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r
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Abstract
In this paper, we find new examples, namely one class of

Chang complexes Cn+2,r
r , such that their stable homotopy

groups are direct summands of their unstable homotopy groups.

1. Introduction

The study of homotopy groups of finite complexes is one of the central problems
in homotopy theory. The main tool for this problem is to decompose its loop space.
Serre [12] showed that, p-locally for p an odd prime, ΩS2n has the homotopy type of
the product of S2n−1 and ΩS4n−1. This decomposition reduces the computation of
the odd p-primary part of the homotopy groups of spheres to that of odd dimensional
spheres. Later Cohen-Moore-Neisendorfer [6] and Cohen [5] found a decomposition
of the loop space ΩM(Z/pr, n), where M(Z/pr, n) is the Moore space with the only
non-trivial homological group Hn(M(Z/pr, n)) ∼= Z/pr for some prime p and p = 2
if r > 1. One application of these decompositions is determining the exponents of
homotopy groups of Moore spaces. Little is known about ΩM(Z/2, n). Recently Selick
and Wu [9, 10, 11] developed a functorial decomposition approach to ΩΣX involving
the modular representation theory of symmetric groups. Furthermore, Wu [14] gave
another decomposition of ΩΣX using the free Lie power functor Ln. One can apply
the last decomposition result of Beben-Wu [1] to find p-local (for an odd prime p)
spaces with at most (p− 1) cells whose stable homotopy groups are summands of the
unstable homotopy groups. Later this result was generalized by Chen and Wu [4] to
the p = 2 case for 2-local spaces with 2 cells.

Motivated partly by Selick and Wu’s functorial decomposition, the first and third
authors [16] studied the decomposability of smash products of indecomposable com-
plexes in A2

n(n � 3), where Ak
n is the homotopy category consisting of (n− 1)-

connected finite CW-complexes with dimension less than or equal to n+ k (n �
k + 1). Our next goal is to see whether the stable homotopy groups of indecompos-
able A2

n-complexes (with 3 or 4 cells) are summands of their unstable homotopy
groups or not.
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Since the decomposition of the 3-fold self smash product of any A2
n-complex has

been completely determined and Σ∗Cn+2,r
r is a wedge summand of L3(C

n+2,r
r ) (while

other A2
n-complexes with 3 or 4 cells have no such good properties), we concentrate

on the study of Cn+2,r
r in this article. It is helpful to note the difference between

Chen and Wu’s argument and ours. Their results depend strongly on the assumption
that the complexes considered have at most 2 cells when p = 2. They determined the
iterated self smash product of the spaces by using modular representation theory. We
have been unable to do the same for Chang complexes by using modular represen-
tation theory. Homotopy methods were used successfully to decompose iterated self
smash products of Chang complexes and algebraic information from modular repre-
sentation theory is essential to extract homotopical information on ΩΣCn+2,r

r from
the decomposition.

Cn+2,r
r (n � 3), one class of elementary Chang complexes, were found by Chang

when he classified indecomposable homotopy types in A2
n(n � 3) [3].

For stable CW-complexes Xi and Yj , (i = 1, . . . , t, j = 1, . . . , s), we have the iden-
tification:

[

t∨
i=1

Xi,

s∨
j=1

Yj ] =

⎧⎪⎨
⎪⎩
f = (fkl) =

⎛
⎜⎝

f11 · · · f1t
... · · · ...

fs1 · · · fst

⎞
⎟⎠ : fkl ∈ [Xl, Yk]

⎫⎪⎬
⎪⎭

.

The cell structures of Elementary Chang complexes are described as follows:

• Cn+2
η = Sn

⋃
η CSn+1,

• Cn+2,s = (Sn ∨ Sn+1)
⋃
( η
2s

)CSn+1 = Sn
⋃

ηq CMn
2s ;

• Cn+2
r = Sn

⋃
(2r,η) C(Sn ∨ Sn+1) = Mn

2r
⋃

iη CSn+1;

• Cn+2,s
r = (Sn ∨ Sn+1)

⋃
( 2r, η
0 , 2s

)C(Sn ∨ Sn+1) = (Mn
2r ∨ Sn)

⋃
( iη
2s

)CSn+1

= Sn
⋃

(2r,ηq) C(Sn ∨Mn
2s) = Mn+1

2r
⋃

iηq CMn+1
2s ;

where η is the suspension of the Hopf map, i and q are the canonical inclusion and
projection respectively, n, r, s ∈ Z

+, n � 3 and Mn
pr denotes M(Z/pr, n) for prime p.

Chang showed that all indecomposable homotopy types in A2
n(n � 3) are spheres

Sn, Sn+1, Sn+2, elementary Moore spaces Mn
pr , Mn+1

pr (p is a prime, r ∈ Z
+) and

elementary Chang complexes listed above.
Our main results are given as follows.

Theorem 1.1 (Main theorem). Let n � 3.

ΩΣCn+2,r
r �

∏
j

ΩΣCkj(n+1)+1,r
r × (some other space),

where 2 < k1 < k2 < · · · is a sequence of odd integers such that kj is not a multiple
of any ki else for each j.

Corollary 1.2. Let p� 3 be an odd integer with p� k−n+1
n+1 , then the group πs

k(C
n+3,r
r )

is a direct summand of πk+(p−1)(n+1)(C
n+3,r
r ) for n � 3.
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Remark 1.3. From [16], πs
n+2(C

n+3,r
r ) ∼= Z/2r+1. Thus from Corollary 1.2, we get

that there is a Z/2r+1-summand in πm(Cn+3,r
r ) for m > n+ 2 and m ≡ n+ 2 (mod

2n+ 2).

To make the calculations easier to follow, we prove Theorem 1.1 and Corollary 1.2
only for the case n = 3 in the following sections.
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2. Preliminaries

Let X = ΣX ′ where X ′ is a path-connected, 2-local finite CW -complex, let nX
and X∧n be the n-fold self wedge product and the smash product of X, respectively.
Let Sn denote the symmetric group on n letters and let Z(2)[Sn] denote the group
ring over the 2-local integers Z(2) generated by Sn. There is an action of Z(2)[Sn]
on X∧n by permuting coordinates and taking the summations. Let V = H̄∗(X;Z/2),
which is a graded Z/2-module. For any δ ∈ Z(2)[Sn], there is a map δ : X∧n → X∧n,
which induces a map by permuting factors of homologies:

δ∗ : V ⊗n → V ⊗n.

Start with β2 = 1− (1, 2) ∈ Z(2)[S2] and let

βn = βn−1 ∧ id− (1, 2, 3, . . . , n)(βn−1 ∧ id).

Then for any x1 ⊗ x2 ⊗ · · · ⊗ xn ∈ V ⊗n,

βn∗(x1 ⊗ x2 ⊗ · · · ⊗ xn) = [[· · · [[x1, x2], . . . , xn−1], xn]].

From [7], for odd n, the elements 1
nβn and id− 1

nβn are orthogonal idempotents. Let

hocolimfX
∧n be the mapping telescope of the sequence of maps X∧n f−→ X∧n f−→ · · · ,

then Ln(X) := hocolim 1
nβn

X∧n is a wedge summand of X∧n. Let pn : X∧n → Ln(X)

be the projection and let in : Ln(X) ↪→ X∧n be the canonical inclusion. We have

(
1

n
βn)∗ = in∗pn∗ : H∗(X∧n;Z/2)→ H∗(X∧n;Z/2).

Moreover, from the notation 1.5 of [14]

H̄∗(Ln(X);Z/2) ∼= Ln(V ),

where Ln(V ) is sub-vector space spanned by the Lie elements of tensor length n in
the tensor algebra T (V ).

Let 1 = Σαeα be an orthogonal primitive decomposition of the identity element
in Z(2)[Sn] in terms of primitive idempotents. For each α, we take eα(X) =
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hocolimeαX
∧n. From [11, 15], we have

X∧n �
∨
α

eα(X).

For n = 3, from [8], there is an orthogonal primitive decomposition 1 = e′1 + e′2 +
e′3 of the identity element in Z/2[S3], where e′1 = 1 + σ + σ2, e′2 = (1 + τ)(1 + τσ),
e′3 = (1 + τσ)(1 + τ) are primitive elements and σ = (1, 2, 3), τ = (1, 2) ∈ S3. It is
known that e′2(Z/2[S3]) ∼= e′3(Z/2[S3]) and thus e′2, e′3 are related by conjugation
in Z/2[S3]. By Theorem 1.9.4 of [2], we can lift this decomposition and conjugated
relation up to Z(2)[S3], i.e., 1 = e1 + e2 + e3 and there is an element e ∈ Z(2)[S3], such
that e3 = e−1e2e. Hence

X∧3 � e1(X) ∨ e2(X) ∨ e3(X).

Consider the following maps

e2(X)
e3e

−1

−−−−→ e3(X)
e2e−−→ e2(X)

e3e
−1

−−−−→ e3(X).

ByH∗(ei(X);Z(2)) = ei∗H∗(X∧3;Z(2)) for i = 1, 2, 3, we get that the composite of two
adjacent maps above induces the identity map on Z(2)-coefficient homology groups.
Thus

e2(X) � e3(X).

We state the key proposition in the proof of the main theorem, whose proof is
given in Section 4.

Proposition 2.1. Let n � 3 be any odd integer, then Ln(C
5,r
r ) has a wedge summand

C4n+1,r
r .

In order to simplify the writing, let H∗(−) = H(−;Z) in the following sections.

3. Some lemmas on Chang complexes

Let v∗n, v
∗
n+1, v̄

∗
n+1, v

∗
n+2 be generators of H̄∗(Cn+2,r

r ;Z/2), which are given in
Lemma 3.2 of [16] and denote their dual elements in H∗(Cn+2,r

r ;Z/2) by vn, vn+1,
v̄n+1, vn+2. Note that Sq2(v∗n) = v∗n+2.

Lemma 3.1. If a self-map f : Cn+2,r
r → Cn+2,r

r induces an automorphism on
Hn(C

n+2,r
r ;Z/2) or on Hn+1(C

n+2,r
r ;Z/2), then f is a homotopy equivalence.

Proof. If f induces an automorphism on Hn(C
n+2,r
r ;Z/2), then it induces an auto-

morphism on Hn(C
n+2,r
r ) and Hn(Cn+2,r

r ;Z/2).

Since Hn(Cn+2,r
r ;Z/2)

Sq2−−→ Hn+2(Cn+2,r
r ;Z/2) is an isomorphism, f induces an

automorphism on Hn+2(Cn+2,r
r ;Z/2). From the following commutative diagram

Ext(Hn+1(C
n+2,r
r );Z/2)

Ext(f∗;Z/2)
��

� � �� Hn+2(Cn+2,r
r ;Z/2)

f∗(∼=)
��

�� �� Hom(Hn+2(C
n+2,r
r ),Z/2) = 0

Hom(f∗,Z/2)
��

Ext(Hn+1(C
n+2,r
r );Z/2) �

� �� Hn+2(Cn+2,r
r ;Z/2) �� �� Hom(Hn+2(C

n+2,r
r ),Z/2) = 0
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we have Ext(f∗;Z/2) 
= 0, which implies that

f∗ : Hn+1(C
n+2,r
r ) = Z/2r

∼=−→ Hn+1(C
n+2,r
r ) = Z/2r.

So f induces automorphisms on all nontrivial homology groups of Cn+2,r
r ; by the

Whitehead theorem, f is a self-homotopy equivalence.

If f induces an automorphism on Hn+1(C
n+2,r
r ;Z/2), then it also does on

Hn+1(Cn+2,r
r ;Z/2). The conclusion is easily obtained from the following commutative

diagram

Ext(Hn(C
n+2,r
r );Z/2)

Ext(f∗;Z/2)
��

� � �� Hn+1(Cn+2,r
r ;Z/2)

f∗(∼=)
��

�� �� Hom(Hn+1(C
n+2,r
r ),Z/2)

Hom(f∗,Z/2)
��

Ext(Hn(C
n+2,r
r );Z/2)

� � �� Hn+1(Cn+2,r
r ;Z/2) �� �� Hom(Hn+1(C

n+2,r
r ),Z/2).

Lemma 3.2. For any map f : Cn+2,r
r → C5

η ∧ Cn−2,r
r (n � 7), f induces a trivial

homomorphism

f∗ = 0: Hn(C
n+2,r
r ;Z/2)→ Hn(C

5
η ∧ Cn−2,r

r ;Z/2).

Proof. In order to simplify the writing, we prove this lemma for n = 7.

Suppose that H7(C
9,r
r ;Z/2)

f∗−→ H7(C
5
η ∧ C5,r

r ;Z/2) is non-trivial, then so is
f∗ : H7(C5

η ∧ C5,r
r ;Z/2)→ H7(C9,r

r ;Z/2). From the following commutative diagram

H7(C
9,r
r )⊗ Z/2

f∗⊗Z/2
��

� � �� H7(C
9,r
r ;Z/2)

f∗( �=0)
��

�� �� Tor(H6(C
9,r
r ),Z/2) = 0

Tor(f∗,Z/2)
��

H7(C
5
η ∧ C5,r

r )⊗ Z/2
� � �� H7(C

5
η ∧ C5,r

r ;Z/2) �� �� Tor(H6(C
5
η ∧ C5,r

r ),Z/2)

we have f∗ ⊗ Z/2 
= 0, which implies that

f∗ : H7(C
9,r
r ) = Z/2r

∼=−→ H7(C
5
η ∧ C5,r

r ) = Z/2r.

Since Sq2 : H7(X;Z/2)→ H9(X;Z/2) is an isomorphism for X = C9,r
r , C5

η ∧ C5,r
r ,

we get that f∗ : H9(C5
η ∧ C5,r

r ;Z/2)→ H9(C9,r
r ;Z/2) is nontrivial.

By the following commutative diagram

Ext(H8(C
5
η ∧C5,r

r );Z/2)

Ext(f∗;Z/2)
��

� � �� H9(C5
η ∧C5,r

r ;Z/2)

f∗( �=0)
��

�� ��Hom(H9(C
5
η ∧C5,r

r ),Z/2)=Z/2

Hom(f∗,Z/2)
��

Ext(H8(C
9,r
r );Z/2) �

� �� H9(C9,r
r ;Z/2) �� �� Hom(H9(C

9,r
r ),Z/2) = 0

we have Ext(f∗;Z/2) 
= 0, which implies that

f∗ : H8(C
9,r
r ) = Z/2r

∼=−→ H8(C
5
η ∧ C5,r

r ) = Z/2r.

It follows that f∗ : H8(C5
η ∧ C5,r

r ;Z/2)→ H8(C9,r
r ;Z/2) is an isomorphism.

Let w∗3 , w
∗
5 be the generators of H∗(C5

η ;Z/2).

Sq2 : H6(C5
η ∧ C5,r

r ;Z/2)→ H8(C5
η ∧ C5,r

r ;Z/2) is non-trivial because Sq2(w∗3 ⊗
v∗3) = w∗3 ⊗ v∗5 + w∗5 ⊗ v∗3 
= 0.
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Therefore, we get a contradiction by the following commutative diagram

H6(C5
η ∧ C5,r

r ;Z/2)

Sq2 �=0
��

f∗ �� H6(C9,r
r ;Z/2) = 0

Sq2

��
H8(C5

η ∧ C5,r
r ;Z/2)

f∗∼= �� H8(C9,r
r ;Z/2).

We will use the following cofiber sequences

C1: C4
r

2rq4−−−→ S4 iC−→ C5,r
r

qC−−→ C5
r

2rq5−−−→ S5;

C2: S3 2rj3−−−→ C5
η

iC−→ C5
r

qC−−→ S4 2rj4−−−→ C6
η ,

which come from the cofiber sequences Cof 5 of Ck,s
r and Cof 3 of Ck

r in Section 3.2
of [16], respectively.

Lemma 3.3.

(1) In the following cofiber sequence induced by cofiber sequence C1,

S4 ∧ C5,r
r

iC∧id−−−−→ C5,r
r ∧ C5,r

r

qC∧id−−−−→ C5
r ∧ C5,r

r
2rq5∧id−−−−−→ S5 ∧ C5,r

r

there is a section s1 : C
5
r ∧ C5,r

r → C5,r
r ∧ C5,r

r such that (qC ∧ id)s1 � id.

(2) In the following cofiber sequence induced by cofiber sequence C2,

S3 ∧ C5,r
r

2rj3∧id−−−−−→ C5
η ∧ C5,r

r
iC∧id−−−−→ C5

r ∧ C5,r
r

qC∧id−−−−→ S4 ∧ C5,r
r

there is a section s2 : S
4 ∧ C5,r

r → C5
r ∧ C5,r

r such that (qC ∧ id)s2 � id.

Proof. We only prove (1), the proof of (2) is exactly the same as that of (1).
Let f = iC ∧ id and g = qC ∧ id. Since (iC)∗ (resp. (qC)∗) is an injection (resp.

surjection) in degree 4 homology, so f∗ (resp. g∗) is an injection (surjection) in degree 7
homology. We have a short exact sequence

0→ H∗(S4 ∧ C5,r
r ;Z/2)

f∗−→ H∗(C5,r
r ∧ C5,r

r ;Z/2)
g∗−→ H∗(C5

r ∧ C5,r
r ;Z/2)→ 0.

From Theorem 1.1 of [16], C5,r
r ∧ C5,r

r � 2C9,r
r ∨ (C5

η ∧ C5,r
r ). Let

C5,r
r ∧ C5,r

r

(P1,P2,P3)
T

−−−−−−−−→ C9,r
r ∨ C9,r

r ∨ (C5
η ∧ C5,r

r ),

where Pi(i = 1, 2, 3) are the canonical projections, to the first, second and third wedge
summands, respectively; AT is the transpose of a matrix A.

By Lemma 3.2, H7(P3f ;Z/2) = 0. Hence there is a map P = P1 or P = P2, such
that H7(Pf ;Z/2) 
= 0. By Lemma 3.1,

Pf : S4 ∧ C5,r
r

f−→ C5,r
r ∧ C5,r

r
P−→ C9,r

r

is a homotopy equivalence.

Let h := (Pf)−1P : C5,r
r ∧ C5,r

r
P−→ C9,r

r

(Pf)−1

−−−−−→ S4 ∧ C5,r
r , where (Pf)−1 is the

homotopy inverse of Pf . Then hf � id, h is a retraction for f ; equivalently, there is
a section s1 : C

5
r ∧ C5,r

r → C5,r
r ∧ C5,r

r such that (qC ∧ id)s1 � id.

Next we study the homotopy type of L3(C
5,r
r ).
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Lemma 3.4. L3(C
5,r
r ) � C13,r

r ∨ 2(C5
η ∧ C9,r

r ).

Proof. L3(C
5,r
r ) is a wedge summand of (C5,r

r )∧3. From Theorem 1.1 of [16], C5,r
r ∧

C5,r
r � 2C9,r

r ∨ (C5
η ∧ C5,r

r ), hence

(C5,r
r )∧3 � 4C13,r

r ∨ 4(C5
η ∧ C9,r

r ) ∨ (C5
η ∧ C5

η ∧ C5,r
r ),

where C13,r
r and C5

η ∧ C9,r
r are indecomposable [16].

From (2), dimH̄∗(L3(C
5,r
r );Z/2) = dimL3(V ) = 20, where V = Z/2 〈v3, v4, v̄4, v5〉.

So we easily get the homology groups of L3(C
5,r
r )

H̄k(L3(C
5,r
r ))

k = 10 11 12 13⊕
2
Z/2r

⊕
3
Z/2r

⊕
3
Z/2r

⊕
2
Z/2r

Let Z := C5
η ∧ C5

η ∧ C5,r
r .

All non-trivial reduced homology groups of Z are given as follows:

H̄k(C
5
η ∧ C5

η ∧ C5,r
r )

k = 9 10 11 12 13 14
Z/2r Z/2r Z/2r ⊕ Z/2r Z/2r ⊕ Z/2r Z/2r Z/2r

Firstly, we show that if Z � U ∨ V , with H9U = Z/2r, then H10U = Z/2r.
From [15], we have a 2-local homotopy equivalence

C5
η ∧ C5

η ∧ C5
η � 2C13

η ∨ (C5
η ∧ C10

ν ),

where C10
ν = Σ2

HP 2, with Sq4 : H6(C10
ν ;Z/2)

∼=−→ H10(C10
ν ;Z/2).

Thus

C5
η ∧ C5

η ∧ C5
η ∧ C5,r

r � 2(C13
η ∧ C5,r

r ) ∨ (C5
η ∧ C10

ν ∧ C5,r
r ).

The nontrivial reduced homology groups of L = C5
η ∧ C10

ν ∧ C5,r
r are given as fol-

lows

H̄k(C
5
η ∧ C10

ν ∧ C5,r
r )

k = 12 13 14 15 16 17 18 19
Z/2r Z/2r Z/2r Z/2r Z/2r Z/2r Z/2r Z/2r

(Sq1) 0→ H12(L;Z/2)
Sq6−−→ H18(L;Z/2)

Sq2−−→ H20(L;Z/2)→ 0 is exact;

(Sq2) H12(L;Z/2)
Sq4−−→ H16(L;Z/2) is injective;

(Sq3) H12(L;Z/2)
Sq8−−→ H20(L;Z/2) is an isomorphism.

C5
η ∧C5

η ∧C5
η ∧C5,r

r and C13
η ∧C5,r

r are self dual under Spanier-Whitehead-Duality
D32 : A

8
12 → A8

12, so is L.
Suppose L � X ∨ Y with X indecomposable and H12X = Z/2r, then H12(X;Z/2)

∼= H12(L;Z/2) =Z/2. By (Sq3),H20(X;Z/2)∼=H20(L;Z/2)=Z/2, and thusH19X=
Z/2r. From (Sq1),H18(X;Z/2)∼= H18(L;Z/2) ∼= Z/2⊕Z/2. HenceH17X ∼= H18X =
Z/2r. Since L is self dual and X contains both the bottom and top cells of L, X is
also self dual. We haveH13X ∼= H14X = Z/2r. From (Sq2),H15X ⊕H16X 
= 0, hence
H15X ∼= H16X = Z/2r by self duality ofX. Thus H̄m(Y ) = 0 for anym, which implies
that Y is contractible. Thus we get L is indecomposable.
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C5
η ∧ C5

η ∧ C5
η ∧ C5,r

r � (C5
η ∧ U) ∨ (C5

η ∧ V ) � 2(C13
η ∧ C5,r

r ) ∨ (C5
η ∧ C10

ν ∧ C5,r
r ).

Since C13
η ∧ C5,r

r and C5
η ∧ C10

ν ∧ C5,r
r are indecomposable and by observing the

bottom cells, we get C5
η ∧ C10

ν ∧ C5,r
r is a wedge summand of C5

η ∧ U , hence C5
η ∧ V is

homotopy equivalent to C13
η ∧C5,r

r or 2C13
η ∧C5,r

r . By the Künneth formula,H10V =0.
Hence H10U = Z/2r.

From the analysis above, the nontrivial 10-dimensional homology groups ofL3(C
5,r
r )

must come from the wedge summand 4(C5
η ∧ C9,r

r ) of (C5,r
r )∧3. So L3(C

5,r
r ) � 2(C5

η ∧
C9,r

r ) ∨Q, where Q is a space whose only nontrivial homology groups are H11Q ∼=
H12Q ∼= Z/2r. Since the sequence H10(Z;Z/2)

Sq2−−→ H12(Z;Z/2)
Sq2−−→ H14(Z;Z/2) is

exact, the Moore spaces M11
2r and M12

2r cannot be wedge summands of Z. Hence Q is
not equivalent to M11

2r ∨M12
2r . By the classification of indecomposable complexes in

A2
n(n > 3), Q � C13,r

r . This finishes the proof of Lemma 3.4.

Define a map

φ : C13,r
r � S4 ∧ S4 ∧ C5,r

r → C5,r
r ∧ C5,r

r ∧ C5,r
r

by φ = (id ∧ s1s2)(T ∧ id)(id ∧ iC ∧ id), where T (X ∧Y ) = Y ∧X. Then φ∗(ι4 ⊗ ι4 ⊗
u) = v4 ⊗ v̄4 ⊗ u for u ∈ {v3, v4, v̄4, v5}, where φ∗ is the induced map of φ on Z/2-
homology groups and ιn is the generator of H̄∗(Sn;Z/2).

Lemma 3.5. The composition map

h := p̄p3φ : C
13,r
r

φ−→ (C5,r
r )∧3

p3−→ L3(C
5,r
r ) � C13,r

r ∨ 2(C5
η ∧ C9,r

r )
p̄−→ C13,r

r

is a homotopy equivalence, where p̄ is the canonical projection.

Proof. Note thatH∗(C13,r
r ;Z/2)

(p3φ)∗−−−−→H∗(L3(C
5,r
r );Z/2)

i3∗−−→H∗((C5,r
r )∧3;Z/2) takes

ι4 ⊗ ι4 ⊗ u to [[v4, v̄4], u] for u ∈ {v3, v4, v̄4, v5}, hence i3∗(p3φ)∗ is a monomorphism,
which implies that (p3φ)∗ is a monomorphism. From Lemma 3.2, for any wedge sum-
mand C5

η ∧ C9,r
r of L3(C

5,r
r ), the map f = p̄2p3φ induces the trivial homomorphism

f∗ : H11(C
13,r
r ;Z/2)→ H11(C

5
η ∧ C9,r

r ;Z/2),

where L3(C
5,r
r ) � C13,r

r ∨ (C5
η ∧ C9,r

r )
p̄2−→ C5

η ∧ C9,r
r is the canonical projection to this

wedge summand.

Then the lemma is easily obtained from Lemma 3.1.

4. Proof of Proposition 2.1

Let

φ1 := i3p3φ : C
13,r
r � S4 ∧ S4 ∧ C5,r

r
φ−→ (C5,r

r )∧3
p3−→ L3(C

5,r
r )

i3−→ (C5,r
r )∧3;

ϕ1 := h−1p̄p3 : (C
5,r
r )∧3

p3−→ L3(C
5,r
r )

p̄−→ C13,r
r

h−1

−−→ C13,r
r ,

where h−1 is the homotopy inverse of h in Lemma 3.5. So

ϕ1φ1 = h−1p̄p3i3p3φ = h−1p̄p3φ = h−1h � id. (1)
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Let φk = i2k+1p2k+1(φ1 ∧ id)(id ∧ φk−1), i.e., the composite of the following maps

C8k+5,r
r � (S4)∧2 ∧ C8k−3,r

r

id∧φk−1−−−−−→ (S4)∧2 ∧ (C5,r
r )∧2k−1 = C13,r

r ∧ (C5,r
r )∧2k−2

φ1∧id−−−−→ (C5,r
r )∧2k+1 p2k+1−−−−→ L2k+1(C

5,r
r )

i2k+1−−−→ (C5,r
r )∧2k+1,

and ϕk = (id ∧ ϕ1)(ϕk−1 ∧ id), i.e., the composite of the following maps

(C5,r
r )∧2k+1 = (C5,r

r )∧2k−1 ∧ (C5,r
r )∧2

ϕk−1∧id−−−−−→ (S4)∧2k−2 ∧ (C5,r
r )∧3

id∧ϕ1−−−−→ (S4)∧2k ∧ C5,r
r � C8k+5

r .

Proof of Proposition 2.1. Since i2k+1p2k+1 factors through L2k+1(C
5,r
r ), C8k+5,r

r is a
wedge summand of L2k+1(C

5,r
r ) is a direct corollary of Lemma 4.1.

Lemma 4.1. ϕkφk is a homotopy equivalence.

Proof. By Lemma 3.1, it suffices to show that ϕk∗φk∗ on H8k+3(C
8k+5,r
r ;Z/2) is an

automorphism:

C8k+5,r
r � (S4)∧2k ∧ C5,r

r
ϕkφk−−−→ C8k+5,r

r � (S4)∧2k ∧ C5,r
r .

Actually, we shall prove that ϕk∗φk∗(ι⊗2k
4 ⊗ v3) = ι⊗2k

4 ⊗ v3 by induction.
From (1), ϕ1φ1 � id.

For C8k−3,r
r � (S4)∧2k−2 ∧C5,r

r

ϕk−1φk−1−−−−−−→ C8k−3,r
r � (S4)∧2k−2 ∧C5,r

r , assume that
the induced endomorphism ϕk−1∗φk−1∗ on H∗(C8k−3,r

r ;Z/2) is the identity on gen-
erators ι⊗2k−2

4 ⊗ v3 ∈ H8k−5((S
4)∧2k−2 ∧ C5,r

r ;Z/2).
Denote by ad(x)(y) = [y, x] and adi+1(x)(y) = [adi(x)(y), x] for i � 1. The coeffi-

cients are taken mod-2, hence [u, v] = [v, u] and ad([u, v])(u) = [[u, v], u] = [u, [u, v]].

Claim 1.

(i) β3∗([x, y]⊗ z) = 0; β3∗(z ⊗ [x, y]) = [[x, y], z];
β3∗([[x, y], z]) = [[x, y], z],

(ii) β2k+1∗([[x, y], x]⊗ y ⊗ w) + β2k+1∗([[x, y], y]⊗ x⊗ w) = 0,

where x, y, z ∈ H̄∗(X;Z/2) and w ∈ H̄∗(X∧2k−3;Z/2).

Proof of Claim 1. (i) of Claim 1 is obvious. We prove (ii) of Claim 1 in the follow-
ing.

[[x, y], x]⊗ y + [[x, y], y]⊗ x
= x⊗ x⊗ y ⊗ y + y ⊗ x⊗ x⊗ y + y ⊗ y ⊗ x⊗ x+ x⊗ y ⊗ y ⊗ x.

Note that β2k+1∗(x⊗ x⊗ y ⊗ y ⊗ w) and β2k+1∗(y ⊗ y ⊗ x⊗ x⊗ w) are zero. By
the Jacobi Identity, [[[y, x], x], y] + [[[x, y], y], x] = [[y, x], [y, x]] = 0, hence β2k+1∗(y ⊗
x⊗ x⊗ y ⊗ w) + β2k+1∗(x⊗ y ⊗ y ⊗ x⊗ w) = 0. Thus we complete the proof (ii) of
Claim 1.

Claim 2. β2k+1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−1) = adk([v4, v̄4])(v3) for k � 1.

Proof of Claim 2. We prove Claim 2 by induction on k.
For k = 1, β3∗([[v4, v̄4], v3]) = [[v4, v̄4], v3] = ad([v4, v̄4])(v3).
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Assume that β2k−1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−2) = adk−1([v4, v̄4])(v3). Then

β2k+1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−1)

= β2k+1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−2 ⊗ v4 ⊗ v̄4)

+β2k+1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−2 ⊗ v̄4 ⊗ v4)

= [[β2k−1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−2), v4], v̄4]

+[[β2k−1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−2), v̄4], v4]

= [[adk−1([v4, v̄4])(v3), v4], v̄4] + [ [adk−1([v4, v̄4])(v3), v̄4], v4]

= [[adk−1([v4, v̄4])(v3), [v4, v̄4]]] (Jacobi’s identity)

= adk([v4, v̄4])(v3).

We complete the proof of Claim 2.

Claim 3. φk∗(ι⊗2k
4 ⊗ v3) = adk([v4, v̄4])(v3).

Proof of Claim 3. We prove Claim 3 by induction on k.

φ1(ι4 ⊗ ι4 ⊗ v3) = [[v4, v̄4], v3] = ad([v4, v̄4])(v3).

Assume that φk−1∗(ι⊗2k−2
4 ⊗ v3) = adk−1([v4, v̄4])(v3).

φk∗(ι⊗2k
4 ⊗ v3) = i2k+1∗p2k+1∗(φ1 ∧ id)∗(id⊗ φk−1∗)(ι⊗2

4 ⊗ ι⊗2k−2
4 ⊗ v3)

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ adk−1([v4, v̄4])(v3))

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ [v4, v̄4]⊗ adk−2([v4, v̄4])(v3))

+β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ adk−2([v4, v̄4])(v3)⊗ [v4, v̄4])

Observation A.

β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ [v4, v̄4]⊗ adk−2([v4, v̄4])(v3))

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ v4 ⊗ v̄4 ⊗ adk−2([v4, v̄4])(v3))

+β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ v̄4 ⊗ v4 ⊗ adk−2([v4, v̄4])(v3))

= β2k+1∗([[v4, v̄4], v4]⊗ v̄4 ⊗ adk−2([v4, v̄4])(v3))

+β2k+1∗([[v4, v̄4], v̄4]⊗ v4 ⊗ adk−2([v4, v̄4])(v3))

= 0. (by (ii) of Claim 1)

Hence

φk∗(ι⊗2k
4 ⊗ v3)

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ adk−2([v4, v̄4])(v3)⊗ [v4, v̄4])

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ [v4, v̄4]⊗ adk−3([v4, v̄4])(v3)⊗ [v4, v̄4])

+β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ adk−3([v4, v̄4])(v3)⊗ [v4, v̄4]

⊗2)

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ adk−3([v4, v̄4])(v3)⊗ [v4, v̄4]

⊗2) (as Observation A)

= · · ·
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= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ ad([v4, v̄4])(v3)⊗ [v4, v̄4]

⊗k−2)

= β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ [v4, v̄4]⊗ v3 ⊗ [v4, v̄4]

⊗k−2)

+β2k+1∗(φ1 ∧ id)∗(ι⊗2
4 ⊗ v3 ⊗ [v4, v̄4]

⊗k−1)

= β2k+1∗([[v4, v̄4], v3]⊗ [v4, v̄4]
⊗k−1) (as Observation A)

= adk([v4, v̄4])(v3). (by Claim 2)

This finishes the proof of Claim 3.

Claim 4. ϕk∗([v4, v̄4]⊗ adk−1([v4, v̄4])(v3)) = 0.

Proof of Claim 4. Note that

ϕk = (id ∧ ϕ1)(ϕk−1 ∧ id)
= (id ∧ ϕ1)(id ∧ ϕ1 ∧ id)(ϕk−2 ∧ id)
= · · ·
= (id ∧ ϕ1) · · · (ϕ1 ∧ id)
= (id ∧ ϕ1) · · · ((ϕ1β3) ∧ id) (note that ϕ1β3 = ϕ1).

By (i) of Claim 1, we have ϕk∗([x, y]⊗ · · · ) = 0.

This finishes the proof of Claim 4.

Now we have

ϕk∗φk∗(ι⊗2k
4 ⊗ v3)

= ϕk∗(adk([v4, v̄4])(v3))

= ϕk∗([v4, v̄4]⊗ adk−1([v4, v̄4])(v3)) + ϕk∗(adk−1([v4, v̄4])(v3)⊗ [v4, v̄4])

= ϕk∗(adk−1([v4, v̄4])(v3)⊗ [v4, v̄4]) (by Claim 4)

= (id ∧ ϕ1)∗(ϕk−1 ∧ id)∗(adk−1([v4, v̄4])(v3)⊗ [v4, v̄4])

= (id ∧ ϕ1)∗(ϕk−1∗(adk−1([v4, v̄4])(v3))⊗ [v4, v̄4])

= (id⊗ ϕ1∗)(ϕk−1∗(φk−1∗(ι⊗2k−2
4 ⊗ v3))⊗ [v4, v̄4]) (by Claim 3)

= (id⊗ ϕ1∗)(ι⊗2k−2
4 ⊗ v3 ⊗ [v4, v̄4]) (by inductive condition )

= ι⊗2k−2
4 ⊗ ϕ1∗(v3 ⊗ [v4, v̄4])

= ι⊗2k−2
4 ⊗ ϕ1∗(β3∗(v3 ⊗ [v4, v̄4])) (note that ϕ1β3 = ϕ1)

= ι⊗2k−2
4 ⊗ ϕ1∗([[v4, v̄4], v3]) (by (i) of Claim 1)

= ι⊗2k−2
4 ⊗ ϕ1∗(φ1∗(ι⊗2

4 ⊗ v3))

= ι⊗2k
4 ⊗ v3.

Therefore, we complete the proof of Lemma 4.1.

5. Proof of Theorem 1.1 and Corollary 1.2

The following Proposition 5.1 is easily obtained from Theorem 1.6 of [14].

Proposition 5.1. Let X = ΣX ′ be a path-connected 2-local finite CW-complex. Let
2 < k1 < k2 < · · · be a sequence of odd integers such that no kj is a multiple of any
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other. Then there exists a topological space A such that

ΩΣX �
∏
j

ΩΣLkj
(X)×A

localized at 2.

Proof of Theorem 1.1 for n = 3. By Proposition 2.1 and the Hilton-Milnor The-
orem [13], we get

ΩΣLkj (C
5,r
r ) � ΩΣC4kj+1,r

r × (some other spaces).

Hence Theorem 1.1 is easily obtained from Proposition 5.1.

Proof of Corollary 1.2 for n = 3. πm(ΣC4p+1,r
r ) is a summand of πm(C6,r

r ) for
any odd integer p � 3 from Theorem 1.1.

Let p be large enough such that p � k−2
4 . By the Freudenthal suspension theorem,

πk+4p−4(ΣC
4p+1,r
r ) ∼= πs

k+4p−4(ΣC
4p+1,r
r ) ∼= πs

k(C
6,r
r ).

Therefore, πs
k(C

6,r
r ) is a summand of πk+4p−4(C

6,r
r ).
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