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Local well-posedness and regularity criterion for

nonhomogeneous magneto-micropolar fluid equations

without angular viscosity
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ABSTRACT. We study an initial-boundary-value problem for three-dimensional
nonhomogeneous magneto-micropolar fluid equations without angular viscos-
ity. Using linearization and Banach’s fixed point theorem, we prove the local
existence and uniqueness of strong solutions. Moreover, a regularity criterion
is also obtained.
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1. Introduction

Let © C R? be a bounded smooth domain, we consider nonhomogeneous
magneto-micropolar system (see [15]) in Q x (0,7):

1.1) pr+u-Vp=0,

) put + pu - Vu+ Vr — (n+ )Au = 2¢rot w +rot b x b,
3) pwi 4 pu - Vw — idw — (A + 1)V divw + 4Cw = 2¢ rot u,
4) by + rot(b x u) = Ab,

5) divu=divb=0 in Qx (0,7),

6) u=0,w=0,b-n=0rotbxn=0 on 9N x (0,7),
1.7) (p;u,w,0)(+,0) = (po, uo, wo, bo)(-) in .

Here the unknowns p, u, 7, w, and b stand for the density, velocity, pressure, micro-
rational velocity, and magnetic field, respectively. The viscosity coefficients u, C, i,
and \ are constants satisfying

(¢ >0, i>0,0—2¢>0, and 21+ 3\ > 0.

n is the unit outward normal vector to 0f2.

In the 1970s, Ahmadi and Shahinpoor [2] introduced a mathematical model
for the motion of an electrically conducting micropolar fluids in the presence of
an arbitrary magnetic field. The magneto-micropolar fluid equations can be used
to describe the motion of aggregates of small solid ferromagnetic particles relative
to viscous magnetic fluids under the action of magnetic fields, such as salt water,
ester, and fluorocarbon, which is of great importance in practical and mathematical
applications (see [9, 10, 15]).

First, let us give a short survey for the study of nonhomogeneous micropolar
fluid equations, that is, (1.1)—(1.5) with b = 0. When the initial density is strictly
away from vacuum (i.e., the initial density is strictly positive), the authors [4] proved
some existence and uniqueness results for strong solutions. Meanwhile, Braz e Silva
et al. [5] investigated the global existence and uniqueness of solutions for 3D Cauchy
problem through a Lagrangian approach. On the other hand, for the initial density
allowing vacuum states, Lukaszewicz [14] (see also [15, Chapter 3]) obtained the
short-time existence of weak solutions provided that the initial functions ug and
wo are in H} and that the initial density po is uniformly bounded and satisfies
llpotlls < oo, while Braz e Silva and Santos [8] established the global existence
of weak solutions. In [7], under smallness assumptions on the initial data, weak
solutions with improved regularity were obtained. Recently, imposing a compati-
bility condition on the initial data, Zhang and Zhu [20] showed the global existence
of strong solution with nonnegative density in R? under some smallness condition.
Later on, Ye [19] improved their result by removing the compatibility condition and
furthermore obtained exponential decay of strong solutions.

As a couple system, (1.1)-(1.5) contain much richer structures than the non-
homogeneous micropolar fluid equations. It is not merely a combination of microp-
olar fluid equations and magnetic field equations but an interactive system. Their
distinctive features make analytical studies a great challenge but offer new oppor-
tunities. Tang and Sun [17] obtained the local well-posedness of strong solutions
for (1.1)—(1.7). This result was recently extended to be a global one by Zhong [21]
under some smallness condition. At the same time, Yang and Zhong [18] proved the
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global existence and decay estimates of strong solutions for the 3D Cauchy problem.
The aim of this paper is to prove the local well-posedness of strong solutions to the
problem (1.1)-(1.7) without angular viscosity (i.e., i = A = 0).

Our main result states as follows.

THEOREM 1.1. Let i = X = 0 and assume that the initial data (po, uo, by, wp)
satisfies

(18 0 < inf pg < po < suppo < o0, po € H3, (ug,wo) € HE N H?, by € H?,
' divug = divby =0, by - n|aq = 0, rotby x nlsgqg =0,

then there exists a positive time T > 0 such that the problem (1.1)—(1.7) has a
unique local strong solution (p,u,w,b) on  x (0,T] satisfying

inf pg < p < sup po, p € C([0,T]; H?), py € C([0,T]); H?),
we C([0,T): H 0 H?) 0 L2(0, T; HY),

us € C([0,T]; L*) N L2(0,T; HY),

w e C([0,T]; H?),w, € C([0,T); HY),

be C(0,T]; H?) N L*(0,T; H),

by € C([0,T); L?) N L*(0,T; H').

(1.9)

Furthermore, if
(1.10) u € L*(0,T; L>) and Vu € L'(0,T;L>)

hold true with some finite 0 < T < oo, then the solution (p,u,w,b) can be extended
beyond T .

2. Preliminaries

Before we present the proof of Theorem 1.1, we need some technical results.
The first one is the bilinear commutator and the product estimates.

LemMA 2.1. ([12]). (i) If f € WP(Q) N CY(Q) and g € WS1P(Q) N C(R),
then, for |a| < s,

(2.1) 1D*(fg) = fD%llLe < C(lfllweriligla + IV FlLezlglwe-r.a)-
(i1) If f,g € WP(Q) N C(Q), then, for integer s > 1 and |a| < s,

(2.2) ID*(f9)lle < CUIflwerrllgllza + [[fllrz[lgllwee)
1 1 1 1 1

with —= — 4+ —=—+4+ —, and 1 < p < 0.

P M@ P2 @

We will also use the following two lemmas.

LEMMA 2.2. ([3]). Let 2 C R3 be a smooth bounded domain and let b : 2 — R3
be a smooth vector field. Then, for 1 < p < oo,

-2 P
—/|b|p*Zb-Abdx:/|b|p*2|Vb|2dx+4pp2 /|V|b\5|2dx

(2.3) 7/ |b|P*2(b-V)b.ndS—/ |b|P~2(rot b x n) - bdS.
0N o
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LEMMA 2.3. ([1, 16]). Let Q be a bounded smooth domain. Then, for all
be WhP(Q) with 1 < p < oo, we have that

(24) [bllz0(0 < CloIL 811

For divu = divb = 0, we have the well-known vector identities
(2.5) rot(bx u) =u-Vb—b-Vu,
(2.6) rot b x b:b-Vb—%V|b|2.

Finally, when b satisfies b-n = 0 on 012, we will also use the identity
(2.7 b-V)b-n=—0b-V)n-b on 09,

for any smooth vector field b.

3. Proof of Theorem 1.1

3.1. Local well-posedness. In this subsection, we will use Banach’s fixed
point theorem to prove the local well-posedness. To this end, we define the nonlinear
map F as follows

F:veX—>ueX,

where
X = {v e X Plleqorymnm + 1ol mm)
+ llvelleqo,myeey + lvellzzo,rm1) < R,
(3.1) dive=0 in Qx(0,7) and v(-,0) = uo},

and R is a positive constant to be determined later. We will consider the following
four problems:

(3.2a) by +rot(b x v) = Ab,divb=0 in Q x (0,T),
(3.2b) b-n=0,rotbxn=0 on 9N x (0,7),
(3.2¢) b(-,0) = by in .

(3.3a) pt+v-Vp=0 in Qx(0,7),

(3.3b) p(+,0) = po(:) in Q.

(3.4a) pw + pv - Vw + 4¢w = 2¢rotv in Q x (0,7),
(3.4b) w(-,0) =wo(-) in Q.

(3.5a)  pur+pv-Vu+Vr — (u+ )Au=2(rotw +rotbx b in Q x (0,7,
(3.5b)  divu=0 in Qx(0,7),

(35¢) wu=0 on 00 x(0,7),

(3.5d)  wu(-,0) = up(-) in .

We comment that u := F(v) is defined as the solution of the above four prob-
lems.
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LEMMA 3.1. Given v € X, then the problem (3.2a)—(3.2¢) has a unique solution
b satisfying
(3.6) 16l Lo 0,7:12) + [|bll 20, 7:13) < C,
(3.7) 6¢] oo (0, 7522) + 10e]| 200,71y < C,

provided that T is small enough. Here and in what follows, C will be a constant
independent of R > 0.

Proof. Since the equation (3.2a) is linear, we only need to show a priori estimates.
Testing (3.2a) by b, we see that

2dt/|b|2dx+/|rotb| dx = /(U x b) rot bdx
< [[vl[ o< [|b]| 2 || ot b]| L2
1
< S lxot bl + CR2blE
which gives that
(3.8) Ibll=o.1:22) < llboll2 exp(CRAT) < €
if R?T < 1.
Testing (3.2a) by —Ab, we get that
2dt/|r0tb| dx+/|Ab| dx*/(v Vb —b-Vv)Abdz
< (lvllzoe VOl 2 + (1l Lo [Vl s ) [ Ab][ 2
< CR|[Vbl| 12| Ab| 2
1
< §||Ab|\%2 + CR?||rot b||3 2,
which yields that
(3.9) [Vb]|r2 < Clrotbl|r2 < C||Vbo|| 2 exp(CR?T) < C,

as long as R%*T < 1.
Applying 9, to (3.2a) and testing by by, we arrive at

2dt/|bt 2dx+/\mtbt|2dx—/(bt X v+ b x v;) rot bydx
< ([l [1bel[ 2 + (bl o llvell 23 ) [ ot b 22

(CRHthILz + Clluel 3190132 ) | vot bl o

IN

| /\

§|| rot by||22 + C'R?||0:b||22 + CR|| V|2,
which implies that
T
66|22 < <||8tb0||%2 +/ CR|Vvthdt> exp(CR*T)
0

(3.10) < (Co + CRVT)exp(CRT) < C,

and

T
(3.11) / | vot be|22dt < C
0
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if R?T < 1.
It is clear that Vo(-,t) = Vug + fot 0s(Vv)ds, thus we get that

T
(3.12) V]2 < [[Vvoll 2 +/ Vsl z2ds < ||Vl 2 + RVT < C
0

if R?T < 1.
Using the H2-theory of Poisson equation (see [11]):
(3.13) Ab = f:=b, +rot(b x v)

with the Navier boundary condition (3.2b), one has
1bllz> < Cllfllz2 + Clbl| 2
< C|bellz + Cllv-Vb—=b-Vol|2+C
< C+ C([[ollze IVl Ls + [[Vol[ 2 [[b]| o< )
1 1
< C+CfIVbl Z: 10l
1
< 7Hb||H2 + C,
2
which leads to
(3.14) [l g2 < C.
Similarly, we have

[bllzrs < Cllf e + Cllbl| 2
< CH+ VSl
< C+ Ol Vb2 + ClIVol s [V Lo + Clbl Lo vl 2 + CllvllLoe [[b]| 22
< CR+C||Vb||2 < CR,
thus
(3.15) 16l 220, 7,13) < C
if R?T < 1. ([l

LEMMA 3.2. Given v € X, then the problem (3.3a) and (3.3b) has a unique
solution p satisfying
(3.16) Iolleqom:asy + lptlleqomaty < C,
(3.17) ledleqo.rynzy < CR

if T is small enough.

Proof. We only need to establish a priori estimates.
First, it follows from (3.3a) that

(3.18) inf po < p < sup po.

Taking V to (3.3a) and testing the resultant by |[Vp|972Vp (2 < ¢ < ), we
deduce that

1d
Q&IIVPII%L; < [Vollz=[VollLa,
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which combined with Gronwall’s inequality and the definition of X yields that

T
IVpllLa < [[Vpol Laexp </ ||Vv||L°°dt>
0

T
< |V poll+ exp (c / ||v|Hsdt>
0

< |IVpollLs exp(CRVT).
Taking ¢ — oo, one has
(3.19) VoL < C
if R?T < 1.
Applying D% (Ja| = 3) to (3.3a), testing the resultant by D%p, and summing
up over «, we obtain from (2.1) that
d
3 I1P%0llz: < CID*(v-Vp) — v - VD p|| 2| D?p]] 2
< C(llllm= Vol + ClIVvllL= Il ) | D]l 2
< (Cllollas + Cllollus |1 D pll 22) 1 D2 pll 22,
which implies that

T T
(3.20)  [[ID%p]l2 < <|D3PO|L2 +/ C||UH3dt> exp (C/ ||UH3dt> <C
0 0

if R?T < 1.
Now it is obvious that
(3.21) IVpille < IVoll2Vplloe + (o]l s IV ?pllLs < C,
and
(3.22) ol < llv-Vpllgz < Cllv|lm=lpllas < CR.

LEMMA 3.3. Given v € X, then the problem (3.4a) and (3.4b) has a unique
solution w satisfying

(3.23) ||wHLoc(o,T;H2) + ||wt||L°°(0’T;L2) <C,
(324) ||wt||L°°(O7T;H1) S CR + C

if T' is small enough.

Proof. We only need to prove the a priori estimates.
Testing (3.4a) by w and using (3.3a), we find that

1d

T plw|?da + 4(/ |w|?dx = 2C/wr0tvdx < 2¢||wl gz || rot v]| 2
< CR||wl|z2 < ¢J|w]|7= + CR?,

which gives that

(3.25) hollzz < ©

if R?T < 1.
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(3.4a) can be rewritten as
4 2
(3.26) wy +v - Vw + fw = frot v.

Applying D* to (3.26), testing the resultant by D®w, and summing over « (Ja| =
2), we get from (2.1) and (2.2) that

12HD2U’||2L2 = - Z/(Da(v -Vw) —v- VD) D*wdzx

2 dt
— Za:/Da (wa) D%wdz + za:/D(’ (25 rot v) D%wdzx

< C(|Vll=lID*wl L2 + C|Vw s [ D?v] o) | D*w]| 2

srotwv

D | D2w]| 12
L2

< Clollas||D*wl7z + Cl|D*wl|Zs + Cllv e D*w] e,

+CHD2w
p

||D2’U}||L2 + C
L2

which leads to
(3.27) | D?w|| 2 < C

if T <1and R?T < 1.
It is obvious that

(3.28) lwellze < Cllrotv]l gz + Cllwllzs + Cllv]l ol Vel s < €
and

IVwe||r2 < C||Vrotv|zz + C||Vpll =] rot v]|r2 + C||Vw]| 2
+CIVpllLw]|zz + CllvllL= Vw2 + Ol V|2 ]| Vawl| o
(3.29) < C|v||g2z +C < CR+C.

LEMMA 3.4. Givenv € X, then the problem (3.5a)—(3.5d) has a unique solution
wu satisfying

(3.30)  ullLoe 0,712y + [Jull 220,73y + |wel| oo 0,522y + 1wt 20,7311y < 10CT
if T is small enough.

Proof. By the very similar procedures as that in [13], one can prove the well-
posedness, we omit the detail here. We only need to show the a priori estimates.
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Applying 0; to (3.5a), testing by us, using (3.3a), Lemmas 3.1, 3.2 and 3.3, we
reach

1d
2dt
:—/pt|ut|2dx—/ptv-Vu-utdx—/pvt-Vu~utdx

+ /2th rot uyda — /6t(b® b) : Vuyda

mWmewu+o/nm#¢v

< llpellolluell 2 lluell s + llpell o llvll Loe IVl 2 [[uel| £s
+ [lpll oo lloel s [Vl 2]l Lo
+ 2C]Jwe|| 2] rot we[| 2 + Clbl Los [|bell 22 [ Ve ]| 22

_l’_
< B T+l + OR? + ORIVl +C.

which gives that
(3.31) ||Ut||L°°(O,T;L2) + ||Ut||L2(0,T;H1) <G

if T <1,R?T <1and RZVT < 1.
(3.5a) can be written as

(3.32) Vi — (p+ )Au=g:=2(rotw+r0otb x b — pdyu — pv - Vu.
Using the H2-theory of Stokes system, we arrive at
[ull > < Cllgl| 2
< Cllxotwlzz + Clbll ]| ot b2 + Cllugll 2 + Cllollzol| Vel s
1 1
< C+C|Vullps < C+ Cf|Vull f2lull 7
1
< C+ Sl
which implies that
Similarly, one has
[ullzs < Cllgllm
< Cllgllzz + ClVygllz2
< C+ Clwla + Cllbllellbll a2 + Clluel r + ClIVpll Lo [Juell 2
+ ClIVpllzellvllze [Vull s + ClIVol| L2 [|Vul[ Lo + Cllv] Lo [| Au] s
< C+ Cllugll g + CVull e + Cf| Aul|s
1 1
< O+ Olluelan + CIIVul 22 [lull s
1
< gllulles +C + Cllug e,
which yields
[ull s < C+ Cllug||

whence

(3.34) lull 20, 1;m3) < Cs.
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We can take R := 10C5. This proves the following result.
LEMMA 3.5. If T is small enough, then F maps v € X into u € X.

Now we want to show that F is a contraction mapping in low norm if 7" is small
enough. To prove it, we let v1,v3 € X and denote the corresponding solutions by
(p1> Ui, 71, W1, bl) and (P27 Uz, T2, W2, b2)

It is clear that

(335) 8t(b1 — b2) + I‘Ot(bl X V1 — by X '1}2) = A(bl — b2)7
(3.36) 9e(p1 — p2) +v1-V(p1 — p2) + (v1 —v2)Vp2 = 0,
plat(’u}l — ’LUQ) + p1v71 - V(w1 — ’LUQ) + 4C(w1 — wg)
(3.37) = 2C¢rot(v1 — v2) — (p1 — p2)Oywe — (p1v1 — pava) - Vwe,
1 1
plﬁt(ul — UQ) + p1v71 - V(ul — UQ) + V(ﬂ'1 — Ty + §|b1|2 — §|b2|2)

— (b + QAU — u2)
= 2Crot(w1 — ’lUQ) + by - Vb — by - Vby — (p1 — p2)8tu2
(338) - (p1v1 — pQ’UQ) . VUQ.

Testing (3.35) by by — by, we observe that
2dt/|b1—b2| dm+/|rot by — by)[2dz
= /(Ul X bl — Vg X bg) I'Ot(bl — bg)dd?

= /(7)1 X (b1 — bg) —+ (’Ul — ’Ug) X bz) I‘Ot(bl — bg)dl’
< (lvillzeellbr = ballz2 + [lvr — vallz2]lb2|| Lo )| rot (b1 — b2)|[ 2

—_

(339) 7” I‘Ot(bl — b2)||L2 + C||b1 — bQHLQ + C”’Ul — 1)2||L2

o)

Testing (3.36) by |p1 — p2|(p1 — p2), we have

531 [ 11— paPde < [9pallor = valzslon — ol

whence
d
(3.40) TP~ p2ll7s < Cllor — a7 + Cllpr — pal|7s-

Testing (3.37) by w; — wy and using dyp; + div(p1v1) = 0, we have
1d
2dt
< Cfrot(vr — vo)|[z2llwr — wal[r2 + [[p1 — p2llLs | Ovw2 || Lo [|wr — wal| 2

+ [|p1llzee [|vr = v2|| L3 | Vw2 | ps w1 — w2l L2

prluos = wade + 4 [~ wafds

+ o1 = polls lv2]| L [ Vwa | oflwr — wo 22

u+<
< 10000IIV( —v)[I72 + Cllpr — p2llis

(3.41) + Cllvr — va| 72 + Cllwy — wel|7-.
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Testing (3.38) by u; — uy and using 9;p; + div(piv1) = 0, we compute
1d
2dt
< 2(/(11}1 — wa) rot(uy — ug)da

+ C([[br][Loe + [|b2]lLoo)[[b1 — b2l L2[[V (w1 — u2)| L2

+ llp1 = pallLs|0cuz || z2]lur — uo| e

+ llprllzeellvr — vallLs [ Vual| Lo lur — ual|r2

+1lp1 = pallzzllvallLe< [ Vuz|lpol[ur — uz 2

/ prlun — sz + (s + ) / 1V (uy — up)Pde

u+C
IV (u1 — u2)||72 4+ Cllwy — wal|7> + C|lby — ba||7> + Clluy — ual|7-
B+ ¢
+ CHm — pa2llis + Cllor — val72 + 10000”V< vg)||72-

This along with (3.39), (3.40), and (3.41) gives that

d
5(”[?1 — boll7s + [lp1 — p2llTs + [lwr — wal| 72 + [lur — uall7s)

+ (4 OV (ur —u2) |7
< Cllby = bell32 + Clipy — p2li3s + Cllor — va| 32 + Cllwy — wal|7»

B+ ¢

m”v(vl —02)\&2»

+ C||’LL1 — U2||%2 +

which implies that

T
||U1 — U2||%,00(0,T;L2) +/ ||V(U1 - UQ)H%Zdt
0

1 T
< CTos = w2l o 0m) + 1o, 1701 = w2)

1 T
(3.42) < (nm — 0ol o 71y + / IV (o1 - vz>||%2dt> ,

provided that T is suitably small. This completes the proof of local well-posedness.
O

2. Regularity criterion. We only need to show a prior: estimates.
First, we still have (3.18) and (3.19).
Testing (1.2), (1.3) and (1.4) by u, w and b, respectively, summing up the results,
we get that
1d
2dt
= 4C/wrot udx < 4(/ lw|*dx + C/ | ot u|*d,

(pluf® + plul? + B2)dz + (s + ) / Vuldz + / | rot bf2da + 4¢ / jwPdz

whence
1d

(3.43) od@ (plul® + plw|* + |b*)dz + u/ |Vu|*dz + / |rot b?dx < 0.
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Testing (1.4) by |b|*b, we derive from (1.5), (2.3), (2.4), and (2.7) that

6 3|12
6dt/|b|d 41 l/|M|Vb\¢r+ t/|Vw||dm
= —/ |b\4b-vn-bds+/(b~V)u- |b|*bda

o0 Q
<Vl [ BPAS+ [ Vulun | pd,
(019 Q

which implies, by denoting ¢ := [b[3, that

g/<;52cigc+/ |v¢|2d:c§c/ ¢2dS+CHVUHLoo/¢2dx
dt Jo Q 29 Q
< Clléll= 6]l oy + ClIVull = / Sz

1
< 5IV6Is) + Cléla + ClVuluo | e,
from which and Gronwall’s inequality gives that

1bllzs < C.
Testing (1.4) by —Ab, we write

2dt/|r0tb| dx+/\Ab| dz

:/(u~Vb—b~Vu)Abdas

< (lull g V3] 2 + 1Bl o= [ Vul] =) | AB 1.

< C(lfullz= 9]l = + 1Bl Z 16l Za IVl 2) [ Ab 2
(3.44) < FIAbE: + Clll3=< 9813 + CIVuls.

Equation (1.3) can be written as
4 2

(3.45) wy +u-Vw + —Cw _ % rot u.
p p

Applying V to (3.45) and testing the resultant by Vw, we get from (1.5) that

2
2dt/|v|d+/ |Vw|?dx

< [Vul~ [ [VuPde + €IVl w2 Vol

+ Cl[Vrotul 2 [ Vw2 + C|[Vpl| < [|Vul| 2] Vw]| L2

1+ ¢)?
< VLD 9%l + O Vall [ (Vulde + CIVuls

(3.46) + C||Vul|2, + C.
Equation (1.2) can be written as

2¢ rot b

1
(3.47) ur+u-Vu+ —(Vr — (p+ Q)Au) = = rotw + X b.
p p
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Testing (3.47) by Vr — (i + ¢)Aw and using (1.5), we have

/|v 2dz +/7|V7r—(u+C)Au|2dx

2 at
< (el IVl 2 + Vol + YT s8] 0) [V = 1+ a1
1

<5 [ SIVr =+ QauPda + Clul~ [Vulfs +CIVuls

1
+ 7 IV20l3: + ClIVblZ:,
which combined with (3.44), (3.46), and Gronwall’s inequality leads to

([ (w, w, b)[[ o< 0,111y + (1, 0) | £2(0,7502) < C.
It is clear that

4
||we||pz = Hrotu—cw—u Vw
p L2
< Cffrotul 2 + Cllwllzz + [[ullLe [[Vw] 22
< C+ Cllullpe,

thus
lwe| Lo 0,722y < C.

Applying 0; to (1.2) and testing the resultant by d;u, we infer from (1.5), (1.1),
(3.18), and (3.19) that

1d
e / plowul2dz + (i + ) / IV 0,ul2da

—/Qtp|8tu|2dx—/(%pu-Vu-(?tudm—/p@tu-Vu~6tudx
+2(/8tw‘rot 8tudx—/8t(b®b) : Voyudr
< ||U||L<><>HVPHL°°/|3tu|2d$+HVP||L°°||UH%OCHVUHLZHatUHLZ

T ol |Vl e / ulde + 20w 2] rot dpul| .
+ ClJell = 19:bl 2 [V Dy 2

_l’_
< B8 V03 + Clul o / 10,2 + Clul2 || Byt 2

(3.48) +C[Vull L= / [Opul*da + C|Oywl|Z> + CIIblI7 - [|0:b]|7-
Applying 0, to (1.4) and testing the resultant by b;, we have
2dt/|bt| dx+/|rotbt| dz = /(ut X b+ u X bt) rot bpdx
< (bl lluell L2 + llullzos [1be]| £2) [ Tot b | 22
< 00t B3 + Clol = el + Cllullie [l
which together with (3.48) and Gronwall’s inequality yields that

| (wt, be)[| oo (0,7522) + [[(ue, b¢) || 20,7551y < C.
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We still have (3.14), (3.33), and (3.15).
Similarly to (3.34), we note

ullgs < C+ Cllw|gz 4 Cllu|| g
Applying D® (|a| = 2) to (1.1), testing the resultant by D®p, and summing over a,
we deduce from (1.5) and (2.1) that
sailDlEe == % [0 V)~ - VD)D"

< O||Vullz=|D*pll72 + Cl|Vpll o< || D*ul| 12| D?pl 2,
which leads to
ol Lo 0,12y < C.
Similarly to (3.33), we arrive at
[ullw24 < ClIVwlzs + Cllugl|Ls + C.
Similarly to (3.46), we have

4dt/|v |dx—|—/ C|Vw| dz

< [[Vullze / [Vw|*dz + C[|Vpl|pe[w]| 4| Vel |4

+ClIV2ul e[| Vwllza + ClIVpl [Vl o[ V][4,
which implies that
||VU)||L4 S C

Applying D% (Ja| = 2) to (3.45), testing the resultant by D%w, and summing
over «, we derive from (1.5), (2.1), and (2.2) that

2dt/|D2 ?de = — Z/D“u Vw) — u - VD%w)D*wdz

+ Z/Da (2‘511) D%wdx — Z/DO‘ (%fw) D%wdx

< O||Vullp=[|D*w|[22 + C|[Vw|| s | D*ul| o || D*w]| 2
+ Cllullgsllwl| a2 + Cl[Vaul Lo [|pl a2 [ wl 2 + Cllwl|7
+ Clipll 2 llwl| o [[w] 2
< OVl o< w32 + Cllull gsllwl = + ClIVul o [Jw] g2
+Cllwlfe +C,
which gives that
lwll Lo 0,75m2) < C-
We note that
wllz20,7;m3) < C.
Now it is easy to deduce that
ol Lo 0,7:m3) < C.
This completes the proof. |
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