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KAPRANOV’S CONSTRUCTION OF SH LEIBNIZ ALGEBRAS
ZHUO CHEN, ZHANGJU LIU aAND MAOSONG XIANG

(communicated by Johannes Huebschmann)

Abstract

Motivated by Kapranov’s discovery of an sh Lie algebra struc-
ture on the tangent complex of a Kéhler manifold and Chen—
Stiénon—Xu’s construction of sh Leibniz algebras associated with
a Lie pair, we find a general method to construct sh Leibniz alge-
bras. Let o7 be a commutative dg algebra. Given a derivation of o7
valued in a dg module €2, we show that there exist sh Leibniz alge-
bra structures on the dual module of 2. Moreover, we prove that
this process establishes a functor from the category of dg module
valued derivations to the category of sh Leibniz algebras over <.

1. Introduction

Higher homotopies and higher structures are playing important roles in mathemat-
ics and some branches of theoretical physics, such as gauge theory and topological field
theory (see Huebschmann [14]). Higher homotopies, as explained by Huebschmann
in [13], often arise from the process of transferring certain strict geometric or alge-
braic structure on a huge chain complex to a smaller but chain homotopic complex.
For instance, an sh Lie algebra (also known as L.o-algebra [21]) comes from a dg Lie
algebra by applying homological perturbation theory [12]. Here and in the sequel,
sh is short for strongly homotopy and dg is short for differential graded. Sh Leib-
niz algebras, also known as sh Loday algebras, Loday infinity algebras or Leibniz.,
algebras [1], are also examples of higher structures. In fact, the notion of Leibniz
algebras is a generalization of L., algebras where the skew-symmetry constraint on
multibrackets is discarded.

In this note, we use the notion of Leibnizs[1] algebras (see Definition 3.1), which
is equivalent to the notion of sh Leibniz algebras, and study a particular method to
construct Leibniz,[1] algebras. This method first appeared in Kapranov’s approach
to Rozansky—Witten theory [15]: Given a Kéhler manifold X, Kapranov discovered
an L., algebra structure on ng*l (T'x) via the Atiyah class ax. More precisely, let V
be the Chern connection on the holomorphic tangent bundle T'x. Then the curvature
Ry € Q%' (Hom(S?(Tx), Tx)) is a Dolbeault representative of the Atiyah class ax.
The Lo brackets {A\g}r>1 on Qg("_l(TX) are defined by
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[ ] )\1 = 8

L )\2 = Rv.

o N1 = V() € Q% (Hom(S¥+1(Tx ), Tx)), for k =2,3,4,....

Kapranov’s construction of L., algebras is generalized in Chen, Stiénon and Xu’s
work [8] where the setting is a Lie algebroid pair (Lie pair, for short) (L, A). It is
shown that the graded vector space I'(A®*AY ® L/A) admits a Leibniz,[1] algebra
structure [8, Theorem 3.13] via the Atiyah class of the Lie pair (L, A). The Atiyah
class of Lie pairs encompasses the original Atiyah class [2] of holomorphic vector
bundles and the Molino class [24] of foliations as special cases. This construction
of Leibniz,[1] algebra structures is similar to that of Kapranov—First, we choose
a splitting j: L/A — L of vector bundles so that L =2 A® L/A. Second, choose an
L-connection V on L/A extending the A-module structure. Then the Leibniza[1]
brackets {\g}r>1 on T'(A*AY ® L/A) are determined as follows:

e )\; = dcg is the Chevalley—Eilenberg differential of the Bott representation of A
on L/A.

e Define a bundle map Ry: L/A® L/A — AV ® L/A via the Atiyah cocycle ag/A
(see Section 2.3.2):

Ry(by,ba) = ay ja(—,b1)ba, Vby,by € T(L/A).
The second structure map Ao is specified by
A1 ®@D1,& @ bg) = (—1)‘51‘“52'51 A &a A Ra(by, ba),

for all &,& € T(A®AY) and by, by € T(L/A).

e Define a sequence of bundle maps Ry : (L/A)®* — AY ® L/A, k > 3 recursively
by Ri+1 = VRy, i.e.,

Rit1(bo @ ®@br) = Re(Vjoe) (b1 ®@ - - @ b)) — Vo) Ri(b1 @ - - - @ by).
The k-th structure map is specified by
(€1 @ b1, o & @by) = (1) Fleeleg A A G A Ry (br, - be),
for all & € T(A®*AY),b; € T'(L/A), 1 <i < k.

We call (T'(A*AY @ L/A), { i }r>1) a Kapranov—Leibniz.[1] algebra. Its construction
needs, a priori, some extra choices (a splitting j and an L-connection V on L/A).
Then one asks a natural question [8, Remark 3.19]—how does the Leibniz.,[1] algebra
structure on T'(A®*AY ® L/A) depend on the choice of splitting data and connection?
The main goal of this note is to answer this question—Kapranov—Leibniz.,[1] alge-
bra structures on I'(A®*AY ® L/A) associated with different choices of j and V, are
mutually isomorphic in the category of Leibnizs[1] algebras over I'(A®*AY) (see The-
orem 1.3 or Theorem 3.20).

We adopt an algebraic approach to achieve this goal. The algebraic notion we need
is a dg module valued derivation of a commutative differential graded algebra (cdga
for short) &7 (see Definition 2.3). As an immediate example from complex geometry,
consider a complex manifold X. The Dolbeault dg algebra & = (Qg(", ) is a cdga.
Let Q = (Q%°((T'°X)VY),d) be the dg o/-module generated by the section space of
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holomorphic cotangent bundle (T%°X)V. Then 9: & — (2 is an 2-valued derivation
of &.

We now explain how Kapranov’s original method and Chen—Stiénon—Xu’s con-
struction can be further generalized in the setting of a dg module valued deriva-

tion o % Q. Consider the dual dg «/-module B = QY of §. First, one chooses a
d-connection V on B, i.e., a map V: B — Q ®, B that extends the é-map (see Def-
inition 2.6). Then one can define a sequence of degree 1 maps {R)Y : ®@* B — B}i>1
as follows:

o RY = 9, is the differential on B.

o RY = Aty : B, B — B is the twisted Atiyah cocycle (see Definition 2.9).

o RY for k > 3 are defined recursively by RY = VRY_; (see Equation (3.3)).
Our first result is the following

Theorem 1.1. When endowed with structure maps {RY }x>1, the dg &/ -module B
becomes a Leibnizoo[1] o -algebra.

Here by saying that B is a Leibniz [1] &7-algebra, we mean that its higher structure
maps {R} }r>2 are all &7-multilinear. We emphasise that the Kapranov-Leibniz[1]
algebra (B, {R} }r>1) should be treated as an object in the category of Leibniz[1]
o/ -algebras. In fact, if we treat (B, {R) }r>1) merely as a Leibniz,[1] algebra over K,
it is always isomorphic to a trivial one (see Remark 3.10). We call (B, {R} }x>1) the
Kapranov—Leibniz,[1] <7/-algebra associated with the dg module valued derivation

o i> ) and the d-connection V.
Our second result is that the above construction is functorial:

Theorem 1.2. The above construction defines a functor Kap, called Kapranov func-
tor, from the category of dg module valued derivations of a cdga < to the category of
Leibnizy, o -algebras. Moreover, the Kapranov functor Kap is homotopy invariant,
i.e., if 0 and 0" are two homotopic derivations of &/ wvalued in the same dg module,
then Kap(d) is isomorphic to Kap(d').

Applying Theorem 1.2 to dg module valued derivations arising from Lie pairs, we
obtain the answer of our motivating question:

Theorem 1.3. Let (L, A) be a Lie pair. The Kapranov-Leibnizoo[1] algebra struc-
ture on the graded vector space T'(A*AY ® L/A) is unique up to isomorphism in the
category of Leibnizoo[1] T'(A®AY)-algebras.

This note is organized as follows: Section 2 consists of our conventions, notations,
and the notion of twisted Atiyah classes. We will see that twisted Atiyah classes
encompass Atiyah classes of Lie pairs and dg Lie algebroids as special cases. Section 3
contains a brief summary of sh Leibniz algebras, the construction of the Kapranov
functor, and its applications. Finally, we present some relevant remarks and open
questions in Section 4.
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2. Atiyah classes of commutative dg algebras and their twists

In [2], Atiyah introduced a cohomology class, which has come to be known as
the Atiyah class, to characterize the obstruction to the existence of holomorphic
connections on a holomorphic vector bundle. The notion of Atiyah classes have been
developed in the past decades for diverse purposes (see [5-8,10,19,20,23]). In this
section, we recall Atiyah classes of commutative dg algebras defined by Costello [10]
and introduce a version of twisted Atiyah classes.

2.1. Atiyah classes of commutative dg algebras

Throughout this paper, K denotes a field of characteristic zero and graded means
Z-graded. A commutative differential graded algebra (cdga for short) over K is a pair
(#,dy), where o is a commutative graded K-algebra, and dy: & — &, usually
called the differential, is a homogeneous degree one derivation of square zero. We also
write &7 for a cdga without making its differential explicitly.

An @/-module is a representation of the underlying commutative graded algebra
of o/ by forgetting the differential d.s. A dg «/-module is an /-module &, together
with a degree one and square zero endomorphism af{ of the graded K-vector space &,
called the differential, such that

9% (ae) = (dua)e + (~1)*lad? (e),

for all @ € &, e € &. To work with various different dg /-modules, the differential
5‘:?; of any dg «7-module & will be denoted by the same notation d,. A dg &7-module
(&,04) will also be simply denoted by &.

The dg o7/-module of Kéhler differentials is the graded «7-module
Q}MUK = span{dgra: a € o' }/{dar(ab) — (dgra)b — (—1)\%adyrb: a,b € o},

together with the differential ., such that the algebraic de Rham operator dgr: &/ —
Q}Z{‘K is a cochain map, i.e., O (dgra) = dgr(da) for all a € o7. In the sequel, we
assume that Q}Q{“K is projective as an o/-module.

A degree r morphism of dg &/-modules, denoted by a € Homy, ., (&', F), is a degree r
&/-module morphism a: & — %, which is also compatible with differentials:

Ow(a) =0y 0oa—(—1)"acly =0: & - Z.
Definition 2.1 (Costello [10]). Let 7 be a cdga and & an «/-module.
1. A connection on & is a (degree 0) map of graded K-vector spaces
V8= Qg O &,
satisfying the Leibniz rule
V(ae) = (dgra) @ e +aV¥(e), Ya € o, e € &.
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2. Assume that (&,0) is a dg &-module. Given a connection ¥ on &,
Atk = [¥,0] =V 00y — Dy oV € Ny Oy Endy (&)

is a closed element of degree 1 which measures the failure of ¥ to be a cochain
map. Its cohomology class Atg € H' (o, Q}QflK ®g Endg (&) is independent of
the choice of connections, and is called the Atiyah class of the dg «/-module &.

The existence of connections on & is guaranteed if & is a projective &7/-module.
Hence we make the following

Convention. In this note, all </ -modules are assumed to be projective.

Ezample 2.2 (Mehta—Sténon—Xu [23]). Let (M, Qrq) be a smooth dg manifold, where
M = (M, Op) is a smooth Z-graded manifold, and Qa4 is a homological vector field
on M. Then & = (C*®°(M),Qnr) is a cdga. For each dg vector bundle (£, Q¢) over
(M, Qnr), its space of sections & = (I'(€), Q¢) is a dg &/-module. The Atiyah class
Ate of & coincides, up to a minus sign, with the Atiyah class Atg of the dg vector
bundle £ with respect to the dg Lie algebroid 7'M defined by Mehta—Sténon and Xu.
This is a particular instance of Atiyah classes of dg vector bundles with respect to a
general dg Lie algebroid (see Section 2.3).

2.2. Dg module valued derivations and twisted Atiyah classes
A key notion in this note is dg module valued derivation (dg derivation for short):

Definition 2.3. Let (<7, d.) be a cdga and (2, 0.) a dg «/-module.
e A dg derivation of & valued in (Q,0.) is a degree 0 derivation 6: & — Q of
the commutative graded algebra &/ valued in the &/-module €2,
d(ab) = 6(a)b+ ad(b), Va,be o,
which commutes with the differentials as well:

dody =0y00: o — Q.

Such a dg derivation is simply denoted by </ % Q.

e Let 6 and &’ be two (Q, . )-valued dg derivations of &7. They are said to be
homotopic, written as § ~ &', if there exists a degree (—1) derivation h of <
valued in the «/-module Q) such that

8 —8=[0wy,h) =0y 0h+hody: o — Q.
An immediate example of dg derivations is Qgg' 9, Qgg'((TLOX )V) arising from a
complex manifold X, which has already been explained in Section 1. Another funda-

mental example is the dg derivation 7 bar, Q}zﬂﬂ(’ which is universal in the following

sense: For any generic dg derivation o/ LN Q, there exists a unique dg «/-module
morphism J: QL{UK — Q such that the following diagram commutes:

%%Q

ddRJ{ /
o

1
QL -
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Thus,

8 @ar idEnd, () Ly Oy Endey (6) = Q@ End oy (6) (2.1)
is a dg &7-module morphism as well.
Definition 2.4 (Twisted Atiyah class). Let & be a dg &/-module and < % Q0a dg

derivation. The dg «/-module morphism ¢ ® .y idgnq (&) in Equation (2.1) sends the
Atiyah class Atg € H'(<, Q}aﬂK ®o Endg(&8)) of & to a cohomology class

Aty € HY (o, Q @4 Endy (&),
which is called the -twisted Atiyah class of &.
It follows immediately that twisted Atiyah classes are homotopy invariant:
Proposition 2.5. If § ~ &, then for any dg </ -module &,
AtS = AtS € HY(,Q ®. Endy(&)).

Below we give a different characterization of the twisted Atiyah class Atfga. We need
another key notion in this note—d-connections, which can be thought of as operations
extending 9.

Definition 2.6. Let &/ % Q be a dg derivation and & an </-module. A §-connection
on & is a degree 0, K-linear map of graded K-vector spaces

Vi€ - 0QQy &
satisfying the following Leibniz rule:
V(ae) =d0(a) @ e +aV(e), YVa€ o,ecé.

Remark 2.7. A connection ¥ as in Definition 2.1 induces a d-connection V as in
Definition 2.6 via the following triangle

&~ ®u &
DRy &.

It follows that §-connections always exist on projective «/-modules. However, d-con-

nections do not necessarily arise in this manner.

Proposition 2.8. Let & = (&,0.) be a dg &7 -module.

1) For any d-connection V on &, the degree 1 element
AtY == [V,00] =V 00y — Dy oV € QD Endy (&)

s a cocycle.

2) The cohomology class [Aty] € H (o ,Q®y Endy (&) coincides with the o-
twisted Atiyah class Aty of &.

Proof. The first statement is clear. It only suffices to prove the second one: Observe
that the difference of two J-connections is a degree zero element in Q ®. End (&).
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Hence, the cohomology class [Atg} is independent of the choice of d-connections.
We choose a particular §-connection V induced by a connection ¥ on & as in the
commutative triangle (2.2).

Since the map § ®, idgng,, () defined in Equation (2.1) is a dg </-module mor-
phism, it follows that

Atg = [Vﬂ?ﬂ} = [(8 Qo7 idEndd(éa)) oV, ((id] = (5 Qo 1dEndﬁ,(£))(Atzﬂ)
Passing to the cohomology, we have

Definition 2.9. We call Atg the J-twisted Atiyah cocycle of & with respect to the
d-connection V on &.

Denote the &7-dual QY of Q by B, which is also a dg «7-module. Given a §-con-
nection V: & = Q ®4 & of an o7/-module &, the covariant derivation along b € 5 is

Vi: & = &, Vi(e) =, V(e), Yeeé.

The o-twisted Atiyah cocycle Atg could be viewed as a degree 1 element in
Homy (B ®q &,&) by setting

AtY (b,e) = (=1)"ly AtE (e) = (1)1 (V(Dr (€)) — Dur (V(€)))
= —0u/(Vye) + Vo, me + (—1)"1V;0u (e) (2.3)
= Vo, wme — [0, Vil(e),

for all b € B and e € &. Moreover, as At; is a 1-cocycle, it is a morphism of dg
o-modules, i.e., Aty € Homégd(l? Quw &,8).

As an immediate consequence of Proposition 2.8 and Equation (2.3), we have the
following

Proposition 2.10. Let o/ % Qbea dg derivation and & a dg </ -module. Then the
d-twisted Atiyah class At‘fg, vanishes if and only if there exists a d-connection V on &
such that the associated twisted Atiyah cocycle Atg vanishes, i.e., the map V: & —
QR & is compatible with the differentials. In this case, for all Ou-closed elements
be B ande € &, Ve is also Oy -closed.

2.3. Atiyah classes of dg Lie algebroids and Lie pairs

In this section, we briefly recall Atiyah classes of dg vector bundles with respect to
a dg Lie algebroid defined in [23] and Atiyah classes of Lie pairs defined in [8] (see [9]
for the equivalence between the two types of Atiyah classes arising from integrable
distributions), and show that both of them can be viewed as twisted Atiyah classes.

2.3.1. Dg Lie algebroids
A dg Lie algebroid can be thought of as a Lie algebroid object in the category of
smooth dg manifolds. The precise description is as follows.

Definition 2.11. A dg Lie algebroid over a dg manifold (M, Q) is a quadruple
(‘C, Qﬁa PL, [77 7]/5)7

where
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1) (£,Qr) is a dg vector bundle over (M, Qn);

2) (L,pz,|—,—]c) is a graded Lie algebroid over M;

3) The anchor map p.: (£,Qz) — (I'M, Lg,,) is a morphism of dg vector bun-

dles;
4) Qr:T(L) — T'(L) is a derivation with respect to the bracket [—, —]z, i.e.,
Qc([X,Y]e) = [Qe(X), Ve + (-)MX, Qe (V)le, VXY € I(L).

Given a dg Lie algebroid (£,Qr, pz,[—, —]z) and a dg vector bundle (£, Q¢) over

(M, Qr), Mehta, Stiénon and Xu constructed the Atiyah class Atg of £ with respect

to £ as follows: Choose a Lie algebroid £-connection V¢ on the vector bundle &, i.e.,
a degree 0 K-bilinear map

VE (L) xT(E) = T(E)
subject to the relations
Vixe=[Ve, VE(fe) = (pe(X) Ple + (1)1 Ve,
for all fe C*®(M),X eTI'(L) and e € I'(£). There associates a degree 1 cocycle
AtY" € D(£Y @ End(€)) defined by

AtY (X, e) = Qe(Vie) — V5. 0e — (=1D)XIV5(Qee), VX €T(L), e € r(e()Z. Y
Its cohomology class Ate € H(I'(£Y ® End(€))), which is independent of the choice
of L-connections, is called the Atiyah class of the dg vector bundle £ with respect to
the dg Lie algebroid £ [23].

Meanwhile, there is a (I'(LY), Q,v)-valued derivation of the cdga (C°°(M), Q)
defined by

S C°(M) 2425 01 (M) 225 T(LY), (2.5)

where Qv is induced from the differential @, on L. The fact that 6, commutes
with the two differentials Q¢ and Qv follows from (3) of Definition 2.11. The
section space of a dg vector bundle £ gives rise to a dg (C*°(M), Qr¢)-module & :=
(T(€),Q¢). Tt is obvious that a d.-connection Vo2 on & = T'(£) is equivalent to a Lie
algebroid £-connection V¥ on the graded vector bundle £. Comparing Equations (2.3)
and (2.4), we have the following

Proposition 2.12. The Atiyah class Atg of the dg vector bundle £ with respect to
the dg Lie algebroid L coincides, up to a minus sign, with the twisted Atiyah class
Atgf of the dg (C®(M), Qm)-module & = (T'(€), Q¢g), where the dg derivation dr is
given by Equation (2.5).

2.3.2. Lie pairs
By a Lie pair (L, A), we mean two Lie algebroids L and A over the same smooth man-
ifold M such that A C L is a Lie subalgebroid. The quotient bundle B = L/A carries
a natural flat (Lie algebroid) A-connection, called the Bott A-module structure.

Let us recall the Atiyah class of the Lie pair (L, A) defined in [8]. First of all, there
is a short exact sequence of vector bundles over M,

05AL L2 B (2.6)
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Choose a splitting of Sequence (2.6), i.e., a vector bundle injection j: B — L, which
determines a bundle projection pr4: L — A such that

pry oi =idy, prgoj =idg, 1opry+joprg =idyg.

Using this splitting, one could identify L with A @ B. Meanwhile, for each A-module
(E,0%), where E is a vector bundle over M and 9% is a flat A-connection on E,
choose an L-connection V¥ on E extending the given flat A-connection. Then there
associates a 1-cocycle aEL e I'(AY ® BY ® End(F)), called the Atiyah cocycle, of the
Lie algebroid A valued in the A-module BY ® End(FE):

L
ay. (a,b)e = Van(b)e - Vf(b)vae - V[Lavj(b)]e,
for all @ € I'(A),b € I'(B) and e € I'(E). The cohomology class
ap =[] € Hip(A BY ® End(E))

does not depend on the choice of j and V¥, and is called the Atiyah class of the
A-module E with respect to the Lie pair (L, A).

From the Lie pair (L, A), we get a cdga Q% = (I'(A*AY),d4), and a dg Q%-module
Q% (BY) := (I'(A*AY @ BY),04), where 04 is the A-module structure dual to the Bott
A-module structure on B. Here the degree convention is that I'(BY) is concentrated
in degree zero.

Fixing a splitting j of Sequence (2.6), we construct an Q% (BY)-valued derivation
d; of Q%, i.e., a map

§;: T(A*AY) = T(A\*AY @ BY). (2.7)

As a degree zero derivation of the graded K-algebra I'(A®*AY), §; is fully determined
by its action on its generators, i.e. elements in C°°(M) and I'(AY)—Define

5;: C=(M) 25 1(LY) L5 1(BY),

pri iV @5V

§;: T(AY) 24 1Y) L D(A2LY) 5 T(LY @ LY) 225 T(4Y ® BY),

where dr,: T(A®LY) — T(A*T1LY) is the Chevalley—Eilenberg differential of the Lie
algebroid L. A straightforward verification shows that d; is compatible with the dif-
ferentials and thus is an Q% (B")-valued dg derivation of Q9.

Note that ¢; depends on a choice of a splitting j of Sequence (2.6). However, we
have

Proposition 2.13. The Q% (B")-valued dg derivations §; of Q% associated with dif-
ferent splittings of Sequence (2.6) are homotopic to each other.

Proof. Given two splittings j and j’ of Sequence (2.6), their difference is a bundle
map j' — j: B — A. Define a degree (—1) derivation h: ['(A®*AY) — T'(A*1AY @ BY)
by setting

h|ges(ary = 0, hlrcavy = (" = 4)"-
It follows from direct verifications that
§jp — ;= [0a,h]: T(A*AY) = T(A*AY ® BY).
This proves that §; ~ ;. O
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Let (E,0%) be an A-module. There induces a dg Q%-module & := (I'(A®AY ®
E), 9%).
Proposition 2.14. The Atiyah class ag of the A-module E with respect to the Lie

pair (L, A) coincides with the twisted Atiyah class Atiﬁ of the dg Q% -module &, where
the dg derivation §; is given as in Equation (2.7).

Proof. First of all, the spaces where the two Atiyah classes live are exactly the same,
ie.,

(ap €) Hig(A, BY @ End(E)) = HY(Q%, % (BY) ®as Endas (€)) (3 AtY).

According to Proposition 2.8, to find the twisted Atiyah class Atiﬁ, one may use a
§j-connection V% on &, which is determined by its restriction on I'(E):

Vi |g: T(E) —» I'(BY) @ I'(E).

This is equivalent to an L-connection V¥ on E extending the given flat A-connection
by setting

Vi W =Vat+Vi|g, Va+beL=A®B. (2.8)

The two associated Atiyah cocycles coincide by straightforward computations, i.e.,
S

AtY 7 =aY". O

As a consequence of Propositions 2.12 and 2.14, both Atiyah classes of dg Lie alge-
broids and those of Lie pairs arise from Atiyah classes of cdgas. In particular, we have

Corollary 2.15. Let A be a Lie algebroid and E an A-module. Denote by £ the
corresponding dg vector bundle over (A[l],da). If the Atiyah class of the dg vector
bundle £ with respect to the dg Lie algebroid T(A[1]) vanishes, then the Atiyah class
of E with respect to any Lie pair (L, A) vanishes.

2.4. Functoriality

We now study functorial properties of twisted Atiyah classes. Let H(dg <) denote
the homology category of dg o/-modules: Objects in H(dg «7) are dg «/-modules, and
morphisms in H(dg &) are dg «/-module morphisms modulo homotopy [16].

Let o % Q be a dg derivation. For each object & in H(dg «7), by Definition 2.4,
the twisted Atiyah class

Aty € H'(o/,Q® Endy (€)) = Homjy gy (6, Q@ &)

is a degree 1 morphism in the category H(dg <). This identification defines a func-
torial transformation. In fact, when the dg derivation ¢ is fixed, the J-twisted Atiyah
class is a functorial transformation on H(dg <) from the identity functor id to the
tensor functor Q ® —:

Proposition 2.16. Let & and F be dg </ -modules, A € Homy(gg o) (&, F ). The fol-
lowing diagram commutes in the category H(dg </):

AtS
&2 00,8
_1)IAl i
( 1) )\l At&g idg@ﬁk
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Proof. Let us first show the non-twisted case. Namely, the following diagram com-
mutes in H(dg «/):

&0l g

(*1)“'{ lid @A

Atz

In fact, this can be directly verified. We choose connections ¥¢ and ¥7 | respectively,
on & and .%. For simplicity, they are both denoted by ¥. Then
(id @z \) 0 AtY — (=1)M ALY ox

= (idg @y ) 0 (V0 dy —0yo¥) — (=) (vo0dy, —8,0¥)0N

= (([d®zN) 0¥ —=V¥oX) o0dy —(—1)Nay o (idRyA) o ¥ —V¥ol).
The map (id®@yA) o ¥ —VoA: & — QL{‘K R Z is actually «7-linear, by direct ver-
ifications. Thus the two maps (id ® #A) o At} and (—1)|>‘J AtY; o) only differ by an
exact term. Composing with the dg «/-module morphism §: Q}Q{‘K —  induced from
the dg derivation §, we accomplish a commutative diagram in H(dg «7):

& Ao, QL O & S8 e, &

(71)\>\\/\l lid@g"’\ lid&j}\

At, 5®aid
F =20,y 00 F =500y F. 0

Now we study how Atiyah classes vary when twisted by different dg derivations.
So we need the category of dg derivations, denoted by dgDer_,, whose objects are dg

derivations &7 % Q as in Definition 2.3, and whose morphisms are defined as follows:

Definition 2.17. A morphism ¢ from .o/ S 0tod L Visa morphism ¢: Q — ¢
of dg @/-modules such that

0 =¢od: o — .
Now let us fix a dg «/-module &. We have the constant functor (— + &) and
the tensor functor — ®. &, both from the category dgDer,, of dg derivations to

the homology category H(dg «7) of dg o/-modules. The Atiyah class is a functorial
transformation from (— — &) to — ® o &

Proposition 2.18. Given a morphism ¢: (o AN Q) = (o LN §~2) of dg derivations
and a dg < -module &, let Atfg, and Atééo be the Atiyah classes of & twisted, respectively,
by o % Q and o % Q. Then the following diagram commutes in H(dg o7 ):

AtS
E— ARy &
id R zids
gl AtS,  ~ l o
E—0QRy &.

The proof is easy and thus omitted. Combining the previous two propositions, we
have
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Theorem 2.19. With the same assumptions as in Propositions 2.16 and 2.18, the
following diagram in H(dg o) commutes:

AtS,
E—OVQRy &

(71)‘*‘% . |9
At~
F—"5Q0®y F

3. The Kapranov functor

In this section, we explore higher algebraic structures, called Kapranov-Leibniz[1]
algebras, induced from a dg derivation of a cdga <7. Our main goal is to show that
there exists a contravariant functor, called the Kapranov functor, from the category
of dg derivations to the category of Leibniz[1]-algebras over <.

3.1. Leibniz[1] algebras
We recall some basic notions of homotopy Leibniz algebras (cf.[1, 8]). In what
follows, all tensor products ® without adornment are assumed to be over K.

Definition 3.1. A Leibniz[1] algebra (over K) is a graded K-vector space V =
@nezV™, together with a sequence {\y: ®FV — V}isq of degree 1, K-multilinear
maps satisfying

S > o)l tleenl = Xi(vy ), (3.1)

i+j=n+1k=j ocesh(k—j,j—1)
y Vo (k—j)> A '(’Uo(k—j—l—l) - Vo (k—1)s vk)v Vk+1y « -+ 'Un) =0,

for all n > 1 and all homogeneous elements v; € V', where sh(p, ¢) denotes the set of
(p, q)-shuffles (p,q > 0), and ¢(o) is the Koszul sign of o.

Definition 3.2. A morphism of Leibniz.[1] algebras from (V,{Ax}r>1) to (V’,
{N Y k=1) is a sequence {fi: VE* — V'};51 of degree 0, K-multilinear maps, sat-
isfying the following compatibility condition:

Z Z 1)1 frp(bo1)s -+ bor)s Ap+1(Bo(hi)s - -
k+p<n—1oesh(k,p)
< ba(k+p)7 bk+p+1)7 BN bn)

ZZ Z E(Il, ...,Iq))\;(fui‘(bp), ...,fuq\(b[q)), (3.2)

g21 rty...ura=N™
Ty, Iy #0
1 :
7‘\11\<'“<Zi11<1|

forall n > 1, where 17 = S8 by |, I/ = {i] <
(bps) = (bi{, ..o.yby ) foralll <j<gq.

13|

|U}CN ={1,...,n},and

In the above definition, the first component f1: (V, A1) — (V', A]), called the tan-
gent morphism, is a morphism of cochain complexes. We call the Leibnizs,[1] mor-
phism fo: (V,Ae) — (V’,A\}) a quasi-isomorphism (resp. an isomorphism) if f; is a
quasi-isomorphism (resp. an isomorphism). In fact, there is a standard way to find
its quasi-inverse (resp. inverse) fol: (V) = (V, Xe) (see [1]).
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Definition 3.3. Let (V,{A;x}r>1) be a Leibniz[1] algebra. A (V,{A\}r>1)-module
is a graded K-vector space W together with a sequence {p ver-) ow — W1
of degree 1, K-multilinear maps satisfying the identities

n
Z Z Z e(0) (= 1) 153 1 (Vo (1, - -3 Vo hmiys A (Vo (k—jr 1) - - -

i+j=n+1k=j oe€sh(k—j,j—1)

7Un(k—1)a Uk)» Vk+1y «++>Un—1, U})

+ Z Z - J/‘Z( Vo(1)s + s Va(n—j)s Hi (Vo (n—jt+1)s -+ -5 Va(n—1), w)) =0,
1<j< nath(k,J)

for all n>1 and all homogeneous vectors vi, ...,v,—1 € V,w € W, where {7 =

[Vo(1y] + - + Vg5 | for all j > 0.

Definition 3.4. Let (V,{A\x}x>1) be a Leibniz,[1] algebra. A morphism of (V,
{ A\ }rs1)-modules from (W, {pux }rs1) to (W, {1}, }k>1) is a sequence {¢: VEF—D &
W — W'}is1 of degree 0, K-multilinear maps satisfying the identity

Z i: Z e(o) (=)l Flen—ily, (v, ...

i+j=n+1k=j c€sh(k—j,j—1)
<3 Vo (k—3)» Aj (UU(k: j+1)s -y Vo (k—1)» Uk)v Vk+15 - -+ Un—1, ’lU)

+ Z Z |U0<1)|+ e ”‘1/%(%(1)7 <oy Vo (n—j)s My (’Ua(nfj+1)7 R
1<j<n oesh(k,j)
. 7’U0(n71)7w))

= Z G(Ila ...,Ip+1)u;+1()\|11|(’l)[1), "‘,)‘|IP|(’UIP)aw\1p+1|+1(v1p+17w))3

I*y...urPti=N-1
It 1P+1¢® p>0

i‘lll‘< <P \IP“\
for each n > 1 and all homogeneous vectors vy, ...,v,—1 € V,w € W. Here I’ = {231 <
Ilj\} CNe=UD =11, ... ,n—1},and (vy;) = (vijl', sy ) forall 1< j<p+1.

\ 17|

In this note, we are particularly interested in Leibniz.,[1] algebras over a cdga <
(or Leibnizq, [1] «/-algebras).

Definition 3.5. A Leibniz[1] <7-algebra is a Leibniz[1] algebra (V, {\x}r>1) (in
the category of Leibnizs[1] algebras over K) such that the cochain complex (V, A1)
is a dg &/-module and all higher brackets \;.: ®*V — V (k > 2) are &/-multilinear.

A morphism of Leibniz[1] 7-algebras from (V,{Ag}r>1) to (V/,{\ }r>1) is a
morphism {fx: VE* — V'}1>1 (in the category of Leibniz, [1] algebras over K) such
that all structure maps {fx}r>1 are &/-multilinear. In particular, its tangent mor-
phism f1: (V, A1) — (V' \]) is a dg «/-module morphism.

Such a morphism fo: (V,Ae) — (V', A}) is called a quasi-isomorphism (resp. an iso-
morphism) if its tangent morphism f; is a quasi-isomorphism (resp. an isomorphism)
of dg &/-modules.

Denote the category of Leibniz [1] @/-algebras by Leibo, (7). It is a subcategory of
the category of Leibniz.[1] algebras over K. There are analogous notions of modules
of a Leibnizy[1] «/-algebra and their morphisms:
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Definition 3.6. Let (V,{A\r}r>1) be a Leibniz[1] o/-algebra. A (V,{\r}r>1) <7~
module is a (V, {\;}x>1)-module (W, {px}r>1) (in the category of Leibnizs[1] mod-
ules over K) such that (W, p;) is a dg &/-module and all higher structure maps
{1t} k=2 are o/-multilinear.

A morphism of (V, {\x}r>1) @/-modules from (W, {px}x>1) to (W', {u)}k>1) is a
morphism of (V, {\ }r>1)-modules {5 : VOF=D @ W — W};>1 (in the category of
Leibniza, [1] modules over K) such that all maps {¢y }x>1 are &/-multilinear.

It follows that the collection of (V, {Ax}x>1) «7-modules and their morphisms form
a category.

3.2. The Kapranov functor
In this section, we generalize Kapranov’s construction of an L., algebra struc-
ture [15] and Chen—Stiénon—Xu’s construction of a Leibnizs[1] algebra structure [8]

in the setting of a dg derivation % Qofa cdga 7.

3.2.1. Kapranov—Leibniz.[1] algebras
Let & be a graded «/-module with a §-connection V. For each homogeneous b € B,
there is a degree |b| derivation on the reduced tensor algebra T'(&) (over <) defined by

n

Vile1 ®--Reyp) = Z(—l)w*i—lel ® - Vpe; @+ ey,
i=1
for all homogeneous e; € &, where *; = Z;Zl\ej|.
Let & and .Z be two graded .7-modules with d-connections V¢ and V7, respec-
tively. For b € B and A € Hom, (&, .%), there associates the derivation

V() = [V, \| = Vi oA = (=1)PIMN o Ve ¢ —» 7.

It follows from a direct verification that V,(A) € Homg (&, F).
Choose a d-connection on B. There is a sequence of degree 1 maps RY : B —
B,k > 1 defined as follows:
o RY =0,: B— B;
e RY is specified by the associated twisted Atiyah cocycles Atg;
o {RY, : B2*+D — B}, are defined recursively by RY, ; = V(RY). Explicitly,
we have

Ry 1(bo, b1, .o bg) = (=) RY](b1, ..., by), Vbi € B. (3.3)

Proposition 3.7. The o/-module B, together with the sequence of operators {’Rkv};@l,
is a Leibnizso[1] o -algebra.

Proof. The 2-bracket Ry is the twisted Atiyah cocycles Atg, which is certainly .o7-
bilinear. By the recursive construction of higher brackets R,Z_l (k > 2) in Equa-
tion (3.3), they are all /-multilinear as well. So it suffices to verify that {RY }x>1
satisfies Equation (3.1). We argue by induction.

The n = 1 case follows from the fact that RY = 9,y is a differential, and the n = 2
case follows from the fact that the §-twisted Atiyah cocycle Atg is a dg-cocycle.
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Now assume that the identity (3.1) holds for some n > 2, i.e.,
n
= =0 (RY (b1, .- b)) + > (1) RY (by, ..., Durbi, ... by)

S > o) (=)o e D IR (b,

1,j22, k=joesh(k—j,j—1)
i+j=n+1

i) bU(k—j)7 Rj'v(ba'(k—j+1)7 BRRE) bo‘(k—l)7 bk)u bk?+17 SERE) bn)
Consider the (n + 1) case: We first compute

_8d( n+1)(b07 b, ... abn) = aﬂf([sz vbo])(blv IR bn) + [sz vag{bo}(bla sy bn)

= [0 (RY), Vi (b1, -, by) + [RY,RY (bo, —)] (b1, -, bn)-
(3.5)
Here we have used the recursive definition (3.3) in the first equality and Equation (2.3)
in the second one.

We introduce
(%) b, if k #14,
by’ = . .
Vo i, if k =u1.
Then the first summand in Equation (3.5) is,
[&y(RV) Vo) (b1, b2, ..., by)
_Z ‘b(]l*t 18&‘(( )(bl’ o vbob“ "'7b”)_vb0(8W(Rg)(b1a 7bn))

by assumption (3.4)

n n
YOS T oyl e |

i=1 p,q22, k=q ocesh(k—q,q—1)
p+gq=n+1

v (1)

R (b0(1)7 ..

+ Z Yo o)l tewnlgy (RY (boq)s -

i,j22, k=j oesh(k—j,j—1)
i+j=n+1

Y

0! (i) (i) ;
R A (O I 1),b )bkﬂ,...,b;))

< bo’(k:—j)a R]‘V(bo(k:—j+l)7 B bo‘(k}—l)7 bk)y bk-‘rla R bn))

S YT e e RS b

4,j22, k=joesh(k—j,j—1)
i+j=n+1

B bo’(krfjﬁR'v(ba(kfjJrl)v ceey ba(kfl abk)7 bk+17 cey bn)
+ Z Z Z e(o)(— )(\ba<1)|+ “+1bo (k- J>\)(|bo|+1)7g (bo(1)s - - -

1,22, k=joecsh(k—j,j—1)
i+j=n+1

i) bo’(kfj)a R]’v+1(b07 bo’(kfj+1)a SERE) bo’(kfl)a bk)a bk+17 s abn)

Here in the last step we used the recursive definition of {R}Y }.
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Meanwhile, the second summand in Equation (3.5) is

n

[RY . RY (bo, —)](b1, b, .. bp) = Y _(=1)Iol D= RE( RY (bo,by), ...)

2 (3.7)

+(71)‘b0‘R2v(b03 RZ(bla ceey bn))
Substituting Equations (3.6) and (3.7) into Equation (3.5), we see that Equation (3.4)

holds for the case (n+ 1). This proves that {R) };>1 satisfies Equation (3.1) for all
n>1. O

The Leibniza[1]«7-algebra (B, {R}Y }x>1) will be denoted by Kap®(§). Here the
superscript ¢ is to remind the reader that this Leibniz. [1].27-algebra is defined via a
particular é-connection on B.

Remark 3.8. This method is originated from Kapranov’s construction of L, algebra
structure on the shifted tangent complex QggFl (TH0X) of a compact Kihler manifold
X [15]. For this reason, we call (B, {R) }1>1) the Kapranov-Leibniz.,[1] </-algebra.

3.2.2. Functoriality
Next, we show that the assignment of a Leibniz.[1] «/-algebra to each pair of dg

derivation &7 i> ) and d-connection V on B is functorial:

Proposition 3.9. Let ¢ be a morphism from </ i> Q' to o 5 Q in the category
dgDer,, of dg derivations (see Definition 2.17). Let B=QV and B' = ()Y be their
dual dg o -modules. For a 0-connection ¥V on B and a d0'-connection V' on B,
there exists a morphism fo = {fi}r>1 of Kapranov-Leibnizso[l] </ -algebras from
(B,{RY }x>1) to (B, {RY }r>1), whose first map is fi = ¢V. In other words, we
have the following commutative diagram

Kap®©

(7 5 Q) =2 (B {RY }is1)
% TKap“(¢)=f.
Kap®©
(o % Q) =2 (B, {RY }r1)-

Proof. Define a sequence of .7-multilinear maps f,: B2¥ — B’ recursively by setting

fi(b) = @7 (b1),  furr(bo, - 0k) = Vi, ) (b1, -, 0k) = fi(Vig (b -, b)),
(3.8)

for all k> 1 and b; € B. It is easy to verify that all the maps {fx}r>1 are </-
multilinear. Now we show that {f;}r>1 is a morphism of Leibniz[1] <7-algebras
from (B,RY) to (B, RY).

We argue by induction: First of all, the n = 1 case is obvious, since f; = ¢¥: B —
B’ is a morphism of dg modules. Now assume that Equation (3.2) holds for some
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n=1,ie.,
> > @) (=D faplbory -
k+p<n—1oesh(k,p)
© bo'(k)a R§+1(ba(k+l)7 cee 7b0'(k+p)a bk+p+1)7 cey bn)
=Y > et IORY (fin (), - fire(bra)),

=171y UI‘I =N
Iy,.... I,#0

-1 .q
l|11‘< <l|1q‘

where 17 = Y0 byl 17 = {if < - < i)} C N, and (by,) = (byg> ---sby ) for
all1 <7 <q. "

We proceed to show that Equation (3.9) holds for (n + 1) homogeneous inputs
{bo, ..., bp+1}. For simplicity, we denote the left-hand side and the right-hand side
of Equation (3.9) by LHS(b1, ..., b,) and RHS(b1, ..., b,,), respectively.

We write LHS(bg, b1, -..,bn) = I1 + Iz + I3 as the sum of three parts, where

Il = fn+1(a.§ib07b17 7bn>

n

= V/B(o{fl(bO) © fn(bl, ) bn) - Z(_l)*iil(lbolﬁ_l)fn(blv s Vb, (bi)7 ) bn)v

i=1
n—1
Z Z D)ol 1 (B0y bo(1)s -+ Doy Ryey (Do(hs1)s - - -
k+p=0 o€sh(k,p)
B ba(k+p)7 bk+p+1)u ey bn)
= ( /f1(bo) © fn—p - fn—p o vbo)(bo(1)> cee aR§+1(bU(k+1)7 e abo(k+p)7 bk+p+1)7 e
s bn),s
by Equation (3.8), and
Z Z —1) bl T f (b o(1)s - > bo(k)s Ryea (00, bo k1), - - -
k+p=0 oesh(k,p)
o) bo(k-‘rp)? bk+p+1)a BERE) bn)
n—1
Z Z D) Pl IT o (Ba1ys - - o)y —[Ryg1s Vool (b er)s - - -
k+p=0 oesh(k,p)
Oe) ba(k+p)7 bk+p+1)7 ey bn)
+ Z(fl)*k(‘bo‘+l)fn(bla ey Vadbg (bk—‘rl)a ey bn)7
k=0
by Equations (2.3) and (3.3). Summing them up, we have
LHS(bg, b1, ..., b,) = V/a,cd(fl bg))fn(bl, sy b))+ Vf (bo) LHS(bl, sy by)

3.10
fz D)ool r LHS(by, ..., Voo biy .., ). (3-10)
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Meanwhile,

RHS(bo. b, ... bn)
- Z Z E(Ila "'7Iq) (quJlrl(bOaf\Il\(bfl)a "'7f\1q\(b1‘1))+

g=1rty...ur9=N™
11,...,1q75@
3 ]
2‘11|<---<zflq‘

Ry (fir1141(bo, b1 ), s firay(bra)) + - (3.11)

+(_1)\bo|(|b11 [+-+bg—1 l)qu,(f\Il‘ (bp), ..., f\14\+1(b07 b[q)))
by Equations (2.3),(3.3),(3.8)
V 1(b0) RHS(bl, ey bn) + V%d(fl(bo))fn(bl’ ceey bn)

— Z 1)/l -t RHS(by, ..., Vi, bis ..., bn).

Applying the induction assumption to Equations (3.10) and (3.11), we see that Equa-
tion (3.9) holds for all (n + 1) entries. Thus Equation (3.9) holds for all n > 1. This
proves that f = {fx}r>1 is a morphism of Leibniz[1] <7-algebras. O

As a consequence, Kapranov’s construction defines a contravariant functor
Kap®: dgDer,, — Leiby (&)

from the category dgDer, of dg derivations of &/ to the category Leib.(%7) of
Leibniz. [1]-algebras.

Remark 3.10. The reason that we restrict to work in the category Leibo, () of
Leibnize [1] o7-algebras is as follows: If we treat (B, {RY }x>1) merely as a Leibniz [1]
algebra over K, it is always isomorphic to the trivial one (B, {9,0,0, ...}) (all higher
brackets are zero). In fact, one can build a sequence of degree 0 maps

on: B 5B, k>1,
where ¢1 = idg, and {¢it1}r>1 are defined recursively by
gf)k+1(b0, ey bk) = Vbo o ¢k(b1, RN bk), Vb; € B.

The set {¢y: B®¥ — B}y>1 defines an isomorphism of Leibnizy,[1] algebras from
(B,{0.,0,0, ...}) to (B,{RY }x>1) in the category of Leibniz.[1] algebras over K.
The proof is similar to that of Proposition 3.9. However, the maps {¢x }x>2 are not
o/ -multilinear.

Next, we stress the independence from the choice of connections in the defi-

nition of Kapranov functors. For a dg derivation &/ LN ), suppose that we have
another d-connection V on B = QV. Denote the corresponding Kapranov—Leibnizs[1]
o/ -algebra by Kap®(§) = (B, R} ). By Proposition 3.9, there exists an isomorphism

V. Kap®(0) — Kap®(8) of Leibnizs[1] «7-algebras, where glv’ = idp, and g,Z_Y
for k > 1 are defined recursively as follows:

R Vibo, - b)) = (Vg 097 — 7Y 0V ) (b1, ... by), Vb; € B.

Moreover, via a straightforward verification, we have
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Lemma 3.11. There exists a natural equivalence between Kapranov functors Kap®
and Kap® with respect to different connections. In other words, for any morphism
o (o LN Q) — (o LN Q) of dg derivations of <, we have the following commutative
diagram

v,V

Kap“(d *> Kap®(0)

Kap® (¢)i J/Kapa((b)
g’ v

By this natural equivalence, we are allowed to drop the superscript ¢ to obtain the
following

Theorem 3.12. Kapranov’s construction defines a contravariant functor
Kap: dgDer, — Leiby (%)

from the category dgDer,, of dg derivations of o/ to the category Leiboo (&) of
Leibnizso[1]-algebras.

Remark 3.13. By the universal property, the Kahler differential of fan, Q}ZKHK is the
initial object in the category dgDer, of dg derivations. Thus the corresponding
Kapranov-Leibniz [1] 27-algebra on the tangent complex Tk = (Q}Z{UK)V of & is
the final object of the subcategory in Leibs, (&) consisting of Kapranov—Leibniz[1]
o/ -algebras arising from dg derivations of 7.

Let o % Qbea dg derivation of & and & a dg @/-module. By a similar argument,
& carries a Leibniz,[1] &/-module structure over Kap(d). Moreover, we have

Theorem 3.14. Given a dg derivation <7 %0 of o, there exists a functor from
the category dgef of dg o -modules to the category of Leibnizso[1] < -modules over
Kap(0).

3.2.3. Leibniz algebra structures

Let (V,{Ax}x>1) be a Leibnizs [1] </-algebra as in Definition 3.5. Then (V, Ay = 0)
is a dg «7-module. Tts cohomology H*(V) is called the tangent cohomology of the
Leibniza, [1] o/-algebra (V, {Ag}r>1). According to [8, Proposition 3.10], the (degree
(—1) shifted) tangent cohomology H®(V[—1]) is a Leibniz algebra (over K), when
equipped with the bracket

Aot HO(V[=1]) x H*(V[-1]) = H*(V[-1]),
Xa([z], []) = (D) ol y)),
where z,y € V are A;-closed.
In a similar fashion, if (W, {pr}r>1) is a (V,{\}x>1) &/-module as in Defini-

tion 3.6, then (W, u; = 0y ) is also a dg «/-module. The cohomology H*(W) is a
Leibniz module over the aforesaid Leibniz algebra H®(V[—1]) (both over K), when
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equipped with the action
fig: H*(V[=1]) x H*(W) — H*(W),
fiz([z], [w]): = (1)1 [pa(z, w)],

where x € V,w € W are, respectively, A;- and p;-closed elements.
As a consequence of Theorem 2.19, Theorems 3.7 and 3.14, we have the following

Corollary 3.15. Let ¢ be a morphism of dg derivations from <o LN to o % Q
and let B and B’ be the dual dg < -modules of Q and ', respectively.
1. The (degree (—1) shifted) cohomology space H®(<f,B[—1]) is a Leibniz algebra,
whose bracket [—, —}B is induced by the §-twisted Atiyah class of B:

[1ba) 2], = (=1 e (], b2)),

where by, by € B are 0.7 -closed elements. Moreover, ¢V : B — B’ induces a mor-
phism of Leibniz algebras, i.e.,

[0 (B0, 6" (BaD)] , = " (). Bl

2. For any dg </ -module &, there exists a representation of H®(</,B[—1]) on the
cohomology space H*(&/, &), with the action map — > — induced by the d-twisted
Atiyah class of &:

8] > [e] = (1)1 At (1], [e]),

where b € B, e € & are both Oy -closed elements. Moreover, this assignment is
functorial, i.e., for each dg o/ -module morphism A: & — .F (of degree 0),

[b] > Ale) = A([b] > [¢])-

Remark 3.16. According to [8, Theorem 3.4], the Atiyah class of a Lie pair (L, A)
induces a Lie algebra structure on the cohomology Hp (A, L/A[—1]). A similar result
holds for L., algebra pairs [7]. However, it is not the case in general (see an example
below). It is natural to ask when the Leibniz algebra structure in Corollary 3.15 could
be refined to a Lie algebra structure. We will investigate this question somewhere else.

Ezample 3.17. Let LM be the category of linear maps [22]. A Lie algebra object

in LM is a triple F 2, g, where g is a Lie algebra, F is a left g-module, and
1 is a g-equivariant linear map. Consider the cdga & = C*(g) = (A®gY,dcg) and
dg C*(g)-module Q= C*(g, EV[-1]) = (A*¢gY ® EV[-1],dcE), i.e., the Chevalley—
Eilenberg cochain complex of the dual g-module EV[—1]|. The g-equivariant map

B g gives rise to a dg derivation of C*(g):

. o= .
C*(g) —— C*(g, EV[-1]).
The dual module of Q = C*(g, EV[—1]) is B = C*(g, E[1]). One can take the trivial
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d-connection on B:
V:B=C*(g. 1)) > Qe B=C(g,EY[-1] @ E[1),
defined by
Viwee)=6dw)®e, YweA®g ec k.
By Equation (2.3), the associated Atiyah cocycle is a degree 1 element Atg €
EY[-1] ® EV[-1] ® E[1] specified by
sz = Atg(€1,62> = —w(el)eg, Vey,eq € E.

It can be easily seen that higher structures ’ij =0 for all j > 3. Hence, the
Kapranov-Leibnizs[1] C*(g)-algebra B = C*(g, E[1]) is simply a dg Leibniz[1] alge-
bra in this case, or equivalently, B[—1] = C*(g, E) is a dg Leibniz algebra. In partic-
ular, the subspace E is a Leibniz algebra, recovering the result in [22].

By Corollary 3.15, there is a Leibniz algebra structure on the graded vector space
H* (o, B[—1]) = Hig (9, E), whose bracket is given by

[[el], [62]} = (=D)AL (1, e2)] = £[tb(en)ea,

for all dcg-closed elements eq, es € C*(g, E). Here the last term ¢(—)(—): C*(g, E) x
C*(g,E) = C*(g, E) is a (A®g")-bilinear map naturally extended from ¢)(—)(—): £ x
E — E.In general, the Leibniz structure on (H&g(g, E), [—, —]) is not skewsymmetric.

3.2.4. Homotopy invariance
In this section, we prove that the isomorphism class of Kapranov—Leibniz[1]
o/ -algebras arising from dg derivations only depends on their homotopy classes.

Proposition 3.18. Let § ~ ' be homotopic Q-valued dg derivations of /. Then there
exists an isomorphism {gi }k>1 sending the Kapranov—-Leibniz.[1] < -algebra Kap(d')
= (B,{RY }r>1) (with respect to a &' -connection V') to Kap(6) = (B, {RY Y1) (with
respect to a §-connection V ).

Proof. By assumption, there exists a degree (—1) Q-valued derivation h: & — Q of
4/ such that

8 =6+ [0, h|=0+0y0h+hody.
We choose an h-connection on B, i.e., a degree (—1) linear map
V:B—= Q0,8
satisfying
V(ab) = h(a) @ b+ (=1)19aV (b), Ya € o/, be B.

For each §-connection V on B, it can be casily verified that V" := [0, V] is a [0u, h]-
connection on B, and thus

V =V4V'=V+[0,,V]:B- Q2,8
is a §’-connection on B. It follows that

RY =[V',04] = [V + [0, V],04] = [V, 0] = RY.

Define a family of «/-multilinear maps gi: B®* — B inductively by setting g, =
idg, g2 = 0, and
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gr+1(bo, - .., br)

k
= (=D eI T Vg, By Mg (b)), - g0y (brv))

p=2 rty...ur?=N®
Iy, Ip#0

i|111‘<~~<ifw‘
+[v;;07gk](b13 ey bk)v

for all k > 2. Tt follows from a straightforward inductive argument that {gx}r>1 is a
morphism of Leibnizs, [1] <7-algebras from (B,RY') to (B, RY). O

Remark 3.19. Although the Kapranov functor Kap maps homotopic derivations to
isomorphic Leibnizs,[1] «7-algebra, it does not reduce to a functor from the category
consisting of homology classes of dg derivations of &/ to the category Leibo, () of
Leibniz., [1] o7-algebras.

3.3. Applications

We first consider a Lie pair (L, A), and let B = L/A be the Bott A-module. In
the introduction, we explained that for each splitting j: B — L of the short exact
sequence (2.6) and for any L-connection V on B extending the Bott A-module struc-
ture, there associates a Leibniz.,[1] algebra structure {A;}r>1 on the graded K-
vector space I'(A*AY ® B). As all {\g}r>2 are Q%-multilinear, it is a Leibniza[1]

%-algebra.

Recall that we have an Q% (BY)-valued dg derivation d; of the cdga Q% as in
Equation (2.7). By Proposition 2.14, the Atiyah cocycle a}; of the Lie pair coincides
with the Atiyah cocycle AtZSJ of the dg Q%-module B := Q% (B) with respect to
a §j-connection V% as in Equation (2.8). Comparing definitions of {\;}x>3 in the
introduction and {Rkvéj} as in Equation (3.3), we see that the two Leibniz[1] Q%-
algebras (B, {\r}r>1) and (B,Rkv(;j) are exactly the same.

Applying Proposition 2.13, Theorem 3.12, Theorem 3.14, and Proposition 3.18, we
have the following

Theorem 3.20. Let (L, A) be a Lie pair over a smooth manifold M. The Leibnizso[1]
algebra structure constructed in [8, Theorem 3.13] on the graded K-vector space
['(A*AY @ L/A) is unique up to isomorphisms in the category of Leibnizso[1] Q-
algebras.

Moreover, if (E,af) is an A-module, then the representation of the above
Leibnizso[1] algebra on the graded K-vector space T(A*AY @ E) is also unique up
to isomorphisms in the category of Leibnizoo[1] Q% -modules.

Finally, we consider another interesting application: Let X be a complex manifold
and o = (Q%°,d) its Dolbeault dg algebra. Let Q = (2%°*(T19X),d) be the dg o7/~
module generated by the smooth section space I'(THYX) of the holomorphic tangent
bundle T1° X . Note that each holomorphic bivector field 7 € I'(A2T*%X) determines
an -valued dg derivation of o7, denoted by d,, which is the composition

o %kt = (T 0x)Y) T .

Here 7 is the contraction along 7 from (T%0X)Y to T10X.
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In fact, 7% is a morphism of dg derivations of &/ (from .o/ 9, Q;' to of 2 Q).
It sends the Atiyah class ap € HY(X, (T%°X)Y ® End(E)) of any holomorphic vec-
tor bundle E to the d.-twisted Atiyah class At € H'(X,T"°X @ End(E)) of the
associated dg /-module & = Q%*(E).

By Proposition 2.10, the d,-twisted Atiyah class At‘;;r measures the existence of
holomorphic §,-connections on E. In particular, if 7 a holomorphic Poisson bivector
field, then (T*°X)V is a holomorphic Lie algebroid [18], and Ati;* measures the
existence of holomorphic (7°X)Y-connections on E.

Applying Theorem 3.12, we have the following

Theorem 3.21. Let X be a complex manifold, ™ a holomorphic bivector field. Then,

e Both Q% (T™°X) and Q%*((T'°X)Y) carry canonical Kapranov-Leibniz[1]
Qg&'-algebm structures;

e There is a morphism of Leibnizo[1] Q%" -algebras { fites1: Q%" ((TV0X)V) —
Q%*(T°X) such that f; = «t.

4. Open questions and remarks

In this note, we assume that each dg /-module & is projective in order that
connections exist on &. In the non-projective case, one can follow Calaque-Van den
Bergh'’s approach [6] to define the Atiyah class of & (which coincides with the Atiyah
class of & in Definition 2.1 when & admits connections)—The first step is to construct
a short exact sequence, called the jet sequence, of dg 7/-modules:

The Atiyah class of & is then defined to be the extension class of the above jet
sequence. We would like to follow this approach to study twisted Atiyah classes of
some cases when connections do not exist (singular foliations considered in [17] for
example).

Note that Kapranov’s original construction on Q%*~'(Tx) of a Kihler manifold
X is an Lo, algebra, whereas Chen, Stiénon and Xu’s construction of T'(A*AY ® B)
is a Leibnizs[1] algebra. In fact, this is due to the existence of Chern connection
on Tx which enjoys special properties (see [8, Section 3.4.4]). Meanwhile, when
of = C®°(M) is the cdga of functions of a smooth dg manifold M. According to [23],
the tangent complex T x = I'(Tv) admits an Lo [1] algebra structure (by a con-
struction different from Kapranov’s construction we discussed). Moreover, Laurent-
Gengoux, Stiénon and Xu [20] have proved that for each Lie pair (L, A), there exists
a canonical Lo[1] algebra structure on the graded K-vector space I'(A*AY @ L/A)
(which is different from Chen—Stiénon—Xu’s construction in [8]). It is natural to ask
how to tweak the Kapranov—Leibniz.,[1] algebra of general dg derivations so as to
produce an L [1] algebra rather than a mere Leibniz.[1] algebra.

According to the perturbation lemmas proved by Huebschmann [12;13], many
L, algebras arise from dg Lie algebras or L, algebras by homological perturbation
theory. It is interesting to investigate whether similar perturbation lemma holds for
Leibniz., [1] algebras. Moreover, if this is the case, then it is natural to ask for which
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kind of dg derivations of a cdga &7, the associated Kapranov—Leibniz[1] <-algebra
results from some perturbation.

These questions will be investigated somewhere else.

We would also like to mention other works that are related to the present paper:
Batakidis and Voglaire [3] showed how Atiyah classes of Lie pairs [8] and of dg
Lie algebroids [23] give rises to Atiyah classes of dDG algebras [6]. Bordemann [4]
studied the Atiyah class as the obstruction to the existence of invariant connections on
homogeneous spaces. Hennion [11] generalized Kapranov’s construction to algebraic
derived stack: There exists a Lie algebra structure on the shifted tangent complex
Tx[—1] of a derived Artin stack X locally of finite presentation. Moreover, given a
perfect module E over X, there exists a representation of the aforesaid Lie algebra
on F induced by the Atiyah class of E.
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