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ABSTRACT. We study the inhomogeneous Airy partial differential equation
(also called Stokes or linearized Korteweg-de Vries equation with a nega-
tive sign) on the half-line with generic initial and boundary data in a clas-
sical smooth setting, via the formula provided by the Fokas unified transform
method for linear evolution equations. We first present a suitable decom-
position of that formula in the complex plane in order to appropriately in-
terpret various terms appearing in it, thus securing convergence in a strict
sense. Writing the solution in an Ehrenpreis-Palamodov form, our analysis
allows for rigorous a posteriori verification of the full initial-boundary-value
problem and a thorough investigation of the behavior of the solution near the
boundaries of the spatiotemporal domain. We prove that the integrals in this
representation converge uniformly to prescribed values and the solution admits
a smooth extension up to the boundary only under certain data compatibility
conditions (with implications for well-posedness, control theory and efficient
numerical computations). Importantly, based on this analysis, we perform an
effective asymptotic study of far-field dynamics. This yields new explicit as-
ymptotic formulae which characterize the properties of the solution in terms
of (in)compatibilities of the data at the ‘corner’ of the quadrant. In particular,
the asymptotic behavior of the solution is sensitive to perturbations of the
data at the origin. In all cases, even assuming the initial data to belong to
the Schwartz class, the solution loses this property at soon as time becomes
positive. Hereby, we report on the discovery of a novel type of a long-range
instability phenomenon for linear dispersive differential equations. Our ideas
are extendable to other Airy-like and more general problems for dispersive
evolution equations.
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1. Introduction and preliminaries

The Unified Transform Method (henceforth UTM), also known as Fokas method,
was introduced about 25 years ago [50] and was initially conceived as a method for
solving initial-boundary value problems (IBVP) for completely integrable nonlin-
ear partial differential equations (PDE). Typical examples of equations that can be
studied in this way include the Korteweg-de Vries (KdV), the nonlinear Schrodinger
(NLS) or, more generally, equations that can be formulated as evolutions in time
of a linear differential operator L(t) governed by the famous Lax pair equation
% = BL — LB where B(L) is usually some auxiliary antisymmetric linear differen-
tial operator. While the investigation of an initial-value problem for KdV involves
the study of the scattering transform for the associated linear Schrodinger operator
L, the role of B being somewhat trivialized, the investigation of the IBVP involves
the joint study of scattering data for both operators L and B; hence the term
“Unified Transform”. The interdependence of the two operators renders a highly
nontrivial extension of the standard scattering method, e.g. [57], [90], [55]. Even
though this method was initially proposed for nonlinear problems, it soon became
evident that it was also applicable to linear problems e.g. [60], [51], [52], [35], [41],
[54], [64] (in chronological order). While, prior to the new method, the existing
tools for boundary value problems of linear PDE (such as the Laplace or the sine
transform) were ezplicitly applicable only to very specific cases, the new method
has been spectacularly successful in a much wider class of linear-PDE problem - of
any order and in all sorts of domains - including elliptic ones and applications with
variable coefficients or even with a moving boundary; it has also been implemented
or extended to cases of mixed derivatives, nonlocal/nonseparable conditions, inter-
face problems, systems of equations and fractional-order evolution equations too.
Incidentally, this method has led to surprising results in spectral theory and con-
trol theory as well as to the development of a new effective approach (pioneered
by Fokas and Himonas who conceived and implemented it) to establishing well-
posedness for nonlinear evolution PDE. For all these areas of application of the
Fokas methodology and extensions thereof by many mathematicians we refer to
[59], [63], [38], [117], [4], [66], [37], [129], [88], [61], [126], [101], [106], [77],
[40], [118], [58], [127], [46], [67], [112], [119], [32], [62], [78], [116], [85], [89],
[39], [2], [107] (listed in chronological order) and references therein. In fact, the
linear method offers insights into the nonlinear integrability theory by helping to
realize that Lax pairs provide the generalization of the divergence formulation in
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the separable linear case. Not only explicit formulae for the solutions are provided,
but such formulae have also been observed numerically to be very efficient, e.g.
[48], [125], [65], [68], [73], [6], [96], [36] and have led to the development of novel
hybrid numerical-analytical techniques. A crucial quality of these formulae appears
to be that they are uniformly well-behaved near the boundary.

Recently, a new line of investigation and a rigorous analytical approach have
been introduced in [18], applied in e.g. [26], and extended in [25], [27], [23], [19],
[20], [21], [28], [22], in order to study miscellaneous properties (concerning e.g.
regularity and qualitative theory, well-posedness and asymptotic analysis) of linear
evolution PDE posed in the quarter-plane. This novel technique as a starting point
utilized the integral formulae afforded by the method of Fokas. The current work
expands this rigorously-minded program while achieving valuable new knowledge
for a classical and important case of IBVP. At the same time, it inaugurates a
new area of implementation of the UTM, that is the investigation and analysis
of ‘distant’ sensitivity (or long-range instabilities) of solutions of dispersive PDE
formulated on semi-(un)bounded domains.

In [25], the IBVP for the forced linearized KdV equation on the positive half-
line was considered:

Ut"'Ux:cx:f, (1'7t)€QS:R+XR+
U(z,0) = up(z), ze€R"

U(0,t) = go(t), teRT,

where the data ug, go and f were given continuous functions defined in R* U {0}.
Further regularity assumptions on the data were explicitly stated in [25], each
assumption tailor-made according to the different regularity properties one wants
to secure for the solution. For a seemingly simple problem like this, there were no
classical spatial-transform methods, i.e. in the z-variable, until the appearance of
an explicit formula which is derived by a straightforward application of the new
method. Importantly, therefore, the UTM provides the direct analogue of the
Fourier transform in the case of IBVP.

At this stage, it should be noted that there is a vast body of literature on the
KdV equation and its variants, so a review of that literature is outside the scope
of our article. Nevertheless, within the plethora of such articles, we indicatively
mention the related works (listed chronologically): [83], [87], [131], [9], [122], [1],
[31], [94], [111], [56], [12], [99], [114], [124], 8], [10], [69], [29], [95], [134], [13],
42], [105], [14], [49], [102], [130], [121], [11], [34], [53], [71], [74], [108], [120],

2|

[

33], [44], [133], [84], [93], [109], [103], [98], [100], [104], [115], [72], [110], [82],
[113], [70], [86], [3], [15], [43], [16], [75], [123], [128], [45], [17], [97], [47], [132],
[7], [76], [79], [80], and [81] which address either the whole-space Cauchy problem

or IBVP (e.g. on half-line or circle) for KdV-type equations and offer fascinating
and important results principally pertaining to long-time asymptotics and questions
of well-posedness in low-regularity settings, which, in turn, or course, are based on
appropriate estimates for the linear parts of the equations.

In this paper, we undertake a detailed study of IBVP for the forced Airy partial
differential equation (or Stokes or linearized KdV equation with a negative sign)
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on the half-line. We begin with the homogeneous version, namely:

ou  u
lim wu(z,t) =wuo(z), ze€RT
(1 1) t— 0t
’ lim w(x,t) =go(t), teRT
z — 0t
lim Mzgl(t), t€R+,

z — 0t or

where u = u(x,t). For clarity of exposition and increased readability, we will study
the above problem under the following assumptions on the data:

ug(z) € S([0,00)) and go(t),g1(t) € C*([0,00)).

Even though there is only a sign change in comparison to the linear KdV, the
analysis of the present IBVP is significantly more involved. To begin with, an extra
(Neumann) condition is required at the boundary z = 0. The most surprising,
perhaps, of our findings is the sensitivity of the long-range behavior (x — +o0, for
fixed times ¢) to perturbations of the data near the corner (z,t) = (0,0). Moreover,
as we continue the study of different linear equations, our intuition that the formulae
provided by the UTM are numerically-friendly is being confirmed. This is another
important outcome of the present work.

As in previous works [25], [27], we will not provide the initial construction of
this formula by Fokas; we refer to [41] for a clear formal derivation. Here, we will
rather completely and rigorously justify it a posteriori and prove that the function
defined by this formula:

(1) is well-defined,

(2) satisfies the Airy equation for all positive z and ¢,

(3) converges uniformly to the given initial and boundary data as the variables
approach the boundaries of our domain, i.e. the semi-axest = 0and z = 0,

(4) assuming appropriate conditions on the regularity of the data, derivatives
of the solution also approach derivatives (of the corresponding order) of
the data, as one approaches the boundary.

(5) depending on whether the data wg, go, g1, and their derivatives, satisfy
certain compatibility conditions at (z,¢) = (0,0), the solution and deriva-
tives may tend to zero, as *+ — +oo. The rate of convergence also
depends critically on the choice of such compatibility conditions!

The plan of this paper is as follows: In the next two sections, we present the
formula provided by the UTM and show that the integrals in it are well-defined
and provide a classical solution of the considered IBVP in the open quadrant Q) =
{z > 0,t > 0} converging pointwise to the given data at the boundary, at least
away from the point (x = 0,¢ = 0). We prove that the convergence is actually
uniform in appropriate compact sets. In the third section we prove the uniform
convergence of the derivatives of the solution near the half-lines {x = 0,¢ > 0},
{t = 0,2 > 0}. In the forth section of this paper, we investigate the behavior,
near the point (z = 0,¢ = 0), of both the solution and its derivatives, depending
of course on the availability of appropriate compatibility conditions on the data
ug, 9o, g1, and their derivatives at that point. In the two subsequent sections we
provide asymptotic results for certain exponential integrals, which we then use to
derive the long-space asymptotics of the solution and its derivatives. As pointed
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out, the rate of convergence, as ©* — ©0, depends sensitively on the choice of
the relevant compatibility conditions on the data ug, go, g1, and their derivatives
at (z = 0,t = 0)! In the seventh section, we study the analogous questions for
the inhomogeneous (forced) equation U — 0,.,U = f, for an appropriate class of
functions f = f(x,t). As a byproduct, the formula in this case (i.e. with forcing
term) has not appeared in the literature before, to the best of our knowledge, and
might perhaps be used for investigation of wellposedness questions for nonlinear
analogues via the Fokas-Himonas technique, as it has already been done for a variety
of problems in e.g. [58], [116], [132], [76], [79], [80]; see also [81] for the recent
extension of this approach by Himonas and Yan to systems of nonlinear pde. Finally,
Section 8 summarizes and discusses our main results and their consequences while
offering meaningful directions for future research.

Part of our findings has been announced in short during the 28" International
Conference “Dynamical Systems and Complexity” (Crete, Greece, 18-26 July 2022)
[24] which was dedicated to Prof. A. S. Fokas on the occasion of his 70" birthday.

The Fokas formula: The unified transform method yields the following solution
to problem (1.1):

o0

1 i '
u(x,t)ZZ[ / e Mgy (\)dA — / e Mgy (aN)dA
7T
A=—00 00y
B / M=t (02)) d)\}
007
1 .
+2[ / e — 02) X250 (w(N), £) dA
Y
(1.2) .
+ / ei)\m—w(X)t(l_a))\ng(w()\>7t)dA:|
007
~ 2@[ / AT (L — a)Agy (w(N), £) dA
T
007
T |
007

for z > 0 and ¢ > 0, where w()\) = i\3, a = €2™/3,

2 ={AeC:ImX >0, ReX <0and Rew(A) <0}
={AeC: (2r/3) <arg\ < 7},

and

2, ={ e C:ImA >0, ReA > 0and Rew(\) < 0}
={AeC:0<arg) <7/3}
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and
(N = / Mg (y)dy,
Yy

Go(w(N).t) = / N7 gy (7)dr,

Gr(w(N),t) = / . N7 gy (7)dr.

The regions {2, and (2, and the contours around them are shown in Figure 1.

i

I

FIGURE 1. The contours used in the Fokas formula.

Remarks: We recall the following facts:

(1) Go(A) is defined for A € C with ImA < 0, C* in {AeC : Im A <0} and is
analytic in {A € C:Im A < 0}, while the functions §,(w(\),t), j = 0,1, are defined
and are analytic for A € C.

(2) Integration by parts shows

(1.3) g (A) = U(;g\o) 4 / ei/\yduc(l)y(y)dy (A#£0, Im A <0)

and for A #0, j=0,1

t
1) e g, = L9 GO muon _ -ur / ew()‘)Tidgé(T)dT.
T
7=0
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In particular,
Uo(A) =0O(1/X), as C> X — oo with ImA\ <0,
and
et (w(N), 1) = O(1/X3), as C3 A — oo with Rew(\) > 0.

(3) The integrals in the RHS of (1.2) taken over the contours 92, N{arg A\ = 27/3}
and 0§25 N{arg A = 7/3} converge absolutely because of the presence of the factor
e since, when arg A = 27/3 or arg A\ = /3,

(1.5) |eire =] = |gihe| = e~(mNz _ = FaA|

hence
‘e’:)‘m’ < e‘é”’ow for x> a9 > 0.
In this regard, let us notice also that
A€ 0027 = TIm(a)) <0] and [\ € 092, = Im(a?)) < 0],

so that the integrals over 0f2; and 0f2; , which involve the functions 4o(aX) and
fip(a?)), are well defined.

Comment: The integrals in (1.2) are defined for > 0 and ¢ > 0. We will show
later that the various parts of these integrals either converge absolutely or exist in
the generalized sense, i.e., as limits of the form lim 4 _, o f\/\|<A ---,aslongasx >0
and t > 0. In particular, we will see that - in general - the parts of the integrals in
(1.2), which are taken on the real line intervals (—oo, 0] or [0, c0) and which involve
Uy or gg, do not converge absolutely, and we will have to deform their contours in
order to be able to handle them - even for x > 0 and ¢ > 0. These integrals oscillate
faster if we differentiate them under the integral sign - with respect to x or t - or if
welet z — 0T ort — 07. As a matter of fact, all the integrals in (1.2), and their
derivatives (i.e., including the ones taken on the contours 92, N {arg A\ = 27/3}
and 025, N{arg A = 7/3}) become oscillatory if we let z — 0%, as the factor
e“‘”‘ o =1 loses its rapid decrease, as A — oo, even when arg\ = 27/3 or
arg A\ = 7/3. In this regard and in order to see how important it is to justify the
interchange of limits and differentiations with the various integrals - whenever this
holds; see for example the embedded Remark 2.3 in the proof of Theorem 1.1. Also
in this respect, let us notice that if we write A = £ +in, &, 7 € R, then

idr — w(\)t = (—nx + 30t — nt) +i(Ex — 3t + 3¢n*t)
and

(16) |ei)\m7w(/\ —3e|\%t4-e t4ex

_673££2t+£3t75w

:efnw+3f2nt*n3t| _
n=—c

~ e

"l
n=-—¢

as A = +in — oo with n = e. We emphasize that the simple equations (1.3),
(1.4), (1.5) and (1.6), combined with Cauchy’s theorem and Jordan’s lemma, play
an important role in the deformation of the contours which are necessary to deal
with the aforementioned limit and differentiation processes of the integrals, when
Lebesgue’s dominated convergence theorem cannot be applied immediately.

The integrals of the solution: As we have pointed out, some of the integrals in
(1.2) do not converge absolutely and they deteriorate when we differentiate them
under the integral sign with respect to x or ¢. Thus they have to be interpreted
appropriately.
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The first integral in (1.2) can be interpreted as follows:

0o A
/ AN (A) dX = Jim / eAT=wNtG (X)) dA
— OO0
(1.7) A=—o00 A=—A
_ Ahm ei)\x—w(A)t,&O()\) d)\,
— 00

{Im)\zfe}ﬂ{fASRe)\SA}

where ¢ is a small positive constant. (We will see that the second limit in (1.7) is
independent of €). Indeed, applying Cauchy’s theorem in the rectangle {\ € C :
—A<ReA< A, —e <ImA <0}, we have

A
/ ei)\m—w(A)t,&,O(A)d}\ _ ei)\m—w()\)tao()\)d)\
(18) A=— {ImA=—c}N{—A<ReA<A}
+ / e Nhig(N)dA.
{OSIm/\st}ﬁ{Re)\::I:A}
Now, since Gp(A) = O(1/A) for A — oo with Im A < 0 and
sup{|ei)“”*°’(/\)t| =1 <ImA\ <0} < +o0,

we have

(1.9) Jim MMt (A)dA = 0.
— o0
{0<ImA<—ce}N{ReA=%A}

Also, in view of (1.6), the integral

e Mhig (N)dA
{ImA=—e}N{—co<ReA<+oo}
converges absolutely, for fixed z > 0 and ¢ > 0, and is equal to the last limit in
(1.7). Moreover,
(1.10) / ‘)\Nei)‘w_“(’\)tﬁo()\)’|d)\| < 400 for every N € N.
{ImA=—e}N{—co<ReA<+oc0}

This implies that the integral (1.7) defines a C*° function in (z,t) € ) and we
may write

(o)
an+k LAT—w ~ S\ \1 IAT—wW ~
o { / e <A>tu0(A)dA} = / (A [—w(A)]FerT =Nt g (X)d.
A=—00 {Im/\:—E}
The parts of all the integrals in (1.2) which are taken on the lines
{ANeC:argA=n/3} or {AeC:arg\=2n/3}

converge absolutely and remain such after any number of differentiations with re-
spect to z or t, provided that > 0. This follows from the presence in these
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integrals of the factor €** and (1.5). Let us notice also that ig(a)) = O(1/)) and
fip(a?)\) = O(1/)), when A — oo with arg A = m/3 or arg A = 27/3, and that

|e_‘”(’\)t§0(w()\ /|go )|dr and ‘e wNtg, /|91 )|d,

for arg A = /3 or arg A = 27/3, since Rew(A) = 0 for these A.
Next, working as with the integral (1.7), we obtain

0
/ z)\T w()\)tuo(a)\)d)\
A=—00
—1 0
— / 6i>\m7w()\)tﬂo(a>\)d>\+ / iAz—w(X) tA (Oé)\)d)\
(1.11) A=moe A=l

_ z/\m w(/\)tA (Oz)\)d)\
{ImA=—c}N{ReA<—1}
0

T / eirT— w()\)tA (Oz)\)d/\-l- / eiAw*w(A)tﬁo(aA)dA,
Ae[-1—ei,—1] A=—1

where the integrals taken over infinite parts of the half line (—oo, 0] have to be inter-
preted in the generalized sense. (Since Gg(a\) is defined provided that Im(a)) < 0,

we split f/\oz_oc as the sum f/\_zl_oo —|—f;)=_1 so that the first two integrals in the
RHS of (1.11) are well defined. Also, for this reason, we chose € sufficiently small).

Similarly, we may write

/ iIAT— w()\)tA 2)\)d)\

ei)\:cfw()\)tﬁo(oﬂ/\)d)\_k/ei)\xfw()\)tﬁo(oﬁ/\)d/\

A=1

(1.12) A

e“‘x_w(k)tﬂo(a%\)d)\ 4 / eikx—w()\)tao (()éz)\)d)\

A€[l,1—¢1]

- e Nt (a2 N)dA.

{ImA=—c}N{ReA>1}

Now, it is easy to see that the integrals in (1.2) which involve the function g
define C*° functions for (z,t) € Q which satisfy the equation u; = Uzps.

It remains to deal with the integrals of (1.2) which involve the functions gy and
g1 and are taken on the parts of the contours 92, and 02, which lie on the real
line, i.e., (027) NR and (002, ) NR
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First, we will show that, for 0 <t < T,

lim { / e NIN2G 0 (W(N), 1) dA

A — oo
o027 A<A
(1.13) (002 )N{|A[<A}

— / eAT=ONIN2G 0 (W(N), T) dA| = 0.
(027 )N{IAI<A}

Indeed, by Cauchy’s theorem, the difference of the two integrals in (1.13) is equal
to

T
/ ei)\z—w()\)tA2 < / ew()\)TgO (T)dT) d\
(027)n{|AI<A} =t

(1.14)

_ ei/\sz()\)tA2 <

{IAl=A}n{(27/3)<arg A<} T

ewWTgO(T)dT) d.

I~

But one has

T
(1.15) e““(’\)t)\2< / ew@)TgO(T)dT) =O0(1/\) as A — oo with A€ 2.
T=t

Now, (1.15) and Jordan’s lemma imply that the RHS of (1.14) tends to zero as
A — o0, and (1.13) follows.

Similarly, we can prove that equations, analogous to (1.13), hold true for all
the integrals in (1.2) which involve the functions g or g1. Thus, (1.2) is equivalent
to

77 ‘
u(z, t) :%[ / (Tt () di / e Wiy (@) dA
S 005
0025
1 .
+27T|: / elka:—w(/\)t(l_a2))\2§0(w()\)’T)d>\
(1.16) .
N / AT N1 — a)A2g0(w(N), T) d*}
005
_2;{ / =N — ) AGy (w(N), T)] dA
o0y

+ / AT a?)A\g(w(N),T) dA},
205
for x > 0 and 0 < t < T, in the sense that it suffices to deal with the parts of
the four integrals in (1.16) which involve the functions gy and §; and are taken
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on (0627)NR and (062, ) NR. (The parts of these integrals in (1.16), which are
taken on the lines {A € C : argA = 7/3} or {A € C : arg A\ = 27/3}, converge
absolutely and remain such after any number of differentiations with respect to x

or t, provided that > 0, because of the presence of the factor e**, since, for A
with Rew(A) =0,

e go(w(N), T)| <

T

lgo(r)ldr and [e=*M'gi(w(A),T)| <

T

lg1(7)ldr.

L—
Lo~

To deal with the first of these integrals, we write

-1

0 0
(1.17) /eimw(k)tvgo(w(,\)j)w: /+/
—_A _ 21

and
—1
lim [ e NIN2G0(w(N), T)dA

A — oo
—A

_ / + / >ei>\w+w()\)(T—t) )\2U_N (T7 )\)d)\

{ImA=e}N{ReA<—-1} A€[—1+4ei,—1]

_ ( / + / >ei’\x‘“(’\)t)\20N(O,)\)d)\

{ImA=—c}N{ReA<—1} A€[—1—ei,—1]

—1 T
iIAT—w(A)t
_/)\2<6[ o /ew(mrg(()zv)(T)dT)d/\,
w

—00 =0

(1.18)

for N e N, 0 <t < T, and where we have set

ey 0 g g ()
VD=0 T o T T O

Equation (1.18) follows by integration by parts and Cauchy’s theorem, observ-
ing also that

lim et T=D\26 (T, \)dA = 0 and
— 00
{0<ImA<1}N{ReA=—A}
lim / e NINZ5 (0, M) dA = 0.
A —
{—1<ImA<0}N{ReA=—A}
Since
—w(A)t T 1
e
N o “OTgM (ydr ) = O vt A= —co (A€R
(G [ e @) =0 G- 25 2 =+~ 1€

it is easy to see that the LHS of (1.18) defines a C'*° function for (x,t) € @ which
satisfies the equation u; = wugs,. Now, in view of (1.17), we may interpret the
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integral
0
/ei)\a:fw()\)t)\2g0(w(>\)7T)d>\
as
1 0
(1.19) <Alim /) +/~~:[RHS of (1.18)]+/~~~
— 0
—A —1 —1

and see that it defines a C'*° function for (z,t) € @ which satisfies the equation
Ut = Ugga-

Dealing with the parts of the other three integrals in (1.16), which involve the
functions gy and §; and are taken on (0427 ) NR and (925 ) NR, is similar.

Thus we have proved the 15 part of the following theorem, which is the main
result of this article.

THEOREM 1.1. Given ug(z) € S([0,00)) and go(t), g1(t) € C>=([0,00)), the
function u(z,t) defined by (1.1) - equivalently by (1.11) - is C> for (z,t) € Q and
satisfies the following:

1%t The differential equation u; = Uggy for x>0 and t > 0.

274 The limit condition 1irn+ u(x,t) = ug(x) for each fixzed x > 0.
t—0

3™ The limit condition lim+ u(z,t) = go(t) for each fized t > 0.

z— 0

0
4" The limit condition lim —u(x,t) = g1(t) for each fized t > 0.
z — 0+ 0T
5™ The convergence in the 2™ assertion is uniform for  on compact subsets of
(0, +00).

6™ The convergence in the 3™ and 4™ assertion is uniform fort on compact subsets
of (0,400).

Comment: Substituting (1.7), (1.11), (1.12), (1.19) and its analogue for g¢;, in
(1.16), we obtain an integral representation of the solution to problem (1.1) on a
fixed strip {z > 0,0 <t < T} in an Ehrenpreis-Palamodov form, in the sense that
the integrals, in the resulting representation, combine the exponential solutions
eirr—wA)t (A € C) of the equation (by means of appropriate measures), they con-
verge absolutely and uniformly on every compact subset of {z > 0,0 <t < T} and
remains so after any number of differentiations with respect to x and ¢, provided
that N (in (1.19)) is chosen sufficiently large (depending on the number of differ-
entiations). The measures that can be used in the integral representation of the
solution of the equation which satisfies the given initial and boundary conditions
are not unique.

2. Proof of Theorem 1.1

The proof consists of several steps.
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Step 1: Evaluation of the solution for ¢ = 0. Setting ¢t = 0 in the integrals of (1.2)
or (1.16), we find

177,
u(a:,t)t=o=[ / e hig(N) dA
2
(2.1) A=
- / e hg(aN) dA — / ei’\”’ao(az)\)d)\].
o 2925

(Let us observe that (1.13) holds also for ¢ = 0, so that we may use either (1.2)
or (1.16) to compute u(z,t)|t=0). The above integrals need to be appropriately
interpreted. For example

s A
/ ei/\sz(A)tﬂo(A) d\ = lim / eiAxfw()\)tﬂo()\) d\
A — oo
A= — 00 A=—A
hence
00 A
/ e (AN dXh = lim / e“%o(k) dA.
A —
A=—o00 A=—A

Thus, by Fourier’s inversion formula, we have

IS
5 / e (N) dX = ug(x) for x> 0.
s

A=—00

Also it follows from Cauchy’s theorem and Jordan’s lemma that

/ e ho(aX)d\ =0 and / e h0(a? ) d\ = 0.

09y o>

Therefore (2.1) can be written as follows: u(x,t)|1—o = uo(z), x > 0.
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Step 2: Evaluation of the solution for x = 0. First we have,

oo

|: / ei)\wfw(/\)tao(/\) A\ — / ei)\mfw(/\)tﬂo(a)\) d\

A=—00 20,

_ / ei)\w—w(k)tao(a2)\)d)\:|

092,

=0

A

:{ lim { / MmN (N) dX — / PNt () dA

A —
A=—4 (8027 )N{|A|<A}

[ el

902, N{|A[<A}

z=0

(2.2) = lim [ / e Mo N)dX — / e Mg (a) dA
A=—A (0927 )N{|A| <A}
— / e Nt (a?N) dA] .
0925 N{IAI<A}

We claim that the limit in (2.2) is equal to zero. Indeed, the quantity inside
the last square brackets above is equal to the sum Bj(A) + B(A), where

0
Bi(A) = / e Mg (N) dr — o / e~ Mt (aX) d(a))
A=—A {arg A=27/3}N{|A|<A}
— / w()\tA ( 2)\)d(062)\)
{arg A=0}N[{|A|<A}
and
A
By(A) = / e~ Mg (N) dr — o? —Ntag(a)) d(a)
A=0 {arg A=t }N{|A|<A}
-« e N0 (X)) d(a? ).
{arg A=m/3}N[{|A|<A}
But
e Mg (aN)d(a) = e~ (1) dp
{arg A=2m/3}N{|A[<A} arg p=4m /3}N{|u|<A}

and, with the appropriate orientation of the contours,

0
lim [ / e Mg (N)dX + / e—ww>fao(u)d4:o

A — oo
A=—A {arg p=dm/3}N{|pu|<A}



INSTABILITIES OF LINEAR EVOLUTION PDE ON SEMI-UNBOUNDED DOMAINS 111

Writing similar equations also for the third integral in B;(A), we can see that
limg -, o B1(A) = 0, taking into consideration also the fact that 1 4+ a + a? = 0.
Similarly lim4 — o B2(A) = 0, and these prove that the quantity (2.2) is equal to
Z€ero.

Next we will show that, for 0 <t < T,

1 ,
o { / MmN — a?)A\Go (w(N), T)dA
0
ok
(2.3)
+ / PN — )X g (w(N), T)d)\] = go(t).
005 =0
The preceding integrals are interpreted as the limits
lim / -+ and lim / cee
A — oo A — oo
(007 )n{IA<A} (0025 )n{IA|<A}

keeping also in mind (1.18), and it is in these limits that we set = 0.
Indeed we have,

[ / e”ww(”u?go(w(x),T)dA]

A€dQ;

— / e—w(k)t)\Q (

Nea; T

0
_ / efw(/\)t)\2 (

A=—00 T

+ / efw()\)t )\2 <

082 N{arg A=27/3} T
0 T oo

1 . ) 1 .
=3 / e‘””(/e’mgo(T)dT>du+3 / e“”t(

p=—00 n=0 T

_ / ewt</T it )du

M—foo 7=0

x=0

Mg, (T)dT) dA

L= L—y

N7y, (T)dT) d\

e N7 gO(T)dT> dX

Do~
I —

e‘”tgo(r)d7'> du

1
= 5271-90 (t)a

and similarly,

[ e, ma

N loe
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As far as the above equation is concerned, let us notice - alternatively - that the
change of variables ;1 = a?\ gives

/ eli@®Nz/a?] =Nt (423)250 (w(N), T)d(a®))
€D,

- / elibe o1 =)t 25, (0o(11), T dp.

PEDN,
Therefore the LHS of (2.3) becomes

1—a? 1—a

3 go(t) + 3 go(t) = go(t),

since 1 + a + a? = 0.
Finally we have

{ / ei’\m“(A)tAgl(w()\),T)d)\} = / e “NING (w(N), T) dA

=0

A€00y A€O0T
1 w ~ 1 . )
ot / e M (0N (w(N), T) d(0®) = — / e W gy (w(p), T) dps,
INrolox nedny

and therefore, in view of (1.16), we have

[ / NN — a)AGy (w(N), T)] dA + / e VL — a®)Agi (w(N), T)] dA}

Clek o>

= Lul‘l(l —a)+(1— 042)} / e gy (w(p), T) dp = 0.

HEON,

z=0

Thus, we have proved that u(x,t)|.—0 = go(t), t > 0.

Step 3: Evaluation of the derivative du(x,t)/0z for x = 0. Firstly,

(] )

A=—00

=0

= ixe Mg (N) dX + / ixe”*Ntig(N) dA

{ImA=—c}N{ReA<0} A€ [—ei,0]
0

= ixe NN dX = / ixe Mo (X)) dA

{argA=4m/3} A=—00
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=0

/ ei)\mfw(/\)tﬂo(/\) d/\>:|
=0

= ixe M0 (N) dX + / ixe”“Mg0(N) dA

{ImA=—c}N{ReA>0} A€[0,—ei]

= ixe Mg ( d/\_/ Mo () dA.

{argA\=57/3}

(In the above calculations we used also Lemma 2.1 (Step 4 below), which is a
Jordan’s type lemma. It follows also that the integrals ffoo and fooo in the RHSs
of the above equations exist in the generalized sense).

In analogy with the preceding identities, we write

2 J #raons)

z=0

= ixe M0 (@) dA

{ImA=—e}N{ReA<—1}
0

+ / iNe OG0 (@) dX + / ixe Mg (aX) dA

Ae[—1—ei,—1] A=—1

= / ixe Nig(aX) dX
{argh—d/3}
= % / iale Nty o(a) d(aN)
{argh—47/3}

1

=—— [ ine 0 ig(p) dps
pn=0

and

(] e ermisn)

A=

= / iNe OG0 () dA

{argA\=57/3}

(=)

=—— / ipe” Mg (1) dp.
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Moreover,

2(_f eraons)

=0
arg\=2m/3

= / ixe Mg (aX) dA
arg\=2m/3

1
== / iode ™Mo (o)) d(aN)
(0%

argA\=2m /3

== / ipe™ g (1) dp
argpu=4m/3

and

(o)

arg)x:ﬂ'/3

x=0

=— / ixe Mo (a®N) dX

arg)x:ﬂ'/3

LT oo
=-— / ipe” Mg (1) dp.
pn=0

Now it follows from the above equations that

o y . .
|:a< / ez)\z—w(k)t,&o(/\)d)\ o / ez)@—w(k)tao(a)\> d\
€Z
(2.4) S o
— / NN (a?X) d)\)] = 0.
08025 o=0

(This computations is similar to the one which showed that the quantity (2.2) is
equal to zero).
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Next, using (1.18) and (1.19), we compute (with N = 1).

{i(/0eiM_w(’\)t/\ng(w()\),T)d)\ﬂ

=0

— / + / )iAeWW(T—f)A%—N(T, A) dA

{ImA=1}N{ReA<—1} A€[—1+14,—1]

- - )iAe—W)tAQaN(o, A) dA

(2.5)
{ImA=—1}N{ReA<—1}  A€[—1—4,—1]

T
—w(A)t
- [ (G [ e o)
w

—o00 7=0
0

+ / ixe NN (w(N), T) dA.
-1
Now we may write the RHS of (2.5) formally as the “integral”
0 *
(2.6) / A= ON250 (w(A), T)dA = i / e~ NEA3G) (w(N), T)dA.
—o0 (=00,0]

(The symbol “«” is inserted to indicate that the corresponding integral must be
appropriately interpreted).

Similar (formal) integrals may be written also for the other parts of the expres-
sion [Qu(z,t)/0x]|z=0 which contain the function go(w(\),T'), namely,

i / N3Gy (w(N), T) dA,

{argA=27/3}

(2.7) i e NIN3G0(w(N), T) dA,

{argA=7/3}

i/e*w@m?’go(w(x)j)dx.
[0,00)

Using the interpretation (2.5) of the integral (2.6) and the analogous interpretations
of the integrals (2.7), we see that

* i 1 * B )
/ e NN (w(N), T) dA = — / e N (0200 (w(N), T) d(a®N)
\€DOT \eDOT

1 . .
— [ e, ) du
HEDNR,
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having set u = a?\.
It follows that

[i( / eMT =M1~ 02)A\2g0 (w(), T)dA

a0y
n / em—wwu—a)A%}o(w(ALT)dAﬂ =0
0925 o

Finally we have

{ o ( / M=) Ay (w(N), T)dA

Ox

Cloky
+ / ei”“’(’\)t(la2))\§1(w(>\)aT)d)‘>} = 2mign (t).
=0

a9y

(This computation is similar to the one providing (2.3)).
Thus [Qu(x,t)/0x]|p=0 = g1(t), t > 0, where we used (1.16) for u(z,t), as in
Step 2.

Step 4: Here we will make use of the following lemma.

LEMMA 2.1. We have

lim / A2e= Mt (N)dA = 0

A —

A=A
n<argh<4w/3
and
. —q 3 A
Jim / Nem N g (N)dA = 0.
oo

A=A

(5w /3)<argr<2m

PROOF. Setting A = Ae?, 7 < 0 < 47/3, and writing

47 /3
A2e Mt (V) dA = / A2e% exp[—i A3t (Ae'?) Ae®idb,

[Al=A 0=m
w<argA<4w/3
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we see that
47/3
/ )\2677;)\315,&0 ()\)d)\ < / A26tA3 sin(SG)dQ
(A=A O=m
w<argA<4w/3
4w
_ %A2 / etA3 sin 9d0
6=37
1 2 —tA®sin 6
0=0
™
< —.
— 3tA

117

Letting A — oo, we obtain the first limit. The proof of the second one is

similar.

Step 5: We claim that

oo

lim [ / e Nth (X)) dA

t— 0t
A=—00

2.8 . )

( ) _ / ez)\x—w(A)taO(a)\)d)\_ / ez)\x—w(/\)t,&o(oﬁ)\)d)\
Gl 005

= 2mu(x,t)]i=o.

Indeed, one has

Ii IAT—w(A)t
 m / e Qo (N)dA
A=—00
A
= lim ( lim / ei’\:”_“(’\)tﬁo()\)d)\>
t— 0t A — oo

A=—A
—1

= lim { / e MNtas () d + / ei’\””“’“)tﬁo()\)d)\]
1

t— 0t
—0o0

=+ ) 1_1>H01+ ei)\x—w(k)t,&o()\)d)\
[71’1]
-1

— lim [/eikw—w(k)t@(o)dk_F/emm—w(x)tuo(o)d)\]

t— 0t i\ i\
—00 1

1 oo
. 1 N X 1 ¢
li IAT—w(A)t / / idz—w(A)t ’
+t_1>rré+ [ / e —M(uo)(x\)d/\—i- e —M(uo)()\)d)\

o 1

O
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+ / e (N)dA

[_171]
—1 [e'e)
e 1
| AT 1 73 r AT 1 /AN IAT &
+ a(uo)(A)dAJr e a(uo)(A)dA + e (N)dA
—00 1 [_171]
—1 [ee)
= / e (N)dX + / e (N)dX + / e (N)dA
—0 1 [-1,1]
= / Ao (N)dA.

[In the preceding calculations we made use of Lemma 2.2 (Step 6, below).]
Similar computations show that

lim e Ntho(aX) dA = / Mg (aX) dA

t— 0t
Cloiy any
and
lim MmN (02 X\) dA = / A ag(a® ) dA.
t— 0t
005 005
Therefore (2.8) follows from (2.1).
Step 6:
LEMMA 2.2. We have
00 —1
lim /e”‘[l — e_MBt]@ =0 and lim M1 — e_”‘gt]@ =0.
t— 0t A t— 0t A
1 —o0
Also, for x > 0 we have
[ee] oo
lim / era=et L gy / e L g
t— 0t i\ A
1 1
and
7 1 FN
li iA:vfw(A)tid)\ _ / iz d)\.
isor ) € ix IR

Moreover the convergence in the above limits is uniform for x in compact subsets
of (0,400).

PROOF. Let us write

oo

/e“[l — e’i’\st]% =L (t) + Ly(t) + Is(t),

1
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where
/vt
L(t) = / M1 — e_“‘St]d—;
1/V6t
1/V6t

Ig(t) = / ei)‘[l — e_iASt]i;,

. Loy dA
I5(t) = / e“\[lfeﬂ)‘st]j.
1V

Setting A = pu/v/t and A = 1/v/t (with A — coast — 0F) we have

L(t) = / ew/\/i[l _ efi;ﬁ/\/f]dﬂ

i
p,:l/\/é
1
— / e“‘“[l—e_"‘q”g]d—'u
1
n=1/v6
1 1
- / eiAudﬁ_ / ei(u—MS)Adi.
7 7
p=1/v/6 p=1/v/6

By the Riemann-Lebesgue lemma, we obtain
1

aood
lim / em“—'u =0.
A — oo )

pu=1/v6
On the other hand, integrating by parts, we write

1 Iz

119

1 1
/ ei(u*uig)Adﬁ — / elw=v)Agy 1 / / elW=v)Agy di;
7 1

n=1/v6 y=1/V6 p=1/v6 | y=1/v6

Since the second derivative of y — y* is —6y and satisfies | — 6y| > /6 for y €

[1/4/6,1], by the Van der Corput’s lemma,

1
/ ei(yfya)Ady < constant

VA

y:l/\/é
and
f tant
i(y—y®)A constan
e dy| < ——==" for pu € [1/V6,1].
/ ) < pe [1/V6.1]
y=1/V6

Therefore, lim I(t) =0.
t— 0t
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Next, setting dy = do(t) = [1,1/v/6t] and 63 = 63(t) = [1//t,0), we have

) ) 3 ety PRICEOSSINL
L(t) + I(t) = / - O / {( s _}(1_3A21)m

doUd3 62Ud3

A=00

B oA piA=N3)  A=1/VEE oA ci(A=A")
iAo (1= 32|, b i(1=3N0A]|_y v

(PN
€ o i()\*)\st) 1 o 6t
+ / {M? ‘ <i(1—3)\2t))\2 0w )

d2Ud3

Now the expressions inside the square brackets are bounded by a constant x+/%.
For A\ € 63 = 3M\?t —1 > 2A%t > 2, the integrand over ds is bounded by a
constant /A2 and the integral over &3 is bounded by a constant x+/.
For A € d, = (1/2) < 1 —3X\?t < 1, the part of the integral over §, which
contains the term 6t is bounded by a constant x+/¢t. The integrand of the other
part is

et oy 1
A2 i(1 — 3N2H)\2’
and is bounded by a constant divided by A2. Also
- €N ey 1
tk}’%-ﬁ— ’[)\72 — € m X52 )()\) =0 fOr every )\E [1700)
Thus, by the Lebesgue dominated convergence theorem, we obtain
e . 3 1
li & i(A=A%) d\ = 0.
¢ 0 {i)\2 ¢ (1 - 3X21)A2
02(t)

Now, the first assertion of the lemma follows from the above results. The second
assertion follows similarly. The next two assertions follow immediately by rescaling,
i.e., changing the variables in the integrals by setting u = Ax.

Finally, to prove that this convergence is uniform for = in compact sets, let us
restrict = between two positive constants: 1 < x < (5. If B3 < 1, let us write

/[ei)\mfw()\)tiei)\m]'idA _ /[eiufw(p)(t/gﬁ) . ei“],idu
A i
1 T
[e%s} 1
1 _— 3 1
eth— w(p)(t/a®) M —du+ [ [e™ w(p)(t/z) _ e —dpu.
m Thh
1 x

We claim that

[oe]
- o1
/[e”‘f‘*’(“)(t/zs) — e”ﬂi—d,u — 0 as t — 07, uniformly for z € [y, (2]
/ K
To prove this, let us consider € > 0. Then there is § = §(¢) > 0 so that

oo

; .
/[e”‘*‘”(”)t —e'M]—du| <e for 0 <t <.
i
1
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Therefore, if 0 < t < 33§ and x € [B1, Bo] then 0 < (t/2®) < 6, and, therefore,
o0
/ [ein—elnt/a®) _ eiu}idﬂ c:
1 s

On the other hand, for z € 31, 2],

1 1/x
/[eiufw(p,)(t/g;s) _ ei”],idu _ /[ei)\xfw()\)t _ elAm]idA
i A
T 1
1/B1

IN

1
—wNt_ | ZdA
/ le |59

1
and, therefore,

1
. : o1
/[e”‘*“’(”)(t/ws) —e™—du — 0, as t — 01, uniformly in x € [3, Ba].
ip

x

The above computations show that the convergence

o0 oo

) 1 g 1
li IAz—w(A)t — / AT
t —1>II(1)+/6 Z)\d>\ ¢ Z)\dA
1 1

is uniform for 8y < x < (B, if S < 1. The case 1 > 1 is similar.
Analogously one obtains the proof that the convergence

—1 —1

) 1 ing 1
Ii Idz—w(A)t _ / AT
R ‘ 2 X Can dx

is uniform for x in compact subsets of (0,+00). This completes the proof of the
lemma. O

Step 7: We claim that

(2.9) lim eAT=ONIN2G0 (W(N), 1)dA = 0, for x> 0.

t— 0t
o0y

It suffices to show that

-1

(2.10) lim eAT=wNENZG0 (Ww(N), E)d\ = 0,
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since the other parts of the integral in (2.9) clearly tend to zero as t — 07. Now,
writing
t
UG (w(0),0) = N [ g (rar
7=0

t

90(t)  90(0) _ine e_w(’\)t/ 7 49o(7)

e W —— ANT =—2dr, A # 0,

w() W€ oy )€ i AT
7=0

and taking into consideration that

tllf%+{[go(t)—go(0)]/ei/\wdj\}zo

and that

t
—w(A)t d
< / ew(A)Tig;(T) dr = O(1/)\°%),

T

we see that the proof of (2.10) is reduced to
—1 —1

, d\ ; \3gr AA
lim Ml —e N2 =0 = lim el — e~ N122 =,
t— 0t A t— 0t A
a fact proved in Step 5. This completes the proof of (2.9).
In analogy with (2.9),

(2.11) lim e NIN2G0 (), t)dA = 0,
a0y
and its proof is reduced this time to
lim /e“‘f[l — e_“’()‘)t]@ =0 < lim /e”‘[l - e_MBt]@ =0.
t— 0t A t— 0t A
1 1

The last equation is proved again in Lemma 2.2 of Step 6.

Also,
lim eAT=CNING (w(N), 1) dA = 0,
t— 0t
o027
(2.12) !
lim AT NING) (w(N), t)dA = 0.
t— 0t
a0y

The preceding equations are straightforward consequences of the fact that
e NING (w(N), 1) = O(1/A%) for A — oo (with A € R).

Finally, combining (2.8), (2.9), (2.11), (2.12) and the equation u(z,t)|;=0 = uo(x)
(proved in Step 1), we obtain lir%+ u(x,t) = uo(x) for each fixed z > 0. This
t—

completes the proof of the 2°¢ part of Theorem 1.1.
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Step 8 Since (1.2), (1.3) and (1.4) hold also for « = 0, it follows that

o0 (o]

(2.13) lim | / eAr=w Nty (N)dA = / e Mg\ dA.
T —
A=—00 A=—00

Similarly, letting  — 07 in (1.7) and (1.8), we obtain

(2.14)  lim / NNt (aX)dA = / e M0 (aX)dA

r — 0t
(097)NR (007)NR
and
(215) tim | / NNt (42A)dA = / =Mt (a2A)dA.
xr —r
(9925 )R (0925 )R

On the other hand

ei)‘m*w(x)tﬁo(a)\)d)\ = % ei(“/ag)zf“’(”)tﬁo(,u/a)du,
{argA=27/3} {argn—=0}
hence
lim / A= Nta () d = % / e Wtig (u/a)dp
z — 0t o
2.16) {are) =27 /3) {aran=0}

= / e M0 (aN)dA.
{argA\=2m/3}

Similarly one has

(217)  lim / NNt (a2 \)d\ = / e Mo (a®N)dA.
{argh=n/3} {arg)=r/3}
It follows from (2.13) - (2.17) that
xl_i)r%+[ / eAT=eNtG () dA — / AT Ntas (a))dA
(2.18) A o0r
- / eim_wmtﬂo(a%\)d/\} =0,
007

where we used also the fact that the quantity (2.2) is equal to zero, as we showed
in Step 2.
Step 9: We claim that
lim [ / NN — a2 A2G0(w(N), T)dA
z — 0t

a0y
(2.19)
- / e — a)A2G0(w(N), T)dA| = 2mgo(t).

a0y
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First, if we let z — 07 in (1.13) and we use the fact that (1.13) holds also for
x = 0, we obtain

lim / eAT=wNEN25 0 (W(N), T)dA

z — 0t
002, )NR
(2.20) weon
= / e “NIN250(w(N), T)dA.
(0027)NR
Similarly,
lim / AT NIN2G0((N), T)dA
z — 0
982, )NR
(2.21) (020

= / e *NIN2G0(w(N), T)dA.

(0025 )NR
On the other hand, setting ;1 = o\, we have
/ MmN Go (w(N), T)dA = / !/ o202 G (o ), T)dp,
{argA\=2m/3} {argn=0}

whereas

wli)né+ / ei/\m_w()\)tA2g0(UJ()\),T)d)\
{argA\=27/3}

= / e U2 o (w(p), T)dp

(2.22)
{aren=0}
= e COINZG0(w(N), T)dA.
{argA\=2m/3}
Similarly
Ili)n,(l)Jr / eim_w(’\)t)\ng(w()\LT)d)\
(223) {argA=7/3}

= e NIN2G0(w(N), T)dA.
{argA=7/3}

Now (2.19) follows from (2.20)-(2.23) and the corresponding calculation made in
Step 2 (which yields (2.3)).

Proof of the 34 part. Since e"*M\g; (w(N),T) = O(1/X?), when A — oo with
Re A = 0, we see that the integrals in (1.1) - equivalently (1.11) - which contain the
function §; tend to zero as  — 0F. (We also recall the last calculation of Step 2,
which completed the proof of the equation u(z,t)|,—0 = go(t)). Therefore the 34
part of the theorem follows from (2.18) and (2.19).
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REMARK 2.3. A computation similar to the one in Step 2, leading to (2.3),
yields

/ lim_ [0 (), )]dA = 7200

xz — 0t 3
Lok
and
im0 (), )] = T2
xz — 0t 3

002y

while, according to the proof of (2.19).

) 2 t
lim eNe=wNN25 0 ((N), H)dA = 2790()
z — 0t 3
ko
and
) 2 t
lim 61)@7“)()\)15)\2_&0(&]()\)’ t)d>\ _ WgO( )
z — 0t 3

a9y

Thus the order of limit and integration, in the above equations, cannot be inter-
changed in general.

Step 10: We claim that

2] ] oo

(2.24) Ao
_ / ew\z—w()\)tﬁo(a/\)d/\ _ / €Mz_w()\)tﬂ0(a2)\)d)\:| } =0.
a0y 0925

To verify this assertion, writing (1.6) with n = 1 and k¥ = 0, and letting
x — 07, we obtain

0
(8] ] o]

A=—o00

(2.25) = ixe Mg (N)dX + / ixe Mg (N)dA
{ImA=—c}N{ReA<0} [—€4,0]

=— ixe” M0 (N)dA.

{argh=4r/3}

(The symbol “x” indicates that the corresponding integral must be appropriately
interpreted).
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Similarly, using (1.8), we obtain

mliné+{aax[/ez)\z w()\tA ( 2)\)d)\:|}

*

_ Tlg%+ % [ / ei)\a:w()\)tao(aQ/\)d/\:l

argAZO
lim / ixe?T N0 (2 X)dA
r — 0t
arg)\ZO

(2.26)

*

= / ixe Mg (a®N)dA

argA=0

1

== / ipe™ W g () dp.

{argu=4m/3}

Also

9 ,
{argA\=27/3}

*

(2.27)

=— / ipe ™ g () dpe.

{argn=4m/3}

As 1+ a+a? =0, it follows from (2.25) - (2.27) that

0
Lll)ng]+ {({fx |: / ei)\m—w()\)t,ao()\)d)\ _ / €Mm_w()\)t1l0(a)\)d)\

A=—o0c0 {argA\=27/3}

/ iAT— ou)\)tA 2/\)dA:|}

(2.28)

Similarly, we have

IEI%JF {8(1|: / ei)\xfw()\)tﬁo()\)d)\ - / ei)\sz()\)tao(oﬂ)\)d)\
A=0 {argA=7/3}

- /O ety (oz/\)d/\}}

A=—00

(2.29)

Finally, (2.24) is a consequence of (2.28) and of (2.29).
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Step 11: Using (2.5) and (2.6), and letting x — 0T, we obtain

a 0 *
(2:30) lim 5‘x[ / e”"‘”_”mt)?go(w()\),T)d)\] = / e NEN3Go (w(N), T)dA.

- (—00,0]

Also, setting A = pa?, we have

ei)\asfw(k)t)\ng(W()\)7 T)d\ = / ei(#/a2)m7w(#)tﬂ2§0(w(’u), T)dpu.
[0,00)

Now, interpreting the integral in the RHS of the above equation as the (1.18) and
(1.19), we obtain

{argA\=27/3}

3 8 IAT—W ~
im o= M= NEN2G0 (W(N), T)dA
{argA\=27/3}

*

1 e 5
= | e i go(w(p), Thdp,
[0:50)

*

where the integral [ is defined analogously to (2.6).
[O7w)
Thus, we may write

*

e U3 g0 (w(p), T)dp = o e NN go (w(N), T)dA

[0,00) {argA\=27/3}
or
li v i)\sz()\)t)\Qf- ). T)d\
zin(lfr O € gO(w( )7 )
{argA\=27/3}
= / e “MNEN3G0(w(N), T)dA.
{argA\=2m/3}
The preceding calculations lead to
: 9 IAT—w(A)t 2~
Jim | [ e (), T
Lo
_ / =N X350 (w(A), T)dA.
o0y
Similarly,

xlir%w,iﬂ{ / em—wmfvgo(w(mT)dA} = / e *MNEN3Go(w(N), T)dA.

002y



128 A. CHATZIAFRATIS, L. GRAFAKOS, AND S. KAMVISSIS

Therefore, setting p = o in the integral [, ---d\, we obtain
2

. 0 IANT—wW ~
i [ e @), )i
o0y
(2.31) + / A=t — ) A2G0(w(N), T)dA

a0y

*

_ {(1 _a?) 4 éu _ a)] / =N X350 (w(\), T)dA = 0.

o0
Proof of 4t® part. We have

: ﬂ PIAE—w(N)t(1 _ ~
i 6:5[ / c (1= a)Ag1 (w(N), T)dA

ANy
. / PN (1 — a2 )A\gy (w(N), T)]dA
a2y
N / e N1 = @)iX’gi(w(N), T)]dA

99y

(2.32)

n / e M1 — a?)iX?g1 (w(N), T)]dN
802,
= 27Tig1 (t)

The last equation is (2.19) with g; in place of go. Now, the 4" part follows
from (2.24), (2.31) and (2.32).

Proof of 5% part. It follows from Lemma 2.2 of Step 6 that the convergence in
(2.8), (2.9) and (2.11) is uniform for z in compact subsets of (0, 4o0c). It is easy to
see that this holds also for the limit in (2.12).

Proof of 6*! part. Examining the proofs in Steps 7, 8, 9, 10, and the proof
of (2.32), it is easy to see that the limits are uniform for ¢ in compact subsets of
(0, +00). This completes the proof of the theorem.

3. Behavior of the derivatives 9"u/9z™ as ¢ — 01 or ast — 01

Under the assumptions of Theorem 1.1, the 3" and 6'" conclusions of this theorem

imply that the function u(z,t), defined by (2.1), satisfies lim u(z,t) =
Q3(x,t) — (0,to0)

go(to), for every tg > 0, i.e. u(x,t) extends to a continuous function along the
semi-axis {z = 0,t > 0} by setting u(0,t) = go(t) for ¢ > 0. Now, we will extend
this result also to the derivatives of the function u(x,t).

THEOREM 3.1. Under the assumptions of Theorem 1.1 the following assertions
hold:



INSTABILITIES OF LINEAR EVOLUTION PDE ON SEMI-UNBOUNDED DOMAINS 129

1%t For each fized t > 0, the function u(x,t) belongs to the space C*([0,00)) with
respect to x, i.e., the limits

gn(t) :== lim 78 u(z,t)

lim = S n=0,1,2,.
xr

exist. Moreover the functions g,(t) are C* fort € (0,00) and the above limits are
uniform for t in compact subsets of (0,+0c0).

274 The function u(x,t), originally defined for (z,t) € Q, extends to a C°° function
on QU{(0,%) : t > 0}, by setting u(0,t) = go(t) fort > 0.

34 Fork=0,1,2,... , and t > 0,
3k k 3k+1 k
o PRule ) dot) L 0 ()
z— 0+ Oz3k dtk x— 0+ OQxdktl dtk

PROOF. Step 1. The cases n = 0 and n = 1 of the 1% assertion are contained in
Theorem 1.1. Now we prove the existence of these limits in the general case. First,
it follows from (1.7) that the limit

on x )
A=—00

exists and defines a C'*° functionb of ¢t € (0,00). It is easy to see that a similar
result holds for all the parts of the integrals in (1.16) which are taken over the
half-lines

{arg A =7} = (—00,0) or {argA =0} =0, +0c0).
Now writing the equation

. 1 ;
ezA:rfw(/\)tao(a)\)d)\ — ? / el(l»b/oﬂ)sz(#)tao('u/a)d‘u’

{argA\=2m/3} {argu=0}
we see, as previously, that the limit
lim 2 / AN () dA
z — 0+ Jx™

{arg\=27/3}
exists and defines a C'* function of ¢ € (0, 00).
Similar is also the treatment of the parts of all the other integrals in (1.16) which
are taken on the lines
{arg A = 27 /3} or {arg A =m/3}.
This completes the proof of the 15¢ assertion.

Step 2. It follows from the 15 conclusion that

0" u(x,t)
——2 = g,(tg) for ty € (0,+00).
Q5 (2,1) — (0,t0) oxn gn( 0) 0 ( , )
Since for every nonnegative integers n and m,
oMz, t) O, t)
Jxnotm — Qgnt3m

for (x,t) € Q,
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it follows that

"Mz, t)
li 7 — ghism(t for tg € (0, .
Qa(m,t)lrg (0,t0) Ox™Ot™ Gntam(to) for to € (0, +00)
Therefore, the function wu(z,t), originally defined for (z,t) € @, extends to a C'*°
functions on Q U {(0,¢) : t > 0}. This proves the 2"? assertion of the theorem.

Step 3. We now prove the 3' assertion. The case k = 0 is contained in The-
orem 1.1. Let u*(z,t) denote a smooth extension of u(z,t), from ) to an open
neighborhood of semi-axis {x = 0,¢ > 0}, which exists from the 2°¢ conclusion.
Then

DBu(x,t) . Ou(z,t)  Ou*(z,t) dgo(t)
lim —>>= 1 = = .
s o0t 019 a0 Ot ot |,_, dt

Similarly,

4 *

lim O*u(z,t) — im 9 (Ou(z,t) _ 9 (Ou(z,1) _ dgl(t).
e o0t Ozt o0t Ot\ Oz ot oz 0 dt

We now proceed inductively to complete the proof of the 3" assertion. (]

Next we study the limits of the derivatives as ¢ — 0F. Firstly the 2"? and
the 50 conclusions of Theorem 1.1 imply that the function u(z,t), defined by (1.2),
satisfies

lim u(x,t) = ug(x
oS (zp ) (1) = HolT0)

for every xg > 0, i.e., u(x,t) extends to a continuous function along the semi-axis
{z > 0,t = 0} by setting u(x,0) = ug(x) for x > 0. As we will see, extending this
result to derivatives of the function u(x,t) requires certain compatibility conditions
for the data ug(z), go(t) and g1 (t), at the point (z,t) = (0,0). A first result in this
direction is the following theorem.

THEOREM 3.2. With the assumptions as in Theorem 1.1, we have:

. Ou(z,t)  dug(x)
st — —
1°% If up(0) = go(0) then . gr%+ e dr for z > 0.

274 If up(0) = go(0) and u)(0) = g1(0) then

Pu(z,t)  d*uo(z) Bu(z,t)  dPug(z)
li = li =
10+ 02 dx? and t 0t Oz° dx3

for x> 0.

37 All the above limits are uniform for x in compact subsets of (0, +oc).
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PROOF. Step 1. Computations analogous to the ones leading to (1.18) and
(1.19) (with g; in place of gg) imply that

a . ~
E):c[ / AT @)AGy (w(N), )] dA
Yo
n / PN = a?)AG (w(N), t]dA
805
— / AN — @)X (w(N), t)]dA

09y

(3.1)

+i / et a2 N2, (w(N), t)]dA,
092,

with the appropriate interpretation of the preceding integrals.
Now it follows from (2.9) and (2.11) (with g; in place of go) that the limit as
t — 0% of the expression in (3.1) is zero.

Step 2. For x > 0 and t > 0, let us consider the quantity

0 0
E(x,t) = / e Nt G (N)dA — / AT NG () dA
A=—00 A=—00

_ / ei)\sz(k)t,ao(a)\)d)\

argA\=2m/3
0
+(1-a?) / ENT=NEN2E (A, 1),
A=—00

which is part of the RHS of (2.1).
Considering the contours
IN=(-c0—i,-1—iU[-1-1-1]
and
w1 =[N =1, 7 <argA <27x/3}U{|\| > 1,arg A = 27/3}]

and keeping in mind the interpretation of integrals given by (1.11) and (1.18), we
write

—1 0
E(x,t) = / MmNt aa(N)dA + / e MNtg (X)) dA
A=—00 A=—1

. / ei)\a;—w(/\)tﬁo(a)\)d)\ N / ei)‘w_w()‘)tﬁo(a)\)dA

A=—1 arg A=2m/3
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—1
+(1-a?) / ¢Na= (X250 ((\). £)dA

A=—00
0

+(1—a? / AT NEN2G 0 (W(N), 1) dA
A=—1

and we express the preceding sum as
dA

B(w,0) = ug(0) [ e

I

0
+/6¢Am—w(A)t(u65()\)@+ / eikr—w()‘)tao(/\)d/\

i\
I A=—1
IAT—w d\ IANT—w N dA
— up(0) /6 A (/\)ta — [ e? (/\)t(%)(a}\)m
r r
0
(3 2) _ / ei)\w—w()\)tao(a/\)d)\ _ / eikx—w()\)tﬁo(a/\)d)\
A=—1 argA\=2m /3
(g AA idg AA
— (1= a?)go(0) /em (/\)ta +(1- az)go(t)/e A By
Iy Y1
—1
AT —w g d)\
S-a?) [ gm0
A=—00
0
+(1—0a?) / eMT=wNIN2G 0 (w(N), ) dA.
A=—1

Now taking into consideration the assumption “ug(0) = go(0)” and differenti-
ating with respect to x we obtain

0
E(x,t : . :
1o} 6(1'7 ) :/ez)\wfw()\)t(ué)(/\)d)\_’_ / ez)\wfw()\)tiA,&O()\)d)\
X
I A=—1
0
—a? / PNl (aX)dA — / e AN NG (X)) dA
I A=—1
— / e Ni NG () dA

argA\=2m /3
—1

(1 - a?)0(t) / AN~ (1 a?) / AT (g5 (00(N), £)dA

Y1 A—oo
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0
+(1-a?) / M=)t go (w (), £)dA

A=—1

from which we deduce that

0
8Ea(zat) _ /ei)\x—w(k)t(uloj()\)d)\_'_ / ei)\x—w(k)t(uloj()\)d)\

r A=—1
0

+ u0(0) / e”‘“ﬂ"(k)td/\—aQ/eimfw(A)t(uf)j(a/\)d/\

A=—-1 r
0 0

_ a2 / eirz—w(\)t (ugj(a)\)d)\ N 04211,0(0) / eirz—w(Nt 1\
A=—1 A=-—1
—a? / ei/\x_w()‘)t(uéj(a)\)dA o QQUO(O) / ei/\w—w()\)tdA
argA\=2m /3 argA\=2m /3
H(1=agn(t) [ eMear+Y(a.o),

71

where the term Y (x,t) has the property lir%+ Y (z,t) = 0. Thus, letting ¢ — 0F
t—
in (3.3), we conclude that

0
. 8E(.’L‘,t) 1. ide—w(N)tg, 13
B T e / ¢ (11p) (A)dA
A=—o00
A2 li Idr—w(A)t 7S A)dA
o lim [ e (up) (@A)
o9y
0 0
+up(0) [ / eAdN — o / e\ — o? / e\ + (1 —a?) /ei’\wd)\} ,
A=—1 A=—1 arg\=2m/3 Y1
from which we deduce that
OE(x,t) )
x,t . .
i 0 ] iz—w(N)ty, !
i S = [
(3.4) A=
—a? lim AT (Y (aX)dA + ug(0)F(0),
t— 0t
Clox

having set F(\) = % /iz.
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Step 3. Again for x > 0 and t > 0, we consider the quantity

oo oo

Z(x,t) = / ANt (V) dA — / MmN G0 (a2 \)dA

A=0 A=0

- / MMt (0P N)dA + (1 — ) / AT Go (w(N), t)dA,

argA\=m7/3 A=

(e}

which is also part of the RHS of (1.2). Working as in Step 2, we prove that

. 0Z(x,t) L r ide—w(N)ty,
Jm, =g = i, [ e ()
(3.5) o
—a lim [ AT (@2 A)dA — ug(0)F(0).
t— 0F
005
Step 4. It is straightforward that
0 idr—w ()t 2\y2~
M| [ e eRmem s

arg\=27
(3.6) we

+ ei)‘miw(/\)t(]. — Q)Azgﬂ(w()‘%t)d)\ = O

argA\=7/3
Proof of the 15 conclusion. It follows from (1.2), the result of Step 1, (3.4) -
(3.6), and applying (2.8)(and its proof) to u(, (in place of ug).
Proof of the 2" conclusion. It is similar to the previous one.

Proof of the 3" conclusion. It follows easily examining the above proofs. [

REMARK 3.3. In view of the asymptotic behavior of the involved integrals

ou(z,t
given in Lemma 5.4 below, we see that the existence of the limit lim+ é )
t—0 €T

L . . . O%u(x,t)
implies that uo(0) = go(0). Similarly, the existence of the limits lim ——5—

5 t— 0t Ox?
and lim M

t o0+ Ox3

implies that u(0) = go(0) and u((0) = ¢g1(0).

4. The limit of the solution and its derivatives as (z,¢t) — (0,0)

It follows from Theorem 1.1 that the function w(z,t) is continuous for (z,t) €
Q —{(0,0)}. Tt is clear that if the function u(x,t) extends continuously also to the
point (0,0) the necessarily uo(0) = go(0). In the following theorem we show that
this condition is also sufficient.

THEOREM 4.1. Under the assumptions as in Theorem 1.1 and if ug(0) = go(0)
then

~lim u(z,t) = up(0).
Q3(z,t) — (0,0)
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PrROOF. We introduce the following notation: For two functions V(z,t) and
W (z,t), defined for > 0 and t > 0, we will write V(x,t) ~ W (z,t) if and only if

all the limits

li Viz,t) — Wiz, 1),
N (0,0)[ (2,1) (2,1)]

lim < lim [V (x,t) — W(x,t)]> )

rz— 0t \ t—ot
x>0

lim ( lim [V(x,t)—W(:v,t)}>

t— 0t z — 0
t>0

exist and are equal.
As up(0) = go(0), it follows from (3.2) that

' o AN
E(z,t) = — / eszw(A)tﬁO(a/\)d/\ +(1- 042)90@)/61)@7,
2
argA\=2m/3 o
whereas
E(z,t) ~ — PTG (aX)dA
{argA\=27/3,|\|>1}
g A
+ (1= a?)go(t) / e
(41) {arg/\:27r/;j\)\\21}
~ — iAe—w(A)t N
wol?) ‘ 1A
{argA=27/3,|A|>1}
S dA
+ (1 - a2)go(t) ez)\a.
{argA=27/3,|\|>1}
Similarly,
i dA
~ Az —w(A)t
Z(x,t) &~ —ug(0) / pirz—w(X) e
{argA=7/3,|A|>1}

+(1—a)go(t) / et
{argA=m/3,|\|>1}

Let us keep in mind that the orientation of {arg A = 27/3,|\| > 1} in (4.1) is the
one that this line inherits from 02, while the orientation of {arg A\ = 7/3, |\ > 1}

(in (7.2)) is that of 9425 .
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Furthermore

MmN a?)A2G0(w(N), t)dA
argA\=2m/3

; dX
~ _(1—a? ixe—w(A)t Y
(4.3) (1= 0a%)g0(0) / e ™

{argh=27/3,|A|>1}

o dA
+(1-a?g0(t) e
{argA\=27/3,|\|>1}
and
e — ) A2Go(w(N), t)dA
argA\=7/3
. dX
~ _(1— ixz—w(A)t YN
(4.4) (1 —)go(0) e B
{argh=7/3,|A|>1}
o dA
+ (1= a)go(t) e“\wa.
{argA=7/3,|A|>1}
Let us also notice that
(45) ei)\mfw()\)tii + ei)\sz()\)t% ~ 0.
) )
{argA=27/3,|\|>1} {argA=7/3,|\|>1}

Finally, one has

/ ei)\m—w(A)t(l — a)/\gl (W()\)v t)]d)\

o0y

+ / €N O(1 — a?)Agy (W(N), £)]dA & 0.

a9y

Now the conclusion of the theorem follows from the definitions of E(x,t) and Z(z,t),
(1.2) and the relations (4.1) - 4.6).

It follows from Theorem 1.1, 3.1 and 3.2, that if uo(0) = go(0) then the deriv-
ative Ju/0z has continuous extension for (z,t) € @ — {(0,0)}. If this derivative
extends continuously to the point (0,0) then we must also have u((0) = ¢g1(0). The
following theorem shows that these conditions are also sufficient for the continuous
extendability of du/dz to Q. O

THEOREM 4.2. Under the assumptions of Theorem 1.1 and if ug(0) = go(0)
and u((0) = g1(0) we have

. Ou(x,t)
lim
Q3(at) - (00) O

= ug(0).
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PROOF. It follows from the first part of (3.3) that

Ox A
Iy argA\=2m/3

; d\ )
(47) cao) [ e B [evan
1
{argA\=27/3,|\|>1} 71

t ; dX ;
8E(ZU7 ) ~ ((1 _ a)ué(o)/emxﬂu()\)t’i _ OéQUO(O) / ez)\acfw()\)tdk

Similarly,

8Z($,t) ~(1— 042 ul 0 ei)\r—w()\)t@ — g 0 ei)\x—w()\)tdA
Ox 0 i\
FQ arg)\:ﬂ‘/3

; dA ,
(4.8) _ a2u6(0) / ez)@—w(/\)tj +(1— Ck)go(t)/el)‘wd)\,
2
{argA=7/3,|\|>1} 2

where
Ny=[1,1-4U[l—1i,+00— i)
and
v={A=1, 0<argA <w/3}U{|\| > 1, arg A = 7/3}.

Also we have

8‘1[ [ e - ety ax
argh=27/3
+ / ei’\x“’(’\)t(la))\2§0(w(/\),t)d>\]
(4.9) argh=r/3
~o(-ad©) [ e - [ e
argA—=21/3 argA—=27/3

— (1 —a)go(0) / eire—wNt gy 4 (1—a)go(t) / AT I\

argA\=7/3 argA\=m7/3
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and
—ia[ / AT — )My (w(N), t)dA
oz
a9y
+ / eremw Nt a2))\§1(w()\)7t)d)\}
925
; dA g AN
~ (1 — idxz—w(A)t YN 1— / iz LN
(1-a)gu(0) [N (- ap(e) [T
Iy 1
oo A
— (1= a)g1(0) oiAT (,\)ta
(410) {argA=27/3,|\|>1}
+(1—a)gi(t) ev‘zﬁ
. ix
{argA\=27/3,|\|>1}
. dX g AN
_ 2 idxz—w(A)t YN 2 iz N
(1-aNga(0) [ e Or R (1=t [
I’ V2
, d\
_ (1 _ 062)91(0) / ez/\ac—w()\)t7
i
{argA\=m/3,|\|>1}
A AN
(1= a2 (1) et
{argh=m/3, A1 21}
Now the conclusion of the theorem is a consequence of (4.7) - (4.10). O

REMARK 4.3. Further computations show that the continuous extension of the
derivatives 0"u/dz™ to @ need higher order compatibility conditions for the data.

5. The asymptotic behavior of certain integrals

LEMMA 5.1. For fized € > 0 we have

/ e“emd/\Q\Q%exp{i(;ﬁ\}ii‘:)]m(u%), as t — 0F.

Imix=—¢
Rex>0

In particular, the limit
lim / AT =Nt gy
t— 0t
ImA=—c¢

Rex>0

does not exist for any x > 0.

PROOF. Since for €5 > 1 > 0 the function defined by the integral

/ ei)\efi)\“std)\

)\E[—Eli,—z’;‘zi]
is bounded for t close to 0, the assertion of the lemma is independent of . Thus,
we may assume that e = 1.
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Setting A =& —ei =& — ¢, with 0 < £ < +00, we have

(5.1) / ePem NN = /ei(ﬁ—i)e—i(ﬁ—i)stdfzel-i—t/ 37 i€ 1—6-318) g
oo =0 =0

Changing the variable from ¢ to y, setting £?t = y, we see that the asymptotic
behavior of the above integral, as ¢ — 07, is reduced to that of the integral

L / Y —idvil-n-s g,
0
Ve VY

Since |e"1 — e™2| < |wy — wsl, for wy,ws € R, we have

1 ® 3y 1 ° 3y 7
e ik ily-1)-34 / e i i) ’ / 3y _
e ‘vt dy—— —e Vi dy| <3 e Ydy = 1.
t / t
Vil VB Vi Vi J,

Thus it suffices to study the integral

oo, 1/6 4/3 00
1 e Y ;1 _ 1
5.2 —/ e ViVl l)dyZ{/—l- / + / }
(52) Vi o Vit
y=0 y=0 y=1/6 y=4/3

Now
1 [ e 1 3 g |
e i) g e / i VA1) }
— e Vit d = — —_— (& Vit dZ d
7l % =i | wal !
y=4/3 y=4/3 z=4
1T d e[ [
€ —izVzE(z-1)
5.3 =—— — Vi dz|d
53) \/E/dy[x/ﬂH/e Z}y
y=4/3 z=4/3
and, by van der Corput’s lemma,
Yy
/ e VIVEETD gl < (constant) v/t.
z=4/3

It follows that the integral in the RHS of (5.3) is bounded for ¢ > 0.
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Also
e .
e~y
iz VY(y—1)
— e Vi dy
\f_/ VY
1/6 s
= % e i e f\/@(yfl) d
3 (1/3) dy
(5.4) y=0
. _ =1/6
:21[ e—3v e—i\}z\/ﬂ(y—l)] y=1/
3ly—(1/3) =0

1/
_ —i V=) g
/ i 1/3)% !

It follows that the integral in the RHS of (5.4) is also bounded for ¢ > 0.
Finally, by the stationary phase asymptotic relation, we obtain

B
1 Y _
= / 6\/276 GV gy
(55) y=1/6

2 71 [( 2 1 71')} ¢ ot
N—|—=—Fexp|i| —=—75—— ]|, as ,
VBV P \avavi 1
in the sense that the difference of the two quantities is o(1/V/).
Thus the lemma follows from (5.1) - (5.5). O

LEMMA 5.2. Lete >0, x >0 and n € NU{0}. Then

n z/\w —iA3t _ % (2n—1)/4 1 L . 2 g3/2 T
(i\)"e d\ = s@nn/a" t”/2\4/ieXp i PN RV

Imix=—¢
Rex>0

—|—0(1/(t"/2\%)), as t — 0F
and the limit of the preceding integral does not exist ast — 0.

PROOF. We consider first the case x = 1. Writing A =§ —ei =§ —17, 0 < £ <
400, as in the previous proof, and substituting

A= (£ —i)" =¢&" —nig" -

in the integral, we see that we have to deal with the integrals

oo oo

/ §kei(§7i)67i(57i)3td§ =l / €k67352t67i(63t7£73t£)dﬁ, k=n,n-—1,...,0.
£=0 £=0
Working with the above integrals as in the Lemma 5.1 and combining the results,

we obtain the formula in the case x = 1. In fact it suffices to notice that the
“dominant” term of the integral is the one with k& = n.
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For the general case in which x > 0 (but fixed), we set u = Az and we have

. . 3 1 . .3 3
/ (iN) e Te NN = po / (ip) e e /) gy,
Imi=—¢ Impu=—ex
Rex>0 Ren>0

and the formula follows from the previous case applied with ¢/2? in place of t. [

LEMMA 5.3. Lete >0,z >0 andn € NU{0}. Then, ast — 0.

v —int gy 200"V oponya 11 2 32 ™
/ (iN)"e" e d/\—73(2n+1)/4x t”/Q(fe p 73\/§7\/% 1

Imix=—¢
Rex<0

+o(1/(t"/?V/1)).
PROOF. Setting A = £ — i with —oco < £ < 0, we obtain that
0
/ (Z-)\)nei)\efi)ﬁtd)\ —4m / (5 - Ei)nei(gfsi)efi(gfsi)%dg
Imi=—¢ E=—o0

Rex<o

oo

/ - n z —&—¢i) 72( &— E’L)stdf
£=0

Therefore

/ (Z-)\)neiAe—i)\3td)\: / (Z-/\)nei,\e—i/\%d)\’

Imi=—¢ Imi=—¢
Rex<o Rex>0

and the formula follows from Lemma 5.2. O

LEMMA 5.4. Lete >0, 2 >0 andn € NU{0}. Then, ast — 0T,

(1-0a?) / (A" ePe TN 4 (1 - a) / (i) e =N gy

Imix=—¢ Imix=—e
Rex<o Rex>0

B 3(i{/4m(2n_1)/4tn/2 éfRe{Z o [ <3\2/3ﬁ\//; . ig)“
+o(1/(t"2V)).

In particular the limit

lim |:(1 — 012) / (i)\)nei)\m—i)\i‘tdA + (1 _ OZ) / (ZA)nezAzU\dtd)\]
t— 0t

Im x=—¢ Imix=—¢
Rex<0 Rex>0

does not exist.

PROOF. Since 1 — a2 = v/3¢/™/% and 1 — o = v/3e~""/%, the required formula
follows immediately from the formulas of Lemma 5.2 and 5.3. (]



142 A. CHATZIAFRATIS, L. GRAFAKOS, AND S. KAMVISSIS

LEMMA 5.5. Lett >0 and n € NU{0}. Then, as z — 400

(1— a2) / (,L-)\)new\x—z’)\?’td)\ +(1-aq) / (i)\>nei)\x—i>\3td)\

Imix=—1/z Imix=—1/z
Rex<o0 Rex>0

47 1 2 232 Br

_ (2n-1)/4p _ o7

RS \“fx { eXp[ (m Vi 12)“
+ 0($(2n—1)/4).

Moreover the above relation is uniform in t on compact subsets of (0, 400).

PROOF. Setting p = Az in the integrals, the LHS of the equation becomes
71 > n ip—1i 3 :c3 . n _iu—i 3 a:3
Tl [(1 - 0‘2) / (ip)"et ¢/ )du +(1-a) / (ip)" e (t/ )du}

Impu=-1 Imp=—1
Rep<o Reu>0

and the formula of the lemma follows from Lemma 5.4. O

LEMMA 5.6. Asx — 400 and uniformly for t in compact subsets of (0, +0c0),

]O Az ix3t ‘iﬂ _ ,Z\f\[ i exp {1(335"53\//; - Zﬂ +0(1/x).

A=1
and, therefore,
-1

Ap_ird A
(1 o 042) / eMm—M tK + (1 o Oé)
A=—00 A

2 23?2 5r
=27V3V3 3/451n(3\/§ i 12)—}—0(1/33)

PROOF. First we consider the case t = 1. Setting A = u/x we find that

ide—iX3t dA
e -
i\

I~—g

/ ixe—i\3 dA / eima/Z(/t—uS) dﬁ — / eirc?’/z u—p? d/.L / 6113/2(;L—/L3) dj
i i in’
A=1 n=1//xz Y= r

where ~, is a smooth curve from the point 1/y/x to ico and I' is a smooth curce
from oo, through 1/v/3, to e=¥"/600, as in Figure 2 below. (The above equation
follows from Cauchy’s theorem and Jordan’s lemma, provided that the curves -,
and I" are appropriately chosen). For instance, we choose

vz 1 [0,1) = C,v.(s) == 17\/;4— <1i —1) 0<s<1.
The curve I" is chosen so that Im[i(p — p%)] = 2/(3v/3) for u on I, close to the
point 1/v/3, and Re[i(u — p?)] < 0 for every p on I" with u # 1/+/3. Also the part
of I' in the half plane {Im p < 0} should lie in the set {—7/6 < arg u < 0} and be
asymptotic to the half line {arg u = —n/6}, while the part of I' in the half plane
{Im gz > 0} should be asymptotic to the half line {arg p = 7/2}.

Now
/eixﬁ*/z(u—uS)dj _ /ez’,\x—m@
i iA

Yz Y
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el /
e 17 693

FIGURE 2. The contours ,, 7., and I" used in the proofs of Lem-
mas 5.6 and 5.7

where
Fe 1 10,1) = C, 3u(s) := Vay.(s) = (1 —s) Jrz(lls — 1)\/5, 0<s<l.

Then 7, is a curve from 1 to ico (see Figure 2) and integration by parts shows that

Sp—ind AN (1 3—i 7
/e”‘””‘”‘?’,— ~el DI 2 4 LR , as © — +oo.
i\ x x? x3

;5/1'
On the other hand, by the steepest descent method,

, d 1 23/2
/ewm(u—ug)i N —iﬁ%mexp {1(336\/3_1)] O(1/2%/?), as © — +oc.
I

This proves the estimate of the lemma in the case t = 1.
For the general case, i.e., when ¢t ranges within a compact subset of the interval
(0, +00), the estimate follows by rescaling. Indeed, setting u = At'/3 . we have

/ ei/\zfi)\s’t@ _ / eiu(w/tl/:;)fip,‘gdilu‘
A ;

i
A=1 p=t1/3
1 00
_ / ez‘u(x/t”3>—z’u3dﬁ+/em(x/t”%—imdﬁ
I i
u=t1/3 p=1
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and
1 1/t4/3 1/t4/3
1'/1(.%/1‘,1/3)—i/fo’dfiu — / iA.'r—i)FtQ _ i / iz —id3t dA 1
/ c o c A i () N 0Q1/z).
p=t1/3 A=1 A=1
This completes the proof of the lemma. O

LEMMA 5.7. Forn > 2, we have
T s d/\
/ 2=t _ o1 /),

as © — +oo, uniformly for t in compact subsets of (0, +00).

PrOOF. We consider first the case n = 2. As in the proof of Lemma 5.6, setting
A = py/x we find that

/ iAz—iA3 A d)‘ / zac3/2(u ,f)dﬂ
A=1 p=1/\/z
7/ iw/? (u—p® ﬁ / i/ 2 (u—p® d'“
VT I
r
and
1 iz (u—p® d/.L iAz—i\® d>\
ﬁ/e (M H )E:/ /\2 (1/1’)
Ya Yz

Also, by the steepest descent method,
3/2
b e H% ‘ﬁ)] +ou/s
= / VAU en i 5= - ) [+ 00/a%)
=0(1/z%*) as © — +oo,

and the required estimate - in the case n = 2 - follows when ¢ = 1. When ¢ ranges
within a compact subset of the interval (0,+o0), the uniformity of the estimate
follows by rescaling.

The proof in the case n = 3 is similar. If n > 4 the estimate follows by
integration by parts:

ei,\z—w\%@ _ l /(eixm)/e—ix?’t@

AP i
1 L1 1 T d 5, 1
AT —1IA"t IAT —iA"t
—— - - = —|d.
iz {e ‘ A"} N / “ {e A"}

See also the proof of Lemma 6.3 that follows. ]

I~y
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6. Behavior of the solution and its derivatives as © — +oo

THEOREM 6.1. Let t; > tg > 0 be fized. Under the assumptions of Theorem 1.1

the solution u(z,t) given in (1.1) satisfies as © — ~+oo, uniformly in to <t < ty:
15t

17 41/4 232 T
u(z,t) = [uo(0) — go(0)] \/3?;3/4 sin (3\2/5 Vi - ?2) +0(1/x),
Qnd
ou(x,t) 2v3v3 1 2 232 51
97 =[uo(0) — go(0)] N (3\/3 N 12)
a7 41/4 52
#10) — 02 i (22— ) oy
gr'd
O*u(x,t) 2v/3 /% 2 23?2 5¢
o2 __[U’O(O)_QO(O)] ﬁ t3/4 S (3\/§ \/E _12>)
, 2\/3\4/3 1 2 232 T
+ [ug(0) — g1(0)] NV <3\/§ Vi 12) +0(1/x),
4th
3’[,L X
TULD — fug(0) — gof0)]

2 g3/4 ( 2 3/2 571')
COS - —
V/3y/m t5/4 3V3 Vvt 12

/ 2V3v/3 2/t 2 x3/2 T
+ [u(0) — g1(0)] N Sm(g\/g 7 _12>
Y3 1/4 23/2 T
+ [ug'(0) — g5(0)] \/\5/7»\5523/4 sin (3\2/§ 7i _ ‘?2> +0(1/2).

LEMMA 6.2. Ifa,b € R and the function p(\) is Ct in {\ € C: Im\ < 0}Ula, b]
and analytic in {\ € C: Im\ < 0}, then, uniformly for to <t <ty,

ei)\x—i/\?’t(p()\)d)\ =O0(1/z) and e“”‘”gtw(A)d/\ =0(1/x),
A€Ela,b]

Aela,a—i/x]
as r — —+00.

PROOF. For the first relation it suffices to integrate by parts

b b
. 1 j

/ ezAm—w(k)tw(A)dA — g / (elkm)/e—w()\)t(p(/\)dA

A=«

A=
b
1 ; A=b i
= — [ez)\xfw()\)tgp()\)] - €ZAI[€7M(>\)t4p()\)]/d/\
m{ A )\_/a }
= 0(1/z).



146 A. CHATZIAFRATIS, L. GRAFAKOS, AND S. KAMVISSIS

For the second one, we see that setting A = o — si/x, 0 < s < 1, we have

ixz—i\3t
e P(A)

1
/ semila=si/e)* 00 gi/3)ds

Aela,a—i/x]

and the conclusion follows.

LEMMA 6.3. We have

[ ixeminse )
/e oy P =0Wa) a

A=1 A
as r — +oo, uniformly forty <t < ty.

aint () (@2N)
eAT=iIA O(de)\_O(l/x)

I~

Proor. It suffices to notice that

ij (e emin® <zz§;>)<x> i
= le[ iz —z,\3 ((;/:\))()‘)} izjo B ;)\_/1 ei)\m% {ez,\" ((:;3)(3)\)]@\’

i 677,'/\3 ¢ (u 8/)()\) i
d\ (iX)3 — A2
The last estimate follows from the fact that

() = 0(1/3) and [ I(N)] = O(1/).
This concludes the proof.

LEMMA 6.4. We have
/ Pa-w (g (w(), 0 2 = 0(1/2)

and

[ i, % = oa/m
A=1

as x — +oo, uniformly for ty <t < ty.

PROOF. Once we notice that

e (g V). 1

the proof proceeds like that of the previous lemma.

=

>/\H

LEMMA 6.5. Forn € NU{0} and as v — 400,

o /T dA
8:0”(/ )\d/\) O /z), m=1,23 ...

A=1
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Proor. It follows by differentiating the equation

o0

[ S B S QY
Am A Am
A=1 0<argA<m/2,|A|=1 argA\=7/2,|\|>1
writing e?** = (¢!**) /iz and integrating by parts. O

LEMMA 6.6. If v(x,t) is the function defined by any of the following integrals:

M MNhig (ad)dA,
{argA=27/3}

e Nhig (@ N)dA,
{argA=m/3}

M NAg (w (), 1)dA,
{argA=27/3}

e NINGo (w(N), t)dA,
{argA=m/3}

AT e NG (W(N), t)dA,
{argA=27/3}

PTG (w(N), £)dA,

{argh=m/3}
then i
. 0%v(x,t)
£ ) _
e 3% [ff axk} =0

for nonnegative integers k and £, uniformly for to <t < ty.

PROOF. The conclusion follows by repeated use of integration by parts and the
fact that
|e”‘m| = e *V3N/2 and Rew(\) =0

when arg A = 7/3 or arg\ = 27/3. O
6.1. Proof of the 15* part ot Theorem 6.1. Consider the function

It (z,1)

= / e AT NG () = dig(a?X) + (1 — a)A2Go(w(N), 1) — i(1 — a?)Agy (w(N), t)]dA
0

and write it as [T = I + I;" where

1
jar;:/... and I =
A=0

I (x,t) = O(1/x) as = — +oo, uniformly for t; <t < t,.

A
By Lemma 6.2 we have
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A
Thinking of the integrals which are parts of I{" as limits of the form limy —, 4o f

A=1
and using the equations

R e S (Ve (7 VRO [N 77V R Y

intaty) =t ¢ 2280 )W) | 2 10) (e,
ol ) = 56~ 55~ R+ o * G e
6000 = S5 = 55 - B B * G e

By
A=1
T e, dA
2N, _ IAT—IN"t
(1= at)up(0) — (0] [ e
A=1
r 1)@ z>\3 ()\) _ ! idz—iX3t ( ///)( 2)‘)
_/ “oy He G
T ud) T it X
+ (1= a)golt) / M (1) [ O, 05
A=1 A=1
T oudX T g, X
(61) ~1-ada() [ ea-at) [ e e, S
A=1 A=1

Applying Lemma 5.7 to the second term in the RHS of (6.1) and Lemmas 6.3,
6.4 and 6.5 to the other terms of (6.1) we obtain

©2)  I@0 =1 - g0) [ PR 00/,
A=1
Similarly, setting

0
I (x,t) := AT a0 () — dig ()
)\_/oo |:
+ (1= a?)\%Go(w(N), 1) — (1 = @)A1 (w(X), )] dx
we find that
03) I (o) = (1= a)un0) = o(0)] [ R4 0(1/a),

A=—00
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Now adding (6.2) and (6.3), noticing that

-1

ixa—inde A
(1-a2) / e (1)
A=—00 A

A

eikx—ik:;t :
i\

L~y

and using the results of Lemma 5.6 and 6.6, we obtain the 15 part of the theorem.

LEMMA 6.7. We have

[/Ooem e 5)(;)&} =0(1/x)

A=1

@iLZ Az =it (/(7,)/\()2>\)d>\:| O(1/x)

and

as r — +oo, uniformly for ty <t < ty.

PRrROOF. We have

;x{ 7ez)\:1: ix3t ( A ] _7 ixz—i\3t 5)(2)‘)@\.

A=1
Also
3 A 75 (o
W) _ @0 | @I ()
(i) (i1)3 (iN)3
Thus the first estimate of the lemma follows from Lemmas 5.7 and 6.3. The proof
of the second estimate is similar. O

LEMMA 6.8. Asxz — 400 and uniformly for tg <t <ty, we have

2 [ oo 0% | =oue)
s
and
(,fx[ 7\ w1 mei?] —0(1/x)
PrOOF. We have -
{ / Xz (g1 (w (A } 7 e (gh) (@ (), £)dA
and

ei)\z—w()\)t(géj(w(A)7t) — ire Lgd()((;; _ei/\x—w(A)tif)(()(\))) _eiAz—w(A)tﬁ(géﬁ(w(A),t).

Thus, the first estimate of the lemma follows from Lemmas 5.7, 6.5 and the proof
of Lemma 6.4. The proof of the second estimate is easier. O
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6.2. Proof of the 279 part of Theorem 6.1. Deforming the contours in the

first two terms in the RHS of (6.1) we may write the function I;" in the following
way: for e > 0,

. 3, d . 3, dA
I+ = (1= _ iz—iX3t / IAT—IA"t
1= (1= a)[uo(0) — go(0)] / e T e By
[1,1—¢d] [1—ei,+oo—ei]

i3y A S ixdg A\
1— 2 1) — 0 / iAz—iA3t / IANT—IA"t
[1,1—¢d] [1—ei,+oo—ei]
+1f

where I f‘ is the part of T i" consisting of the remaining terms. Now, keeping ¢ fixed,
we may differentiate with respect to 2. The result is the following:

(6.4)

%:(1-@@0(0)— 90(0) / AeTINE G 4+ / eI g
[1,1—&i] [1—ei,+00—ei]
Ha- a0 g | [ ey [ e
[1,1—£i] ! [1—ei,+00—ei] !
oI
oz’

By Lemmas 6.5, 6.7 and 6.8, we have

oFF
— =0(1/x).
L on
Thus setting ¢ = 1/x in (6.4) and using Lemma 6.2 we obtain
oI p—ind
T =) - w()] [
x
Imix=—1/z
Rex>1

FO- ) - 0] [ N 0(a),
Imix=—1/z
Rex>1
In view of Lemma 6.2 again, the above equation can be written as follows:

% = (1 = a)[uo(0) = go(0)] / GAT—iN gy

Im\=-1/z

(6 5) Rex>0

+(1—a®)[u) / iAe—id’t dA +0(1/z).
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Likewise we obtain
ol , 13
e ==~ 0] [ ey

Imi=—1/z
Rex<o
—1

H1-a)up0) -] [ X 0(1/a),

(6.6)

A=—00

Adding (6.5) and (6.6), and taking into consideration Lemmas 5.5, 5.6 and 6.6,
we obtain the formula of the 2°4 part of the theorem.
The proof of the 3'4 part is similar.

REMARK 6.9. With the notation and in the sense of Theorem 6.1, we have

(1) TIf up(0) = go(0) and u(,(0) = g1(0) then

Ou(x,t V33 4 2 232 5x¢
A2 — b 0) - g0 L s - %) +oaa)
™ X 3\/3 \/{f 12
(2) If lim, s o 82555’” exists for some ¢ > 0, then ug(0) = go(0). Conversely, if
u0(0) = go(0) then
0u(x,t) , 2v3v3 1 2 232 x
gUuny _ - - 1/).
S = (0 - O s (22T - 1) o)

uniformly for ¢ in compact subsets of (0, +00).

(3) Forn >4,
9"u(z, t)
oAl
2 2 (2n—3)/4 I /2 32 5p
+ O(a@n=9/,

4k—1 "
(4) Let k € N. If the limit lim I CY) exists for some ¢ > 0 then

T — 00 83}4k—1
6.7)  ulP0) =g 0) and w2 (0) = ¢(0), for £=1,2,... k.

Conversely, (6.7) implies that

lim 2@

T — 00 oxm

uniformly for ¢ in compact subsets of (0, +00), for n =10,1,2,...,4k.

7. The equation U; — Uy, = f

In the section we study the analogous questions for the inhomogeneous equa-
tion, i.e., the solution of the following:
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Problem. Solve

ou  8’U
A (z,1) € Q =RT xR
lim U(z,t) =up(z), xe€R"
(7 1) t— 0t
' lim U(z,t) = go(t), teRT
z — 0t
lim M’ t e R"F,
x — 0t ox

for U = Ul(z,t), where uo(z) € S([0,00)), go(t),91(t) € C([0,00)) and f =

f(z,t) € C>(Q) such that %t"{( t) € S([0,00)) with respect to «, uniformly for ¢

in compact subsets of [0, +00) for all m.

The Fokas solution. Defining

[e'e] t
f()\,t) = / e_i)‘yf(y,t)dy and f()\,w()\)ﬂf) = / e“’()‘)Tf()\,T)dT
y=0 =0
for A € C with Im A < 0, and setting
P (x,t) = / A= F X (), £)dA,
A=—00
Bpre) = [ MO farw(h).
AeaR;

and .
@89;(1;,15) = / 2)\:1: w /\)tf( 2)\ w( ) t),
A€002;

for z > 0 and ¢ > 0, we will show that the solution U(z,t) of (7.1) has the following
integral representation:

1 1 1
(72) Ul t) = u(e, ) + 5-Ba(,t) = 5P (2,8) = 5-Pyg- (,1),

where u(z,t) is the function given by (1.2).
Let us notice also that, for 0 <t < T,

By (,t) = / PN ) w(N), T),

PNt ok

Py (x,t) = / 61/\x_w()‘)tjg(a2)\,w()\), T).

a2y

(7.3)

(These are proved as (1.13)).

Comment. The condition gw{ (-,t) € 5([0,00)), that we impose on f(z,t), means
the following: For every N,n,m € NU {0} and t; > 0,

(7.4) sup {xN o f(z,t)

x>0,0<t<t .
Dzt ‘ r=fUsts °}<+°°
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Some computations
(1). Integrating by parts we obtain

A 7 | LT w0l
_ iy _ - AT )
@) fon= [ eNiwod= 500+ 5 [ ethile
y=0 y=0
when A € C — {0}, Im A <0,¢ > 0 and

FOw(N), 1)

t e3¢}
1 9 [ ewMt o Of (Y, T)
+M/8T<w(A)>(/e Ayydy>d7

7=0 y=0
(7.6) 1 et 11 11
= Wy (0, )*amf(oa )\/\/ f(0,7)]dr
LNt T 0 ()
YOy ( R dy)
y=0

y=0
t e}
11 2 2L, 1)
- w(A)T —iAy )
ixw(N) /e (/e ooy dy>d7'
7=0 y=0

(2) In view of (7.4), it follows from (7.6) that
(7.7) et (N w(N), 1) = O(1/AY) as A — oo,
with Imn A <0 and Re(w(XA) > 0 in the sense that

sup {

(3) Generalizing (7.5), in analogy with the equation (1.3), integration by parts

gives
/ —z)\ya f y, )dy

P e_”()‘)tf(/\,w(/\),t)’ A >1, A et 0<t< to} < Ho0.

fA()‘at) =hy

where
N

_ Z 1 amilf(yv t)
(Z'A)TYL aym—l

m=1 y=0
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Therefore,
(7.8) dn (A1) := f(M\t) — hn(A\ 1) = O(1/ANTY), as A — oo, with Im\ < 0.

Now we have

e“’(/\)Tf()\, T)dT

—

FOvwN), 1) =

[}

T=
t

¢
= / e‘”(A)T(SN()\,T)dT + / e‘*’()‘)ThN()\, T)dT
7=0 =0
= on (A W), ) + hn (A w(N), 1)
Let us notice that, although (7.9) holds for A € C\ {0} with Im A < 0, the last
integral in (7.9), i.e. hnx (A, w(N),t), is defined for every A € C\ {0}.
Additional integrations by parts give
BN(A7 QJ()\), t) = ew(A)tu'N,M()H t) - N’N,M()‘v 0)

t

o - Lo [ e anar,
7=0
where
/ (M-1)
v (A1) = hffa)t) - ffg((;)’]? T (1)M1hN[w(A)§f4’ D (e o).

(The derivatives of hy (A, t), in the above quantity, are taken with respect to t).

(4) In analogy to (7.7), we have
(7.11) e My (Nw(N),t) = O(1/XY) for A — oo, with Rew()) >0,

and

(7.12) e NN w(N), 1) = O(1/ANT) as A — oo,
with ImA <0 and Rew(A) > 0.
Also

1

t
(7.13) e Wt / ORI (N 7)dr = O(1/A3MH4) as A — oo,
7=0

[w
with Rew(A) > 0.

THEOREM 7.1. Under the assumptions in (7.1), the function U(z,t), defined
by (7.2), is C for (x,t) € Q and satisfies the following:

15t The differential equation Uy — Uy = f for >0 and t > 0.

2" The limit condition . Lirr(; U(z,t) = ug(x), uniformly in x on compact subsets
of (0,400).

374 The limit condition wli>r%+ U(z,t) = go(t), uniformly in t on compact subsets
of (0,400).
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t
4™ The limit condition lim oU(z,t)
xz — 0t ox
of (0,400).
PROOF. In view of Theorem 1.1, it suffices to deal with the integrals
Dg(z,t), Py- (z,t) and Poas (z,1).

= g1(t), uniformly in t on compact subsets

Step 1. Substituting (7.9) and (7.10) in the integral defining Pg(x,t), we obtain
1

B (1) = / ¢X=NEF (A (), )dA

A=—1
+ / TN (N w(N), B)dA
AER,[A[>1
(7.14) + / eiAmﬂN,M()‘v t)d>‘
AER,[A[>1
_ / €i’\m_w(k)t/t1v,1v1()\,0)d)\
AER,[A[>1
t
ei)\xfw(/\)t e (M
/ O /e WNTRGO (X, 7)dr | dA.
AER,|A|>1 =0

(We point out that (7.14) holds for any positive integers N and M)
Also we have

(7.15) / Ny (N t)dA = / ey (N, t)dA
AER,[A|>1 [A|=1,0<argA<m

and

ei)\wfw()\)t‘uN’M<)\, O)d)\

AER,[A|>1

(7.16) = _/ AN (X, 0)dA

ImA=—¢,|ReX|>1

+ / ei)\wiw()\)t/JN’]y[()MO)d)\.
[—1,—1—ei]U[1—ei,1]

Now substituting (7.15) and (7.16) in (7.14), and taking into consideration
(7.12) and (7.13), we see that $g(x,t) is C* for (z,t) € Q. In order to deal with
Dy- (x,t) we write it as f)?:—oo + )\f2 /37 and we work with the part ff:_oo as

argA=2m
we did previously with &g(x,t) (i.e. writing equations analogous to (7.14) - (7.16)),
proving that this defines a C'*° function of (z,t) € Q. (Alternatively, this follows
also from (7.25), below). Dealing with [ is easier because of (1.5). Similar
argA=27/3
computations can be made also for the integral @8(2; (z,t). The result is that the
function U(z,t), defined by (7.2), is indeed C'*° for (z,t) € Q.
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Step 2. Substituting (7.15) and (7.16) in (7.14), applying the resulting formula
with N =1 and M = 1, and differentiating (keeping in mind (7.11) - (7.13)), we

obtain
B T -
axs|: / IANT— w(A)tf( ( ) t)d/\
(7.17) A
= / (M)?’eimw@)tf(x,w(x),t)dA,
A=—00

where the integral in the RHS is interpreted in the generalized sense. (For this
computation we apply the operator 93/9z3 firstly to the integrals in the RHS
of (7.14), taking into consideration (7.12) and (7.13), we interchange the order
of differentiations and integrations, and then we write the resulting integrals as
generalized integrals. We point out that (7.7) does not guarantee the interchange
of the order of differentiation and integration in the LHS of (7.17) immediately, and
that is why we involved (7.14), (7.15) and (7.16)).

Similarly,
gt[ / ei’\’J_“(A)tf(A,w()\),t)d)\}
(7.18) A N
= / (—iX3)etre™ wk)tf( w(N), t)d\ + / e F(N £)dA
A=—o00 A=—00

(Both integrals in the RHS are interpreted in the generalized sense).

Proof of the 1st assertion. It follows from (7.17), (7.18) and Fourier’s inversion
formula that

(7.19) WPr(x,t) — OppaPr(x,t) = f(x,t) (x> 0,t>0).
Next writing again @;,- (z,t)= [ + [, we can derive equations analo-

A=—00  argA=27/3
gous to (7.17) and (7.18) for both of these integrals and show that

(7.20) 8,5@89; (z,t) — 31.%4389; (z,t) =0 (z>0,t>0).
0
For the integral [ we work as in Step 2, while dealing with the integral
A=—00

Ik is easier because of (1.5) .
arg \=2m/3

Similarly we prove that
(7.21) (‘3,5@89; (x,t) — amqﬁwg (z,t) = 0.
Thus, the equation Uy — Uy, = f follows from (7.19), (7.20) and (7.21), and the
equation u; — Ugy, = 0 of Theorem 1.1. O

Proof of the 2™, 3" and 4™ assertions. In view of (7.11).

lim Pg(x,t) =0, tgné+¢agf(x,t)=() and tgr%+@89;(x,t):0,

t— 0t
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and the 2"? conclusion follows from the corresponding conclusion of Theorem 1.1.
Now, a computation similar to the one made in Step 2 of the proof of Theorem 1.1
shows that

im [Pr(z,t) = Pyor (2,1) = Pog; (,1)] =0
Indeed, interchanging the order of limit and the integrals in the above equation is
immediate in view of (7.11). Let us notice also that the above limit is “similar” to
the quantity (2.2). Thus the 3'% conclusion follows again from the corresponding
conclusion of Theorem 1.1.
The proof of the 4** assertion is similar.

THEOREM 7.2. 1%t For the function U(x,t) as in Theorem 7.1 and for each
fixed t > 0, the limits

n=20,1,2...,

exist. Moreover the functions G, (t) are C* for t € (0,00) and the above conver-
gence is uniform for t in compact subsets of (0,00).

2" The function U(x,t), originally defined for (z,t) € Q, extends to a C™ function
on QU {(0,¢) : t > 0}, by setting U(0,t) = go(t) fort > 0.

34 Fork=0,1,2,... and t > 0,
k k k k
L PTG ) D (amx t>) _da)

m = m
z — 0t otk dtk xr — 0t 8tk ox dtk

PRrROOF. Firstly, substituting (7.15) and (7.16) in (7.14), and applying the op-

erator 0" /0z™, we see that the limit lim, _, o+ % exists and defines a C*°

function of t € (0, c0).
Next, using (7.3), we write

0
Dy (2,T) = / MmN FaX, w(N), T)dA

(7.22) A
/ tadz—w(A) f 2/\ w( )T)d)\

Also writing (7.9) and (7.10) in the form

T
f(oz)\ w(N),T) = /e‘”(A)Tf(a)\,T)dT
=0

(7.23)
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and

A (aX,wN), T) =Ny ar(aX, T) — pn.ar(ad, 0)

7.24
(7.24) / w(X) Thy M) (aA, 7)dr,

we obtain, for 0 <t < T,
0

/ ei”\x_“(’\)fjg(oz/\ w(A), T)dA
A=—00
0

- / AT F () w(N), T)dA

A=—1
—1

N / M= Ns(aX, w(N), T)dA
A=—o0

. / et (T =1 (o, T)dA

Imi=e

(7.25) Rex<—1
+ / ei/\w—w(z\)(T—t),uN’]M(a)\’T)CD\

[—14ei,—1]

_ / ei)\w—w(k)tuN’M(aA,T>d)\

Imi=—¢
Rex<-—1

- / =Nty G (@, T)dA

[—1—5z’,—1]
T

— 1)\1: w A)t )\) (M
/ O e“NThy (X, T)dT.

A=—00 T=!

[}

Applying the operator 9" /9x™ to (7.25) and letting x — 07 we see that the
limit
3 0 ~
v iIdz—w(N)t £
m£0+ 89&”[ / e f(a)\,w()\),T)d)\]
A=—o00
exists and defines a C'*° function of ¢ € (0, 00). Similarly, deriving an equation also
for the second integral in the RHS of (7.22), analogous to (7.25), we can show that
the limit
o :
lim |: / eza)\x—w()\)tf( 23\ w( ) T)d)\:|

z — 0+ Jx™
).

A=0
also exists and defines a C°° function of ¢ € (0, 00
Thus, in view of (7.22), the limit lim+[8"¢agf (x,T)/0x"] exists and defines
r—0
a C* function of ¢ € (0,00).
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Analogously, writing

/ AT — w()\)tf 2)\ OJ()\) T)d)\

+/ 0NN (o) w(N), T)dA,
A=—00

and working analogously, we conclude that also the limit lir%+ 0", oF (,T)/0x"]
z —

exists and defines a C* function of ¢ € (0, 00). Now it is easy to complete the proof
of the 15 assertion.
The proof of the 2°¢ and 3¢ assertions can be completed as in Theorem 3.1. [

THEOREM 7.3. Under the assumptions of Theorem 7.1 we have:

. 0U(z,t)  dug(x)
st _ ? —
1 If up(0) = go(0) then . 1_1>m0+ e - dp for x > 0.

27 If ug(0) = go(0) and ujh(0) = g1(0) then

2 2 3 3
lim 0°U(x,t)  d*up(x) and  lim 0°U(x,t)  d’up(x)

= = or x > 0.
t— o0t Ox? dx? t o+ Ox3 dx? f

37 All the preceding limits are uniform in x on compact subsets of (0, +00).

PROOF. In view of Theorem 3.2, it suffices to show that

8k¢R($ t)
li - =
t o+ Ozk

k
(7.26) lim ——2 "~ —,

t — 0+ oxk

for k =1,2,3. The cases k = 1 and k = 2 follow immediately from (7.7). In the case
k = 3, however, (7.7) does not guarantee the interchange of limit and integration
in the equations (7.26).
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Thus, for this case, writing (7.14) with N =1 and M = 1, and differentiating,
we obtain
1

3@5 . -
83%5’”= (iA)3eAe = F(X w(N), t)dA
A=—1
+ / (iX)3eAT =G (X w(N), £)dA
AER,A|>1
(7.27) + / (N3 g 1 (N, £)dA
AER,[A|>1
_ / (i)‘)gei)\m_w(k)tﬂulJ()yO)d)\
AER,[A|>1
z)\x w(A)t L
- / (i3) { / MR (n T)dT:|d)\
AER,|A|>1 =0

This is essentially a rewriting of (7.17). We claim that

lim{ / (iN)3eA g 1 (N, t)dA

t— 0t
AER,|A[>1
(7.28) SR

- / (iA)%Mm_w(A)tm,l()\,O)d)\}:O.
AER,[A|>1

(The integrals in (7.28) are understood in the generalized sense.)
Indeed, since

hl(/\’t) _ f(oat)
wA) (NN

p1a(At) =
(7.28) follows Lemma 2.2.
Now it follows from (7.27), (7.28), (7.12) and (7.13) that
lim [03®g(x,t)/02°] =
t— 0t

Similarly, we show that
. 3 31 _ . 3 31 _
tgﬂé+[5 Py (2,1)/02°] = 0, th%Ja Py (2,1)/02°] =

This completes the proof of (7.26). O

THEOREM 7.4. With the assumptions as in Theorem 7.1, we have

15t Ifug(0) = go(0) then  lim Uz, t) = uo(0).
Q3(z,t) — (0,0)
oU (x,t
2" If ug(0) = go(0) and ufy(0) = g1 (0) then _  lim Wt) _ ug(0).
Q@) — (00 Oz

ProOF. It follows immediately from Theorem 4.1, 4.2 and the fact that for
k=0 and k£ =1 all the limits

. O (x,t) i by (2,1) . 0"® g (1)
Ta@mt) — 0,00 02 7 G3(a.0) — (0,0) dak "T3(,t) — (0,0) dak
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are equal to zero. O

7.5 Asymptotic behavior of the solution U(z,t) as * — 4o00. Keeping
in mind the computations made in the proof of Theorem 6.1, let us consider the
quantity

oo

ot (x,t) = / A= FON (), £)dA —

A=1 A

AN (02X w(N), t)dA.

L~z

Writing €% = (¢*2)//(ix) in the above integrals, integrating by parts and using
(7.7), we see that &1 (z,t) = O(1/xz).
Similarly, for the quantity

—1 —1
& (x,t) = / e FON W), t)dA — / A= FaX w(N), t)dA,
A=—00 A=—00

we obtain ¢~ (x,t) = O(1/z).
Next, we have

ODT (x,t)
ox
(7.29) o0 ) o
_ /(i)\)ei)\m—w(/\ f( / Z)\ IAT— w(/\)tf( 2)\ w()\) )d)\,
A=1 A=1

from which we obtain

8@* x,t T ixz—w(N)t d\ r IAT—w ()t dA
76(33 L — 10,0 / e — £(0,0) / et oZiazne T OW/7)
A=1 A=1
(7.30) :(1—a)f(0,0)/ Xz (V)1 d;g +0(1/2) = O(1/2).
A=1

Differentiating (7.29) (and keeping in mind (7.30)) we see that

25+ (1 ® )
g2 (n,1) @C%g D _ (1-a)£(0,0) / eMzw(A)t% +0(1/z) = O(1/x).

Further differentiation gives

PP+ (.t T o d)\
% —(1-a) / e (’\)t +0(1/z).
A=1
Similarly
-1
>Po- (l‘, t) 2 idx—w(N\)t dA
Tt = a-ae0) [ 1 o0/a).

A=—00
It follows from the above computations that, as © — oo,
k

S Pa(.t) = Byq (@,8) = By (2,8)] = O(L/x), for k=012,
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while
1 93
5@[%(% t) = Pog-(4,1) = Py (z,1)]
40 O)\/§\‘7§t1/4 i 2 232 57
- i _ o
GERVZ S 7 3V3 Vi 12

Thus, we are led to the following:

)+O(1/z).

Proposition. The solution U(x,t) of (7.1) satisfies the 15, 284 and 3¢ estimates
of Theorem 6.1 (i.e., these estimates hold with U(x,t) in place of u(x,t)), while

03U (x,t) 2 x84 2 #8/2  5x¢
Z_ T\ 0) — 0 o _
03 [u0(0) — go(0)] eV Tk cos <3\/§ NG 12)
233 g1/4 2 232 g
+ [1h(0) — 91 0) sresin -2
VA 3WV3 Vit 12
3v/3 /4 2 %% 5
V33 sin T + O(1/x).
Jrooad/4 3V3 Vi 12
Asymptotic expressions for higher-order derivatives can be found by continuing

these calculations in an obvious way, while time-derivatives can clearly be associated
to space-derivatives via the use of the PDE at hand itself.

+ [ug'(0) = g6(0) — £(0,0)]

8. Conclusions, Discussion and Outlook

Linear differential equations have traditionally been of paramount importance,
both in their own right (e.g. as practical models of physical and engineering pro-
cesses) and in the study of nonlinear counterparts (in view of e.g. linearizability of
certain classes of PDE [30], linear estimates necessary for answering well-posedness
questions, and so on).

In the article, the inhomogeneous Airy PDE (which is also referred to as the
Stokes equation and corresponds to the linearized KdV with a negative sign) posed
on the half-line, with arbitrary initial and boundary data, has been studied in a
classical, smooth setting via the formula provided by the Fokas unified method for
linear dispersive PDE. We employed IBVP for the Airy equation as a concrete
example of implementation of a novel approach to studying existence, regularity
and asymptotic properties of dispersive equations which, most importantly, has
been instrumental for the discovery of a new instability effect.

More specifically, we first addressed the issue of giving accurate meaning to the
UTM integral representation formula, by suitable decomposition of the kernels of
the integrals and deformation of their contours, pointing out that some terms in
that formula are oscillatory, thus securing convergence in a precisely defined sense.
Our analysis, then, allowed for the necessary rigorous a posteriori verification of
the full IBVP within the quarter-plane, thus properly establishing, for the first
time, the validity of the solution formula (from which a ‘constructive’ ezistence
result is forthwith established too for the IBVP at hand). This was followed by a
detailed investigation of the behavior of the solution (and its mixed derivatives, of
any order) near the boundaries - i.e., the axes - of the spatiotemporal domain. In
this regard, we proved that the Fokas representation can be written in an equivalent
form consistent with the Ehrnpreis-Palamodov fundamental principle and converges
uniformly to the prescribed (depending on the given data) values as well as that
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it admits a smooth extension up to - and beyond - the boundary (facts that have
significant implications for efficient numerical computations and other topics).

Based on the expression offered for the solution, most importantly, we are able
to perform an effective asymptotic analysis of far-field dynamics. This yielded ex-
plicit asymptotic formulae, apparently not known before, which characterize, both
quantitatively and qualitatively, the properties of the solution and its derivatives
at infinity, in terms of (in)compatibilities of the data at the ‘corner’ of the quad-
rant. In particular, unless certain compatibility conditions are imposed on the given
functions (at the point) which would guarantee conditional decay (but not rapid -
its rate also depending on the ‘degree’ of prescribed compatibility) for large values
of the spatial variable, the solution or derivatives thereof may become unbounded.
Stated otherwise, the asymptotic behavior of the solution depends in an extremely
sensitive way on minute perturbations of the data values at the very point (0,0),
where compatibilities are, for all practical purposes, virtually always violated. In
all cases, even if the initial data are assumed to belong to the Schwartz class, the
solution loses this property as soon as time becomes positive! The ‘singular’ behav-
ior exhibited here is in stark contrast to the heat and the linearized KdV equations
(on the positive half-line) whose solutions have already been studied in a similar
high-regularity context and proven to inherit the exponential decay of the data.
The present classically-minded work has ultimately led us to the discovery of a
novel type of a long-range instability phenomenon for linear dispersive differential
equations, which, to the best of our knowledge, has not been reported before. Our
ideas and techniques are extendable to other Airy-like and more general dispersive
equations of evolution. Nevertheless, a unified and algorithmic methodology to
obtain such results for all evolution PDE which admit a solution formula via the
unified transform, remains an interesting open problem. It is believed that our ana-
lytical approach opens up a new avenue of investigation into the dynamics of linear
evolution differential equations formulated on partially (un)bounded domains, and
many analogous studies are expected to follow.

To conclude, by virtue of the Fokas UTM, explicit formulae can be provided
for the solution of IBVP for a great variety of linear PDE. It turns out that these
formulae are more efficient than the traditional formulae derived, in very special
cases, by classical transforms. More specifically, the convergence to the given data
as one approaches the boundary is uniform; even the convergence of the derivatives
is uniform, if there is sufficient regularity of the data. In this paper, we provide a
rigorous proof of this fact in the case of the Airy PDE. Moreover, given the power of
computing nowadays, the role of PDE theory is partly relegated to the qualitative
study of solutions, with particular attention to instabilities. An interesting new
consequence of the spectacularly successful Fokas theory for the solution of IBVP for
linear PDE is the observation and analysis of instabilities. In effect, the importance
of this work is not limited within the theorems stated here but it also lies in the facts
that these findings essentially offer insight into a new type of instability - which,
albeit simple, has not been observed before and very likely is characteristic to a
wide class of certain evolution PDE - and that our approach, ideas and techniques
provide the way forward to further explorations.

It is intriguing to study which kind of linear equations exhibit such instabilities
and which do not. Also, it is interesting to study whether there is a similar effect on
long-time asymptotics. So far, this seems an extremely difficult task to achieve in a
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unified fashion. Proofs analogous to ours - which serve as an illustrative paradigm
- for all the IBVP that admit analysis through the UTM. Evidently, the Fokas
method has thus rejuvenated the study of linear PDE and instigated the generation
of new results of both pure and practical interest. Finally, attempting to extend
these ideas and obtain analogous results for nonlinear “completely” integrable PDE
is an interesting direction for future research too. In this case, of course, rather
than analyzing integral formulae, we need to analyze much less explicit formulae
related to Riermann-Hilbert factorization problems on a hyperelliptic curve [90],
[91]. A reasonable starting point is provided by the moving boundary problem for
the focusing NLS [63] as it offers a good basis for the rigorous study of the related
Dirichlet-to-Neumann problem (initiated in [5]) which, in turn, is necessary for the
rigorous justification of the uniform validity of the Riemann-Hilbert formulation.
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