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Abstract. In this paper, it is shown that the energy equality of weak solution

v to a surface growth model is valid if vx ∈ Lp(0, T ;Lq(T)) with 3
p
+ 1

q
=

1 and 1 ≤ q ≤ 4, or v ∈ L∞(0, T ;L∞(T)), or vxx ∈ Lp(0, T ;Lq(T)) with 2
p
+

2
5q

= 1 and q ≥ 1, which gives an affirmative answer to a question proposed

by Yang in [28, J. Differential Equations 283: 71–84, 2021]. Furthermore,
Onsager’s conjecture for this model is also considered.
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1. Introduction

This work is concerned with the scalar surface growth model (SGM)

(1.1)

{
vt + vxxxx + ∂xx(vx)

2 = 0 in (0, T )× T,

v|t=0 = v0 on T,

on the one dimensional torus T = [0, 1] = R/Z, which is a model of epitaxial
growth of monocrystals, with v being the height of a crystalline layer. For more
applicational motivations and certain analytical results, we refer the reader to [8,
9, 23, 24, 26].
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The well-posedness of this model has been studied by many authors due to
its physical background and many striking similarities with the 3D Navier-Stokes
equations. More precisely, the following cancellation is valid

(1.2)

∫
T

v ∂xx(vx)
2dx = 0,

which is similar to the convective term in the Navier-Stokes equations on T
3

(1.3)

∫
T3

(
u · ∇u

)
udx = 0.

Here u stands for the velocity of flow, and the Navier-Stokes equations can be
written as

(1.4)

⎧⎪⎨
⎪⎩
ut −Δu+ u · ∇u+∇Π = 0,

divu = 0,

u|t=0 = u0.

According to cancellation (1.2), the natural energy law for surface growth model is
formally given by

1

2

∫
T

v2(t) +

∫ t

0

∫
T

v2xx ≤ 1

2

∫
T

v20 , a.e. t ∈ [0, T ].

Based on this, similarly as the Leray-Hopf weak solutions of Navier-Stokes equa-
tions, the global existence of finite energy weak solutions to (1.1) with initial datum
v0 ∈ L2 is obtained by Stein and Winkler in [26] (see also [6, 7]). In 2019, Ożański
[23] proved an analogue of Serrin type regularity criteria of weak solutions for the
surface growth model. The result in [23] reads: if vx satisfies

vx ∈ Lp(0, T ;Lq(T)) with
4

p
+

1

q
= 1,

then v ∈ C∞((0, T )×T). Later on, the partial regularity of suitable weak solutions
to (1.1) was established in [24] and improved by Burczak, Ożański and Seregin in
[10]. Very recently, Yang considered the energy conservation of weak solutions to
the surface growth model in [28], where it was shown that the energy equality of
the SGM (1.1)

(1.5)
1

2

∫
T

v2(t) +

∫ t

0

∫
T

v2xx =
1

2

∫
T

v20 , for t ∈ [0, T ]

holds provided

(1.6)

v ∈ L∞(0, T ;L2(T)), vxx ∈ L2(0, T ;L2(T)),

v ∈ L∞(0, T ;L∞(T)),

vx ∈ Lp(0, T ;Lq(T)) with

⎧⎨
⎩
p = q = 4,

3

p
+

1

q
= 1, 3 ≤ q < p.

Before going further, we recall the well-known Lions-Shinbrot conditions shown in
[4, 20, 25] for energy equality of weak solutions to the Navier-Stokes equations
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(1.4),

(1.7)

u ∈ L∞(0, T ;L2(T3)), ∇u ∈ L2(0, T ;L2(T3)),

u ∈ Lp(0, T ;Lq(T3)) with

⎧⎪⎪⎨
⎪⎪⎩

2

p
+

2

q
= 1, q ≥ 4,

1

p
+

3

q
= 1, 3 < q < 4.

Compared with (1.7), it is worth noting that (1.6) requires an additional condition
v ∈ L∞(0, T ;L∞(T)). In [28, Remark 1.4, P.76], the author mentioned that it re-
mains an open problem how to remove this unnatural condition. The first objective
of the present article is to give a positive answer to this question.

Before stating our main results, we introduce the definition of weak solutions
to a surface growth model.

Definition 1.1. v is called a weak solution to (1.1) on Q = (0, T ) × T, if v
satisfies

(i) v ∈ L∞(0, T ;L2(T)) ∩ L2(0, T ;W 2,2(T)) ;
(ii) v satisfies (1.1) in the sense of distributions on Q, i.e.,

−
∫
T

v0φ(0)−
∫ T

0

∫
T

vφt +

∫ T

0

∫
T

vxxφxx = −
∫ T

0

∫
T

v2xφxx

for every φ ∈ C∞
0 ([0, T )× T) ;

(iii) (energy inequality) for almost every t ∈ [0, T ],

1

2

∫
T

v2(t) +

∫ t

0

∫
T

v2xx ≤ 1

2

∫
T

v20 ;

(iv) ‖v(t)− v0‖L2(T) → 0 as t → 0+.

We formulate our first main result as follows.

Theorem 1.2. The energy equality (1.5) of weak solutions v to the surface
growth model (1.1) is valid if one of the following three conditions is satisfied

(1) vx ∈ Lp(0, T ;Lq(T)) with
3

p
+

1

q
= 1, 1 ≤ q ≤ 4;(1.8)

(2) v ∈ L∞(0, T ;L∞(T));(1.9)

(3) vxx ∈ Lp(0, T ;Lq(T)) with
2

p
+

2

5q
= 1, q ≥ 1.(1.10)

The proof of Theorem 1.2 is completely different from that in [28]. Roughly
speaking, in the spirit of [27], we shall first prove a new energy conservation criterion
in terms of

vx ∈ L
2p

p−1 (0, T ;L
2q

q−1 (T)) and vxx ∈ Lp(0, T ;Lq(T)).

To this end, taking advantage of the cancellation (1.2), we apply commutator esti-
mates involving Friedrich’s mollifier developed in [21, 27] to achieve this. Then a
combination of this new criterion and the natural energy enables us to prove this
theorem.

Remark 1.3. Due to (1.8), the Lions’s classical energy conservation condition
u ∈ L4

tL
4
x for Navier-Stokes equations (1.4) is extended to the scalar surface growth

model. Moreover, the restrictions on q for the case q < 4 in (1.8) are weaker than
the corresponding case in [28].
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Remark 1.4. In [28], it is shown that the boundedness of regular solution v
guarantees the energy conservation for equations (1.1). Here, our criterion (1.9)
ensures that the same result still holds for more general weak solutions.

Remark 1.5. The energy conservation criterion (1.10) is partially motivated
by the recent criteria via the gradient of velocity for energy balance of Navier-Stokes
equations [5, 29].

Our next goal is to study the Onsager’s conjecture for the surface growth model
(1.1) without dissipation. The original Onsager’s conjecture for the 3D Euler equa-
tions is that the critical regularity of weak solutions guarantees energy balance of the
Euler equations. In this aspect, the milestone work is due to Constantin-E-Titi [16],
in which it was proved that the energy of 3D incompressible Euler equations is con-
served for every weak solution in L3(0, T ;Bα

3,∞) with α > 1/3. On the other hand,
Isett resolved the “negative”part of Onsager’s conjecture for 3D incompressible Eu-
ler equations in [19], where he proved that for any α < 1

3 there is a nonzero weak

solution to the incompressible Euler equations in the class v ∈ Cα
t,x and p ∈ C2α

t,x

such that v is identically 0 outside a finite time interval. In particular, the solution
v fails to conserve the energy. We refer the reader to [1, 2, 11, 12, 14, 15, 18]
for recent progress in this direction. As for the surface growth model, to the best
of authors’ knowledge, there are not any corresponding results. The second pur-
pose of this paper is to extend Onsager’s conjecture to the following SGM without
dissipation

(1.11) vt + ∂xx(vx)
2 = 0.

We state our second main result below.

Theorem 1.6. If v is a weak solution to (1.11), then there holds∫
T

|v(t, x)|2dx =

∫
T

|v0(x)|2dx

for all t ∈ [0, T ], provided

(1.12) vx ∈ L3(0, T ; Ḃα
3,∞(T)), α >

1

3
.

Remark 1.7. We remark that for any α > 1
3 our condition (1.12) with the

homogeneous Besov space Ḃα
3,∞(T) is weaker than the nonhomogeneous condition

vx ∈ L3(0, T ;Bα
3,∞(T)), since Bα

3,∞(T) = L3(T)
⋂
Ḃα

3,∞(T). For the incompressible
Euler equations on the whole space, a similar criterion with the homogeneous Besov
space can be referred to [13].

Remark 1.8. With α > 1
3 , one has the following inclusions:

Cα ⊆ Bα
3,∞ ⊆ B

1
3

3,c(N) ⊆ B
1
3

3,V MO ⊆ B
1
3
3,∞,

where B
1
3

3,c(N) is the class of all tempered distributions u defined by using the

Littlewood-Paley decomposition for which lim
q→∞λ

1/3
q ‖
qu‖L3 = 0 introduced in

[15] and B
1
3

3,V MO is a refined Besov-VMO type space introduced in [17]. For the
3D incompressible Euler equations, the energy conservation of weak solutions be-
longing to Bα

3,∞ was proved by Constantin-E-Titi in [16] with α > 1
3 . Later, this
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result was extended to the solutions belonging to B
1
3

3,c(N) by Cheskidov et al. in

[15], where it was also shown that this result is almost optimal because one can

construct divergence-free vector fields u ∈ B
1/3
3,∞ with a non-zero energy flux. Re-

cently, the result was further improved to B
1
3

3,V MO by Fjordholm and Wiedemann

in [17]. Hence, B
1
3

3,V MO seems to be an almost optimal regularity class for the con-
servation of energy to 3D incompressible Euler equations. By a slight modification
of the proof of Theorem 1.6 and the argument in [3, 17], one can consider refining

the Besov norm in (1.12) to B
1
3

3,V MO. We leave this to the interested readers.

The remainder of this paper is organized as follows. Section 2 is devoted to
some notations and auxiliary lemmas involving mollifier estimates. In Section 3, we
give the proof of Theorem 1.2 and Theorem 1.6.

2. Notations and some auxiliary lemmas

In this section, we introduce some notations used in the present article. For
p ∈ [1, ∞], the notation Lp(0, T ;X) stands for the set of measurable functions on
the interval (0, T ) with values in X and ‖f(t, ·)‖X belonging to Lp(0, T ). Given
a domain Ω ⊂ R

d, the classical Sobolev space W k,p(Ω) is equipped with the norm

‖f‖Wk,p(Ω) =
k∑

|α|=0

‖Dαf‖Lp(Ω). For 1 ≤ q ≤ ∞ and 0 < α < 1, the homogeneous

Besov space Ḃα
q,∞(Td) is the space of functions f on the d-dimensional torus Td =

[0, 1]d for which the seminorm

‖f‖Ḃα
q,∞(Td) =

∥∥∥ |y|−α
∥∥∥f(x− y)− f(x)

∥∥∥
Lq

x(Td)

∥∥∥
L∞y (Rd)

< ∞,

and the nonhomogeneous Besov space Bα
q,∞(Td) is the set of functions f ∈ Lq(Td)

for which the norm

‖f‖Bα
q,∞(Td) = ‖f‖Lq(Td) + ‖f‖Ḃα

q,∞(Td) < ∞.

A similar definition of Besov norms on the whole space R
d can be referred to [13].

For simplicity, we write∫ t

s

∫
T

f(x, τ)dxdτ =

∫ t

s

∫
f and ‖f‖Lp(0,T ;X) = ‖f‖Lp(X).

Let η : Rd → R be a standard mollifier, i.e. η(x) = C0e
− 1

1−|x|2 for |x| < 1 and
η(x) = 0 for |x| ≥ 1, where C0 is a constant such that

∫
Rd η(x)dx = 1. For ε > 0,

we define the rescaled mollifier ηε(x) =
1
εd
η(xε ). For any function f ∈ L1

loc(Ω), its
mollified version is defined as

fε(x) = (f ∗ ηε)(x) =
∫
Rd

f(x− y)ηε(y)dy, x ∈ Ωε,

where Ωε = {x ∈ Ω : dist(x, ∂Ω) > ε}.
We now recall some results involving the mollifier established in [21].

Lemma 2.1. ([21]) Suppose that f ∈ Lp(0, T ;Lq(Td)) with 1 ≤ p, q ≤ ∞. Then
for any ε > 0, there holds

(2.1) ‖∇fε‖Lp(0,T ;Lq(Td)) ≤ Cε−1‖f‖Lp(0,T ;Lq(Td)),
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and if p, q < ∞,

lim sup
ε→0

ε‖∇fε‖Lp(0,T ;Lq(Td)) = 0.(2.2)

Moreover, if 0 < c1 ≤ g ≤ c2 < ∞, then there holds for any ε > 0,

(2.3)
∥∥∥∇fε

gε

∥∥∥
Lp(0,T ;Lq(Td))

≤ Cε−1‖f‖Lp(0,T ;Lq(Td)),

and if p, q < ∞,

(2.4) lim sup
ε→0

ε
∥∥∥∇fε

gε

∥∥∥
Lp(0,T ;Lq(Td))

= 0.

Remark 2.2. We remark that the assertion (2.2) can be deduced by a different
argument from that in [21]. Indeed, note that

∫
Rd ∇η(x)dx = 0 and the translation

operator is strongly continuous on Lq(Td) with q < ∞, it follows from the Minkowski
inequality that

lim sup
ε→0

ε‖∇fε‖Lq(Td) = lim sup
ε→0

∥∥∥ ∫
|y|<1

(
f(· − εy)− f(·)

)
∇η(y)dy

∥∥∥
Lq(Td)

≤C lim sup
ε→0

∫
|y|<1

∥∥∥f(· − εy)− f(·)
∥∥∥
Lq(Td)

dy

≤C lim sup
ε→0

(
sup
|y|<ε

∥∥∥f(· − y)− f(·)
∥∥∥
Lq(Td)

)
= 0.

Combining this and periodicity of the function f , we may apply the Lebesgue dom-
inated convergence theorem to derive that

lim sup
ε→0

ε‖∇fε‖Lp(0,T ;Lq(Td)) ≤ C lim sup
ε→0

∥∥∥ sup
|y|<ε

∥∥∥f(· − y)− f(·)
∥∥∥
Lq(Td)

∥∥∥
Lp(0,T )

= 0.

The next lemma with p = q, p1 = q1, p2 = q2 was also proved in [21]. A recent
work [27] extends it to the integral norms with different exponents in space and
time directions as follows.

Lemma 2.3. ([27]) Let 1 ≤ p, q, p1, p2, q1, q2 ≤ ∞ with 1
p = 1

p1
+ 1

p2
and 1

q =
1
q1

+ 1
q2
. Assume that f ∈ Lp1(0, T ;W 1,q1(Td)) and g ∈ Lp2(0, T ;Lq2(Td)). Then

for any ε > 0, there holds

‖(fg)ε − fεgε‖Lp(0,T ;Lq(Td)) ≤ Cε‖f‖Lp1 (0,T ;W 1,q1 (Td))‖g‖Lp2 (0,T ;Lq2 (Td)).(2.5)

Moreover, if p2, q2 < ∞, then

lim sup
ε→0

ε−1‖(fg)ε − fεgε‖Lp(0,T ;Lq(Td)) = 0.(2.6)

We end this section with a new commutator estimate, which will be employed
in the proof of Theorem 1.6.

Lemma 2.4. Assume that 0 < α, β < 1 and 1 ≤ p, q, p1, q1, p2, q2 ≤ ∞ with 1
p =

1
p1
+ 1

p2
, 1

q = 1
q1
+ 1

q2
. Then, for any f ∈ Lp1(0, T ; Ḃα

q1,∞(Td)), g ∈ Lp2(0, T ; Ḃβ
q2,∞(Td))

and ε > 0, there holds

‖(fg)ε − fεgε‖Lp(0,T ;Lq(Td)) ≤ Cεα+β‖f‖Lp1 (0,T ;Ḃα
q1,∞(Td))‖g‖Lp2 (0,T ;Ḃβ

q2,∞(Td)).

(2.7)
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Proof. We recall the following identity observed by Constantin-E-Titi in [16]

(fg)ε(x)−fεgε(x) =

∫
Rd

ηε(y)[f(x−y)−f(x)][g(x−y)−g(x)]dy−(f−fε)(g−gε)(x).

The Hölder’s inequality and Minkowski inequality yield that

‖(fg)ε − fεgε‖Lp(0,T ;Lq(Td))

≤
∫
|y|≤ε

ηε(y)‖f(· − y)− f(·)‖Lp1 (0,T ;Lq1 (Td))‖g(· − y)− g(·)‖Lp2 (0,T ;Lq2 (Td))dy

+ ‖f − fε‖Lp1 (0,T ;Lq1 (Td))‖g − gε‖Lp2 (0,T ;Lq2 (Td))

≤Cεα+β‖f‖Lp1 (0,T ;Ḃα
q1,∞(Td))‖g‖Lp2 (0,T ;Ḃβ

q2,∞(Td)).

Here we have used the following fact that for any u ∈ Ḃτ
q,∞(Td) with 0 < τ < 1,

1 ≤ q ≤ ∞ and a.e. y ∈ R
d,

‖u(· − y)− u(·)‖Lq(Td) ≤ C|y|τ‖u‖Ḃτ
q,∞(Td),

‖uε − u‖Lq(Td) ≤ Cετ‖u‖Ḃτ
q,∞(Td),

which can be deduced from periodicity of the function u in essentially the same
manner as derivation of [13, Lemma 2.1]. The proof of this lemma is completed. �

3. Proof of the main theorems

In this section, we shall focus our attention on the proof of Theorem 1.2 and
Theorem 1.6.

Proof of Theorem 1.2. We start by asserting that the energy law can be
derived from the following conditions

(3.1) vx ∈ L
2p

p−1 (0, T ;L
2q

q−1 (T)) and vxx ∈ Lp(0, T ;Lq(T)), 1 < p, q ≤ ∞.

Indeed, multiplying (1.1)1 by (vε)ε, then integrating over (s, t) × T with 0 < s <
t < T , we have

(3.2)

∫ t

s

∫ [
vε∂τ (v

ε) + vεxxv
ε
xx + vε∂xx[(vx)

2]ε
]
= 0.

A direct calculation shows

(3.3)

∫ t

s

∫
vε∂τ (v

ε) =
1

2

∫
T

(vε(t))2 − 1

2

∫
T

(vε(s))2.

It follows from the triangle inequality and the Hölder’s inequality that∣∣∣ ∫ t

s

∫
vεxxv

ε
xx − vxxvxx

∣∣∣ ≤ ∫ t

s

∫
|vεxxvεxx − vxxv

ε
xx|+

∫ t

s

∫
|vxxvεxx − vxxvxx|

≤‖vεxx‖L2(L2(T))‖vεxx − vxx‖L2(L2(T)) + ‖vxx‖L2(L2(T))‖vεxx − vxx‖L2(L2(T)),

which together with vxx ∈ L2(0, T ;L2(T)) implies that

(3.4) lim sup
ε→0

∣∣∣ ∫ t

s

∫
vεxxv

ε
xx − vxxvxx

∣∣∣ = 0.
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Thanks to the cancellation (1.2) and integration by parts, we reformulate the non-
linear term as∣∣∣ ∫ t

s

∫
vε∂xx[(vx)

2]ε
∣∣∣ = ∣∣∣ ∫ t

s

∫
vε∂xx{[(vx)2]ε − vεxv

ε
x}+ vε∂xx(v

ε
xv

ε
x)
∣∣∣

=
∣∣∣ ∫ t

s

∫
vε∂xx{[(vx)2]ε − vεxv

ε
x}

∣∣∣
=

∣∣∣ ∫ t

s

∫
{[(vx)2]ε − vεxv

ε
x}∂xxvε

∣∣∣.
Invoking Lemma 2.1 and Lemma 2.3, we see that

(3.5)

∥∥∥((vx)2)ε − (vεx)
2
∥∥∥
L

2p
p+1 (L

2q
q+1 (T))

≤ Cε‖vx‖Lp(W 1,q(T))‖vx‖
L

2p
p−1 (L

2q
q−1 (T))

,∥∥∥∂xxvε∥∥∥
L

2p
p−1 (L

2q
q−1 (T))

≤ Cε−1‖vx‖
L

2p
p−1 (L

2q
q−1 (T))

,

lim
ε→0

ε
∥∥∥∂xxvε∥∥∥

L
2p

p−1 (L
2q

q−1 (T))
= 0.

The Gagliardo-Nirenberg inequality [22, Theorem 1] and the Young inequality en-
able us to deduce that

‖vx‖Lq(T) ≤ C‖vxx‖
2q−1
3q−1

Lq(T)‖v‖
q

3q−1

L1(T) + C‖v‖L1(T) ≤ C
(
‖vxx‖Lq(T) + ‖v‖L1(T)

)
.

Combining this, the Hölder’s inequality and Lemma 2.1, we find that∣∣∣ ∫ t

s

∫
vε∂xx[(vx)

2]ε
∣∣∣

≤
∥∥∥∂xxvε∥∥∥

L
2p

p−1 (L
2q

q−1 (T))

∥∥∥((vx)2)ε − (vεx)
2
∥∥∥
L

2p
p+1 (L

2q
q+1 (T))

≤Cε
∥∥∥∂xxvε∥∥∥

L
2p

p−1 (L
2q

q−1 (T))
‖vx‖Lp(W 1,q(T))‖vx‖

L
2p

p−1 (L
2q

q−1 (T))

≤Cε
∥∥∥∂xxvε∥∥∥

L
2p

p−1 (L
2q

q−1 (T))

(
‖vxx‖Lp(Lq(T)) + ‖v‖Lp(L1(T))

)
‖vx‖

L
2p

p−1 (L
2q

q−1 (T))

≤Cε
∥∥∥∂xxvε∥∥∥

L
2p

p−1 (L
2q

q−1 (T))

(
‖vxx‖Lp(Lq(T)) + ‖v‖L∞(L2(T))

)
‖vx‖

L
2p

p−1 (L
2q

q−1 (T))
,

which yields that

(3.6) lim
ε→0

∣∣∣ ∫ t

s

∫
vε∂xx[(vx)

2]ε
∣∣∣ = 0.

Then, using the continuity of ‖v(t, ·)‖L2(T) at t = 0, (3.3), (3.4) and (3.6), we derive
the energy conservation for weak solutions to the surface growth model (1.1) as
ε → 0 and s → 0. The assertion (3.1) follows.

Next, due to (3.1), we know that vx ∈ L4(0, T ;L4(T)) can guarantee the energy
equality for surface growth model (1.1), since the energy inequality of weak solutions
to (1.1) gives vxx ∈ L2(0, T ;L2(T)). Hence, in order to complete the proof of
Theorem 1.2, it suffices to show vx ∈ L4(0, T ;L4(T)).
Case 1: Suppose that vx ∈ Lp(0, T ;Lq(T)) with 3

p + 1
q = 1, 1 ≤ q ≤ 4.

The Gagliardo-Nirenberg inequality [22, Theorem 1] ensures that

‖vx‖L4(T) ≤ C‖vxx‖
4−q
2q+4

L2(T)‖vx‖
3q

2q+4

Lq(T) + C‖vx‖Lq(T).
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As a consequence, we further derive that

‖vx‖L4(L4(T)) ≤C‖vxx‖
4−q
2q+4

L2(L2(T))‖vx‖
3q

2q+4

Lp(Lq(T)) + C‖vx‖Lp(Lq(T)) < ∞,

where we have used Hölder’s inequality and the fact that 1 ≤ q ≤ 4.
Case 2: Suppose that v ∈ L∞(0, T ;L∞(T)).
Using the Gagliardo-Nirenberg inequality once again, we see that

‖vx‖L4(T) ≤ C‖vxx‖
1
2

L2(T)‖v‖
1
2

L∞(T) + C‖v‖L∞(T),

which leads to

‖vx‖L4(L4(T)) ≤ C‖vxx‖
1
2

L2(L2(T))‖v‖
1
2

L∞(L∞(T)) + C‖v‖L∞(L∞(T)) < ∞.

Case 3: Suppose that vxx ∈ Lp(0, T ;Lq(T)) with 2
p + 2

5q = 1, q ≥ 1.

Due to the Gagliardo-Nirenberg inequality on T, we have

‖vx‖L4(T) ≤ C‖v‖
5q−4

2(5q−2)

L2(T) ‖vxx‖
5q

2(5q−2)

Lq(T) + C‖v‖L2(T),

which implies that

‖vx‖L4(L4(T)) ≤ C‖v‖
5q−4

2(5q−2)

L∞(L2(T))‖vxx‖
5q

2(5q−2)

Lp(Lq(T)) + C‖v‖L∞(L2(T)) < ∞.

Then we have completed the proof of Theorem 1.2. �

Proof of Theorem 1.6. As the above, there holds that for 0 < s < t < T ,

(3.7)

∫ t

s

∫ [
vε∂t(v

ε) + vε∂xx[(vx)
2]ε

]
= 0.

We derive from Hölder’s inequality that
(3.8)∣∣∣ ∫ t

s

∫
vε∂xx[(vx)

2]ε
∣∣∣ =∣∣∣ ∫ t

s

∫
{[(vx)2]ε − vεxv

ε
x}∂xxvε

∣∣∣
≤‖[(vx)2]ε − vεxv

ε
x‖Lp(0,T ;Lq(T))‖∂xxvε‖

L
p

p−1 (0,T ;L
q

q−1 (T))
.

It follows from Lemma 2.4 that, for 1/p = 1/p1 + 1/p2 and 1/q = 1/q1 + 1/q2,

‖[(vx)2]ε − (vεx)
2‖Lp(0,T ;Lq(T)) ≤ Cεα+β‖vx‖Lp1 (0,T ;Ḃα

q1,∞(T))‖vx‖Lp2 (0,T ;Ḃβ
q2,∞(T)).

Plugging this into (3.8), we know that for p3 = p
p−1 and q3 = q

q−1 ,

(3.9)

∣∣∣ ∫ t

s

∫
{[(vx)2]ε − vεxv

ε
x}∂xxvε

∣∣∣
≤Cεα+β+γ−1‖vx‖Lp1 (0,T ;Ḃα

q1,∞(T))‖vx‖Lp2 (0,T ;Ḃβ
q2,∞(T))‖vx‖Lp3 (0,T ;Ḃγ

q3,∞(T)).

Here we have used the following fact that for any u ∈ Ḃγ
m,∞(Td) with 0 < γ < 1

and 1 ≤ m ≤ ∞,

‖∇uε‖Lm(Td) ≤ Cεγ−1‖u‖Ḃγ
m,∞(Td),

which can be deduced from periodicity of the function u in essentially the same
manner as derivation of [13, Lemma 2.1].
Finally, taking p1 = p2 = p3 = q1 = q2 = q3 = 3 and α = β = γ ∈ (1/3, 1), we
arrive at

(3.10)
∣∣∣ ∫ t

s

∫
{[(vx)2]ε − vεxv

ε
x}∂xxvε

∣∣∣ ≤ Cε3α−1‖vx‖3L3(0,T ;Ḃα
3,∞(T))

.
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Letting ε → 0, we have

(3.11)
∣∣∣ ∫ t

s

∫
vε∂xx[(vx)

2]ε
∣∣∣ −→ 0.

Thus, in virtue of the continuity of ‖v(t, ·)‖L2(T) at t = 0, (3.7) and (3.11) enable
us to complete the proof of Theorem 1.6. �
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