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ABSTRACT. Based on the recent surprising work on the symmetry break-
ing phenomenon of the Allen-Cahn equation [11, 12], we consider the one-
dimensional parabolic sine-Gordon equation with periodic boundary condi-
tions. Particularly, we derive a strong dependence of the non-trivial steady
states on the diffusion coefficient k and provide some description on them for
0 < k < 1. To further investigate the property of energy associated to the
steady states, we give a complete classification and prove the monotonicity of
the ground state energy with respect to the diffusion constant . Finally, we
identify the exact decay rate of the solution to the parabolic equation together
with the explicit leading term for k > 1.
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1. Introduction
In this paper, we consider the following one-dimensional parabolic sine-
Gordon equation on the domain T = [—, 7]
(L1) Ou = K20pu — f(u), (t,z) € (0,00) x T,
. u‘tIO = Uo,
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where & is the diffusion constant, f(u) = —sinu = F’(u), and F(u) = cosu + 1 is
the usual double-well potential. The unknown function » : T — R represents the
concentration difference in the phase field context and typically takes the value in
[—7, 7.

The sine-Gordon model was first discovered in the 1860s when studying surfaces
with constant negative curvature [2]. Since then, it has been widely investigated
in both physics and geometry. Due to its complete integrability, the sine-Gordon
model occupies a particular position in other well-known nonlinear scalar field the-
ories. Omne can see [4, 15, 16] and the references therein for the background in
details.

The classical one-dimensional sine-Gordon equation

0? 0? )
(1.2) a—;ﬁ — a—tf = sin ¢
is used to approximate the differential equation, which describes the propagation of
a slip in an infinite chain of elastically bound atoms lying over a fixed lower chain
of similar atoms (cf. [6]). Concerning equation (1.2), G.L. Lamb [9] proved that it
admits a solution of the following form

¢ = darctan (X (z)/T(t)) .
Based on the expression, we can easily find out that X (z) and T'(¢) must satisfy
(X'(2))? = kX*(z) + mX?(z) +n,
(T'(1)* = =kT*(t) + (m = DT?(t) - n,

where k, m,n are arbitrary constants. For a special case, kK = 0 and n = m, we can
get

X (z) = sinh y/mz, T(t) = mTi 1 cosh v/ (m — 1)t,

and )
u® sinh 22—
¢ = 4arctan (h ultu2> ,
cosh A=
where

u=+/1-1/m.

This solution has been already discovered, which was used to describe a collision
between two kinks in a centre-of-mass coordinate system, see [14] and the reference
therein.

It is natural to extend (1.2) in high spatial dimensions. Particularly, in the two
spatial dimension, the equation reads as

2 2 2

o9 + o¢_09 = sin ¢,
ox?  Oy?  Ot?
which is invariant under the Lorentz transformation. Barone-Esposito-Magee [1]
concluded that particle-like solutions of (1.3) occur only if the boundary conditions
at the origin are able to provide the gradient of

(1.3)

Uy

V¢ 2 )
T

where @, is a unit vector in a radial direction. We refer the readers to [4, 5, 10, 13|
for more background.
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Our parabolic sine-Gordon equation (1.1) can be viewed as the parabolic version
of the usual wave-type sine-Gordon equation in the phase-field context. Recently, in
the work of Li-Quan-Tang-Yang [11], they observe the symmetry breaking phenom-
enon in the typical high-precision computation of the Allen-Cahn equation with very
smooth initial data. It happens due to the manifestation of the gradual accumula-
tion of non-negligible machine round off errors over time. In fact, this phenomenon
also happens for the other equations with double well potential. In order to solve
this issue, they proposed a new Fourier filter method which works successfully for a
class of initial data with certain symmetry and band-gap properties. Furthermore,
they obtained several interesting results concerning the one-dimensional Allen-Cahn
equation with periodic boundary conditions, including the complete classification
of steady states, the monotonicity property of the associated energy to the diffusion
constant and the asymptotic behavior of the profiles in [12]. In the current paper,
we would like to consider the same problem for the sine-Gordon equation, where
the nonlinearity term behaves similarly as the Allen-Cahn equation. Concerning
the steady state of the sine-Gordon equation, Cheng-Li-Quan-Yang [3] established
the maximum principle on the torus for all dimensions and classified all bounded
steady states in the one-dimensional for (1.1), this is a starting point of our work
in this paper.

To get a better understanding of the steady state, we shall consider the following
elliptic equation on the real line, i.e.

(1.4) k2" +sinu=0 inR.
The first result of this paper is:

THEOREM 1.1. Let 0 < k < 1 and my be the largest positive integer such that
my, < 1/k, then the equation (1.4) admits exactly m, non-constant 2w periodic
solutions up to some translation and odd reflection.

In [3], Cheng-Li-Quan-Yang showed that any periodic solution of (1.4) with
|u(0)| < 7 is bounded, i.e. |u|] < m. Except for the trivial solutions v = %, all
the other nontrivial solutions satisfy |u| < 7 and our interests are focused on these
solutions.

For equation (1.4), we introduce the associated energy

(1.5) E(u) = /R <’€22|u'|2 + cosu + 1) dx.

Based on the (1.5), we further define the energy of the periodic functions

2
(1.6) E.(u) = / <,€2|u’|2 + cosu + 1) dx.
T

Let

1. E,. = inf E.(u),
(1.7) Jlelf (u)
where

F = {qb € Hl(']I‘)‘¢(x) = ¢(x + 27) and |p| < m,x € R}.

Usually, the 27-periodic solution u, of (1.4) is called ground state if u, is odd
and achieves E,,. For a fixed k € (0, 1), it can be obtained from [3, Proposition 3.2]
that the ground state solution is unique after translation and reflection if necessary.
For convenience, we introduce the notion of odd zero-up solution, which is odd and
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the first derivative at zero is positive. Based on it, we also introduce the notion
of odd zero-up ground states U, if a ground state is odd zero-up solution (see
Definition 3.1). For any 0 < k < 1, defining m,; to be the unique integer such that

1
<K< —,
m, + 1 My
and each j =1, ,my,
(1.8) Uy, (x) = Uji(jx),
then {1, ;}; are all the possible odd zero-up solutions to (2.1). In fact, the energy

of U, ;(z) satisfies

2
E. (U ) = /T (2(@12,@,34)2 + cos Uy, ; + 1) dz = E;x(Ujg).

Now we state the following theorem on the energy functional E,(u) of the 27-
periodic solutions.

THEOREM 1.2. Let E, be defined in (1.7). Then it can be achieved for any
K > 0. Furthermore, the following hold:

(a
(b
(¢
(d

) E. =4m for k > 1 and it is only achieved by trivial solution u = 0.
) Ey is achieved by U,, whenever k € (0,1).
) If 0 < K1 < kg < 1, then there is strict monotonicity property E,., < E,,.
) The odd zero-up ground state Uy satisfies
Uy (z) — 2 arcsin tanh (f)‘ < Ce +,
K
where C > 0,d > 0, and

lim & =16 > 0.
r—0 K

(e) For 0 < k < 1, the 2m-periodic solutions of (1.4) have the following
property: any 2w-periodic solution of (1.4) which is not identically £ or
0 must coincide with Gy ;, for an integral j < 1/k, where G, ; is defined
in (1.8). Furthermore E.(u) = Epmy(Unsk)-

In the second part of this paper, we consider the parabolic equation (1.1),
proving the convergence results of the solution and identifying the explicit profiles.
Precisely:

THEOREM 1.3. Let 0 < k < 1. Assume the initial data ug : R — R is 27-
periodic, odd, |ug| < m and non-negative in [0, 7]. Suppose u is the solution to (1.1)
corresponding to the initial data ug. Then we have u(x,t) — U, or 0 as t — oo.
Moreover, if ug # 0 and Ey(ug) < 4w, then u(x,t) — U, as t— oo and the rate of
convergence is exponential in time.

THEOREM 1.4. (Vanishing as t — o0). Let k > 1. Assume ug is 27 periodic,
odd and |ug| < 7 and non-negative in [0,7]. Suppose u is the solution to (1.1)
corresponding to the initial data ug. If K > 1, we have

(1.9) u(z,t) = ef(nzfl)toz* sinz +r(t), Vit>1,

where the constant a. depends on (ug, k), and [|r(t)|| g2(m) = o(e= "=ty g5t —
+o00.



CONVERGENCE TO STEADY STATES OF PARABOLIC SINE-GORDON 231

For k =1, we have
(1.10) u(x,t) =138, sinx 4 r1(t),
where the constant B, depends on ug, and ||r1(t)| g2(ry = o(t™2) as t — .

The rest of this paper is organized as follows. In Section 2, we provide some
description of steady state for 0 < k < 1. The Section 3 is devoted to the proof of
Theorem 1.1 and 1.2. In addition, we give a complete classification of the steady
state and rigorously prove the energy monotonicity. In Section 4, we analyze the
convergence of the sine-Gordon equation and prove Theorems 1.3 and 1.4. Some
concluding remarks are given in the last section.

2. Property of steady state
We call u, o the steady state if it satisfies

(2.1) w%u!! +sinu, =0, on T.

K

It is worth noting that the solutions to (1.1) are rigid [3, Proposition 3.1]. Noted
that for ug(z) = sinz, we have

U (x,t) = Z cm/(t) sinmaz.
m>1: m is odd

In particular, it follows that the corresponding steady state w, o is odd. If 27 is

the minimal period, we have . (0) = uj, ,(5) = 0. We want to find a steady

state such that it is monotonically increasirfg on [0, 7] with
(2.2) Up,00(0) = Uy, oo (g) =0.

For simplicity, we denote u,; ~ as u, to represent desired steady state. We let
ux(3) = N < m when & € (0,1), and observed that we should have N, — 7 as
k — 0. Multiplying (2.1) by v/, and using (2.2), we obtain

(2.3) (ul)* = %(cos Uy — cos Ny).

If u,; is monotonically increasing in (O, g), (2.3) is equivalent to

2
(2.4) ul (x) = %\/cos w,; — cos Ny,
with u,(0) = 0,u,(5) = N, which gives that

2 u! N 1
g(Ny) = / & dx = / du,
o “Vcosu, — cos Ny o Vcosu, — cos Ny

(2.5)

U =Nyt /1 Ny dt = 7T'
0 y/cos(Nyt) — cos N, V2K

For each fixed x € (0,1), there exists a unique N, € (0,7) such that (2.5) holds.
Here we noted that g(N,;) is monotonically increasing for x € (0,1). On the other
hand, if k > 1, we obtain the equation (2.1) only has trivial solution u = 0. While
if 0 < Kk < 1, one can obtain

T — N, =0(e *).

In summarize, we have the following results:
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ProOPOSITION 2.1. The following holds:

(1) The function g defined in (2.5) is monotonically increasing on (0,m), and g(Ny) —
oo as N,, — .

(2)For any 0 < k < 1, there exists a unique 0 < N,; < m such that

(2.6) g(N) = —=—.

Furthermore we have
_c2 _ca
(2.7) cre” " <m— N, <cge *,

where ¢; > 0,1 =1,--- 4 are positive constants.

(8)For any 0 < k < 1, there exists a unique 2m-periodic C* odd function wu, such
that

e u, is a steady state, i.e. k?u!’ + sinu, = 0.
K 2 K K

o u,(0) = up(5) = 0,ux(3) = N, and u, is monotonically increasing on
[0, 3]
o u(m—x)=uc(z) for T <ax <.

Moreover for 0 < k < 1, we have
(2.8) 0 < 2 arcsin tanh (E) —ug(x) < c5exp <_c£) ,
Kk K

where cs,cg are positive constants.

Proor. We shall prove the Proposition point by point.
1. For N, € [0, 7), taking the derivative of g(N,) with respect to N,, then we have

dt.

(V) /1 [2cos(N,t) + Ntsin(Nyt)] — [2cos Ny, + N, sin N,;]
g k) = 3

0 2(cos(N,t) — cos N, )2
It is clear that the denominator is positive in (0, 1), it remains to show the numerator

is also positive in (0, 1). Considering the function f(z) = 2cosz+asinz, x € (0, ),
with its derivative

f(x) = —sinz +xcosx = cosz(—tanz + x), =z € (0,m).
By the simple properties of trigonometric functions, it is not difficult to obtain
that f/(z) is always non-positive in (0,7). It follows that f(z) is monotonically
decreasing in (0,7). As a consequence, for ¢ € (0,1), we derive

(2co8(Nyt) + N, tsin(Ngt)) — (2cos N, + N sin N,) = f(N,t) — f(N,) > 0.

Hence, we have shown that ¢’(N,) > 0 and it indicates that g(N,) is monotonically
increasing for N, € (0, ).
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While as N, is close to w, we define 6 = m — N, and introduce t* = ﬂ+5, then
we have § < T and N, > 2T when t* > 2. In addition,
(2 9)
/ / dt
\/2 sin t+1) 0 N (1 t) \/2 sin 6(t+1)+(1 D o N (1 t)
N,
/ / dt
\/2 sin 6(t+1)+(1 O gip N (1 f) \/2 sin (7(1 — t)) sin N (1 )

>/ —'{dt: —Rln@.
s JaN.i-02 V& 60

Then it is easy to see that g(N,;) — oo as N,; — .

2. The existence and uniqueness of N,; follows from the behavior of the function
g(+). Now we shall derive the upper and lower bounds on N,. From wu, (g) N,
and (2.1), we obtain that N, — 7 as k — 0. Therefore, when N, < 27, & is
bounded away from zero by a positive constant, and (2.7) holds in this case. Thus

it remains to consider the situation of Ny, € [%F, 7). From (2.9), we have

T N, @w+96 N.,. 7
— = g(N, J —1 —In —,
V2K 9(Nw) > T . 66 = T n65

which directly yields

(2.10) m™— N, > %e\/ 7 (- 7%) > %ef\/g(%) = cre %,
On the other hand, we have

Ny
dt

Ny) /1 N dt /5
" \/cosNt —cosN, \/cos(N,t) — cos N,

( / /) N, "
- \/28111 t+1)+1 ) (14)

sin

=1 + I + Is.

We shall estimate the right hand of above equality respectively as follows:

(i) For I, using sinz > %x, for x € (0, g), we get

/ N dt < / dt
\/COS — cos Ny, \/ cos 2¥= — cos N,

/ dt</ \/ N, < 2.
1/25111 ”5111 \/2sin Fﬂ oh
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(ii) For I:

-
. N,
IQ = /
z \/2 sin 6(t+1);(1_t)ﬂ si

dt

Ny (1-t)
mn 3

N

t* t* N
</ . dt</ g
B EON (1) + 2 (112 SR BT
_ )N /t* —1 dt < — N In 725 < 7&11157(S
V2 : 1t 2 T+6 2 3’

where we used § < £.

(iii) Finally, for Is:

t

1 1
7 Ny N,
Is=/ dt</ dt
yf2sin SEEIS0T i L0 2 50 4 1) 4 (1 - ) 2G0

s

1
N, [m2N,
< / ————dt =2 T 5 < 2.
t* /217\:55(1_75) T+

Combining above inequalities, we have

T N, . 56
2.11 — = g(V, 47 — —In —
(211) T =gV <dr - g
which yields
3 2 C,
(2.12) ™ — N, < (gew) e‘T\-F =cze” =,

The desired result then follows by collecting the estimates (2.10) and (2.12).
3. Fixed 0 < x < 1 and consider the function

dy, 0<wug < N.

hluw) = /0 V/2(cosy — cos N,;)

Clearly h : [0, Nx] — [0, 5] is strictly monotonically increasing and bijective. The
inverse map of h(u,) then defines the desired function u, in the interval [0, 7]. It is
known that u. (%) = N, and u(5) = 0. In addition, according to [3, Proposition
3.1], we derive that u, is symmetry with respect to x = 7, i.e., ux(z) = ux(m — )
for z € (0, 5).

Finally to show (2.8), we denote #(z) = 2arcsintanh(£). Clearly

d
Us _ Q\/cosuﬂ — cos Ny,
dx K

d—gfzcosg
dx K 2’

e (0) = 6(0) = 0.

Observe that

duﬂ \/5 2 Uy,

< —/cosu, +1 = —cos—.
dzr K " K 2
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Denote n(z) = ux(x) — 6(x). We obtain #’(0) < 0 follows from

2 n 2 0
2.13 (z) < = cos — — = cos —.
(2.13) 7' (x) —C0os - — —cos 5
Here we claim that

x) <0, f0r0<x<g.

(
Otherwise there exists £ € ( %), such that n(§) = 0. At this moment, u,(§) = 6(&)
which implies that 7'(£) < 0 by (2.13). On the other hand, n(£) = 0 and 7n(y) <0
for y € (0,€), which means 7'(§) > 0. Thus we arrive at a contradiction and it
proves that n(x) < 0. Hence for 0 <z < 7,

(2.14) ug(z) —6(x) <0

We shall prove the lower bound of 7(z) by dividing the discussion into the following
two cases, for simplicity, we use ¢ denotes a generic positive constant, which may
change from line to line.

(1) n(z) is monotonically decreasing on [0, 2] or 7(z) obtains the minimal value at

%. Then

(2.15) 0>n(x)>n (g) =N,.—0 (g) >N, —7m> _3%6107§ = —ce*%,

where we used (2.12) in the last inequality.
(2) n(z) takes the global minimal value at £ € (0,%). It suffices to consider the
critical point which satisfies n(¢) > —ce™<. Noted that

. uﬁ+9< . N.+m . 277—(5<27T—(5
sin sin = sin .
4 4 4 4
Using (2.13) and the fact that 7 is non-positive for [0, Z], we have
dn 2 Uy 2 0 4 . wue+60 . n 6—27
0S sin sin .

dr SR TR T TR Ty S Tin
It follows that
i (e(% = (x)) <0
dx n

Then we have
(2r—8)=x T—8 x s (27 —3)
0>e n(x)>ez4~5'777(§) > —cex ("% \/i),

which implies

0>n( ) > > _cer (FEF Va2

For z > 5 — % + 107 we obtain
(2w —8) 2r—8)= c
0> n(z) > > —cen (R AVEEETEE) o ok
While z € {0 z— 247:[5 + E] Using 7/(€) = 0 due to £ is the interior point such

that n(z) achieves the minimal value, we have
cos . (€) — cosB(E) = cos N +1 = 2ce™x,

which is equivalent to

(2.16) sin uﬁ(f); 0(&) sin 0(9) ;u'{(g) =ce x.
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then by computing directly, it is not difficulty to see that

(2.17) n(&) > —ce %,
Combining (2.15) and (2.17), we obtain
(2.18) Uy () — () > —ce *.

3. Classification of steady state energy

In this section, we consider the energy E, (u) (see (1.6)) of solutions to (1.1).
Combining the discussion of Section 2 with [3, Proposition 3.2], we see that the
nontrivial bounded steady state solution is a periodic function of 27w. Hence, we
are concerned about the following problem

{ k2u" +sinu=0, z€R,

(3:1) u(z) = u(x + 2m).

For simplicity of presentation, we introduce the following definition.

DEFINITION 3.1. (1) (Odd zero-up solution) We shall say that w is an odd
zero-up solution to (3.1) provided that the solution u is odd and u'(0) > 0.
(2) (0dd zero-up ground states) For each 0 < k¥ < 1, we define U,, = u,, where
u,, is obtained in Proposition 2.1 as the odd zero-up ground state solution to (3.1).

We also define the odd zero-up ground state energies ES’) as

(3.2) B = /JI‘ <I€22(U:€(I))2 +cosUg(x) + 1> dx

= / (2cosU, — cos Ny, + 1) dx,
T

where we recall 0 < N,; < 7 is the unique number satisfying:
/ 1 Ne it = ——.
0 y/cos(Nyt) — cos N, V25

For any solution of (3.1), we assume that its minimal period is %’“ for some
suitable positive integer m. From the [3, Proposition 3.2], it is clear to see that
u(z) has 2m zero points in [z, z + 27| for any € R and u(x) has odd symmetry
with respect to any zero point. Consequently, we may assume «(0) = 0 and u is
odd after a suitable shift. Hence we may assume that «'(0) > 0 after reflection if
necessary. Therefore, in this section, we shall restrict our discussion on the odd
zero-up solutions of equation (3.1). Concerning all the odd zero-up solutions to
(3.1), we have the following classification results.

(3.3)

THEOREM 3.2. (Classification of odd zero-up solutions to (3.1)). For any 0 <
Kk <1, define m,; > 1 as the unique integer such that

1
<K< —.
m,, + 1 My

Then there are only m, odd zero-up solutions to (3.1). More precisely, the following
holds:
For each j =1,--- ;m,, define (note below that jk < 1)

(3.4) Uy,j(x) = Uj(j).
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Then {i,,;}7 are all the possible odd zero-up solutions to (3.1). Furthermore the
energies of i, ; are given by

K2 - - 0
(3.5) Efw’ = /T <2(8$un’j)2 + cos Uy, ; + 1) dr = E§K)a

where Eﬁ) was defined in (3.2).

PROOF. Suppose u is a possible odd zero-up solution to (3.1). The crucial
observation is that we must have w achieves its first peak at z = % for some
integer j > 1. Now make a change of variable

y=Jjz, ;) =ux()
Then clearly
J2EPu i (y) + sind, j(y) = 0,
with 4, ;(0) = 0,4, ;(0) > 0, and 4, ;(3) = 0. From the proof in Step 3 of
Proposition 2.1, there exists a unique solution u, with |u,| < 7 solving the equation

U, = 7\/cosu,€ — cos Ny,

with u.(0) = 0,u;(3) = 0. As a consequence, we obtain that i, ; = Uj.. Now
note that jk < 1 and this gives the constraint j < m,. The characterization (3.5)
follows from the fact that

E. ;= / (2 cos i j(x) — cos Nj, + 1) dx
T

= / (2cosUj.(ja) — cos Ny, + 1) dx,
T
and the fact that Uy, is 2m-periodic. (]

By Theorem 3.2 one can easily get Theorem 1.1.

THEOREM 3.3. (Monotonicity and asymptotic of odd zero-up ground state en-
ergies). For any k > 0, define
(3.6) E.= inf (l(ﬁ@pum)2 + cosu, + 1> dx,
us€80 Jp \ 2
where
So = {¢’¢ T =R is odd and C*,¢'(0) > 0}.
Then we have
(a) E, =4r for k > 1, and it is obtained only at the zero function.
(b) E, = EY for 0 < k < 1. Moreover, the infimum is only achieved by U,.
(¢) If 0 < Ky < Ky < 1, then E,, < E,,.

Furthermore
B
(3.7) lim —— =+, =16 > 0.
k=0 K

REMARK 3.4. The constant 1 in the definition of energy seems extra, but we
add it in order to U, — 0 as k — 0, and it plays the same role as the constant term
in the definition of the energy functional of the Allen-Cahn equation.

Our proof process shall use the following lemma.
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LEMMA 3.5. Let Uy, be the odd zero-up ground state solution of equation (3.1),
then we have
(3.8) U, (z) > Up,(z), z€ (o, g}
provided that 0 < k1 < kg < 1.

PrOOF. At first, we notice that U.(0) = 0, U, is monotone increasing for
z € (0,%). By (2.4) we have

(39) ) = YT — 0o Ne) e (0.7).

K

where N, is the maximum value of Uy in [0, 7], i.e., Ny = Uk(%). By (3.9) we have

Un(@) K i
3.10 / dw=2z, xz€(0,=]).
(3.10) 0 V/2(cosw — cos N,,) ( 2)

If 0 < K1 < K2 < 1, by (2.6) and monotonicity of g(N,;) in Proposition 2.1, we have
0 < Ni, < Ny, < m. This implies that

—cos Ny, > —cos Ny,.

Therefore, for any w € min {Ny,, N, }, we have

K1 K2
< .
V2(cosw —cos Ny,,)  /2(cosw — cos N,,,)
Together with (3.10) we derive that Uy, (z) > Uy, (z) for z € (0, Z]. O

PrROOF OF THEOREM 3.3. We shall prove the Theorem 3.3 point by point.
(a) We notice that u,, = 0 is the only odd zero-up solution to (3.1) whenever x > 1.
Then it is easy to verify that E, = 4 for k > 1.
(b) For any 2m-periodic odd zero-up solution to (3.1) which is different by U, we
denote its minimal period by %’r and the solution by u,,,m > 2. Consider the
function

v(y) = um(z), y=ma.

Then it is not difficulty to verify that

T
v(z) = Unx(z) foraze (0, 5} .
By Lemma 3.5, for m > 2 we have
(3.11) Ug(z) > Upy(z) forze (O, g} .
On the other hand, we noticed that

™

E® = / (26*(UL)? + 4 cos Uy, + 4) da
0

=%

(3.12) = 2k%U, U/ ; +/2 (—262UU} +4cosU, +4) dx
0

xT

z
:/ (2U,; sinUy + 4 cos Uy, + 4) dz.
0

It is not difficulty to verify that function h(Uy) = U, sin U, +2 cos U, +2 is monotone
decreasing for U, € [0, 7). Using (3.11) we have

(3.13) E® < EO.
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By equation (3.5) we have

B, = Blun) = [

T

12
(2(1%)2 + COS U, + 1) d.

Together with (3.13) we obtained that
EO = E,.

(¢) The point (c) follows from (b), monotonicity of U, with respect to x and the
equation (3.12). In the end, we shall show the asymptotic as kK — 0. By Proposition
2.1, the main part of Uy on [0, ] is given by 2 arcsin tanh(£). The result (3.7) then
follows from

EO = / (2cosU, — cos Ny, + 1) dx

—T

2

2K cg
:8I€/ (1—2tanh2y)dy—27rcosNH+27r+O(e_T?)
0

i c
= 16/{/ d(tanhy) — 2 — 2w cos N,; + O (6_76)
0

= 16« tanh (21) — 27 —2wcos Ny, + O (e_cT?) ,
K
where y = ¥ and the ¢ corresponds to equation (2.8). By Proposition 2.1 and
Taylor expansion, we obtain cos N, = —1 + O (e~ ~). Consequently we have
(0)
¥y = lim —— = 16.
k=0 K

O

By Theorem 3.3, we can obtain (a)-(c) in Theorem 1.2. In addition, we notice
that the CY estimate in the point of (d) of Theorem 1.2 follows easily by (2.8). While
for the point (e), one can easily prove it by some direct computations. Hence, we
complete the entire proof of Theorem 1.2.

4. Convergence to steady state

In this section, we investigate the convergence rate of the solution and charac-
terize the detailed profiles as t — oo.

4.1. Case of 0 < k < 1. We start this subsection with the following result in
the spectrum analysis. This is important to indicate that the rate of convergence
is exponential.

LEMMA 4.1. Let 0 < k < 1. Assume Uy, is the odd zero-up ground state. Then
for any 2w -periodic odd function ¢ € H'(T) we have

(11) [ w16 Pda = [ joP costda > Clolfr

for some constant C > 0.
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PRrROOF. Firstly, since U, is the odd zero-up ground state, then for any ¢ €
HY(T) we have

2
(dE,@(UN + s¢)) = / w2 ¢! |Pdx — / |p|? cos U, dx > 0.
T T

ds?
s=0
Therefore, C' > 0 obviously holds.
Next, we prove that C' > 0 by contradiction. Suppose that C = 0, then we
can find a sequence of odd function ¢,, (vanishes on the boundary of 9T) such that

||¢n||H1(’]T) =1 and

1
/ﬁ2|¢;|2da§ - / |pn|? cos Upda < —.
T T n
Passing to a subsequence if necessary, we obtain there exists a nontrivial odd func-
tion ¢, € H(T) such that
¢n — ¢ in H'(T)

and
(4.2) K2¢! 4+ ¢pucosU, =0 on T.

Since U,; is the odd zero-up ground state, by directly computing we see that
2
E.(Us + cos) =E.(Uy) + %/ (/{2(¢;)2 — $2 cos U,) dx
T

3

+ < (¢2sinU,) dx + O(c*),
3! Jr

for any real number c. Using (4.2) we see that the second term on the right hand
side of (4.3) vanishes, then together with E.(Ux + c¢.) > E.(Ux) for any ¢, we
have

(4.3)

/ $3 sin Uy dx = 0.
T

It implies that ¢, must possess a zero point in (0,7), denoted by x,.. By the
Strum Comparison Theorem [8, Theorem VI-I-I], we derive that any solution of
the following equation must have a zero point in (0, z.),

(4.4) K*U!" +sinU, = 0.
However we noticed that Uy is a solution of (4.4) and positive in (0, 7). Thus we

arrive at a contradiction and the lemma is proved. (Il

PROOF OF THEOREM 1.3. Without loss of generality we may assume uy € C'*°
by smoothing estimate. It is not hard to verify that u(z,t) is a 27-periodic odd
function and also odd symmetric with respect to x = w. Therefore

u(0,t) = u(m,t) =0, Vt>D0.

Together with that ug(z) is non-negative in [0, 7], we conclude that u(z,t) > 0
for € [0, 7] by maximum principle [7, section 2, Lemma 5]. Similarly, we have
u(x,t) <0 for & € [—m,0]. On the other hand,

d (K2 9 9
(4.5) — | = ||10zull5 + [ (cosu+1)dx | = —||Osull3-
dt \ 2 .
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It follows that [[OsulL1z2 < oo and one can extract a subsequence such that
dyu(t,) — 0 in L2, By using higher uniform Sobolev estimate one can obtain con-
vergence in higher norms. In particular we can obtain w(t,) — us for some steady
state of (3.1). In addition, us is a 2m-periodic odd function and non-negative for
x € [0,7]. By the proof of Theorem 1.1 we see that 0 and U, are the only steady
states which are non-negative in [0, 7]. As a consequence, we derive that us, could
be either U,; or the trivial solution 0.
Moreover, if ug(z) # 0 and Ej(ug) < 47 , using (4.5) we see that

Ei(uso) < Ey(ug) < 4.

The inequality sign holds only us = ug. While it is known that E;(0) = 47 and
ug # 0, then we get us = U,. To obtain exponential convergence, we can take t,
large enough such that u(¢,,) is sufficiently close to the steady state U,. Combined
with Lemma 4.1 then we obtain exponential convergence. Hence, we finish the
entire proof. ([

4.2. Case of k > 1. In the case of k > 1, we consider the parabolic sine-
Gordon equation

(4.6) {@wwﬁw+mw<MMTxmw,

u|t:0 = Ug-
To state the following result, we introduce the Fourier projection operators Iy, II>9

such that for f = > f,, sin(ma) (assume the series converges sufficiently fast), it
m>1

is easy to see
(4.7) Il f = fisina; Ilsof = Z fm sin(mz).
m>2
In other words, II; is the projection to the first sine-mode, and II>5 simply removes
the first Fourier mode in the sine series expansion.
THEOREM 4.2. Let k > 1. Assume ug is 2w periodic, odd and |ug| < 7 .
Suppose u is the solution to (4.6) corresponding to the initial data ug.

o If k> 1, we have exponential decay

l[ut, |2 < [uollae=*"~11, Vt > 0;
2 1
(4.8) u(t, Mgz < Bre™ D1, V> o
1
[Msou(t, )| gz < Boe 3 ~1E vt > 5

where B1 > 0,82 > 0 depend on (ug, k), and II>q is defined in (4.7).
e For k =1, we have algebraic decay

V ].27T||’LLO||2

lu(t,-)[|2 < , t > 0;
tlluoll3 + 127
1
(4.9) e, s < Bt~ w> L
1
s 2u(t, )| m= < Bat ™2, V>,

where B3 > 0,84 > 0 depend on ug.
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REMARK 4.3. For x > 1, higher (i.e. H™,m > 2) Sobolev norms of u also
decay exponentially but we shall not dwell on this issue here. Note that we state
the decay result for t > 1/2 to allow the smoothing effect to kick in. The number
1/2 is for convenience only and it can be replaced by any other ¢y, > 0 with suitable
adjustment of the corresponding pre-factors in the estimate.

PROOF OF THEOREM 4.2. First we note that for bounded initial data, local
and global well-posedness is not an issue and we merely focus on the decay estimates.
We shall divide the proof into three parts.

(1) For the L? decay estimates, first we assume wug is smooth, and in particular
has a finite sine-series expansion. It follows that w(¢) must have a spectral gap.
Directly computing gives

1 1
57 lllz) = =2 10ull3 + llull3 = 5 llullz + S llulls + W,

where

- 1 4 1 4
_ o m m+2d
W= (4m_1)!/T“ “(4m+1)!/T“ v

m=2

s 1 2
< — 1— mde < 0.
*z (4m—1)!< 4m(4m+1)>/T“ =

Using Poincaré inequality

lullz(ry < 10xullL2(T).,

and the fact that x > 1, we obtain

1d 1 1
5 (ll3) < =2 0,3 + fulld = gl + 5 ull
1
< —(s = 1)lull3 — 75 lull}
1
< _(k2_1 2 4
< —(6® = 1)l - 5l

where we employed the estimates

1w 16 Lol ™\ _ 1, .4
—wmm+awm$—wwu0—ﬂ)s—mmu

and Holder’s inequality in the last inequality. Then we derive that in the case of
k> 1,

2
lu(t, )2 < fluolle™ 1",

while in the case of Kk =1,
vV 1271’||’LLO||2
Vit|uoll3 + 127

By a simple approximation argument, both estimates also hold under the assump-
tion that ug € L.

(2) we now show the second inequality in (4.8). First by smoothing estimates and
interpolation, we have

u(t, )2 <

)

02 (u(t, )|, < are™™*, vt >

|~
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where ay > 0 depends on (ug, k), and k1 > 0 depends only on k. In addition, by
the Sobolev Embedding Theorem, we can obtain that v € L*°. Then we have

/(’95 (W™ (¢, ) O2uda

T

= / [(2m 4+ Du®™02u + 2m(2m + 1)u*™ (0,u)?] O2udz
T

< / (cl (2m + 1)e~2mmt (aiu)Q +2m(2m + 1)cge~ Gm=Dmt (9 q4,)? aiu) dz
T

< {cl(Qm + 1)e2™F 1t 1 om(2m + 1)6367(277171)&11 10%ul|3,

where ¢y, ¢g, ¢3 are uniform positive constants and depend on (ug, k), furthermore,
we have used Holder’s inequality and Interpolation inequality in the above first
inequality. We now compute for ¢ > %,

%% (1102u(t, )|2) :/T Kﬁam(aiuH%Maﬁ(uzm“)> 3.3”&] dx
< [ = (V@) do + [ @i

oo

c1(2m + 1)e= 21t 4 2m(2m + 1)cze~ Pm—Drt
+ Z 1 ) ( )3
— (2m+1)!
< (= (K* = 1) + e ™) [|02u]3,

where as > 0 depends on (ug, ). Integrating in time then yields the second in-
equality in (4.8).

(3) The proof of the third inequality in (4.8) is similar. Note that for all ¢ > 3,

1073

2 2m+1 (¢ 2 w2mHL( .
Z Ha H>2U ||2 Z ||a ( ) )) ||2 S a36_3("€2_1)t7
(2m + 1)! (2m + 1)!
where ag > 0 depends on (ug, k). With this we compute

1d
2dt

| [E
< —k2||V (9 50u)|[5 + [|02TT50ull5 + Z ﬁ”@%nzzuﬂz

= (10715 2u(t, )II3)

‘82 2m+1)

2
4 — 1J3ETsul + age SV Rl
where we used
IV (@21150u)|13 > 4[|03TT>oulf3.
Then integrating in time, we obtain
ITsout, )|z < Boe™ 11,

where (2 depends on (ug, k). Hence we obtain the third inequality in (4.8).
Finally the third inequality in (4.9) follows from working with the system

1 m
atH>2u = —K 3M(H>2u + Z 2(_21)H>2(u2m+1)’
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and bootstrapping estimate using the first inequality in (4.9). The estimate of
second in (4.9) is obvious. We omit the details. O

THEOREM 4.4. (Profiles ast — o0). Let k > 1. Assume ug is 27 periodic, odd
and |ug| < 7 . Assume ||lugl|l2 > 0 so that ug is not identically zero. Suppose u is
the solution to (4.6) corresponding to the initial data ug. Then the following hold

e Case k > 1. For allt > 1, we have
(4.10) u(z,t) = e " Dig, sing + r(t),

where the constant a.. depends on (ug, k). The remainder term has the
estimate

r(t) |z < Ge 3D e > 1
with & > 0 depends only on (ug, k).
e Case k=1. For allt > 1, we have
(4.11) u(zx,t) = t28, sinx 4 r1(t),

where the constant 3, depends on uqg.
If B. = 0, then the remainder term r1(t) has the estimate

()| g < Bt~ /In(t +2), V> 1,

with 3> 0 depends only on ug.
If B # 0, then the remainder term r1(t) has the estimate

i) |lg2 < Bt~ % In(t +2), Vt>1,
with 3> 0 depends only on uy,.
PROOF. We first consider x > 1. Write
u = Ilju + II>ou,

where the operators II;,II>o are defined in (4.7). Furthermore, note that (4.6) is
equivalent to

Opu = K2 Opu +u+ (sinu —u), (x,t) € T x (0,00),
u|t:0 = Ug.

By Theorem 4.2 the term II>ou has the desired decay for ¢ > 1 and can be included
in the remainder r(¢). Thus we only need to treat the single-mode part IT;u. Denote

1
Myu(t) = a(t)sinz, a(t)=— / I u(t, ) sin zdzx;
T Jr

Ty (sinwu(t) — u(t)) = b(t)sinz, b(t) = 1 /T IT; (sinu(t, z) — u(t,x)) sin xdx.

™

By Theorem 4.2, we have for some C>0 depending only on (ug, ),
Ib(t)] < Cle™30<" =11,

Clearly we have

d
200 == (5" = Da(t) + b(t).
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Solving above ODE, we have for ¢t > 1,

t
_ o101, (L —(s*=1)(t-)
a(t) =e 2 a(2> —l-A e b(s)ds

2

_ (k2o (eéw?—l)a (;) +/ e("”z‘”sb(S)dS) +7 (1),
1
2

)] < e @00 [ e ey jds = O,

t

where

Clearly then (4.10) follows.

The proof of (4.11) is slightly more intricate. We only need to treat the piece
IT;u since the part II>ou can be included in the remainder term r(t). Observed
that for ¢t > %, by Theorem 4.2 we have

(u())>" T = (yu(t) + Msou(t))?™ ' = (u)?™ ! +7(t), m=1,2,---,

where
2m—+3

1
[7 Ol = 0("57), Viz g, m=12-.

Denote T u(t) = a(t) sinz. It follows that

(4.12) I (Tyu(t))?) = ga(t)?’ sin z.
For a(t), we have the ODE
d 1, 1
. Lat) = —= 3 > =
(4.13) dta(t) 8a(t) +7(t), Vi> 5
where |7(t)] = O(t~2). Denote 0(t) = a(t)2. It is not difficulty to obtain that

d 1. . _
a&(t):—zﬁ(t) +O0(t™3).

By Proposition 4.1 below, we have for ¢ > 3,

0.
0(t) ==+ O(t™?1Int).
Note that 6, > 0 due to 6(¢) is always nonnegative. We can take 8, = 0 if 6, = 0,
then the desired result follows easily. If 6, > 0, then |a(t)| ~ t='/? for t large. By
continuity it can only take one sign. Thus we obtain 8. = /8, or 8. = —v/0,. The
estimate for the remainder term is trivial. We omit the details. O

Clearly, Theorem 1.4 follows from above result. At last, we give the proof of
conclusion used in the Theorem 4.4.

PROPOSITION 4.1. Assume T > 3. Suppose 0 : [T, 00) — [0,00) is continuously
differentiable and satisfies

1
sup td(t) < oco; O'(t) = —=0*(t) + F(t), Yt>To>T,
t>To 4

where for some Ky > 0
|F(t)| < Kot™3, Vt>T.
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Then there exists 0, € R, such that

and
o) - &

sup
t>T l%t

< 00.

ProOOF. Note that we only need to investigate the regime ¢ > 1. We shall
discuss two cases:

Case 1. 0 < limsuptf(t) < co. In this case we first claim that

t—o00
(4.14) htrgg)lf to(t) >0
Denote
(4.15) 460y = limsup tf(t) > 0.
t—o00
Let

Qt) = 0(t) — mot ™",

< mi 0 L
Tjo =~ min 0y T~ 10

By (4.15), we can choose tg > 0 sufﬁciently large such that

where 79 > 0 satisfies

o 7o
0t — — Koty 0.
(to) = to’ 4z 0 i

Note that the first condition above guarantees that
Q(to) > 07

and second condition guarantees that

o _

E Kot >0, Vt>t.

A2 ="
Now consider (¢) on the time interval [tg,00). If Q(¢) > 0 for all ¢ > ¢y we are
done. Otherwise there exists some time t; > to such that Q(¢;) = 0. Then clearly

17
ot) =1 () > -0 + L Kot7?

; > 4t2 — Kot > 0.
1

p
Thus §2(t) continues to be positive a little bit past t;. This argument then guaran-
tees that Q(¢t) > 0 for all ¢ > ty. Thus (4.14) is proved. Then for T large enough
we have

o)t ~1, vt>T.
From the ODE of 6(t) we obtain

% <;) = i +O0(t™h).

It follows that for 7" sufficiently large and all t > T" + 2,
1

0t) = di +da(t = T') + O(In(t — T7))’
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where dy,ds > 0 are positive constants. The desired asymptotics then follows easily.
Case 2. limsup tf(t) = 0. In this case we make a change of variable:
t—o0

N ~
(4.16) t=Nr, 6(t)=~0(r), —F()=F().
v
Clearly
Lo(r) =~ yNO* ) + F(r), ()| < Koy
-0 =-27 T T), 7)| < 07N2T
Thus, if we take v = % and N sufficiently large such that f—]{} < 1, we obtain
1> 1
(4.17) o(r) < 2/ O©%(s)ds + 572 VT > 70,

where 7y is sufficiently large. Based on (4.17), we claim that there exists a constant
C1 > 0 depending on 7y such that

a

2

(4.18) O(r) < YT > 10.

-

It is easy to see that lim sup 7©(7) = 0 and we may assume that for some «g € (0,1)
T—00

that

o(r) <=, Vr=m.

Next, we run the following iteration argument. If we have
« 1
o(r) < —, VTZmax{To,},
T o
then by (4.17) we obtain

2 1 2 1
@(T)§i+7§a, Vszax{To,Q}.
a

Obviously it holds that

O(r) < %, V7 > max {’7’0, 1} )
T (677

. o 1
Consider 7 € L%k’ aif] , it is easy to see ap, < 77 2. Then we have for all 7 € [O%k, O%i}

with i > 7o, it holds that O(7) < 3. Asa consequence,
O(r) < T3, V> 1.
Substituting it into (4.17) we obtain (4.18). Together with (4.16) we derive that
0(t) = O(t™?).

Thus, we could also get desired estimate in this case by taking 6, = 0. (]
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5. Concluding remarks

In this work, we start by describing the steady states for 0 < k < 1. Then
we give a full classification of steady state energies and confirm the monotonicity
of the odd zero up ground state energies with respect to x. In the second part,
we analyze the convergence of the steady state. We obtain that the steady state
is exponentially decaying to 0 for 0 < k < 1, and present the accurate asymptotic
behavior for the case k > 1 up to the second term.
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