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Spectral Stability of multiple periodic waves for the
Schrodinger system with cubic nonlinearity
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ABSTRACT. Results concerning the existence and spectral stability/instability
of multiple periodic standing wave solutions for a cubic nonlinear Schréodinger
system will be shown in this manuscript. Our approach considers periodic per-
turbations that have the same period of the standing wave solution. To obtain
the quantity and multiplicity of non-positive eigenvalues for the corresponding
linearized operator, we use the comparison theorem and tools of Floquet the-
ory. The results are then obtained by applying the spectral stability theory via
Krein signature as established in [20] and [21].
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In this paper, we show the spectral stability of periodic standing waves for the

cubic nonlinear Schrodinger system (NLS-system)
(1.1) iUt + Uge + K1 |ul?u +y0*0 =0
' iV + Vg + Ka2|v|?v +yu?D = 0.
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Here u,v : R x (0,400) — C are complex-valued functions that are L-periodic in
the spatial variable, k1 and ko are positive constants and v > 0.

The NLS equation (v = 0 in (1.1)) appears in many applications in physics
and engineering as in nonlinear optics, quantum mechanics and nonlinear waves
(see [4] and [10]). The cubic nonlinearity has been used as a toy model in field
theory. (see [8]). The NLS system also appears in nonlinear optics and Bose-
Einstein condensates (see [1, 17, 19, 27]).

For the NLS equation with cubic nonlinearity and periodic boundary conditions,
Angulo in [2] established the orbital stability of periodic standing waves solutions
of dnoidal type with respect to perturbations of period L. The existence of cnoidal
waves was also obtained in [2]. However, the author did not obtain spectral or
orbital stability results in the energy space H! = for the cnoidal wave. Recently,

per
Natali et al. determined in [25] the orbital stability of cnoidal waves restricted to
the subspace H;er’m of zero mean periodic functions contained in H;er. Employing

the approaches in [13] and [14], along a non-degeneracy condition of a suitable
2 x 2 Hessian matrix, Gallay and Hardgusg in [12] showed that the cnoidal waves
are orbitally stable with respect to semi-periodic perturbations. This work gener-
alized the previous work [11] where the authors used similar arguments to prove
the orbital/spectral stability of small amplitude waves with respect to localized or
bounded perturbations. Gustafson, Le Coz and Tsai in [15] have established spec-
tral stability results for the cnoidal waves with respect to perturbations with the
same period L and orbital stability results in the space constituted by anti-periodic
functions with period L/2. The spectral stability follows by relating the coercivity of
the linearized action with the number of eigenvalues with negative Krein signature
of a certain operator JL.
Pastor in [26] considered a similar NLS-system given by

iUy + Uy — u+ (Flul? + 2/v]?) u+ FuPv =0
0V + gy — av + (9|02 + 2Jul?) v+ FuP =0,

where o and o are real constants. First, he proved orbital stability results for
dnoidal standing wave solutions using the approaches in [13] and [14] by considering
periodic perturbations that have the same period of the standing wave solution.
Second, he used the theories in [11] and [12] to demonstrate spectral stability
results of periodic waves with respect to localized or bounded perturbations, that
is, when the study of the spectrum of a certain linearized operator JL is considered
over the space L?(R) x L?(R) or Cy(R) x C,(R), respectively. Here, Cy,(R) indicates
the space of (complex) continuous functions defined in the whole real line R that
are bounded.

In the context of NLS-system (1.1), Kawahara and Ohta in [23] showed the
orbital stability and instability of standing solitary wave solutions for the system
(1.1). In that approach, the authors studied the orbital stability properties of semi-
trivial standing wave solutions of the form

(1.2) (u(x,t),v(z,t)) = (“tp,(z),0),
where ¢, () = /2w sech(y/wx) is a positive and even solution of the equation
(1.3) —¢l +wp, — 9l =0.

They proved that the semi-trivial standing wave solution (1.2) is orbitally stable
if v < k1 and orbitally unstable if v > k1. In addition, if v = k;, the authors
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concluded the orbital stability when xo < k1 and orbital instability when ko > k1.
Unfortunately, in the case where v = k1 = kg, they did not prove the orbital
stability (see [23, Remark 2]).

In the periodic setting, Hakkaev in [16] studied the spectral stability of the
NLS-system by considering semi-trivial standing waves as in (1.2) where ¢, is an
L-periodic function with dnoidal profile which solves equation (1.3) and it is given
by

Pu() I T

where k € (0,1) is the modulus of the elliptic function and K(k) is the complete
elliptic integral of the first kind. More precisely, the author showed that the semi-
trivial periodic waves are orbitally stable for v < k1. In addition, he also obtained
results of spectral stability and instability for the semi-trivial waves. In fact, for
K1 < v < 3k1, he concluded that the semi-trivial periodic waves are spectrally un-
stable and for v = k1 the semi-trivial periodic wave solutions of (1.7) are spectrally
stable.

Now, we give the main topics of our paper. Motivated by [16] and [23], we
consider multiple periodic standing wave solutions of (1.1) given by

(14)  (u(z,t),v(z,) = (€' pu(2), "0 () = (pu (@), € Bou(2))

where ¢, : R — R is an L-periodic function and w € R is the frequency wave.
In addition, we also assume that B € R is a real constant which can be assumed
non-negative because of the reflection symmetry v — —v.

In our paper, we consider two kind of waves ¢ = ¢, in the periodic setting.
First, we complete the study realized in [16] by considering ¢ with (positive) dnoidal
profile. Second, equation (1.3) has periodic solutions with cnoidal profile that was
not mentioned in [16]. The cnoidal solution enjoys the zero-mean property, and
additional difficulties to apply the spectral stability theories in [20] and [21] can
arise.

Let’s start by constructing our periodic solutions. First, by substituting the
form (1.4) into (1.1) we get

—wp +¢" + (k1 +yB?)p’ =0
—we + " + (ke B? 4+ 7)¢® = 0.

_ 2\/§K(k)dn <2K(k)x7k> 7

(1.5)

In order to determine the existence of multiple solutions, we need to assume
that k1 + YB? = koB? 4+ . Thus, for ko # 7y, we see that B > 0 can be expressed
by
k1 —7
Ro — 7

In this case and since B € R, we first consider the three basic cases:

(1.6) B=

v € (0,min{k1, K2}), v € (max{ri,ka},+oo) and ~=0.

We can also consider the case v = k1 or v = kg in (1.5). For both, we conclude
that v = k1 = ko and B is a free real parameter that does not depend on k1, Ko, 7y
and w.

In all cases mentioned above, the periodic wave ¢ is a solution of the ODE

(1.7) —¢" +wp + (k1 +vB*)¢® = 0.
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In the case of solutions with dnoidal profile, we can determine the explicit solution
as

The frequency of the wave w € R can be expressed as
4(2 — k2K (k)?
e P I
By (1.9), we can see from the dependence of w in terms of the parameter k € (0, 1),
that w € (%’r;, +oo).

On the other hand, to obtain solutions with cnoidal type, we can proceed sim-
ilarly as in [2] to obtain

(1.9)

(1.10) p(x) = V2k L <4K£k) x,k) .

2K —1 (w1 + B2

In this case, the modulus k belongs to the interval (%, 1) and the frequency wave
w > 0 is expressed by

16K (k)%(2k* — 1)
w= 72 .

Solution ¢ in (1.10) is an even periodic function. In our spectral stability
analysis, it is suitable to work within the complex Sobolev product space H, ;er xH ;er
constituted by odd periodic functions. To accomplish this, we must shift the solution
¢ defined in (1.10) by —%, in order to obtain an odd periodic solution that satisfies
equation (1.7). In fact, by the formula [5, Formula 122.05], we deduce,

(1.11)

4K (k)
L\  V2wky1— k2 1 sn ( I ’f)

(1.12) YE)=pla——) = N3 .
4 2k2 —1 (k1 +79B?)Y2 4y (%(k)x k)

In (1.12), the notation sn indicates the odd Jacobi elliptic function with snoidal
profile.

REMARK 1.1. For all the solutions mentioned above, we can construct, for each
case, a smooth curve of L—periodic waves w € T — ¢ € ngr that solves (1.7)
(see Theorems 2.1 and 2.2).

System (1.1) admits the conserved quantity F defined as

1 L L

. u,vV) = = Uy |” + (Vg —K—u —iv r — —Re u v dx.

113) E 2 2 DLt B2y e - IR 252d
2 Jo 2 2 2 0

Moreover, (1.1) has another conserved quantity F' given by

L
(1.14) F(u,v) = %/0 (Ju]® + [v]?) da.

Then, following similar arguments as in [6] and using standard fixed point argu-
ments, we can conclude by the conservation laws in (1.13) and (1.14) that the
NLS-system (1.1) is globally well-posed in the complex energy space H;ST X H;er
(see, for instance, [7, 16, 28]).
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Now, we present how to obtain the spectral stability of multiple periodic waves
with respect to perturbation with the same period. In order to improve the com-
prehension of the readers, we consider the complex evolution U = (u,v) associated
with the system (1.1) of the form,

Uz, t) = (u(z,t),v(x,t)) = (Reu(z, t), Rev(x, t), Imu(z, t), Imv(x,t)).
Consequently, we can consider the stationary solution ® = (p, By, 0,0) and the
perturbation
(1.15) Ulx,t) = P (D (x) + W(x,t))

where W (z,t) = (Rew;(z,t), Rews(z,t), Imw; (z,t), Imwy(x,t)) € R Substitut-
ing (1.15) into (1.1) and neglecting all the nonlinear terms, we get the following
linearized equation:

d
(1.16) ZW(a,t) = JLW (a,1),
where
0 0 1 0
0 0 01
(1.17) e T
0 -1 0 0
and L is the operator given by
(1.18) L= (-02 4 w)ld — ¥*S,
where Id € My 4(R) and S is given by
(31 +vB?) 2vB 0 0
g— 2vB (3koB? +7) 0 0
B 0 0 (k1 — vB?) 2vB
0 0 2vB (ko B? — )

To define the concept of spectral stability within our context, we need to con-
sider W (z,t) = eMw(z) in the linear equation (1.16) to obtain the following spectral
problem

JLw = A\w.

The definition of spectral stability in our context reads as follows.
DEFINITION 1.2. The stationary wave @ is said to spectrally stable by periodic
perturbations that have the same period as the standing wave solution if o(JL) C

iR. Otherwise, if there exists at least one eigenvalue A\ associated with the operator
JL that has a positive real part, ® is said to be spectrally unstable.

As far as we know, it is more convenient to work with the operator £ in a
diagonal form. To do so, we need to obtain the existence of an orthogonal matrix
R and a matrix M such that

(1.19) S:=RMR™!,

where R is defined as

1
_lij\“v‘ Y TriR 8 8
(1.20) R= o T ! :

_277/“7142 k1 =7
1 1

0 0 A

- 27—K1—K2 B
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where A = /(k1 —7)(k2 — 7). Since B is a real number, we see that M is a matrix
with real entries and this fact allows us to deduce that the entries of the matrix R
in (1.19) are also real numbers (by definition, an orthogonal matrix R is composed
of real number entries). The matrix M € My,4(R) is then given by

B 0 0 0

| o B 0 0
M=1"09 "0 58 o |

0 0 0 B

where constants 8; € R are expressed in terms of 7, k1 and ko as

_ 37 — mika) =% 4 29(ky + K2) — 3K1K2
fr= T Bs = e ,
1.21 — K2 — kg
2y g, = Qi rare) g =307+ vkt ko) — Rk
y—ky Y K2

Substituting (1.19) into (1.18) and since R is an orthogonal matrix with real entries,
we have that £ is a diagonalizable operator with

Ly 0 0 0

_ 0 L3 0 0 1 pAp—1
(1.22) L=R 0 0 Ly 0 R =RLR ™,
0 0 0 L
where £; : ngr — LZET are Hill operators given by
(1.23) Li=—-0>+w—Bip? i=1,234.

It is important to mention that the decomposition in (1.22) is useful to obtain
the non-positive spectrum regarding the operator £ by knowing the non-positive
spectrum of £;, i = 1,2,3,4, in (1.23). Such decomposition is only possible since
solutions in (1.4) are considered multiple of each other. The existence of non-
multiple periodic solutions can be obtained for certain specific parameters i, ko,
and ~ in equation (1.1). The challenge lies in achieving spectral stability for this
type of waves. Indeed, as it is well-known that in this case, the linearized operator
L in equation (1.18) cannot be diagonalized, and neither can the entries Vj; of the
matrix V' (see (1.24) below).

We now describe our results. Let n(A) and z(.A) be the number of negative
eigenvalues and the dimension of the kernel of a certain linear operator A. In our
paper, a prior understanding of these non-negative numbers is essential for obtain-
ing the spectral stability result. First, we obtain for the case of dnoidal waves that
n(£y) = land n(L2) = 0 (see [2] and [16]). In addition, we have that Ker(£1) = [¢/]
and Ker(L2) = [¢]. An application of the well known comparison theorem in the
periodic context (see [9, Theorem 2.2.2]) gives the behaviour of the non-positive
spectrum concerning the operators L3 and £4 (see details in Section 4). Next, by
considering ¢ € H},, with cnoidal profile, we have n(£;) = 2 and n(Ls) = 1 (see
[2]). Depending on the choice of the parameters v, k1, and k2 in equation (1.1), we
cannot conclude a suitable spectral stability result as in the case of dnoidal solu-
tions, since we have too many negative eigenvalues for the operator £. The reason
for this is that we cannot apply the comparison theorem to determine the behavior
of L3 and £4 as we did in the case of dnoidal solutions.

To partially overcome this difficulty, we can take advantage of the fact that

Y= ( — %) is an odd function, and the translated potentials Q; = —3;1? of the
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operators £; in equation (1.23) are even. Both facts give us that £; is well defined in
the space Lfmmdd constituted by odd periodic functions in L2, for all i = 1,2,3,4.
With this information in hands, we can calculate the number of non-positive eigen-
values of L3 and £, within the subspace of odd periodic functions Lier’ odq Without
further problems. In this setting, we prove that n(Li oqq) = 1, n(L2,044) = 0,
Ker(£1,044) = {0}, and Ker(L2,04q) = [¢], where L; oqq is the restriction operator
L; defined in Liemdd with domain ngr’odd, i =1,2,3,4. These facts allow us to use
the comparison theorem to obtain the exact behaviour of the non-positive spectrum
for the operators L3 o4a and Ly o4a restricted to space L7, .4 A consequence of
this fact is that the study of the spectral stability of periodic waves in the space
constituted by odd periodic functions is similar as determined for positive (dnoidal)
solutions.

‘We now obtain our results. To do so, we need to use the methods developed by
Kapitula, Kevrekidis and Sandstede in [20] and [21]. First, we denote by L2, the
space

L?)er = L12)er X Lger X Lier X L12)er'

If z(£) = n, consider {©;}}_, C Ker(£) a linearly independent set and let V' be the
n X n matrix whose entries are given by

(1.24) Vii=(L716,,J0))Lz2_,
where 1 < j,1 < n. The formula
(1.25) kr + ke + k— =n(L) —n(V),

is given in [21] and the left-hand side of (1.25) is exactly the hamiltonian Krein
index, an important tool to decide about the spectral stability and instability of
waves. Regarding operator £ in (1.18), let k. be the number of real-valued and
positive eigenvalues (counting multiplicities). The number k. denotes the number
of complex-valued eigenvalues with a positive real part and k_ is the number of
pairs of purely imaginary eigenvalues with negative Krein signature of L. Since k.
and k_ are always even numbers, we obtain that if the right-hand side in (1.25)
is an odd number, then k, > 1 and we have automatically the spectral instability.
Moreover, if the difference n(£) —n(V) is zero, then k. = k_ = k, = 0 which implies
the spectral stability.

Summarizing the comments above, our main results concerning the spectral
stability of multiple periodic waves of the form (1.4) are then established:

THEOREM 1.3 (Spectral stability/instability for the multiple wave solution with
dnoidal profile). Let L > 0 be fized. Consider the periodic wave solution ¢ € H;er
of (1.7) with dnoidal profile given by (1.8). For B given in (1.6) and for all w €
(2LL;, +oo), the wave ® = (p, Bp,0,0) is spectrally unstable if v € (0, min{ry, ka})
and spectrally stable if v € (max{k1, ko }, +00) U {0}. In addition, for v = k1 = ko
with B being a free real parameter, we obtain that ® is spectrally stable for all
w e (QLL;, —i—oo) .

THEOREM 1.4 (Spectral instability for the multiple wave solution with cnoidal
profile). Let L > 0 be fized and consider w > 0. Let ¢ € Héer be the periodic
solution of (1.7) with cnoidal profile given by (1.10). For v = k1 = ko with B being
a free real parameter, the wave ® = (¢, Bp,0,0) is spectrally unstable.
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The translation ¢ in (1.12) of the periodic cnoidal wave ¢ in (1.10) gives us an
odd periodic solution for the equation (1.7). In this case, it is possible to restrict
the spectral stability in the (complex) product space H;er’odd x H ;enodd constituted
by odd periodic functions (e, f) € H},, x H! The reason for that is that the

per per:*
operator £ in (1.18), when restricted to L? g X Liemdd, has a small number

per,od
of negative eigenvalues. Therefore, it is more convenient to determine whether
the difference n(£) — n(V) can be zero (indicating stability) or an odd number
(indicating instability). Only a few spectral stability scenarios can be determined
when ¢ represents the cnoidal solution and the operator L is considered in either
the entire space L2, x L2, or the space L2, .cn X L2e, yen constituted by even

periodic functions (g, h) € L2, x L2, (see Theorem 1.4).

per per

THEOREM 1.5 (Spectral stability/instability for the multiple wave solution with
cnoidal profile and restricted to the subspace of odd functions). Let L > 0 be fized
and consider w > 0. Let 1 = (- — L/4) € H},. 44 be the periodic solution of
(1.7) with snoidal profile given by (1.12). For B given in (1.6), the multiple wave
U = (¢, By, 0,0) is spectrally unstable if v € (0, min{ky, ka}) and spectrally stable
if v € (max{k1, K2}, +o0) U{0}. In addition, for v = k1 = ko with B being a free
real parameter, we have that W is spectrally stable.

To finish, we give an extension of the results obtained in [16] by showing the
spectral stability concerning the semi-trivial periodic wave solution

(u(z, 1), v(x, 1) = (' o(2),0),

where ¢ € H;ET has a cnoidal profile. Here, we also analyze the spectral properties
concerning the operator £ to obtain the spectral stability results in the same setting
of parameters determined in [16]. As we have already established for the case of
multiple solutions (1.4), some difficulties appear in the spectral analysis of £. To
overcome all these difficulties, we study the case where 1) = p(- — L/4) is given by

(1.12).

THEOREM 1.6 (Spectral instability for the semi-trivial wave solution with cnoidal
profile). Let L > 0 be fixred and consider w > 0. The semi-trivial wave solution
U = (4,0,0,0) is spectrally unstable when v = K;.

THEOREM 1.7 (Spectral stability /instability for the semi-trivial wave solution
with cnoidal profile and restricted to the subspace of odd functions). Let L > 0 be
fized and consider w > 0. The semi-trivial wave solution ¥ = (1,0,0,0) is spectrally
stable in 1.2, .44 provided that € (0, k1]. In addition, if v € (k1,3r1], the solution

U = (¢,0,0,0) is spectrally unstable in Lier}odd,

Our paper is organized as follows: In Section 2, we show the existence of a
smooth curve of periodic standing wave solutions of dnoidal and cnoidal type for
the equation (1.7). The spectral analysis for the operators L is determined in
Section 3. The spectral stability/instability for the multiple wave solutions with
dnoidal and cnoidal profile are then established in Section 4. Finally, in Section
5, we prove the spectral stability /instability result concerning the semi-trivial wave
with cnoidal profile.
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Notation: For s > 0 and L > 0, the Sobolev space H,,,. = H,..([0,L])
consists of all periodic functions f such that

oo
1z, =L D> A+ K If(R)? < oo
k=—oc0
where f is the periodic Fourier transform of f. The space H,, is a Hilbert space

with the inner product denoted by (,)gs. When s = 0, the space H,,, is isomet-

rically isomorphic to the space L?([0, L]) and will be denoted by L2, := H?, (see,

per per
e.g., [18]). The norm and inner product in L2_, will be denoted by | - [zz,, and
()r2,..

For s > 0, we denote

T

Hper oga = 1{f € Hp,. ; [ is an odd function}.

endowed with the norm and inner product in Hy,,.

In addition, to facilitate the comprehension of the readers, for s > 0 and (f, g) €
H:,,. x HS.. (complex), we can write (f,g) = (Re f,Reg,Im f,Img) and

per per
H? :=H° xH? xH? xH?

per per per per per

and

S

S —— S S S
IHIper,odd = H, er,odd X }ibenodd X ]]benodd X per,odd>

P
equipped with their usual norms and scalar products.

The symbols sn(-, k), dn(-, k) and cn(-, k) represent the Jacobi elliptic func-
tions of snoidal, dnoidal, and cnoidal type, respectively. For k € (0,1), F(¢, k)
and E(¢, k) denote the complete elliptic integrals of the first and second kind, re-
spectively, and we denote by K(k) =F (3,k) and E(k) = E (%,k) (for additional
details, see [5]).

2. Existence of a Smooth Curve of Periodic Waves

Our purpose in this section is to present the existence of L-periodic solutions
¢ : R — R for the following ODE

(2.1) —¢" +wp — (k1 +7B%)p® =0,
where w > 0.
2.1. L-periodic wave solutions with dnoidal profile. Consider the ODE
—¢" +wp—¢* =0.
By [2], we obtain periodic solutions with dnoidal profile as

(2.2) o(x) = 2\/§[I,<(k) dn (2K£k) :ak) ,

where k € (0,1). The frequency w depends smoothly on k € (0,1) and L > 0 is
defined by

42— E?)K(k)?

(2.3) w= 2
Then, considering the transformation
1
(2.4) p(x) = W(ﬁ(ﬂf),
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we obtain that ¢ is an L-periodic solution for the equation (2.1) with w given by
the relation (2.3) and defined in a subset of (0,400). We have the following result:

THEOREM 2.1 (Smooth Curve of Dnoidal Waves). Let L > 0 be fized and

consider w € (QLL;, +00). If ¢ = @, is the solution of (2.1) with the dnoidal profile
n (2.4), the family

2 2
we (Frtw) e i

of periodic solutions of (2.1) depends smoothly on w.

2.2. L-periodic wave solutions with cnoidal profile. For w > 0, Angulo
in [2] obtained that the ODE

¢ wp— ¢ =0

also admits periodic solutions with cnoidal profile as

V2wk 4K (k)
(2.5) o(z) = T 1Cn ( 7 x,k) ,
where k € (%, 1). The frequency w € R depends smoothly on k € (%, 1) and

L > 0. It is defined by

L L6K(k)* (2 1)

(2.6) =

Motivated by this, we consider the same scaling transformation as in (2.4)

1
2.7 = .
(2.7) p(z) (K1 + 7 B2)1/2 o(x)
We obtain that ¢ is an L-periodic solution of (2.1) for w > 0 given by (2.6) and the
similar result as in Theorem 2.1 reads as follows:

THEOREM 2.2 (Smooth Curve of Cnoidal Waves). Let L > 0 be fized and
consider w > 0. If ¢ = p,, is the solution of (2.1) with cnoidal profile given by
(2.7), then the family

w € (0,400) > p = ¢, € H?

per?
of periodic solutions of (2.1) depends smoothly on w € (0, +00).
REMARK 2.3. Recall that by (2.7), we have

4K (k)

Ly _vEwI—E 1 (M)
(2.8) w(x)w(x—): W21 (1 +732)1/2dn(%(k)33,k).

4

By Theorem 2.2, we obtain that
w € (0,+00) —> ¥ =ty € Hoop haas

depends smoothly on w € (0, 4+00).
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3. Spectral Analysis

In this section, we calculate the non-positive spectrum of the linear operator
L by using the information of the non-positive spectrum of the Hill operators L;,
1 = 1,2,3,4, given by (1.23). For the case of dnoidal solutions, we borrow the
results determined by Angulo [2] and Hakkaev [16]. On the other hand, for the
case of cnoidal solutions, we use some results given by Angulo in [2] and Natali et.
al. in [25].

3.1. Spectral analysis with dnoidal profile. Recall that operators £; =
—02 4+ w — Bip? can be expressed in terms of the parameters 3; in (1.21). We have

L1=-04+w— 1> =—0?+w—3(k1 + B*y)p* = 0%+ w — 3¢*
and
Ly =07 +w—Pop® = —0; +w— (k1 + B*y)p? = =07 +w — ¢,

where ¢ is the solution with dnoidal profile given by (2.2). So, we can use the
spectral properties for the operators £1 and Lo as obtained in [2] and [16] to
obtain n(£1) =1, n(Lsy) =0, Ker(£Ly) = [¢'] and Ker(Ls) = [¢]. Thus, we need to
study the spectral analysis of the operator £ in some different cases:

Case I: v € (0,min{1,k2}). In this case, after some calculations with the
parameters (3;, ¢ = 1,2, 3,4, we conclude that

(3.1) Ba < B2 < B3 < Pi.
for all 4 € (0, min{k1, ko}). Then, we have the following order of operators
(3.2) L1 < L3 < Ly < Ly,

where £; < £; means that (Liu,u)rz < (Lju,u)rz, for all u € HZ.., u# 0 and

1,7 € Ny i # j. From the comparison theorem (in the periodic context (see [9,
Theorem 2.2.2])) and the inequalities in (3.2), we have n(£3) = 1, n(£4) = 0 and
Z(£3) - Z(£4) == {0}
Therefore, it follows by (1.22) that n(£) = 2 and z(£) = 2 with
Ker(£) = [(90/7 BSO/, 0,0),(0,0,¢, Bp)].

Case II: v € (max{k1, K2}, +00). By considering v € (max{k1, K2}, +00), one
has

(3.3) Ba < B3 < P2 < Bi.
So, we obtain by (3.3)
(34) L1 < Lo < L3 < Ly

Thus, using the comparison theorem and (3.4), it follows that n(L3) = n(Ly) =0
and Z(,Cg) = Z(£4) =0.
Again, by (1.22) we get n(£) =1 and z(L) = 2 where
Ker(£) = [(¢', B¢',0,0),(0,0,¢, By)].
Case III: v = 0. First, we have to notice that for B > 0, we obtain B = Z—i

By the expression of the matrix S given by (1.19), we do not need to use the similar
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transformation R. Operator £ has a diagonal form and given by
Ly 0 0 O

o £y 0o o
(3:5) E=1 0o 0 2, o |
0 0 0 £

that iS, £3 = ,Cl and £4 = £2.

The spectral analysis can be directly determined by the behaviour of the lin-
earized operators £;, i = 1,2,3,4. Since n(£y) =1, n(L2) = 0and z(Ly) = z(L2) =
1, we have that n(£) = 2 and z(£) = 4 where

Ker(ﬁ) = [(<p/7 07 07 O)’ (0) gpl7 07 O)’ (07 07 4105 0)7 (0’ 07 07 80)] *

Case IV: v = k1 = k9. In this case, we have that B is a free real parameter.
Moreover, we also use the similar transformation S = RM R™!, where S is given by
(1.19). The matrix M and R are then given respectively by

3(B?2+ 1)y 0 0 0
_ 0 (B +1)y 0 0
(3.6) M= 0 0 (B2 + 1)y 0 ’
0 0 0 — (B2 + 1)y
and
—pxp B 00
(3.7) o e
- = B
0 0 B -
Thus, operator £ becomes in this case
Ly 0 0 0
_ 0 Lo 0 O 1
(3.8) L=R 0 0 Lo 0 R,
0 0 0 L3
where

L1 = =87 +w—3(B* +1)7¢°,
(3.9) Lo =—0%+w— (B> + 1)y¢?,
L3 =—-02+w+ (B*+1)yp%

As far as we can see, we have that (B? + 1)y = k1 + B?y. So, we obtain the
same spectral properties concerning the operators £; and L,. In addition, being
L3 a positive operator, we have that n(£) = 1 and z(£) = 3, where

KGI'(E) = [(L)O/a BSD/7 Oa O)a (_BQO, ®, 07 O)a (07 07 ' B‘P)] .

3.2. Spectral analysis with cnoidal profile. Let ¢ be the solution with
cnoidal profile given by Theorem 2.2. For B > 0 given by (1.6), the transformation
R such that S = RM R~! is also given by (1.20). As a consequence, the parameters
Biyi=1,2,3,4 are also given by (1.21) and operators £; and L2 can be expressed
as

L1=-024w—B1p?=—-0%+w—3(k1 + B?Y)p? = —02 + w — 3¢?,
(3.10)
Lo=—024+w—PBop?=—-0%+w— (k1 + B?Y)¢? = 02 +w — ¢?,
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where ¢ is the solution with cnoidal profile in (2.5). So, we can use the spectral
properties for the operators £, and £ as obtained in [2]. Indeed, we have n(£y) =
2, n(L2) =1 and z(Ly) = 2(Ly) = 1.

It is necessary to understand that when the number of negative eigenvalues is
high (compared with the case of dnoidal solutions), we obtain some difficulties to
obtain the spectral properties for the operator £ in (1.18). So, we can study some
different cases:

Case I: v € (0, min{k1, k2}). By (3.1), we have that

L1 < L3 < Lo < Ly,

Then, using the comparison theorem one has n(£3) = 2 and z(£3) = 0. In addition,

we have that 84 < 0 for all v € (1(k1 + k2 — /K] — K1k2 + £3), min{k1, k2 }) and
this implies that n(£4) = z(L4) = 0. Therefore, we have in this case n(L) =
5 and z(£) = 2 with

Ker(£) = [(¢', B¢',0,0),(0,0,, By)] .
Case II: v € (max{k1, K2}, +00). By (3.3), we obtain
L1 < Lo < L3 < Ly.

Using the comparison theorem and the previous knowledge of the non-positive spec-
trum for £1 and L5, we cannot determine the behaviour of the non-positive spectrum
for L. In fact, we can obtain only one of the following scenarios:

n(Ls) =1and z(L3) =0,
(3.11) n(L;) =0and z(L3) =1,
n(L3) =0 and z(L3) = 0.
Thus, the spectral analysis becomes inconclusive and we cannot obtain the required

spectral stability for the cnoidal waves in this case.
Case III: v = 0. As in the dnoidal case, we have B = :—; and consequently,

the operator £ is a diagonal operator as in (3.5). Thus, from the comparison
theorem we obtain

n(ﬁ) = 6 and Ker(ﬁ) = [(<p17 07 O’ 0)’ (07 QOI? 0’ 0)7 (07 O’ <)07 O)’ (0) 07 07 @)] '

Case IV: v = k1 = k3. Here B € R is a free parameter and we obtain, as
in case of dnoidal solutions, the similar transformation S = RMR™', where M
and R are given by (3.6) and (3.7), respectively. Thus, the operator £ can be also
expressed by (3.8) where the operators £;, i = 1,2, 3,4 are given by (3.9).

We have to notice that (B? + 1)y = x1 + B2y, n(£;) = 2 and n(£3) = 1 and
L3 being a positive operator. Summarizing all mentioned results, we get

n(ﬁ) =4 and Ker(ﬂ) = [(QO/, B(P/7 0, 0)7 (_B@a »,0, 0)7 (07 0, ¢, B(p)] .

3.3. Spectral analysis in ngnodd. To address the excessive number of neg-
ative eigenvalues, we must impose a suitable restriction on the operator £ in (1.18).
First, by the spectral analysis for the cnoidal solution in [2], we obtain that the first
three eigenvalues and the corresponding eigenfunctions of £, are

o = (1 — 6% — 2a(k)) (16}2(2]“)2> , A = —3k? (1612(2’@2) ;A2 =0
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and
(3.12) bo(z) = k?sn® (4KL(’% k) — %(1 +k* + a(k)),
) a0 0 (K8,
(3.14) ¢o(z) = Oyen <4KL(k)x k> ,

respectively, where a(k) := /1 — k? + k*. In addition, the first two eigenvalues and
the corresponding eigenfunctions for the linearized operator Lo are

(3.15) Ao = % do(x) = dn (4KL(k)xk> ,
(3.16) A=0  ¢i(x)=cn (4KL(k)x,k) .

Considering ¥ as in (2.8), we have that the operators

Li,odd = ﬁi : Hg 2

d Lper,odda

er,od,

are well defined for all ¢ = 1,2,3,4. Thus, by applying the transformation f =
g(- — L/4) in all eigenfunctions given in (3.12)-(3.16), we conclude

(3.17) n(£1,odd> =1 and n(ﬁz)odd> =0.
In addition,
Ker(L1,04q) = {0} and Ker(L2 0aa) = [¢].

Therefore, since we have almost the same scenario as determined for the case
of dnoidal solutions, we can use the comparison theorem without further problems.
We can analyse again the cases in this new perspective:

Case I: v € (0,min{r1,k2}). Since in this case, we have L4 o4q < L30dd <

L2 odd < L4,0dd, Wwe obtain by the comparison theorem and (3.17) that n(L3 o4q) = 1,
0(L4,04q) = 0 and Ker(L3 04q) = Ker(L4, 0aa) = {0}. Therefore,

n(Lodq) = 2 and Ker(Loqa) = [(0,0,, By)].

Case II: v € (max{k1, K2}, +00). Here, we have L1 044 < L2.0dd < L£3,0dd <
L4 oqq- By the comparison theorem and (3.17), we obtain n(£L3 oqq) = n(L4,044) =0
and Ker(L3 od4) = Ker(L4,044) = {0}. Thus,

n(Lodq) = 1 and Ker(Loqa) = [(0, 0,4, By)].

Case III: v = 0. In this case, we have that B = :—; and

Lioaa O 0 0

Lo 0  Lioaa O 0

odd = 0 0  Lopaa O
0 0 0 L2 0dd

So, we get
n(Logq) = 2 and Ker(Loqq4) = [(0,0,,0), (0,0,0,v)] .
Case IV: v = k1 = k3. In this case, B € R is a free parameter and we can
use the similar transformation S = RMR~! where M and R given in (3.6) and
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(3.7), respectively (similar to the case of dnoidal waves). Thus, since L3 444 iS nOW
positive, the operator £ in (3.8) restricted to ngmdd satisfies

n(Logqa) = 1 and Ker(Logq) = [(—B,,0,0), (0,0,, By)].

4. Spectral Stability for the Multiple Periodic Solutions

In this section, we obtain spectral stability results for the periodic multiple so-
lution ® = (¢, By, 0,0) considering three different scenarios: when ¢ has a dnoidal
profile, when ¢ has a cnoidal profile, and when ¢ = (- — L/4) has a snoidal profile
and it is restricted to the space of odd functions H ;er’odd. To do so, we need to ob-
tain the entries of the matrix V in (1.24). In fact, we can obtain a simplified way to
obtain the matrix V using the transformation (1.22) and the fact that ©; € Ker(L).
Thus, we have

Vii=(£71J6;,J0):, = (LRI, ROz .

To determine our spectral stability result, we also consider the spectral analysis
of the operator £ in (1.18) as determined in the last section. Before presenting all
possible cases of the matrix V', we need to introduce two important and well-known
facts (a remark and a lemma). Both of them are useful to improve the reader’s
understanding.

REMARK 4.1. Let A be a self-adjoint operator defined in a Hilbert space H with
dense domain D(.A). Suppose also that its spectrum o(.A) is constituted only by
an infinite discrete set of eigenvalues and satisfying o(A) C [0, +00). There exists
0 > 0 such that

(Av,v)g > Sl

for all v € D(A) satisfying v € Ker(A)*. In fact, since H is a Hilbert space, we
have the decomposition H = Ker(A) @ Ker(A)*. From Theorem 6.17 in [22, page
178], we have

o(A)=o0 (‘A|Ker(A)) Uo (A’Ker(A)J :

On the other hand, we have that

7 (A|Ker<A)i> = o(A)\ {0},

that is, the spectrum is bounded from below. The arguments in [22, page 279]
imply that A is also bounded from below. Therefore, there exists § > 0 satisfying
(Av,v) > §|v||3. for allv e H2

per

NKer(A)*.

LEMMA 4.2. Let L > 0 be fized. Consider the smooth periodic waves ¢ with
dnoidal and cnoidal profiles given by Theorem 2.1 and Theorem 2.2, respectively.
Then, it follows that L |lp[|2, > 0.

per



186 FABIO NATALI AND GABRIEL MORAES

ProOOF. Let L > 0 be fixed and consider ¢ as the dnoidal profile given by
Theorem 2.1. Then, by [5, Formula 314.02] we get

/OL o(x)%de = % /OL dn? (QKL(k)x k) da

__ 8K(k) R
= Tt +’)’BQ)/0 dn®(u, k)du

8
= oo ) EWK )

Thus, we obtain

d ., s d 8
_ 5 = — 7E
de(pHLp” dw (L(Hl +"YBQ) (k)K(k>>

8 d dw\ !
= Tl 782 ak CRKR) <dk> -0

for all k € (0,1).
On the other hand, let ¢ be the cnoidal profile given by Theorem 2.2. By [5,
Formula 312.02], we have

L 2 2 L
32k2K (k) 4K (k)
2 _ 2
/0 #@) dx_L?(mﬂB?)/o o ( L )

= 32k2:[<(k>/K(k) CHQ(U k)du
) Jo ’

L(ky +vB?
2 1
~ g (KO (B — (1= K1)
Thus, we obtain that
Vel =z (KO0 (B0 - 1= w)] (5) >0
for all k € (0,1). O

REMARK 4.3. The result obtained in Lemma 4.2 can be applied in the case of
odd periodic waves ¥ determined in Remark 2.3.

4.1. Spectral stability for the multiple periodic wave solution with
dnoidal profile. In what follows, we consider the dnoidal wave solution ¢ deter-
mined by Theorem 2.1. Since we have separated the spectral analysis into four
cases, we need to consider the same four cases in order to establish the spectral
stability for the multiple solution ® = (¢, By, 0,0).

Case I: v € (0,min{x1,k2}). Since z(L£) = 2 with ©; = (¢’, B¢',0,0) and
02 = (0,0, , By), we obtain that the matrix V is 2 x 2 and given by

(L7'R™YJO, RO 2 (L'R1JO, RO
VvV = - per ~ per )
(ﬁ_lR_lJeg,R_l.]@ﬁL%ET (ﬁ_lR_ljeg,R_lj(ag)L%ET
(4.1)
(2y — k1 — 52)2(551@I7 @/)ng 0
0 (v = r2) 2(Ly e, ) 12

per
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where we are using the similar transformation £ = RLR™! to obtain a more con-
venient expression for the entries of the matrix V.

Since ¢’ € (Ker(L£s))*+ = Range(Ls), there exists ¢ € D(Ly) such that Lo = .
Since Lo does not have negative eigenvalues, we obtain that ¢ satisfy the conditions
of Remark 4.1, so that (£5'¢/, ‘P/)Lfm« > 0. On the other hand, by Theorem 2.1,

we can derive the equation (1.7) with respect to w to obtain that £ (%) = —p.
Thus, by Lemma 4.2 we get

d 1d
oo, = (Goee) | =—gaslelis, <o
Ber
Thus, we have n(V) = 1. Since n(£) = 2, we conclude that the multiple solution
® = (¢, Bp,0,0) is spectrally unstable.

Case II: v € (max{k1, K2}, +00). The kernel of £ in this case has the same
elements as in the last case, so that the matrix V' is the same as in (4.1). Since we
have n(£) = n(V) = 1, we conclude that the multiple solution ® = (¢, By, 0,0) is
spectrally stable.

Case III: v = 0. Since z(£) = 4 with ©; = (¢/,0,0,0), ©5 = (0,¢’,0,0),
O3 = (0,0,¢,0), and ©4 = (0,0,0, ), we obtain that the matrix V' is 4 x 4 and
given by

(L3¢ )1z, 0 0 0
0 (Ll 0 0
V = 2 P,¥ )L1293T )
0 0 (L1 e 9Lz, 0
0 0 0 (L', )1z,

Doing the same calculations as we have already performed in the first case, we
obtain n(V) = 2. Since n(£) = 2, we have that the difference n(£) — n(V) is zero
and the periodic multiple solution is spectrally stable.

Case IV: v = k1 = ka. Now, we have z(£) = 3 with ©; = (¢’, B¢’,0,0),
Oy = (—By, ,0,0) and O3 = (0,0, ¢, By). We obtain that the matrix V is 3 x 3
and given by

(E;lgo/a QO/)L:%ET 0 0
v _ 0 (B2+1)%(L5 0,013, 0
0 0 (B + 1)*(L1 0, 9)12

per

We see in this case that L3 is positive, so that (,Cgl(p,go)Li” > 0. By similar

arguments as determined in the first case, we then obtain n(V') = 1. Since n(£) = 1,

we get that the multiple solution ® = (¢, By, 0,0) is spectrally stable.
Summarizing the above, we have proved Theorem 1.3.

REMARK 4.4. The abstract theories in [13] and [14] can be used to establish
the orbital stability of periodic dnoidal waves in certain cases, where we have pre-
viously established the spectral stability as determined in this subsection. To this
end, we need to have the following set of conditions:

o n(V) =1 with (L7, ¢)r2. < 0.
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The three requirements mentioned above occur exactly in the second case above
(Case II). In the first case (Case I), the orbital instability in the space H}

per,even

constituted by even periodic functions in H})e can be established using the insta-

bility results in [13] and [14].

T

4.2. Spectral stability for the multiple periodic wave solution with
cnoidal profile. Here, we consider ® = (¢, Bp,0,0) the periodic multiple wave
solution where ¢ has the cnoidal profile and we determine the corresponding spectral
stability. After that, we consider the translation solution ¢ = ¢(- — L/4) to study
the spectral stability in H;enodd for the case where the operator £ has too many
negative eigenvalues.

We have to notice that in the case of dnoidal profile, we have used Remark 4.1
to obtain that (E;lgo’, 90/>Lfm > 0. To do so, we need to use the fact that n(£2) = 0.
However, when we are considering the cnoidal profile, we obtain n(£3) = 1 and this
property does not allow us to use directly Remark 4.1 to evaluate the positiveness
of (L3¢, ¢") rz,,- This difficulty can be avoided by the following lemma:

LEMMA 4.5. Let L > 0 be fized and consider ¢ the periodic wave with cnoidal
profile given by Theorem 2.2. We have that

(551¢/7 QOI)L2 > 0.

per

PROOF. By (3.10), we can rewrite Lo = —92 4+ w — ¢? where ¢ is the cnoidal
wave solution in (2.5). Since ¢ in (2.7) is a multiple of ¢, there exists x € D(L2)
such that Loy = ¢'. To calculate the value of (L5, ') 12, it suffices to evaluate
the quantity (x, ¢') r2,,- To this end, we use a similar approach as in [24, Section
3] (see also [3] and [25]).

We can start by noticing that A = 0 is a simple eigenvalue with associated
eigenfunction ¢. Thus, there exists a smooth non-periodic function y satisfying the
Hill equation

(4.2) —y +wy + ¢’y =0,

and {p,y} is the fundamental set of solutions for the equation (4.2). Since ¢ is
even, we have that y is odd and it satisfies the following

—y" +wy — ¢’y =0

y(0) =0 )
700 —
y'(0) = 30"
Next, we see that x € D(L2) satisfies the equation Lox = ¢’, so that
(4.3) X" +wx - ¢’x=¢".

Multiplying (4.3) by y, integrating over [0, L] and using integration by parts, we
obtain .
() -
y(L)

where we are using the fact that y is not periodic, so that y(L) # 0. The fact that
X is an odd function gives us the following IVP:

X" +wx —¢*x =¢'
(4.4) X(0) =0

X (0) = — =L [ ¢/ (@)y(x)da.
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Problem (4.4) is suitable to perform some numeric calculations. In fact, we can
deduce that

k
(.&)sz,, = 1
where 7 is a positive constant depending only on k € (=, 1). We obtain (y, ¢')2 >

0 for all k € (%7 1) (see Figure 1), so that

S

1
-1, 7 / . —1 47 / R _ / 5 )
(L3¢, ¢ )z, = CE=E) JWBQ)(@ ¢z, = (x, ¢z, >0

361
35|
34
334

321

0.75 0.80 0.85 0.90 0.95 1.00

FIGURE 1. Behaviour of the quantity n(k) with k € (%, 1).

O

Results above allow us to determine the spectral stability of the multiple pe-
riodic wave ® = (p, By, 0,0) with cnoidal profile. The analysis is quite similar as
determined in the last subsection, and so we only give the main steps.

Case I: v € (0, min{x1, K2}). Since z(L) = 2, we have that V is a 2 x 2 matrix
and given by

vo | @y—m- ko) (L3¢ ¢ )1z, 0
0 (v = r2) (L0 )2, )

per

Using the results in Lemmas 4.2 and 4.5, we obtain respectively that (ﬁflgo, p) =
—Lp)l2, < 0and (L’2_1<p’,<p')L§ET > 0, so that n(V) = 1. On the other hand,

since we have n(L£) = 5, we see that the difference n(£) — n(V) = 4 is an even
number. Therefore, we can not conclude that the multiple solution ® = (p, By, 0,0)
is spectrally stable or not.

Case II: v € (max{k1, k2 }, +00). In this specific case, it is possible to see that
we can not decide the exact quantity of negative eigenvalues (see (3.11)) in order to
apply the results in [20] and [21]. Therefore, we can not conclude a precise result
of spectral stability for the multiple solution ® = (¢, By, 0,0).
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Case ITI: v = 0. Since z(£) = 4, we can proceed as in the third case of the
last subsection to obtain

(L3¢ ¢ )ia., 0 0 0
v 0 (L3¢ )1z, 0 0
0 0 (L', 0)1z,, 0

0 0 0 (L1, 0) L2

per

Since by Lemmas 4.2 and 4.5 we have n(V) = 2, the fact that n(£) = 6 gives us
that the spectral stability result is also inconclusive.

Case IV: v = k1 = ko. Since in this case z(L£) = 3, we can proceed as in the
fourth case of the last subsection with cnoidal profile instead of dnoidal profile to
obtain V as

(L' ¢ )i, 0 0
V= 0 (B2 4+ 1)2(L5 ¢, )13, 0
0 0 (B2 +1)*(L1 0, 0)1z

per

Using Remark 4.1 and Lemmas 4.2 and 4.5, we have n(V) = 1 and since n(£) = 4,
we obtain that the difference n(£) — n(V) is an odd number. Consequently, the
multiple solution ® = (p, By, 0,0) is spectrally unstable.

Summarizing the results above, we can conclude the statement of Theorem 1.4.

4.2.1. Spectral stability of cnoidal waves in the subspace of odd functions. Here
we are going to answer some unclear points left behind concerning the spectral
stability of periodic multiple solutions ® with cnoidal profile. The arguments will
be the same, but we need to pay attention with the spectral analysis established in
the space L2, ,4q-

From now on, let us consider the periodic solution ¢ € H,, .44 given by (2.8).

Case I: v € (0, min{kq, k2}). Since in this case z(L,qq) = 1, we have that V is
given in a simple way as

(4.5) V= (LT, 9)Ls

per’

By Lemma 4.2 we have n(V) = 1 and since n(L,qq4) = 2, we obtain that the
difference n(Loqq4) — n(V) = 1 is an odd number. Therefore, we conclude that the
multiple solution ¥ = (¢, B, 0,0) is spectrally unstable.

Case II: v € (max{k1, K2}, +00). In this case, V is an one-dimensional matrix
given by same expression in (4.5). Since we also have n(V) = 1 and n(Lo4q) = 1,
we deduce that the multiple solution ¥ = (3, B, 0,0) is spectrally stable.

Case III: v = 0. We have z(L,44) = 2 and the matrix V' is now given by

V= (£f1¢7¢)Lger 0
0 (£1_177Z}a7vb)L2 '

per

By Lemma 4.2 and since (El_llb,w)Lfm = —%%||¢||2L2 = —%%H@HQEZ <0, we
conclude n(V) = 2. On the other hand, the fact n(L,qq) = 2 gives us that the
difference n(Lyqq4) — n(V) = 0 and the multiple solution ¥ = (3, By, 0,0) is then
spectrally stable.

Case IV: v = k1 = ko. Again, we have z(L,q4) = 2 and V is given by

v (B® + 1)*(L5 9, ¢) L2, 0
0 (B*+1*(Ly e, )

per
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By Remark 4.1 and since L3 is positive, it follows that (Cglw, wh?m > 0. On the
other hand, by Lemma 4.2 we obtain (£7'¢,9)z2 = —2-L|[y[|2, < 0 and so,
per

per
n(V) = 1. Since n(L,44) = 1, we deduce that the multiple solution ¥ = (¢, B, 0, 0)
is also spectrally stable.

Summarizing the above, we conclude the result in Theorem 1.5.

REMARK 4.6. As we have detailed in Remark 4.4, the abstract theories in [13]
and [14] can be used to establish the orbital stability of periodic cnoidal waves in

H;er’odd in the second case (Case II).

5. Spectral Stability for the Semi-trivial Periodic Solution with Cnoidal
Profile

An important aspect concerning the solution (u,v) of the NLS system (1.1) is
the existence of semi-trivial solutions

(5.1) (u(@,t),v(x, 1)) = (™' p(), 0)
of (1.1). As we have already mentioned in the introduction, Hakkaev in [16] studied
the spectral stability for the semi-trivial wave solution (5.1) where ¢ has a dnoidal
profile. Our intention is to prove the spectral stability when ¢ has a cnoidal profile.
We follow as in Section 2. First, we substitute (5.1) into (1.1) to obtain the
ODE
(5.2) —¢" +wp — k1 =0.
A similar result as determined in Theorem 2.2 is now presented.

THEOREM 5.1. Let L > 0 be fized. The equation (5.2) has an L-periodic solution
with cnoidal profile of the form

2\15/22?%1) \/%Cn (4KL(k)z’ k) :

where w > 0 is given by (1.11) depends smoothly on k € (%,1) and L > 0. In

Pu(T) = (

addition, the family
w € (0,+00) — ¢ = @, € Hp, ([0, L))
of L-periodic solutions of (5.2) depends smoothly on w € (0, 4+00).

The spectral problem to be studied in this case is JLu = Au, where J is given
by (1.17) and L is defined as
Ly 0 0 0
0 L3 0 0
0 0 Ly O
0 0 0 L4
Since L is a diagonal operator, we only need to analyze the spectral properties of
the operators L£;, i = 1,2, 3,4, where
L= —Z')i +w— 3,%14,02,
Lo = —33% +w — K12,

(5.3) L=

Ly =—0; +w—1¢°,
L4=—0%+w+yp%
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As determined in Subsection 3.2, we have that

(5.4) n(L£y) =2, n(Ly)=1 and n(Ly4)=0.
In addition,
(5.5) Ker(£1) = [¢'], Ker(Ls) =[p] and Ker(Ly) = {0}.

Thus, the spectral analysis of the operator £ changes according to the spectral
analysis of the operator L£3. Here, we consider the same cases for v as determined
in [16].

Case I: v € (0,K1). Here, we have that

L1 < Lo < L3 < Ly,

Using the comparison theorem, we can not obtain the exact values of n(£3) and
z(L3) since we obtain three different different scenarios:

n(L3)=1and z(£3) =0, n(L3)=0andz(L3)=1 or n(L3)=2(L;3)=0.

Thus, the spectral analysis becomes inconclusive.
Case II: v = k. In this case, it follows that £5 = L3 and we obtain

n(£) =4 and Ker(£) = [(¢,0,0,0), (0,4,0,0), (0,0, p,0)].

To determine the spectral stability result, we need to obtain n(V'). Since z(L) = 3,
one has
(L3¢ @) ee,, 0 0
V= 0 (L7, 9)1z,, 0
0 0 (Li'e, Pz,

Since L4 is a positive operator, we obtain by Remark 4.1 that (£ ¢, ‘P)Lier > 0.
On the other hand, using Lemma 4.5, we also obtain (£§1<p,<p)L§ET > 0 and by

Lemma 4.2, we deduce (ﬁflcp,go) < 0. Gathering all informations, we conclude
that n(V) = 1 and the difference n(£) — n(V) =4 — 1 = 3 is an odd number. The
periodic semi-trivial solution ® = (,0,0,0) is then spectrally unstable concluding
the desired result in Theorem 1.6.

Case III: v € (k1,3k1). In this case, we obtain the following inequality

Ly < L3 < Ly < Ly.
From (5.4), (5.5) and using the comparison theorem, we have that n(£3) = 2 and
Ker(L3) = {0}. Thus,
n(£) =5 and Ker(£) = [(¢',0,0,0), (0,0, ¢,0)].
To determine the spectral stability, we need to consider the matrix V' given by

N QAR
0 (L' o)z, ]

per

Applying again Lemmas 4.2 and 4.5, we have that n(V) = 1. Since the difference
n(L) — n(V) =4 is even, we can not conclude the spectral stability.
Case I'V: v = 3k,. Here, we have £ = L3 and

n(£) =5 and Ker(£) = [(¢',0,0,0), (0,¢',0,0), (0,0, ¢,0)].
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Since z(L) = 3, the matrix V becomes in this case

(L3¢ @ )ez,, 0 0

V= 0 (L7, 9)1z2,, 0
0 0 (L' o)L

per

Again, we can apply Remark 4.1, Lemma 4.2 and Lemma 4.5 to obtain n(V') = 1.
Since the difference n(£) — n(V) =4 is even, we can not decide about the spectral
stability.

5.1. Spectral stability of cnoidal waves in the subspace of odd func-
tions. We consider the spectral stability for the semi-trivial wave solution ¥ =
(1,0,0,0) where v in defined by (2.3). The reason for that is to fill the gaps left
by our analysis performed in the case of the cnoidal profile ® = (¢, 0,0, 0).

Since ¢ € H;emdd, we can consider the linearized operator £, i = 1,2,3,4
restricted to the space Lf)er’o dd aS

2 2 2
Lodd : Hper,odd C ]Lper,odd - IL‘;zoer,odd

where £ is given in (5.3) and also defined in L2 Thus, as determined in

'per,odd*
Subsection 3.3, we have that

(5.6) n(£17odd) = 1, n(£27odd) =0 and n(£4,0dd) =0.
In addition, we get
(5.7) Ker(£L2,044) = [¢] and Ker(L1,044) = Ker(L4,04q) = {0}.

According to (5.6), we need to observe that the number of eigenvalues of the
operator L,qq is smaller when compared to the complete operator £. This fact is
useful to use again the comparison theorem. We shall describe better our intentions
in the four cases ahead:

Case I: v € (0,k1). In this case, we have the inequality £1 044 < L2,0dd <
L3 0dd < L4,0d44- Using the comparison theorem and the informations in (5.6) and
(5.7), we have that n(Ls qq) = 0 and Ker(L3 044) = {0}. Thus,

n(Loga) =1 and Ker(Loga) = [(0,0,1,0)].
To evaluate the spectral stability, we need to see that z(L,44) = 1, so that the
matrix V is given by
V= (‘Cfl ¢a ¢)L2

per”

By Lemma 4.2, we have that n(V) = 1 and the difference n(L,qq) —n(V) = 0. Thus,
we conclude that the semi-trivial wave solution ¥ = (¢,0,0, 0) is spectrally stable.
Case II: v = k1. Here, we have £ oqq = L3,044- Using (5.6) and (5.7), we get

n(Loqq) = 1 and Ker(Loqq) = [(0,,0,0), (0,0,,0)].
Since z(Lyqq) = 2, the matrix V is given by

V= (‘6171 ’(/}7’(/})Lfmr 0
0 (L:Zl’ll),’ll))l; '

per

Since L4044 is positive, we obtain by Remark 4.1 that (Ell Y, )z > 0. In

per

addition, by Lemma 4.2, we see (El_lq//,i/))L%w < 0, so that n(V) = 1. Thus, the
semi-trivial periodic wave ¥ = (¢,0,0, 0) is spectrally stable.
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Case III: v € (k1,3K1). Here, we have the inequality L1040 < L3,0dd <
L20dd < Laodq- Then, by the informations in (5.6), (5.7) and the comparison
theorem, we obtain n(Ls3 044) = 1, Ker(Ls 0aa) = {0}, n(Lodq) = 2 and Ker(Logq) =
[(0,0,,0)]. Again, since z(L,qq) = 1, the matrix V is given by V = (£ 4, )z, -
By Lemma 4.2, we have n(V') = 1, so that the semi-trivial solution ¥ = (¢,0,0,0)
is spectrally unstable.

Case IV: v = 3ky. Here, we have L1 oqq = L3044 and from (5.6) and (5.7),
we have that n(L,qq) = 2 and Ker(Loqq4) = [(0,0,%,0)]. As we have determined in
the last case, we also have n(V') = 1 and the semi-trivial solution ¥ = (¢, 0,0,0) is
spectrally unstable.

Summarizing the arguments above, we have proved Theorem 1.7.

REMARK 5.2. As we have mentioned in Remarks 4.4 and 4.6, the abstract
theory in [13] and [14] can be used to establish the orbital stability of periodic
cnoidal waves in H;})er,odd in the first case (Case I). The orbital instability is deduced
from the same work in the third and fourth cases (Cases III and IV).
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