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Abstract
Let R be a principal ideal domain (PID). For a simply

connected CW-complex X of dimension n, let Y be a space
obtained by attaching cells of dimension q to X, q > n, and let
A(Y ) denote an Adams–Hilton model of Y . If E(A(Y )) denotes
the group of homotopy self-equivalences of A(Y ) and E∗(A(Y ))
its subgroup formed of the elements inducing the identity on
H∗(Y,R), then we construct two short exact sequences:

⊕
i
Hq(ΩX,R)� E(A(Y ))� Γq

n,

⊕
i
Hq(ΩX,R)� E∗(A(Y ))� Πq

n,

where i = rankHq(Y,X;R), Πq
n is a subgroup of E∗(A(X)) and

Γq
n is a subgroup of aut(Hom(Hq(Y,X;R)))× E(A(X)).

1. Introduction

Let R be a PID and let Y be a simply connected CW-complex. The Adams–Hilton
model of Y is a chain algebra morphism

ΘY : (T(V ), ∂)→ C∗(ΩY,R)

such that H∗(ΘY ) : H∗(T(V ), ∂)→ H∗(ΩY,R) is an isomorphism of graded algebras
and such that H∗(V, d) ∼= H∗(Y,R) as graded R-modules, where d denotes the linear
part of the differential ∂ induced on the graded module of indecomposables V , where
C∗(ΩY,R) denotes the complex of non-degenerate cubic chains equipped with the
multiplication induced by composition of loops and where (T(V ), ∂) is the free chain
R-algebra on the free graded R-module V . Let A(Y ) denote the Adams–Hilton model
of the space Y .
As is well known, there is a reasonable concept of “homotopy” among chain algebra

morphisms (see Section 3), analogous in many respects to the topological notion of
homotopy. Consequently, let E(A(Y )) denote the group of homotopy self-equivalences
of the chain algebra A(Y ).
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By the properties of the Adams–Hilton model, it is worth noting that if α : Y →
Y is a homotopy equivalence, then so is A(α) : A(Y )→ A(Y ). Therefore there is a
homomorphism of groups E(Y )→ E(A(Y )) sending [α] to [A(α)], where E(Y ) is the
group of homotopy self-equivalences of Y (see, for example, [11] for more details
about this group).
The idea of inserting the group E(Y ) in a short exact sequence of groups of the form

A � E(Y )� B traces back to the first results on this group in the 1950s. Barcus–
Barrett [3] gave an exact sequence describing the effect of a single cell attachment Y =
Sn ∪α Sq−1 on the group E(Y ). This basic result was refined and extended by later
authors including Kahn [13], Oka–Sawashita–Sugawara [14], Benkhalifa–Smith[11]
and Benkhalifa [5, 7, 8]. We refer the reader to [15, 16] for a comprehensive survey
on these results including various exact sequences.
The aim of this paper is to study the effect of cell-attachment on the group

E(A(X)). More precisely let X be a simply connected CW-complex of dimension n
and let

Y = X ∪α

(⋃
i∈I

eqi

)
(1)

be the space obtained by attaching cells of dimension q to X by a map α : ∨
i∈I

Sq−1 →
X. Let E∗(A(Y )) denote the subgroup of E(A(Y )) consisting of the elements inducing
the identity on H∗(Y,R). We prove:

Theorem 1. For every n and for every q > n, there exist two short exact sequences
of groups

⊕
i
Hq(ΩX,R)� E(A(Y ))� Γq

n, ⊕
i
Hq(ΩX,R)� E∗(A(Y ))� Πq

n,

where i = rankHq(Y,X;R), where Γq
n is a subgroup of aut(Hom(Hq(Y,X;R)))×

E(A(X)) and Πq
n is a subgroup of E∗(A(X)) (see Definition 4.1)

An analogous problem was previously studied in [6], in terms of the Postnikov
decomposition of the rational space Y and by the use of the Sullivan model in rational
homotopy theory and it was shown that

Theorem 2 ([6], Corollary 3.3). There exist two exact short sequences:

Hom
(
πq(Y );H

q(Y [n])
)
� E(Y [n+1])� Dn

n−1,

Hom
(
πq(Y );H

q(Y [n])
)
� E#(Y [n+1])� Gn

n−1,

where Dq
n is a subgroup of aut

(
Hom(πq(Y ),Q)

)× E(Y [n]) and where Gq
n is a subgroup

of E#(Y [n]). Here Y [k] denotes the kth Postnikov section of Y and E#(Y [n]) denotes
the subgroup of E(Y [n]) consisting of the elements inducing the identity on homotopy
groups.

In particular, let Y be a simply connected CW-complex and ΣY the suspen-
sion of Y . A well-known theorem due to Bott–Samelson [12] asserts that, under the
assumption that the homology H∗(Y ;R) is a free graded R-module, the chain algebra(
T(H∗(Y ;R)), 0

)
(with the trivial differential) can be considered as an Adams–Hilton

model for the space ΣY . Consequently, we prove that the group E(A(ΣY )) is simply
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identified with the group aut(A(ΣY )) of the chain algebra automorphisms of A(ΣY )
and the subgroup E∗(A(ΣY )) is identified with the subgroup aut∗(A(ΣY )) of the
chain algebra automorphisms inducing the identity on the graded module H∗(Y,R).
Moreover, applying Theorem 1, we obtain the following short exact sequences of
groups

Theorem 3. Let Y be a simply connected CW-complex and ΣY the suspension of Y .
There exist two exact short sequences

Hom
(
Hq+1(Y ;R),Tq(H<q(Y ;R))

)
� aut(A(ΣY ))

� aut
(
Hq+1(Y ;R)

)× aut
(
A((ΣY )q−1)

)
,

Hom
(
Hq+1(Y ;R),Tq(H<q(Y ;R))

)
� aut∗(A(ΣY ))� aut∗

(
A((ΣY )q−1)

)
,

where (ΣY )q−1 is the (q − 1)-skeleton of the space ΣY .

For instance, using the above short exact sequence we can show the following
results

aut(A(Sn+1 ∨ Sq+1)) ∼= Z2 × Z2,
aut∗(A(Sn+1 ∨ Sq+1)) ∼= Z2, if q �≡ 0 (mod n),

Z � aut(A(Sn+1 ∨ Sq+1)) � Z2 × Z2,
Z � aut∗(A(Sn+1 ∨ Sq+1)) � Z2, if q ≡ (mod n).

Moreover, let R ⊆ Q be a subring with least non-invertible prime p. Using the
Anick model theory [1, 2], if X is an r-connected CW-complex of dimension n+ 1
and n < q � k, where k < min(r + 2p− 3, rp− 1), then we prove

Theorem 4. Let Y be the space in (1). The homomorphisms

E(YR)→ E(A(YR)), E∗(YR)→ E∗(A(YR))

are injective, where YR denotes the R-localization of Y .

The paper is organized as follows. In Section 2 we recall briefly the notion of the
Adams–Hilton model associated to a given simply connected space Y and the Bott–
Samelson theorem concerning the Adams–Hilton model of the space ΣY . In Section 3
we establish Theorem 3, and in Section 4 we recall the notion of homotopy between
chain algebra morphisms and we prove Theorem 2 and some of its corollaries.

2. Adams–Hilton model and Bott–Samelson theorem

Given a simply connected CW-complex Y . The Adams–Hilton model of Y is a
chain algebra morphism

ΘY : (T(V ), ∂)→ C∗(ΩY,R)

such that

H∗(ΘY ) : H∗(T(V ), ∂)→ H∗(ΩY,R)

is an isomorphism of graded algebras and such that

Hi−1(V, d) ∼= Hi(Y,R),
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as graded modules. Here C∗(ΩY,R) denotes the complex of non-degenerate cubic
chains equipped with the multiplication induced by composition of loops and d : V →
V is the linear part of the differential ∂ defined by

∂(v)− d(v) ∈ T�2(V ),

where T�2(V ) is the graded R-module of decomposable elements, i.e., the elements
of T(V ) of length � 2. We denote by A(Y ) the chain algebra (T(V ), ∂).
Let ΣY denote the suspension of Y . If the map σ : Y → ΩΣY is the adjoint of idΣY ,

then it induces a homomorphism of graded modules σ∗ : H∗(Y ;R)→ H∗(ΩΣY ;R)
which can be extended, by virtue of the universal property of the free chain algebra,
to a homomorphism

T(σ∗) : T(H∗(Y ;R))→ H∗(ΩΣY ;R)

of graded algebras.
A theorem, due to Bott and Samelson [12], asserts that under the assumption that

the homology H∗(Y ;R) is a free graded R-module, T(σ∗) is an isomorphism of R-
algebras. Therefore the chain algebra

(
T(H∗(Y ;R)), 0

)
, with the trivial differential,

can be considered as an Adams–Hilton model for the space ΣY , i.e.,

A(ΣY ) =
(
T(H∗(Y ;R)), 0

)
. (2)

By the properties of the Adams–Hilton model we derive

H∗(ΩΣY ;R) = H∗(A(ΣY )) = T(H∗(Y ;R)). (3)

Remark 2.1. It is important to mention here that as the graded R-module H∗(Y ;R)
is assumed to be free, the two relations (2) and (3) imply that the Adams–Hilton
model (T(V ), 0) of ΣY satisfies

Vi
∼= Hi−1(Y ;R), ∀i � 2. (4)

3. The group of graded algebra automorphisms of the tensor
algebra T(V )

Let T(Vq ⊕ V�n), where q > n, be a tensor algebra (considered as 1-connected
chain algebra with trivial differential). Let us denote by aut(T(Vq ⊕ V�n)) the group
of chain (graded) algebra automorphisms of T(Vq ⊕ V�n).
If α ∈ aut(T(Vq ⊕ V�n)), then it induces the following homomorphism

αk : Vk → Vk ⊕ Tk(V�n), k � q

so define α̃k : Vk → Vk such that α(v)− α̃k(v) ∈ Tk(V�n). Clearly α̃k is an automor-
phism of Vk. Hence denote by aut∗(T(Vq ⊕ V�n)) the subgroup of aut(T(Vq ⊕ V�n))
consisting of the elements α such that α̃k = id for all k � q.
The aim of this section is to establish the following theorem:

Theorem 3.1. If T(V ) is a 1-connected free graded tensor algebra, then we have the
following two short exact sequences of groups

Hom(Vq,Tq(V�n))� aut(T(Vq ⊕ V�n))� aut(Vq)× aut(T(V�n)),

Hom(Vq,Tq(V�n))� aut∗(T(Vq ⊕ V�n))� aut∗(T(V�n)).
(5)
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Proof. Let (T(Vq ⊕ V�n)), where q > n, be a free graded tensor algebra. Define the
map

g : aut(T(Vq ⊕ V�n))→ aut(Vq)× aut(T(V�n))

by setting:

g(α) = (α̃q, αn), (6)

where α̃q : Vq → Vq is as above and where αn is the restriction of α to T(V�n).

It is easy to see that g is a surjective morphism of groups. Indeed, let (ξ, γ) ∈
aut(Vq)× aut(T(V�n)). Define α : T(Vq ⊕ V�n)→ T(Vq ⊕ V�n) by setting:

α(v) = ξ(v) and α = γ on V�n.

Clearly we have α̃q = ξ. Hence using (6) we derive g(α) = (ξ, γ).

Finally, the following relations

g(α ◦ α′) = (α̃ ◦ α′
q, αn ◦ α′

n) = (α̃q, αn) ◦ (α̃′
q, α

′
n) = g(α) ◦ g(α′)

assure that g is a homomorphism of groups.

Consequently, we obtain the following short exact sequence of groups

ker g � aut(T(Vq ⊕ V�n), 0)
g
� aut(Vq)× aut(T(V�n)). (7)

Next let us determine ker g. By (6) we can write:

ker g =
{
α ∈ aut(T(Vq ⊕ V�n)) | α̃q = idVq

, αn = idT(V�n)

}
, (8)

therefore for every α ∈ ker g we have:

α(v) = v + zv, zv ∈ Tq(V�n),
αn = idT(V�n).

(9)

So define the map Ψ: ker g → Hom(Vq,Tq(V�n)) by setting

Ψ(α) : Vq → Tq(V�n), Ψ(α)(v) = zv. (10)

On the one hand the relations (9) and (10) imply that

α ◦ α′(v) = α(v + z′v) = v + zv + z′v

hence Ψ(α ◦ α′)(v) = zv + z′v. On the other hand we have

(Ψ(α) + Ψ(α′))(v) = Ψ(α)(v) + Ψ(α′)(v) = zv + z′v.

Therefore Ψ(α ◦ α′) = Ψ(α) + Ψ(α′) implying that Ψ is a homomorphism of groups.

Now let α ∈ ker Ψ, then Ψ(α) = 0 implying that Ψ(α)(v) = zv = 0, and according
to (9), it follows that α = id. Hence Ψ is injective. Finally, let f ∈ Hom(Vq,Tq(V�n)),
and define

α(v) = v + f(v), αn = idT(V�n).

By definition (10) we have Ψ(α)(v) = f(v), so Ψ(γ̃) = f . It follows that Ψ is surjective,
consequently Ψ is an isomorphism of groups.
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Summarizing the short exact sequence (7) becomes

Hom(Vq,Tq(V�n))� aut(T(Vq ⊕ V�n))
g
� aut(Vq)× aut(T(V�n)).

Next let ĝ denote the restriction of the homomorphism g to the subgroup
aut∗(T(Vq ⊕ V�n)). As aut∗(T(Vq ⊕ V�n)) is formed by the elements α such that
α̃k = id for all k � q, it follows that

ĝ(α) = (idVq
, αn), αn ∈ aut∗(T(V�n)).

Hence we define g̃ : aut∗(T(Vq ⊕ V�n))� aut∗(T(V�n)) by g̃(α) = αn. The map g̃ is
a surjective homomorphism. Indeed, if γ ∈ aut∗(T(V�n)), then (idVq

, γ) ∈ aut(Vq)×
aut(T(V�n)). As the homomorphism g is surjective, there exists α ∈ aut(T(V�n)) such
that g(α) = (idVq , γ). Using (6) we deduce that

(idVq , γ) = (α̃q, αn),

implying that α ∈ aut∗(T(V�n)) and g̃(α) = γ.
Now from (8) we have ker g = ker g̃ and since ker g ∼= Hom(Vq,Tq(V�n)), we obtain

the following short exact sequence

Hom(Vq,Tq(V�n))� aut∗(T(Vq ⊕ V�n))� aut∗(T(V�n)).

Corollary 3.2. If ΣY is a simply connected space of dimension q + 1 and X = (ΣY )q

denotes the q skeleton of ΣY , then the following short sequence of groups is exact:

Hom
(
Hq+1(Y ;R),Tq(H<q(Y ;R))

)
� aut(A(ΣY ))

� aut
(
Hq+1(Y ;R)

)× aut
(
A((ΣY )q−1)

)
,

Hom
(
Hq+1(Y ;R),Tq(H<q(Y ;R))

)
� aut∗(A(ΣY ))� aut∗

(
A((ΣY )q−1)

)
. (11)

Proof. First the Adams–Hilton of the space ΣY is of the form T(Vq ⊕ V�q−1) with
trivial differential. Next we derive the two sequences in (11) by applying Theorem 3.1
and using the relations (2), (3) and (4).

Corollary 3.3. Let Vq = {vq} be the free R-module of rank 1 and let T(Vq ⊕ V�n),
where q > n, be a free tensor algebra. Then the following short sequence of groups is
exact:

Tq(V�n) � aut(T(Vq ⊕ V�n))� aut(R)× aut(T(V�n)),

Tq(V�n) � aut∗(T(Vq ⊕ V�n))� aut∗(T(V�n)).
(12)

Proof. The sequence (12) can be deduced from the exact sequence (5) by observing
that Vq = {vq} ∼= R, so Hom(Vq,Tq(V�n)) ∼= Tq(V�n) and aut(Vq) ∼= aut(R).

As an illustration of Corollary 3.3 we give the following example:

Example 3.4. Let R = Z and let X = Sn+1 be the sphere of dimension n+ 1. Let
Y = Sn+1 ∨ Sq+1, where q > n and where the q + 1-cell is trivially attached to Sn+1.
Recall that A(ΣY ) (respectively A(ΣY )) denotes the Adams–Hilton model of the

suspension of the space Y (respectively ofX (see 2)) and let aut(A(ΣY )) (respectively
aut(A(ΣY ))) denote the group of graded automorphisms of the free tensor algebra
A(ΣY ) (respectively A(ΣX)).
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The Adams–Hilton models of Sn+1 = ΣSn and Y = Sn+1 ∨ Sq+1 are, respectively,

A(Sn+1) = T(H∗(Sn;Z)),
A(Sn+1 ∨ Sq+1) = A(Σ(Sn ∨ Sq)) ∼= T(H∗(Sn ∨ Sq);Z).

Recall that

Hq(S
n;Z) =

{
0, if q �= n,

Z, if q = n

and

H∗(Sn ∨ Sq;Z) = H∗(Sn;Z)⊕H∗(Sq;Z).

Define the graded abelian group Vq ⊕ V�n by

Vq
∼= Hq(S

q;Z) ∼= Z, Vn
∼= Hn(S

n;Z) ∼= Z, Vi = 0, i � n− 1.

Therefore we obtain

A(Sn+1) = T(V�n), A(Sn+1 ∨ Sq+1) = A(Σ(Sn ∨ Sq)) ∼= T(Vq ⊕ V�n;Z).

Applying Corollary 3.3 we get

Tq(H∗(Sn;Z))� aut(A(Sn+1 ∨ Sn+2))� aut(Z)× aut(T(H∗(Sn;Z))). (13)

Let us compute aut(T(H∗(Sn;Z))). Indeed, we have

aut(T(H∗(Sn;Z))) = aut(T(V�n)) = aut(T(Vn ⊕ V�n−1)).

Applying Corollary 3.3 again it follows that

Tq(V�n−1)� aut(T(Vn ⊕ V�n−1))� aut(Vn)× aut(T(H∗(V�n−1)))

and taking into account that V�n−1 = 0 we obtain

aut(T(Vn ⊕ V�n−1)) ∼= aut(Vn).

Hence

aut(T(H∗(Sn;Z))) ∼= aut(Vn) ∼= aut(Z) = Z2.

Consequently, the exact sequence (13) becomes

Tq(H∗(Sn;Z))� aut(A(Sn+1 ∨ Sq+1))� Z2 × Z2.

But we have

Tq(H∗(Sn;Z)) =

{
0, if q �≡ 0 (mod n),

Z, if q ≡ 0 (mod n)

implying

aut(A(Sn+1 ∨ Sq+1)) ∼= Z2 × Z2, if q �≡ 0 (mod n),
Z � aut(A(Sn+1 ∨ Sq+1)) � Z2 × Z2, if q ≡ 0 (mod n).

Finally, a similar computation shows that

aut∗(A(Sn+1 ∨ Sq+1)) ∼= Z2, if q �≡ 0 (mod n),
Z � aut∗(A(Sn+1 ∨ Sq+1)) � Z2, if q ≡ 0 (mod n).

Notice that aut∗(A(Sn+1 ∨ Sq+1)) is a normal subgroup of aut(A(Sn+1 ∨ Sq+1)) and
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in the two cases the quotient group is

aut(A(Sn+1 ∨ Sq+1))

aut∗(A(Sn+1 ∨ Sq+1))
∼= Z2.

In the second part of this paper we shall generalize the above results to the case
when the differential given in (T(V ), ∂) is not necessarily trivial. For this purpose we
need the notion of homotopy between chain algebra morphisms which is analogous in
many respects to the topological notion of homotopy.

4. The group of homotopy self-equivalences of chain algebra
morphisms

4.1. Homotopy of chain algebra morphisms
(See [4] page 48 for more details). Let (T(V ), ∂) be a 1-connected free chain algebra.

Define the free algebra T(V ′ ⊕ V ′′ ⊕ sV ), where V ′, V ′′ are two isomorphic copies of V
and sV is the (de)suspension of V . Then we define:

i′, i′′ : T(V )→ T(V ′ ⊕ V ′′ ⊕ sV ), i′(v) = v′, i′′(v) = v′′,

where v′ ∈ V ′, v′′ ∈ V ” are the two elements corresponding to v ∈ V . Now define
S : T(V )→ T(V ′ ⊕ V ′′ ⊕ sV ), of degree 1, as the unique graded module homomor-
phism which satisfies the following two conditions

S(v) = sv, S(x.y) = S(x).(i′′(y) + (−1)|x|i′(x))S(y), ∀v ∈ V and x, y ∈ T(V ).

Next we define the differential D on T(V ′ ⊕ V ′′ ⊕ sV ) by setting

D(sv) = v′′ − v′ − S(∂v), D(v′) = i′(∂v), D(v′′) = i′′(∂v). (14)

(T(V ′ ⊕ V ′′ ⊕ sV ), D) is called the cylinder chain algebra of (T(V ), ∂).

Definition 4.1. A homotopy between two chain algebra morphisms α1, α2 : (T(V ), ∂)
→ (T(V ), ∂) is a chain algebra morphism

F : (T(V ′ ⊕ V ′′ ⊕ sV ), D)→ (T(V ), ∂)

such that F ◦ i′(v) = F (v′) = α1(v) and F ◦ i′′(v) = F (v′′) = α2(v).

Definition 4.2. A chain algebra morphism α1 : (T(V ), ∂)→ (T(V ), ∂) is called a
self-homotopy equivalence, if there exists a chain algebra morphism α2 : (T(V ), ∂)→
(T(V ), ∂) such that α1 ◦ α2 and α2 ◦ α1 are homotopic to the identity.

Definition 4.3. Let E(T(V )) denote the group of homotopy classes of self-homotopy
equivalences of (T(V ), ∂), under composition of chain algebra morphisms, and let
E∗(T(V )) denote the subgroup consisting of those elements which induce the identity
on the graded module of indecomposable V∗.

Thereafter we will need the following lemma:

Lemma 4.4. Let q > n, let V = Vq ⊕ V�n and let α1, α2 : (T(V ), ∂)→ (T(V ), ∂) be
two chain algebra morphisms satisfying:

α1(v) = v + z1, α2(v) = v + z2 on Vq and α = α′ = id on V�n.

Assume that z1 − z2 = ∂(u), where u ∈ Tq+1(V ). Then α1 and α2 are homotopic.
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Proof. Define F by setting

F (v′) = v + z1, F (v′′) = v + z2 and F (sv) = u for v ∈ V q,
F (v′) = v, F (v′′) = v and F (sv) = 0 for v ∈ V �n,

then F is the required homotopy.

We start with the following remarks.

Remark 4.5. If (T(V ), 0) is a 1-connected free chain algebra with trivial differential,
then the notion of homotopy is simply the equality. Indeed, let α1, α2 : (T(V ), 0)→
(T(V ), 0) be two chain algebra morphisms and assume that they are homotopic. By
Definition 4.1 there exists a chain algebra morphism

F : (T(V ′ ⊕ V ′′ ⊕ sV ), D)→ (T(V ), 0)

such that

F ◦ i′(v) = F (v′) = α1(v), F ◦ i′′(v) = F (v′′) = α2(v). (15)

As the differential ∂ is trivial and F is a chain algebra, it follows that

F ◦D = 0,

moreover, the relations (14) become

D(sv) = v′′ − v′, D(v′) = 0, D(v′′) = 0.

Therefore

0 = F ◦D(sv) = F (v′′)− F (v′).

Finally, according to (15) we deduce that α1(v) = α2(v).

Remark 4.6. Let (T(V ), 0) be a 1-connected free chain algebra with trivial differential.
By virtue of Remark 4.5 we derive that the group E(T(V )) is identified with the group
aut(T(V )) and E∗(T(V )) is identified with the subgroup aut∗(T(V )) introduced in the
previous section.

4.2. The graded homomorphism b∗ and the groups Dq
n

Definition 4.7. Let (T(Vq ⊕ V�n), ∂) be a 1-connected chain algebra where q > n.
We define the homomorphism bq : Vq → Hq−1(T(V�n)) by setting:

bq(v) = [∂(v)]. (16)

Here [∂(v)] denotes the homology class of ∂(v) ∈ Tq−1(V�n).

For every 1-connected chain algebra (T(Vq ⊕ V�n), ∂), the homomorphism bq is
natural. Namely if [α] ∈ E(T(Vq ⊕ V�n)), then the following diagram commutes:

Vq

α̃q ��

bq ��

Vq

bq��
Hq−1(T(V�n))

Hq−1(αn) �� Hq−1(T(V�n))

(17)

where

α̃ : (Vq ⊕ V�n, d)→ (Vq ⊕ V�n, d) (18)

is the graded homomorphism induced by α on the chain complex of indecomposables
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and where αn : (T(V�n), ∂)→ (T(V�n), ∂) is the restriction of α. Here d denotes the
linear part of the differential ∂ defined by the relation

∂ − d : Vn+1 → T�2
n (V).

Definition 4.8. Given a 1-connected chain algebra (T(Vq ⊕ V�n), ∂) where q > n,
set V = Vq ⊕ V�n. Let Dq

n be the subset of aut(Vq)× E(T(V�n)) consisting of the
couples (ξ, [α]) making the following diagram commute

Vq
ξ ��

bq ��

Vq

bq��
Hq−1(T(V�n))

Hq−1(α) �� Hq−1(T(V�n))

(19)

Clearly Dq
n is a subgroup of aut(Vq)× E(T(V�n)).

Remark 4.9. If (T(V ), 0) is a 1-connected free chain algebra with trivial differential,
then according to the relation (16), the homomorphism bq given in the diagram (19)
is trivial. Moreover, we have

Hq−1(T(V�n)) = Tq−1(V�n), Hq−1(α) = αq−1.

As a result the group Dq
n consists of those pairs (ξ, α) ∈ aut(Vq)× aut(T(V�n)) mak-

ing the following diagram commute (see Definition 4.8):

Vq
ξ ��

0 ��

Vq

0��
Tq−1(V�n)

γq−1 �� Tq−1(V�n)

(20)

Therefore Dq
n is just the group aut(Vq)× aut(T(V�n)) used in the previous section.

Proposition 4.10. The map g : E(T(Vq ⊕ V�n))→ Dq
n given by

g([α]) = (α̃q, [αn])

is a surjective homomorphism of groups.

Proof. First it is well known that if two chain morphisms are homotopic, then they
induce the same graded linear maps on the chain complex of indecomposables, i.e.,
α̃ = α̃′. Moreover, αn, α

′
n are homotopic and, using the diagram (17), we deduce that

the map g is well defined.

Next let (ξ, [αn]) ∈ Dq
n. Recall that, in the diagram (20), we have:

bq(v) = αn ◦ ∂(v) + Im ∂�n,

bq ◦ ξq(v) = ∂ ◦ ξ(v) + Im ∂�n,

where ∂�n : Tq(V�n)→ Tq−1(V�n).

Since by Definition 4.8 this diagram commutes, the element (αn ◦ ∂ − ∂ ◦ ξ)(v) ∈
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Im ∂�n. As a consequence there exists uv ∈ Tq(V
�n) such that

(αn ◦ ∂ − ∂ ◦ ξ)(v) = ∂�n(uv). (21)

Thus we define α : (T(Vq ⊕ V�n), ∂)→ (T(Vq ⊕ V�n), ∂) by setting

α(v) = ξ(v) + uv and α = αn on V�n.

As ∂(v) ∈ Tq−1(V�n) then, by (21), we get

∂ ◦ α(v) = ∂(ξ(v)) + ∂n(uv) = αn ◦ ∂(v) = α ◦ ∂(v).
So α is a chain algebra morphism. Now as uv ∈ Tq(V�n) and q > n, the homomor-
phism α̃q : Vq → Vq coincides with ξ.
Then it is well known (see [1, 9] and [10]) that any chain algebra morphism between

two 1-connected chain algebras inducing a graded isomorphism on the homology of the
chain complex of indecomposables (see 18) is a homotopy equivalence. Consequently,
[α] ∈ E(T(V )). Therefore g is onto.
Finally, the following relations

g([α][α′]) = g([α ◦ α′]) = (α̃ ◦ α′
q, [αn ◦ α′

n])

= (α̃q, [αn]) ◦ (α̃′
q, [α

′
n]) = g([α]) ◦ g([α′])

assure that g is a homomorphism of groups.

4.3. Characterization of ker g
Next by definition we have:

ker g =
{
[α] ∈ E(T(Vq ⊕ V�n)) | α̃q = idVq

, [αn] = [idT(V�n)]
}
,

therefore for every [α] ∈ ker g we have:

α(v) = v + z, z ∈ Tq(V�n),
αn  idT(V�n).

(22)

So define:

θα : Vq → Tq(V�n) by θα(v) = α(v)− v. (23)

Notice that the relations (22) and (23) imply that

θα′◦α = θα′ + θα. (24)

Remark 4.11. If the differential in the chain algebra (T(Vq ⊕ V�n)) is trivial, then
according to Remark 4.5 the formula (22) becomes

α(v) = v + z, z ∈ Tq(V�n),

αn = idT(V�n)

implying that the element θα(v) = z is a cycle in Tq(V�n). Notice that if the differ-
ential is not trivial, then θα(v) need not be a cycle. However, we have the following
crucial lemma:

Lemma 4.12. Let [α] ∈ ker g. Then there exists [β] ∈ ker g satisfying:

1. θβ(v) is a cycle in Tq(V�n) for every v ∈ Vq
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2. βn = idT(V�n)

3. [β] = [α]

Proof. Write V = Vq ⊕ V�n. Since, [αn] = [idT(V�n)] there is a homotopy:

F : (T(V ′
�n ⊕ V ′′

�n ⊕ (sV )�n), D)→ (T(V�n), ∂)

such that for every x ∈ T(V ) we have

F ◦ i′(x) = α(x), F ◦ i′′(x) = x. (25)

Thus we define β by setting:

β(v) =

{
α(v)− F

(
S(∂v)

)
, for v ∈ Vq;

v, for v ∈ V�n.
(26)

Notice that as v ∈ Vq, we deduce that ∂v ∈ Tq−1(V ). It follows that S(∂v) ∈ Tq(V
′
�n ⊕

V ′′
�n ⊕ (sV )�n), so the element F

(
S(∂v)

) ∈ Tq(V�n).

Let us prove that β is a chain algebra morphism. Indeed first, for v ∈ Vq, using the
relations (14), we deduce that

0 = D2(sv) = D(v′′ − v′)−DS(∂v). (27)

Now by virtue of (25) and (26) we get

∂(β(v)) = ∂ ◦ α(v)− ∂ ◦ F (
S(∂v)

)
= ∂ ◦ α(v)− F (DS(∂v))

= ∂ ◦ α(v)− F (D(v′ − v′′))
= ∂ ◦ α(v)− F ◦ i′(∂v) + F ◦ i′′(∂v)
= ∂ ◦ α(v)− α ◦ ∂(v) + ∂(v)

= ∂(v) = β(∂(v)).

Here we use (27) and the fact that ∂(v) ∈ T(V�n) and β is the identity on V�n.

Consequently,

∂(θβ(v)) = ∂(β(v)− v) = ∂(β(v))− ∂(v) = ∂(v)− ∂(v) = 0.

Thus θβ(v) is a cycle in Tq(V�n) and βn = idT(V�n). Next let us define

G : (T(V ′ ⊕ V ′′ ⊕ (sV )), D)→ (T(V ), ∂)

by setting

G(v′) = α(v), on V ′
q ,

G(v′) = β(v), on V ′′
q ,

G(sv) = 0, on (sV )q,

G = F, on V ′
�n ⊕ V ′′

�n ⊕ (sV )�n.

(28)
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Using (25) and (28), an easy computation shows

∂ ◦G(v′) = ∂(α(v)), G ◦D(v′) = G ◦ i′(∂v) = F ◦ i′(∂v) = α(∂v),
∂ ◦G(v′′) = ∂(β(v)) = ∂v, G ◦D(v′′) = G ◦ i′′(∂v) = F ◦ i′′(∂v) = ∂v,
∂ ◦G(sv) = 0, G ◦D(sv) = G ◦ (v′ − v′′ − S(∂v)) by (14)

= G(v′)−G(v′′)−G(S(∂v))
= α(v)− β(v)−G(S(∂v)) by (28)
= F

(
S(∂v)

)−G(S(∂v))
= 0.

Here we use the facts that S(∂v) ∈ Tq(V
′
�n ⊕ V ′′

�n ⊕ (sV )�n) and G and F coincide
on V ′

�n ⊕ V ′′
�n ⊕ (sV )�n.

Finally, it easy to check (again by using (14)) that G ◦ i′(v) = α(v) and G ◦ i′′(v) =
β(v) implying that [β] = [α].

Thus Lemma 4.12 and the relation (23) allow us to define a map

Φ: ker g → Hom
(
Vq, Hq(T(V�n))

)
by setting Φ([β])(v) = {θβ(v)} for v ∈ Vq where [β] is chosen as in Lemma 4.12.

Proposition 4.13. The map Φ is an isomorphism.

Proof. Assume that Φ([β])(v) = Φ([β′])(v) in Hq(T(V�n)), then θβ′(v)− θβ(v) =
β(v)− β′(v) is a boundary and Lemma 4.4 implies that [β] = [β′]. Hence Φ is one to
one.
Given a homomorphism χ ∈ Hom(

Vq, Hq(T(V�n))
)
and write χ(v) = {χ̃(v)}, where

χ̃(v) is a cycle. We define β : (T(V ), ∂)→ (T(V ), ∂) by:

β(v) = v + χ̃(v) for v ∈ Vq and β = id on V�n.

Then β is a chain algebra morphism with Φ([β]) = χ. Hence Φ is onto.
Finally, given β, β′ ∈ ker g as in Lemma 4.12. So β(v) = v + θβ(v) and β′(v) =

v + θβ′(v) for v ∈ Vq. Therefore by (24) we get:

β′ ◦ β(v) = v + θβ′(v) + θβ(v) = v + θβ′◦β(v).

Consequently, Φ([β′].[β]) = Φ([β′ ◦ β]) = θβ′◦β = θβ′ + θβ = Φ([β′]) + Φ([β]). Thus Φ
is a homomorphism of groups.

Summarizing, we have proven:

Theorem 4.14. Let (T(Vq ⊕ V�n), ∂) be a 1-connected chain algebra. Then there
exists a short exact sequence of groups

Hom
(
Vq, Hq(T(V�n))

)
� E(T(Vq ⊕ V�n))� Dq

n. (29)

We now focus on the subgroup E∗(T(Vq ⊕ V�n)) of E(T(Vq ⊕ V�n)) formed of the
elements inducing the identity on the graded homology module H∗(V, d). Let us
define Gq

n as the subgroup of E∗(T(V�n)) consisting of the elements [α] satisfying
Hq−1(α) ◦ bq = bq where bq : Vq → Hq−1(T(V�n)) is as in (16).

Theorem 4.15. Let q > n and let (T(Vq ⊕ V�n), ∂) be a 1-connected chain algebra.
Then there exists a short exact sequence of groups

Hom
(
Vq, Hq(T(V�n))

)
� E∗(T(Vq ⊕ V�n))� Gq

n.
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Proof. First let [β] ∈ ker g. Lemma 4.12 assures that α̃q = idVq
and αn = idT(V�n),

therefore α̃ = idV . It follows that ker g ⊆ E∗(T(Vq ⊕ V�n)).
Next from (29) we obtain

g
(
E∗(T(Vq ⊕ V�n))

)
=

{
Ψ([α]) = (α̃q, [αn]) | [α] ∈ E∗(T(Vq ⊕ V�n))

}
.

As [α] ∈ E∗(T(Vq ⊕ V�n)), the graded automorphism H∗(α̃) is the identity which, in
turn, implies that α̃q = idV q and, as the pair (idV q , [αn]) makes the diagram (17)
commute, we can identify g

(E�(Λ(V q ⊕ V �n))
)
with the subgroup Gq

n.

Corollary 4.16. Let (T(Vq ⊕ V�n), ∂) be a 1-connected chain algebra. If E∗(T(V�n))
is trivial, then:

Hom
(
Vq, Hq(T(V�n))

) ∼= E∗(T(Vq ⊕ V�n)).

Corollary 4.17. Let (T(V2n ⊕ V�2n−1), ∂) be an n-connected chain algebra, i.e.,
Vk = 0 for k < n. Then

Hom
(
V2n, Vn ⊗ Vn

) ∼= E∗(T(V2n ⊕ V�2n−1)). (30)

Proof. First, as (T(V2n ⊕ V�2n−1), ∂) is n-connected, the group E∗(T(V�2n−1)) is triv-
ial. Next clearly H2n(T(V�2n−1)) = Vn ⊗ Vn, hence (30) follows from Corollary 4.16.

Corollary 4.18. Let (T(Vq ⊕ V�n), ∂) be a 1-connected chain algebra. If the group
E(T(Vq ⊕ V�n)) is finite, then the linear map bq is injective.

Proof. Assume that bq is not injective and let v0 �= 0 ∈ Vq be such that bq(v0) = 0.
For every a �= 0 ∈ Q, we define ξa : Vq → Vq by

ξ(v0) = av0, ξa = id otherwise.

Clearly the pair (ξa, [id]) ∈ aut(Vq)× E(T(V�n)) for every a �= 0 ∈ Q and makes fol-
lowing diagram commute

V q ξa ��

bq ��

V q

bq��
Hq−1(ΛV

�n)
id �� Hq−1(ΛV

�n)

Therefore (ξa, [id]) ∈ Dq
n−1 for every a �= 0 ∈ Q implying that the group Dq

n is infi-
nite. Consequently, the group E(T(Vq ⊕ V�n)) is also infinite according the exact
sequence (29).

4.4. r-Mild differential graded Lie algebras
Let R ⊆ Q be a ring such that, for some prime p, R contains n−1 for n < p. A free

differential graded Lie algebra (L(V ), ∂) over R is called r-mild if

Vk = 0, k � r − 1, k � pr − 1.

Recall that, in [1], Anick defined a reasonable concept of “homotopy” among mor-
phisms between free R-dgls, analogous in many respects to the topological notion of
homotopy and proved the following result:
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Theorem 4.19 ([1] proposition 3.3). Let f, g : (L(V ), ∂)→ (L(W ), ∂) be two r-mild
free differential graded Lie algebras. Then f , g are homotopic as dgl-morphisms if
and only if Uf , Ug are homotopic as chain algebra morphisms.

Proposition 4.20. Let (L(V ), ∂) be an r-mild free differential graded Lie algebra.
For any r � n < q < rp, the homomorphism

φq
n : E(L(Vq ⊕ V�n))→ E(T(Vq ⊕ V�n)), φq

n([α]) = [U(α)]

is injective.

Proof. First, it is well known that if α is equivalence of homotopy, then so is U(α),
hence φq

n is well defined.
Next if U(α)  idT(Vq⊕V�n), then from Theorem 4.19 we deduce that α 

idL(Vq⊕V�n). Therefore φ
q
n is injective.

Using the same argument we can deduce

Corollary 4.21. Let (L(V ), ∂) be an r-mild free differential graded Lie algebra. For
any r � n < q < rp, the homomorphism

ψq
n : E∗(L(Vq ⊕ V�n))→ E∗(T(Vq ⊕ V�n)), ψq

n([α]) = [U(α)]

is injective.

5. Topological applications

Let X be a simply connected CW-complex of dimension n+ 1. For q > n let

Y = X ∪α

(⋃
i∈I

eq+1
i

)
(31)

be the space obtained by attaching cells of dimension q + 1 to X by a map α : ∨
i∈I

Sq+1 → X.
Recall that the Adams–Hilton model of Y is a chain algebra morphism

ΘY : (T(Vq ⊕ V�n), ∂)→ C∗(ΩY,R)

such that

H∗(ΘY ) : H∗(T(Vq ⊕ V�n), ∂)→ H∗(ΩY,R)

is an isomorphism of graded algebras and such that

Hi−1(Vq ⊕ V�n, d) ∼= Hi(Y,R), as graded modules.

Here C∗(ΩY,R) denotes the complex of non-degenerate cubic chains equipped with
the multiplication induced by composition of loops. We denote by A(Y ) the chain
algebra (T(Vq ⊕ V�n), ∂).
Notice also that the free module Vi admits a basis consisting of the cells of dimen-

sion i+ 1 of Y and the differential ∂ is determined by the attaching maps of the cells
(see for example [1] for more details). Consequently, we have

Vq
∼= Hq+1(Y,X;R),

where Hq+1(Y,X;R) denotes the free R-module of the homology of the pair (Y,X)
in degree q + 1.
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By the properties of the Adams–Hilton model, the chain algebra (T(V�n), ∂) may
be considered as the Adams–Hilton model of X, i.e., A(X) = (T(V�n), ∂). Moreover,
if [f ] ∈ E(A(X)), then f induces the following commutative diagram

Hq−1(T(V�n))
Hq−1(f) ��

∼= Hq−1(ΘX)
� �

Hq−1(T(V�n))

∼= Hq−1(ΘX)
��

Hq−1(ΩX,R)
Hq−1(ΘX)◦Hq−1(f)◦(Hq−1(ΘX))−1

�� Hq−1(ΩX,R)

Definition 5.1. Set H̃q−1(f) =Hq−1(ΘX)◦Hq−1(f)◦ (Hq−1(ΘX))
−1. We define Γq+1

n

to be the subset of aut
(
Hq+1(Y ;R)

)× E(A(X)) consisting of the pairs (ξ, [f ]) making
the following diagram commute

Vq
∼= Hq+1(Y,X;R)

ξ ��

bq ��

Hq+1(Y,X;R) ∼= Vq

bq��
Hq−1(ΩX,R)

˜Hq−1(f) �� Hq−1(ΩX,R)

and

Πq+1
n =

{
[f ] ∈ E∗(A(X)) | H̃q−1(f) ◦ bq = bq

}
.

Clearly Γq+1
n is a subgroup of aut

(
Hq+1(Y,X;R)

)× E(A(X)) and Πq+1
n is a sub-

group of E∗(A(X)).

Remark 5.2. It is important to notice that if the homomorphism bq is trivial, then

Γq+1
n = aut

(
Hq+1(Y,X;R)

)× E(A(X)), Πq+1
n = E∗(A(X))

and if bq is an isomorphism, then from the commutative diagram (30) we deduce that
ξ = (bq)

−1 ◦Hq−1(f) ◦ bq. Therefore the map

E(A(X))→ Γq+1
n , [f ] �−→

(
(bq)

−1 ◦Hq−1(f) ◦ bq, [α]
)

is an isomorphism. In this case, if [f ] ∈ Πq+1
n , then H̃q−1(f) ◦ bq = bq and as bq is an

isomorphism it follows that H̃q−1(f) = id. Consequently,

Πq+1
n =

{
[f ] ∈ E∗(A(X)) | H̃q−1(f) = id

}
.

Theorem 5.3. Let X be a simply connected CW-complex of dimension n+ 1 and
let Y be as in (31). Then there exist two short exact sequences of groups

⊕
i
Hq(ΩX,R)� E(A(Y ))� Γq+1

n , ⊕
i
Hq(ΩX,R)� E∗(A(Y ))� Πq+1

n . (32)

Proof. The two sequences (32) follow from a mere transcription of Theorems 4.14
and 4.15 in the topological context using the properties of the Adams–Hilton model.
Note that this model implies the identifications Γq+1

n
∼= Dq

n and Πq+1
n

∼= Gq
n.

Combining Remark 5.2 and Theorem 5.3 we derive the following results:
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Corollary 5.4. Let X be a simply connected CW-complex of dimension n+ 1 and
let Y be as in (31). If the homomorphism bq : Hq+1(Y,X;R)→ Hq−1(ΩX,R) is bijec-
tive, then there exist two short exact sequences of groups

⊕
i
Hq(ΩX,R) � E(A(Y ))� E(A(X)),

⊕
i
Hq(ΩX,R) � E∗(A(Y ))�

{
[f ] ∈ E∗(A(X)) | H̃q−1(f) = id

}
.

Corollary 5.5. Let X be a simply connected CW-complex of dimension n+ 1 and
let Y be as in (31). If the homomorphism bq : Hq+1(Y,X;R)→ Hq−1(ΩX,R) is trivial,
then there exist two short exact sequences of groups

⊕
i
Hq(ΩX,R) � E(A(Y ))� aut

(
Hq+1(Y,X;R)

)× E(A(X)),

⊕
i
Hq(ΩX,R) � E∗(A(Y ))� E∗(A(X)).

As a consequence of Corollaries 5.4 and 5.5 we derive

Corollary 5.6. Let X be a simply connected CW-complex of dimension n+ 1 and
let Y be as in (31).

If the homomorphism bq is trivial, then

E(A(Y ))
E∗(A(Y ))

∼= aut
(
Hq+1(Y,X;R)

)× E(A(X))

E∗(A(X))
.

If bq is an isomorphism, then

E(A(Y ))
E∗(A(Y ))

∼= E(A(X)){
[f ] ∈ E∗(A(X)) | H̃q−1(f) = id

} .

5.1. Anick model

We assume that R ⊆ Q is a ring with least non-invertible prime p > 2. With
R fixed, we take 1 � r < k satisfying k < min(r + 2p− 3, rp− 1). When R = Q we
assume r = 1 and k is infinite.

Let X be an r-connected finite CW-complex of dimension n+ 1 � k. For k � q >
n+ 1, let

Y = X ∪α

(⋃
i∈I

eq+1
i

)
(33)

as in (31). Recall that the Anick model of Y (see [1, 2] for more details) is a free
differential graded Lie algebra (L(Vq ⊕ V�n), ∂) over R such that

H∗−1(L(Vq ⊕ V�n), ∂) ∼= π∗(Y, )⊗R, H∗−1(Vq ⊕ V�n, d) ∼= H∗(Y,R).

Moreover, by properties of this model we deduce

E∗(L(Vq ⊕ V�n)) ∼= E∗(XR), E(L(Vq ⊕ V�n)) ∼= E(XR).

Here XR denotes the R-localization of X. From Proposition 4.20 and Corollary 4.21
we derive the following result
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Theorem 5.7. Let Y be the space in (33). The homomorphisms

E(YR)→ E(A(YR)), E∗(YR)→ E∗(A(YR))

are injective.
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