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ABSTRACT. We introduce new models for Schréodinger-type equations, which
generalize standard NLS and for which different dispersion occurs depending
on the directions. Our purpose is to understand dispersive properties depend-
ing on the directions of propagation, in the spirit of waveguide manifolds, but
where the diffusion is of different types. We mainly consider the standard Eu-
clidean space and the waveguide case but our arguments extend easily to other
types of manifolds (like product spaces). Our approach unifies in a natural way
several previous results. Those models are also generalizations of some appear-
ing in seminal works in mathematical physics, such as relativistic strings. In
particular, we prove the large data scattering on waveguide manifolds R? x T,
d > 3. This result can be regarded as the analogue of [63, 65] in our setting
and the waveguide analogue investigated in [28]. A key ingredient of the proof
is a Morawetz-type estimate for the setting of this model.
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1. Introduction

Anomalous diffusion, also called fractional diffusion, appears naturally in the
physics and mathematical physics literature in the study of relativistic matter and
strings, see e.g. for the works [9, 18, 24, 25, 46, 47] and references therein.
Similarly, a tentative description of some quantum mechanics has been undertaken
in [44, 43, 45]. The classical relativistic operator is the multiplier \/|£|?2 + m? —m
where m > 0 is a constant. Fractional Schrodinger operators are a fundamental
equation of fractional quantum mechanics, which was derived by Laskin [45] as a
result of extending the Feynman path integral, from the Brownian-like to Lévy-like
quantum mechanical paths. The corresponding physical realizations were made in
condensed matter physics [54] and in nonlinear optics [48].

In the present contribution, we investigate dispersive properties of Schrodinger
operators generalizing the previous operator. One possible generalization is to re-
place the square root with any power between 0 and 1 (see e.g. [9] for a similar
generalization). Those operators have been investigated recently in different direc-
tions. The long-time behaviors (such as global well-posedness, scattering, blow-up,
and the existence of invariant measures) of the solutions are interesting and widely
studied. In [6], the blow-up with radial data in certain regimes was constructed
by deriving a localized virial estimate for the fractional Schrodinger equation. In
[28], the first author of this paper together with Guo, Wang and Zhao performs the
Kenig-Merle’s concentration-compactness-rigidity method [39] and obtains global
well-posedness and scattering in the energy space in the defocusing case, and in
the focusing case with energy below the ground state. We also refer the reader
to [27, 15, 42, 37, 34, 57, 55, 52, 56, 19, 59, 58] and references therein for
many other results on the long time behaviors for relativistic NLS. In all the pre-
vious works the operator under consideration is (—A)? for ¢ € (0,1), which is the
multiplier [£|°. The ambiant space is either the whole Euclidean space R? or the
(rational) torus T?¢. The aim is two-fold: first, we consider the waveguide manifold,
i.e. (—A)? defined on R? x T; more interestingly, we introduce a new model where
the operator acts differently according to the spatial direction.

In the following, we consider only the case of the waveguide R? x T". To
motivate the reason behind the equations we consider, we first state the Levy-
Kintchine formula (see e.g. [5]): every (isotropic) Levy process with pure jumps in
R? is given by the multiplier

m(©) = [ (1= g ox) M)
R
where II(dz) is the so-called Levy measure satisfying the integrability condition
max(1, |z|?)T(dz) < cc.

Rd

The multiplier m(¢) = |¢|?7 is obtained by choosing I1(dz) = s dz. On the
E

other hand, one could consider singular Levy measures just as Dirac masses sup-

ported along some (or all) axis coordinates. In this paper, we consider the following

model

(1.1) {iat“ ((=A2)7 + (=) )u=F, (z,y) e R xT",

u(0) = ug € H° (R4 x T).
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In view of the previous discussion, the operator (—A;)? 4 (—9;)7 corresponds
to the multiplier m(&, n) = |£]?7 +|n|?? where ¢ is the Fourier variable corresponding
to 2 € R? and 7 the one to y € T™. In particular, this is a Levy process with a
singular Levy measure. To the best of our knowledge, dispersive and space-time
estimates for such propagators have not been considered yet in the literature.

REMARK 1.1. Tt is important to notice that all the (dual) variables in R? x T"
have to be present in the multiplier m. Otherwise, the associated operator becomes
subelliptic, and major dispersive issues arise as in the case of the Schrodinger prop-
agator in the Heisenberg group [2] or the Szegd model of Gérard and Grellier (see
e.g. [26] and subsequent articles).

The case of regular Levy measures has been considered for instance in [16, 28,
34]. We would like to comment further on the model under consideration: It is
a well-known fact that on a compact manifold, there is no dispersion, and loss of
derivatives occurs in the Strichartz estimates (see e.g. [8]). Similarly, on a waveg-
uide manifold (or a product manifold), e.g. R? x T" C R¥*" dispersion occurs but
the fact that only part of the directions (d here) contributes to diffusion introduces
several complications. Our model is another instance of such a phenomenon: it is
by now well-known that anomalous diffusion of order 20 exhibits a loss of 1 — o.
A variation on our model would be for example to consider the Euclidean factors
R? x R but considering a different diffusion on each factor R and R. Product
spaces R? x T™ are known as ‘waveguide manifolds’ and are of particular interest in
nonlinear optics. We refer to [14, 13, 30, 32, 33, 35, 36, 40, 64, 66, 68, 69, 70]
with regard to waveguide settings.

An interesting feature of the equation (gNLS) is its product structure. In par-
ticular, this allows us to get interaction Morawetz estimates using the tensorization
argument in [17] and also use in a much better-streamlined way the vector-valued ar-
gument of Tzvetkov-Visciglia [62]. This latter operator satisfies the non-degeneracy
assumptions in Schippa too [53]. One could also consider different geometries in the
ambiant space like the pure tori case T x T or the pure Euclidean one R? x R. We
chose to consider the waveguide case as a middle point between these two geometries.
It is relatively straightforward to generalize our results to those two geometries. In
the case of the classical fractional laplacian on pure tori, global well-posedness has
been considered by Schippa in [53] using a decoupling approach. As far as nonlinear
applications are concerned, we will be considering (unless otherwise stated we will
always consider n = 1)

iOpu+ ((—Az)7 + (=02)7) u = plufPu, (z,y) € R x T,

(NLS) {u(O) =y € H°(R? x T),

Whereu:iland%’<p<d+‘f7‘i%.

REMARK 1.2. We consider the exponent p to be in the subcritical range, for
some technical reasons. The left endpoint indicates mass-critical if we ignore the
torus direction; the right endpoint indicates energy-critical if we regard the torus
direction as Euclidean direction. So essentially, the problem is energy-subcritical
and mass-supercritical.

The well-posedness theory and the long-time dynamics for generalized Schrodinger
operators on waveguide manifolds are understudied. It is our goal here to fill this
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gap in the literature by exhibiting a wealth of different techniques previously used
to deal with some models in the case here of waveguides. For the extremal cases
of tori or Euclidean spaces, we refer the reader to [16, 20, 28, 34] and references
therein.

The operators under consideration are well-designed to generalize Tzvetkov-
Visciglia’s results in [62, 63] thanks to the product structure of the operator. Our
main result is

THEOREM 1.3. Let 0 > % in (gNLS) and assume the spatial variable is radial
in R%. Then we have:

e (i) for any initial datum uo € Hy ,, the IVP (gNLS) has a unique local
solution u(t,z,y) € C((=T,T); H7 ) where T = T(||luo|rz ) > 0;

e (ii) Moreover, when = —1 (defocusing case), the solution u(t,x,y) can be
extended globally in time. Moreover, the solution scatters in the following
sense: there exist f* € Hg}y(Rd x T) such that

((-22)7+(-82)7)

. it + —
tiuzl?oo Jult,z,y) —e f HHf,y(RdXT) =0.

We comment on the previous results:

(1) The radiality assumption is to avoid loss of derivatives in the Strichartz
estimates. For our range of powers, this is a technical assumption that
can be removed.

(2) The assumption o > % is also due to some technical reasons if one wants
to modify the method in Tzvetkov-Visciglia [63]. Roughly speaking, it is
because the Sobolev embedding exponent in 1D is %—&—.

(3) We provide two different proofs of the well-posedness result: one using
decoupling and one using vector-valued analysis.

REMARK 1.4. Since NLS with a harmonic trapping potential has similar prop-
erties/behaviors as NLS on tori, heuristically one may compare NLS with a partial
harmonic potential with NLS on waveguides. (See [1, 11, 31] and the references
therein.) Thus one may conjecture that it is possible to obtain the analogue of
Theorem 1.3 with a partial harmonic potential.

The paper is organized as follows: In section 2, we discuss preliminaries includ-
ing notations and some useful estimates; in Section 3, we discuss well-posedness
theory using vector-valued argument; in Section 4, we discuss well-posedness the-
ory using decoupling argument; in Section 5, we establish a Morawetz-type estimate
for our equation, which is the crucial step for obtaining the decay property of so-
lutions of (gNLS); in Section 6, we give the proof for the large data scattering; in
Section 7, we give a few more remarks on the research line of ‘dispersive equations
on waveguide manifolds’.

Acknowledgment. Y. S. is partially supported by the Simons foundation
through a Simons collaborative grant for mathematicians and NSF grant DMS-
2154219. X. Y. was funded in part by an AMS-Simons travel grant. H. Y. was
supported by a start-up funding of ShanghaiTech University. Z. Z. was supported
by the NSF grant of China (No. 12101046) and the Beijing Institute of Technology
Research Fund Program for Young Scholars.
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2. Preliminaries

In this section, we briefly discuss notations and some basic estimates.

2.1. Notations. We write A < B to say that there is a constant C' such that
A< CB. We use A ~ B when A < B < A. Particularly, we write A <, B to
express that A < C(u)B for some constant C(u) depending on u.

Then we give some more preliminaries on the setting of the waveguide manifold.
The tori case can be defined similarly. In fact, it is included since it is a special
case. Throughout this paper, we regularly refer to the spacetime norms

1

AN
lullrLa(r, xrm ey = (/ (/ |u(t,z)|qdz> dt) .
I, \JRmxTn

Similarly, we can define the composition of three LP-type norms like L? Lng. More-
over, we turn to the Fourier transformation and Littlewood-Paley theory. We define
the Fourier transform on R™ x T"™ as follows:

FENO=[ e
Rm™ xTn
where £ = (£1,&2,...,&4) € R™ X Z™ and d = m + n. We also note the Fourier
inversion formula
ORI Y (FI€)eS de . e,
(Ems1ser€a)ELM (150,Em)ER™

For convenience, we may consider the discrete sum to be an integral with the discrete
measure so we can combine the above integrals together and treat them to be one
integral. Moreover, we define the Schrodinger propagator e by

(Fel'™ 1) (&) = e MEF(F 1) (€).
Similarly, for more general operator e®*¢(V/%),
(Fe©105) (€) = O (F ) (e)

We are now ready to define the Littlewood-Paley projections. First, we fix n; : R —
[0, 1], a smooth even function satisfying

L L,
nie) = {o, 6>,

and N = 2j a dyadlc integer. Let 77d = Rd — [O, 1], ’I’}d(g) =m (51)7’]1 (52)7]1 (53)771 (Ed)
We define the Littlewood-Paley projectors P<y and Py by

FPen§)©) =1 (5 ) FUE. R <2

and
Pnf=P<nf—Pcnf.

For any N € (0,0), we define

PSN = Z ]D]M7 P>N = Z PM
M<N M>N
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2.2. Some useful estimates. In this subsection, we discuss some useful es-
timates to prove Theorem 1.3. We note that there is a symmetric assumption for
the initial data in Theorem 1.3, but for the sake of completeness, we also discuss
the nonradial Strichartz estimate. We refer to Tao [60] for the standard Strichartz
estimate for NLS and refer to Guo-Wang [29] and the references therein for general
radial Stricharz estimates.

We say that (p,q) is admissible if

24020 acpg<o (pad) #(2.2.2).
poq 2
For the nonradial case, we define the following Strichartz norm

= [[v et

I 55 4 )U||Lf€,w;?”‘1

where I = [0,T). We use ug for the initial data and F for the nonlinearity. Consider
(2.1) (10 + (=A))u=F, u(0) =ug € H°(RY),
Then we have the Strichartz estimate (see [16, 34]),

LEMMA 2.1 (Strichartz estimate). Fiz o € (0,1) and s > 0. For an admissible
pair (p,q) and (a,b), we have

Heit(*A)Uu0| gs <

p,qg ™

l[uoll g

and
t
I [ S Pdslsy, SV Pl

COROLLARY 2.2. Consider (p,q) satisfying

2 d d 1 1

—+=-=-—-s+d(l-0)(5z —-),

-0 )
where s > d(1 — o)( é

i ). Consider (a,b) to be admissible pair. Then

||€it(_A)U’U’OHLfLZ 5 ||’U/0HH;

and
t
i(t—s)(—=A)7 s
H / eI F(s)ds|| g S IVl Fllpar g

For proving Theorem 1.3, we introduce the radial Strichartz estimate for o-
admissible pairs (see Lemma 2.1 of [28]). Consider o > 1 and u solving (2.1), then
the following estimate holds

lullzrrs S lluoll g + 11l o o

where the pairs satisfy

d 20 d d
(2.2) S taTa T et
In the exponent relation (2.2), we call (p,q) is o-admissible with ~ regularity; we
call (p,q) o-admissible if v = 0.

The previous estimates hold on Euclidean spaces of dimension d. On the waveg-
uide R? x T, one can adopt the strategy in [62] (Proposition 2.1 for the NLS case)
based on mixed norms (or in other words vector-valued norms). We discuss this
case now. We prove

20 il
q
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LEMMA 2.3. Consider (1.1) and pairs (p,q), (P, q4) satisfying the exponent rela-
tions (2.2), then
||U||LfL3L§ S lluoll g + ”FHLf’Lg’Lg’
and
lullLrramy < llwoll g + ||FHL5/L3’HJ~

PrOOF OF LEMMA 2.3. The proof of Lemma 2.3 is very similar to Proposition
2.1 of [62] (NLS case) so we just explain the difference from the NLS case here.
For the NLS case, the main idea is decomposing the functions with respect to the
orthonormal basis of L?(T) given by the eigenfunctions {¢;}; of —A,. For the
FNLS case, we consider ¢; = ¢;(y) then

(—Ay — Ay)@ = /\?d)jv Aj > 0.

So we can write u(z,y) by

u(z,y) = Z u; ()05 (y),

and u;(z) in Fourier satisfies
idyti; + (|7 + A\37) iy = Fj.

Hence we are reduced to the case of Guo-Wang [29] for the symbol [¢[** 4 \37 and
the result follows. O

For the record, we state below the nonradial case, taking the y-direction into
consideration:

LEMMA 2.4. Consider (1.1). For (p,q) and (a,b) as in Lemma 2.1, we have

||eit(—A)°uO|

Ss JHY S lwollmz

and

t
n/wmwwﬂwﬂ
0

At last, we recall the following useful lemma (see [63])

Sg HY S H|Vx|sF||LgéILg’HJ'

LEMMA 2.5. For every 0 < s <1, p > 0 there exists C = C(p,s) > 0 such that

Pl < vollu])? .
lalul? |l g, < Cllul g, lull?

3. Well-posedness theory for (¢NLS) with vector-valued arguments

In this section, we establish well-posedness theory for (gNLS) in Theorem 1.3
by the standard contraction mapping method together with the conservation law
(from local to global). The main work is to construct suitable function spaces
and to show the natural Duhamel mapping is a contraction mapping. It is tightly
based on the Strichartz estimate for (gNLS) on R? x T and careful choices of the
exponents. We refer to Section 4 of [63] for the NLS analogue and Section 3 of [65]
(the fourth-order NLS case).

We also note that the analysis in this section covers the standard NLS case
(when o = 1), which is consistent with [63]. It is essential to assume o > 3 as we
can see from the proof shortly.
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First, we introduce the integral operator by Duhamel formula,

t
By, (u) = et (CADTHEDT) z/ e (1= ((=82)7H(=00)7) (|3 |Pys) ds.
0
Then we can construct function space and show ®,,, is a contraction mapping. For
the defocusing case, conservation law allows us to extend local well-posedness to
global well-posedness.
We define three norms,

||u||XT = HuHLEL;Hy%”

(=T, T]xR4xT)’
HU”YTl = Z ”|v1‘|kauHLiL;ﬂL§([—T,T]><]Rd><’]I‘)7
k=0,1

and

||U||Y7% = Z H|ay|kgu”LiLgng([7T,T]><Rd><'ll‘)v
k=0,1
where (I, m) is o-admissible and (g, r) is o-admissible with s regularity (s+ 4 +8 <
o). We will give the precise restrictions for the indices shortly, i.e. (3.1), (3.2) and
. Here we note that o > % such that it is ok to find a s > 0. Combining the above
three norms together, we define

[ull ze = llullxr + [Jullyg + llullyz-

Now we prove a contraction mapping for ®,,,.
Step 1. (9, is from Zr to Zr) Consider X7 norm first. By Strichartz
estimate, Lemma 2.5 and the Hélder,
+1
105 S Ml
H

i 1 H G 7
a’ s+ WL LT
L{ LT Hy 2 t Ha

[flPu]

< Toc(p) u p+1 Lo

ST
with a(p) > 0. Here we choose the indices such that,
1 p+1 1 p+1
T r g q
It is manageable since the problem is subcritical, which is similar to the NLS case.

Then consider Y and Y2 norms. By Strichartz and the Hélder, for k = 0, 1,

1D uful?|| S D ull 2 [lullf

/12 ” U pm!
Ly L2 el Lt L

k p
<MD U\|L5IIUIIH§MIIL3/L3L/

5Ta(p)”DkuHLngng||UHP 145
' fLLH]
with a(p) > 0, where D stands for |V,|?, |0,|”. (We note that we have used the
fractional rule, i.e. Lemma A4 in Kato [38]. See also Lemma 2.6 of Dinh [20].)
Here we choose the indices such that,
1 1 »p 1 1 p

3.2 _— = — -, —_ > — —.
(3:2) m' m * r' + q
It is also manageable since the problem is subcritical, which is similar to the NLS
case.
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Thus, taking the above estimates into consideration, we can take the proper
T'=T(uollmg,) and R = R(||luolmg ) such that ®.,(Bz,,) C Bz,

Step 2. (®,, is a contraction) In this step, we show the contraction for @,,,.
Let T, R > 0 be as in Step 1. Then there exist T = T(||uo||Hgyy) < T such that
®,, is a contraction on By, (0, R), equipped with the norm L%L}L?.

Using Strichartz estimate, the Holder and the Sobolev inequality,

[P (V1) = Pug (v2)l|Lazr L2 S llva|oa]” — 02|Uz|p||Lg/L;fL§

S Mlor = vallzz (Jor 7 + lo2lZee)ll g e

).

1.5
2
tHx Y

t ey

< Ta(p)Hvl —vallpaprrz (loa])” +oz”
LY L

T
with a(p) > 0. Thus we conclude by taking T small sufficiently.

Step 3. (Uniqueness and Existence in 7)

It is the same as the analogue in Section 4 in [63]. We just use the contraction
mapping argument so we skip it.

Step 4. u e C((-1,T); H )

It is the same as the NLS analogue in Section 4 of [63] so we omit it. We
just use Strichartz estimates again as in Step 1 to guarantee that w(t,z,y) €
C(~T.1); HE,).

Step 5. (Unconditional uniqueness) We prove that for

Uy, Ug € C((—T, T), ngy)

are fixed points of ®,,, then u; = us.
Considering the difference of the integral equations satisfied by u; and us and
using Strichartz estimate,

lur = w2llpzpre S llualual” —ualualPll Ly e 12

)

Slu—valpizprz(lall” o e Hllual” e
' LT2 L2 L2 LT2L 7212

5Hul_U2||LiL;”L§Ta(p)(HU1Hp mp_ + [Juz” mp_ ).
Lo 212 Lol 212

with a(p) > 0. It is now like the NLS case. We can let T' be small enough to ensure
uniqueness. (For Sobolev inequality reason) We note that

mp < 2d
m—2 d+1—20’
is required. We note again we still need o > % in this estimate.

The proof for the global well-posedness part in Theorem 1.3 is now complete
using vector-valued arguments.

2<

4. Well-posedness theory for (¢/NLS) with decoupling arguments

This section is devoted to the proof of the well-posedness aspects of Theorem
1.3 using decoupling arguments, in the spirit of the strategy designed by Schippa
[63]. To be more specific, we consider p = 3 in (gNLS) and assume for sake of
generalization that the index of the regularity of the initial data ug is s. We then
have

THEOREM 4.1. There exists so(d, o) such that the initial value problem (gNLS)
with p = 2 is locally well-posed for s > so(d, o).
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Since the dimension of the y component here is easier to handle than in the
previous section, we choose to consider directly the general waveguide R%~" x T™.
The argument is based on the approximation of the Euclidean component as in [4]
together with the decoupling theorem of Bourgain and Demeter [7]. We will even
here consider the case of a multiplier m(&,n) = |£]?° + |n|?, which means that the
diffusion is Euclidean in tori directions. The adaptation to an anomalous diffusion
is straightforward.

On a dyadic interval I; = (277,27771) the mutliplier m behaves at low fre-
quencies like [£]?° and at high frequencies like |n|?. An important tool in decou-
pling arguments is the behavior of the hessian of the phase function. The hessian

2m(&,m) is block-diagonal with a first (d — n) x (d — n)-matrix corresponding to
the hessian of the function ¢ — |£[?? and a second block which is an n x n—matrix
which is a multiple of the identity. Therefore, the degeneracy of the phase m is
only dictated by the behavior of the eigenvalues at a given ¢ of the hessian of |£]27
which are comparable on a dyadic interval to 20 (20 — 1) N 2(e=1) for a dyadic in-
teger N. Notice that the convexity of the phase changes according to ¢ w.r.t. the
value ¢ = 1/2. Finally notice that for N dyadic V|[£]?° ~ N2°~1. We denote by
PY(N) = N2(@=1) + N2 the phase function describing the behavior at dyadic scale
N of the eigenvalues of the Hessian of m. We also denote by k the minimum be-
tween the number of negative eigenvalues and positive eigenvalues of D?m, so that
actually & = 0 whenever o > 1/2.

We start by recalling the following decoupling-type lemma.

LEMMA 4.2. Suppose g, g; are Schwartz functions on R*~"x T" with g = Pcny,
such that

g((E y / 271'1(:E E+y-l) dg
1ezn <N Y [=NN]T

Cover [—N, N4 by finitely-overlapping cubes Qy. of side-length ~ 1, let {¢1.} be a
partition of unity adapted to the Qp, and define go,, , = €™ V"™ F (gmqﬁk) Then

forp > % and any time interval I of length ~ 1 we have
(4.1) ||€itm(v/i)9||Lp(1defnxTn)

N6+%7% ( itm(NV /4) 2
< Z He N2m(N) ge wIH . )
~€ . 1 m,k LP(RXRI=7 xTn) ’

(min{m(N),1})» \ ;7%

where wy is a bump function adapted to I.

PROOF. The proof of Lemma 4.2 is similar to the proof of the discrete restriction
theorem in Bourgain-Demeter [7]. We approximate functions on product space
R4 x T" by functions on R?, apply the decoupling theorem, and then take limits.
We refer to Lemma 3.2 of Barron [4] for the standard Strichartz case, which has
similar spirits. There are two differences from Barron [4] that we need to be careful
about. First, the range for p is different (more narrow). Also, we need to make
discussions regarding the value of m(N), compared to 1. Let B; € R4 be a fixed
ball of radius N if m(N) < 1 (radius Nm(N) if m(N) = 1), and let w; be a smooth
weight adapted to B; x [—1,1]. We observe that to prove Lemma 4.2 it will suffice
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to show that,
(4.2)

d_ d+2

, 4 Nets-42 m(NV/i) 2
1™ Dgl| Lorxmixty) Se (Z ||€W99mkw1||m (wy) ) :

(min{m(N), 1})»

Then to prove the full estimate (4.1) on R4~ x T™, we choose a finitely-overlapping
collection of balls B; that cover R9~" and then apply (4.2) in each B; and use
Minkowski’s inequality to sum that:

Heitm(v/nmﬁmxwﬂzXw) <. Z ||e¢tm<v/i)g||1£pux3lXT")
l

d_ d+2 P
itm(NV /i)

NE— 5 :
s — -3 (1 o
l

(min{m(N), 1})7 ok

NE+§_T < itm(NV /i) %
< e 55 g
im0, 1)\ R

which completes the proof of Proposition 4.2. Thus it suffices to prove (4.2). This
reduction process is standard. We note that we have to discuss two situations: i.e.
m(N) <« 1 and m(N) 2 1 respectively. The two cases are essentially similar and the
main difference is the integral range. Let’s consider the first case as an example.
For the other case, we can modify the arguments accordingly.

We start with rescaling ug to have frequency support in [—1,1]¢. We let

u(w,y,t) = "™/,

Note that
u(N~"te, N~ly, N?m(N)~t)

m(N¢§) m(Nm)

B Nd_n/ Z g(NE, Nm)ei<x'5+y'm+t(N2|xl<N> NZm(vy)) dg.
BI™" meN-1ZrnBp

For convenience, we denote the set Ay = N~1Z" N B}. Similarly to Barron [4], we
then let Ff denote the extension operator as follows,

. . m(N¢g) m(Nm)
Ef = >o o flem)el T ETHIEERG s dg,
d—n
Bi " meNn-1znnBy

where f(&,m) = g(NE, Nm). After applying a change of variables on the spatial
side and using periodicity in the y variable, we see that

_1
]l Lo (By xTn x[0,1]) = M(N) "7 | Ef| Lo (B2 x NT? x [0, N2m(N)])

_1 _n
m(N)"P N77 | Ef|lLr(B,s x N2T x [0, N2m(N)))
) _1_ . _n
m(N)"2 N7 |Ef| Lo (B s xN2T7 x[0,N2])-

Then following Barron [4], we introduce the operator E defined by

~ o . m(Ngy) m(Négo)
Ef = ) f(fla 52)62(1’ &1ty §2+t(N2m<N>+N2m(N>)) dérdés.
B¢~ JBp
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Given a function f on [~1,1]97" x Ay, let

f6(§17§2) = Z Cdé_dl{lﬁZ*m‘Sé}f(é-hm% 6 < %a

meEAN
where ¢4 is a dimensional constant chosen for normalization. Then by Lebesgue
differentiation and Fatou lemma, we have

(4.3) IEfllLe (B2 xN2Tn x[0,N2]) < lign_)iglf ||Ef6||LP(BN2 x N2T" x [0,N2])-

We will begin by estimating Ef for arbitrary f on B{ before specializing to f0 and
passing to the limit later in the argument. The above process reduces the waveguide
case to the Euclidean case. Then we can use Bourgain-Demeter’s decoupling result
[7] and the limiting argument (4.3) to obtain,

EE € 0
HEfHLP*(BNg x N2T7 x[0,N2]) < hgn_}(r)lfN +ad(z ||Efm,k||%P*(wN2))'
m,k
The rest of the proof follows as in Barron [4]. O
We prove now the crucial (localized) Strichartz estimates whose proof has a

similar spirit with Proposition 3.4 [4]. The tori analogue of Lemma 4.3 is proved in
Schippa [53].

LEMMA 4.3. Let the interval I be compact. Then, we have the following esti-
mates, holding up to any € > 0,

d d+2
itm(V /4) < Nz~ v ¢
| Pne f”LP(Ide—"XT") ~e 1| - T I £1l 22 2(RA—m xT™)5
(min{m(N),1})»
where p > w. The number k has been introduced before.

PROOF. Suppose f = P<yf. By interpolating with p = co (via Bernstein’s
inequality) it suffices to prove the endpoint case p = M By Lemma 4.2,

||€itm(v/i)f||Lp(Idefnxﬂrn)

NEJFd dﬁ Z itm(NV /i) 2
. (1 )
~ . m, (RXRE—n xT™)
(min{m(N),1})7

By Plancherel theorem it suffices to prove the desired estimate when f = Py f and
0 = 0, 1. In this case, we apply Holder’s inequality in time to get
itm(N'V /i) itm(NV /i)
e MmN fowr||Lo@xri-—nx1r) S lle V2 foll Lape mxra-—n)
where ¢ = W is the admissible time exponent for the Strichartz estimate

on R4, Applying the Strichartz estimate for fractional Schrédinger operator (see
[29, 16, 20] and the reference therein),

itm(NV /i)
e ¥ m) follpare@mxra-—ny S | follLz @xra-—n)-

This completes the proof.
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REMARK 4.4. By interpolation with the trivial bound L$° L2 or using the Bern-
stein inequality, a LY LZ-version Strichartz estimate can be obtained as below

[ Pre™ Y Dug|| e pa (1 xga—n srny Seyr ,

(min{m(N),1})7

2(d+2—k
where p,q > %.
One can then prove the following bilinear estimates which give the desired well-
posedness result for the cubic generalized NLS model in the setting of waveguide

manifolds, i.e. the statement in Theorem 4.1.

PROPOSITION 4.5. Let I be a compact interval. Then, there exists s(d, k) such
that we have the estimate,

|’PNeitm(V/i)uoJ{:)Keitm(V/i)UO||Lg (xR xT) Se. KZSHPNUOHL? || Prcuo)| .2
to hold for s > s(d, k).

PrROOF. We note that the proof is based on the Strichartz Lemma 4.3. We
refer to Proposition 1.3 of [53] for the tori version.

Let Py = ZKl Ry, , where Rg projects to cubes of side-length K. Then, by
means of almost orthogonality

itm(V /i itm(V /i 2
[[Prvet™ Y g P et /)UUHLf (IxRA=n xT™)
, T

; ; ; ; 2
N Z HPKleZtm(V/z)UOPKe”m(V/l)UOHL%m([dewxw)

K '
In viewing of Holder’s inequality we are left with estimating two L?jx—norms. Clearly,
by Lemma 4.3,

||PK€it¢(V/i)UO||L§I(Ide*nx’JT") N KS”PKUOHL2'

Then it suffices to treat the other term. The rest of the proof follows line to line
from Proposition 1.3 of [53] so we omit. O

5. Morawetz estimates on waveguides

In this section, we establish a Morawetz estimate for solutions to (gNLS) on
R? x T. This step is crucial to obtain the decay property for solutions of (gNLS).
We first define the following Morawetz action on the waveguide R? x T:

Mylu(t)] :=2Im u(t,x,y)Ved(z) - Veult, z, y) dedy.
R4XT
Note that, employing the similar idea in [51], the weight function V,¢(x) that we
chose here depends on only z, and not on y.
Then we present the main result in this section. For a ready-to-use Morawetz
estimate, see Corollary 5.2.

LEMMA 5.1. If u solves (gNLS), then the Morawetz action satisfies the identity
d oo .

—My[u(t)] = / mS/ (48mkum(6zkzl¢)3xlum —AZp \um|2) dxdydm

dt 0 RexT

2
_ e Ay [ulP™ dady.

P+2 Jraxr



166 YANNICK SIRE, XUEYING YU, HAITIAN YUE, AND ZEHUA ZHAO
PROOF OF LEMMA 5.1. Following the strategy in [6], we define
Ly :=1i(Vy Vod+ Vad - Vy),
that is
Lof =i[Ve- (Vad)f) + Vit Vo f].

Under this notation, we claim that
(5.1) (u(t), Ty (t)) = —Mp[u(t)].

Note that (f,g) = Re [ga, r fgdzdy.
In fact,

We then compute the two inner products separately:

(u,iVy¢ - Vyu) = Re/ u(iVy¢ - Vyu) dedy

RaxT
1
=—1Im UV - Voudrdy = —-Mgy;
R xT 2

and

= Re/ UiVy - (Vyo)u) dedy = —Im U0y, (0y, pu) drdy
ReXT RexT
=—Im U0y, 2, pu dxdy — Im U0y, POy, u dxdy
R xT RExT
= —1Im uVy,¢ - Vyudedy = —1M¢.
R xT 2

Therefore, by combining these two terms, we conclude the claim (5.1)

(u(t), To(t)) = —Mg[u(t)].

Next, we compute the derivative of My[u(t)] with respect to time ¢. Using
(gNLS)

ou=1i((—A)7 + (—3;‘;)”) u — ip|ulPu
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and Plancherel theorem, we write

o ol
dt t), Tpu(t > + <u( ), (jth)u( )>
2\o . p d
= (i ((=A2)7 + (=82)7) u —ip |u|” u, Cyu(t)) + <u(t),F¢dtu(t)>
(i (A + 32)0) u,Tyu(t)) — (i [uf 0, Tou(0)
+<U(t),%1“ ((( Am) +(=05)7) u— plul’w))
= (u(®), (=A4)7 + (=05)7) iLgu(t)) + (u(t), iTs ((=Az)7 + (=0)7) u(t))
+<u(t)7u\u|pif¢u( )) = (u(t), i ([l u))
= — (u(t), [(=22)7 + (=97)7,ilgJu(t)) + (u(t), [u|ul”, Tg]u(t)),

where we used the commutator notation [4, B] = AB — BA.
Noticing that
[(=05)7,iT4] =0,
we then have

th¢[ (O] = = (u(t), [(=Az)7, iTgJu(t)) + (u(t), [ ul”, iTyJu(t)) =: T+ IT.

I 11

In the rest of the proof, we will work on the linear term I and the nonlinear
term I separately.

First, we consider the linear term I. In order to deal with the [(—A;)7,iTy]
term inside I, we will employ the following Balakrishinan’s representation formula
for (—A;)? introduced in [3] for o € (0,1),

sin(ro) [ 1 —Ay
5.2 —A) = —= T ——— dm.
(52) Ol i L
In general, for A > 0, m > 0, the following commutator has the form of
A 1 1
— . B] = A, B .
[A-l-m’ ] mA+m[ ’ ]A+m
In particular, if taking A = —A, and combining with (5.2), we write

sin(mo) [ 1 1
. —A.), Bl = ——* o [-A;, Bl ——— dm.
63) (A7 Bl = D [T A Bl
Then taking B = il'y in (5.3), we have
o g sin(mo) [ 1 B ) 1
(5.4) [(—Ay)7,ily] = - /0 m A im —|—m[ Az,qug]i_Ax e dm.
Now we claim that
(55) [_AmviFCb] = 489% (azkzz¢)811 + Ai¢7

where to emphasize that A, takes derivative only in the R? direction, we put z in
its subscript. Similarly, in the following calculations, d,, and 0, are differential
operators in R¢ directions, while 0y is the T direction derivative.
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In fact, recalling

we write

[—Ag,ily]f

=0, (Tg) f + if‘(z:(Axf)

=A;Va - (Va®) f) + Du(Vad - Vi f) = Val(Vad) Arf) = Vi f - Va(Arf)
(5.7)= Orya4, O, (O, O ) + Oy, (0 9O, ) — Oy (O) 9Oy, f) — Oy Oy, f-

Then using the product rule, we continue from (5.7)

[—Aw, ZF¢]f
= 8Iklk (6uu¢f) + Qauwm (6u¢3uf) - 8llll¢6.Lk-ka
- awl¢azkxkxzf - 8zzfazk2kzzf
= kaxkxlf’?lqsf + 2axkxlxl¢axkf + 8xlxl¢a$k$kf + 28xkxkxl¢axlf
+ 4aﬂ?k$l¢amkmzf + 28$l¢amkl’k$zf
- aﬁ"l$l¢a@k’bkf - 8xlaxkxkxlf - aacld)axkxkxlf
= AL0S + 40010, 000, f + 4000, 000y, |
This proves the claim (5.5).

At this point, we are in a good position to compute the term I. First, combining
(5.5) and (5.4), we write

sin(mo . 1
[(—A,)7,iTy] = ( / — +m[ A iTy] 5 dm
sin(ro 1
- / A, 400 (000, 0) 0, + Ai¢]m dm.
Therefore
I'=—(u(t), [(_AI)UviF¢]U>
_sin(wo) [ 1 9 1
= 07 _4 r g s r - A . -~ .
/RdXTu - /0 m AL —|—m[ Ox;, (Ozpz, ) Oz, o) AT mudmda:dy

For m > 0, we define

U (£) = cg#u(t) =co F ! < a§t7£) ) )

—Ay+m 1" +m

where

sin(mo) .

Co i=
T
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Under such change of variables and with Fubini’s theorem, Plancherel theorem,
and integration by parts, we obtain

I= / / ucem? [ 40u, (O oz, ) Oy — Ai‘ﬂ“ﬂl dxdydm
R4xT 7A
/ /R o A + - T[40y, (02 2,0) 0, — A2 Pty dzdydm
= / / [—40z, (0240,0) 0z, — Ai¢]“m dxzdydm
0 RdXT

:/ m"/ 405, U (Ory 0, D) Oy U, — Ai¢|um|2 dxdydm.
0 RdXT
Then we consider the nonlinear term II. Noticing that
2, p+2 2
V(Jul”"?) = ==V (ul") [ul*,

and using (5.6) again, we obtain
IT = (u(t), [ ul” ilg]u(t))
= —p(u), [[ul”, Vs - Vod + Vi - Vi]u)
= —p{u(t), [ul” Vo - (Vad)u)) — p(u(t), [ul” Vad - Vou)
_ 2pp, p+2
= p7+ 3 Josn Ao |ul dzdy.

Therefore, together with the computation on terms I and I1, we get

] :/ ms/ (48Ikum(8mkxl¢)8zlum - Aiqﬁ\umf) dxdydm
R xT

2pp
Cp+2 Jpayr
which implies Lemma 5.1. O

Ao lulP*? dudy,

COROLLARY 5.2. Assume u to be a smooth solution to the initial value problem
(eNLS) with d > 3, then we have the following Morawetz inequality

|u t xz y |p-"_2 < 2 < 2
dadydt S sup [u(t)[[, 1 < sup u(t)lj. -
R xT teR teR

PROOF OF COROLLARY 5.2. We take ¢(z) = |x| (independent on y) in Lemma
5.1. Hence

X
VCE¢ ma
d—1
Az = 3
?= T
&r x Ty
aﬂvsz — Kz kPl
=Ll Tl

2, ) —mé(z), d=3,
A””‘b_{—(d—1)(d—3)|x|3, d>4.
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Under such choice of ¢, we claim that
(5.8) / ms/ (48xkum(8wkwl¢)6wlum —A2¢ \um|2) dxdydm > 0.
0 R xT

Assuming (5.8), we obtain for the defocusing equation (u = —1 in (gNLS))

d 2p
MO 2 75 [ Aol lutt o)™ dady
X

2 d—1
(5.9) =2 / jut, 2,52 dudy,
P+2 Jraxr |7

which gives Corollary 5.2 by combining the following upper bound of M|, in [17]

2 2
[ Mia [w(®)]] S sup (I3 < sup fu®)

and integrating in ¢ using the fundamental theorem of calculus.
To see (5.8), we write (when d > 4)

/}R (40020910, 0) Oyt = D20 [ )

(510) = /Rd <4arkum(5kaz . LX) )8zlum —+ (d_l)TSd_g) |um2> dr.

el Jaf? B

The d = 3 case can be handled similarly, hence omitted.
Using the notation Vzu = (€- u)ﬁ and V?u = Vu — Vzu with € = ¥, we can
decompose Vu orthogonally. Then we have

a 1 2 1 2
amkumxkxlamlum S § |a;vkumxk| + 5 ‘azlumxl|

IA

1 1
5 [Vetn* 2l + 5 [Vet|* 2
= |qum|2 |517|2 .

Then continuing from (5.10), we obtain

2 2, 2
T O\ N /2 Pl N A VLA A I
|z] 3 3
Rd T |

Ed |z
2 2
xUm| elm -1 -
B O A, AR LR TG
R || ||
Viu, " (d-1)d-
:/ A N A [ NS D
R || ||

then (5.8) follows by integrating (5.9) in both y and m. This completes the proof

of Corollary 5.2.
|

6. Proof of the scattering result

In this section, we give the proof for the scattering result in Theorem 1.3. There
are four steps and we will discuss them step by step. The strategy has similar spirit
with [63, 65].
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6.1. Step 1: the Morawetz bound. Recall the Morawetz estimate (Corol-
lary 5.2) established in Section 5, we have

t 2+p
(6.1) / / [t 2 DTty < a1
REXT ‘$|

6.2. Step 2: Proof of the decay property. Based on the Morawetz bound
above, we aim to show the decay property of (gNLS), i.e

fliglo Hu(taxay)HLg,y(]Rde) =0,

where 2 < ¢ <2+ r (for any r <
for us to obtain the scattering result.

2+4o0+dp+p+2po ; ; :
SEECEEPEPTER?) | This decay property is essential

REMARK 6.1. One may also consider the (stronger) pointwise type decay which
describes the decay rate of nonlinear solutions quantitatively. See [23, 67] for recent
results and the references therein.

In viewing of interpolation with the mass conservation law, it suffices to show
the endpoint case, that is,

(62) tlirgo Hu(taxa y)HLiTJ(RdXT) =0.

We will prove it by contradiction. Before starting with the proof, we recall a radial
Sobolev embedding as follows,

LEMMA 6.2 (Radial Sobolev Embeddings in R in [61]). Letd > 1,1 < q < o0,
0<s<dandpe€R obey the conditions

d 1 1
6 > ==, 0 S - S S
q p q
and the scaling condition
d d
Brs=°-2
p g
with at most one of the equalities
1 1
pzla D = o0, q:17 q = 00, - — - =S5
p q

holding. Then for any spherically symmetric function f € stp(]Rd), we have
B s
[ 7], gy S M9 Aoy

Let (3 satisfies (2+p)B+1=2+7.
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Via Lemma 6.2, Holder inequality and Sobolev embedding, we have
||u(t7w7y)”Li‘f;f(]Rd><T)

- (/|u(t,x,y)|2+r dxdy)“%

lu(t, z,y)|2+P)8 .
S )
u(t, z,y) > P £ 1 1=
N (/Rd T|(|;3|)|dxdy) PR (/(|$|B|u|)1,5 dxdy) pE=S
X
ult,, )7 e n
= (/ 7dxdy) 27, (||(|:r\5|u|) 1i5)2+
RdXT |I| Lm,y

t,x, 2+4p 8 1
< (/ |U( T y)l dxdy) PET (HH'V'SUHLQ . )2+r
R4XT

|| fLy P

t 2+p 8 1
< (/ |U( 71'7y)| dxdy) PE (|||vw|s|vy|Tu||L2L2)2+r
RAXT || o

t 2+p 8
< (/ |U( 7x7y)| dxdy) 2+7..
RIXT ||

We require the indices satisfy:

s+ 7 <o (regularity requirement from the energy conservation),

1
(B— §)+ =7 (Sobolev embedding in 1D),

d
B+s= 5~ d(1 — ) (radial Sobolev embedding),
(24+p)B+1=2+7r (the relation between § and r).

1
) 1 ito . 24+40+dp+p+2
We need to choose J satisfies 3 < 5 + 25=. Correspondingly, r < =22 PT=PT

That is the exponent requirement in the decay estimate (6.2).

We are now ready to prove (6.2) by contradiction argument. If (6.2) does not
hold, using the estimate above, we deduce the existence of a sequence {t,}, — oo
and €g > 0 such that

ultn, 2. P e
Joe 2 )™ 2 it 2y 2 00

Without loss of generality, we consider ¢, — +oco. Similar as in [63], we get the
existence of T' > 0 such that

t 24p _B_
inf  inf (/ bzl dxdy) > > .
N tE€(tn,tn+T) ~ JRAXT ||

Notice that since {¢,, },, — +00 then we can assume (modulo subsequence) that the
intervals (¢,,t, + T) are disjoint. In particular we have

tn+T 2+
t P
ZT / / [t 2 )T ) ar
RdxT |z
t 2+P
/ / Jut, 2, )T y | ddy)dt
RexT
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and hence we get a contradiction since the left hand side is divergent and the right
hand side is bounded by (6.1).

6.3. Step 3: Proof of the spacetime bound. We aim to show,
(6.3) we L L HEY (R, x RY x T)
and

tl,Pgrgoo(‘lunLi/L;n/L?/([tl’tQ]X]Rd xT) + |||VI|U(U)HL%L;TLLZ([tl,tQ]XRdXT)

+ |||5y\g(u)||L§L;LL5([t1,t2]dex1r)) < 0.

The above spacetime bounds are sufficient to show the scattering for (gNLS).
In this step, all spacetime norms are over R; x R? x T unless indicated otherwise.

For example, we define
1
1@l = ([ ror )
to

for any given time-dependent function f(t), and similarly we can define || f(¢)[|zz_, .
0

1
We note that we will apply an Hy ™ valued version of the critical analysis of [10].

PRrROOF. Using Strichartz estimates and the Holder inequality,

[l < lluoll o raxery + [[|ulPull
6

1 ~ 1
lus ’ 1.5
Lj‘lg"()Lzeh(y2 ngtoLz HyQ
< |lu a ul|*TP
~ || 0||HU(R X T) + H ||L(1+p)q—6/L(1+p)r—e/H%+5
t>tqo x Y
|(1+P)‘9
a9

1+p)(1-0
S lluoll go e xr) + (vl |( +p)(1-6)

v 1ysllul e
t>tq 2 szrJ Lt>t0Lx2 1,12+5
Similar to Lemma 2.5 in [63] (this lemma is an analysis result which does not involve
the nonlinear PDE structure so we can use it directly), based on the decay property
(6.2), we can further obtain

(64 lul g 3.0 = 001).

2
S Y

Using the decay property (6.4), we see for every € > 0 there exists tg = tg(e) > 0
such that

[l
We can now use the continuity argument to obtain

[l

< Clluollsqgeseny +ellll ,, .y 3
x y

1
ag oz to
L L," Hy t>tg

t>tg

PO < oQ.
Lt>0Lz H'U

Similarly, we obtain ||U||LZZOL;9H§+6 < 0.

Now we consider the second estimate. We show ||[0y[7(u)||ptm 2, the other
z My
estimates are similar. Using Strichartz estimate and the Holder inequality,

110y ()|

ey S Noll e gon) + 110,17 (WPl g

S Mwoll e ey + 11017 (W)l ry.,,

S Mwoll e @escry + 11017 (Wl Ly,

0

p
L;nLZ;HUH w0 prepd+
t>to ey

5°
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We conclude by choosing ¢y large enough and by recalling (6.3).
For FNLS, due to the Strichartz estimates and Sobolev embedding, we choose
the indices satisfying,

1
s+ =+6 <o,
2
(regularity requirement from the energy conservation)
20 d d 200 d 20 d
—t—=s-s5 —+—+—+—=d
doe To 2 qo To de T
(Strichartz exponent relations)
1 _ 0 1 _ 0 201-0)
(p+Dde" a0 (p+1)r 1o pd
(the Holder inequality, or say, interpolation) and
20 d d 1 1 1 1
_— — = —, 7:—+£’ —:—+£
l m 2 m m Ty 4 I q
(Strichartz exponent relations and the Holder inequality). |

6.4. Step 4: Proof of the scattering asymptotics. In fact by using the
integral equation, it is sufficient to prove that

t2 . o o
[ e Ao (ufruy ds =0
t

Hg  (REXT)

lim
t1,ta—00

Moreover, using Strichartz estimates, we only need to show,

tl’ggoo (”|u‘puHLi’L;L’L§([t1,t2]dexT) + ||\Vr\U(MPU)||L§'LgL’L§([t1,t2]dexT)

IO () 3 13 1)) =0

Noticing the two established estimates, the above limit follows in a straightforward
way. Thus we proved scattering in the energy space.

7. Further remarks

In this section, we make a few more remarks on this research line, i.e. long time
dynamics for dispersive equations on waveguide manifolds. As mentioned in the
introduction, this area has been developed a lot in recent decades. The authors are
interested in this research line for several years. Though many theories/tools/results
have been established, there are still many interesting open questions left. We list
some interesting related problems in this line for interested readers.

1. The critical regime. The cases we are considering in this paper are of a
‘double subcritical’ nature (gNLS). In fact, it is also quite interesting to consider
the scattering theory for the critical regime. For example,

(10 + (—Az)7 + (=0)7 )u = plul Fu, w0, 2,y) = uo(z,y) € H7 (R x T),
and
(10, + (~A0)” + (~02)7u = plul ™57, w(0,2,y) = up(z,y) € H (R x T).

The first one is of mass-critical nature and the second one is of energy-critical nature.
New techniques are needed including function spaces, profile decomposition, profile
approximations and even resonant systems. See [13, 30, 68, 69] for the NLS case.
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2. Improvements/generalizations for Theorem 1.3. One may also try to remove
the radial assumption in Theorem 1.3 or consider (gNLS) on more general waveguide
manifolds R™ x T™. However, when m > 2, one can at most show the global well-
posedness since the scattering is not expected to hold. Another point is to consider
the cases d = 1,2. Some more techniques are required, such as the Morawetz-type
estimate in 1D and 2D (see Section 5).

Omne may consider other problems for (gNLS) such as growth of Sobolev norms
(weak turbulence) or low regularity type results (see [70] and the references therein).

3. Scattering for focusing NLS/{NLS/gNLS on waveguide manifolds. The re-
sults discussed in this paper concern mainly the defocusing case. In general, large
data scattering for the focusing NLS (or other dispersive equations) on waveguides
is comparably less understood than the defocusing case. Threshold assumptions
are necessary and new ingredients are needed to handle this type of problems. See
[66] for a recent global well-posedness result, see [21, 22, 39, 41] for the Euclidean
results and see [12, 49] for some very recent scattering result.

4. Critical NLS on higher dimensional waveguide manifolds. For critical NLS
(or other dispersive models) on waveguide manifolds, most of the models are lower
dimensional (with no higher than four whole dimensions), which leads to quintic
or cubic nonlinearity. This gives one advantage to applying function spaces to deal
with nonlinearity. In general, the difficulty of the critical NLS problem on R™ x T"
increases if the dimension m + n is increased or if the number m of copies of R is
decreased (which is concluded in [36]). There are no large data global results for
critical NLS on waveguide manifolds with at least 5 whole dimensions, to the best
knowledge of the authors. Moreover, the Hartree analogues are also less understood.

5. NLS on other product spaces. Instead of waveguide manifolds, one may
consider dispersive equations on other types of product spaces, for example, R¢ x S™
where S™ are n-dimensional spheres (S™ can be replaced by other manifolds). See
[50] for a global well-posedness result of NLS on pure spheres. In this regime, NLS
may be a good model to start with. One can also replace S™ by other manifolds.
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