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Threshold solutions for the 3D focusing cubic-quintic
nonlinear Schrödinger equation at low frequencies
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Abstract. This paper addresses the focusing cubic-quintic nonlinear Schrödinger
equation in three space dimensions. Especially, we study the global dynamics
of solutions whose energy and mass equal to those of the ground state in the
spirits of Duyckaerts and Merle [14]. When we try to obtain the corresponding
results of [14], we meet several difficulties due to the cubic-quintic nonlinear-
ity. We overcome them by using the one-pass theorem (no return theorem)
developed by Nakanishi and Schlag [38].
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1. Introduction

In this paper, we consider the following nonlinear Schrödinger equation:

(1.1) i∂tψ +Δψ + |ψ|2ψ + |ψ|4ψ = 0 in R× R
3,

where Δ is the Laplace operator on R
3. Several studies have been made on the

asymptotic behavior of solutions to double power nonlinear Schrödinger equations
(see e.g. [3, 6, 11, 19, 20, 22, 23, 26, 27, 28, 30, 32, 33, 39, 40, 42] and
references therein). Here, we are concerned with global dynamics of solutions whose
mass and energy equal to those of the ground state.

For any ψ0 ∈ H1(R3), there exists a unique solution ψ in C(Imax;H
1(R3))

with ψ|t=0 = ψ0 for some interval Imax = (−T−max, T
+
max) ⊂ R, a maximal existence

interval including 0. We say that ψ blows up in finite time if T+
max <∞ or T−max <

∞. The solution ψ satisfies the following conservation laws of the mass and the
energy in this order:

(1.2) M(ψ(t)) = M(ψ0), E(ψ(t)) = E(ψ0),

where

M(u) :=
1

2
‖u‖2L2 , E(u) := 1

2
‖∇u‖2L2 − 1

4
‖u‖4L4 − 1

6
‖u‖6L6 for u ∈ H1(R3).

If, in addition, ψ0 ∈ L2(R3, |x|2dx), then the corresponding solution ψ also belongs
to C(Imax;L

2(R3, |x|2dx)) and satisfies the so-called virial identity:∫
R3

|x|2|ψ(t, x)|2dx =

∫
R3

|x|2|ψ0(x)|2dx+ 2t Im

∫
R3

x · ∇ψ0(x)ψ0(x)dx

+ 16

∫ t

0

∫ t′

0

K(ψ(t′′))dt′′dt′ for any t ∈ Imax,

(1.3)

where

K(u) := ‖∇u‖2L2 − 3

4
‖u‖4L4 − ‖u‖6L6 for u ∈ H1(R3).

See e.g. Cazenave [10, Section 6.5] for details.
By a standing wave, we mean a solution to (1.1) of the form

ψ(t, x) = eiωtQω(x)

for some ω > 0 and Qω ∈ H1(R3) \ {0}. Then, we see that Qω should solve the
following semilinear elliptic equation:

(1.4) −ΔQ+ ωQ− |Q|2Q− |Q|4Q = 0 in R
3.

If we define the action functional Sω by

(1.5) Sω(u) := E(u) + ωM(u) for u ∈ H1(R3),

then S ′ω(Qω) = 0 in H−1(R3) if and only if Qω ∈ H1(R3) is a weak solution to
(1.4). To seek a solution to (1.4), we consider the following minimization problem:

(1.6) mω := inf
{Sω(u) : u ∈ H1(R3) \ {0}, K(u) = 0

}
.

It is known that if there is a minimizer for mω, it satisfies (1.4). Here we call Qω a
ground state to (1.6) provided Qω is a minimizer for mω. Concerning the existence
of a ground state, the following results hold:

Theorem 1.1 ([7, 43]). There exists ωc > 0 such that mω has a ground state
for 0 < ω < ωc and no ground state for ω > ωc.
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Remark 1.2. We do not know whether the ground state exists or not at ω = ωc.

There are several results on the global dynamics of solutions to nonlinear
Schrödinger equations. See e.g. [1, 2, 3, 5, 6, 11, 12, 13, 14, 15, 17, 21,
24, 25, 27, 28, 29, 31, 38, 44, 45] and references therein. Let us recall some of
them which are concerned with the following nonlinear Schrödinger equations:

(1.7) i∂tψ +Δψ + |ψ|p−1ψ = 0 in R× R
d.

where d ∈ N, 1 < p < 2∗ − 1 and 2∗ = 2d
d−2 . The equation (1.7) is scale invariant.

More precisely, putting

(1.8) ψλ(t, x) := λ
2

p−1ψ(λ2t, λx) (λ > 0),

we see that if ψ(t, x) satisfies (1.7), so does ψλ. The scaling (1.8) preserves the
mass M and the corresponding energy when p = 1 + 4/d and p = (d+ 2)/(d− 2),
respectively. Thus, the exponent p = 1 + 4/d is referred to as “mass critical” and
p = (d+ 2)/(d− 2) as “energy critical”. 1

It is known that (1.7) has a stationary solution, which neither scatters 2 nor
blows up. More precisely, when the energy critical case, (1.7) has the following
explicit static solution,

W (x) :=

(
1 +

|x|2
d(d− 2)

)− d−2
2

.

The solution W is called by Aubin-Talenti function. Similarly, when 1 < p <
(d+2)/(d−2), the equation (1.7) also has a standing wave ψ(t, x) = eiωtRω (ω > 0).
Then, Rω satisfies the following semilinear equation:

(1.9) −ΔR+ ωR− |R|p−1R = 0 in R
d.

For the energy critical case p = (d+2)/(d−2), Kenig and Merle [25] employed
the concentration-compactness and showed that the radial solution to (1.7) whose
energy is less than that of the Aubin-Talenti function W blows up in finite time or
scatters as t→ ±∞ for d = 3, 4, 5. Killip and Visan [29] extended the result of [25]
for d ≥ 5, removing the radial condition. Dodson [12] obtained the corresponding
result of [29] for d = 4.

For the mass supercritical and the energy subcritical case 1 + 4/d < p <
(d+2)/(d− 2), Holmer and Roudenko [24] considered the three dimensional cubic
nonlinear Schrödinger equation (d = p = 3) and proved that the radial solution
below the ground state scatters or blows up in finite time. Then, Duyckaerts,
Holmer and Roudenko [13] extended the result of [24] to non-radial H1 initial
data. Then, Akahori and Nawa [5] and Fang, Xie and Cazenave [18] extended the
result to general dimension and power nonlinearity.

Duyckaerts and Merle [14] studied the threshold solution to the energy criti-
cal nonlinear Schrödinger equations, that is, the solution whose energy equals to
the Aubin-Talenti function for d = 3, 4, 5. They constructed special solutions W±,
which converge to the Aubin-Talenti function W in the positive time direction
while W+ blows up and W− scatters in the negative time direction, respectively.
They also classified the threshold solutions under the radial assumption. Li and

1Note that the quintic power nonlinearity |ψ|4ψ in three space dimensions which is involved

in (1.1) corresponds to the energy critical one.
2Here, we say that a solution scatters if the solution converges to the one of the linear

Schrödinger equation.
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Zhang [31] extended the result of [14] to the higher dimensions d ≥ 6. Duyck-
aerts and Roudenko [16] studied the threshold solution for the three dimensional
cubic nonlinear Schrödinger equations. They also constructed special solutions and
classify all solutions (not necessarily radially symmetric) at the threshold level.
Recently, Campos, Farah and Roudenko [9] generalized the result of Duyckaerts
and Roudenko [16] to any dimension and any power of the nonlinearity. They also
considered the energy critical case and gave an alternative proof of the result of Li
and Zhang [31]. See also [1, 2, 3, 15, 21, 33, 41] for the threshold solutions to
other nonlinear Schrödinger equations.

In this paper, we address the threshold solution to (1.1). To state our results,
we put

BAω :=
{
u ∈ H1

rad(R
3) : Sω(u) = mω, M(u) = M(Qω)

}
,

BAω,+ := {u ∈ BAω : K(u) > 0} ,
BAω,− := {u ∈ BAω : K(u) < 0} ,
BAω,0 := {u ∈ BAω : K(u) = 0} .

Clearly, we have BAω = BAω,− ∪ BAω,0 ∪ BAω,+. We see from Proposition 2.1
below that

(1.10) BAω,0 =
{
eiθQω : θ ∈ R

}
.

In addition, we can easily find that the sets BAω,± and BAω,0 are invariant under
the flow of (1.1) (see e.g. Lemma 4.1 below). Then, by a similar argument to [14],
we can construct the following special solutions to (1.1):

Theorem 1.3. There exists a sufficiently small ω∗ > 0 such that for ω ∈
(0, ω∗), (1.1) has two radial solutions Q+

ω ∈ BAω,+ and Q−ω ∈ BAω,− satisfying the
following:

(i) Q±ω exists on [0,∞), and there exist constants eω, Cω > 0 such that

distH1(Q±ω (t),O(Qω)) ≤ Cωe
−eωt for all t ≥ 0,

where

distH1

(
u,O(Qω)

)
:= inf

θ∈R
‖u− eiθQω‖H1 .

(ii) K(Q−ω ) < 0 and the negative time of existence of Q−ω is finite.
(iii) K(Q+

ω ) > 0, Q+
ω exists on (−∞,∞) and scatters for negative time, that

is, there exists φ− ∈ H1(R3) such that

lim
t→−∞ ‖Q+

ω (t)− eitΔφ−‖H1 = 0.

In what follows, we say that ψ = φ up to the symmetries if there exist t0 ∈ R

and θ0 such that

ψ(t, x) = eiθ0φ(t+ t0, x) or ψ(t, x) = eiθ0φ(−t+ t0, x).

Our main result is as follows:

Theorem 1.4. Let ω∗ > 0 be the constant given in Theorem 1.3 and ψ be a
radial solution to (1.1) with ψ|t=0 = ψ0 ∈ BAω for ω ∈ (0, ω∗). Then, the following
holds:

(i) If ψ0 ∈ BAω,−, then either ψ blows up in finite time or ψ = Q−ω up to the
symmetries.
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(ii) If ψ0 ∈ BAω,0, then ψ = eiωtQω up to the symmetries.
(iii) If ψ0 ∈ BAω,+, then either ψ scatters or ψ = Q+

ω up to the symmetries.

Remark 1.5. (i) Nakanishi and Schlag [38] proved that the solutions
whose energy is slightly larger than that of the ground state is classified
into 9 sets (combination of blows up, scattering and trapped by the ground
state generated by the phase for t > 0 and t < 0). See also [6, 17, 27,
34, 35] for the global dynamics above the ground state. In particular,
it was studied in [6] that the behavior of the solutions ψ to (1.1) with
ψ|t=0 = ψ0 satisfying Sω(ψ0) < mω + ε are also classified into the 9 sets.
However, it seems that from the result of [6], we could not determine
the behavior of solutions by the initial data as in Theorem 1.4. Another
difference between the result of [6] and ours is that we obtain a kind of
uniqueness of solution which converges to the orbit of the ground state
(see Proposition 7.1 below).

(ii) We may extend our results to general dimensions and power nonlinearities
by using the argument of [9]. However, for the simplicity of our presen-
tation, we restrict ourselves to three space dimension and cubic-quintic
nonlinearity.

The proof of Theorem 1.4 is based on that of [14, 16]. However, it seems that
due to the cubic and quintic nonlinearities, some part of the argument in [14, 16]
does not work for our equation (1.1). For example, in [16], a Cauchy-Schwarz type
inequality plays an important role (see [16, Claim 5.4] in detail). In contrast, it
seems difficult to obtain a corresponding inequality for our equation (1.1). To over-
come the difficulty, we employ the one-pass theorem (no return theorem) which was
introduced by Nakanishi and Schlag [38] for the equation (1.7) with d = p = 3.
Roughly speaking, one-pass theorem states that if a solution moves away from a
neighborhood of the ground states, then the solution never return to the neighbor-
hood. We employ the one-pass theorem to prove that if a threshold solution neither
blows up nor scatters, the solution converges to the ground state exponentially (see
Propositions 4.1 and 5.1 below).

Remark 1.6. (i) The reason why we need the radially symmetry for
solutions is due to the one-pass theorem. Indeed, a kind of Ogawa-
Tsutsumi’s saturated virial identity was used for the proof of the one-pass
theorem. Except for the theorem, we do not require the condition.

(ii) Recently, Ardila and Murphy [3] studied the threshold solutions to the
following cubic-quintic nonlinear Schrödinger equation:

(1.11) i∂tψ +Δψ + |ψ|2ψ − |ψ|4ψ = 0 in R× R
3.

Note that the quintic power nonlinearity is defocusing, which is different
from our equation (1.1) and any solutions to (1.11) are global (T±max =
∞). They also classified the threshold solutions, which are not necessary
radially symmetric, to (1.11). Let ψ be the threshold solution whose sign
of the virial functional (the one corresponding to K) is positive. Then,
they showed that the solution either ψ scatters in both time directions
and coincide with a special solution. To this end, they employed the
modulation analysis and the concentration-compactness method. Their
method might work for our equation (1.1). However, we would like to
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stress that we can study the threshold solutions which blow up or scatter
in a unified way by using the one-pass theorem.

This paper is organized as follows. In Section 2, we recall several properties
of the ground state and its linearized operator. In Section 3, we recall the one-
pass theorem, which was proved in [6]. In Sections 4 and 5, we study dynamics
of solutions which start from the sets BAω,±, respectively. In Section 6, we give a
sketch of the proof of Theorem 1.3. In Section 7, we obtain the uniqueness of the
special solution and give the proof of Theorem 1.4. In Appendix, we give the proof
of a convergence property which we admit in Section 4.
Notation.

(i) We use (·, ·)L2 to denote the inner product in L2(R3):

(u, v)L2 :=

∫
R3

u(x)v(x)dx for all u, v ∈ L2(R3).

(ii) We also use L2
real(R

3) to denote the real Hilbert space of complex-valued
functions in L2(R3) which is equipped with the inner product

(u, v)L2
real

:= Re

∫
R3

u(x)v(x)dx for all u, v ∈ L2(R3).

(iii) We use 〈·, ·〉H−1,H1 to denote the duality pair of u ∈ H1(R3) and v ∈
H−1(R3):

〈u, v〉H−1,H1 := ((1−Δ)
1
2u, (1−Δ)−

1
2 v)L2

real
for all u ∈ H1(R3) and v ∈ H−1(R3).

2. Properties of ground state and its linearized operator

In this section, we recall several properties of the ground state and its linearized
operator, which are mainly obtained in [6]. First, we recall that the uniqueness of
ground state and that the following slope condition holds:

Proposition 2.1 (Proposition 2.0.4 of [6]). The following properties hold:

(i) There exists ω1 > 0 such that for ω ∈ (0, ω1), the positive radial ground
state Qω is unique up to phase. Namely, if u ∈ H1(R3) satisfies Sω(u) =
mω and K(u) = 0, then we have u = eiθQω for some θ ∈ R.

(ii) The mapping ω ∈ (0, ω1) → Qω ∈ H1(R3) is continuously differentiable,
(iii)

d

dω
M(Qω) = (Qω, ∂ωQω)L2

real
< 0 for ω ∈ (0, ω1).

Let ψ be a solution to (1.1). We consider the following decomposition of the
form

(2.1) ψ(t, x) = eiθ(t)
(
Qω(x) + η(t, x)

)
,

where θ(t) is a function of t ∈ Imax to be chosen later (see (3.8) below) and η is the
remainder. Let η1 = Re η and η2 = Im η. We will identify C and R

2 and consider

η = η1 + iη2 as an element

(
η1
η2

)
of R2. Then, η satisfies

∂η

∂t
(t) = −iLωη(t)− i

{dθ
dt

(t)− ω
}
(Qω + η(t)) +Nω(η(t)),(2.2)
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where

−iLω =

(
0 Lω,−

−Lω,+ 0

)
,

and the self-adjoint operators Lω,± and the reminder Nω(η) are defined by

(2.3) Lω,+ := −Δ+ ω − 3Q2
ω − 5Q4

ω, Lω,− := −Δ+ ω −Q2
ω −Q4

ω,

Nω(η) := Nω,1(η) +Nω,2(η)(2.4)

Here, Nω,1(η) and Nω,2(η) are defined by

Nω,1(η) := i
(|Qω + η|2(Qω + η

)−Q3
ω − 2Q2

ωη −Q2
ωη

)
,

Nω,2(η) := i
(|Qω + η|4(Qω + η

)−Q5
ω − 3Q4

ωη − 2Q4
ωη

)
.

We note that for any u, v ∈ H1(R3),[S ′′ω(Qω)u
]
v = 〈Lωu, v〉H−1,H1 .(2.5)

Moreover, since Qω is a solution to (1.4), we can verify that

LωQω = Lω,+Qω = −2Q3
ω − 4Q5

ω,(2.6)

Lω(iQω) = Lω

(
0
Qω

)
= Lω,−Qω = 0,(2.7)

Lω∂ωQω = Lω,+∂ωQω = −Qω.(2.8)

Theorem 2.1 (Proposition 4.0.1, Lemmas B.0.1 and B.0.2 of [6]). Let σ(−iLω)
be the spectrum of the operator −iLω and σess(−iLω) be its essential spectrum.
Then, we have the following:

(i) σess(−iLω) = {iξ : ξ ∈ R, |ξ| ≥ ω}.
(ii) There exists ω2 ∈ (0, ω1) such that for ω ∈ (0, ω2), −iLω has positive and

negative eigenvalues eω and −eω with eigenfunction Yω,+ and Yω,−, re-
spectively. Furthermore, Ker (−iLω) = Span {iQω, ∂xi

Qω for i = 1, 2, 3}.
It is known that Yω,+ = Yω,−. Then, we put

(2.9) Yω,1 :=
Yω,+ + Yω,−

2
= Re [Yω,+], Yω,2 :=

Yω,+ − Yω,−
2i

= Im [Yω,+],

that is,

Yω,+ =

(Yω,1

Yω,2

)
.

The equation −iLωYω,+ = eωYω,+ is equivalent to

(2.10)

{
Lω,+Yω,1 = −eωYω,2,

Lω,−Yω,2 = eωYω,1,

Concerning the eigenfunctions Yω,1 and Yω,2, we know the following:

Lemma 2.2 (Lemma 4.0.7 of [6]). Let ω ∈ (0, ω2). We have the following
orthogonalities:

(2.11)
(
Qω,Yω,1

)
L2 =

(
∂ωQω,Yω,2

)
L2 = 0.

Furthermore, we have

(2.12)
(Yω,1,Yω,2

)
L2 > 0
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and

(2.13)
(
Qω,Yω,2

)
L2 �= 0.

The relation (2.13) in Lemma 2.2 allows us to choose Yω,2 so that

(2.14) (Qω,Yω,2)L2 < 0.

Note that since Qω is positive (especially, real-valued) and Yω,+ = Yω,−, we have,
by (2.9) and (2.11), that

(2.15) (Qω,Yω,±)L2
real

= (Qω,Yω,1)L2 = 0.

In addition, we need the following technical lemma:

Lemma 2.3 (Lemma 4.0.8 of [6]). There exists a frequency ω3 ∈ (0, ω2) such
that for any ω ∈ (0, ω3),

(2.16)
eω
2

∣∣(Qω,Yω,2)L2

∣∣ ≥ 4
∣∣(Q5

ω,Yω,1)L2

∣∣.
3. One-pass theorem

This section is devoted to the one-pass theorem (no return theorem) which
was first obtained by Nakanishi and Schlag [37, 38] for the cubic nonlinear Klein-
Gordon and Schrödinger equations in three space dimensions. In [6], the one-pass
theorem for the double power nonlinear Schrödinger equations was proved. Here,
we recall the set-up and the one-pass theorem of [6].

3.1. Symplectic decomposition and parameter choice. For a positive
radial ground state Qω to (1.4) and a solution ψ to (1.1), we consider the decom-
position (2.1). We will work in the symplectic space (L2(R3),Ω), where Ω is the
symplectic form defined by

Ω(f, g) :=
(
f, ig

)
L2

real

= Im

∫
R3

f(x)g(x) dx.

We apply the “symplectic decomposition” corresponding to the discrete modes
of iLω to the remainder η in (2.1) and determine the function θ(t) in (2.1).

We assume that Yω,+ and Yω,− are normalized in the following sense:

(3.1) Ω
(Yω,+,Yω,−

)
= 1, Ω

(Yω,−,Yω,+

)
= −1.

We can easily find that

Ω
(
f, f

)
= Im

∫
R3

|f |2dx = 0

for all f ∈ L2(R3). Furthermore, it follows from (2.7), (2.8), (2.15) and LωYω,± =
±ieωYω,± that

Ω
(
iQω,Yω,±

)
=

(
iQω, iYω,±

)
L2

real

= ± 1

eω

(
iQω,LωYω,±

)
L2

real

= ± 1

eω

(Lω(iQω),Yω,±
)
L2

real

= 0,

(3.2)

Ω
(
∂ωQω,Yω,±

)
= ± 1

eω
(∂ωQω,LωYω,±)L2

real
= ± 1

eω
(Lω∂ωQω,Yω,±)L2

real

= ∓ 1

eω
(Qω,Yω,±)L2

real
= 0.

(3.3)
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Now, we expand the remainder η(t) in the decomposition (2.1) by −iLω:

(3.4) η(t) = λ+(t)Yω,+ + λ−(t)Yω,− + a(t)iQω + b(t)∂ωQω + γ(t),

where

(3.5) Ω
(
γ(t),Yω,±

)
= Ω

(
γ(t), iQω

)
= Ω

(
γ(t), ∂ωQω

)
= 0.

We see from Proposition 2.1 (iii) and (3.1)–(3.5) that the coefficients are as follows:

λ+(t) = Ω(η(t),Yω,−), λ−(t) = −Ω(η(t),Yω,+),(3.6)

a(t) =
Ω(η(t), ∂ωQω)

(Qω, ∂ωQω)L2
real

, b(t) = − Ω(η(t), iQω)

(Qω, ∂ωQω)L2
real

.(3.7)

We require that a(t) ≡ 0. To this end, we choose the function θ(t) in (2.1) so that 3

(3.8) Ω(e−iθ(t)ψ(t), ∂ωQω) ≡ 0.

Then, it follows from (3.8), (2.1) and Ω(Qω, ∂ωQω) = 0 that

0 ≡ Ω(e−iθ(t)ψ(t), ∂ωQω) ≡ Ω(Qω + η(t), ∂ωQω) ≡ Ω(η(t), ∂ωQω).(3.9)

This together with (3.7) implies that a(t) ≡ 0. Furthermore, since

M(ψ) = M(Qω) +M(η(t)) +
(
Qω, η(t)

)
L2

real

,

the condition M(ψ) = M(Qω) implies that for any t ∈ Imax,

(3.10)
(
Qω, η(t)

)
L2

real

= −M(η(t)).

This together with (Qω, ∂ωQω)L2
real

< 0 yields that

(e−iθ(t)ψ(t), ∂ωQω)L2
real

= (Qω, ∂ωQω)L2
real

+ (η(t), ∂ωQω)L2
real

= (Qω, ∂ωQω)L2
real

−M(η(t)) < 0
(3.11)

as long as M(η) is small. In what follows, we assume that ψ satisfies (3.8), (3.11)
and M(ψ) = M(Qω).

From [6, Section 4.0.3], ordinary differential equations for θ, λ− and λ+ under
the condition M(ψ) = M(Qω) are following:

(3.12)
{dθ
dt

(t)− ω
}(
Qω + η(t), ∂ωQω

)
L2

real

= −M(η(t)) +
(
Nω(η(t)), ∂ωQω

)
L2

real

.

dλ+
dt

(t) = eωλ+(t)−
({dθ

dt
(t)− ω

}
η(t)−Nω(η(t)), Yω,−

)
L2

real

,(3.13)

dλ−
dt

(t) = −eωλ−(t) +
({dθ

dt
(t)− ω

}
η(t)−Nω(η(t)), Yω,+

)
L2

real

.(3.14)

3Let ψ(t) = |ψ(t)|eiα(t) (α(t) ∈ R/2πZ). It suffices to choose θ(t) so that θ(t) = α(t). Then,

Ω(e−iθ(t)ψ(t), ∂ωQω) = (|ψ(t)|, i∂ωQω)L2
real

= 0.
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3.2. Linearized energy norm. In this subsection, we introduce the “lin-
earized energy norm” for the remainder η in the decomposition (2.1). Put

(3.15) Γ(t) := b(t)∂ωQω + γ(t).

Since a(t) ≡ 0 (see (3.8)), the decomposition (3.4) is reduced to

(3.16) η(t) = λ+(t)Yω,+ + λ−(t)Yω,− + Γ(t).

Then, we have the following relationship:

Lemma 3.1 (Lemma 4.0.2 of [6]). The function Γ in the decomposition (3.16)
satisfies

(3.17) 〈LωΓ(t),Γ(t)〉H−1,H1 ∼ ‖Γ(t)‖2H1

for all t ∈ Imax.

We also recall that

E(ψ)− E(Qω) = −eωλ+(t)λ−(t) + 1

2
〈LωΓ(t),Γ(t)〉H−1,H1 +O( ‖η(t)‖3H1 ).(3.18)

See [6, (4.69)]. Defining the linearized energy norm ‖η(t)‖E by

(3.19) ‖η(t)‖2E :=
eω
2

(
λ2+(t) + λ2−(t)

)
+

1

2
〈LωΓ(t),Γ(t)〉H−1,H1 ,

we have, by (3.18), that

(3.20) E(ψ)− E(Qω) +
eω
2

(
λ+(t) + λ−(t)

)2 − ‖η(t)‖2E = O( ‖η(t)‖3H1 ).

Then, we can also have the following lemma:

Lemma 3.2 (Lemma 4.0.3 of [6]). The function Γ in the decomposition (3.16)
satisfies

(3.21) ‖Γ(t)‖H1 � ‖η(t)‖H1

for all t ∈ Imax. Moreover, we have

(3.22) ‖η(t)‖H1 ∼ ‖η(t)‖E .
As a summary, we obtain the following:

Proposition 3.1 (Proposition 4.0.4 of [6]). Let ψ be a function in H1(R3)
satisfying M(ψ) = M(Qω). We have the following the decomposition:

ψ(t, x) = eiθ(t)(Qω + η(t, x)), Ω(e−iθ(t)ψ, ∂ωQω) ≡ 0,(3.23)

(e−iθ(t)ψ, ∂ωQω)L2
real
< 0,

η(t, x) = λ+(t)Yω,+ + λ−(t)Yω,− + Γ(t).(3.24)

Furthermore, there exists a constant δE(ω) > 0 such that if ‖η(t)‖E ≤ 4δE(ω), we
obtain ∣∣∣ E(ψ)− E(Qω) +

eω
2

(
λ+(t) + λ−(t)

)2 − ‖η(t)‖2E
∣∣∣≤ ‖η(t)‖2E

10
.
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3.3. Distance function from the ground state. In this subsection, we
introduce a distance function from the ground state Qω by using the linearized
energy norm (3.19). For this, we fix a non-increasing smooth function χ on [0,∞)
such that

χ(r) =

{
1 if 0 ≤ r ≤ 1,
0 if r ≥ 2.

Then, we define a function dω : [0, Tmax) → [0,∞) by

(3.25) d2ω(t) := ‖η(t)‖2E + χ
( ‖η(t)‖E

2δE(ω)

)
Cω(ψ(t)),

where δE(ω) is the constant given by Proposition 3.1, and

Cω(ψ(t)) := E(ψ)− E(Qω) +
eω
2

(
λ+(t) + λ−(t)

)2 − ‖η(t)‖2E .
Now, we introduce new parameters λ1(t) and λ2(t) defined by

(3.26) λ1(t) :=
λ+(t) + λ−(t)

2
, λ2(t) :=

λ+(t)− λ−(t)
2

.

It follows from (3.13) and (3.14) that

dλ1
dt

(t) = eωλ2(t) + (
{dθ
dt

(t)− ω
}
η(t)−Nω(η(t)), iYω,2)L2

real
,(3.27)

dλ2
dt

(t) = eωλ1(t)− (
{dθ
dt

(t)− ω
}
η(t)−Nω(η(t)), Yω,1)L2

real
.(3.28)

We recall a property of the distance function dω(t):

Lemma 3.3 (Lemma 4.0.5 of [6]). Assume that there exists an interval I on
which

(3.29) sup
t∈I

dω(t) ≤ δE(ω),

δE(ω) is the constant given by Proposition 3.1. Then, all of the following hold for
all t ∈ I:

1

2
‖η(t)‖2E ≤ d2ω(t) ≤

3

2
‖η(t)‖2E ,(3.30)

d2ω(t) = E(ψ)− E(Qω) + 2eωλ
2
1(t),(3.31)

d

dt
d2ω(t) = 4e2ωλ1(t)λ2(t) + 4eωλ1(t)

({dθ
dt

(t)− ω
}
η(t)(3.32)

−Nω(η(t)), iYω,2

)
L2

real

.

Next, we introduce a “modified distance function” d̃ω.

Lemma 3.4 (Lemma 6.0.1 of [6]). Let ω2 be the frequency given by Theorem 2.1.
Then, for any ω ∈ (0, ω2), there exists γ1(ω) > 0 with the following property: let ψ
be a solution to (1.1) satisfying M(ψ) = M(Qω). If distH1

(
ψ(t),O(Qω)

) ≤ γ1(ω),
then

(3.33) distH1

(
ψ(t),O(Qω)

) ∼ ‖η(t)‖E .
Then, we can obtain the following proposition from Lemma 3.4:
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Proposition 3.2 (Proposition 6.0.2 of [6]). Let ω2 be the frequency given by
Theorem 2.1. Then, for any ω ∈ (0, ω2), there exist a constant γ̃(ω) ∈ (0, δE(ω))

4

and a continuous function d̃ω : [0, Tmax) → [0,∞) such that:

d̃ω(t) ∼ distH1

(
ψ(t),O(Qω)

)
and if d̃ω(t) ≤ γ̃(ω), then

(3.34) d̃ω(t) = dω(t),

where dω is the distance function defined by (3.25).

3.4. One-pass theorem. We are now in a position to state the one-pass
theorem:

Theorem 3.5 (One-pass theorem (Theorem 7.0.1 of [6])). Let ω3 be the fre-
quency given by Lemma 2.3. Then, for any ω ∈ (0, ω3), there exists a positive
constant R∗ > 0 such that for any R ∈ (0, R∗) and any radial solution ψ to (1.1)
with ψ|t=0 = ψ0 satisfying

Sω(ψ0) = mω, M(ψ0) = M(Qω), d̃ω(ψ0) < R,(3.35)

we have either

(i) d̃ω(ψ(t)) < R+R
3
2 for all t ∈ [0, T+

max]; or

(ii) there exists t∗ > 0 such that d̃ω(ψ(t)) ≥ R+R
3
2 for all t ∈ [t∗, T+

max].
Here, T+

max denotes the maximal existence time of ψ in the positive direction.

Remark 3.6. Actually, the result of Theorem 7.0.1 of [6] can be more general
and we can treat the solutions satisfying Sω(ψ0) < mω + ε for sufficiently small
ε > 0. However, for simplicity of our presentation, we restrict ourselves to the
threshold solutions.

4. Analysis on BAω,−

In this section, we study dynamics of solutions which start from BAω,−.

4.1. Convergence to the orbit of the ground state. First, we shall show
that if a solution with (1.1) ψ|t=0 = ψ0 ∈ BAω,− exists globally in positive time
direction, the solution converges to the orbit of the ground state exponentially as t
goes to infinity. More precisely, we obtain the following:

Proposition 4.1. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given
in Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,− exists
on (−T−max,∞), Then, there exist constants C > 0 and c > 0 such that

(4.1) distH1(ψ(t),O(Qω)) ≤ Ce−ct for all t > 0.

We first show that the set BAω,− is invariant under the flow of (1.1).

Lemma 4.1. If ψ0 ∈ BAω,−, we have ψ(t) ∈ BAω,− for all t ∈ Imax, where ψ
is the solution to (1.1) with ψ|t=0 = ψ0.

4We recall that δE(ω) denotes the constant given by Proposition 3.1.
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Proof. It follows from the conservation laws (1.2) that Sω(ψ(t)) = mω. We
shall show K(ψ(t)) < 0 for all t ∈ Imax by contradiction. Suppose to the contrary
that there exist ω∗ ∈ (0, ω3), ψ0,∗ ∈ BAω,− and t∗ ∈ Imax such that K(ψ(t∗)) ≥ 0.
Then, from the continuity of K(ψ(t)) and K(ψ0,∗) < 0, there exists t1 ∈ (0, t∗] such
that K(ψ(t1)) = 0. Thus, ψ(t1) satisfies Sω∗(ψ(t1)) = mω∗ and K(ψ(t1)) = 0. Since
ψ(t1) is a minimizer of mω∗ (ground state of mω∗), we have that ψ(t) = eiω∗t+θQω∗
for some θ ∈ R, which contradicts K(ψ(0)) = K(ψ0,∗) < 0. �

Next, we see that the following convergence result holds.

Proposition 4.2. Let {un} be a sequence in BAω satisfying limn→∞K(un) =
0. Then, we have limn→∞ distH1(un,O(Qω)) = 0.

We can prove Proposition 4.2 by a standard argument. However, for the sake
of the completeness, we shall give the proof in Appendix A below. Next, we recall
several estimates, which are needed later.

Lemma 4.2. Let θ(t) and η be the functions given in (2.1), Nω(η) be the non-
linear function defined by (2.4), Yω,± be the eigenfunctions of −iLω, Yω,i (i = 1, 2)
be the function defined by (2.9) and λ1(t) be the parameter given in (3.26). There
exists sufficiently small δX > 0 and C1 > 0 such that as long as the solution ψ to
(1.1) satisfies dω(ψ(t)) < δX , we have

(4.2)

∣∣∣∣Ω({dθdt (t)− ω
}
η(t)−Nω(η(t)),Yω,i

)∣∣∣∣ ≤ C1

∣∣λ1(t)∣∣2 for i = 1, 2,

(4.3)

∣∣∣∣({dθdt (t)− ω
}
η(t)−Nω(η(t)),Yω,±

)
L2

real

∣∣∣∣ ≤ C1

∣∣λ1(t)∣∣2.
See [6, (5.30) and (5.31)] for the proof of Lemma 4.2. We are now in a position

to prove Proposition 4.1.

Proof of Proposition 4.1 . We divide the proof into four steps.
(Step 1). We claim that there exists a sequence {tn} in (0,∞) with

limn→∞ tn = ∞ such that

(4.4) lim
n→∞ distH1(ψ(tn),O(Qω)) = 0.

Since BAω,− is an invariant set (see Lemma 4.1), we see that Sω(ψ(t)) = mω and
K(ψ(t)) < 0 for all t ∈ (−T−max,∞). Then, we obtain lim supt→∞K(ψ(t)) = 0.
Otherwise, the solution ψ(t) blows up in finite time (see the proof of Theorem 1.3
in [4]). Thus, there exists a sequence {tn} in [0,∞) with limn→∞ tn = ∞ such that
limn→∞K(ψ(tn)) = 0. Then, up to a subsequence, we see from Proposition 4.2
that limn→∞ distH1(ψ(tn),O(Qω)) = 0. Thus, (4.4) holds.

(Step 2). (4.4) together with one-pass theorem (Theorem 3.5) yields that

for any R > 0, there exists N ∈ N such that d̃ω(ψ(t)) < R+R
3
2 for all t ∈ [tN ,∞).

Since R > 0 is arbitrary, we have limt→∞ d̃ω(ψ(t)) = 0. Then, it follows from (3.34)
that

dω(ψ(t)) < 2R for all t ∈ [tN ,∞).

In addition, by (3.17), (3.19) and (3.30), we have

(4.5) λ2+(ψ(t)) + λ2−(ψ(t)) ≤
2

eω
‖η(t)‖2E � R2 for all t ∈ [tN ,∞)
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Therefore, letting

(4.6) v0 := max
t≥0

{|λ1(t)|} > 0.

we may assume that v0 ∈ (0, γ̃ω) by replacing t by t+ T (T � 1).
(Step 3). Using an idea of Nakanishi and Schlag [38], we shall show that

|λ1(t)| is a decreasing function of t. Suppose to the contrary that there exists
t0 > 0 such that |λ1(t0)| = maxt≥0 |λ1(t)| = v0. Observe from ψ0 ∈ BAω,− that
E(ψ) = E(Qω). Then, it follows from (3.31) that

(4.7) d2ω(t) = 2eωλ
2
1(t).

This yields that d2ω(t0) = maxt≥0 d
2
ω(t). Then, one has

0 =
d

dt
d2ω

(
ψ(t)

)∣∣∣∣
t=t0

.

This together with (3.32) yields

(4.8) 0 = e2ωλ1(t0)λ2(t0) + eωλ1(t0)
({dθ

dt
(t0)− ω

}
η(t0)−Nω(η(t0)), iYω,2

)
L2

real

.

Combining (4.8) with (4.2), we obtain that

(4.9) 0 ≤ e2ω sgn[λ1(t0)]|λ1(t0)|λ2(t0) + Ceω|λ1(t0)|3
for some constant C > 0. It follows from (4.9) that

(4.10) −C|λ1(t0)|2 ≤ eωsgn[λ1(t0)]λ2(t0).

Suppose that sgn[λ1(t0)] = 1. Then, since |λ1(t0)| � 1, we see from (4.6), (4.10)
and (3.26) that

(4.11) 0 < λ1(t0) ≤ 2λ1(t0)− 2C

eω

∣∣λ1(t0)∣∣2 ≤ 2(λ1(t0) + λ2(t0)) = 2λ+(t0).

Suppose next that sgn[λ1(t0)] = −1. Then, (4.10) becomes eωλ2(t0) ≤ C|λ1(t0)|2.
Since |λ1(t0)| = R� 1, we see from (3.26) that

(4.12) λ+(t0) = λ1(t0) + λ2(t0) ≤ λ1(t0) +
C

eω
|λ1(t0)|2 ≤ λ1(t0)

2
< 0.

Thus, we conclude from (4.11) and (4.12) that

(4.13) |λ1(t0)| ≤ 2|λ+(t0)|.
From (3.13), (4.3), (4.13) and |λ1(t0)| = maxt≥0 |λ1(t)|, we have

|λ+(t)| ≥ eeω(t−t0)|λ+(t0)| − C1|λ1(t0)|2
∫ t

t0

eeω(t−s)ds

≥ eeω(t−t0)|λ+(t0)| − C1

eω
|λ1(t0)|2eeω(t−t0)

≥ eeω(t−t0)

(
1− 4C1|λ+(t0)|

eω

)
|λ+(t0)| ≥ eeω(t−t0)

2
|λ+(t0)| → ∞ as t→ ∞,

which contradicts (4.5). We have used the fact that |λ+(t0)| � 1 in the last
inequality (see (4.5)). Thus, we find that |λ1(t)| is a decreasing function of t.

(Step 4). We shall show (4.1). We first consider the case that λ1(t) is a
decreasing function of t > 0. Since limt→∞ λ1(t) = 0, we have λ1(t) > 0.
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It follows from (3.28), (4.2) and maxt≥0 |λ1(t)| = R� 1 that

dλ2
dt

(t) ≥ eωλ1(t)− C1|λ1(t)|2 ≥ eω
2
λ1(t) > 0.

This together with limt→∞ |λ2(t)| = 0 implies that λ2(t) < 0 for all t > 0. Since
λ1(t) > 0 and λ2(t) < 0 for all t > 0, we see from (3.26) that −λ−(t) < λ+(t) <
λ−(t) for all t > 0. Therefore, we have λ−(t) > 0 and

(4.14) |λ+(t)| ≤ |λ−(t)|.
From (3.14), (4.3), (4.14) and |λ−(t)| � 1, we find that

dλ−
dt

(t) ≤ −eωλ−(t) + 4C1|λ−(t)|2 ≤ −eω
2
λ−(t).

It follows that 0 < λ−(t) ≤ λ−(0)e−
eω
2 t. We see from (4.14) that |λ+(t)| <

λ−(0)e−
eω
2 t. It follows from (3.26) that |λ1(t)| ≤ λ−(0)e−

eω
2 t. This together with

Proposition 3.2, (4.7) implies that (4.1) holds.
We can prove the case where λ1(t) is an increasing function of t > 0 similarly.

Thus, we omit it. �
4.2. Blowup in negative time direction. Next, we shall show that if a

solution starts from BAω,− exists globally in positive time direction, the solution
must blow up in finite negative time:

Proposition 4.3. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given
in Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,− exists
on (−T−max,∞). Then, ψ blows up in finite negative time, that is, T−max <∞.

To prove Proposition 4.3, we first consider a solution which has a finite variance.
Namely, we shall show the following:

Lemma 4.3. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given in
Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,− defined
on (−T−max,∞) satisfies

|x|ψ ∈ L2(R3).

Then, ψ blows up in finite negative time, that is, T−max <∞.

We can prove Lemma 4.3 by a similar argument in the proof of Proposition 5.1
(Page 25) of [16]. Thus, we omit the proof.

Lemma 4.4. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given in
Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,− is defined
on (−T−max,∞) and T−max = ∞. Then, limt→−∞ distH1(ψ(t),O(Qω)) = 0 and there
exists a constant C1 > 0 such that

(4.15) K(ψ(t)) < −C1‖η(t)‖H1 for all t ∈ (−∞, 0).

Proof. We divide the proof into four steps.
(Step 1). Suppose that there exists δ > 0 such that K(ψ(t)) < −δ for all

t ∈ (−T−max, 0). Then, we see that T−max < ∞. Thus, it suffices to consider the
case of lim supt→−∞K(ψ(t)) = 0. Then, there exists a sequence {tn} in (−∞, 0)
with limn→∞ tn = −∞ such that limn→∞K(ψ(tn)) = 0. Then, by a similar way
to (Step 1) –(Step 3) in the proof of Proposition 4.1, we see that for any R > 0,
there exists tN in (−∞, 0) such that

dω(ψ(t)) < CR for all t ∈ (−∞, tN ],
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(4.16) λ2+(ψ(t)) + λ2−(ψ(t)) ≤ ‖η(t)‖2E � R for all t ∈ (−∞, tN ].

Since R > 0 is arbitrary, we have limt→−∞ distH1(ψ(t),O(Qω)) = 0. Replacing t
by t− T (T � 1), we may assume that for any v0 ∈ (0, γ̃ω),

(4.17) v0 = max
t≤0

{|λ1(t)|} > 0.

In addition, we see that

(4.18) |λ1(t)| is an increasing function of t.

(Step 2). We claim that

(4.19) lim
t→−∞

∣∣∣∣λ−(t)λ+(t)

∣∣∣∣= 0.

Suppose to the contrary that there exists a constant δ > 0 such that

(4.20) lim sup
t→−∞

∣∣∣∣λ−(t)λ+(t)

∣∣∣∣≥ δ.

Then there exists a sequence {tn} in (−∞, 0) with limn→∞ tn = −∞ such that∣∣∣∣λ−(tn)λ+(tn)

∣∣∣∣≥ δ

2
.

This together with (3.26) yields that

(4.21) |λ1(tn)| ≤ |λ+(tn)|+ |λ−(tn)| ≤ 2 + δ

δ
|λ−(tn)|.

From (3.14), (4.2), (4.18) and (4.21), we have

|λ−(t)| ≥ e−eω(t−tn)|λ−(tn)| − C1|λ1(tn)|2
∫ tn

t

e−eω(t−s)ds

≥ e−eω(t−tn)|λ−(tn)| − C1

eω
|λ1(tn)|2e−eω(t−tn)

≥
(
1− (2 + δ)C1

δeω
|λ1(tn)|

)
e−eω(t−tn)|λ−(tn)|.

Since limt→−∞ |λ1(t)| = 0, there exists a sufficiently large n0 ∈ N such that

1− (2 + δ)C1

δeω
|λ1(tn0

)| ≥ 1

2
.

Then, we obtain

|λ−(t)| ≥ e−eω(t−tn0 )

2
|λ−(tn0

)| → ∞ as t→ −∞,

which is a contradiction. Thus, (4.19) holds.
(Step 3). Now, we see from (3.10), (3.24) and (2.15) that

(4.22) (Qω,Γ(t))L2
real

= −M(η(t)).

Moreover, we see from (2.6) and (2.7) that

K′(Qω) + 2ωQω = −2ΔQω + 2ωQω − 3Q3
ω − 6Q5

ω

=
3

2
Lω,−Qω +

1

2
Lω,+Qω − 2Q5

ω

=
1

2
Lω,+Qω − 2Q5

ω.

(4.23)



THRESHOLD SOLUTIONS FOR THE 3D FOCUSING CUBIC-QUINTIC NLS 279

We note that the decomposition (3.24) of η(t) is expressed as follows in terms of
the functions Yω,1 and Yω,2:

(4.24) η(t) = 2λ1(t)Yω,1 + 2iλ2(t)Yω,2 + Γ(t).

This together with (4.22), (4.23), (4.24) and (3.10) shows that

〈K′(Qω), η(t)〉H−1,H1

= 〈K′(Qω) + 2ωQω, η(t)〉H−1,H1 − 2ω(Qω, η(t))L2
real

= 〈1
2
Lω,+Qω − 2Q5

ω, 2λ1(t)Yω,1 + 2iλ2(t)Yω,2 + Γ(t)〉H−1,H1 − 2ω(Qω, η(t))L2
real

= 〈1
2
Lω,+Qω − 2Q5

ω, 2λ1(t)Yω,1 + Γ(t)〉H−1,H1 + 2ωM(η(t)).

Here, we have used the fact that Qω, Lω,+Qω and Yω,2 are real-valued functions in
the last equality. Observe from (2.6) that 1

2Lω,+Qω − 2Q5
ω = −Q3

ω − 4Q5
ω. This

together with (2.10) yields that

〈K′(Qω), η(t)〉H−1,H1 = λ1(t)(Lω,+Qω,Yω,1)L2 − 4λ1(t)(Q
5
ω,Yω,1)L2

− (Q3
ω + 4Q5

ω,Γ(t))L2
real

+ 2ωM(η(t))

= −eωλ1(t)(Qω,Yω,2)L2 − 4λ1(t)(Q
5
ω,Yω,1)L2

− (Q3
ω + 4Q5

ω,Γ(t))L2
real

+ 2ωM(η(t)).

(4.25)

Taylor’s expansion of K around Qω together with K(Qω) = 0 and (4.25) shows that

K(ψ(t)) = K(Qω + η(t)) = 〈K′(Qω), η(t)〉+O(‖η(t)‖2H1)

= −eωλ1(t)(Qω,Yω,2)L2 − 4λ1(t)(Q
5
ω,Yω,1)L2 − (Q3

ω,Γ(t))L2
real

− 4(Q5
ω,Γ(t))L2

real
+O(‖η(t)‖2H1).

(4.26)

(Step 4). From (4.19), for any ε > 0, there exists Tε > 0 such that

(4.27) |λ−(t)| < ε|λ+(t)| for all t < −Tε.
It follows from (3.18), the condition E(ψ) = E(Qω), (3.30), (3.31) and (3.17) that

eω|λ+(t)||λ−(t)|+ C|λ1(t)|3 ≥ ‖Γ(t)‖2H1 .

This together with (4.27) and (3.26) yields that

(4.28) ‖Γ(t)‖2H1 ≤ eωε|λ+(t)|2 + C|λ1(t)|3 ≤ Cε|λ1(t)|2

Suppose that there exists t∗ < −Tε such that λ1(t∗) > 0. Then, it follows from
(4.26), (2.14), (2.16) and (4.28) that

0 > K(ψ(t∗)) ≥ eω
2
λ1(t∗)|(Qω,Yω,2)L2 | − C(‖Qω‖2L∞ + ‖Qω‖4L∞)‖Qω‖L2‖Γ(t∗)‖L2

≥ eω
4
λ1(t∗)|(Qω,Yω,2)L2 | ≥ 0,

(4.29)
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which is a contradiction. Thus, we see from (4.18) and limt→−∞ λ1(t) = 0 that
λ1(t) < 0 for t < −Tε. Then, from (4.7), (3.30) and (3.22), we have λ1(t) ≤
−C‖η(t)‖H1 . Then, by a similar argument as in (4.29), we obtain

K(ψ(t)) ≤ eω
4
λ1(t)|(Qω,Yω,2)L2 | ≤ −eω

4
C|(Qω,Yω,2)L2 |‖η(t)‖H1 for all t < −Tε.

Therefore, from the continuity of K(ψ(t)) and η(t), we see that (4.15) holds. �

Let ϕ be a radial function such that

ϕ ∈ C∞(R3), ϕ(r) ≥ 0, ϕ′′(r) ≤ 2 (r ≥ 0), ϕ(r) =

{
r2 (0 ≤ r ≤ 1),

0 (r ≥ 2).

For R > 0, we put

(4.30) yR(t) :=

∫
R3

R2ϕ(
x

R
)|ψ(t, x)|2dx.

Then, we obtain

(4.31) y′′R(t) = 8K(ψ) +AR(ψ(t)),

where

AR(ψ(t)) := 4

∫
R3

(
ϕ′′(

x

R
)− 2

)
|∇ψ(t, x)|2dx−

∫
R3

(
Δϕ(

x

R
)− 6

)
|ψ(t, x)|4dx

− 4

3

∫
R3

(
Δϕ(

x

R
)− 6

)
|ψ(t, x)|6dx+

1

R2

∫
R3

Δ2ϕ(
x

R
)|ψ(t, x)|2dx.

Then, by a similar argument in [14, Claim 4.3] (see also [16, Section 5.2]), we can
prove the following:

Lemma 4.5. For any ε > 0, there exists Rε > 0 such that for any R ≥ Rε, we
have

(4.32) |AR(ψ(t))| ≤ ε‖η(t)‖H1 .

We are now in a position to prove Proposition 4.3. Actually, the proof is similar
to that of [17]. However, for the reader’s convenience, we shall give the proof.

Proof of Proposition 4.3. Suppose to the contrary that T−max = ∞. We
see from (4.31) and Lemmas 4.4 and 4.5 that y′′R(t) < 0 for all t < (−∞, 0). We
claim that

(4.33) y′R(t) < 0 for all t < 0.

Suppose to the contrary that (4.33) fails. Then, one of the following two cases
must occur: there exist t0 < 0 and ε0 > 0 such that y′R(t0) > ε0, or there exists

t̃0 < 0 such that y′R(t̃0) = 0. If the latter case occurs, we see from y′′R(t) < 0 for all

t < (−∞, 0) that there exists t̃1 ∈ (t̃0, 0) and ε̃1 > 0 such that y′R(t̃1) > ε̃1. Thus,
it suffices to consider only the former case.

We see from y′′R(t) < 0 for all t < (−∞, 0) and y′R(t0) > ε0 that y′R(t) > ε0 for
all t < t0. Then, it follows from the fundamental theorem of calculus that

yR(t0)− yR(t) =

∫ t0

t

y′R(s)ds > ε0(t0 − t).

This yields that

yR(t) < yR(t0)− ε0(t0 − t) = yR(t0)− ε0t0 + ε0t→ −∞ (t→ −∞),
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which contradicts the positivity of yR(t). Thus, (4.33) holds.
Then, we see from (4.33) that yR(t) is a decreasing function. In addition, we

know from Lemma 4.4 that limt→−∞ distH1(ψ(t),O(Qω)) = 0. These imply that

yR(0) ≤ lim
t→−∞ yR(t) =

∫
R3

R2ϕ(
x

R
)|Qω|2dx.

Letting R go to infinity, we obtain∫
R3

|x|2|ψ0|2dx ≤
∫
R3

|x|2|Qω|2dx <∞.

Then, from Lemma 4.3, we see that T−max < ∞, which is absurd. Therefore, we
conclude the desired result. �

5. Analysis on BAω,+

In this section, we investigate the asymptotic behavior of solutions which start
from BAω,+.

5.1. Convergence to the orbit of the ground state. We can prove that
if a solution with (1.1) ψ|t=0 = ψ0 ∈ BAω,+ does not scatter in positive time
direction, the solution converges to the orbit of the ground state exponentially.
More precisely, we obtain the following:

Proposition 5.1. Let ω3 > 0 be the constant given in Lemma 2.3 and assume
that ω ∈ (0, ω3). Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,+ does
not scatter for positive time. Then, there exist constants C > 0 and c > 0 such that

(5.1) distH1(ψ(t),O(Qω)) ≤ Ce−ct for all t > 0.

The proof of Proposition 5.1 is similar to that of Proposition 4.1. Thus, we
omit the proof.

5.2. Scattering in negative time direction. Secondly, we shall show that
if a solution starts from BAω,+ does not scatter in positive time direction, the
solution must scatter in negative one:

Proposition 5.2. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given
in Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,+ does
not scatter in positive time direction. Then, ψ exists on (−∞,∞) and scatters for
negative one, that is, there exists ϕ− ∈ H1(R3) such that

lim
t→−∞ ‖ψ(t)− eitΔϕ−‖H1 = 0.

To prove Proposition 5.2, we need the following lemma:

Lemma 5.1. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given in
Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω,+ does not
scatter in negative time direction. Then, limt→−∞ distH1(ψ(t),O(Qω)) = 0 and
there exist a constant C2 > 0 such that

(5.2) K(ψ(t)) ≥ C2‖η(t)‖H1 for all t ∈ (−∞, 0).

We can prove Lemma 5.1 by a similar argument in the proof of Lemma 4.4.
Thus, we omit the proof. We are now in the position to prove Proposition 5.2.
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Proof of Proposition 5.2. We will follow the argument of [16, Section 6.4].
Suppose that a solution ψ does not scatter in both positive and negative time
direction. Let yR be the function given by (4.30). From the fundamental theorem
of calculus, we obtain

(5.3)

∫ τ

σ

y′′R(t)dt = y′R(τ)− y′R(σ).

(4.31) together with (4.32) and (5.2) yields that

(5.4)

∫ τ

σ

y′′R(t)dt ≥
C2

2

∫ τ

σ

‖η(t)‖H1dt > 0 for all σ < 0 < τ.

Note that

y′R(t) = 2RIm

∫
R3

η(t, x)∇ϕ( x
R
) · ∇Qω(x)dx+ 2RIm

∫
R3

Qω(x)∇ϕ( x
R
) · ∇η(t, x)dx

+ 2RIm

∫
R3

η(t, x)∇ϕ( x
R
) · ∇η(x)dx.

From this and (5.1), we obtain

(5.5) |y′R(t)| ≤ CR(‖η(t)‖H1 + ‖η(t)‖2H1) → 0 as t→ ±∞.

Letting σ go to −∞ and τ to +∞ in (5.3), we have, by (5.4), (5.5) and Lemmas
5.1 and Lemma 4.5, that

C2

2

∫ ∞

−∞
‖η(t)‖H1dt ≤ lim

σ→−∞ |y′(σ)|+ lim
τ→∞ |y′(τ)| = 0.

This implies that η(t) = 0 for all t ∈ R. However, this contradicts the assumption
K(ψ(0)) = K(ψ0) > 0. This completes the proof. �

6. Construction of special solutions

In this section, we introduce Strichartz-type spaces and give the proof of The-
orem 1.3. First, we recall the Strichartz estimate:

Definition 6.1. We say that a pair of (q, r) is L2-admissible if

1

r
=

3

2

(
1

2
− 1

q

)
.

Lemma 6.2 (Strichartz estimate). (i) For any L2-admissible pair (q, r), we have

(6.1) ‖eitΔu‖Lr(R,Lq) � ‖u‖L2 .

(ii) For any admissible pairs (q1, r1) and (q2, r2), we have

(6.2)

∥∥∥∥∫ t

t0

ei(t−t′)Δf(t′)dt′
∥∥∥∥
Lr1 (R,Lq1 )

� ‖f‖
Lr′2 (R,Lq′2 ) for any t0 ∈ R,

where q′ and r′ denote the Hölder conjugates of q and r respectively.

We shall use the following Strichartz-type spaces:

St(I) := L∞t L
2
x(I × R

3) ∩ L2
tL

6
x(I × R

3), V (I) := L10
t L

30
13
x (I × R

3),

V3(I) := L5
tL

30
11
x (I × R

3), W (I) := L10
t L

10
x (I × R

3).
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O

1
r

1
q1

2
1
6

1
2

1
3

W V

V3

•

•

••

•

•

We define the norm of St(I) for an interval I by

‖u‖St(I) := sup
(q, r): L2-admissible

‖u‖Lr
tL

q
x(I×R3).

From the definition, we see that

(6.3) ‖u‖V (I), ‖u‖V3(I) ≤ ‖u‖St(I).

We also use the following function space:

N(I) := L
5
3
t L

30
23
x (I × R

3),

which is the dual space of the Strichartz space L
5
2
t L

30
7
x (I × R

3).
By a similar argument to [14, Lemma 6,1] (see also [16, Proposition 3.4]), we

can construct a family of approximate solutions to (1.1). More precisely, we shall
show the following:

Proposition 6.1. Let ω2 > 0 be the constant given by Theorem 2.1. For any
ω ∈ (0, ω2) and A ∈ R, there exists a sequence {ZA

j,ω}j∈N of functions in S(R3)\{0}
such that ZA

1,ω = AYω,− and if k ≥ 1 and VA
k,ω :=

∑k
j=1 e

−jeωtZA
k,ω, then we have

(6.4) ∂tVA
k,ω + iLωVA

k,ω = Nω(VA
k,ω) +O(e−(k+1)eωt) in S(R3) as t→ ∞.

By using Proposition 6.1 and the contraction argument, we can construct a
solution UA

ω to (1.1) which is close to eiωt(Qω + VA
k,ω).

Proposition 6.2. Let ω2 > 0 be the constant given by Theorem 2.1. For any
ω ∈ (0, ω2) and A ∈ R, there exists k0 > 0 such that for any k ≥ k0, there exist suf-
ficiently large t0 = t0(ω,A) > 0 and the radial solution UA

ω ∈ C∞([t0,∞), H∞(R3))
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to (1.1) satisfying the following:

(6.5) ‖〈∇〉(UA
ω − eiωt(Qω + VA

k,ω))‖St(t,∞) ≤ e−(k+ 1
2 )eωt (t ≥ tk).

Furthermore, UA
ω is a unique solution to (1.1) satisfying (6.5) for large t > 0.

Finally, UA
ω is independent of k ∈ N and satisfies

(6.6) ‖UA
ω − eiωt(Qω +Ae−eωtYω,−)‖H1 ≤ Ce−

3
2 eωt for all t ≥ t0.

We can prove Proposition 6.2 in a way similar to [14, Proposition 6.3]. Thus,
we omit the proof. We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. We put

(6.7) Q±ω (t, x) := e−iωt0U±1
ω (t+ t0, x).

Then, we see from Yω,− = Yω,+, (2.9), (6.6) and (6.7) that

Q±ω (t, x) = e−iωt0U±1
ω (t+ t0, x)

= e−iωt0eiω(t+t0)(Qω ± e−eω(t+t0)Yω,− + Γ±(t, x))

= eiωt(Qω ± e−eω(t+t0)Yω,1 ∓ ie−eω(t+t0)Yω,2 + Γ±(t, x)),

where Γ± ∈ C∞([t0,∞), H∞(R3)) with ‖Γ±(t)‖H1 = O(e−
3
2 eωt). Then, by a simi-

lar argument in (4.26) 5, we obtain

K(Q±ω ) = ∓eω e
−eω(t+t0)

2
(Qω,Yω,2)L2

real
∓ 2e−eω(t+t0)(Q5

ω,Yω,1)L2
real

− (Q3
ω,Γ

±(t))L2
real

− 4(Q5
ω,Γ

±(t))L2
real

+O(e−2eωt).

By (2.14), (2.16) and ‖Γ±(t)‖H1 = O(e−
3
2 eωt), we have

±K(Q±ω ) ≥ eω
e−eω(t+t0)

8
|(Qω,Yω,2)L2

real
| > 0

for sufficiently large t > 0. Thus, we see that Q±ω ∈ BAω,± which satisfy

distH1(Q±ω (t),O(Qω)) ≤ Ce−eωt for all t ≥ 0.

Then, it follows from Propositions 4.3 and 5.2 that Q+
ω blows up in finite negative

time and Q−ω is globally defined and scatters for negative time. This completes the
proof. �

7. Uniqueness and proof of Theorem 1.4

In this section, we shall show that a solution which converges to the orbit of
the ground state must be the special one obtained in Proposition 6.2. After that,
we will give the proof of Theorem 1.4. Our first aim in this section is to prove the
following:

Proposition 7.1. Assume that ω ∈ (0, ω3), where ω3 > 0 is the constant given
in Lemma 2.3. Suppose that a solution ψ to (1.1) with ψ|t=0 = ψ0 ∈ BAω satisfies

(7.1) distH1(ψ(t),O(Qω)) ≤ Ce−ct (t ≥ t0)

for some c, C ∈ R and t0 > 0. Then, there exists A0 ∈ R and θ0 ∈ R such that
ψ = eiθ0UA0

ω , where UA0
ω is the solution to (1.1) defined in Proposition 6.2.

5λ1(t), λ2(t) and Γ(t) in (4.26) correspond to ± e−eω(t+t0)

2
,∓ e−eω(t+t0)

2
and Γ±(t),

respectively.
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7.1. Exponentially small solution to the linearized equation. In this
subsection, in order to prove Proposition 7.1, we consider η ∈ C0([t0,∞), H1(R3))
and g ∈ C0([t0,∞), L2(R3)) such that

(7.2) ∂tη + iLωη = g in (t, x) ∈ (t0,∞)× R
3,

(7.3) ‖η(t)‖H1 ≤ Ce−γ1t (t ≥ t0),

(7.4) ‖〈∇〉g‖N(t,∞) + ‖g(t)‖
L

6
5 (R3)

≤ Ce−γ2t (t ≥ t0),

where
0 < γ1 < γ2.

We shall show the following:

Proposition 7.2. Assume that η, g satisfy (7.2)–(7.4). Then, the following
holds:

(i) if γ2 ≤ eω, ‖η(t)‖H1 + ‖〈∇〉η‖St(t,∞) ≤ Ce−γ−
2 t,

(ii) if γ2 > eω, there exists A ∈ R such that η(t) = Ae−eωtYω,− + w(t) with

‖w(t)‖H1 + ‖〈∇〉w‖St(t,∞) ≤ Ce−γ−
2 t.

The proof of Proposition 7.2 is similar to that of Proposition 5.9 in [14]. How-
ever, since we still employ the symplectic decomposition, the detail is a bit different.
Therefore, we give the proof for the sake of completeness.

To prove Proposition 7.2, we need several preparations. Note that (7.2) is
equivalent to

(7.5) i∂tη +Δη − ωη + V(η) = ig,

where

V(η) = Q2
ω(2η + η) +Q4

ω(3η + 2η)

= 3Q2
ω(Re η) + iQ2

ω(Im η) + 5Q4
ω(Re η) + iQ4

ω(Im η).
(7.6)

As in [14, Lemma 5.5], we obtain the following:

Lemma 7.1 (Linear estimate). (i) Let f ∈ L6(R3). Then, there exists a
constant C1 > 0 such that

‖V(f)‖
L

6
5
≤ C1‖f‖L6 .

(ii) Let I be a finite time interval of length I and f ∈ W (I) such that ∇f ∈
V (I). Then, there exists C2 > 0 independent of I, f and g such that

‖f‖W (I) ≤ C2‖∇f‖V (I),(7.7)

‖〈∇〉V(f)‖N(I) ≤ |I| 25 ‖〈∇〉f‖V3(I).(7.8)

Proof. We can obtain (i) by the Hölder inequality. (7.7) follows from the
Sobolev inequality. We can also obtain (7.8) by the Hölder inequality. �

Lemma 7.2. For any finite time-interval I, of length |I|, and any functions

g and η such that g ∈ L∞(I, L
6
5 (R3)), 〈∇〉g ∈ N(I), g ∈ L∞(I, L2(R3)), η ∈

L∞(I, L6(R3)) and 〈∇〉η ∈ L
5
2 (I, L

30
7 (R3)), we have∫

I

∣∣∣∣〈Lωg(t), η(t)〉
∣∣∣∣dt ≤ C

[
‖〈∇〉g‖N(I)‖〈∇〉η‖

L
5
2 (I,L

30
7 (R3))

+ |I|‖g‖
L∞(I,L

6
5 (R3))

‖η‖L∞(I,L6(R3))

]
.

(7.9)
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Proof. We have
〈Lωg(t), η(t)〉 = a(t) + b(t),

where

a(t) = Re

∫
R3

∇g(t) · ∇η(t)dx+ ωRe

∫
R3

g(t)η(t)dx,

b(t) = −
∫
R3

(3Q2
ω + 5Q4

ω)g1(t)η1(t)dx−
∫
R3

(Q2
ω +Q4

ω)g2(t)η2(t)dx.

Here, g1 = Re g, η1 = Re η, g2 = Im g and η2 = Im η. By the Hölder inequality, we
obtain ∫

I

|a(t)|dt ≤ C‖〈∇〉g‖N(I)‖〈∇η〉‖
L

5
2
t (I,L

30
7

x )
,

|b(t)| ≤ C‖g(t)‖
L

6
5
x (R3)

‖η(t)‖L6
x(R

3)(‖Qω‖2L∞ + ‖Qω‖4L∞).

Integrating the estimate on b(t) over I, we get the conclusion. �
We recall the following lemma which is obtained by Duyckaerts and Merle [14,

Claim 5.8].

Lemma 7.3 (Sums of exponential ). Let t0 > 0, p ∈ [1,∞), a0 < 0, E be a
normed vector space, and f ∈ Lp

loc(t0,∞;E) such that there exist τ0 > 0, C0 > 0
satisfying

‖f‖Lp(t,t+τ0;E) ≤ C0e
a0t (t ≥ t0).

Then, we have

‖f‖Lp(t,∞;E) ≤ C0e
a0t

1− ea0τ0
(t ≥ t0).

Using Lemma 7.3, we shall show the following:

Lemma 7.4. Let η be a solution to (7.2). Assume that η satisfies

(7.10) ‖η(t)‖H1 ≤ C1e
−γt (t > 0)

for some C1 > 0 and γ ∈ (0, γ2). Then, we have

‖〈∇〉η‖St(t,∞) + ‖η‖W (t,∞) ≤ C2e
−γt (t > 0)

for some C2 > 0.

Proof. We shall show Lemma 7.4 following [14, Lemma 5.7]. From (7.5), one
has

(7.11) i∂t〈∇〉η +Δ〈∇〉η − ω〈∇〉η + 〈∇〉(V(η)− ig) = 0.

Let t and τ such that t > 0 and 0 < τ < 1. By the Strichartz estimates (6.1), (6.2),
(7.10), (7.8) and (7.4), one has

‖〈∇〉η‖V3(t,t+τ) ≤ C(‖η(t)‖H1 + ‖〈∇〉(V(η)‖N(t,t+τ) + ‖〈∇〉g‖N(t,t+τ))

≤ C

(
e−γt + τ

2
5 ‖〈∇〉η‖V3(t,t+τ) + e−γ2t

)
.

(7.12)

Thus, we can take τ0 > 0 sufficiently small so that

(7.13) ‖〈∇〉η‖V3(t,t+τ0) ≤ Ce−γt.

for t > 0. Note that by the Hölder inequality, the assumption (7.10) and (7.13), we
obtain

(7.14) ‖〈∇〉η‖V (t,t+τ0) ≤ ‖η‖ 1
2

L∞((t,t+τ0),H1)‖〈∇〉η‖ 1
2

V3(t,t+τ0)
≤ C1e

−γt.
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By Lemma 7.3 and the inequalities (7.13) and (7.14), we have

(7.15) ‖〈∇〉η‖V (t,∞) + ‖〈∇〉η‖V3(t,∞) ≤ Ce−γt (t > 0).

Then, by the Sobolev inequality (7.7), we see that ‖η‖W (t,∞) ≤ C2e
−γt for some

C2 > 0.
Next, we shall estimate ‖〈∇〉η‖St(t,∞). By the Strichartz estimates (6.1), (6.2),

and the estimate similar to (7.12), we obtain

‖〈∇〉η‖St(t,t+τ) ≤ C(e−γt + τ
2
5 ‖〈∇〉η‖V3(t,t+τ) + ‖〈∇〉g‖N(t,t+τ))

≤ C(e−γt + τ
2
5 ‖〈∇〉η‖St(t,t+τ) + e−γ2t).

This implies that ‖〈∇〉η‖St(t,t+τ) ≤ Ce−γt for sufficiently small τ > 0. By Lemma

7.3, we get ‖〈∇〉η‖St(t,∞) ≤ C2e
−γt for some C2 > 0. This completes the proof. �

We are now in a position to prove Proposition 7.2.

Proof of Proposition 7.2. (Step 1). We claim the following:

dλ+
dt

(t)− eωλ+(t) = Ω(g,Yω,−),(7.16)

dλ−
dt

(t) + eωλ−(t) = −Ω(g,Yω,+),(7.17)

d

dt
〈Lωη(t), η(t)〉H−1,H1 = 2〈Lωη(t), g〉H−1,H1 ,(7.18)

where λ±(t) are given by (3.6). It follows from (3.6), (7.2) and LωYω,− = −ieωYω,−
that

dλ+
dt

(t) = Ω(∂tη(t),Yω,−) = Ω(−iLωη(t),Yω,−) + Ω(g,Yω,−)

= eωλ+(t) + Ω(g,Yω,−).

Similarly, by (3.6), (7.2) and LωYω,+ = ieωYω,+, we obtain

dλ−
dt

(t) = −Ω(∂tη(t),Yω,+) = −Ω(−iLωη(t),Yω,+)− Ω(g,Yω,+)

= −eωλ−(t)− Ω(g,Yω,+).

Clearly, we have

(7.19) (Lωu,−iLωu)L2
real

= 0 for all u ∈ H2(R3).

It follows form (7.2) and (7.19) that

d

dt
〈Lωη(t), η(t)〉H−1,H1 = 2〈Lωη(t), g〉H−1,H1 .

This yields (7.18).
(Step 2). We now claim the following:

|λ+(t)| ≤ Ce−γ2t,(7.20)

|λ−(t)| ≤ Ce−γ−
2 t if γ2 ≤ eω,(7.21)

there exists A ∈ R such that |λ−(t)−Ae−eωt| ≤ Ce−γ2t if γ2 > eω.(7.22)

It follows from (7.16) and (7.4) that∣∣∣∣ ddt (e−eωtλ+(t))

∣∣∣∣= e−eωt|Ω(g,Yω,−)| ≤ Ce−eωt‖g‖
L

6
5 (R3)

≤ Ce−(eω+γ2)t.
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Integrating the above from t to ∞, we obtain (7.20).
Next, we shall show (7.21). From (7.17), we obtain

(7.23)

∣∣∣∣ ddt (eeωtλ−(t))
∣∣∣∣= eeωt|Ω(g,Yω,+)| ≤ Ceeωt‖g‖

L
6
5 (R3)

≤ Ce(eω−γ2)t.

Assume that γ2 ≤ eω. By (7.23), one has

|eeωtλ−(t)| ≤
{
eeωt0 |λ−(t0)|+ Ce(eω−γ2)t if γ2 < eω,

eeωt0 |λ+(t0)|+ C(t− t0) if eω = γ2.

This yields (7.21). Next, we assume that γ2 > eω. Then, we see that∫ ∞

t0

e(eω−γ2)τdτ <∞.

It follows from (7.23) that
(7.24)

|eeωsλ−(s)− eeωtλ−(t)| ≤ C

∫ s

t

e(eω−γ2)τdτ ≤ C

∫ ∞

t

e(eω−γ2)τdτ ≤ Ce(eω−γ2)t

for s ≥ t > t0. Thus, there exists A ∈ R such that limt→∞ eeωtλ−(t) = A. In
addition, letting s→ ∞ in (7.24), we have

|A− eeωtλ−(t)| ≤ Ce(eω−γ2)t.

This implies (7.22).
(Step 3). We next prove

(7.25) ‖Γ(t)‖H1 ≤ Ce−
γ1+γ2

2 t,

where Γ(t) is given by (3.15). We have, by (3.3), (3.5) and (3.15), that

Ω(Γ(t),Yω,+) = Ω(Γ(t),Yω,−) = 0.

Recall that Ω(Yω,+,Yω,−) = 1 and

Ω(Yω,+,Yω,+) = Ω(Yω,−,Yω,−) = 0.

Using this, we get

〈Lωη(t), η(t)〉H−1,H1

= eωλ+(t)λ−(t)(iYω,+,Yω,−)L2
real

− eωλ+(t)λ−(t)(iYω,−,Yω,+)L2
real

+ 〈LωΓ(t),Γ(t)〉H−1,H1

= −2eωλ+(t)λ−(t) + 〈LωΓ(t),Γ(t)〉H−1,H1 .

(7.26)

By Lemmas 7.2 and 7.4, (7.18), (7.4) and (7.3), we have∫ t+1

t

∣∣∣∣ dds 〈Lωη(s), η(s)〉H−1,H1

∣∣∣∣ds
= 2

∫ t+1

t

∣∣∣∣〈Lωg(s), η(s)〉H−1,H1

∣∣∣∣ds
≤ C

[
‖〈∇〉g‖N([t,t+1])‖〈∇〉η‖

L
5
2 ([t,t+1],L

30
7 (R3))

+ ‖g‖
L∞([t,t+1],L

6
5 (R3))

‖η‖L∞([t,t+1],L6(R3))

]
≤ Ce−(γ1+γ2)t.
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Then, from Lemma 7.3, we obtain∫ ∞

t

∣∣∣∣ dds 〈Lωη(s), η(s)〉H−1,H1

∣∣∣∣ds ≤ Ce−(γ1+γ2)t.

Since limt→∞〈Lωη(t), η(t)〉H−1,H1 = 0, we see that

(7.27)

∣∣∣∣〈Lωη(t), η(t)〉H−1,H1

∣∣∣∣≤ ∫ ∞

t

∣∣∣∣ dds 〈Lωη(s), η(s)〉H−1,H1

∣∣∣∣ds ≤ Ce−(γ1+γ2)t.

From Lemma 3.1, (7.20), (7.21), (7.26) and (7.27), we obtain

‖Γ(t)‖2H1 ≤ C〈LωΓ(t),Γ(t)〉H−1,H1 ≤ Ce−(γ1+γ2)t.

From this, we conclude that (7.25) holds.
(Step 4). We conclude the proof. We first consider the case of eω ≥ γ2 or

the case of γ2 > eω and A = 0. By the decomposition (3.4) of η, (7.20), (7.21),
(7.22) and (7.25), we have

(7.28) ‖η(t)‖H1 ≤ Ce−
γ1+γ2

2 t.

Iterating the above argument, we get the bound

‖η(t)‖H1 ≤ C1e
−γ−

2 .

From Lemma 7.4, we have ‖〈∇〉η‖St(t,∞) ≤ C2e
−γ−

2 t.
Secondly, we consider the case of eω < γ2. Then, by the decomposition (3.16),

(7.20), (7.22) and (7.25), we have

‖η(t)−Ae−eωtYω,−‖H1 ≤ C(e−γ2t + e−
γ1+γ2

2 t) ≤ Ce−
γ1+γ2

2 t.

Putting η0(t) := η(t)−Ae−eωtYω,−, we find that η0 satisfies (7.2) with γ1 replaced

by γ1+γ2

2 (> γ1). By iterating the above argument, we obtain

‖η0(t)‖H1 ≤ C1e
−γ−

2 .

From Lemma 7.4, we have ‖〈∇〉η0‖St(t,∞) ≤ C2e
−γ−

2 t. This completes the proof.
�

7.2. Proof of Proposition 7.1. In this subsection, we give the proof of
Proposition 7.1. First, we recall the following nonlinear estimates, which are ob-
tained in Duyckaerts and Merle [14, Lemma 5.6] (see also Ardila and Murphy [3,
Lemma 6.2]):

Lemma 7.5 (Nonlinear estimates).

‖Nω,1(f)−Nω,1(g)‖
L

6
5
x

≤ C‖f − g‖
L

18
5

x

(‖Qω‖
L

18
5

x

‖f‖
L

18
5

x

+

‖Qω‖
L

18
5

x

‖g‖
L

18
5

x

+ ‖f‖2
L

18
5

x

+ ‖g‖2
L

18
5

x

),

‖Nω,1(f)−Nω,1(g)‖
L

30
23
x

≤ C‖f − g‖
L

30
11
x

(‖Qω‖L5
x
‖f‖L5

x
+

‖Qω‖L5
x
‖g‖L5

x
+ ‖f‖2L5

x
+ ‖g‖2L5

x
),

‖Nω,2(f)−Nω,2(g)‖
L

6
5
x

≤ C‖f − g‖L6
x
(‖Qω‖3L6

x
‖f‖L6

x
+

‖Qω‖3L6
x
‖g‖L6

x
+ ‖f‖4L6

x
+ ‖g‖4L6

x
),

‖Nω,2(f)−Nω,2(g)‖
L

30
23
x

≤ C‖f − g‖
L

30
11
x

(‖Qω‖3L10
x
‖f‖L10

x
+

‖Qω‖3L10
x
‖g‖L10

x
+ ‖f‖4L10

x
+ ‖g‖4L10

x
).
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Let I be a finite time interval and f, g be functions in W (I) such that 〈∇〉f and
〈∇〉g are in V (I). Then, we have

‖〈∇〉Nω,1(f)− 〈∇〉Nω,1(g)‖N(I) ≤ C‖〈∇〉(f − g)‖V3(I) ·
[
|I|α1(‖〈∇〉f‖V3(I)

+ ‖〈∇〉g‖V3(I)) + ‖〈∇〉f‖2V3(I)
+ ‖〈∇〉g‖2V3(I)

]
,

(7.29)

‖〈∇〉Nω,2(f)− 〈∇〉Nω,2(g)‖N(I) ≤ C‖〈∇〉(f − g)‖V3(I) ·
[
|I|α2(‖〈∇〉f‖V (I)

+ ‖〈∇〉g‖V (I)) + ‖〈∇〉f‖4V (I) + ‖〈∇〉g‖4V (I)

]
,

(7.30)

where α1 and α2 are some positive constants.

We also recall the following estimate of θ.

Lemma 7.6. There exists C > 0 such that for any t ∈ [0, TX ], one has

(7.31)

∣∣∣∣dθdt − ω

∣∣∣∣≤ C‖η(t)‖2H1 ,

See [6, (5.28)] for the proof of Lemma 7.6. We are now in a position to prove
Proposition 7.1.

Proof of Proposition 7.1. We divide the proof into 4 steps.
(Step 1). Let ψ = eiθ(t)(Qω(x) + η(t, x)). It follows from (3.22), (3.33) and

the assumption (7.1) that ‖η(t)‖H1 ≤ Ce−ct for t ≥ t0. We see from (7.31) that∣∣∣∣(θ(t)− ωt)− (θ(s)− ωs)

∣∣∣∣≤ ∫ t

s

∣∣∣∣dθdτ − ω

∣∣∣∣dτ ≤
∫ t

s

C‖η(τ)‖2H1dτ ≤ Ce−2cs.

Thus, there exists θ0 ∈ R such that limt→∞(θ(t) − ωt) = θ0. From the above
inequality, we obtain

(7.32) |θ(t)− ωt− θ0| ≤ Ce−2ct.

Let ψ(t, x) = ei(ωt+θ0)(Qω(x) + η0(t, x)). We claim that η0 satisfies

(7.33) ‖η0(t)‖H1 ≤ Ce−ct (t ≥ t0)

for some c, C > 0. Observe that

η0(t, x) = e−i(ωt+θ0)ψ(t, x)−Qω(x) = ei(θ(t)−ωt−θ0)(Qω(x) + η(t, x))−Qω(x).

This yields with (7.32) and ‖η(t)‖H1 ≤ Ce−ct for t ≥ t0 that

‖η0(t)‖H1 =
∥∥∥ei(θ(t)−ωt−θ0)(Qω + η(t))−Qω

∥∥∥
H1

≤ ‖η(t)‖H1 + C

∣∣∣∣θ(t)− ωt− θ0

∣∣∣∣‖Qω‖H1

≤ Ce−ct + Ce−2ct ≤ Ce−ct.

Thus, (7.33) holds.
(Step 2). We claim that η0 satisfies

(7.34) ‖η0(t)‖H1 ≤ Ce−e−ω t (t ≥ t0).



THRESHOLD SOLUTIONS FOR THE 3D FOCUSING CUBIC-QUINTIC NLS 291

By (6.3) and Lemmas 7.4, 7.5 with f = η0 and g = 0, we obtain

‖Nω(η0(t))‖
L

6
5
x

+ ‖〈∇〉Nω(η0)‖N(t,∞) ≤ Ce−2c0t.

Then, applying Proposition 7.2 with γ1 = c0 and γ2 = 2c0, g = Nω(η0(t)), we have

‖η0(t)‖H1 ≤ C(e−eωt + e−
3
2 c0t).

If eω ≤ 3
2c0, (7.34) holds. If not, we get ‖η0(t)‖H1 ≤ Ce−

3
2 c0t. Then, we can verify

that (7.34) holds by iterating the above argument.
(Step 3). Applying Proposition 7.2 (ii) again with γ1 = e−ω , γ2 = 2e−ω (> eω)

and g = Nω(η0(t)), we find that there exists A0 ∈ R such that

(7.35) ‖η0(t)−A0e
−eωtYω,−‖H1 + ‖〈∇〉(η0(t)−A0e

−eωtYω,−)‖St(t,∞) ≤ Ce−2e−ω t.

Let UA
ω be the solution constructed in Proposition 6.2 for each A ∈ R. We write

UA
ω = eiωt(Qω + ηA(t)). We claim that for any γ > 0,

(7.36) ‖η0(t)− ηA0(t)‖H1 + ‖〈∇〉(η0(t)− ηA0(t))‖St(t,∞) ≤ Ce−γt (t ≥ t0)

for some C > 0. Observe from Proposition 6.2 that ηA0 satisfies 6

(7.37)

‖ηA0−A0e
−eωtYω,−‖H1+‖〈∇〉 (ηA0 −A0e

−eωtYω,−
) ‖St(t,∞) ≤ Ce−

3
2 eωt (t ≥ t0).

It follows from (7.35) that (7.36) holds with γ = 3
2eω. We can easily verify that

η0 − ηA0 satisfies

∂t(η0 − ηA0) + iLω(η0 − ηA0) = Nω(η0)−Nω(η
A0).

Then, by Lemmas 7.4 and 7.5 with f = η0(t) and g = ηA0(t), we have

‖Nω(η0(t))−Nω(η
A0(t))‖

L
6
5
x

+ ‖〈∇〉Nω(η0)− 〈∇〉Nω(η
A0)‖N(t,∞) ≤ Ce−

5
2 e

−
ω t. (t ≥ t0).

Then, by Proposition 7.2 (ii) with γ2 = 2eω, there exists A1 ∈ R such that η0−ηA0 =
A1e

−eωtYω,− + w1(t) with

(7.38) ‖w1‖H1 + ‖〈∇〉w1‖St(t,∞) ≤ Ce−
7
4 eωt (t ≥ t0).

It follows from (7.36) with γ = 3
2eω and (7.38) that

|A1|e−eωt‖Yω,−‖H1 ≤ ‖η0 − ηA0‖H1 + ‖w1(t)‖H1 ≤ Ce−
3
2 eωt,

which implies A1 = 0. Thus, we see from (7.38) that (7.36) holds for γ = 7
4eω.

Iterating this argument, we see that (7.36) holds.
(Step 4). We derive a conclusion. Using (7.36) with γ = (k0+1)eω and (6.5)

with k = k0, we see that

‖〈∇〉(e−iθ0ψ − eiωt(Qω + VA0

k0,ω
))‖St(t,∞)

≤ ‖〈∇〉(e−iθ0ψ − UA0
ω )‖St(t,∞) + ‖〈∇〉(UA0

ω − eiωt(Qω + VA0

k0,ω
))‖St(t,∞)

≤ ‖〈∇〉(η0 − ηA0)‖St(t,∞) + e−(k0+
1
2 )eωt

≤ Ce−(k0+1)eωt + e−(k0+
1
2 )eωt ≤ e−(k0+

1
2 )eωt.

Thus, from the uniqueness of the solution satisfying (6.5) (see Proposition 6.2), we
find that ψ = UA0

ω . �
6Note that VA0

1,ω = e−eωtZA0
1,ω = A0e−eωtYω,−.
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7.3. Proof of Theorem 1.4. We are now in a position to prove Theorem 1.4

Proof of Theorem 1.4. We divide the proof into two steps.
(Step 1). It follows from (6.6) and (6.7) that

Q+
ω (t) = e−iωt0U+1(t+ t0, x)

= eiωtQω + e−eωt0e(iω−eω)tYω,− +O(e−
3
2 eωt) in H1(R3).

Fix A > 0. Let t1 = −t0 − 1
eω

logA. This yields that

Q+
ω (t+t1) = eiωt1eiωtQω+e

−eωt0e(iω−eω)te(iω−eω)t1Yω,−+O(e−
3
2 eωt) in H1(R3).

From (6.6) and e−eωt1 = Aeeωt0 , we obtain

e−iωt1Q+
ω (t+ t1) = eiωtQω +Ae(iω−eω)tYω,− +O(e−

3
2 eωt)

= eiωt(Qω +Ae−eωtYω,−) +O(e−
3
2 eωt)

= UA
ω +O(e−

3
2 eωt) in H1(R3).

(7.39)

From this and (6.6), we see that there exists C1 > 0 such that

‖e−iωt1Q+
ω (t+ t1)− eiωtQω‖H1 ≤ C1e

−eωt for t > 0.

This together with Proposition 7.1 yields that there exists Ã ∈ R and θ̃0 ∈ R such

that e−iωt1Q+
ω (t + t1) = ei

˜θ0U
˜A
ω . By (7.39), we have Ã = A and θ̃0 = 0, which

yields that

(7.40) UA
ω = e−iωt1Q+

ω (t+ t1).

(Step 2). Let ψ be a solution to (1.1) with ψ|t=0 = ψ0 ∈ BAω. If K(ψ) = 0,
then ψ is the ground state of mω. From the uniqueness of the ground state (see
Proposition 2.1 (i)), we see that ψ(t, x) = eiθ+iωtQω(x) for some θ ∈ R.

Assume that K(ψ) > 0 and ψ does not scatter for positive time. By Proposition
5.1, there exist constants C, c > 0 such that

distH1(ψ(t),O(Qω)) ≤ Ce−ct for t > 0.

Hence, ψ(t) satisfies the assumption of Proposition 7.1 and K(ψ) > 0, which shows
that ψ = UA

ω for some A > 0. Thus, we see from (7.40) that (iii) holds.
Combining Propositions 4.1 and 7.1, we can prove (i) by a similar argument of

(iii). �

Appendix A. Proof of Proposition 4.2

This appendix is devoted to the proof of Proposition 4.2. For each λ > 0 and
u ∈ H1(R3), we define

Tλu(·) := λ
3
2u(λ·).

We can easily find that for any u ∈ H1(R3) \ {0}, there exists λ(u) > 0 such that

(A.1) K(Tλu)

⎧⎪⎨⎪⎩
> 0 for 0 < λ < λ(u),

= 0 for λ = λ(u),

< 0 for λ > λ(u).

By a standard argument, one has

mω = inf
{Jω(u) : u ∈ H1(R3) \ {0}, K(u) ≤ 0

}
,(A.2)
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where

Jω(u) := Sω(u)− 1

2
K(u) = ωM(u) +

1

8
‖u‖4L4 +

1

3
‖u‖6L6 .(A.3)

Since the ground state Qω ∈ H1(R3) \ {0} exists for ω ∈ (0, ωc) (see Theorem 1.1),
we see that

(A.4) mω = Jω(Qω) > ωM(Qω) > 0.

In addition, we have

(A.5) mω <
σ

3
2

3
for ω ∈ (0, ωc),

where

(A.6) σ := inf
{
‖∇u‖2L2 : u ∈ Ḣ1(R3) with ‖u‖L6 = 1

}
.

See [7, Theorem 1.4]. To prove Proposition 4.2, we need the following lemmas:

Lemma A.1 (Brezis and Lieb [8]). Let {un} be a bounded sequence in H1(R3)
such that

lim
n→∞un(x) = u∞(x) almost all x ∈ R

3

for some function u∞ ∈ H1(R3). Then, for any 2 ≤ r ≤ 6,

lim
n→∞

∫
R3

∣∣|un|r − |un − u∞|r − |u∞|r∣∣ dx = 0

and

lim
n→∞

∫
R3

∣∣|∇un|2 − |∇{un − u∞}|2 − |∇u∞|2∣∣ dx = 0.

Proof of Proposition 4.2. First, we obtain a H1-boundedness of the se-
quence {un}. For sufficiently large n ∈ N, we have

2mω + 1 ≥ |Sω(un)|+ 1

3
|K(un)| ≥ |Sω(un)− 1

3
K(un)|

=
1

6
‖∇un‖2L2 +

ω

2
‖un‖2L2 +

1

6
‖un‖6L6 .

Therefore, we see that the sequence {un} is bounded in H1(R3).
Then, up to a subsequence, there exists Q∞ ∈ H1(R3) such that limn→∞ un =

Q∞ weakly in H1(R3). We shall show that Q∞ �= 0. Suppose to the contrary that
Q∞ ≡ 0. From the compactness of the embedding H1

rad(R
3) ⊂ L4(R3), we have

(A.7) 0 = lim
n→∞K(un) = lim

n→∞

{
‖∇un‖2L2 − ‖un‖6L6

}
.

We claim that lim supn→∞ ‖∇un‖2L2 > 0. Suppose to the contrary that

lim
n→∞ ‖∇un‖L2 = 0.

Then, it follows from the Sobolev embedding and (A.7) that limn→∞ ‖un‖Lq = 0
for all 2 < q ≤ 6. This together with un ∈ BAω and (A.4) yields that

mω = lim
n→∞Sω(un) = lim

n→∞ωM(un) = ωM(Qω) < mω,

which is absurd. Thus, by taking a subsequence, we may assume limn→∞ ‖∇un‖L2 >
0.
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Now, (A.7) with the definition of σ (A.6) gives us

lim
n→∞ ‖∇un‖2L2 ≥ σ lim

n→∞ ‖un‖2L6 ≥ σ lim
n→∞ ‖∇un‖

2
3

L2 .

From this together with limn→∞ ‖∇un‖L2 > 0 and (A.7), we have

σ
3
2 ≤ lim

n→∞ ‖∇un‖2L2 = lim
n→∞ ‖un‖6L6 .

Hence, we see that

mω = lim
n→∞Sω(un) = lim

n→∞

{
Sω(un)− 1

2
K(un)

}
≥ lim

n→∞

{
1

8
‖un‖4L4 +

1

3
‖un‖6L6

}

≥ 1

3
lim
n→∞ ‖un‖6L6 ≥ σ

2
3

3
,

which contradicts (A.5). Thus, Qω �≡ 0.
It follows from limn→∞ Sω(un) = mω and limn→∞K(un) = 0 that

(A.8) lim
n→∞Jω(un) = lim

n→∞

{
Sω(un)− 1

2
K(un)

}
= mω

Using Lemma A.1, we have

Jω(un)− Jω(un −Q∞)− Jω(Q∞) = on(1),(A.9)

K(un)−K(un −Q∞)−K(Q∞) = on(1).(A.10)

Furthermore, (A.9) together with (A.8) and the positivity of Jω implies that
Jω(Q∞) ≤ mω. We claim that K(Q∞) ≤ 0. Suppose to the contrary that K(Q∞) >
0. Then, it follows from limn→∞K(un) = 0 and (A.10) that K(un − Q∞) < 0
for sufficiently large n. Hence, from (A.1), we can take λn ∈ (0, 1) such that
K(Tλn

(un −Q∞)) = 0. Furthermore, we see from 0 < λn < 1, and the definition of
Jω that

mω ≤ Jω(Tλn(un −Q∞)) =
ω

2
‖un −Q∞‖2L2 +

λ3n
8
‖un −Q∞‖4L4 +

λ6n
3
‖un −Q∞‖6L6

< Jω(un −Q∞).

In addition, it follows from (A.8), (A.9) and Q∞ �= 0 that

mω < Jω(un −Q∞) = Jω(un)− Jω(Q∞) + on(1) = mω − Jω(Q∞) + on(1) < mω

for sufficiently large n ∈ N, which is a contradiction. Thus, K(Q∞) ≤ 0.
Since Q∞ �≡ 0 and K(Q∞) ≤ 0, it follows from (A.2) that

(A.11) mω ≤ Jω(Q∞).

Moreover, it follows from the weak lower semicontinuity that

(A.12) Jω(Q∞) ≤ lim inf
n→∞ Jω(un) ≤ mω.

Combining (A.11) and (A.12), we obtain Jω(Q∞) = mω. Thus, we have proved
that Q∞ is a minimizer for mω. Then, from the uniqueness of the ground state (see
Proposition 2.1 (i)), there exists θ ∈ R such that Q∞ = eiθQω. Thus, we see that
Sω(Q∞) = mω and K(Q∞) = 0. It follows from Jω(Q∞) = mω = limn→∞ Jω(un)
and (A.9) that limn→∞ Jω(un−Q∞) = 0. This together with the Hölder inequality
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yields that limn→∞ ‖un−Q∞‖Lq = 0 for 2 ≤ q ≤ 6. Then, since limn→∞ Sω(un) =
mω = Sω(Q∞), we have

lim
n→∞

{
1

2
‖∇un‖2L2 +

ω

2
‖un‖2L2

}
= lim

n→∞

{
Sω(un)− 1

4
‖un‖4L4 − 1

6
‖un‖6L6

}
= Sω(Q∞)− 1

4
‖Q∞‖4L4 − 1

6
‖Q∞‖6L6

=
1

2
‖∇Q∞‖2L2 +

ω

2
‖Q∞‖2L2 .

This together with the weak convergence of un to Q∞ in H1(R3) implies that

lim
n→∞un = Q∞ = eiθQω strongly in H1(R3).

Thus, we infer that limn→∞ distH1(un,O(Qω)) = 0.
�

References

[1] A. H. Ardila, M. Hamano and M. Ikeda, Mass-energy threshold dynamics for the focusing
NLS with a repulsive inverse-power potential, submitted (2022). arXiv: 2202.11640.

[2] A. H. Ardila and T. Inui, Threshold scattering for the focusing NLS with a repulsive Dirac
delta potential, J. Differential Equations. 313 (2022), 54-84.

[3] A. H. Ardila and J. Murphy, Threshold solutions for the 3d cubic-quintic NLS, submitted
(2022). arXiv:2208.08510.

[4] T. Akahori, S. Ibrahim, H. Kikuchi and H. Nawa, Existence of a ground state and blow-
up problem for a nonlinear Schrödinger equation with critical growth, Differential Integral
Equations. 25 (2012), 383-402.

[5] T. Akahori and H. Nawa, Blowup and scattering problems for the nonlinear Schrödinger
equations, Kyoto J. Math. 53 (2013), 629-672.

[6] T. Akahori, S. Ibrahim, K. Kikuchi and H. Nawa, Global dynamics above the ground state
energy for the combined power-type nonlinear Schrödinger equations with energy-critical
growth at low frequencies, Mem. Amer. Math. Soc. 272 (2021), no. 1331, v+130 pp.

[7] T. Akahori, S. Ibrahim, H. Kikuchi, and H. Nawa, Non-existence of ground states and gap
of variational values for 3D Sobolev critical nonlinear scalar field equations, J. Differential
Equations. 334 (2022), 25-86.

[8] H. Brezis and E. H. Lieb, A relation between pointwise convergence of functions and conver-
gence of functionals, Proc. Amer. Math. Soc. 88 (1983), 486-490.

[9] L. Campos, L. G. Farah and S. Roudenko, Threshold solutions for the nonlinear Schrödinger
equation, Rev. Mat. Iberoam. 38 (2022), 1637-1708.

[10] T. Cazenave, Semilinear Schrödinger equations, Courant Lecture Notes in Mathematics 10,
American Mathematical Society, Providence, RI, 2003.

[11] R. Carles and C. Sparber, Orbital stability vs. scattering in the cubic-quintic Schrödinger
equation, Rev. Math. Phys. 33 (2021), Paper No. 2150004, 27 pp.

[12] B. Dodson, Global well-posedness and scattering for the focusing, cubic Schrödinger equation
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