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Analyticity of the semigroup corresponding to a strongly
damped wave equation with a Ventcel boundary condition
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ABSTRACT. We consider a wave equation with a structural damping coupled
with an undamped wave equation located at its boundary. We prove that,
due to the coupling, the full system is parabolic. In order to show that the
underlying operator generates an analytical semigroup, we study in particular
the effect of the damping of the “interior” wave equation on the “boundary”
wave equation and show that it generates a structural damping.
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1. Introduction

Assume € is a smooth domain of R? with a boundary 99 that is the union of
two connected components I'y and I';. We consider the coupling between two wave
equations:

Opu — vAQyu — Au=0 in (0,00) X £,
u=0 on (0,00) x Iy,
u=mn on (0,00)x I,
Oun — kApn — uApOn = —v0,0iu — Opu  in (0,00) x I'y.

(1.1)
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The constants of the above system are nonnegative: v, s, 4 € RT. The equations on
I'y can be seen as Ventcel boundary conditions and can model a thin layer structure
at the boundary, see [6, Appendix A]. For sake of completeness, we present in
Appendix [A] a formal way to see how such a system can be obtained. The operator
Ay denotes the Laplace—Beltrami operator. We have also denoted by n the unit
exterior normal of 2 and by 0, the normal derivative.

If we take v = ¢ = 0 and k > 0, then corresponds to an hyperbolic
system and the energy of the system is constant in time. By adding the dampings
—vAQu and —pAy0in (with v, u € R% ), we modify the nature of the equations.
These terms correspond to a Kelvin-Voigt model for a viscoelastic material: the
corresponding stress depends not only on the strain but also on its time derivative
(see, for instance, [12] and references therein). In particular, if v > 0 and p > 0
(and k > 0), then the underlying semigroup is analytic (see [8, Theorem 3.3]). The
same result holds for x =0 and u = 0 (see [8, Theorem 3.4]).

Note that these damping terms have also an effect on the asymptotic behavior
in time of the system. Since v,x,u € R, the underlying semigroup of is
contractive, and if ¥ > 0 or g > 0 then the semigroup is strictly contractive (see
[8, Theorem 3.1]). Finally, if v > 0, kK > 0 and p > 0 then the semigroup is
exponentially stable (see [8, Theorem 3.2]).

In this article, we consider the case

(1.2) v>0, >0 and p=0.

This means that the wave equation in {2 has a structural damping whereas there is
no damping in the wave equation on I'y. For this case, it is proved in [9] that the
corresponding semigroup is of Gevrey type. Our aim is to improve this result by
showing that this semigroup is analytic. Let us introduce some notation in order
to state our main result. We set

def

(1.3) D(Ar) = HX (), A1 = —klyn: D(Ar) — L2 ().

Note that (see [4, Prop. 6.1 pp. 171] and [10]) for o > 0,
D(A}) = H**(I'1), D(A}) = H™**(I'y),

where H*(T'1) denotes the Sobolev space of order s. Note that since I'; is with-
out boundary, the dual of H*(I';) with respect to L?(I'y) is H=*(T';). Using this
notation, we can write (L.1)) with the condition (|1.2)) under the following form

Opu — vAOu — Au =0 in (0,00) x Q,
u=0 on (0,00) x Ty,
u=mn on (0,00) x 'y,
Oun + A1n = —v0,0iu — O in (0, 00).

(1.4)

We can also write the above system as

u u
i 8tu _ 5‘tu
(1.5) il =41

o O
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by introducing
(1.6) H {(uhuz,m,ng) € H2(Q) x L2(Q) x D (A‘{’/‘*) x D (A}/‘*)

jup=m only, wu; =0 onFo},

(1.7) DAY {(ul,uzml,nz) eHN (HQ(Q) x H2(Q) x D (Ai/‘*) XD (Af/‘*))

; ug =myon 'y, ug =0 on FO},

(751 U2
(1.8) A (5] d:a Z/AUQ + Au1
m 2
72 — A1 — vOhug — Opuy

We are now in a position to state our main result:

THEOREM 1.1. The operator A is the infinitesimal generator of an analytic and
exponentially stable semigroup on H. In particular,

(1.9) s A H(M—A)*HW) < oo.

In the above statement we have used the notation
(1.10) CtE{AeC; Re(\) = 0}.

Remark 1.2. As explained above, Theoremis related to [9] where they consider
the same system and show that the semigroup generated by A is of Gevrey class.
Here we improve this result by exploiting the damping in 2 and by showing that
through the coupling, it leads to a damping in the wave equation on I'; that is
sufficient to obtain an analytic semigroup. We can also refer to the work [7] where
the authors consider general damping terms for wave type equations and study the
regularity of the corresponding semigroups.

Remark 1.3. It is worth noting that the approach considered here has been al-
ready used in other articles devoted to fluid-structure interaction systems. In that
case, the system written in €2 corresponds to the Stokes equations whereas on the
boundary T'y, one can consider the wave equation or the beam equation, see [3],
[, [2]. In that cases, we showed how the viscosity of the fluid affects the wave or
the beam equation and obtain that the corresponding semigroups are analytic for
a wave equation and of Gevrey class for a beam equation.

The outline of the article is as follows: in the next section (that is Section [2)),
we define and study several operators associated with and more precisely on
the resolvent equation associated with 4. We introduce in particular the operator
V corresponding to the wave equation on I'y with the damping operator L) due
to the coupling with the wave equation in 2. We obtain some estimates of V;l in
Section [3] by first introducing an approximation of V. Then in Section [4 we use
these estimates to show Theorem [[.1] In Appendix [A] we give a formal derivation
of our model.
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2. Definition and properties of some operators

In this section, we define several operators associated with the resolvent equa-
tion. The first operators, Uy and W), correspond to the wave equation in 2. The
operator Ly is a Dirichlet to Neumann operator that allows us to describe the influ-
ence of the wave in € on the wave at I'y. We decompose this operator with the help
of Ly and several operators K /(\1), K /(\2), K, and Ry. The operator V) corresponds
to the operator of the wave in I'y where we include the action on the wave in 2. We
show that this operator is invertible and we estimate its inverse in the next section.

2.1. The operator U),. Let us consider the system

(2 1) /\211,)\7]0 - (I/)\ + l)Au,\J =f inQ,
’ uyr =0 onToUTYy.

In the lemma below, we recall that this system is well-posed for A € C* so that we

can consider the operator Uy defined by

def

U)\f = UA’f.

Lemma 2.1. Assume A € CT. Then, for any f € L*(Q), the system [2.1) admits
a unique solution uy y € H?(Q). Moreover, there exists C > 0 such that for any
A € Ct and for any f € L*(9),
(2.2) IAPlluaflize) + 1+ XD ua g llm2i0) < Clfllzg)-
In particular,
C
Ux € L(L*(Q), H*(Q) N Ho (). UM (220, 12 (0)nm (@) < TR

PROOF. The existence and uniqueness of uy s € H?(Q2) for f € L*(Q) and
X € Ct follows from classical results on elliptic equations: the case A = 0 reduces
to the standard Laplace equation, whereas for A # 0, we first use the Lax-Milgram
lemma on the variational formula

/Q(<u+/l\)vu.vwr>\uv> dx:%/ﬂf@dx (v e Hy(Q)).

Using that Re A > 0, ReA™! > 0, we deduce the existence and uniqueness of a
solution wy r € H(Q) of the above system and the H? regularity of uy ¢ is a
consequence of the ellipticity of the Laplace operator.

To obtain we first take the inner product of with Auy,y and the real
part of the result yields

2 2 2
Re N2y + (1A + ReA) IVeur 5113200 = 11z Nl 2oy -
Combining this relation with the Poincaré inequality, we deduce that
(2.3) AV sl < Clf Nl

Then, taking the inner product of (2.1)) with —(vA + 1)Auy s and considering the
real part of the result, we find

VReA[|AVux £]172 () + WA+ 1 [|Auy £ 0
2 2
< fllezee) WA + 1 1Aux fll2 @) + A7 [Vua £l 72, -
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The above equation and (2.3)) yield
WA+ 1 [|Aux ¢l 22) < Cllfllr2()-

Hence, the required estimates of [ux ¢ g2(q) follows from HZ-elliptic regularity
of the Laplace operator and the estimate of |lux fl/z2(q) is then obtained from

27). O
2.2. The operators W). Let us now consider the system:

Nwy, — (WA +1)Awy, =0 in Q,
(2.4) wxy, =0 onTy,
wxy =n only.

By using Lemma [2.I] and a standard transposition method, the above system is
well-posed and the operator W) defined by

Win def Wi .n
satisfies
(2.5) Wy e L(HY?(T), HX(Q)) N LHY2(y), L2(Q)) N L(HY*(T,), H(Q)).
In order to get estimates in the corresponding norms, we first note that

—Awo’n =0 in Q,
(2.6) wo,y, =0 on Iy,
wo,, =7 on Iy,

and there exists a constant C' > 0 such that
2.7)  Nwonllgz@y < Clnllgszmw,y > lwonllg gy < Clinllgzr,)

lwoll 2y < C Il gr-1/2(ey) -

Then, we write

(2.8) Wy = Wo,n + /\Z/\»TI
where
(2.9) Moy, — WA+ 1)Azy, =—-Dlwp, inf,
' Zag =0 on Ty UT.

We can apply Lemma with (2.7), and we deduce that for any s € [0, 2], there
exists C' > 0 such that

(2.10) N lzaall ooy < Cllallgg-rze,y  (n€ HV3(T0)).

In particular, combining the above relation with , there exists C' > 0 such that
for any A € CT,

(2.11) WAl er-1r200), 2009 < Cs

and

(2.12) Wl iy < C (Inll ey + A Il g-raqrs) ) -
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2.3. The operators L). We define

def

(2.13) Lan = Opwyy = 0,Wan,
where wj ,, is the solution of (2.4). From ({2.5), we have
(2.14) Ly € L(HY*(Ty), HY*(T'))).

Taking the inner product of the first equation of (2.4) by wy 7 and using (2.5), we
obtain for 5j € HY/?(T';)
(2.15)

(WAL) (Lan ) =2 vy, 12 (ry) :/\2/ w,\mwAﬁda:Jr(V)\Jrl)/ Vwy -V 5 dx
Q Q

and in particular, we can extend L) as
(2.16) Ly € L(HY*(Ty), H-Y2(Iy)).
In the case A = 0, we deduce from ([2.15))

<L077,;7V>H71/2(F1)7H1/2(1—*1) = /vaom . Vwoﬁ dx

and the following result:

Proposition 2.2. The operator Ly € L(HY?(T'y), H~/?(T)) is self-adjoint and
there exists p; > 0 such that

(2.17) (Loms M) 1720,y H1/2(Ty) = Pl||77\|§11/2(p1) (n € HY/2(T'))).
Taking the inner product of the first equation of (2.6)) by 2, 5 we deduce that
(2.18) / Vwg,, - VZxz do = 0.
Q

Using the decomposition (2.8)) into (2.15) and (2.18)), we deduce
(2.19) (vA+1)(Lxn, 7~7>H—1/2(p1)7H1/2(F1) = (VA +1)(Lon, 7~7>H*1/2(F1),H1/2(F1)

40 [ s do+ A+ DR [ e, Vo do
Q Q

2.4. The operators Kgl), K;Q), K, and R). Next, using (2.5) and (2.10)),
we define for n € H=Y/2(Ty),

1 def
(2.20) (K )77777>H1/2(F1),H*1/2(F1) = /ka,nw/\,ﬁ dz,
(221) <K§\2)’r], mHl/Q(Fl),H—l/z(Fl) dZEf /S; VZ)\J] . Vm dﬁU,
(2.22) Ky KV + Ak,
and
(2.23) Ry % Lo+ [APKD.

Therefore ([2.19) can be written as
(2.24) (WA+ 1)Ly = WA+ D Lo+ 2K + A+ D)APK P = vALy+ 2Ky + Ry,
We have the following properties on Kjy:
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Lemma 2.3. For A € CT, Kil), K>(\2) € L(H-Y2(Ty), HY?(T1)) and there exists
a constant C' > 0 such that for any A € C*,

=y + 7, -
L(H1/2(0), HA/2(1) LHZA(E0) 2 (T)
and

<K,(\1)7I,77>H1/2 r),H-1/2(ry) = 0
PR e m ),

2
(K} )77’77>H1/2(r1),H—1/2(r1) =0
ProoF. The bound on K(l) comes from (2.20) and (2.11) and the bound on

K, ) comes from ) and - O
Lemma 2.4. There exists a constant C' > 0 such that the operator Ky defined by
(2.22) satisfies for any A € CT:

(2.25) 17+ EKx)nllzz@,y = Iz, (0 € L2(T0)),
(2.26) KAl e,y < Clinllg-wzeyy  (n€ HY2(TY)),
(2.27) Inllz22ryy < CIU + Ex)nllgaze,)  (n€ HY?(TY),
(2.28) 17+ KXl = nllz@,) (0 € L2(Th)),
(2.29) 1Kl 2y < Clnllg-1r2eyy  (n € H-V3(T)),
(2.30) Il 2oy < O+ KX)nllgrze,y (m€ H'2(Ty)).

PROOF. We deduce relations (2.25)), (2.26), (2.28), and (2.29) from Lemma[2.3]
For (2.27)), we use (2.25) and (2.26):
H77HH1/2(1‘1) < (T + K/\)W||H1/2(F1) + ||K/\77||H1/2(F1)
< I+ Kl rase ey + C il -z
<N+ K0l vz ey + CIT + Bl gz e,y < CNT+ Kx)nllgezr,) -

We deduce (2.30) similarly. O

Lemma 2.5. There exists a constant C > 0 such that the operator Ry defined by
(2.23) satisfies for any A € CT:
(2.31) IR0 gr1/2 0,y < C (Inllmsrz oy + M0l E-172(r,)) -

PROOF. This is a consequence of (2.14]) and Lemma O

2.5. The operator V). Let us define
(2.32) Vi = N1+ Ay + (vA + 1)Ly,

From ([2.24)), we have

(2.33) Va = A2 (I + Ky) +vALg + A1 + Ry.

First, we can show the following result

dcf

Lemma 2.6. For any A € C*, the operators Vy : D(Ai’“) — D(A}M)’ and Vy :
D(A?M) — D(Ai/‘l) are isomorphisms.
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Proor. We divide the proof into three cases:
Case 1: Re A > 0. For any g € D(Ai/zl)', one has to show the existence and unique-
ness of n € D(A?M) such that

V)\n 1
2.34 I+ -A “\L —g.
(2.34) 3 (A +)\1+(V+>\> A)n g

From ([2.24)), the above relation can be written as

1 1 1
(,\[+ T (u+ )\) Lo+ K" + <u+ A) I)\IQK;Q)) n=g.

‘We then consider the variational formulation of the above relation

(2.35)

1 1/2 1/2~ 1
A2y + 3 (A / n, Ay / 77) L) + <V + )\) (Loms M) g-172(ry), 11/2(Ty)

1 2 ~
+/\< g)n 77) L2(Ty) * <V+ ) |)\|2 (Kg‘ )"7 77) L2(Ty) - <g’mH71/2(F1)’H1/2(F1)

(n e D(A1/2)) .

From Proposition [2.2] and Lemma [2.3] and using that Re A > 0, we can apply the
Lax-Milgram lemma and we deduce the existence and uniqueness of 1 € D(Al/ 2)
satisfying (2.34 - From , we deduce that Ayn € D(A1/4)’ and thus that n €
D(A3/4) If moreover, g € D(Al/ ), then we deduce from ([2.14)) that A1n € D(A1/4)

and thus that n € D(A5/4)
Case 2: ReA =0, A # 0. From Lemma and Proposition there exists € €

(0,%) (depending on \) such that

1
(236)  v{Lom,n)g-1/2(ry), /20y = |l tan(e) (nnnia(m + (K{"n,n) m)) .
We define § ¢ if Tm A > 0 and 8 & —¢ if Im A < 0 so that

i ' _
Re (e> — sme >0, Re (/\ew) = —|/\‘ sine < 0.

A A
Now, we replace (2.34) by
Vs 20
(2.37) 610% = <)\ o1+ 7A1 + <1/6“9 + )\) L>\> =g.

The corresponding variational formulation is

6
i e 1/2 1/2~
Ae (nmez(Fﬂ + 7 (A n’ A 77) L2(T'y)

0
20 (1)
+ < + )\) (Lon, ) - 1/2(Ty), HY/2(Ty) + e (Kk , n>L2(F1)

i 4 2 _ 1/2
+<V€ > ‘)\| ( A T] ’17) L2(T) = <g,?]}H71/2(p1)7H1/2(p1) (n S D(A )) .
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We can apply the Lax-Milgram lemma since Lemma Proposition [2.2|and (2.36))
yield

Re () e, + Re (5 ) 477

L2(T'y)
62’0 )
+ (V cosf + Re <>\)> <L017, 77>H—1/2(F1),H1/2(F1) + Re ()\616) (Kﬁl)n,n)
L2(T'y)

(0 , sine || 172 ||
>
+.<ycoqe)+¥Re( : ))IAI (5. ”)L%Fﬂ DY HA1 n‘

The proof follows then as in Case 1.

L2(I'1)

Case 3: A =0. For any g € D(A}M)’7 one has to show the existence and uniqueness
of n e D(A?M) such that

Von = (A1 + Lo)n = g.
Using Proposition we can again apply the Lax-Milgram lemma and conclude
as in Case 1. O

3. Estimation of V/\_1

In the previous section, we have defined V) by (2.32)) (see also (2.33])) and we
have shown that it is invertible. We now estimate its inverse. First, we introduce
the notation

(3.1) CI={heCt; A >a}.
The main result of this section is the following:

THEOREM 3.1. There exists a > 0 such that for X € CI and for 6,8 €
[—1/4,3/4] with 0 < 0+ B < 1, the following estimate holds

(3.2) sup | A2 AV AL (| ey < oo
rect

In order to prove Theorem [3.1] we consider the following “approximation” of
Vi:

(3.3) VA 02T + Ky) + 20AAY2 + Ay + R,
Comparing and the above relation, we have

(3.4) Vi — Vi = S,

where

(3.5) S ULy —2pAY? : D(AVY) 5 DAV,

Using Proposition 2:2] there exists p > 0 small enough such that S is a positive

self-adjoint operator. In what follows, we fix p > 0 so that it satisfies this property.

We are going to estimate the inverse of VA, see Theorem . 3| to prove Theorem
First, we recall the following result that can be found in [3, Lemma 3.4].

Lemma 3.2. There exists a constant Cy such that for all A € CT,
(36) [|OCT+ 200412 4 4| > Co (AP llzacey + [ Armlzer)
1

(n € D(A1)).
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THEOREM 3.3. There exists a > 0 such that for all A\ € C} the operator
Vi - D(A?/‘l) — D(A}/‘l) is an isomorphism and for 0,8 € [—1/4,5/4] such that
0 <0+ B <1, the following estimates hold

(3.7) sup |\~ AV AT 2oy < oo,
Aect
~ —1
(3.8) sup |[A|220-26 ‘ A (V;) AP < +o0.
Aecd L(L*(T1))
ProOOF. We write (3.3)) as
(3.9) Vi = (I +K)) [XZ +2opaAY? 4 Al} ~ Ky [QpAA}/z + Al} +R,.

From Lemma [2.4] and Lemma [3:2] there exists a constant ¢ > 0 such that

(310) [|(1+ K) [Nn + 2074120 + Au] HHW o

1/4 5/4
¢ (WEIAY nll sz + 14T nll e ) -
Combining Lemma and Lemma we obtain a constant C' > 0 such that for
AeCT,

1/2
[ B ], Wi
1

3/4 ‘
v L2<r1>)'

Using an interpolation inequality and the Young inequality, we deduce from the
above estimate that

HK)\ {Qp)\A}/Q + Al} nH

<o (], |

+ [ Banll gz,

_ 1/4 5/4
<O (IMEIAY ll ey + 147 all e, )
and thus, with (3.9) and (3.10]), we deduce that for « large enough, and for A € C},
CETVR [V C (INPIAY nll ey + 14T nll e ) -

Since

H1/2(F1)

H1/2(D, )

~ ) —

Vi =X (I+K3) +200A)% + Ai + Ran,
and since K3 satisfies the same properties as K, we also deduce that for o large
enough, and for A € C,

12 |% C (INPIAY nll ey + 14T all e ) -

From (3.11)), we deduce that V : (A5/4) — D(A1/4) is a closed operator and has

a closed range: if (n,), is a sequence of D(A5/ ) such that (‘7}\77”) is convergent,

then yields that (n,),, is a Cauchy sequence of D(Af/ *) and we deduce that
(7n),, is convergent in D(A?/ %) which yields the result.

_ Using [5, Corollary IL17 (iv), p.28], we deduce from and (3.12) that
V) is invertible. Moreover, these relations also imply (3.7 and (13.8) for (6,5) =
(1/4,—1/4) and (0, 5) = (5/4,—1/4). By interpolation, thls yields (3.7) and (3.8)

H1/2(Dy )
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for (6,—1/4), 0 € [1/4,5/4]. By a duality argument, we obtain (3.7) and (3.8]) for
(—1/4,8), B € [1/4,5/4]. Then, by interpolating (3.7) and (3.8) between (1/4 +
k,—1/4) and (—1/4,1/4+ &) for k € [0,1], we deduce the result. O

We are now in a position to prove Theorem

PRroOF OF THEOREM [3.1]l The proof is the same as the proof of Theorem 3.6
in [3]. The main idea to use and in order to compare V, ! and 17;1. The
key point in the proof of Theorem 3.6 in [3] is the relation Re(A(, ‘7)\C>L2(F1 > 0.
Here, we can show this relation by using , combined with and
for any ¢ € D(A4,),

(313)  Re(VAC,AC)rary) = Re AIXCIR2(r,y + AP Re MC KSVC) ey

+ UG K 2y + AP ReMG KO rary

1/4 1/2
+ 20 A AY A2,y + ReAIAY*Cl 2,y + Re MC, LoC) 2y

and we conclude by using Lemma [2.3] and Proposition [2:2} O

4. Proof of the main result

We are now in a position to prove Theorem Assume
(A1) F=(fi.far01,02) € HX(Q) x L*(Q) x D (4}") x D (4}"").
First, we show that we can solve the following equation for A € C™:
(4.2) (M-A)U=F.
Writing
U = (u1,u2,m1,m2),
the above equation can be written as
Aup —ug = f1 in Q,
)\Ug — Z/A’U,g — A’U,]_ = f2 in Q,
U1:U2:0 Onro,
up =m1, ug =12 only,

)\771 — 772 =01 in Pl,
Ang + Ay 4+ vOpug + Opuy = g2 in I'g.

(4.3)

Step 1. Here we show
(4.4) C* C p(A).
In order to do this, we deduce from the first two equations of that
MNug — AWAuy — Aug = Ao + Afy

and
)\2U1 — )\VAul — Au1 = )\fl - VAfl + f2
so that
(4.5) up = Wina + Uy (A fa + Af1)
and

(4.6) uy = Wam + Ux (A1 —vAfi + f2).
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Combining similarly the last two equations of (4.3), we find

Nn2 + A1 + (VA + 1)0pu = Aga — A1g1 — On o
and

N1+ A+ (WA + 1)0pun = Agr + g2 — vOn fi1.

Now, we use (4.5)), (4.6), (2.13)), and (2.32)) to write the two previous equations as

follows

(47) V)\T]Q = )\gg — Algl — anfl — (V)\ + 1)8nU)\ ()\fQ + Afl) s

(4.8) Vam = Ag1 + g2 — 0 f1 — (WA + 1)0,Ux (A f1 —vAf1 + f2) .

From and Lemma we deduce that the right-hand side of and
are respectively in D(A1 Y and D(A1/4). Thus from Lemma [2 E there exists a
unique solution (n1,72) € D(A5/4) X D(A3/4 of ([.7) and ( . Then (4.5)), (4.6),
combined with Lemma 2.1 and (2.5) yield (u1,us) € H?(2)?. We have solved (14.2)).
Step 2. We now show the estlmate . Let us consider a from Theorem
From the above step, using the continuity of the resolvent, we already have

sup  |A H()\I - A)_lu < o0.
AeCtH M| <a L(H)

It is thus sufficient to show

(4.9) sup || H(AI—A)*1H
xeCt

to obtain (|1.9)). In order to do this, we use (4.7) to write

L(H)

(4.10) 1o ==V '0nf1 — WA+ DV 0,Ux (Af1) = AwA + D)V, 9,Us f2
— VA_lAlgl =+ /\V)\_lgg.
From Theorem 3.1](with (6, 8) = (1/4,—1/4) or (¢, 8) = (1/4,1/4)) and Lemma[2.1]

we have

(4.11) HAA}/‘*Vglanfl +A(wA+ 1) AV 10,0, (Afl)‘

Ly S Cllifill g2 (q) »

(4.12)
H/\2(y)\ n ”AV“VII&LW?HW < C WA+ DU fall gy < C llfall 120 -

413 HAA”“V*IA ) gCH A3 ‘
(4.13) SRR 2 Mgz
414 HAZ Aty ‘ gCHAl/‘* ‘ .
(419 » Pl S 2T
Combining (4.10) with (4.11)—(4.14), we deduce that

(4.15) 2]l 412y < CHIFlg -

Moreover, we deduce from (4.10) and from (4.3)) that

(4.16) M= =V, "0 f1 — WA+ D)V 10,UN (Af1) — AwA + D)V, 10, U fo
+g1 — VM Avgr + AV o,
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Similarly as above, we apply Theorem [3.1] ((with (6, 8) = (3/4,—1/4) or (0,8) =
(3/4,1/4)) and Lemma [2.1] and we deduce
(4.17) Xt < € 1F
Now, coming back to (4.5]), we obtain
Nzl g2y < IIAWAD2l L2 () + [N2UsF2| 20y + INUAAF1 L2y -

Combining the above relation with (2.11]), Lemma and (4.15), we deduce

||/\U2||L2(Q) <0 (“)‘772||H—1/2(F1) + Hf2||L2(Q) + ||f1||H2(Q)) SC|Fy -

Finally, (4.3) and (4.5) yield
[Aull g2y < Wanzll gz () + IAUNf2ll 20y + 1UAAf1l 20y + 11l 2 -
Combining the above relation with (2.12)), Lemma and (4.3)), we deduce

ALl g2y < C <||772||H3/2(I‘1) + M2l =172y + 1 f2ll L20) + ||f1HH2(Q))

<C (||)‘771HH3/2(1"1) + g1l zrarzeyy + 1A020 =172y + 12l 2 (o) + ||f1||H2(Q)) ~

Combining this with (4.15) and (4.17)) yields
[Autll ) < ClIE | -

We thus deduce (4.9) and therefore (1.9). Combined with (4.4)), this allows us to
conclude the proof of Theorem

Appendix A. Formal derivation of Ventcel boundary conditions

In this section, we present a formal way to derive the system and in
particular the Ventcel boundary conditions. The approach is the same as in [6]
Appendix A] and we write this part only for sake of completeness.

We consider for any § > 0 small enough,

ws:={x+sn; se(0,9), zel}
and we assume that
QNw; =T;.
We define the domain Qs by
&T; = QU ws.
Then, we consider the following system coupling two wave equations:
Oppu — vAQyu — Au=0 in (0,00) x Q,
Opv — kAv =0 in (0,00) X ws,
u=wv on (0,00) x Iy,
On(VOru +u) = kKOpv  on (0,00) x I'y,
u=0 on (0,00) x I'g,
Opv =0 on (0,00) X Ows \ I'y.

(A1)

In the above system, the two wave equations are coupled at the interface I'y through
standard transmission conditions. Note that we choose to consider a Neumann
boundary condition on the dws \I'1. Similar computations for a Dirichlet boundary
condition lead to a slightly different model.
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First we use a standard formula for the Laplace operator in I'; as follows (see,
for instance, [11] p.220, formula (5.59)]):

Av = 9%v + (divn)d,v + Ayw  on Ty.

Then using Taylor’s formula and the Neumann boundary condition on dws \T'1, we
deduce
0 = 0pv(x + 6n) = Opv(z) + 602v(z) + O(6?) on Ty.

We thus deduce from the wave equation on ws and from the two above relations
that p
50nv + 0(0) on (0,00) x T'y.

Then using the transmission conditions, and denoting by n the trace of v on I'y, we
deduce

Opv — kApv = —

Oun — kApn = —%an(yatu +u)+O(0) on (0,00) x I'y.

Neglecting the remainder, we recover the Ventcel condition in (|1.1)). Note that in
this system, we take 6 = 1 since this constant does not play any role in the proof
of our main result.
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