io) such that Hl; — e o

0
this goal we draw inspiration from Theorem 3.2.2 of [31]. What is actually needed
is to approximate by a ¥* function a function ¥ (z,Q + q), (x,Q) € Xy, where ¢

‘ €5, ng This operator is

< €, a fact that ends the proof. To achieve
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is taken in a cone contained in RY, with |¢|| small enough, with the late function
being defined on a space larger than . Next, this function is convoluted with a
suitably chosen mollifier function, and from now on the difference with Triebel’s
proof of [31] is that the convolution is carried out with respect to the two variables
x and Q.

O

3.2. Problem Regularization. The regularization of (2.5)) is performed by
replacing Inv by a regularizing function g.(¢), with € > 0 small enough. Let thus
ge : R — R be given by:

( 1 1
ln() if 2>~
€ € )
In z ife<z< -
(3.2) ge(v) = 4 A
Ine if — <z<e
Ine
1 . 1
— ifz<< —
z Ine

Denote E.(z) = zge(z), for any z € R. Let E: 0,40 — R,

zlnz ifz2>0
3.3 E =
(3:3) () {0 if2=0

Consequently the regularized problem ([2.9) will read

d 1 1 1
% J’Z M¢e¢ - jE Mwev ' VLE¢ +dy fz lewe ' VI¢

+d1 J;: %7/}695 (1#5) Vz0 : de) - J;} HQ#’G ) VQ (;@)
(3.4) +dQJ M6V <§\Z> Vo (;}) =0, forall eV
P

to be considered together with (2.4)).
Next we endeavor to prove the existence of a solution to (3.4)) using the fixed

point technique. Let the operator S. : L?(0,T;H) — (0,T;H), S. (1;6) = 1,
where 1. is a solution to the equation:

% L %m(ﬁ —~ L %weu Vih +dy L %wae Vi
+d, L %wege (JJE) Vil - Vi — L KQve - Vg (E)

(3.5) +d2J’ M6V <;@) Vo <;}> =0, forall eV
>

Now the problem of our focus reads

(36) & welt), ) +a (1, 3u(0), (1), 0) =0, Vo V
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with a: (0,T] x HxV — R,

(t7r,u,w)r—>a(t,r,u,w)zf %v(t x)u-V w—i—dlj 1 Vi - Vyw
b

N M (z,t)
+d, Jz %Vzﬂ(x,t)uge(r) -Vew — J kQu - Vg ( )

+d2J Mo(z,t)Vo (M) Vo (]\7“2)

Let ¢, € L2 (X7) be fixed. We now prove the following result:
LEMMA 3.1. There exists a constant ¢; > 0 such that
(i) | (8,00 uw)| < ctlulvlwly, Yo, we Vv
There exist two constants o > 0, 8 € R such that
(ii) a (t e uw) + Blul}y > alul}, vue V

Proor. To prove , notice first that:

< ol @ lullvllwlv

1
—ou-Vw| < .
[ 3o Vo] < elingo

w u w
kQu-Vol—)| < |kl|p» —‘ MVo | — ‘< Kl 1 |y ||w
[ reu-ve (57) | < Ieliece H m‘ VIV (29| < el oyl ol

The estimates for the remaining terms are obtainable in a similar nature hence
the details are skipped.
Switching now to proving , observe first that

u
‘ J ~ou-V u+d1f —u zpe v 0-Vou— kQu - VQ(M)‘
< nllully + eylluld, ¥ >0

and the end of the proof follows. O

This allows to prove the existence and uniqueness of a solution 9. € L? (X71) n
L*(0,T;H) to (3.6) (see Theorem 4.1 on page 257 and Remark 4.3 on page 258
n [23]). This also shows the operator S, is well defined.

Consider now the dense and continuous injections V. ¢ H < V’. Let the
operator A, be such that A, : (0,T) x L?(X) x V x V = V' (A (t,r,u),w) =
a(t,r,u,w), for all w € V and for all (t,r,u) € (0,7) x L?*(X) x V. Then the
equation ((3.6) takes the form

d ~
(37) %% + Ae (t,wevwe) =0
Acting with this equality on . and making use of Lemma (3.1) leads to

(3.8) [¢ellxr < cle)

Let us now prove the following result:
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PROPOSITION 3.4. S, continuously maps L*(0,T; H) on L?(0,T; H).

PROOF. Assume 1[) € L?(0,T; H). Let z/?k be a sequence strongly converging
towards ¢ in L2(0,T; H). Let 1y = S (1[%) and ¥, = S, (1/3) We shall prove

that 1. ;. strongly converges to 1, in L?*(0,T; H).
As in (3.8) one gets ||¢e x| < 2¢. By compactness we get a sub-sequence (for
L?(0,T;H) -
O, e strongly.
Next, we take the limit kK — +00 in the equation satisfied by . k. Let us first focus
on the limit

simplicity equally denoted 1. ) and a zﬁe € X7 such that 9 i,

we,k
sr VM

that occurs for any ¢ € €*(0,T). Actually, as

VL0t (0) Vg (9) - Va0t (0)

1
\/7 k—+0 S \/M W

151@ L*(Sr) 1;
M kot M

V0ge (1/3)

one deduces

_ ‘2 ~
Vi Z(%» zp This gives g. (1/%) - (iT) Je (ﬂ’), because g. € W% (R). Conse-
N 0

quently, ¢e = Se(z/)), and we get the stated result by virtue of uniqueness. All the
remaining limits can be calculated likewise.

Next, by making use of Schauder’s fixed point theorem it follows the existence
of a fixed point S, which is a solution of the regularized problem .

We shall always denote by 1. this solution and we also have that 1. € X7 and

1. satisfies (3.8]). Therefore:

(39) St A (1) = 0

4. Uniform Estimates
4.1. L' Norm Estimates. To begin with, let us first prove the following
positive solutions result:
LEMMA 4.1. Assume Yo = 0 and let Y. be a solution to the problem (3.9) and
©4). Then v, >
PROOF. We proceed as in [16]. Let ¢ = o} —¢-, with v+, ¢ € L*(0,T;V).
Using (3.9) upon ¢ gives

5 0 + o (v vt v0) =0

and

P (t=0)=0
Next, upon making use of the estimates in Lemma (3.1)) we get ¢»= = 0, fact
which ends the proof.
O

The following result gives the announced uniform estimate:

LEMMA 4.2. For a.e. t € (0,T), one has [¢e(t)] 115y = [Yollp1(5)-
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PROOF. Set M € V into the variational formulation (3.4) for v.. We get

d
— E:0
i),

J’ Ve(t) = J’ o, for t € (0,T) a.e.
b b

The fact that 1. has been proved to be positive leads to the above stated
conclusion. Additionally we get the below uniform estimate

which triggers

el e (0,701 )y = 1Yol p1 s

4.2. Stronger Uniform Estimate. We here prove the following result:
LEMMA 4.3. There exists ¢ > 0, independent of €, such that any solution . to
(13.4) and (3.9) satisfies
el x, + 1%ell Lo 0.1,y < €

Proor. Using (3.9) upon v, gives

thf —y? +d1J IVt 2 +d2f 9M‘VQ (E@)

Ve .V‘/’e JHQ\;/’LWVQ(weﬂ

(4.1) +d; fz i IVzQ?ﬂege (¢e) ’ V:v¢|

We now proceed to finding estimates for the terms appearing in the right hand
side of (4.1). For any n > 0,

€ xT € xT € 1 ].
(1.2 T R R B g
e (57| < H Gl
MV, (Lo MV
J; HQ\/M\/i Q M \/7 Q M L2(x)
(4.3) + %”“”L%(ET) L ng

We now focus on the last term in the right hand side of (4.1)). We denote

1
Ie = dl JE M |vm9wege (we) ) Vm"/}6|

First observe that we have

lge(2)] < In(2)], V2> 0
Next, since
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10 I 1 C)]
2504 21701 4 Z1H01 T 2 g p1-01 4 p140n
it follows that, for any §; > 0, there exists a ¢5, > 0 such that

=0, V6, >0

z|In(2)| < ¢s, (21*51 + 21+61) , V2> 0
We further obtain

e In ()] < Cy (270 + 9l T0)
Therefore

(4.4) el < c1]l0ll 0, mwr»(5y) (e + T2c)

where

1,
- | 3o I

1
= | ot I

The following estimates hold true:

J J, ( 1 — HQH ))1_51 Y/IT,SG (1 _ﬁ?zlél

y 1—6 V.0 (1 _ ||Q||2)2/61_2 01/2
45) < < — d
(45) < L VM (1-]Q? VM liz2p) (JB M Q>

Consider 6; > 0 small enough such that

B o 2/81—2
[asien,
B

Using ({if) of Proposition (3.1)) one gets that

L*(B)

(4.6) Le < eofvpe5
Next,

e P2 IVatpe| 1
Ml 51)/2 7€ \/M Mo1/2

ith ﬂwﬂl e Lp/(1=61) 1/}261 e L1/(261) M e L2 1 c LA
W pa=snz Ve e JM " N01/2 '
1

-4 1
Ly 28 + 3 + — =1, and p > 2 being given in Section (3.1). As p > 2
a

where

one can find an a > 2 so that the later equality is satisfied by choosing d; > small
2p
—2-}—251 —4p51'

€ L*(B). It results that

Clearly we can choose 6; > 0 small

enough. Therefore a =

enough such that VTR
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1-61

Ve Vatde < J )251
I2e<CJ 1/15 dx
QI VMlze ) | VM liLz() \JB
with

LP/(l—él)(Q))

H\/ LP

JI/”L/}E 2
e L2(),
i

(f ¢E> 1dxeL1/(251)(Q).
B

Using Lemma (4.2)) we obtain

(4.7) Ize CS”¢O”L1(Z)”1/’6H2 ™

Further on, from (4.4), (4.6) and (4.7), one sees that for any n > 0 there exists
¢y > such that

(4.8) [Le| < HWEHV + e
and from (4.1)), (4.2)), (4.3) and (4.8) and upon using Gronwall’s inequality that

f T2 < eu(T), Vie (0,7)
Next, upon integrating (4.1)) for ¢ € (0,T), it gives

1 2 we
Jo, Lareev +M\VQ(M)

Going back to (3.9) we see the proof is achieved.

] dzdQdt < c5(T)

5. Taking the Limit for ¢ — 0
Equations (3.4) and (2.4) say that for any & € €*(0,T), with £(T') = 0, one has

LT F7e€ = | 70000 N L LTAZVWE'VM

by [ 2o VaBheg () - Vet~ J “Que Vo (17)¢

X7

(5.1) +ds L MV, (;@) Vo <J@> £=0

Thanks to Lemma (4.3)) it follows there exists ¥ € X7 n L*(0,T; H) such that,
for a sub-sequence for convenience also denoted here 1., one has

2 .
b LIV weakly

e—0
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L*(0,T;V)

Pe 5 1 weakly — =

We also have ¢ > 0 and [[¢| L= 0,7;1(=)) = [ollz1 (2, thanks to Lemma (4.2)).
We now prove the following Theorem:

THEOREM 5.1 (Main Result). The function ¢ is a solution to (2.10)).

PrROOF. Taking the limit € — 0 in ([5.1]) involves standard procedures save for
the following limit

(52) L 17 Vabege () vms%»fz Va0 In) - V¢

which is here addressed. In doing so we draw inspiration from our previous pa-
per [16]. A density based reasoning is put to work: assume first that % ETC* (2)
Up to a e-related sub-sequence, by compactness one has the strong convergence
Ve M 1. It follows the strong convergence Ve LGr) Y

€0 M 0 M

deduce, equally up to a e-related sub-sequence, that

We next

Pe (U
\ﬁ( Q,)eﬂ() \/M

and that there exists h € L?(X7), independent of ¢, such that

(5.3) (z,Q,1), (z,Q,t) € X7 a.e.

’(/}6
(5.4) 7l <

From ([5.3)) it results that ¢.(x, Q,t) Yz, Q,t) for (z,Q,t) € X7 a.e..

On one hand, assume first that ¢ (z,@,t) > 0. Selecting ¢ > 0 small enough
one gets ge(Ye(x, Q,t)) = In (Ye(z, Q,t)). Thus, since function F is continuous,

h, (z,Q,t) € Ir a.e.

L*(Z1)
_—
0

E. (Yo, Q,1) = E (¢, Q1)) —= E (¢(x, Q1))

Assume next ¢(z,Q,t) = 0. Given that ¢, = 0 we have |Vegc(Ve)| < |E(e)],
thus triggering

(¢e(37 Q t)) —) 0= (’(/}(I7Q7t)) , a.€. (.’I},Q,t) € ZT
‘We have thus proved that

B (e(2,Q,1) — B ((2,Q.1)), ae. (2,Q,1) € Tr
On the other hand now, for any ds > 0 there exists ¢(d2) > 0 such that

B ()] < e(02) [pd 70 +0i**]
Invoking we get

| Ee (¥e)] < c(d2) [(h\/ﬂ)lgz . (hm)lJr&g:l
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—d 4
Observing that functions (h\/M)1 * and (h\/M)1+ ? belong to L' (X7) (given
that h € L?(Xr)), we obtain the expected result invoking Lebesgue’s dominated
convergence theorem. This ends the reasoning to proving the passing to the limit

of is lawful.
Then the limit function ¥ solves with ¢ such that % €e¢” (2).
Let now ¢ € V be fixed. Proposition implies there exists a sequence
¢ € V, with ¢k € ©* (), such that ¢, ——> ¢. Then 1 solves with ¢
k-4

being replaced by ¢r. We now let k — +00 in this late equation. All limits are
easily evaluated save for the one below

(5.5) lim %vmew (1)) - Vil = Mv OV In(Y) - Vaof

k—+w Sr S

for which we give a detailed proof. We recall here that for any d, > 0, there
exists a ¢(d2) > such that

[ ()] < ed2) (|9l + []+*2)
It then suffices to prove that

1-52
(5.6) w\/M € L*(Zr)
and that
P,
(5.7) Nili e L*(Xr)

which would give the expected result.
Actually, observe that

2—246 —
225, P (1— Q)22
Sr Mq’b f ,[J ( 1—\|QH )) Mo:

s
. 0 )2 o0 B
with ( e L¥(27202)(B); for 65 > 0 small enough we have
o o 0P
1—|Q2)22»
H]W—Héz e L* (B)
226,
Then, upon observing that ‘ e L2/(2-2%2)(Q),
VM 1 —[Ql*)l,
1 2265
— P72 dadt
zr M 1— VM- Q) £2(B)
< ¢ J J |l dadt
0o Ja
T
(5.8) < ¢ L |32 dzdt
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thus proving (5.6)); use of Proposition (3.1) has been made in obtaining the
above estimates.
To prove (5.7) we proceed as following:

Loron _ [T Loy e P o
777[}2+2 2 — f f 7¢2w2 dedIdt < J _r (J- U)) dt
L M 0o Jx M 0 IVM | p2ra-260) sy \Js
(5.9) < ol 2y, JT L d¢
0o INMim )

where, in the above, we have used the fact that H'(X) < L¥(1-2%)(%) for §,
1
small enough. Also le e LV/(1=202) (%) 202 ¢ [V/(202)(30),

Now, invoking Proposition (3.2)), we get the result and the proof is achieved.
O

6. Conclusions

In this paper we have proved the existence of positive solutions to a new con-
figurational probability diffusion equation of relevance for polymer fluid dynamics.
The results contained here are a continuation of the work [16]. On the modeling
level the most notable of all the features of the CPD is that in obtaining it use has
been made of the temperature influence on the dominant molecular interactions.
This equation is further to be studied together with a temperature diffusion equa-
tion, itself obtained on kinetic theory grounds. The results will be published in a
following-up paper.
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