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ABSTRACT. We consider the nonlinear Schrédinger equation with L2-supercritical
and H!-subcritical power type nonlinearity. Duyckaerts and Roudenko [8] and
Campos, Farah, and Roudenko [3] studied the global dynamics of the solutions
with same mass and energy as that of the ground state. In these papers, finite
variance is assumed to show the finite time blow-up. In the present paper, we
remove the finite-variance assumption and prove a blow-up or grow-up result.
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1. Introduction
1.1. Background. We consider the following nonlinear Schrédinger equation:
i+ Au+ [ulP"lu =0, (t,z) €l xR,
u(0, ) = up(z), z € RY

where [ is an interval including 0, d € N, and 14+4/d < p < (d+2)/(d—2). Here, we
regard (d+2)/(d—2) as co when d = 1,2. The nonlinearity is called L2-supercritical
and H'-subcritical. The initial value problem is locally well-posed in H!(R9) (see
[11] and the standard text books [4, 28, 20]). We also know that the blow-up
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criterion holds. That is, if the forward (resp. backward) maximal existence time
Tiax (resp. Thin) is finite then ||Vu(t)| 2 diverges at ¢ = Tiax (resp. t = Tin)-
Moreover, the mass M, energy F, and momentum P, given by
M(u) = [[ullZ-,
1

B(w) = 5| Vul3: -

P(u) =Im /]Rd u(z)Vu(z)da

are conserved by the flow. In the study of the global dynamics, the ground state
solution e"Q(x) plays a crucial role. Here, @ is the least-energy radial, positive
solution to the elliptic equation:

~AQ+Q - Q" =0inR%
Since pioneering work by Kenig and Merle [18], many researchers have studied

(NLS) from the viewpoint of global dynamics. We summarize the global dynamics
of solutions below the ground state:

1 +1
m“"bﬂ iwu

THEOREM (Global dynamics below the ground state). Let ug € H'(R?) satisfy
1-sc 1-sc
M (ug) e E(ugp) < M(Q) 5 E(Q), where s. := % - p%l.
(1) If JJuoll}> %[ Vuo 5 < Q125 IVQI[5s, then the solution u exists for
t € R, and scatters in both time directions.
(2) If |Juoll 125 [ Vuol5s > QI 12°IVQI5%, then the solution u blows up or
grows up in both time directions.
REMARK 1.1. (1) lluollzz>IVuollzz = Q="

1—sc

since we assume M(uo)%E(uo) < M(Q) s E(Q).

(2) We say that u grows up in positive time if u exists at least on [0, c0) and
limsup, , . [[Vu(t)|| 2 = oo.

(3) In the second statement, we have four possibilities. For example, u blows
up in finite positive time and grows up in the negative time direction.

(4) Martel and Raphaél [21] showed existence of a grow-up solution for the
L2-critical NLS on R? (i.e., p = 3). However, it is still an open problem
whether a grow-up solution to (NLS) exists.

VQ|}% does not occur

Holmer and Roudenko [16] showed the scattering part for 3d cubic NLS in
the radial setting. The radial assumption was removed by Duyckaerts, Holmer,
and Roudenko [7]. The blow-up or grow-up part for 3d cubic NLS is obtained by
Holmer and Roudenko [17]. Akahori and Nawa [1] and Guevara [13] proved both
scattering and blow-up or grow-up results for (NLS) (i.e. for general power and
dimension). Fang, Xie, and Cazenave [10] showed the scattering for (NLS). Guo
[14] obtained the blow-up or grow-up result for (NLS). Their proofs of scattering
rely on a concentration compactness and rigidity argument, which was developed by
Kenig and Merle [18]. Dodson and Murphy [5] give another proof of the scattering
part for 3d cubic NLS in the radial setting. They used an interaction Morawetz
estimate and Tao’s scattering criterion ([27]). They removed the radial assumption
in [6]. See also [2, 15].

While the global behavior of solutions below the ground state is of only two
types, i.e., scattering or blow-up (or grow-up), another global behavior appears in
the threshold case — there exist solutions converging to the ground state:
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THEOREM (Existence of special solutions on the threshold). There exist two
radial solutions QF(t) to (NLS) in H*(R?) such that
e M(Q%) = M(Q), E(Q*) = E(Q), Q* exist at least on [0,00), and there
exist C,c > 0 such that

1Q*(t) = " Qll s < Ce™
fort >0,
e |[VQT(0)||z2 > |[VQ|lz2 and QF blows up in finite negative time,
o |IVQ~(0)]lzz < [[VQ|lzz and Q~ exists globally and scatters backward in
time.

Moreover, we know the global dynamics on the threshold:

THEOREM (Global dynamics of threshold solutions). Let ug € H'(R?) satisfy

1-sc Sc
M (uo) =< E(ug) = M(Q) > E(Q).

(1) If [luoll}= | Vuoll5s < 1QN12° IVQI5%, then the solution u exists on R.
Moreover, either u scatters in both directions or u = Q= up to symmetries
of the equation.

@) 1f uol55* [ Vuolls = 1QULE* IVQIS, then u = ¢Q up to symmetries
of the equation.

(3) We assume that ug is radial or |z|ug € L?. In the radial case, we addi-
tionally assume d > 3 ord =2 and 3 < p <5. If ||u0||i§S“HVuo||SL”2 >
1Q|I12°° IVQ|[5%, then either the solution u blows up in finite positive and
negative time or u = Q1 up to symmetries of the equation.

REMARK 1.2. To the best of our knowledge, the finite time blow-up result under
the radial assumption is not obtained if d = 1, or d = 2 and p > 5. It is also not
obtained below the ground state (see [1, Proposition 1.1]). In the radial case, the
radial Sobolev inequality

— 1 1
1l ey < CRTF IV A0Sz
for R > 0 (see [25, Radial Lemma 1]) is applied to control an error term coming
from a localization of the virial identity. When d = 1, the inequality does not work
well since we do not get the negative power of R. When d = 2, we have the negative
power of R but it does not work well if p > 5. Indeed, the error term coming from
the nonlinear term is estimated by

-1 _(d-1)(»p—2) p—1 pt3
/| e S Nl e < CRTHT2 VUL
Tz

by using the radial Sobolev inequality. Then the power of the H'-norm is larger
than 2 if p > 5 and thus we cannot control it by the kinetic energy.

These results were shown by Duyckaerts and Roudenko [8] for 3d cubic NLS.
Recently, these were extended to general dimensions and powers by Campos, Farah,
and Roudenko [3]. (They also considered the energy-critical NLS. See also Su and
Zhao [26] for it.) Global dynamics above the ground state were studied by Nakanishi
and Schlag [22], but we do not pursue that direction here.

We are interested in the blow-up result on the threshold. While the blow-up or
grow-up result without finite variance is known below the ground state, the result
without finite variance (or radial symmetry) was not known at the threshold. In
the present paper we remove this additional assumption.
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1.2. Main result. We define the virial functional K by

dip—1) 1
K = 22 —_ pt 1.
() = [IVellz 1) lellzos
THEOREM 1.1. Let u be a solution to (NLS) satisfying
(MEN) M(uo) = M(Q), E(ug) = E(Q), K(uo) <0.

Then uw must satisfy one of the following:

(1) w blows up in both time directions,

(2) u blows up in positive time and grows up in negative time,
(3) u blows up in negative time and grows up in positive time,
(4) uw grows up in both time directions,

(5) u= Q" up to symmetries.

REMARK 1.3. The negativity of the virial functional K is equivalent to ||VQ|| 12 <
[IVu||z2 under the mass-energy condition M (u) = M(Q), E(u) = E(Q).

By scaling and the variational structure, we get the following statement as a
corollary of Theorem 1.1 (see [3, Remark 1.7]).

COROLLARY 1.2. Let u be a solution to (NLS) satisfying M(uo)%E(uo) =

1=sc —5c s —Sc s -
M(Q) < E(Q) and |uo|| 12| Vuoll* > [|Q[l3=>IVQI|*. Then the conclusion of

Theorem 1.1 holds.

1.3. Idea of the proof. The virial identity

;L:Q (/R x|2|u(t,x)2dx> = 8K (u(t))

is very useful for showing blow-up. Glassey [12] used it to show that solutions with
negative energy blow up in finite time if the initial data is of finite variance. To
remove the finite variance assumption in the use of the virial identity, a localized
virial identity

d? 9

o ([ ertolute.a)ar) = Ku(t) + An(uto)

is used, where pr € C§° satisfies ¢(z) = |x|? for |z| < R and Ag is an error term.
Under the radially symmetric assumption, by using this localized virial identity and
the radial Sobolev inequality to control the error term, Ogawa and Tsutsumi [23]
proved blow-up of solutions with negative energy when d > 3 or d = 2 and p < 5.
Their argument shows blow-up even when d = 2 and p = 5. Ogawa and Tsutsumi
also showed blow-up for 1d quintic NLS without the radial assumption by using
a localized virial identity and scaling argument in [24]. Their proof relies on the
L?-critical nonlinearity. As far as the authors know, there is no finite time blow-up
result for even solutions of (NLS) in the one dimensional case. Akahori and Nawa
[1] gave a proof of blow-up or grow-up under the assumption sup,q K (u(t)) < 0,

1—s.

which holds under the mass-energy condition M(uo)%E(uo) < M(Q)™= EQ)
and negativity of K (ug) (see also [9]). They derived a contradiction by controlling
the error term in the localized virial identity assuming the uniform boundedness
Sup;~g |[Vu(t)||2 < co. However, this argument does not work on the threshold.
Indeed, we have the possibility that K(u(t)) — 0 as t — oco. To overcome this
difficulty, we use a concentration compactness argument, obtained by Keraani [19]
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and developed by Kenig and Merle [18] to show the scattering result. The method
of application of the concentration compactness argument to show blow-up was
designed by Holmer and Roudenko [17] in the study of 3d cubic NLS, and was
extended to general dimensions and powers by Guevara [13] and Guo [14]. By
the concentration compactness argument, we can show that the orbit of the global-
in-time uniformly bounded solution v with negative K is compact in H'. More
precisely, there exists X : (0,00) — R? such that {u(t,- — X(t)) : t > 0} is pre-
compact in H'(RY). In the below-threshold case, we have sup,- K (u(t)) < 0, the
error term is controlled by the precompactness, and we get a contradiction. On the
threshold, K (u(t)) — 0 may happen. We apply a modulation argument to show
that u(t) — e+ Q(- — Xy) — 0 as t — oo in H'(R?). This argument is similar to
the case of positive K, done by Duyckaerts and Roudenko [8] (see also [3]). Once
we get the convergence, such a solution is unique and it must be Q* by [3, Lemma
8.11 and Corollary 8.12]. This implies Theorem 1.1.

2. Preliminaries

2.1. Variational structure. In this section, we collect lemmas concerning
the variational structure.

LEMMA 2.1 (Pohozaev identity (e.g. [4, Corollary 8.1.3])). We have

2(p+1) 2(p+1)
p+l 2 _ 2
HQ||LP+1 - d(p* 1) ||VQ||L2 - d+2 o (d* 2)pHQ||L2
In particular, we have
dp—1)—4 2
E = —t 2.
@ =" —g IVl

The next lemma follows from the variational structure of Q.

LEMMA 2.2. Let ug satisfy M(ug) = M(Q) and E(ug) = E(Q) and u be the
solution to (NLS) with u(0) = ug. Then we have the following.

)
(1) If K(ug) > 0, then K(u(t)) > 0 for all t € R.
(2) If K(up) = 0, then ug(x) = €% Q(z — xo) for some 0y € R and x¢ € R?.
(3) If K(up) <0, then K(u(t)) <0 for all t in the interval of existence.

See [8, Lemma 2.2] for the proof when d =3 and p = 3.

2.2. Localized virial identity. For a solution u to (NLS), define
Tt) = / or(a)|u(t, ) 2dz,
R

where pr(r) = R%p (%) and ¢ : [0,00) — [0, 00) satisfies

and
dgcp

F(T) <2forr>0.
r
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Then by standard computations we have

Jp(t)=2Im | VerVuudz,
Rd

Jr(t) = 8K (u(t)) + Ar(u(t)),
where

Ar(u(®) = [ TP (452 8) da

2(p—1)
p+1

/ lu(t, z)|PT (2d — Apg) dx
|z|>R
—|—/ lu(t, z)|?A%prd.

lz|>R

2.3. Strichartz norms. Let s € [0,1). We say that a pair (¢,r) € R? is
H*-admissible and denote (g,7) € A if

2 n d d 2d cr< 2d
- — = _— —3 r .
qg r 2 T d—2s d—2
We define
||’U’||S(H°';I) ‘= sup HU’HL‘ZZ(I;L;)'

q,r)EA;

We set [|ul| g gey = llullg(gre.g) for short.

3. Modulation
We define
p(f) = IVQl7: = IV flI7--
By the Pohozaev identity, if E(u) = E(Q), we have

dp—1)—4
%H(U)-
See [8, 3] for Lemmas 3.1 and 3.2 below.

K(u) =

LEMMA 3.1 (Modulation). There exist a positive constant po and a function
e(p) = (0,p0) — (0,00) with e(p) — 0 as pu — 0 such that, for any f € H'(RY)
satisfying M(f) = M(Q), E(f) = E(Q), and |u(f)| < o, there exists a C*-
mapping f +— (x,0) satisfying

le™£(- + 2) = Qllmr < e(ln(f)D),
Im [ g(z)Q(z)dz =0 and Re/ g(x)VQ(z)dx =0,

Rd Ra
where g = e W f(-+2) - Q.

Let u be a solution to (NLS) and I, := {t € R : |p(u(t))| < po}. Then by
choosing (z(t),0(t)) for t € I,,, as in Lemma 3.1, we can write

u(t,x + x(t)) = e?DFHQ + g) = ?DFHQ + p(t)Q + h),
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where
Re [ gQPdx
i
[lof /e
LEMMA 3.2 (Estimates for the modulation parameters). Let u be a solution to

(NLS) satisfying M(u) = M(Q) and E(u) = E(Q). The following estimates are
valid for t € I,,,, taking po smaller if necessary:

()] = () a1 ~ ()] ~ [Re / Qhdx
0]+ 12 ()] + 100 S lu(u(t)]

4. Profile decomposition

p(t) =

~ [pu(u(®))];

We have the following nonlinear profile decomposition. See [13, Proposition
3.6] and [14, Proposition 6.5]

LEMMA 4.1 (Nonlinear profile decomposition). Let {¢p, }nen be a bounded se-
quence in H*(RY). Then, there exists a subsequence, which is also denoted by
{on}tnen, sequences {17} jen and {Witn jen in HY(RY), time sequence {tJ}, jen
in R, and spatial sequence {z}, jen in R™ such that

J
on = > NLS(—t3)¢ (- — ai,) + W,/
j=1

for each J € N, and the following statements hold:
(1) For fized j, tJ =0 for all n or |t},| — o0 as n — .
(2) If tJ — oo, then ||NLS(—t)z/JjHS(HSC;[Om)) < 0o and if tJ — —oo, then
INLS(=)%7 || g frecy(—o0,0)) < O©-
(3) The orthogonality of the parameters: for j #+ k,

Tim (8, — 1]+ [z, — 2% = oc.
(4) Smaliness of the remainder: NLS(t)W,! is global for sufficiently large J

and
lim || NLS(&)W,/||g¢reey — 0 as J — 0.

(5) The orthogonality of the norms: For any J € N,
J
lonlg. = D2 INLS(=t)07 [, + W13 + on(1)
j=1
for all s € [0,1] and
lenllhi = Z INLS(=t2) ¢ |75y + W75 + on(1).
j=1
In particular, we have
J
=Y E@)+EW;)+o0n(1)
j=1

for any J € N.
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We also have the following H'-orthogonality along the flow. See [13, Lemma
3.9] and [14, Lemma 6.7]

LEMMA 4.2 (H'! Pythagorean decomposition along the NLS flow). Let {©,, }nen
be a bounded sequence in H*'(RY). Fix time T € (0,00) arbitrarily. Assume that
Un (t) := NLS(t)p, exists on [0,T] for alln € N and

sup |V, ()| Lo £2[0,1) < 00.

Let W (t) := NLS(t)W,/, where W,/ is as in Lemma 4.1 and W,/ (t) is global if J,n

are large. If J is sufficiently large, then, for all j, vi(t—t)) := NLS(t —tJ )y’ ewists
on [0,T) for large n and

(4.1) IVun(t)Z2 = Z IV (¢ = )17 + VW ()12 + 0 (1)
for all t € [0,T], where on( ) — 0 uniformly on [0,T]. We also have
(42) lonlltL, = Z o (¢ — B2, + W (5L + 0n(1)

fort e [0,T].

The following lemma is essentially given by [13, Lemma 4.7] and [14, Lemma
6.7].

LEMMA 4.3 (Profile reordering). Let {¢,, }nen be a bounded sequence in H'(R?).
Assume M(pn) = M(Q), E(en) = E(Q), and ||Vou|r2/IIVQ|lL2 > 1 for all n.
Then the profiles can be reordered such that there exist 1 < J; < Jy < J and

(1) For each 1 < j < Jy, we have t), = 0 and v’ (t) := NLS(t)y’ does not
scatter as t — o0o.
(2) For each J; +1 < j < Ja, we have t, = 0 and vI(t) scatters as t — oo.
(3) For each Jo +1 < j < J, we have |t},| — oo. (In particular, v?(t) scatters
in at least one directions by (2) in Lemma 4.1.)
Moreover, Ju > 1. (Jo = Jy or Jo = J may occur. In that case, there is no j
satisfying the second and third statement, respectively.)

PROOF. Reordering as tJ =0 for 1 < j < Jy and [t}| — oo for Jo+1 <5< J
is done by suitable numbering. We show J; > 1. _

Step 1. We show that there exists at least one j such that ¢/, = 0. Sup-
pose that |[t/| — oo for all j. By the Pohozaev identity, E(p,) = FE(Q), and
IVonllrz/IIVQ| Lz > 1, we have

lenlliots _ _1E(en)  31Veullia o 13

lQIpt:, 2EQ  2(|VQl7: — 2 2
Since |t],| — oo, we have || NLS(—t/,)17||zp+1 — 0 as n — oo by (2) in Lemma 4.1.
Then we have

+1 i\ ([P +1
llon] |Z£p+1 Z | NLS(—t,)9? H]Zwl ‘|Wﬁ]‘|€p+1

= +1 +1 +1
(07—t QI 5 [ et

and the right hand side is smaller than 1 for large n,J. This is a contradiction.

+on(1)
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Step 2. It remains to prove that there exists at least one 1 < 5 < J, such
that v/ (t) := NLS(¢)1(t) does not scatter in the positive time direction. Suppose
the statement fails. Then we have lim; o ||v7(t)|zp+1 = O for all 1 § j < Jy
since they scatter. Take to sufficiently large such that [v7(to)|%5 Lp+1 < ¢/Jy for
all 1 < 5 < Jo. Let u,(t) := NLS(¢),. Then the variational structure implies
[[tun ()] Lo+1 /| Q| Lp+1 > 1 for all n and ¢. By the orthogonality (4.2), we get

+1 1
”QHim—l < Hun(tO)Hi—;—l

Ja
j +1 +1
=Y 7 to)lFt + Z [v7 (to — )55, + I[W,) (to) 55ty + on(1)
Jj=1 j=J2+1

<e+ Z 17 (to — )1 Th s + W) (t0) 7521 + 0n (D).
j=J2+1

Taking large J and the limit n — oo, the right hand side goes to . Since ¢ is
sufficiently small, this is a contradiction. O

5. Proof of Main Theorem

5.1. Compactness of the uniformly bounded solution. In what follows,
let ug satisfy (MEN) and u be a solution to (NLS) on at least [0,00) satisfying
A = sup,( [|Vu(t)||3; < co. In this section, we show that the solution u has a
compactness property.

PROPOSITION 5.1. Then for any time sequence {t,}, there exists a subsequence,
which is still denoted by {t,}, a spacial sequence {x,}, and a function ¢ € H*(R%)
such that u(t,, - + x,) converges to vy in H*(R).

ProoOF. Apply Lemma 4.1 with ¢,, = u(t,), and reordering Lemma 4.3. Since
for j € [J1 +1,J], v/ scatters in at least one direction, E(¢)7) = E(v?) > 0. Thus
by the energy decoupling we get

J1
> E@) < E(u(tn)) + on(1) = E(Q) + 0(1) = E(Q).
j=1

Thus there exists j € [1,J1] such that E(¢7) < E(Q). We may assume that j = 1.
We also have

J1

M@@h) <Y MW7) < M(ulty)) + 0n(1) = M(Q) + 0a(1) = M(Q)

j=1

and thus M (') < M(Q). By Lemma 4.3, v! is a forward non-scattering solution.
Case 1. M(¢') < M(Q) or E(¥') < E(Q).
In this case, we have M (y!)1=5cE(yp1)% < M(Q)'~*<E(Q)*:. It follows from
[10, 1, 13] that K(¢') < 0, and that v* blows up or grows up in both directions
by [1, 13, 9, 14]. There exists Ty > 0 such that [|[Vo!(Tp)||3. > 2A. By (4.1), we
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get
J . .
A= |VulTo+ )7 = Y IV (To = )22 + VW (To) 72 + 0n(1)

j=1
> [[Vol (To)[172 + on(1)
> 2A + 0,(1),

where we note that ¢t} = 0. This is a contradiction.

Case 2. M(¢') = M(Q) and E(y') = E(Q).

Since we have M (') = M(Q), by the orthogonality of L?-norm, we get ¢/ = 0
for all j > 2. That is, we have u(t,) = 7,19" + W,}. The orthogonality of L*-norm
also shows that ||W}||2 — 0. Moreover, we have

E(Q) = E(u) = E(") + E(Wy) + 0a(1)
= E(Q) + E(W,,) + 0n(1).
By this and (4) in Lemma 4.1, it holds that ||[VW}|z2 — 0 as n — co. We get
lultn, - +zp) = ¥l = [Wyllm — 0
as n — 0o. ]
Proposition 5.1 implies that there exists 7 : (0,00) — R? such that
{u(t,-+z(t)) : t >0}

is precompact in H'(R?). This is equivalent to the following: for any ¢ > 0, there
exists R = R(e) > 0 such that

/ Vu(t, ) + ult,2)Pdo < =
lz—Z(t)|>R

for all ¢ > 0.
We define X by

_ %(t)v (t ¢ IMO);
Xw‘{um (t € Iy)

where z(t) is the parameter appearing in the modulation argument, Section 3. Then,
we also find that for any € > 0 there exists R = R(¢) > 0 such that

/ |Vu(t,z)|> + Ju(t,z)*de < ¢
le—X (t)|>R

for all t > 0. See the statement below the sketch of the proof of Lemma 6.2 in [8].

5.2. Uniformly bounded solution is Q. In this section, we show that
u = Q7 (up to symmetries). To show this, we first prove that u converges to the
ground state. The argument is same as in Section 6.3 in [8]. See also [3].

LEMMA 5.2. For small € > 0, there exists a constant R, such that
|AR(u(t))] < elp(u(t))]
fort >0 and R > R, + |X(?)|.

PROOF. The proof is similar to Step 1 in the proof of Lemma 6.7 in [8]. |
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LEMMA 5.3. Let 0 < t; <ty < oo. Then it holds that
to
/ [p(u@)ldt S (14 sup | X (@) ){]p(u(t))] + |p(ult))]}
t t<t<ts

PRrROOF. By Lemma 5.2, there exists a constant R. such that if R > R.+|X(¢)],

then
[Ar(u(t))| < elp(u(t))].
For ¢ > 0 sufficiently small, it follows from this estimate and the localized virial
identity that
Jr(t) = 8K (u(t)) + Ar(u(t)) < cp(u(t)) —ep(u(t)) < p(u(t)) <0

if R> R.+|X(t)]. Let R = R(t1,t2) := R. +8up;, <<, | X (t)| for arbitrarily ¢1,t,.
Then we have
ta

0> [ utuendrz [ Tt = Tilts) - Jiltr).

t1 tl
In a similar way to Step 2 of the proof of Lemma 6.7 in [8], we have
[TR(®)] < Rlp(u(t))]-
Thus we get
ta
| (o)t 2 ~R{nta(ta)] + uutea)]).
t1

Since p(u(t)) < 0, we obtain the desired estimates. O

LEMMA 5.4. There exists a constant C > 0 such that
ta
X (t2) = X)) <C [ [p(u(t))|dt

ty
for any to, t1 with to > t; + 1.

PROOF. See Lemma 6.8 in [8]. O

LEMMA 5.5. There exists a time sequence {t,,} witht, — oo such that p(u(t,)) =~
K(u(tn)) = 0 as n — 0.

ProoF. By [1, 9], if there exists 6 > 0 such that sup,. K (u(t)) < =9, then u
must grow up in the positive time direction, a contradiction. ([l

LEMMA 5.6. There exist 0y € R, zg € R%, and ¢ > 0 such that
lu ="+ Q(- — @) |1 S e
for allt > 0.

PrOOF. By Lemmas 5.3-5.5 and the modulation argument in Section 3, we
obtain the statement in the same way as in the proof of Proposition 6.1 in [8]. O

PROPOSITION 5.7. We have u = Q" up to symmetries.

PROOF. By [3, Lemma 8.11], we get u = U for some A € R. In the similar
way to [8, Remark 3.2], we can show that A > 0 and thus [3, Corollary 8.12] implies
that there exists T4 € R such that u(t) = UA(t) = Qt(t + Ta). O
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REMARK 5.1 (Revisiting the blowup of Q). We comment on how to show
blow up of QT (= U?'), which is mentioned in [3], since they did not give an explicit
proof. We note that in [3, Proposition 6.3] we need an additional assumption in the
radial case (see Remark 1.2). This means that the radial symmetry is not sufficient
to show the blowup of Q. However, we can show that Q% is of finite variance
by using the convergence to the ground state and (MEN) in the similar way to [8,
Section 5.2] and thus Q' blows up by [3, Proposition 6.3].
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