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ON SOME SEQUENCES OF MODULES OVER THE MOD p
STEENROD ALGEBRA

DANILA EMELYANOV and THEODORE POPELENSKY

(communicated by Alexander Mishchenko)

Abstract
In [3] Toda conjectured the exactness of some sequences of

modules over the Steenrod algebra mod 2. One of the conjec-
tures was proved by Wall [1]. In this note we show that in
general the analogue of the Toda conjecture for p > 2 does not
hold. We give an upper bound on dimensions in which exactness
holds. Also we consider examples of exact sequences.

1. Introduction

For the Steenrod algebra A2 consider the subalgebra Sk generated by the elements

Sq1, Sq2, Sq4, . . . , Sq2
k

. In the paper [3] Toda conjectured exactness of the sequence

A2
ϕr−−→ A2/A2Sr−2

ϕr−−→ A2/A2Sr−1, (1)

where ϕr(x) = x · Sq2r . The conjecture was proved by Wall in [1].
In this paper we discuss the generalization of the conjecture to the case p > 2.

Our main results are Theorems 1.1, 1.2 and 1.3 about exactness or non-exactness of
sequences of type (1). We describe their statements as well as the structure of the
paper at the end of the Introduction.

Fix a prime p > 2. The mod p Steenrod algebra Ap contains the subalgebra Ap

(with 1) generated over Z/p by the elements P i, i � 1, subject to the Adem relations

for a < pb, P aP b =

[a/p]∑
j=0

(−1)a+j

(
(p− 1)(b− j)− 1

a− pj

)
P a+b−jP j .

Here P 0 = 1 and degP i = 2(p− 1)i.

Let Sr be the subalgebra of Ap generated by P pj

, where 0 � j � r, and let Ij be
the left ideal SrSj of Sr generated by Sj . Note that I0 ⊂ I1 ⊂ I2 ⊂ · · · , and if some
element is equal to zero modulo Ir, then it belongs to Ir−1.

Consider the two maps

α1 and α2 : Ap → Ap/ApSr−2,
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defined by the formulas

α1(x) = xP apr

mod ApSr−2, α2(x) = x(P pr

)a mod ApSr−2,

for some fixed 1 � a � p− 1. Also consider two further maps

β1 and β2 : Ap/ApSr−2 → Ap/ApSr−1,

defined by

β1(x) = xP bpr

mod ApSr−1, β2(x) = x(P pr

)b mod ApSr−1,

for some fixed 1 � b � p− 1. We prove that β1 and β2 are well defined (Lemma 2.4).
For the sequence (1) the equality ϕr ◦ ϕr = 0 follows from the fact that (Sq2

r

)2 ∈
Sr−1. The corresponding statement for p > 2 is (P pr

)p ∈ Sr−1. Hence it is natural to
consider the sequence

Ap
αi−→ Ap/ApSr−2

βj−→ Ap/ApSr−1, (2)

where the maps αi and βj are chosen such that a+ b = p. In this case βj ◦ αi = 0 for
any i, j = 1, 2. The generalization of the Toda conjecture for p > 2 is the statement
that kerβj = im αi for suitable i, j.

Before we state the main results, note that Ap is a free module over Sr, where
Sr is the subalgebra Sr together with the identity element (see Lemma 6). Hence,
exactness of the sequence (2) is equivalent to exactness of the sequence

Sr
αi−→ Sr/Ir−2

βj−→ Sr/Ir−1. (3)

In what follows all the modules under consideration are trivial in degrees different
from 2(p− 1)k, where k is an integer. Hence, for simplicity, for a given module M ,
we denote by M (k) the submodule of all elements of degree 2(p− 1)k, in particular,
M = ⊕

k
M (k). We refer to n as the grading of the elements of M (n).

The sequence (3) splits into the direct sum over all k of the sequences

Sr(k) αi−→ (Sr/Ir−2)
(apr+k) βj−→ (Sr/Ir−1)

(pr+1+k). (4)

By Lemma 2.3 the homomorphisms β1 and β2 coincide up to nonzero scalar mul-
tiple, and therefore they have the same kernel. Hence, we can consider only β = β1

or β = β2.
Our main results split into three cases r = 0, r = 1, and r � 2.

Case r = 0. Note that (P 1)q = q!P q for 1 � q � p− 1, therefore it is enough to con-
sider the maps α(x) = α2(x) = x(P 1)a and β(x) = β2(x) = x(P 1)b. Both ideals Ir−1

and Ir−2 are trivial.

Theorem 1.1. The sequence

Ap
α−→ Ap

β−→ Ap

is exact.

Case r = 1. Consider α(x) = xP p and β(x) = xP (p−1)p, that is a = 1 and b = p− 1.
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Theorem 1.2. For the sequence

S(k)

1
α−→ S(p+k)

1

β−→ (S1/I0)(p2+k),

the following statements hold:

1. The sequence is exact for k < p.

2. For k = p the quotient (kerβ/ imα)(p+k) has dimension 1. Moreover, the ele-
ment P 1P p(P 1)p−1 belongs to kerβ and is not contained in the image of α.

In other words, for r = 1 and for our choice of α and β the sequence (4) is exact
up to a certain ‘critical’ grading and at the ‘critical’ grading dimkerβ/ imα = 1. The
same statement holds for r > 1, but with a different ‘critical’ grading.

Case r � 2. Consider β(x) = x · P (p−1)pr

and α(x) = x · P pr

, that is a = 1 and
b = p− 1.

Theorem 1.3. For the sequence

Sr(k) α−→ (Sr/Ir−2)
(pr+k) β−→ (Sr/Ir−1)

(pr+1+k),

the following statements hold:

1. The sequence is exact for k < 2pr−1 + pr−2.

2. For k = 2pr−1 + pr−2 the quotient kerβ/ imα has dimension one, moreover, the

element 2P pr−1

P pr

P pr−2

P pr−1 − P pr−2

P pr−1

P pr

P pr−1

belongs to kerβ, but is
not contained in the image of α.

In Corollaries 6.1, 8.2 we show that for any other choice of αi with 1 < a < p there
is no exactness for r � 1. This explains why we consider only case a = 1, b = p− 1 in
Theorems 1.2, 1.3.

In Section 2 we discuss some preliminaries concerning the subalgebra Ap and the
main tool in our proofs—the Z-basis of Ap, developed in our paper [6]. Some im-
portant relations in the subalgebra Sr modulo the ideals Ir−1 and Ir−2 are proved
in Section 3. In Section 4 we prove Theorem 1.1 and consider another analogue of

the sequence A2
ϕ0−→ A2

ϕ0−→ A2, ϕ0(x) = xSq1, namely, the sequence Ap
ψj−→ Ap

ψj−→
Ap, ψj(x) = xQj . The elements Qj form an exterior subalgebra of Ap, for details
see [2]. In Sections 5 and 6 we prove Theorem 1.2. The parts (1) and (2) are sep-
arated for the convenience of the reader. Similarly, in Sections 7 and 8 we prove
Theorem 1.3. Finally, in Section 9 we make some remarks, including a discussion of
the case of the (whole) Steenrod algebra Ap.

2. Preliminaries

Recall the following property of mod p binomial coefficients which is frequently
used throughout the paper:

Lemma 2.1 ([5, 2.6], or Lucas’ Lemma). Let p be a prime number. Suppose a =
akp

k + · · ·+ a1p+ a0 and b = bkp
k + · · ·+ b1p+ b0, 0 � aj , bj < p are the p-adic ex-

pansions of nonnegative integers a and b. Then(
b

a

)
=

(
bk
ak

)
· · ·

(
b1
a1

)(
b0
a0

)
mod p.
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Lemma 2.2. In Sr we have:

1. P pr

P apr ≡ (a+ 1)P (a+1) pr

mod Ir−1 for a < p.

2. (P pr

)a ≡ a!P apr

mod Ir−1 for 1 � a � p.

3. P apr

P bpr ≡ (−1)a(p−1−b
a

)
P (a+b)pr

mod Ir−1 for integers a, b ∈ [1, p− 1].

Proof. 1. Applying the Adem relations to the product P pr

P apr

we obtain

P pr

P apr ≡ (−1)pr

(
apr(p− 1)− 1

pr

)
P (a+1) pr

mod Ir−1.

One has apr(p− 1)− 1 = (a− 1)pr+1 + (p− a)pr − 1 hence the binomial coefficient
in the last equality is equal to p− a− 1 mod p.

Statement 2 follows from 1 by induction.
3. From the Adem relations we obtain P apr

P bpr ≡ (−1)a c P (a+b)pr

mod Ir−1, where
the binomial coefficient c is equal to

c =

(
bpr(p− 1)− 1

apr

)
=

(
(b− 1)pr+1 + (p− b)pr − 1

apr

)
=

(
p− b− 1

a

)
mod p.

Consider two maps β̂j , j = 1, 2:

β̂j : Ap → Ap/ApSr−1,

where β̂1(x) = xP bpr

and β̂2(x) = x(P pr

)b, 1 � b � p− 1.
The following statement is a direct consequence of Lemma 2.2.

Lemma 2.3. β̂2 = b! β̂1. In particular, ker β̂1 = ker β̂2 for 1 � b � p− 1.

Lemma 2.4. Assume r � 2. Then for i = 1, 2 and 1 � b � p− 1 we have β̂i(x)∈Ir−1

for any x ∈ Ir−2. In particular, the maps β̂i induce well defined maps βi : Ap/ApSr−2

→ Ap/ApSr−1.

Proof. It is enough to check that P pj

P bpr ∈ Ir−1 for j � r − 2. Obviously we have

P pj

P bpr ≡ (−1)pj

(
bpr(p− 1)− 1

pj

)
P bpr+pj

mod Ir−1.

Calculating the binomial coefficient we obtain

P pj

P bpr ≡ P bpr+pj

mod Ir−1. (5)

Since P pr−pj+1+pj ∈ Sr−1, the product P
(b−1)pr+pj+1

P pr−pj+1+pj

belongs to Ir−1.
Applying the Adem relations (which is possible as r � j + 2) we obtain

P (b−1)pr+pj+1

P pr−pj+1+pj ≡ (−1)b c P bpr+pj

mod Ir−1, (6)

where the binomial coefficient

c =

(
(pr − pj+1 + pj)(p− 1)− 1

pj+1 + (b− 1)pr

)
=

(
p− 2

b− 1

)
︸ ︷︷ ︸

r-th

(∗
0

)
· · ·

(∗
0

) (
1

1

)
︸︷︷︸
j+1-th

(∗
0

)
· · ·

(∗
0

)

is not zero.
The equalities (5) and (6) imply P pj

P bpr ∈ Ir−1.
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From Lemmas 2.3 and 2.4 it follows that it is enough to consider only β = β1.

Lemma 2.5. For a+ b = p and i = 1, 2 we have β ◦ αi = 0 in the sequence

Ap
αi−→ Ap/ApSr−2

β−→ Ap/ApSr−1. (7)

Proof. Remind that β(x) = xP bpr

. Then for α1(x) = xP apr

the statement follows
immediately from Lemma 2.2(3).

For α1(x) = x(P pr

)a proceed by induction on a applying Lemma 2.2(1).

The natural generalization of the Toda conjecture is the exactness of the se-
quence (7).

Remark 2.6. Symbolic calculations show that α1 and α2 give different statements
about exactness of (7) for a > 1.

Now we are going to describe the main tool of our work, namely the Z-basis
constructed in our paper [6]. By <L we denote the left lexicographical ordering of
finite sequences of integers.

Definition 2.7. Let Zn
k = P pk · · ·P pn

for n � k � 0. Define a Z-monomial to be a
product

ZI = Zn1

k1
· · ·Znm

km
,

where I is a sequence of pairs ((n1, k1), . . . , (nm, km)) satisfying two conditions:
(1) (nm, km) �L · · · �L (n2, k2) �L (n1, k1),
(2) if in the sequence I there is a subsequence of equal pairs:

(nt, kt) >L (nt+1, kt+1) = · · · = (np+s, kp+s) >L (nt+s+1, kt+s+1)

then s < p for every such a subsequence.

In other words, Z-monomials are monomials of the form

ZI = (Zn1

k1
)q1 · · · (Znm

km
)qm ,

where (nm, km) <L · · · <L (n2, k2) <L (n1, k1) and 0 < qj < p for all j.
Sometimes it is useful to consider the identity element 1 ∈ Ap as ZI with empty I.

Theorem 2.8 ([6, Theorem 2.3]). The set of all Z-monomials forms an additive basis
of Ap.

One of the useful properties of the Z-basis is illustrated by the following statement.

Lemma 2.9. The algebra Ap is a free right module over Sr.
Proof. From Theorem 2.8 it follows that the Z-monomials Zn1

k1
· · ·Znj

kj
, where nj > r,

and the element 1 = Z∅ form a free basis of Ap considered as a right Sr-module.

Therefore instead of the sequence (7) we can consider the sequence

Sr
αi−→ Sr/Ir−2

β−→ Sr/Ir−1,

where Sr is Sr together with the identity element.
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3. Some calculations modulo the ideals Ir−2 and Ir−1

In this section we make some necessary calculations in the algebra Sr modulo the
ideals Ir−1 or Ir−2 which will be used later.

Consider a product X of the elements P p0

, P p1

, . . . , P pr

such that P pj

is contained
in the product dj times and such that the rightmost term is P pr

. Let L =
∑

dj be the
length of the product. Define a collection of finite sequences a(l) = (a(l),0, . . . , a(l),r)

where a(l),j is the number of P pj

in the l rightmost terms of the product X. For
example, (a(1),0, . . . , a(1),r) = (0, . . . , 0, 1) and (a(L),0, . . . , a(L),r) = (d0, . . . , dr).

Lemma 3.1. Assume d0 � · · · � dr � p− 1. Let N =
∑

djp
j. Then

X = λPN mod Ir−1, (8)

for some nonzero λ ∈ Z/p if and only if all the sequences a(l) are increasing (non-
strictly). Moreover, if dr = 1 and k � r − 1 is maximal such that dk 	= 0 then the
equality holds modulo the ideal Ik−1.

Proof. Denote by Ql the product of the l rightmost symbols in the product X. We
proceed by induction to prove that

Ql = clP
a(l),0p

0+···+a(l),rp
r

mod Ir−1, (9)

where cl is equal, up to sign, to a product of some binomial coefficients which we
discuss later. For l = 1 the equality (9) is trivial.

Let the (l + 1)-th symbol be P pj

. Then by the Adem relations

Ql+1 = P pj

Ql = clP
pj

P a(l),rp
r+···+a(l),0p

0

= −blclP pj+a(l),rp
r+···+a(l),0p

0

mod Ir−1,

where bl =
((a(l),rp

r+···+a(l),0p
0)(p−1)−1

pj

)
. Therefore (9) holds for all l. Also we have

c1 = 1 and cl+1 = −blcl. Hence we are left to prove that all bl 	= 0 if and only if all
the sequences a(l) are nonstrictly increasing.

Fix some l. For simplicity, we write ai instead of a(l),i. If a(l) is increasing we
have ai � ai+1 for all i = 0, . . . , r − 1. Note also that aj + 1 = a(l+1),j � p− 1, hence
aj < p− 1 and aj < aj+1. Then we have a p-adic expansion

A= (arp
r+ · · ·+a0p

0)(p−1)−1= (ar−1)pr+1+

r∑
i−1

(p−1+ai−1−ai)p
i+(p−1−a0).

(10)
Hence bl =

(
A
pj

)
is equal either to

(
p−1+αj−1−αj

1

)
or to

(
p−1+α0

1

)
; in both cases bl 	= 0.

On the contrary choose maximal l such that the sequence a(l) does not increase. As
a(l+1) is increasing we have ar � · · · � aj+1 > aj , aj = aj−1 − 1, aj−1 � · · · � a0 for
some j. From this it follows that (10) is no longer a p-adic expansion of A because the
coefficient of pj is equal to p− 1 + aj−1 − aj = p. Modifying two summands in (10)
we obtain a p-adic expansion of A in which the coefficient of pj is equal to zero, hence
bl =

(
A
1

)
= 0.

For the last statement of the lemma it is enough to note that in this case all ‘error’
terms from the Adem relations belong to Ik−1.

Corollary 3.2. For r � 2 we have P pr−1

P pr−2

P pr ∈ Ir−2.
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Proof. The sequence a(2) is equal to (0, . . . , 0, 1, 0, 1). Therefore, P pr−1

P pr−2

P pr

=

λP pr−2+pr−1+pr

mod Ir−1 with λ = 0 by Lemma 3.1.

Lemma 3.3.

1. For k � r we have

P pk · · ·P pr

= P pk+···+pr

mod Ir−2. (11)

2. Assume N has the p-adic expansion
r∑

j=0

ajp
j, ar 	= 0. Then

(P p0

)a0 · · · (P pr

)ar = λPN mod Ir−1, where λ =
∏
j

(aj !) 	= 0.

Moreover, if ar = 1 and k � r − 1 is maximal such that ak 	= 0 then the equality
holds modulo the ideal Ik−1.

Proof. For the product from (1) the sequences a(l) have the form (0, . . . , 0, 1, . . . , 1) for
all l. Hence λ 	= 0 in equation (8) by Lemma 3.1. Moreover, the binomial coefficients
from the proof of Lemma 3.1 are easy to calculate:

bl =

(
(pr + · · ·+ pl+1)(p− 1)− 1

pl

)
=

(· · ·+ (p− 1)pl + · · ·
pl

)
= −1,

therefore λ = 1. Also note that in the equality (11) all the ‘error’ terms from the
Adem relations belong to Ir−2.

For the statement (2) we prove by descending induction on k that for N with

p-adic expansion N =
r∑

j=k

ajp
j we have

(P pk

)ak · · · (P pr

)ar = λPN mod Ir−1, where λ =

r∏
j=k

(aj !).

The base of induction (P pr

)ar = (ar)!P
arp

r

mod Ir−1 is the same as Lemma 2.2(2).

For the inductive step assume N =
r∑

j=k

ajp
j , where 0 � aj � p− 1 for j > k and

0 � ak < p− 1. Let N = Mpk+1 + akp
k, M > 0. Then P pk

PN = −(N(p−1)−1
pk

)
PN+pk

mod Ir−1. If ak = 0 then N(p− 1)− 1 = Mpk+1(p− 1)− 1 = · · ·+ (p− 1)pk + · · ·
and if 0<ak <p− 1 thenN(p−1)−1=M(p−1)pk+1+(ak−1)pk+1+(p−ak)p

k−1.

In both cases
(N(p−1)−1

pk

)
=−(ak +1) and, finally, P pk

PN = (ak + 1)PN+pk

mod Ir−1.

Lemma 3.4. Let r � 2. Then for any Z-monomial x = Zr−1
t1 · · ·Zr−1

tp we have

x = λZr−2
t1 · · ·Zr−2

tp P pr

mod Ir−2,

where λ 	= 0, λ ∈ Z/p.

Proof. From Lemma 3.1 we have

Zr−1
t2 · · ·Zr−1

tp = λ1P
N mod Ir−2 (12)
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and

Zr−2
t2 · · ·Zr−2

tp P pr

= λ2P
N−pr−1

mod Ir−2, (13)

where λ1, λ2 	= 0, λ1, λ2 ∈ Z/p, and N is the grading of the element Zr−1
t2 · · ·Zr−1

tp .

From (13) we have

P pr−1

Zr−2
t2 · · ·Zr−2

tp P pr

= λ2P
pr−1

PN−pr−1

mod Ir−2 = −λ2bP
N mod Ir−2, (14)

where b is the binomial coefficient

b =

(
(N − pr−1)(p− 1)− 1

pr−1

)
.

Assume there are dk terms P pk

in the product x. From the assumption that x is
a Z-monomial it follows that p = dr−1 = · · · = dt1 > dt1−1 � · · · � d0 � 0. Let d′j be
equal to dj for j � t1 and let it be equal to d− j − 1 for j < t1. Then we have the
p-adic expansion of N − pr−1

(p− 1)pr−1 + d′r−2p
r−2 + · · ·+ d′0p

0,

which we write as N − pr−1 = (p− 1)pr−1 + d′r−2p
r−2 + ε. One has an estimate

ε � d′r−3(p
r−3 + · · ·+ p0) = d′r−3

pr−2−1
p−1 . From this we deduce the necessary infor-

mation about the p-adic expansion of (N − pr−1)(p− 1)− 1, namely about the coef-
ficient of pr−1. We have

(N − pr−1)(p− 1)− 1 = (p− 2)pr + pr−1 + d′r−2p
r−2(p− 1) + ε(p− 1)− 1

= (p− 2)pr + d′r−2p
r−1 + pr−2(p− d′r−2) + ε(p− 1)− 1.

This is all we need to know about the p-adic expansion of (N − pr−1)(p− 1)− 1 since
d′r−2 � 1 and

pr−2(p− d′r−2) + ε(p− 1)− 1 � pr−2(p− d′r−2) + d′r−3(p
r−2 − 1)− 1

= pr−1 − pr−2(d′r−2 − d′r−3)− d′r−3 − 1 � pr−1 − 1.

Therefore

b =

(
(N − pr−1)(p− 1)− 1

pr−1

)
=

(· · ·+ d′r−2p
r−1 + · · ·

pr−1

)
	= 0.

Taking into account equalities (12) and (14) it remains to prove that

Zr−2
t1 PN = λ3P

N+pr−2+···+pt1
mod Ir−2,

for some λ3 	= 0, λ3 ∈ Z/p.

Arguing by induction we see that

P pk

PN+pr−2+···+pk+1

= −bkPN+pr−2+···+pk+1+pk

mod Ir−2,

where

bk =

(
(N + pr−2 + · · ·+ pk+1 + pk)(p− 1)− 1

pk

)
.
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Let us check that bk 	= 0 in Z/p. Let

d′′j =

⎧⎪⎪⎨
⎪⎪⎩

p = dj for r − 2 � j � k + 1,
p− 1 = dj − 1 for j = k,
dj − 1 for k > j � t1,
dj for j < t1.

Then we have the p-adic expansion N + pr−2 + · · ·+ pk+1 + pk = pr−1 + · · ·+ pk+2 +
(p− 1)pk + d′′k−1p

k−1 + · · ·+ d′′0p
0, which we write as

Apk+1 + (p− 1)pk + d′′k−1p
k−1 + ε,

where A > 0 is an integer and ε � d′′k−2(p
k−2 + · · ·+ p0) = d′′k−2(p

k−1)/(p− 1). Note

that d′′k−1 > 0, otherwise x= (Zr−1
k )p which contradicts the assumptions of the lemma.

It should be stressed that this is the key point of the proof of inequality bk 	= 0. In the
next Lemma 3.5 we shall see the converse statement. We need to find the coefficient
of pk in the p-adic expansion of (N + pr−2 + · · ·+ pk+1 + pk)(p− 1)− 1. Write this
expression as

(Apk+1 + (p− 1)pk + d′′k−1p
k−1 + ε)(p− 1)− 1

= A(p− 1)pk+1 + (p− 2)pk+1 + d′′k−1p
k−1(p− 1) + ε(p− 1)

= Bpk+1 + d′′k−1p
k + pk−1(p− d′′k−1) + ε(p− 1),

(15)

where B > 0 is an integer. One has the estimate pk−1(p− d′′k−1) + ε(p− 1)− 1 �
pk−1(p− d′′k−1) + d′′k−2(p

k−1)− 1= pk − pk−1(d′′k−1 − d′′k−2)− 1 � pk − 1, from which

it follows that the coefficient of pk in (15) is equal to d′′k−1. Hence bk =
(···+d′′k−1p

k+···
pk

)
=

d′′k−1 	= 0.

Lemma 3.5.

1. Consider a product X of the elements P pk

, P pk+1

, . . . , P pr

such that P pk

is
contained in the product at least p times and such that the rightmost term is
P pr

. Then

X ∈ Ir−2.

2. If P pk

is contained in the product X only once (as the rightmost term) then

X = 0 mod Ir−2.

Proof. Without loss of generality we can assume that P pk

is contained in the product

X exactly p times and that the leftmost term is P pk

. Denote by M the grading of X.
Then arguing as in Lemma 3.1 or Lemma 3.4 one can easily show that

X = λP pk

PM−pk

mod Ir−1, (16)

for some λ ∈ Z/p. Note we have no evidence to say whether λ vanishes or not. But

P pk

PM−pk

= −bPM mod Ir−1, (17)

where b=
((M−pk)(p−1)−1

pk

)
. From the assumptions on the terms ofM we see that M−pk

= Apk+1 + (p− 1)pk. Then (M − pk)(p− 1)− 1 = (Apk+1 + (p− 1)pk)(p− 1)− 1
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= A(p− 1)pk+1 + pk+1(p− 2) + pk − 1, hence in its p-adic expansion the coefficient

of pk is zero. Therefore b =
(···+0pk+···

pk

)
= 0, and X = 0 mod Ir−1. This proves (1).

For (2) note that the same arguments apply but due to the restrictions on the gradings
of terms in X the ‘error’ terms from the Adem relations in equalities (16) and (17)
belong to Ir−2.

Lemma 3.6. For r � 2 we have

P pr+pr−1−pr−2

P pr−2

P pr−1

= P pr+pr−1−pr−2

P pr−2+pr−1

= 0 mod Ir−2.

Proof. Note that

P pr+pr−1−pr−2

P pr−2

P pr−1

= P pr+pr−1−pr−2

P pr−2+pr−1

mod Ir−2

by Lemma 3.3.
Apply the Adem relations to the product

P pr+(p−1)pr−2

P pr−1+pr−2

=

h∑
j=0

(−1)1+j

(
(pr−1+pr−2 − j)(p− 1)− 1

pr+(p− 1)pr−2 − pj

)
P pr+pr−1−jP j ,

where h = [pr−1 + (p− 1)pr−3]. The binomial coefficients for j � pr−1 vanish since
for such j the inequality (pr−1 + pr−2 − j)(p− 1)− 1 < pr + (p− 1)pr−2 − pj holds.
For r = 2 there are no other summands hence the product vanishes. For r > 3 there
are summands with pr−1 + 1 � j � pr−1 + (p− 1)pr−3. In this case ar−1(j) = 1 and
ar−2(j) = 0. Assume k � r − 3 is the greatest integer such that ak(j) 	= 0. Then

by Lemma 3.3 we have P j = λzP pk

P pr−1

mod Ir−2 for some λ 	= 0 and z ∈ Sk.
Now P pk

P pr−1 ∈ Ir−2 by Lemma 2.4, hence P j ∈ Ir−2 for any integer j ∈ [pr−1 + 1,
pr−1 + (p− 1)pr−3].

4. Case r = 0, exactness

For r = 0 we consider α(x) = x(P 1)a and β(x) = x(P 1)b, where a = 1 and b =
p− 1. We need to prove that the sequence

Ap
α−→ Ap

β−→ Ap (18)

is exact.

Proof of Theorem 1.1. From (P 1)p = 0 it follows that β ◦ α = 0.
Consider the set Z ′ consisting of all Z-monomials of the form · · · (Z0

0 )
q where q � a

and denote by Z ′′ the set of all other Z-monomials. Clearly the span of Z ′ coincides
with imα. On the other hand β is an injection of Z ′′ into the set of all Z-monomials.
Hence kerβ coincides with imα.

Another proof uses the same argument applied to the admissible basis of Ap.

It is worth noting that the sequence (18) is an analogue of the sequence

A2
ψ−→ A2

ψ−→ A2,

where ψ(x) = x · Sq1. Here φ ◦ φ = 0 since Sq1Sq1 = 0. This sequence is known to be
exact, and this can be proved by the same argument as in the proof of Theorem 1.1.
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In the algebra A2 the element Sq1 coincides with the Bockstein element. On the
other hand, in the full mod p Steenrod algebra Ap the Bockstein element does not
belong to the subalgebra Ap. The algebra Ap contains a collection of elements Qj ,
degQj = 2pj − 1, j � 0, which form an exterior algebra: Q2

j = 0, QjQi +QiQj = 0
for any i 	= j. They can be defined by induction: Q0 coincides with the Bockstein
element, and for j > 0 we have Qj+1 = [P pj

, Qj ], for details see [2].

Define ψj : Ap → Ap by the formula ψj(x) = xQj .

Proposition 4.1. The sequence

Ap
ψj−→ Ap

ψj−→ Ap

is exact.

Proof. The relation ψj ◦ ψj = 0 follows from Q2
j = 0.

Now consider any collection of the elements {θk} forming an additive basis
of Ap. Then the collection of elements θkQi1 · · ·Qim , where m � 0, i1 < · · · < im,
forms an additive basis of Ap. For example, the modification of the Milnor elements
P (r1, r2, . . .)Q

ε0
0 Qε1

1 · · · can be used.

To prove that if ψj(x) = 0 then x = ψj(y) for some y it is enough to consider an
arbitrary basis element x. Now the statement easily follows from the commutation
relations Q2

j = 0, QjQi +QiQj = 0 for any i 	= j.

5. Case r = 1, exactness

For r = 1 we consider α(x) = xP ap and β(x) = xP bp, where a = 1 and b = p− 1.
We want to prove the exactness of the sequence

S(k)

1
α−→ (S1)(p+k) β−→ (S1/I0)(p2+k), (19)

for any k < p

Proof of Theorem 1.2(1). For k < −p the modules S(k)

1 , (S1)(p+k) are trivial and the
statement is obvious. Consider the following cases:

(a.1) −p � k < 0: imα = 0 since its domain is trivial. Note (S1)(p+k) is one-dimen-
sional and is generated by the Z-monomial (Z0

0 )
p+k. By Lemma 2.2(2) and Lemma 3.3

we have β((Z0
0 )

p+k) = (Z0
0 )

p+kP (p−1)p = λP p2+k mod I0 for some λ ∈ Z/p, λ 	= 0.

On the other hand (S1/I0)(p2+k) contains the basis element (Z1
1 )
−1−k(Z1

0 )
p+k which,

by Lemma 3.1, is equal to μP p2+k mod I0 for some μ ∈ Z/p, μ 	= 0. Hence kerβ = 0.

(a.2) k = 0: we have dim(S1)(p+k) = 1 with basis element Z1
1 = P p. It belongs to

imα since α(1) = P p. Hence in this case kerβ = imα.

(a.3) 0 < k < p: we have dim(S1)(p+k) = 2 with basis elements Z1
1 (Z

0
0 )

k and
Z0
1 (Z

0
0 )

k−1, and dim(S1)(k) = 1 with the basis element (Z0
0 )

k.

First of all note that α((Z0
0 )

k) = (Z0
0 )

kP p up to scalar multiple k! coincides with
P kP p which is equal to (−1)k(p−1

k

)
P p+k and hence is not equal to zero.
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For kerβ we need to calculate β on the elements Z1
1 (Z

0
0 )

k and Z0
1 (Z

0
0 )

k−1. We have

β(Z1
1 (Z

0
0 )

k) = P p(P 1)kP (p−1)p = k!P pP kP (p−1)p = (−1)kk!
(
p− 1

k

)
P pP (p−1)p+k

= (−1)k+1k!

(
p− 1

k

)
kP p2+k mod I0, (20)

and

β(Z1
0 (Z

0
0 )

k−1) = P 1P p(P 1)k−1P (p−1)p = (k − 1)!

(
p− 1

k − 1

)
(k − 1)P 1P p2+k−1

= (k − 1)!

(
p− 1

k − 1

)
(k − 1)kP p2+k mod I0.

On the other hand, for the Z-monomial (Z1
1 )

p−k(Z1
0 )

k in S1/I0 we have that

(Z1
1 )

p−k(Z1
0 )

k = λP p2+k for some nonzero λ∈Z/p. Therefore β(Z1
1 (Z

0
0 )

k) 	=0 in S1/I0
and β(Z1

0 (Z
0
0 )

k−1) = 0 iff k = 1. From these calculations it follows that dimkerβ = 1.
From the previous arguments we see that kerβ contains nonzero element α((Z0

0 )
k) =

(Z0
0 )

kP p. Hence kerβ = imα.

6. Case r = 1, non-exactness

For r = 1 we consider α(x) = xP p and β(x) = xP (p−1)p, and we want to prove
that in the sequence (19) for k = p the quotient (kerβ/ imα)(p+k) has dimension
1. Moreover, the element Z1

0 (Z
0
0 )

p−1 belongs to kerβ and is not contained in the
image of α.

Proof of Theorem 1.2(2). One has dim(S1)(p+k) = 2 with the basis elements (Z1
1 )

2

and Z1
0 (Z

0
0 )

p−1. Both of them belong to kerβ. Indeed, β((Z1
1 )

2) = (P p)p+1 =
P p(P p)p ∈ I0 by Lemma 2.2, and as in formula (20) one deduces

β(Z1
0 (Z

0
0 )

p−1) = P 1
(
P p(P 1)p−1P (p−1)p

)
= P 1(p− 1)!

(
p− 1

p− 1

)
(p− 1)P p2+(p−1)

= P 1P p2+(p−1) =

(
(p2 +(p− 1))(p− 1)− 1

1

)
P 1P p2+(p−1) = 0 mod I0.

On the other hand, dim(S1)(p) = 1 with basis element Z1
1 . Clearly α(Z1

1 ) = P pP p =
(Z1

1 )
2 	= 0. Hence dim(kerβ/ imα)(2p) = 1.

Corollary 6.1. Choose integers a and b such that a+ b = p and 2 � a � p− 1.
Redefine α and β as α(x) = xP ap (or α(x) = x(P p)a) and β(x) = xP bp. Then
dim(kerβ/ imα)(2p) = 1 for the sequence (19).

Proof. Indeed, applying the same arguments as in the ‘non-exactness’ part of the
proof of Theorem 1.2 one can see that dim(kerβ)(2p) = 1 for a > 2 while imα = 0.

For a = 2 the image of α in the grading 2p is generated by α(1) = P 2p 	= 0 (or by

α(1) = (P p)2 = −P 2p + P 2p−1P 1 	= 0). On the other hand β vanishes on S(2p)
1 since

β((Z1
1 )

2) = (P p)2(P p)p−2 = 0 mod I0 and β(Z1
0 (Z

0
0 )

p−1) = P 1P p(P 1)p−1 = 0 mod I0.
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7. Case r � 2, exactness

Consider β(x) = x · P (p−1)pr

and α(x) = x · P pr

. We want to prove that for k <
2pr−1 + pr−2 the sequence

Sr(k) α−→ (Sr/Ir−2)
(pr+k) β−→ (Sr/Ir−1)

(pr+1+k) (21)

is exact.

Proof of Theorem 1.3(1). Consider the following cases:

1. for k < −pr we have S(k)
r = 0 and (Sr/Ir−2)

(pr+k) = 0, hence the statement is
trivial;

2. for −pr � k < 0 we have S(k)
r = 0 and the statement is kerβ = 0;

3. for 0 � k < 2pr−1 + pr−2 all three modules are nontrivial in general, hence the
statement is kerβ = imα.

We start with (2). The basis of Sr/Ir−2 consists of Z-monomials of the form

Zr
l1 · · ·Zr

lsZ
r−1
k1

· · ·Zr−1
kt

.

In the grading N = pr − k, where −pr < k < 0, we have s = 0 and t � p− 1. Denote
by aj(Z) the number of P pj

, 0 � j � r − 1, in the product Z = Zr−1
k1

· · ·Zr−1
kt

, t � p−
1, of grading N . Then N =

∑
aj(Z)pj is the p-adic expansion of N . Note 0 � a0(Z) �

· · · � ar−1(Z) = t � p− 1, hence Z is uniquely defined by the numbers a0, . . . , ar−1.
On the other hand, consider the p-adic expansion N =

∑
aj(N) pj for 0 � N < pr.

If 0� a0(N)� · · ·� ar−1(N)� p− 1 then there is a unique Z-monomial Zr−1
k1

· · ·Zr−1
kt

in grading N and dim(Sr/Ir−2)
(N) = 1. Otherwise dim(Sr/Ir−2)

(N) = 0. Hence it
remains to prove that β(Zr−1

k1
· · ·Zr−1

kt
) 	= 0 in Sr/Ir−1.

From Lemma 2.2(2) and Lemma 3.1 it follows that

β(Zr−1
k1

· · ·Zr−1
kt

) = Zr−1
k1

· · ·Zr−1
kt

P (p−1)pr

= λPN+(p−1)pr

mod Ir−1,

where λ 	= 0, λ ∈ Z/p. On the other hand, the basis of Sr/Ir−1 consists of Z-mono-
mials of the form Zr

l1
· · ·Zr

ls
. Consider the Z-monomial (Zr

r )
p−1−tZr

k1
· · ·Zr

kt
∈ Sr/Ir−1.

From the same Lemma 3.1 it follows that

(Zr
r )

p−1−tZr
k1
· · ·Zr

kt
= μPN+(p−1)pr

mod Ir−1,

where μ ∈ Z/p and μ 	= 0. Hence β(Zr−1
k1

· · ·Zr−1
kt

) 	= 0.
Now consider case (3). First of all we address the question of how many Z-

monomials of the form Zr
l1
· · ·Zr

ls
Zr−1
k1

· · ·Zr−1
kt

have grading equal to N if pk � N <

pk + 2pk−1 + pk−2.
From the restriction on N it follows that s � 1. If a Z-monomial x = Zr

l1
· · ·

· · ·Zr
ls
Zr−1
k1

· · ·Zr−1
kt

contains P pr

(that is s = 1) then it can contain at most two

P pr−1

. Hence the only Z-monomials of this type are

Zr
r , Zr

r−1Z
r−1
r−1 , Zr

r (Z
r−1
r−1 )

2, Zr
rZ

r−1
k ,

where k � r − 1. If s = 0 (the monomial x contains no P pr

) then from pk � N <
pk + 2pk−1 + pk−2 it follows that t = p or t = p+ 1. It is easy to check that all these
monomials have different grading except two of them, namely Zr

r−1Z
r−1
r−1 , Z

r
r (Z

r−1
r−1 )

2

which have grading pr + 2pr−1. In other words we have the following subcases:
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(3.1) pk � N < pk + 2pk−1 + pk−2 and N 	= pr + 2pr−1, then dim(Sr/Ir−2)
(N) � 1;

(3.2) N = pr + 2pr−1, then dim(Sr/Ir−2)
(pr+2pr−1) = 2.

(3.3) Zr−1
k1

· · ·Zr−1
kt

, t = p or t = p+ 1.

For (3.1) we prove that the restriction of β on (Sr/Ir−2)
(N) has no kernel. Consider

Zr
rZ

r−1
k and let N = pr + pr−1 + · · ·+ pk. By Lemma 2.2(2) and Lemma 3.1 we have

Zr−1
k P (p−1)pr

= λP (p−1)pr+pr−1+···+pk

mod Ir−2.

One can show as an exercise in Lucas’ Lemma that λ = 1.

Then

β(Zr
rZ

r−1
k ) = P pr

P (p−1)pr+pr−1+···+pk

mod Ir−1

= −
(
(pr(p− 1) + pr−1 + · · ·+ pk)(p− 1)− 1

pr

)
PN+(p−1)pr

mod Ir−1

= −PN+(p−1)pr

mod Ir−1.

On the other hand in (Sr/Ir−1)
(N+(p−1)pr) there is the (nonzero) Z-monomial

(Zr
r )

p−1Zr
k . Arguing as above one can show that in (Sr/Ir−1)

(N+(p−1)pr)

(Zr
r )

p−1Zr
k = (p− 1)!PN+(p−1)pr

mod Ir−1.

By Wilson’s Theorem (p− 1)! + 1 = 0 in Z/p. Hence β(Zr
rZ

r−1
k ) 	= 0.

Case (3.2) is more involved. First of all we need to calculate β(Zr
r−1Z

r−1
r−1 ) and

β(Zr
r (Z

r−1
r−1 )

2). We go along the proof of Lemma 3.1 carefully calculating binomial
coefficients. We, consequently, apply the Adem relations and keep summands not
from the ideals of factorization:

β(Zr
r−1Z

r−1
r−1 ) = P pr−1

P pr

P pr−1

P (p−1)pr

= −P pr−1

P pr

(
pr(p− 1)2 − 1

pr−1

)
P pr−1+(p−1)pr

mod Ir−2

= P pr−1

P pr

P pr−1+(p−1)pr

mod Ir−2 = −P pr−1

P pr−1+pr+1

mod Ir−1

= −2P 2pr−1+pr+1

mod Ir−1,

and

β(Zr
r (Z

r−1
r−1 )

2) = P pr

P pr−1

P pr−1

P (p−1)pr

= P pr

P pr−1

P pr−1+(p−1)pr

mod Ir−2

= 2P pr

P 2pr−1+(p−1)pr

mod Ir−2 = −4P 2pr−1+pr+1

mod Ir−1.

In (Sr/Ir−1)
(pr+1+2pr−1) by Lemma 3.4 we have the equality

(Zr
r )

p−2(Zr
r−1)

2 = λP 2pr−1+pr+1

mod Ir−1,

for some λ 	= 0, λ ∈ Z/p. Indeed by Lemma 3.1

(Zr
r )

p−3(Zr
r−1)

2 = λP (p−1)pr+2pr−1

mod Ir−1,
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for some λ′ 	= 0, λ′ ∈ Z/p. Then

(Zr
r )

p−2(Zr
r−1)

2 = λ′P pr

P (p−1)pr+2pr−1

= −λ′
(
((p− 1)pr + 2pr−1)(p− 1)− 1

pr

)
P pr+1+2pr−1

= −2λ′P pr+1+2pr−1

mod Ir−1.

Therefore the kernel of β on (Sr/Ir−2)
(pr+2pr−1) has dimension one and is generated

by the element x = Zr
r (Z

r−1
r−1 )

2 − 2Zr
r−1Z

r−1
r−1 . Now we are going to show that x ∈

im α. To be more precise we show that α((Zr−1
r−1 )

2) = −x.
The main difference with the previous arguments is that now we make calcula-

tions in Sr and apply the Adem relations modulo the ideal Ir−2. For the product

P pr

P pr−1

P pr−1

we have

P pr

P pr−1

P pr−1

= 2P pr

P 2pr−1

=−2
(
2pr−1(p− 1)− 1

pr

)
P pr+2pr−1

+ 2P pr+pr−1

P pr−1

= −2P pr+2pr−1

+ 2P pr+pr−1

P pr−1

mod Ir−2.

One can check that P pr−1

P pr−1

P pr

= 2P pr+2pr−1

mod Ir−2 (see also Lemma 3.1).
Hence it is enough to establish the equality

P pr+pr−1

P pr−1

= P pr−1

P pr

P pr−1

mod Ir−2.

This is the most tricky part of the proof of case (3.2). The Adem relations give

P pr−1

P pr

P pr−1

= (P pr+pr−1

+ P pr+pr−1−pr−2

P pr−2

+ y)P pr−1

,

where y ∈ Ir−3. By Lemma 2.4 we have yP pr−1 ∈ Ir−2, and P pr+pr−1−pr−2

P pr−2

P pr−1

∈ Ir−2 by Lemma 3.6, which finishes the proof of (3.2).
Case (3.3): An element Zr−1

k1
· · ·Zr−1

kt
, where t = p or t = p+ 1, by Lemma 3.4

belongs to imα. Note that there are no other Z-monomials of the same grading in
Sr/Ir−2, hence kerβ = imα in this grading.

8. Case r � 2, non-exactness

In this section we prove that for the sequence (21) for k = 2pr−1 + pr−2 the
quotient kerβ/ imα has dimension one and, moreover, the element 2Zr

r−1Z
r−1
r−2 −

Zr
r−2Z

r−1
r−1 belongs to kerβ, but is not contained in imα.

Proof of Theorem 1.3(2). In (Sr/Sr−2)
(pr+2pr−1+pr−2) there are three Z-monomials

containing P pr

, namely Zr
r−1Z

r−1
r−2 , Z

r
rZ

r−1
r−1Z

r−1
r−2 , Z

r
r−2Z

r−1
r−1 . First of all we calculate

the image of these elements under the map β : Sr/Ir−2 → Sr/Ir−1 which maps x to
xP (p−1)pr

. But for future purposes we consider the more general map β1 : Sr/Ir−2 →
Sr/Ir−1 which was defined above by the formula β1(x) = xP bpr

for some fixed integer
1 � b � p− 1.

Lemma 8.1. In Sr/Ir−1 we have (Zr
r )

p−2Zr
r−1Z

r
r−2 = P pr+1+2pr−1+pr−2

. Also

1. β1(Z
r
r−1Z

r−1
r−2 ) = bP pr+1+2pr−1+pr−2

mod Ir−1,

2. β1(Z
r
rZ

r−1
r−1Z

r−1
r−2 ) = (b− 1)P pr+1+2pr−1+pr−2

mod Ir−1,
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3. β1(Z
r
r−2Z

r−1
r−1 ) = 2bP pr+1+2pr−1+pr−2

mod Ir−1.

Proof of Lemma 8.1. Following arguments from the proof of Lemma 3.1 and Lem-
ma 2.2(2) one can check that for the Z-monomial (Zr

r )
p−2Zr

r−1Z
r
r−2 there is the

equality

(Zr
r )

p−2Zr
r−1Z

r
r−2 = (p− 2)!P pr+1+2pr−1+pr−2

mod Ir−1.

By Wilson’s theorem (p− 1)! + 1 = 0 mod p, hence (p− 2)! = 1 mod p.
For (1) one checks that, modulo the ideal Ir−1,

β1(Z
r
r−1Z

r−1
r−2 ) = P pr−1

P pr

P pr−2

P pr−1

P bpr

= P pr−1

P pr

P pr−2

P bpr+pr−1

= P pr−1

P pr

P bpr+pr−1+pr−2

= bP pr−1

P (b+1)pr+pr−1+pr−2

= bP (b+1)pr+2pr−1+pr−2

mod Ir−1.

For (2) one checks that, modulo the ideal Ir−1,

β1(Z
r
rZ

r−1
r−1Z

r−1
r−2 ) = P pr

P pr−1

P pr−2

P pr−1

P bpr

= P pr

P pr−1

P bpr+pr−1+pr−2

= P pr

P bpr+2pr−1+pr−2

= (b− 1)P (b+1)pr+2pr−1+pr−2

mod Ir−1.

For (3) one checks that, modulo the ideal Ir−1,

β1(Z
r
r−2Z

r−1
r−1 ) = P pr−2

P pr−1

P pr

P pr−1

P bpr

= P pr−2

P pr−1

P pr

P bpr+pr−1

= bP pr−2

P pr−1

P (b+1)pr+pr−1

= 2bP pr−2

P (b+1)pr+2pr−1

= 2bP (b+1)pr+2pr−1+pr−2

mod Ir−1.

From Lemma 8.1 it follows that on the subspace spanned by the Z-monomials
Zr
r−1Z

r−1
r−2 , Z

r
rZ

r−1
r−1Z

r−1
r−2 , Z

r
r−2Z

r−1
r−1 the kernel of β1 has dimension 2.

Now we calculate the image of α in (Sr/Ir−2)
(pr+2pr−1+pr−2). We show that

dim(imα)(p
r+2pr−1+pr−2) = 1

by establishing the equality

α(Zr−1
r−1Z

r−1
r−2 ) = −Zr

rZ
r−1
r−1Z

r−1
r−2 + Zr

r−2Z
r−1
r−1 mod Ir−2 (22)

and that α vanishes on all other Z-monomials of grading 2pr−1 + pr−2.
First of all note that, by using Lemma 3.3(1) in the second equality,

α(Zr−1
r−1Z

r−1
r−2)=P pr−1

P pr−2

P pr−1

P pr

=P pr−1

P pr−2+pr−1+pr

=P pr+2pr−1+pr−2

mod Ir−2.

To prove equality (22) we transform Zr
rZ

r−1
r−1Z

r−1
r−2 modulo the ideal Ir−2:

Zr
rZ

r−1
r−1Z

r−1
r−2 = P pr

P pr−1

P pr−2

P pr−1

= P pr

P pr−1

P pr−2+pr−1

= P pr

P pr−2+2pr−1

=−P pr+2pr−1+pr−2

+P pr+pr−1+pr−2

P pr−1

mod Ir−2.

Hence we have the equality

Zr
rZ

r−1
r−1Z

r−1
r−2 = −α(Zr−1

r−1Z
r−1
r−2 ) + P pr+pr−1+pr−2

P pr−1

mod Ir−2.

It remains to prove the equality

P pr+pr−1+pr−2

P pr−1

P pr−1

= P pr−2

P pr−1

P pr

P pr−1

mod Ir−2.
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By the Adem relations we have

P pr−1

P pr

P pr−1

= (P pr−1+pr

+ P pr+pr−1−pr−2

P pr−2

+ y)P pr−1

,

where y ∈ Ir−3. Then yP pr−1 ∈ Ir−2 by Lemma 2.4 and P pr+pr−1−pr−2

P pr−2

P pr−1 ∈
Ir−2 by Lemma 3.6. Finally, by the Adem relations we have

P pr−2

P pr−1

P pr

P pr−1

= P pr−2

P pr−1+pr

P pr−1

= (P pr−2+pr−1+pr

+ y′)P pr−1

= P pr−2+pr−1+pr

P pr−1

mod Ir−2,

since y′ ∈ Ir−3 and again y′P pr−1 ∈ Ir−2 by Lemma 2.4. Hence (22) is established.
Now we check that α vanishes on the other basis elements of grading 2pr−1 + pr−2.
There is only one basis element which does not contain P pj

with j < r − 2 and does
not coincide with P pr−1

P pr−2

P pr−1

, namely X = P pr−1

P pr−1

P pr−2

. For this element
X we have α(X) = 0 mod Ir−2 by Corollary 3.2. Assume X is another basis element

of grading 2pr−1 + pr−2. Then it should contain P pj

with j < r − 2. Let j be the
smallest integer such that X contains P pj

. Then X contains P pj

at least p times. By
Lemma 3.5(2) we have α(X) = 0 mod Ir−2.

To finish the proof of part (1) of Theorem 1.3 note that from Lemma 8.1 applied
to b = p− 1 we have 2Zr

r−1Z
r−1
r−2 − Zr

r−2Z
r−1
r−1 ∈ kerβ, but as we have just checked

this element does not belong to imα.

Corollary 8.2. Choose integers a and b such that a+ b = p and 2 � a � p− 1. Re-
define α and β for the sequence (4) as α(x) = xP ap (or α(x) = x(P pr

)a) and β(x) =

xP bpr

. Then (imα)(p
r+2pr−1+pr−2) = 0 and dim(kerβ)(p

r+2pr−1+pr−2) � 2. Moreover,
2Zr

r−1Z
r−1
r−2 − Zr

r−2Z
r−1
r−1 ∈ kerβ.

Proof. The estimate for the dimension of kerβ in grading pr + 2pr−1 + pr−2 follows
from Lemma 8.1. For a > 1 the domain of α in grading pr + 2pr−1 + pr−2 − apr is
trivial, hence (imα)(p

r+2pr−1+pr−2) = 0.

9. Some remarks

Interesting results concerning kerβ (and the kernel of the left multiplication by
P pr

) for b = 1 were obtained in [4]. Also it should be noted that in Milnor’s paper [2]
properties of the solutions of the equation xP 1 = 0 were discussed. Theorem 1.1 gives
another description of this space of the solutions.

The sequence

A2
ϕ̂r−−→ A2/Sr−2A2

ϕ̂r−−→ A2/Sr−1A2,

where ϕ̂r(x) = Sq2
r · x, was proved to be exact in [7]. One can show that the analogue

of this sequence for p > 2 is exact for r = 0 and is not exact for r � 1.
Also let us explain why similar results (exactness for r = 0 and non-exactness for

r � 1) are valid for the whole Steenrod algebra Ap. Recall that the algebra Ap has
an additive basis consisting of elements of the form Qε0

0 Qε1
1 · · ·P (r1, r2, . . .), see [2]

for details. For us it is enough to know that the elements Qj , j � 0, form an exterior
algebra and the collection of all the elements P (r1, r2, . . .) is a basis of Ap. From
this it follows that additively Ap is a direct sum of subspaces Qε0

0 Qε1
1 · · · Ap which
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are obviously invariant under right multiplication by any P k, k � 1. The quotients
Ap/ApSr−1 also decompose in a direct sum of similar type. Hence for any r � 0 the
sequence

Ap
αi−→ Ap/ApSr−2

βj−→ Ap/ApSr−1

splits into a direct sum of sequences isomorphic, up to a shift of degree, to the
sequence (2).

Finally, we note that neither Toda in his famous series of papers on homotopy
groups of spheres, nor Wall in [1] gave an application of the sequence (1). So now it
is quite tempting to find an application of the sequences (1) and (2), which shows
a difference between the p = 2 and p > 2 cases. Presumably it can be found in the
Adams spectral sequence for stable homotopy groups of spheres or possibly in certain
spectral sequences converging to the E2 term of the Adams spectral sequence. We
prefer to postpone this discussion to a next paper.
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