Dynamics of PDE, Vol.20, No.4, 263-297, 2023

Threshold solutions for the 3D focusing cubic-quintic
nonlinear Schrodinger equation at low frequencies
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ABSTRACT. This paper addresses the focusing cubic-quintic nonlinear Schrodinger
equation in three space dimensions. Especially, we study the global dynamics

of solutions whose energy and mass equal to those of the ground state in the
spirits of Duyckaerts and Merle [14]. When we try to obtain the corresponding
results of [14], we meet several difficulties due to the cubic-quintic nonlinear-
ity. We overcome them by using the one-pass theorem (no return theorem)
developed by Nakanishi and Schlag [38].
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1. Introduction

In this paper, we consider the following nonlinear Schrédinger equation:
(1.1) 10 + Ap + |92 + []*h =0 in R x R3,

where A is the Laplace operator on R3. Several studies have been made on the
asymptotic behavior of solutions to double power nonlinear Schrédinger equations
(see e.g. [3, 6, 11, 19, 20, 22, 23, 26, 27, 28, 30, 32, 33, 39, 40, 42| and
references therein). Here, we are concerned with global dynamics of solutions whose
mass and energy equal to those of the ground state.

For any 1 € H'(R3), there exists a unique solution v in C(Iyax; H'(R?))
with )|—0 = 1bp for some interval oy = (= Ty, Tobny) € R, a maximal existence

max’ max

interval including 0. We say that ¢ blows up in finite time if 77} < 0o or Ty, <
oo. The solution 1 satisfies the following conservation laws of the mass and the

energy in this order:

(1.2) M@(t) = M(o),  E(L)) = E(¥o),
where

1 2 1 2 1 4 1 6 13
M(u) = Sllullze,  E(u) = 5lIVullze — Fllullzs = gllulze for we HY(R).

If, in addition, ¥g € L?(R3, |z|?dx), then the corresponding solution v also belongs
to C'(Imax; L*(R3, |x|?dx)) and satisfies the so-called virial identity:

/ 22 (t, @) P = / (a0 Pd + 2t T / z - Vipo(z)o(@)dz
(1.3) R3 R3 , R3
t t
+ 16/ / K(p(t"))dt" dt’ for any ¢ € Iyax,
0 0

where
— 2 3y a6 1(7R3
K(u) = [Vullze = Jllulzs = llullze  for u € HY(R?).
See e.g. Cazenave [10, Section 6.5] for details.
By a standing wave, we mean a solution to (1.1) of the form
w(tvx) = ethQw(x)
for some w > 0 and Q, € H'(R?®)\ {0}. Then, we see that Q, should solve the
following semilinear elliptic equation:

(1.4) —AQ+wQ - |QPQ - [QPQ =0 iR
If we define the action functional S, by
(1.5) Su(u) == E(u) + wM(u) for u € H(R?),

then S/ (Q.) = 0 in H~1(R3) if and only if Q, € H'(R3) is a weak solution to
(1.4). To seek a solution to (1.4), we consider the following minimization problem:
(1.6) my, := inf {S,(u): u € H'(R*)\ {0}, K(u) =0} .

It is known that if there is a minimizer for my,, it satisfies (1.4). Here we call @, a
ground state to (1.6) provided @Q,, is a minimizer for m,,. Concerning the existence
of a ground state, the following results hold:

THEOREM 1.1 ([7, 43]). There exists w. > 0 such that m, has a ground state
for 0 <w < w. and no ground state for w > w,.
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REMARK 1.2. We do not know whether the ground state exists or not at w = w,.

There are several results on the global dynamics of solutions to nonlinear
Schrodinger equations. See e.g. [1, 2, 3, 5, 6, 11, 12, 13, 14, 15, 17, 21,
24, 25, 27, 28, 29, 31, 38, 44, 45| and references therein. Let us recall some of
them which are concerned with the following nonlinear Schrédinger equations:

(1.7) 10 + Ay + [P =0 in R x R,

where d € N1 < p < 2* —1 and 2* = %. The equation (1.7) is scale invariant.
More precisely, putting

(1.8) Ut x) = Ar T\t Ax) (A > 0),

we see that if (¢, x) satisfies (1.7), so does 15. The scaling (1.8) preserves the
mass M and the corresponding energy when p =1+4/d and p = (d+2)/(d — 2),
respectively. Thus, the exponent p = 1+ 4/d is referred to as “mass critical” and
p=(d+2)/(d—2) as “energy critical”. !

It is known that (1.7) has a stationary solution, which neither scatters ? nor
blows up. More precisely, when the energy critical case, (1.7) has the following
explicit static solution,

The solution W is called by Aubin-Talenti function. Similarly, when 1 < p <
(d+2)/(d—2), the equation (1.7) also has a standing wave (¢, ) = e“'R,, (w > 0).
Then, R, satisfies the following semilinear equation:

(1.9) ~AR+wR—|RPT'R=0 inR%

For the energy critical case p = (d+2)/(d —2), Kenig and Merle [25] employed
the concentration-compactness and showed that the radial solution to (1.7) whose
energy is less than that of the Aubin-Talenti function W blows up in finite time or
scatters as t — oo for d = 3,4, 5. Killip and Visan [29] extended the result of [25]
for d > 5, removing the radial condition. Dodson [12] obtained the corresponding
result of [29] for d = 4.

For the mass supercritical and the energy subcritical case 1 + 4/d < p <
(d+2)/(d —2), Holmer and Roudenko [24] considered the three dimensional cubic
nonlinear Schrédinger equation (d = p = 3) and proved that the radial solution
below the ground state scatters or blows up in finite time. Then, Duyckaerts,
Holmer and Roudenko [13] extended the result of [24] to non-radial H' initial
data. Then, Akahori and Nawa [5] and Fang, Xie and Cazenave [18] extended the
result to general dimension and power nonlinearity.

Duyckaerts and Merle [14] studied the threshold solution to the energy criti-
cal nonlinear Schrodinger equations, that is, the solution whose energy equals to
the Aubin-Talenti function for d = 3,4,5. They constructed special solutions W*,
which converge to the Aubin-Talenti function W in the positive time direction
while W blows up and W~ scatters in the negative time direction, respectively.
They also classified the threshold solutions under the radial assumption. Li and

INote that the quintic power nonlinearity || in three space dimensions which is involved
in (1.1) corresponds to the energy critical one.

?Here, we say that a solution scatters if the solution converges to the one of the linear
Schrodinger equation.



266 MASARU HAMANO, HIROAKI KIKUCHI, AND MINAMI WATANABE

Zhang [31] extended the result of [14] to the higher dimensions d > 6. Duyck-
aerts and Roudenko [16] studied the threshold solution for the three dimensional
cubic nonlinear Schrédinger equations. They also constructed special solutions and
classify all solutions (not necessarily radially symmetric) at the threshold level.
Recently, Campos, Farah and Roudenko [9] generalized the result of Duyckaerts
and Roudenko [16] to any dimension and any power of the nonlinearity. They also
considered the energy critical case and gave an alternative proof of the result of Li
and Zhang [31]. See also [1, 2, 3, 15, 21, 33, 41] for the threshold solutions to
other nonlinear Schrédinger equations.
In this paper, we address the threshold solution to (1.1). To state our results,

we put

BA, = {u € HL 4(R?): S, (u) = my,, M(u) = M(Qw)},

BA, 4+ :={ue BA,: L(u) >0},

BA, - :={ueBA,: K(u) <0},

BA, o :={ueBA,: Ku)=0}.
Clearly, we have BA, = BA, - UBA,,UBA, +. We see from Proposition 2.1
below that
(1.10) BAu0=1{e’Q.: 0 €R}.

In addition, we can easily find that the sets BA,, + and BA, ¢ are invariant under
the flow of (1.1) (see e.g. Lemma 4.1 below). Then, by a similar argument to [14],
we can construct the following special solutions to (1.1):

THEOREM 1.3. There exists a sufficiently small w, > 0 such that for w €
(0,ws), (1.1) has two radial solutions Q) € BA, + and Q_, € BA,, _ satisfying the
following:

(1) QF emists on [0,00), and there exist constants e, C,, > 0 such that
dist1 (QE(1), 0(Qu)) < C,e %t for allt >0,
where

. o i0
dist (u, 0(Qu)) == érel]%Hu —e"Qullgr-

(il) K(Q,) < 0 and the negative time of existence of Q,, is finite.
(i) £(QF) > 0, QF exists on (—o0,00) and scatters for negative time, that
is, there exists ¢_ € H'(R3) such that

: +p) _ itA L=
Jim Q5 (1) — €6 = 0.

In what follows, we say that ¢» = ¢ up to the symmetries if there exist typ € R
and 6y such that
U(t,x) = P @t + to, ) or U(t,x) = P (—t + to, ).
Our main result is as follows:
THEOREM 1.4. Let w, > 0 be the constant given in Theorem 1.3 and ¥ be a

radial solution to (1.1) with ¥|—¢p = 1o € BA,, for w € (0,w,). Then, the following
holds:

(1) If v € BA, —, then either i blows up in finite time or ¢ = Q,, up to the
symmetries.
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(ii) If Yo € BAy o, then ¢ = e“'Q,, up to the symmetries.
(iii) If v € BAy, 4, then either ¢ scatters or 1 = Qf up to the symmetries.

REMARK 1.5. (i) Nakanishi and Schlag [38] proved that the solutions
whose energy is slightly larger than that of the ground state is classified
into 9 sets (combination of blows up, scattering and trapped by the ground
state generated by the phase for ¢ > 0 and ¢ < 0). See also [6, 17, 27,
34, 35] for the global dynamics above the ground state. In particular,
it was studied in [6] that the behavior of the solutions v to (1.1) with
Y|t=o = 1o satistying S, (10g) < my, + € are also classified into the 9 sets.
However, it seems that from the result of [6], we could not determine
the behavior of solutions by the initial data as in Theorem 1.4. Another
difference between the result of [6] and ours is that we obtain a kind of
uniqueness of solution which converges to the orbit of the ground state
(see Proposition 7.1 below).

(ii) We may extend our results to general dimensions and power nonlinearities
by using the argument of [9]. However, for the simplicity of our presen-
tation, we restrict ourselves to three space dimension and cubic-quintic
nonlinearity.

The proof of Theorem 1.4 is based on that of [14, 16]. However, it seems that
due to the cubic and quintic nonlinearities, some part of the argument in [14, 16]
does not work for our equation (1.1). For example, in [16], a Cauchy-Schwarz type
inequality plays an important role (see [16, Claim 5.4] in detail). In contrast, it
seems difficult to obtain a corresponding inequality for our equation (1.1). To over-
come the difficulty, we employ the one-pass theorem (no return theorem) which was
introduced by Nakanishi and Schlag [38] for the equation (1.7) with d = p = 3.
Roughly speaking, one-pass theorem states that if a solution moves away from a
neighborhood of the ground states, then the solution never return to the neighbor-
hood. We employ the one-pass theorem to prove that if a threshold solution neither
blows up nor scatters, the solution converges to the ground state exponentially (see
Propositions 4.1 and 5.1 below).

REMARK 1.6. (i) The reason why we need the radially symmetry for
solutions is due to the one-pass theorem. Indeed, a kind of Ogawa-
Tsutsumi’s saturated virial identity was used for the proof of the one-pass
theorem. Except for the theorem, we do not require the condition.

(ii) Recently, Ardila and Murphy [3] studied the threshold solutions to the
following cubic-quintic nonlinear Schrédinger equation:

(1.11) i0h + A+ [PPY — [¢[' =0  inR xR

Note that the quintic power nonlinearity is defocusing, which is different
from our equation (1.1) and any solutions to (1.11) are global (Tif, =
00). They also classified the threshold solutions, which are not necessary
radially symmetric, to (1.11). Let ¢ be the threshold solution whose sign
of the virial functional (the one corresponding to K) is positive. Then,
they showed that the solution either v scatters in both time directions
and coincide with a special solution. To this end, they employed the
modulation analysis and the concentration-compactness method. Their
method might work for our equation (1.1). However, we would like to
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stress that we can study the threshold solutions which blow up or scatter
in a unified way by using the one-pass theorem.

This paper is organized as follows. In Section 2, we recall several properties
of the ground state and its linearized operator. In Section 3, we recall the one-
pass theorem, which was proved in [6]. In Sections 4 and 5, we study dynamics
of solutions which start from the sets B.A,, +, respectively. In Section 6, we give a
sketch of the proof of Theorem 1.3. In Section 7, we obtain the uniqueness of the
special solution and give the proof of Theorem 1.4. In Appendix, we give the proof
of a convergence property which we admit in Section 4.

Notation.

(i) We use (-,-)> to denote the inner product in L?(R?):
(u,v)p2 = / u(x)v(x)dx for all u,v € L*(R3).
R3

(ii) We also use L2 ,(R?) to denote the real Hilbert space of complex-valued
functions in L?(R3) which is equipped with the inner product

(u,v)p2 = Re / w(z)v(x)dr  for all u,v € L*(R3).
ron s
(iii) We use (-,-)g-1 s to denote the duality pair of u € H*(R?) and v €
HYR3):
(u,0) g1 g1 o= (1=A)2u, (1=A)"2v) 2 for all u € HY(R?) and v € H™'(R?).

rea.

2. Properties of ground state and its linearized operator

In this section, we recall several properties of the ground state and its linearized
operator, which are mainly obtained in [6]. First, we recall that the uniqueness of
ground state and that the following slope condition holds:

PROPOSITION 2.1 (Proposition 2.0.4 of [6]). The following properties hold:
(i) There exists wy > 0 such that for w € (0,w), the positive radial ground
state Q. is unique up to phase. Namely, if u € H'(R?) satisfies S, (u) =
my, and K(u) = 0, then we have u = € Q,, for some 0 € R.
(ii) The mapping w € (0,w1) — Q. € HY(R?) is continuously differentiable,
(i)

el

L MQ) = (Qur0.Qu)i2, <0 forwe (0.)

Let ¢ be a solution to (1.1). We consider the following decomposition of the
form

(2.1) w(t,z) = "0 (Qulx) +n(t,x),
where 0(t) is a function of ¢ € I,y to be chosen later (see (3.8) below) and 7 is the
remainder. Let 17, = Re 7 and 7o = Im 1. We will identify C and R? and consider

1 =1 + 112 as an element Zl> of R%. Then, 7 satisfies
2

o

(2.2) .

(t) = =il n(t) — i{%(t) — w}(Qw +1(t)) + No(n(?)),
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. 0 L, -

(2 B),
and the self-adjoint operators L, + and the reminder N, (n) are defined by
(2.3) Loy = —-A+w-3Q2 -5Q:, Ly =-A+w—-Q%-Ql,
(2.4) Ny (1) := Neo1 () + N 2(n)
Here, N, 1(n) and N, 2(n) are defined by

Nw,l(n) =1 (|Qw + U‘Q(Qw + 77) - Qi - 2@377 - Qiﬁ) )

Nu2(n) =i (|Qu + 1" (Qu +n) — Q2 — 3Q4n — 2Q,7) -
We note that for any u,v € H'(R?),

where

(2.5) [SZ(QW)U]U = (Lou, vy -1 1.
Moreover, since @, is a solution to (1.4), we can verify that
(2:6) LuQu = Lu+ Qu = —2Q% — 4Q7,
(2.7) £o(iQu) = Lo (C;)w) — L Q. =0,
(2.8) Lu00wQuw = Ly +00Qu = —Qu.

THEOREM 2.1 (Proposition 4.0.1, Lemmas B.0.1 and B.0.2 of [6]). Let o(—iL,,)
be the spectrum of the operator —iL, and oess(—iL,,) be its essential spectrum.
Then, we have the following:

(1) oess(—iLy) = {i§: £ € R, [¢] > w}.

(ii) There exists wy € (0,w1) such that for w € (0,ws), —iLy, has positive and
negative eigenvalues e,, and —e,, with eigenfunction Y, 1 and Y, —, re-
spectively. Furthermore, Ker (—iL,) = Span {iQu, 0z, Q. fori=1,2,3}.

It is known that YV, + = V,,—. Then, we put

(29) J}w,l = M = Re D&J,%»]a yw,2 =

2
_ yw,l
yw,+ N (yw,Q '
The equation —iL,YV, + = euVw,+ is equivalent to
Lw,+yw7l = _ewyw,Zv
Lw,—yw,Q = ewyw,la
Concerning the eigenfunctions ), 1 and ), 2, we know the following:

LEMMA 2.2 (Lemma 4.0.7 of [6]). Let w € (0,wq). We have the following
orthogonalities:

(211) (Qw,wa)Lg = <anw7yw,2)L2 =0.

Furthermore, we have

(2.12) (Y1, V2) 1> >0

yw,+ - yw,f

2 =Im [yer]v

that is,

(2.10)
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and
(2.13) (QuViw2) 12 #0.

The relation (2.13) in Lemma 2.2 allows us to choose Y, 2 so that
(2.14) (Qu, Vw2)12 < 0.

Note that since @Q,, is positive (especially, real-valued) and Y, + = )., —, we have,
by (2.9) and (2.11), that

(215) (Qwayw,i)L2

real

= (QusVw1)r2 =0.

In addition, we need the following technical lemma:

LEMMA 2.3 (Lemma 4.0.8 of [6]). There exists a frequency ws € (0,ws) such
that for any w € (0,ws),

(2.16) S @Qus Vo2)12] = 4/(Q2 Vur)is |

3. One-pass theorem

This section is devoted to the one-pass theorem (no return theorem) which
was first obtained by Nakanishi and Schlag [37, 38] for the cubic nonlinear Klein-
Gordon and Schrodinger equations in three space dimensions. In [6], the one-pass
theorem for the double power nonlinear Schrodinger equations was proved. Here,
we recall the set-up and the one-pass theorem of [6].

3.1. Symplectic decomposition and parameter choice. For a positive
radial ground state @, to (1.4) and a solution v to (1.1), we consider the decom-
position (2.1). We will work in the symplectic space (L?(R?),Q), where € is the
symplectic form defined by

Q(f.9) = (f, ig)Lial =1Im /]R f(x)g(x) de.

We apply the “symplectic decomposition” corresponding to the discrete modes
of iL,, to the remainder 7 in (2.1) and determine the function 6(¢) in (2.1).
We assume that ), y and ), — are normalized in the following sense:

(3.1) Qs Vom) =1, QU= V) = —1.
We can easily find that

Q(f, f) =Im /Rs|f|2da:=0

for all f € L?(R?). Furthermore, it follows from (2.7), (2.8), (2.15) and L,V + =
FieyV.,+ that

1
Q(iQw»yw,:I:) = (Z'waZ.:))A/.,',:I:)L?egL = i:(iwa‘cwyw,:t>Lge

1 al

(3.2) :
= i:(ﬁw(iQw)vyw,:t)Lfeal = Oa
1 1
Q(anwy yw,:i:) = ii(anun £wyw7:t)L12_eal = ii(ﬁwanun yw,:t)L?eal
(3.3) Cw w

1
= :Fe*(Qw,yw,ﬂ:)B = 0.

real
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Now, we expand the remainder 7(t) in the decomposition (2.1) by —iL,,:

(3.4) n(t) = A (0) Vs, + A= () Vo, - + a(t)iQu + b(t) 0. Qu + (1),

where

(3.5) Q(Y(t), Vu,x) = Q(1(1),1Qu) = Q((t), 0.Qu) = 0.

We sce from Proposition 2.1 (iii) and (3.1)~(3.5) that the coefficients are as follows:
(3.6) A (t) = Q) Vo), A-(t) = =Q1n(t), Vo +),

Qn(t), 0.Qu)
(Qwv 5wa)Lgea '

1

Qn(t),1Qu)
(Qw > O C?w)Lfea .

1

(3.7) a(t) = b(t) = —

We require that a(t) = 0. To this end, we choose the function #(¢) in (2.1) so that *
(3.8) Qe 0(t), 0,Qu.) = 0.
Then, it follows from (3.8), (2.1) and Q(Q.,, 0,,Q.) = 0 that
(39  0=9(e VY1), 0.Qu) = AQu +1(1), 0.Qu) = Q(t), 0.Qu).
This together with (3.7) implies that a(t) = 0. Furthermore, since
M) = M(Qu) + Mn(®) + (Quin(®)) 12,
the condition M(v) = M(Q,,) implies that for any ¢ € I ax,
(3.10) (Qusn(t) 2 = —M(n(t)).

real

This together with (Q,,, 8wa)L2‘_l < 0 yields that

(eiw(t)w(t)a anw)Lfml - (Qwa anw)Lfml + (U(t), anw)Lfca
- (Qwaanw)Lfoal - M(ﬂ(t)) <0

1

(3.11)

as long as M(n) is small. In what follows, we assume that 1 satisfies (3.8), (3.11)
and M(¢)) = M(Qu).-

From [6, Section 4.0.3], ordinary differential equations for #, A_ and A\, under
the condition M(v) = M(Q.,) are following:

(3.12) {%(t) _ w}(Qw +0(1),00Qu) 2 = —M() + (No(1(t)), 0Qu) 12 -
(3.13) %(t) = euAi (t) = ({%f(t) —wfn(t) = Nu(n(®), Vo) 2
1) D0 =0+ (GO -whn®) - Na0), V) s

SLet p(t) = [1b(t)]e*®) (a(t) € R/2nZ). Tt suffices to choose O(t) so that 8(t) = «(t). Then,
Q(e*ie(t)d)(t), 8wa) = (W(t)Lianw)Lgeal =0.
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3.2. Linearized energy norm. In this subsection, we introduce the “lin-
earized energy norm” for the remainder 7 in the decomposition (2.1). Put

(3.15) [(t) == b(t) 0 Qu + (1)
Since a(t) = 0 (see (3.8)), the decomposition (3.4) is reduced to
(3.16) 0 = A (Vs + A ()Y +T(0),

Then, we have the following relationship:

LEMMA 3.1 (Lemma 4.0.2 of [6]). The function I' in the decomposition (3.16)
satisfies

(3.17) (Lo T(),T®) - ~ [IT(®)]1 0
for allt € Iax.

We also recall that

(3.18) £(1) — E(Qu) = —euhs (DA-(1) + 5

(LT @), L) rr— i+ O(m(®)[371)-

See [6, (4.69)]. Defining the linearized energy norm ||n(t)|| g by
€w 1
(319) Il = SO0 + A2 (0) + L0, D)1
we have, by (3.18), that
€w 2
(3.20) E(W) = E(Qu) + 5 (A () +A-(1))" = [In®)11E = OUIn®) 13 ).
Then, we can also have the following lemma:

LEMMA 3.2 (Lemma 4.0.3 of [6]). The function I" in the decomposition (3.16)
satisfies

(3.21) 1Tz S @) e
for all t € Ihax. Moreover, we have
(3.22) ()| 22 ~ lIn()] &

As a summary, we obtain the following:

PROPOSITION 3.1 (Proposition 4.0.4 of [6]). Let ¢ be a function in H*(R?)
satisfying M(¢) = M(Q.). We have the following the decomposition:

(3.23) b(t,x) = N(Qu +n(t,x), Qe My,8,Q.) =0,
(efw(t)zp?anw)ng <0,
(3.24) n(t, ) = AL (Vo4 + A= () Vw,— + L'(2).

Furthermore, there exists a constant dg(w) > 0 such that if |[n(t)||g < 40p(w), we
obtain
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3.3. Distance function from the ground state. In this subsection, we
introduce a distance function from the ground state @), by using the linearized
energy norm (3.19). For this, we fix a non-increasing smooth function x on [0, 00)

such that
1 o<r<l,
XV =10 i r>2
Then, we define a function d,,: [0, Tiyax) — [0,00) by
In®)llz
(3.25) B0 =IOl +x (505 ) L),

where dg(w) is the constant given by Proposition 3.1, and

Culth(t)) = E() = £(Qu) + - (A () + A=) = In(®) %
Now, we introduce new parameters A1 (t) and Ao(t) defined by
Ap(t) + A (1)

(3.26) wfp) = 2HOFAO 2 2O A,

It follows from (3.13) and (3.14) that

(3:27) dgﬂ t) = ewa(t) + ({%}(t) —win) = No (1), Ve)rz,
dAz do

(3:28) 220 = ewh(t) = ({ (0 —wn(t) = Nu (), V)2

We recall a property of the distance function d,,(t):

real

LEMMA 3.3 (Lemma 4.0.5 of [6]). Assume that there exists an interval I on
which

(3.29) 521615) dy(t) < dp(w),

dr(w) is the constant given by Proposition 3.1. Then, all of the following hold for
allt e I:

(330) @l < B0 < Sl
(330 ) = EW) — £(Qu) +26.X0)
(3:32) L 2(0) = 120 02a00) + 4 (0 ({ 20 1) )

*Nw( ()) Zwa)Lz .

real

Next, we introduce a “modified distance function” glvw.

LEMMA 3.4 (Lemma 6.0.1 of [6]). Let wa be the frequency given by Theorem 2.1.
Then, for any w € (0,ws), there exists 1 (w) > 0 with the following property: let v

be a solution to (1.1) satisfying M (1) = M(Q.,). If distg (¥(t), 0(Qu)) < 11 (w),
then

(3.33) dist 1 (4(1), 0(Qu)) ~ [In(t)]| &-

Then, we can obtain the following proposition from Lemma 3.4:
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PROPOSITION 3.2 (Proposition 6.0.2 of [6]). Let wy be the frequency given by
Theorem 2.1. Then, for any w € (0,ws), there exist a constant ¥(w) € (0,0p(w)) 4

and a continuous function dy: [0, Tmax) — [0,00) such that:
du(t) ~ distg (¥(t), 0(Qu))

and if dy,(t) < F(w), then

(3.34) du(t) = do(t),

where dy, is the distance function defined by (3.25).

3.4. One-pass theorem. We are now in a position to state the one-pass
theorem:

THEOREM 3.5 (One-pass theorem (Theorem 7.0.1 of [6])). Let w3 be the fre-
quency giwen by Lemma 2.3. Then, for any w € (0,ws), there exists a positive
constant R. > 0 such that for any R € (0, R,) and any radial solution ¢ to (1.1)
with V|i—g = Yo satisfying

(3.35) Su(to) =me, M) = M(Qu),  du(tho) <R,

we have either

(i) doy(¢(t)) < R+ R? for all t € [0,T5;

max} ;s or

(i) there exists t, > 0 such that d,(¢(t)) > R+ R for allt € [t,, T

l’I]B,X]'
Here, TiF. . denotes the mazimal existence time of 1 in the positive direction.

REMARK 3.6. Actually, the result of Theorem 7.0.1 of [6] can be more general
and we can treat the solutions satisfying S, (1) < m,, + ¢ for sufficiently small
e > 0. However, for simplicity of our presentation, we restrict ourselves to the
threshold solutions.

4. Analysis on BA, _

In this section, we study dynamics of solutions which start from BA,, _.

4.1. Convergence to the orbit of the ground state. First, we shall show
that if a solution with (1.1) ¢|i=0 = 1o € BA., _ exists globally in positive time
direction, the solution converges to the orbit of the ground state exponentially as ¢
goes to infinity. More precisely, we obtain the following:

PROPOSITION 4.1. Assume that w € (0,ws), where ws > 0 is the constant given
in Lemma 2.3. Suppose that a solution ¢ to (1.1) with ¥|—o = 1o € BA, — exists
on (=T axs 00), Then, there exist constants C > 0 and ¢ > 0 such that

(4.1) distg (Y(t), 0(QL)) < Ce for allt > 0.

We first show that the set BA,, _ is invariant under the flow of (1.1).

LEMMA 4.1. If g € BA, —, we have ¥(t) € BA,, _ for all t € I ax, where ¥
is the solution to (1.1) with 1]—o = vo.

4We recall that 65 (w) denotes the constant given by Proposition 3.1.
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PRrOOF. Tt follows from the conservation laws (1.2) that S, (1(t)) = m,. We
shall show IC((t)) < 0 for all ¢ € Iyax by contradiction. Suppose to the contrary
that there exist w. € (0,ws), Yo« € BA, — and t. € Imax such that C(¢(t,)) > 0.
Then, from the continuity of K(¢(¢)) and K(3)o..) < 0, there exists t; € (0, ¢.] such
that K(¢(t1)) = 0. Thus, ¥(t1) satisfies S, (¢¥(t1)) = me, and (¥ (t1)) = 0. Since
(ty) is a minimizer of m,,, (ground state of m,,, ), we have that 1 (t) = e“~+9Q,
for some 6 € R, which contradicts K(¢(0)) = K(g.«) < 0. O

Next, we see that the following convergence result holds.

PROPOSITION 4.2. Let {uy,} be a sequence in BA,, satisfying lim,, o, K(u,) =
0. Then, we have lim,,_,~ distg: (un,, O(Qw)) = 0.

We can prove Proposition 4.2 by a standard argument. However, for the sake
of the completeness, we shall give the proof in Appendix A below. Next, we recall
several estimates, which are needed later.

LEMMA 4.2. Let 6(t) and n be the functions given in (2.1), N, (n) be the non-
linear function defined by (2.4), V., + be the eigenfunctions of —iLy,, V.. (i =1,2)
be the function defined by (2.9) and A\i(t) be the parameter given in (3.26). There
exists sufficiently small 0x > 0 and C7 > 0 such that as long as the solution v to
(1.1) satisfies dy,(1(t)) < dx, we have
o({ ) —whn(t) ~ Noln(t)), ¥..)

(4.2)

<)

fori=1,2,

| 2

an (GO - M)

See [6, (5.30) and (5.31)] for the proof of Lemma 4.2. We are now in a position
to prove Proposition 4.1.

< Cy|Ac(t)

al

PROOF OF PROPOSITION 4.1 . We divide the proof into four steps.

(Step 1). We claim that there exists a sequence {t,} in (0,00) with
lim,, ., t, = 00 such that
(4.4) lim dist g1 (¢(t,), O(Qw)) = 0.

Since BA,, _ is an invariant set (see Lemma 4.1), we see that S, (¢ (t)) = m,, and
K((t)) < 0 for all t € (=T},,.,0). Then, we obtain limsup,_, . K((t)) = 0.
Otherwise, the solution () blows up in finite time (see the proof of Theorem 1.3
in [4]). Thus, there exists a sequence {t,,} in [0, 00) with lim,,_, ¢, = 0o such that
lim,, oo K(¢(¢,)) = 0. Then, up to a subsequence, we see from Proposition 4.2
that lim, o dist g1 (¢(£5), O(Q)) = 0. Thus, (4.4) holds.

(Step 2). (4.4) together with one-pass theorem (Theorem 3.5) yields that
for any R > 0, there exists N € N such that d,,(¢(t)) < R+ R? for all t € [ty, 00).
Since R > 0 is arbitrary, we have limy_, o do,(¢(t)) = 0. Then, it follows from (3.34)
that

dy,(Y(t)) < 2R for all t € [tyn, 00).
In addition, by (3.17), (3.19) and (3.30), we have

(45) A1) + X ((t) < ;IIW)IIQE SR? forallte [ty,o0)
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Therefore, letting
(4.6) vo 1= rg;mg{ﬂz\l(t)\} > 0.

we may assume that vy € (0,7,,) by replacing ¢ by t + T (T > 1).

(Step 3). Using an idea of Nakanishi and Schlag [38], we shall show that
|A1(t)] is a decreasing function of ¢. Suppose to the contrary that there exists
to > 0 such that |\ (to)] = maxy>o |[A1(t)] = vo. Observe from 1y € BA, _ that
E(Y) = E(Qy). Then, it follows from (3.31) that

(4.7) d? () = 2e,\3(t).
This yields that d? (tg) = max;>o d2(t). Then, one has
d
0= —dZ (v(1))
dt —t

This together with (3.32) yields

(18) 0= 2 Auto)halto) + euato) ({ G t0) = whnlto) — Nalrnlto)), iY%z) 5

Combining (4.8) with (4.2), we obtain that
(4.9) 0 < e sgn[A1(to)] |1 (o) [ A2 (to) + Cew| M (to)
for some constant C' > 0. It follows from (4.9) that
(410) —C‘)\l(to)|2 S €ngn[)\1(t0)]>\2(t0).
Suppose that sgn[A;(tg)] = 1. Then, since |A1(t9)] < 1, we see from (4.6), (4.10)
and (3.26) that

2C
(4.11)  0< Ai(to) < 2X\1(to) — e—|/\1(to)|2 < 2(A\1(to) + Aa(to)) = 2X4 (o).
Suppose next that sgn[\;(tg)] = —1. Then, (4.10) becomes e, A2(tg) < C|A1(to)|?.
Since |A1(to)] = R < 1, we see from (3.26) that

A1 (to)

0.
9 <

(4.12) At (to) = A1 (to) + Xa(to) < Mi(to) + egw(to)l2 <

Thus, we conclude from (4.11) and (4.12) that
(4.13) Malto)] < 210 (t0)]
From (3.13), (4.3), (4.13) and |A1(to)| = maxy>o |A1(t)|, we have

t
A+ @) 2 eew“‘f“\A+<to>|—»cnwxl<t0»2n/msfw@gs>d5
to

_ C e (t—
> e (to)| — P o) e 710

w

> eew(t—to) (1 _ 401‘/\+(t0)|

Cw

€w (t_to)
) o)l = S )] o as -

which contradicts (4.5). We have used the fact that |A;(tg)] < 1 in the last

inequality (see (4.5)). Thus, we find that |A1(¢)| is a decreasing function of ¢.
(Step 4).  We shall show (4.1). We first consider the case that A (¢) is a

decreasing function of ¢ > 0. Since lim;—,o, A1(t) = 0, we have A;(t) > 0.
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It follows from (3.28), (4.2) and max;>o [A1(t)] = R < 1 that
d\g Cw
dt 2
This together with lims o [A2(¢)] = 0 implies that Ay(¢) < 0 for all ¢ > 0. Since
A1(t) > 0 and A2(t) < 0 for all ¢ > 0, we see from (3.26) that —A_(t) < Ay (t) <
A_(t) for all ¢ > 0. Therefore, we have A_(t) > 0 and
(4.14) A+ @] < [A-(@)]-
From (3.14), (4.3), (4.14) and |A_(¢)| < 1, we find that
d\_
St
It follows that 0 < A_(t) < A_(0)e” %, We see from (4.14) that |\, (t)| <
A_(0)e= %t Tt follows from (3.26) that |\, (¢)| < A_(0)e~ 5%, This together with
Proposition 3.2, (4.7) implies that (4.1) holds.

We can prove the case where \1(t) is an increasing function of ¢ > 0 similarly.
Thus, we omit it. 0

(t) > e M (t) — Cr AL ()2 > —=ZXi(t) > 0.

() < —ewA_(t) +4C1 [ A_ ()] < —%A,(t).

4.2. Blowup in negative time direction. Next, we shall show that if a
solution starts from BA,, _ exists globally in positive time direction, the solution
must blow up in finite negative time:

PROPOSITION 4.3. Assume that w € (0,ws), where ws > 0 is the constant given
in Lemma 2.3. Suppose that a solution v to (1.1) with |=0 = 1o € BAw,— ezists
on (=T ., 00). Then, 1 blows up in finite negative time, that is, T, .. < 00.

max’ max

To prove Proposition 4.3, we first consider a solution which has a finite variance.
Namely, we shall show the following:

LEMMA 4.3. Assume that w € (0,ws), where wz > 0 is the constant given in
Lemma 2.3. Suppose that a solution ¢ to (1.1) with ¥|=g = Yo € BA,, _ defined
on (—Taxs 00) Satisfies

el € L*(RY).
Then, 1 blows up in finite negative time, that is, T, . < 00.

max

We can prove Lemma 4.3 by a similar argument in the proof of Proposition 5.1
(Page 25) of [16]. Thus, we omit the proof.

LEMMA 4.4. Assume that w € (0,ws), where wz > 0 is the constant given in
Lemma 2.8. Suppose that a solution v to (1.1) with |0 = o € BA, — is defined
on (—Tpax: 00) and Ty = 00. Then, limy_,_ o distyi (Y(t), O(Qu)) = 0 and there
exists a constant C7 > 0 such that

(4.15) K((t)) < =Cyln(t)|| g1 for all t € (—o0,0).

Proor. We divide the proof into four steps.

(Step 1). Suppose that there exists ¢ > 0 such that K(¢(¢)) < —d for all
t € (—Tax0). Then, we see that T, ,, < oco. Thus, it suffices to consider the
case of limsup, , . K(¢(t)) = 0. Then, there exists a sequence {¢,} in (—o0,0)
with lim,, o t, = —oo such that lim, . (¢(¢t,)) = 0. Then, by a similar way
to (Step 1) —(Step 3) in the proof of Proposition 4.1, we see that for any R > 0,

there exists ty in (—oo,0) such that
d,(y(t)) < CR for all t € (—oo,tn],
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(4.16) N(@(®) + A2 (1) < llnM)[z SR forall t € (—o0,tn].

Since R > 0 is arbitrary, we have lim;_, o, disty1(¢(¢), O(Q.)) = 0. Replacing ¢
by t — T (T > 1), we may assume that for any vy € (0,7,),

(4.17) vo = max{| A ()]} > 0.

In addition, we see that
(4.18) [A1(t)] is an increasing function of .

(Step 2). We claim that

A_(t
(4.19) ®) =0.
t=—oo| Ay (t)
Suppose to the contrary that there exists a constant d > 0 such that
A_(t
(4.20) lim sup () > 0.
t——o0 )\+ (t)
Then there exists a sequence {t,} in (—oo,0) with lim,,_,~ ¢, = —oo such that
A~ (tn) > é
Ap(tn)|™ 2
This together with (3.26) yields that
24946
(4'21) |>\1(tn)| < |)‘+(tn)‘ + |/\— (tn)| < T|/\— (tn)|

From (3.14), (4.2), (4.18) and (4.21), we have

tn
A=) = =N (tn)] = Crlha (1) / e ds

t
C
> et (f)] = 2 1) e )
Cw

2+6)C e (t—
> (1- B ) e o)

Since limy;_, o |A1(t)| = 0, there exists a sufficiently large ng € N such that

(2+8)C, 1

- it 2 5.

dey,
Then, we obtain
o—Cw(t—tny)
2

which is a contradiction. Thus, (4.19) holds.
(Step 3). Now, we see from (3.10), (3.24) and (2.15) that

(4.22) (Qu, T(#)) 2, = —M(n(t)).

rea.

Moreover, we see from (2.6) and (2.7) that
’C,(Qw) + 2wa = _ZAQw + 2UJQw - 3@3) — 6QZ

3 1
Lw,—Qw + iLw,-‘rQw - 2@2

[A_(t)] > A= (tn,)| — o0 as t — —o0,

(4.23) T2
1 5
- iLw,-‘rQw - 2Qw
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We note that the decomposition (3.24) of 7(t) is expressed as follows in terms of
the functions ), 1 and Y, 2:

(4.24) N(t) = 2M () Vw1 + 2iX2 () Vw2 + T'(t).
This together with (4.22), (4.23), (4.24) and (3.10) shows that
(K'(Qu) () -1, m

= (K'(Qu) + 20wQu, n(t)) 1,1 — 20(Qu, (1)) 2

real

real

1
= <§Lw,+Qw —2Q%,2X1 () Vo1 + 200 () Vo + D)) -1 g1 — 20(Qury (t)) 12

= <%Lw,+Qw - 2@37 2)\1(75))}0_])1 + F(t)>H*17H1 4 2WM(77(t)).

Here, we have used the fact that Q,,, L., 4+ Q. and ), 2 are real-valued functions in
the last equality. Observe from (2.6) that § L., Q. —2Q2 = —Q2 — 4Q7. This
together with (2.10) yields that
(K'(Qu), ) -1, = M (t) (Lo +Qu V1) 12 — 4M1 (1) (QL, Vo1 ) 12
—(Q2 +4Q2, T (1)) L2+ 2wM(1(1))
- _ew)\l(t)(Qwv yw,Q)Lz - 4)‘1(t)(an :))u),l)L2
—(QF +4Q2, T (1)) 2, + 20M(n(1)).
Taylor’s expansion of K around @, together with (@) = 0 and (4.25) shows that
K((t)) = K(Qu +n(t)) = (K'(Qu),n(t)) + O(n(®) |31
(4.26) = =M (1) (Quy Vu2) 2 — 4N (1)(Q2 V1) 2 — (Q2, T()) 12

—4(Q%,T(®)) e, + On®)170)-

re

(4.25)

(Step 4). From (4.19), for any € > 0, there exists 7. > 0 such that
(4.27) [A_(t)] < e]AL(t)] for all t < —T..
It follows from (3.18), the condition £(¢) = £(Q.), (3.30), (3.31) and (3.17) that
ewl X+ OIA=B) + CIMOF = [T 7
This together with (4.27) and (3.26) yields that
(4.28) IP@ 2 < ewslrs (2 + CI (O < C=ln(0)

Suppose that there exists t. < —T. such that A;(t.) > 0. Then, it follows from
(4.26), (2.14), (2.16) and (4.28) that

(4.29)
0> K((t.)) > %Al(t*)|(Qw7yw,2)L2| — C(IQulI7 = + 1Qull 7o) 1Qull L2 IT ()l L2
> efwAl(t*)Kmew,z)Lﬂ >0,
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which is a contradiction. Thus, we see from (4.18) and lim;—, o, A1(t) = 0 that
Ai(t) < 0 for t < —T.. Then, from (4.7), (3.30) and (3.22), we have A;(t) <
—C|[n(t)||g1- Then, by a similar argument as in (4.29), we obtain

€w €w
K@) < T MONQu: Yo2)r2| < = CONQuy Yo 2)ralln@)llmrr - forall ¢ < —Te.
Therefore, from the continuity of K(¢(t)) and n(t), we see that (4.15) holds. O

Let ¢ be a radial function such that
2 (0<r<1
pECER), 920, ¢"(N<2 (r20), )= { oany

For R > 0, we put

(4.30) / (5o (t, )P
Then, we obtain
(4.31) V(1) = SK() + Ap(u(1))
where
An(o(0) =4 [ (¢"(5)=2) Ivutt. 0P~ | (Ap(5)=6) [o(t.o)l'do
4

— 3 [ (0o D) —6) ot + 5 [ (i)

Then, by a similar argument in [14, Claim 4.3] (see also [16, Section 5.2]), we can
prove the following:

LEMMA 4.5. For any € > 0, there exists R. > 0 such that for any R > R, we
have

(4.32) [ArW ()] < elln(®)l| -

We are now in a position to prove Proposition 4.3. Actually, the proof is similar
to that of [17]. However, for the reader’s convenience, we shall give the proof.

PROOF OF PROPOSITION 4.3. Suppose to the contrary that 77, = co. We
see from (4.31) and Lemmas 4.4 and 4.5 that y%(t) < 0 for all ¢ < ( 00,0). We
claim that

(4.33) yr(t) <0 for all ¢ < 0.
Suppose to the contrary that (4.33) fails. Then, one of the following two cases
must occur: there exist {3 < 0 and g3 > 0 such that y%(to) > €q, or there exists
to < 0 such that y/,(t) = 0. If the latter case occurs, we see from y/(t) < 0 for all
t < (—00,0) that there exists t; € (f,0) and &, > 0 such that y}(t1) > &. Thus,
it suffices to consider only the former case.

We see from y%(t) < 0 for all t < (—o0,0) and yy(to) > €o that yi(t) > ¢¢ for
all t < tg. Then, it follows from the fundamental theorem of calculus that

yR(t()) — yR(t) = /t ’ y}%(s)ds > E()(t() — t)

This yields that
yr(t) < yr(to) —eo(to —t) = yr(to) — eoto + cot — —oc (t = —o0),
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which contradicts the positivity of yr(¢). Thus, (4.33) holds.
Then, we see from (4.33) that yr(t) is a decreasing function. In addition, we
know from Lemma 4.4 that lim;, o distg1(¢(¢), O(Q.)) = 0. These imply that

yr(0) < Tim yR(t):/RS R p(5)|Qu e

T t—o—o0

Letting R go to infinity, we obtain
/ |[?[4po*dz: g/ |2|2|Qu|?dz < .
R3 R3

Then, from Lemma 4.3, we see that T, < oo, which is absurd. Therefore, we

conclude the desired result. O

5. Analysis on BA,

In this section, we investigate the asymptotic behavior of solutions which start
from BA, +.

5.1. Convergence to the orbit of the ground state. We can prove that
if a solution with (1.1) ¢¥|i=0 = ¥ € BA, 4+ does not scatter in positive time
direction, the solution converges to the orbit of the ground state exponentially.
More precisely, we obtain the following;:

PROPOSITION 5.1. Let ws > 0 be the constant given in Lemma 2.3 and assume
that w € (0,ws). Suppose that a solution v to (1.1) with Y|i—o = o € BA, + does
not scatter for positive time. Then, there exist constants C > 0 and ¢ > 0 such that

(5.1) disty (¥(t), 0(Qy)) < Ce™ for allt > 0.

The proof of Proposition 5.1 is similar to that of Proposition 4.1. Thus, we
omit the proof.

5.2. Scattering in negative time direction. Secondly, we shall show that
if a solution starts from B.A, 4 does not scatter in positive time direction, the
solution must scatter in negative one:

PROPOSITION 5.2. Assume that w € (0,ws), where ws > 0 is the constant given
in Lemma 2.3. Suppose that a solution ¢ to (1.1) with Y|i=o = o € BA, + does
not scatter in positive time direction. Then, ¥ exists on (—o0,00) and scatters for
negative one, that is, there exists ¢ € H'(R3) such that

. A _
Jdim[[(t) — B = 0.
To prove Proposition 5.2, we need the following lemma:

LEMMA 5.1. Assume that w € (0,ws), where wz > 0 is the constant given in
Lemma 2.3. Suppose that a solution ¢ to (1.1) with ¢|—o = g € BA, 4+ does not
scatter in negative time direction. Then, limy_, o distgi(¥(t),O(Qy)) = 0 and
there exist a constant Cy > 0 such that

(5.2) K@) = Caolln@)|lm for allt € (—o0,0).

We can prove Lemma 5.1 by a similar argument in the proof of Lemma 4.4.
Thus, we omit the proof. We are now in the position to prove Proposition 5.2.
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PROOF OF PROPOSITION 5.2. We will follow the argument of [16, Section 6.4].
Suppose that a solution 1 does not scatter in both positive and negative time
direction. Let yr be the function given by (4.30). From the fundamental theorem
of calculus, we obtain

(53 [ ot = () = yilo).
(4.31) together with (4.32) and (5.2) yields that

(5.4) / Y ()dt > % / In@llmdt >0  forallo <0< .

Note that ’ ’

elt) = 2RI [ DVl ) VQu(a)de + 2RI [ Qula)Vie( ) Tult.a)ds
+ 2RIm /R va(%) - Vn(z)dz.

From this and (5.1), we obtain

(5.5) lWr(®)] < CR(In®)[lgr + In®)[IF) =0 as t — £oo.

Letting o go to —oco and 7 to +oo in (5.3), we have, by (5.4), (5.5) and Lemmas
5.1 and Lemma 4.5, that

%OO

< . / . / —
2 In@lmde < lim Jy/(o)]+ lim [y/(r)] = 0.

This implies that n(t) = 0 for all ¢t € R. However, this contradicts the assumption
K(1(0)) = K(tpg) > 0. This completes the proof. O
6. Construction of special solutions

In this section, we introduce Strichartz-type spaces and give the proof of The-
orem 1.3. First, we recall the Strichartz estimate:

DEFINITION 6.1. We say that a pair of (q,7) is L*-admissible if

1 3/1 1
r 2\2 ¢/’
LEMMA 6.2 (Strichartz estimate). (i) For any L?-admissible pair (q,r), we have

(6.1) ||eitAU||LT(R,Lq) S lullze-

(ii) For any admissible pairs (q1,71) and (qe,72), we have

t
/ ei(t—t/)Af<t/)dt/

to

S 1A

L1 (R,L1)

(6.2) ‘ for any to € R,

L2 (R,L72)
where ¢’ and v’ denote the Holder conjugates of q and r respectively.
We shall use the following Strichartz-type spaces:
30
St(I):= LPL2(I x R¥) N LZLS(I x R?), V(I):= L{°L#* (I x R?),

Va(I) == L3LE (I x R?),  W(I):= LYLY(I x R?).
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We define the norm of St(I) for an interval I by

||UHSt(I) = sup ([l L7LL(IxR3)-
(q,7): L?*-admissible
From the definition, we see that
(6.3) lullv s lullvsry < lullsen-

We also use the following function space:
N(I) = LiLE (I x R?),

which is the dual space of the Strichartz space Ltg L? (I x R3).

By a similar argument to [14, Lemma 6,1] (see also [16, Proposition 3.4]), we
can construct a family of approximate solutions to (1.1). More precisely, we shall
show the following;:

PROPOSITION 6.1. Let wy > 0 be the constant given by Theorem 2.1. For any

w € (0,ws) and A € R, there exists a sequence { 2]}, }jen of functions in S(R*)\ {0}

such that Z{, = AV, _ and if k > 1 and Vﬁw = 25:1 eIt ZA | then we have

(6.4) atv,;‘fw + Z'EOJV,‘:“, = Nw(V,‘éw) + O(e~ (kb Deuty in S(R3) as t — oo.

By using Proposition 6.1 and the contraction argument, we can construct a
solution U4 to (1.1) which is close to e**(Q,, + V,f)w).

PROPOSITION 6.2. Let wy > 0 be the constant given by Theorem 2.1. For any
w € (0,ws) and A € R, there exists kg > 0 such that for any k > ko, there exist suf-
ficiently large to = to(w, A) > 0 and the radial solution U2 € C([ty, o0), H>(R3))
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to (1.1) satisfying the following:
(65) (VUL = €“"(Qu + Vil)llsioo) S e FFD% (22 1),

Furthermore, U2 is a unique solution to (1.1) satisfying (6.5) for large t > 0.
Finally, U is independent of k € N and satisfies

(6.6) U2 = €“HQu, + Ae™%' Yy Ylgr < Ce 2%t for all t > to.
We can prove Proposition 6.2 in a way similar to [14, Proposition 6.3]. Thus,
we omit the proof. We are now in a position to prove Theorem 1.3.
PrOOF OF THEOREM 1.3. We put
(6.7) QE(t,x) == e W UE(t + tg, z).
Then, we see from YV, - = Yy +, (2.9), (6.6) and (6.7) that
QE(t,z) = e Ut 4 tg, 2)
_ efiwtgeiw(tﬂo)(Qw + 6few(t+t0)yw,_ +TE(t 2))
= e (Q,, + e—ew(t—&-to)yw,l - ie—ew(t-&-tg)ywz + Tt 7)),

where I'F € C°°([tg, 00), H®(R?)) with |[T#(#)|| 1 = O(e™2¢!). Then, by a simi-
lar argument in (4.26) °, we obtain

+ e~ e (iHto) —ew(t+to) (N5
’C(Qw) = FCw 2 (szyw,2)Lfeal :|:2€ o 0 ( w;yw,l)L?ea
(@3 T (W) — A(QE T (1) a + Oe21),

By (2.14), (2.16) and |[T£(t)|| g2 = O(e~2%1), we have
e_ew(t"l‘to)

e 1(Qu Yu2)rz, | > 0

for sufficiently large ¢ > 0. Thus, we see that QF € BA,, + which satisfy
dist 71 (QE (1), 0(Qu)) < Ce~t  for all t > 0.

Then, it follows from Propositions 4.3 and 5.2 that Q7 blows up in finite negative
time and @, is globally defined and scatters for negative time. This completes the
proof. O

1

+K(QF) > ew

7. Uniqueness and proof of Theorem 1.4

In this section, we shall show that a solution which converges to the orbit of
the ground state must be the special one obtained in Proposition 6.2. After that,
we will give the proof of Theorem 1.4. Our first aim in this section is to prove the
following:

PROPOSITION 7.1. Assume that w € (0,ws), where ws > 0 is the constant given
in Lemma 2.3. Suppose that a solution ¢ to (1.1) with ¥|i—¢ = o € BA,, satisfies

(7.1) dist (Y(t), O(Qu)) < Ce™  (t > to)
for some ¢,C € R and tg > 0. Then, there exists Ag € R and 6y € R such that
Y = e U0 where U0 is the solution to (1.1) defined in Proposition 6.2.

—ew (t+tg) e—ew(t+to)

5 , 5 and T*(t),

5X1(t),A2(t) and T(t) in (4.26) correspond to =<
respectively.
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7.1. Exponentially small solution to the linearized equation. In this
subsection, in order to prove Proposition 7.1, we consider € C°([tg, 00), H!(R?))
and g € C%([tg, ), L?(R?)) such that

(7.2) om+il,n=g in (t,z) € (tp,00) x R3,
(7.3) ()] < Ce ™! (t > to),
(7.4) 1{V)gll v (t,00) + ||g(t)||L%(R3) < Ce et (t > to),

where
0 < Y1 < Y2
We shall show the following:

PROPOSITION 7.2. Assume that n,g satisfy (7.2)—(7.4). Then, the following
holds:

(i) if v2 < ew, I [ar + [{V)nllst(t,00) < CeT2 7,
(ii) if y2 > ew, there exists A € R such that n(t) = Ae 'Y, _ + w(t) with
lw@®llm + V) wlset,00) < Ce 2"

The proof of Proposition 7.2 is similar to that of Proposition 5.9 in [14]. How-
ever, since we still employ the symplectic decomposition, the detail is a bit different.
Therefore, we give the proof for the sake of completeness.

To prove Proposition 7.2, we need several preparations. Note that (7.2) is
equivalent to

(7.5) i0m + An —wn + V() = ig,
where
V(n) = Q%(2n +7) + Qs (3n + 27)
= 3Q% (Re ) +iQF (Im 1) + 5Q (Re 1) + Qg (Im. 7).
As in [14, Lemma 5.5], we obtain the following:

LEMMA 7.1 (Linear estimate). (i) Let f € L5(R®). Then, there exists a
constant C7 > 0 such that

VO s < Cullfllzs.

(ii) Let I be a finite time interval of length I and f € W(I) such that Vf €
V(I). Then, there exists Cy > 0 independent of I, f and g such that

(7.6)

(7.7) I fllwry < ColIV fllvin,
2
(7.8) IKVIV(Dliny < HIFIV) fllva-
PrROOF. We can obtain (i) by the Holder inequality. (7.7) follows from the
Sobolev inequality. We can also obtain (7.8) by the Hélder inequality. (]

LEMMA 7.2. For any finite time-interval I, of length |I|, and any functions
g and n such that g € LOO(I,L%(RS)),<V>9 € N(I),g € L*®°(I,L*(R3)),n €
L>(I,L5(R3)) and (V)n € L3 (I, L7 (R3)), we have

J|eeattrnten|ar < [l @l 5,

(7.9)
+ |I|||g||Loo(1’L%(R3))||77||L°°(I,L6(]R3)) :
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Proor. We have
(Log(t),n(t)) = a(t) + b(t),

where

a(t) = Re /RS Vg(t) - Vn(t)dr + wRe /R3 g(t)n(t)dz,

0 == [ (32 + 5 (m (0o — | (@2 +Q)aatt)m(t)d.

Here, g1 = Re g,71 = Ren, g2 = Im g and 72 = Im 1. By the Holder inequality, we
obtain

/, la(®)ldt < D gln (V)] 5 s

LZ(I,L )
b(t)] < Cllg(t)llng(Rg)||n(t)||Lg<R3>(HQWII%m + | QullE)-

Integrating the estimate on b(t) over I, we get the conclusion. (]

We recall the following lemma which is obtained by Duyckaerts and Merle [14,
Claim 5.8].

LEMMA 7.3 (Sums of exponential ). Let tyg > 0,p € [1,00),a0 < 0, E be a
normed vector space, and f € L} (tg,00; E) such that there exist 79 > 0,Cy > 0
satisfying

Wl et troiE) < Coe™? (t > to).
Then, we have

Coeaot
Hf”Lp(t,oo;E) <

S T eaom (t > to).
Using Lemma 7.3, we shall show the following:
LEMMA 7.4. Letn be a solution to (7.2). Assume that n satisfies
(7.10) (Ol < Cre™ (¢ >0)
for some Cy >0 and v € (0,7v2). Then, we have
V)l st(t.00) + IMllw(t,00) < Cae™ ™ (£ >0)
for some Cy > 0.

PrOOF. We shall show Lemma 7.4 following [14, Lemma 5.7]. From (7.5), one
has

(7.11) 0y (V)1 + AV)n = w(V)n + (V)(V(n) —ig) = 0.

Let t and 7 such that ¢ > 0 and 0 < 7 < 1. By the Strichartz estimates (6.1), (6.2),
(7.10), (7.8) and (7.4), one has

[KV)nllvaesry < ClI@ e + VYV In et + V)9l v eem)

< (e BT lann + ).
Thus, we can take 79 > 0 sufficiently small so that

(7.13) V)l vae.tmg) < Ce™

for t > 0. Note that by the Holder inequality, the assumption (7.10) and (7.13), we
obtain

(7.12)

1 1 _
(714) ||<v>77HV(t,t+'ro) S Hn||zoo((t7t+-,—o),1—]1)|‘<V>n||\2/3(t7t+70) S Cle Wt'
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By Lemma 7.3 and the inequalities (7.13) and (7.14), we have
(7.15) V) 0llv 1,00y + K0l vs (1,00) < Ce™?* (> 0).

Then, by the Sobolev inequality (7.7), we see that |1y () < C2e™7" for some
Cy > 0.

Next, we shall estimate [|(V)7||s¢(¢,00). By the Strichartz estimates (6.1), (6.2),
and the estimate similar to (7.12), we obtain

_ 2
)0l sect,ery < Cle™ " + 75 {)0llveam) + V) gl t4r))
< O™ + 73 (V) nllseqe.ier) + €77

This implies that [[(V)7]|sy,¢+-) < Ce™ " for sufficiently small 7 > 0. By Lemma
7.3, we get (V)1 si(t,00) < Coe™ " for some Co > 0. This completes the proof. [

We are now in a position to prove Proposition 7.2.

PROOF OF PROPOSITION 7.2. (Step 1). We claim the following:

dA
(7.16) PHE1) — e (1) = 09, Ve,
dA_
(7.17) o (B T ewA-(t) = —g, Vo 1),
d
(7.18) 5 Lan(®) () -1, = 2(Lan(t), 9) -1 111
where Ay () are given by (3.6). It follows from (3.6), (7.2) and L,V — = —iewVu,—
that

%(t) =QOm(t), Vu,—) = QU—=iLun(t), Vew,—) + g, Vo, —)

= e (1) + 29, Vo).
Similarly, by (3.6), (7.2) and L,V.,+ = i€,V +, We obtain
d\_ )
W(t) = —Q(0n(t), Vo, +) = =U—iLn(t), Voo 1) — g, Voo 1)
= —eA(t) = (g, Ve 4)-

Clearly, we have

(7.19) (Lou, —ilyu)pz =0 forallu € H*(R?).
It follows form (7.2) and (7.19) that
d

%wwﬂ(t)ﬂ?(t»H—aHl =2(Ln(t), 9) 1,110

This yields (7.18).
(Step 2). We now claim the following:

(7.20) A4 ()] < Cem 2,
(7.21) IAN_(t)] < Ce 2t if g, <e,,
(7.22)  there exists A € R such that [A_(t) — Ae" | < Ce 2! if o > ey
It follows from (7.16) and (7.4) that
d

<eem+<t>>‘ e~ Q(g, Vu,- )| < Ce™*"||g]|

< 7(ew+72)t_
dt < Ce

L8 ®3)
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Integrating the above from ¢ to co, we obtain (7.20).
Next, we shall show (7.21). From (7.17), we obtain

d e e e e —
(7.23) G ‘“tk(ﬂ)‘— 19, Vo, 1)l < Ce* gl g ) < Celew=72)t,
Assume that v2 < e,. By (7.23), one has
ewto )\7 t (ew*’m)t f 3
‘Ge“t)\_(t) < e t| (O)|+C6 1 Y2 < €w,
e[ Ay (to)| + C(t — to) if ew = 2.

This yields (7.21). Next, we assume that vo > e,,. Then, we see that

/ elew =127 dr < oo,
to

It follows from (7.23) that

(7.24)

le®SA_(s) — e A_(t)| < C/ elew=1)7dr < C/ eleo=12)Tqr < Celew—12)t
¢ ¢
for s > t > ty. Thus, there exists A € R such that lim;_ o, e“*A_(t) = A. In
addition, letting s — oo in (7.24), we have
|A — e®tA_(t)] < Celow—m2),

This implies (7.22).
(Step 3). We next prove

Jy1t+72 t

(7.25) IE@)| < Cem ™52,

where I'(t) is given by (3.15). We have, by (3.3), (3.5) and (3.15), that
QI(t), Vo 1) = QUL(t), Vo, -) = 0.

Recall that Q(Vy,+,Vw,—) =1 and
QYo+ Yo, +) = Q(Vr,—, Yo, —-) = 0.

Using this, we get

(Lon(®),n(t)) -1

= A OA )Vt Voo Nz, — @A (DA (DD Yotz

+ (LT, T(#) -1,
= 26, A (DA () + (LT, D) s e,
By Lemmas 7.2 and 7.4, (7.18), (7.4) and (7.3), we have

t+1 d
/

—(Lon(s),n(s)) -1, m
_y /t+1

ds
< C[||<V>g||N([t’t+1])||<v>77||1;3([t,t+1],L370(1R3))

(7.26)

ds

(Log(s),n(s)) p—r 1 |ds

+ ||g||L°°([t,t+1],L%(]R3)) ||77L°°({t,t+1],L6(R3)):|

S Ce—(’h-‘r’m)t.
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Then, from Lemma 7.3, we obtain

/t w‘i“w’?(s)m(s»m,m

Since limy oo (Lon(t), n(t)) g—1 g1 = 0, we see that

>l d
02 [@an @ san|< [
t
From Lemma 3.1, (7.20), (7.21), (7.26) and (7.27), we obtain
IT@)F < CULLT (), T()) 1,1 < Ce™ 472,

From this, we conclude that (7.25) holds.

(Step 4). We conclude the proof. We first consider the case of e, > 75 or
the case of y5 > e, and A = 0. By the decomposition (3.4) of n, (7.20), (7.21),
(7.22) and (7.25), we have

ds < Ce—(m+r2)t

ds < Ce~(ntr2)t.

y1t72 +

(7.28) ()| < Ce™ 2
Iterating the above argument, we get the bound
()]l < Cre™ =

From Lemma 7.4, we have [[(V)n]s¢(t,00) < Che 12 t,
Secondly, we consider the case of e, < 2. Then, by the decomposition (3.16),
(7.20), (7.22) and (7.25), we have
||77(t) _ AefewtyMi”Hl S C(e,,\/zt +e ’Yl;r’YQ t) S 067 ’Yl;r’YZ t'

Putting no(t) := n(t) — Ae='Y),, _, we find that 7o satisfies (7.2) with »; replaced
by 7“5772(> ~1). By iterating the above argument, we obtain

[mo()|| 1 < Cre 2.

From Lemma 7.4, we have [[(V)nolls¢(t,00) < Csye 2t This completes the proof.
[l

7.2. Proof of Proposition 7.1. In this subsection, we give the proof of
Proposition 7.1. First, we recall the following nonlinear estimates, which are ob-
tained in Duyckaerts and Merle [14, Lemma 5.6] (see also Ardila and Murphy [3,
Lemma 6.2]):

LEMMA 7.5 (Nonlinear estimates).
Noa(5) = Nea@)l g < NS — il (10l 171+

1
1Qul, 3¢ gl 35 + IF12 3 + gl 3.

x

1Nw1(F) = Noa (9l 50 < CllF = gll 20 (1Qullzg I fllzg +

Lt
1Qullzsllglizs + I1F11Zs + llallZs),
INw2(F) = No2(9)l g < Cllf = glle (1Qullzs 1 fll e+

1QullZsllgllze + 11£l17s + llgllze),
1Nw2(f) = Noo2(9)ll 33 < CIIf =gl 30 ([|Qu 210 [l fll Lo+

L

1Qul 10 llgll 1o + 11410 + gl 10).

[y
L3
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Let I be a finite time interval and f,g be functions in W(I) such that (V)f and
(V)g are in V(I). Then, we have

(7.29)
(V) Nw1 (f) = (V)N (9) vy < CIVI = Dllvary - [II”H Y fllvacn

+uwmwm+WWﬂ&m+<wm%@,
(7.30)
HWW%QU%%WNMQMMDSOHWU¥ﬂme~FP%WWme

+ V) gllv ) + KV Fllv ) + ||<V>9||§1/(1>],
where oy and g are some positive constants.
We also recall the following estimate of 6.

LEMMA 7.6. There exists C' > 0 such that for any t € [0,Tx], one has

(7.31) ]—w<cmm%,

See [6, (5.28)] for the proof of Lemma 7.6. We are now in a position to prove
Proposition 7.1.

PROOF OF PROPOSITION 7.1. We divide the proof into 4 steps.
(Step 1). Let ¢ = e (Q,(z) + n(t,z)). Tt follows from (3.22), (3.33) and
the assumption (7.1) that ||n(t)||g1 < Ce™ for t > tq. We see from (7.31) that

! d0 ! 2 —2cs
< dr < Cln(r)||3adr < Ce

— —w
Thus, there exists 6y € R such that lim;_, . (0(t) — wt) = 6y. From the above

(0(t) — wt) — (6(s) — ws)
dr
inequality, we obtain

(7.32) 0(t) — wt — 0| < Ce 2,
Let ¥ (t, ) = e/ “H0)(Q,, () + no(t, z)). We claim that 7y satisfies
(7.33) o ()l < Ce™ (t > to)

for some ¢, C' > 0. Observe that
no(t, ) = e WO Y(t x) — Qu(w) = OO0 (Qu () + n(t, 7)) — Qu(®).
This yields with (7.32) and ||n(¢)|| g1 < Ce™ ¢ for t >t that

o (Ol = [[eCO--0(Qu + (1)) - Qu|

< Aln@llar + C|0(t) = wt = bo |[|Qu | a2

S Cefct + 0672@‘/ S Cefct

Thus, (7.33) holds.
(Step 2). We claim that 7o satisfies

(7.34) [0l < Cem®" (> to).
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By (6.3) and Lemmas 7.4, 7.5 with f =79 and g = 0, we obtain
1N (o (8] ¢ + I1CV) N (10) v 2,00 < Ce 20t
Then, applying Proposition 72 with y1 = ¢ and 72 = 2¢g, g = N, (10(t)), we have
o (D)l < Ce™e" + e3e0%).

If e, < 2co, (7.34) holds. If not, we get ||no(t)|| g < Ce~ 2! Then, we can verify
that (7.34) holds by iterating the above argument.

(Step 3). Applying Proposition 7.2 (ii) again with 1 = e_,y2 = 2e_ (> e,)
and g = Ny, (no(t)), we find that there exists Ay € R such that
(7.35) Ino(t) = Aoe™ V-2 + (7)) = Ave™ Vs a0y < Ce= 5.

Let Uo‘j‘_be the solution constructed in Proposition 6.2 for each A € R. We write
UL = et (Q,, +n™(t)). We claim that for any v > 0,

(7.36)  [Ino(t) — 0 ()|l + (V) (no(t) — 0 (0) | st(t,00) < Ce™ ™ (£ >to)

for some C' > 0. Observe from Proposition 6.2 that % satisfies °
(7.37)

747 = Aoe™ W (V) (147 = Aoe™ VY 510000y < Ce b0 (1> 1),

It follows from (7.35) that (7.36) holds with v = Ze,,. We can easily verify that
no — N0 satisfies

De(no — ") +iLu(m0 — ™) = No(110) = Now (™).
Then, by Lemmas 7.4 and 7.5 with f = no(t) and g = n“°(t), we have
1N (m0(1)) = Noo (™ ()¢

+ (V) Nos (m0) = (V) Noo (™) [ 32,00y < Cem 3%t (t > to).

Then, by Proposition 7.2 (ii) with v, = 2e,,, there exists A; € R such that 79—n° =
Ale*e‘“ty%_ + wl(t) with

(7.38) sl + (VWi [[se(e.00) < Ce™3%E (8> o).
It follows from (7.36) with v = 3e,, and (7.38) that
[Arle™ | V= llis < llno = 1 iz + Ilwn (8)[ |2 < Cem 2,

which implies 4; = 0. Thus, we see from (7.38) that (7.36) holds for v = Ze,,.
Iterating this argument, we see that (7.36) holds.

(Step 4). We derive a conclusion. Using (7.36) with v = (ko + 1)e,, and (6.5)
with k£ = kg, we see that

(V) (€709 — eH(Qu + V& )l st(t,00)
< Ve — U2 |su(e,00) + INVIUL = €4 (Qu + Vi)l st(t,00)
< V) (0 — 1) | 51,00 + €~ R0t 2ot
< Oef(ngrl)ewt +67(k0+%)ewt < ef(koJr%)ewt'

Thus, from the uniqueness of the solution satisfying (6.5) (see Proposition 6.2), we
find that ¢ = UZo. O

6Note that Vf& = 6_‘3“"52{42) = Age @iy, —.
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7.3. Proof of Theorem 1.4. We are now in a position to prove Theorem 1.4

PrROOF OF THEOREM 1.4. We divide the proof into two steps.
(Step 1). Tt follows from (6.6) and (6.7) that

QY (t) = e ™ UT (t + 1o, 2)
= etQ, + e ewtoelwmety L O(e73%Y)  in HY(R®).

Fix A > 0. Let t; = —tg — % log A. This yields that
Qi(t-\"h) _ eiwt1eithw_’_efewtoe(iwfew)te(iwfew)tlyw’i_'_O(ef%ewt) in HI(RB).
From (6.6) and e ¢ = Ae’ we obtain

e QT (t4t1) = ™' Qy + Ae(i“’fe“)tyw,_ + O(efge“t)
(7.39) = M (Qu + AeT1 Y, ) + O(e75)

= U2 +0(e7 3" in H'(RY).

From this and (6.6), we see that there exists Cy > 0 such that

le ™t Qb (t+t1) — e“'Qull g < Cre ! for ¢t > 0.

This together with Proposition 7.1 yields that there exists A €R and 50 € R such
that e ™ QF(t + t;) = 'UA. By (7.39), we have A = A and 6y = 0, which
yields that

(7.40) UA =e Qb (t +t1).

(Step 2). Let ¢ be a solution to (1.1) with ¥|;—¢9 = o € BA,. If K(¢) = 0,
then v is the ground state of m,. From the uniqueness of the ground state (see
Proposition 2.1 (i)), we see that ¥(t, ) = €T Q, () for some 6 € R.
Assume that (1) > 0 and 1) does not scatter for positive time. By Proposition
5.1, there exist constants C, ¢ > 0 such that
dist g1 (¥(t), 0(Qy,)) < Ce™“ for t > 0.

Hence, (t) satisfies the assumption of Proposition 7.1 and K(¢) > 0, which shows

that ¢ = U2 for some A > 0. Thus, we see from (7.40) that (iii) holds.
Combining Propositions 4.1 and 7.1, we can prove (i) by a similar argument of

(iii). O

Appendix A. Proof of Proposition 4.2

This appendix is devoted to the proof of Proposition 4.2. For each A > 0 and
u € H*(R3), we define
Tou(-) := A3 u(\-).
We can easily find that for any u € H'(R?) \ {0}, there exists A(u) > 0 such that
>0 for 0 < A < A(u),
(A1) K(Thu)¢ =0 for A = A(u),
<0 for A > A(u).

By a standard argument, one has

(A.2) my, = inf {Ju(u): u € HY(R?)\ {0}, K(u) <0},
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where
1 AR TR
(A.3) Joo(u) := S (u) = 5K(w) = wM(u) + llullpa + Flullze.
Since the ground state Q,, € H'(R?)\ {0} exists for w € (0,w,.) (see Theorem 1.1),
we see that
(A4) My = Ju(Qu) > wM(Q.) > 0.

In addition, we have

3

(A.5) my, < ? for w e (0,w,),
where
(A.6) o= inf {||Vul?: u € H'(R®) with |lullzo =1}

See [7, Theorem 1.4]. To prove Proposition 4.2, we need the following lemmas:

LEMMA A.1 (Brezis and Lieb [8]). Let {u,} be a bounded sequence in H'(R3)
such that

lm u, () = oo () almost all v € R3
n—oo

for some function us, € H*(R®). Then, for any 2 <r <6,
lim / tn]” — 1t — t1so” — [ttso"] dz = 0
n—o0 R3

and
lim / [[Vun|* = [V{un — oo }* — [Vuss|*| dz = 0.
R3

n— oo

PROOF OF PROPOSITION 4.2. First, we obtain a H'-boundedness of the se-
quence {u,}. For sufficiently large n € N, we have

1 1
2my, + 1> Sy (un)| + §|/C(un)| > [Sw(un) — glc(un)l

1 w 1
= LIVuale + Dl + ¢l
Therefore, we see that the sequence {u,} is bounded in H!(R?).
Then, up to a subsequence, there exists Qoo € H'(R?) such that lim,, o u, =

Qo weakly in H(R3). We shall show that Q., # 0. Suppose to the contrary that
Qoo = 0. From the compactness of the embedding H! ;(R?) C L*(R?), we have

rad
. . 2 6
(A7) 0= lim K(un) = lim {|Vunl}s — unlfe } -
We claim that limsup,,_, [|[Vu,|/2: > 0. Suppose to the contrary that
lim ||[Vuy||z2 = 0.
n—oo

Then, it follows from the Sobolev embedding and (A.7) that lim,, o ||t
for all 2 < ¢ < 6. This together with u,, € BA, and (A.4) yields that

ra =10

my = nl;n;o Su(uy) = nhﬁn;(} WwM(uy) = wM(Qu) < My,

which is absurd. Thus, by taking a subsequence, we may assume lim,,_, oo ||V, ||z >
0.
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Now, (A.7) with the definition of o (A.6) gives us
. 2 . 2 . 2
Jim [[Vup|pz > 0 lim [lupfe >0 lm [[Vun|[7, .
From this together with lim, o [|[Vuy| L2 > 0 and (A.7), we have
3 . 2 . 6
ot < lim (Va2 = lim [, 5.
Hence, we see that

1 1 1
mye = lim S, (u,) = lim {Sw(un) — 2/C(un)} > lim {8 ||Un||i4 + 3 ||Un||i6}

n—oo n—oo n—oo
1 . 6 U%
> = > —
2 3 lim funllze > ==,

which contradicts (A.5). Thus, Q. # 0.
It follows from lim,, o Sw(ty) = my, and lim,, o, K(u,) = 0 that

(A.8) dim T, (un) = lim {Sw(un) - ;K(un)} = my
Using Lemma A.1, we have

(A.9) Too(tn) = Joo(un — Qoo) — Ju(Qos) = 05(1),
(A.10) K(upn) = K(un = Qoo) = K(Qoo) = 0n(1).

Furthermore, (A.9) together with (A.8) and the positivity of J, implies that
Ju(Qoso) < my,. We claim that £(Q~) < 0. Suppose to the contrary that K(Qs) >
0. Then, it follows from lim, . K(u,) = 0 and (A.10) that K(u, — Q) < 0
for sufficiently large n. Hence, from (A.l), we can take A, € (0,1) such that
K(T, (un, — Qo)) = 0. Furthermore, we see from 0 < A, < 1, and the definition of
J. that
2 A i A 6

My < Ju(Ih, (un — Q) = o llun — Quollz2 + §||Un — Qoollza + ?”un — Qooll1e

< jw(un - Qoo)
In addition, it follows from (A.8), (A.9) and Qs # 0 that
My < T (Un — Qoo) = Tw(uyn) — jw(Qoo) + On(l) =My — jw(QOC) + On(l) < My

for sufficiently large n € N, which is a contradiction. Thus, £(Q~) < 0.
Since Qo Z 0 and K(Qs) < 0, it follows from (A.2) that

Moreover, it follows from the weak lower semicontinuity that
(A.12) Jo(Qoo) < liminf T, (u,) < m,.
n— oo

Combining (A.11) and (A.12), we obtain J,(Q) = m. Thus, we have proved
that Qs is a minimizer for my,. Then, from the uniqueness of the ground state (see
Proposition 2.1 (i)), there exists # € R such that Qo = €Q,,. Thus, we see that
Sw(Qux) = my, and K(Qs) = 0. Tt follows from J,(Qs) = My, = limy, 00 T ()
and (A.9) that lim,,— oo Ju(tn — Qo) = 0. This together with the Holder inequality
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yields that lim,, o ||ty — Qoollne = 0 for 2 < ¢ < 6. Then, since lim, s S (u,) =
My = S, (Qso), we have

’ 1 1
lim {Sw(un) — ZHUnHZ}} - 6||un||?;6}

n—oo

1 1
= 8u(Qoo) — Z”Qoo”%‘l - gIIQooIIGLG

1 w
= SV QB + S Qucl-

1 w
Jmn {9+ Sl

This together with the weak convergence of u,, to Qs in H!(R?) implies that

lim u, = Qs = Q. strongly in H'(R?).

n—oo

Thus, we infer that lim,, . distg1 (un, O(Qw)) = 0.
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