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ON TRIVIALITIES OF EULER CLASSES OF ORIENTED VECTOR
BUNDLES OVER MANIFOLDS

ANIRUDDHA C. NAOLEKAR, B. SUBHASH anD AJAY SINGH THAKUR
(communicated by Donald M. Davis)

Abstract
We study manifolds on which all oriented bundles have trivial
Euler class. In this note, we give a complete a characterization of such
manifolds in dimension less than six, in terms of their cohomology
groups, and obtain some partial results for manifolds of dimension 6.

1. Introduction

One of the earliest known results on trivialities of characteristic classes of vector
bundles was obtained by Atiyah-Hirzebruch by showing that the Stiefel-Whitney
classes of any vector bundle over a 9-fold suspension X°X of a CW-complex X are
trivial [1, Theorem 2]. Further results on trivialities of Stiefel-Whitney classes of
vector bundles over suspensions of CTW-complexes have been studied in [12, 16, 17|
and [18]. Similar results on trivialities of Chern classes of complex vector bundles
over C'W-complexes were studied in [13].

In recent times there has been some interest in trying to understand the set of Euler
classes of oriented bundles over CW-complexes (see, for example, [8, 9, 11, 14, 21)).
In this note we are mainly interested in trivialities of Euler class of oriented vector
bundles over manifolds.

We say that a closed connected smooth n-manifold X has property (€) (or satisfies
(€)) if for every oriented vector bundle o over X, the Euler class e(a) = 0.

Let £ denote the set of diffeomorphism classes of closed connected smooth mani-
folds X that have property (£). Let & denote the subset of £ consisting of manifolds
X with dim X = k. In this note we shall completely describe the set &; for ¢ < 5 and
obtain some necessary conditions for a closed connected smooth 6-manifold X to
satisfy (&).

Recall that a smooth homology n-sphere is a closed connected smooth n-manifold
X such that H;(X;Z) = H;(S™;,Z). If X is a smooth homology n-sphere, where n is
odd and if « is a oriented vector bundle over X, then e(a) = 0 if rank o # dim X . In
the case when rank o = dim X, we have 2e(a) = 0 which implies e(«) = 0. It follows
that every smooth homology n-sphere where n is odd has property (£). The main
results of this note are the following.
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Theorem 1.1. Let X be a closed connected smooth 3-manifold. Then X € &3 if and
only if X is a smooth homology 3-sphere. O

It is easy to see (see Proposition 2.1 below) that an even dimensional closed con-
nected orientable smooth manifold cannot have property (£). In dimension 4, the
non-orientable closed connected smooth manifolds do not have property (£) either.
We prove the following.

Theorem 1.2. &£, = 0. O

This is an immediate consequence of Theorem 3.2 below. The picture in dimension
5 is a bit more complicated. The following theorem completely describes the set &s.

Theorem 1.3. Let X be a closed connected smooth 5-manifold. Then X € &5 if and
only if the following conditions are satisfied:

1. HX(X;Z) =0, HY(X;Z) = 0, and
2. the 2-primary component of Ho(X;Z) is trivial. O

Thus, if X is a closed connected orientable smooth 5-manifold, then X € &5 if and
only if m(X) is perfect and X is a Zs-homology sphere (see Remark 4.1 below).
In particular, the projective space RP® and the Lens spaces in dimension 5, do not
satisfy (€).

Using the Smale-Barden classification (see, [15, 2]) of simply connected closed
smooth 5-manifolds, we construct examples of simply connected closed smooth 5-
manifolds X that satisfy (£). We also construct examples of non-simply connected
closed smooth orientable 5-manifolds X that satisfy (£) and closed smooth non-
orientable manifolds X that satisty (£).

In dimension 6 we have not been able to derive a clear picture. We show, among
other things, that & does not contain products and that any X € & must have
non-positive Euler characteristic.

Finally, we also compute the real and complex K-theory of X € £5. As a conse-
quence it follows that every orientable X € & is stably parallelizable but not par-
allelizable since every such manifold has non-zero Kervaire semi-characteristic (see
Remark 6.3(2) below).

This note is organized as follows. In Section 2 we collect some preliminary obser-
vations about the set £, set up notations and state some results that we use for easy
reference. In Section 3 we prove Theorem 1.1, Theorem 1.2 and state necessary condi-
tions that any X € & must satisfy. The proof of Theorem 1.3 is split into Sections 4
and 5 dealing with the orientable and non-orientable cases respectively. In Section 6
we compute the real and complex K-theory of X € &s.

Conventions

Throughout, F' (respectively, F’, F” ...) will denote a finite abelian group. The
integer s (respectively, s’,s”,...) will denote the number of primes p; that are equal
to 2 in a direct sum decomposition of F' (respectively, F', F",...)

F= EBiZ/pfi

with the p; not necessarily distinct. Given s (respectively, s',s”,...), the pair of
integers u,v (respectively, u',v;u”,v";...) will denote the number of integers k;
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with k; = 1 and k; > 1 respectively. Thus s = u + v (respectively, s’ =u' +v';...).
e will denote the trivial k-plane bundle. fr will denote the underlying real bundle of
a complex bundle 5. In the sequel, a manifold will mean a closed, connected, smooth
manifold.

2. Preliminaries

In this section we make some preliminary observations about the set £. We begin
with the following observation.
Proposition 2.1. Let X be a manifold.

1. If X is orientable and even dimensional, then X ¢ E.

2. If X € &, then H*(X;Z) = 0.

3. If X € €, then the Steenrod square Sq': H'(X;Zy) — H?*(X;Zs) is the zero

homomorphism.

Proof. The first claim follows from [11, Theorem 2.4, (1)]. If » € H?(X;Z), then there

exists a complex line bundle § with ¢1(8) = e(fr) = x. This proves (ii). To prove (iii),

let z € H'(X;Z3) be non-zero and « a line bundle over X with w;(a) = z. Then as
Sq'(z) = 2° = wo(a @ @)

and wq(a @ ) is the mod-2 reduction of e(a® a) = 0, it follows that Sq¢'(z) = 0.

This proves (iii) and completes the proof of the proposition. O

Lemma 2.2. Let X,Y be orientable manifolds of positive dimension. Then X XY ¢ E.

Proof. Tf X x Y is even dimensional, then the previous proposition implies X x Y ¢
E.If X x Y is odd dimensional, we assume that dim X = 2n is even. Then there exists
a 2n-plane bundle « over X with e(a) # 0. The projection X x Y — X induces
a monomorphism in cohomology with integer coefficients in degree 2n. Thus the
pullback of @ to X x Y (by the projection) has non-zero Euler class. O

Thus £ does not contain orientable products. It is clear that £ consists of the
circle S*. Since H2(X;Z) # 0 for any 2-manifold, it follows that & = 0.

We now set up some notations. We shall make use of the following maps. Through-
out, pg, pa,2 Will denote the homomorphisms

pr: H*(X3Z) — H*(X; Zy),

pag: H(X;Z4) — H*(X;Z2)
induced by the coeflicient surjections. The homomorphism

tw: H(X;Zo) — H*(X;Z4)

is induced by the coefficient inclusion. Finally, recall that the Pontryagin square g is
a cohomology operation

B H*(X;2Z2) — H™(X;Z4)
with the property that
pa2P(x) = 2.

It is well known (see, for example, [19, Theorem C]) that for any vector bundle o we



218 ANIRUDDHA C. NAOLEKAR, B. SUBHASH aAND AJAY SINGH THAKUR

have
P(wz(a)) = pa(pr(@)) + ix (w1 (a)Sq" (w2 (@) + wa(a)).
In particular, if either « is orientable or wy(a) = 0 we have
Plwz(a)) = pa(pi(@)) + ix(wa(e)).
The following observation will be crucially used in the proof of Theorem 1.3.

Proposition 2.3. Let Y be a CW -complex. Assume that

Z i=0,
Hi(Y;Z)=20 i=1,
F i=2.

Further assume that Zo is a direct summand in Hy(Y;Z) = F. Then the Steenrod
square Sqt: H?(Y;Zo) — H3(Y;Z3) is non-zero.

Proof. Observe that

i 0 =1, i 0 i=1,
H(Y;Zz)—{zg i—9 H(Y;Z4)_{Zg@zg i=2.

The conclusion now follows from the fact that Sq' equals the Bockstein homomor-
phism associated to the exact sequence

)

0— Jy —> Zy — Zo — 0.

Indeed, we look at the following exact sequence

; 1
0 = HX(Y;Zy) 55 HA(Y:Z4) 23 HA(Y:Z0) 2% H3 (Y Zo) — -
Identifying the individual groups in the above sequence, we get the exact sequence

v P42

0 ZYaZd 78 a7y 3 7y 0 78 5% H3 (Y Z,) — -+ .

Notice that as s = u + v and u # 0, it follows that Sq' must be non-zero. This com-
pletes the proof. O

Remark 2.4. We remark that the above proposition remains true even in the case
that

Z i=0,
H(Y:Z) =7 i=1,
Foi=2.

The proof is similar to the proof of the above proposition.

We end this section by stating some results for easy reference in a form that we
shall use.

Theorem 2.5 ([5, Theorem 1]). Let X be a connected CW -complex of dimension
<5. Leta € H*(X;Zs), b € HY(X;Zs), c € HY(X;Z) satisfy

pa(c) = P(a) +i. (D).
Then there exists an oriented 5-plane bundle o such that wa(a) = a, wy(a) =b and
p1(a) =c. O
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Theorem 2.6 ([5, Theorem 2]). Let X be a connected CW -complex of dimension
< 5. Let a € H*(X;Z2) and p € HY(X;7Z) satisfy
pa(p) = P(a).
Then there exists an oriented 3-plane bundle a with wa(a) = a and p1(a) =p. O
Theorem 2.7 ([6, Theorem 2]). Let X be a connected CW -complex of dimension
< 7. Let P,E € H*(X;Z). Then there exists an oriented 4-plane bundle o with
wa(@) = 0; pi(e) = P; ela) = E

if and only if there exists U,V € H*(X;7Z) such that

1. P=2U and E=2V - U,

2. S¢°p2(U) = 0 and Sq®pa(V)) = 0,

3. 0€®U) and 0 € o(V),

where ® is the secondary cohomology operation from H*(X;Z) to H'(X;Zs) associ-
ated to the relation Sq? o Sq?ps = 0. O

3. Dimensions 3, 4 and 6

In this section we shall prove Theorem 1.1, Theorem 1.2 and obtain some necessary
conditions on 6-manifolds that satisfy (£). We begin with the following observation
that identifies the orientable manifolds in &5.

Proposition 3.1. Let X be an orientable 3-manifold. Then X € &3 if and only if X
is a homology 3-sphere.

Proof. Assume that X € £. By Proposition 2.1, (ii), we have H?(X;Z) = 0. This
implies that H;(X;Z) = 0, i = 1,2. Conversely, if X is a homology 3-sphere it follows
from the comments in Section 1 that X € &s. ]

To complete the proof of Theorem 1.1 we shall show that £3 does not contain any
non-orientable manifold.

Proof of Theorem 1.1. Assume that there exists X € &3 with X non-orientable. Then,
as H%(X;Z) = 0, the integral and mod-2 cohomology groups of X can be seen to be

7 i=0, Zo i=0,
i . — Z Zzla 7 . _ Zg ’Lzl,
H(XaZ)_ 0 2-22’ H(sz2)_ Zg i:2,
Zy i=3, Zy i=3.

By Remark 2.4, there exists a € H?(X;Zz) with Sq'(a) # 0. Clearly,

pa(p) = P(a) =0,

where 0 = p € H*(X;Z). Hence, by Theorem 2.6, there exists an orientable 3-plane
bundle a over X with wy(a) = a # 0. Now,

ws(@) = Sq' (w2(e)) = Sq' (a) # 0.
This implies e(a) # 0 which is a contradiction. This completes the proof. O



220 ANIRUDDHA C. NAOLEKAR, B. SUBHASH aAND AJAY SINGH THAKUR

We now turn to the proof of Theorem 1.2. We have already seen that H?(X;Z) = 0
is a necessary condition for a manifold to satisfy (£). In low dimensions, an additional
necessary condition is the vanishing of the fourth integral cohomology. The precise
statement is the following.

Theorem 3.2. Let X be a n-manifold with n=4,5. If X salisfies (£), then
HY(X;Z) = 0.

Proof. Assume, if possible, that H*(X;Z) # 0. Let U € H*(X;Z) with U # 0. Let
V=U, P=2U and E=2U —U =U. Then as all the three conditions of Theo-
rem 2.7 are satisfied, there exists an oriented 4-plane bundle « with e(a) = U # 0.
This contradiction proves the theorem. O

Proof of Theorem 1.2. If X is a 4-manifold, then H*(X;Z) equals either Z or Zs,.
Hence &4 = (). This completes the proof of Theorem 1.2. O

As a consequence of the above theorem we obtain the following observation.

Corollary 3.3. Suppose X = X1 X X5 is a non-orientable manifold, where X1, X5
are manifolds of positive dimension and dim(X) =5. Then X does not satisfy (£).

Proof. 1fdim X; = 2, then H?(X;Z) # 0. If dim X; = 4, then H*(X;Z) # 0. In either
case X does not satisfy (£). O

We end this section by deriving some necessary conditions on manifolds X € &.
We do not know if the conclusion of Theorem 3.2 remains true for 6-manifolds. We
can, however, make the following observation.

Theorem 3.4. Suppose X € E. Then

1. HY(X;Z) is a finite elementary abelian 2-group, and
2. the Euler characteristic x(X) < 0.

Proof. Since H*(X;Zs) is a finite elementary abelian 2-group the conclusion (1)
follows if

p2: HY(X;Z) — H*(X;Zy)
is a monomorphism. If U # 0 and U € ker(ps) we set
V=U E=U P=2U
As Sq%p2(U) = 0 we have, by Theorem 2.7, an oriented 4-plane bundle o with
e(a) =U #0.

This contradiction forces ps to be a monomorphism and (1) follows. In particular,
H*(X;Z) is finite.
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To prove (2), we note that, since X is necessarily non-orientable, the integral
homology of X must now be of the form

Z i=0,
Z* i=1,

F i=2,

H(X:;Z)={ Z'®F i=3,
F" =4,

7' ®Zy i=5,

0 i=6,

where F” is a finite elementary abelian 2-group. The Euler characteristic can now be
computed to be

XX)=1—t—t-1.

Evidently ¢ > 1 and so we must have x(X) < 0. This completes the proof. O

We end this section by showing that a non-orientable 6-dimensional product cannot
satisfy (£). Note that if a 6-manifold X satisfies (£), then X is necessarily non-
orientable.

Proposition 3.5. Suppose X = X7 x X5 is a non-orientable manifold, where X1, Xo
are manifolds of positive dimension and dim(X) = 6. Then X does not satisfy (£).

Proof. Assume that X; is non-orientable. We look at several cases. If dim(X;) = 2,
then H?(X;Z) # 0 and hence X does not satisfy (£). If dim(X;) = 3, then as X7 is
non-orientable there exists (by Theorem 1.1) an oriented bundle « over X; with non-
zero Euler class. Pulling back a to X via the projection X — X; gives an oriented
bundle over X with non-zero Euler class. Thus in this case too X does not satisfy
(&). If dim(X;) = 4, then arguing as in the previous case (and using Theorem 1.2)
we see that X does not satisfy (£). Finally, let dim(X;) = 5. Then first observe that
X, = S! and hence HI(XQ; Z) = Z. We now have two cases. In the case that X; does
not satisfy (£), then arguing as in the previous two cases we see that X does not
satisfy (€). In the case that X satisfies (£), we have H'(X1;Z) = Z (see Section 5)
and hence H?(X;Z) # 0. Thus in this case too X does not satisfy (£). This completes
the proof. ]

4. Dimension 5: the orientable case

In this section we shall prove Theorem 1.3 in the case X is orientable.

Proof of Theorem 1.3. We assume that X € &5 is orientable. We shall show that the
conditions (1) and (2) of Theorem 1.3 are satisfied.

By Proposition 2.1 (ii) and Theorem 3.2 we have H?(X;Z) = 0 and H*(X;Z) = 0.
Thus (1) is satisfied. To prove (2), we first observe that the integral homology and
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cohomology groups of X can be seen to be

Z i=0, Z i=0,
0 i=1, 0 i=1,
F i=2, oo )0 =2,
Hi(X;2) = i3 H(X;Z)=qp ;_3
0 i=4, 0 i=4,
7 i=5, Z i=5.

where we recall that F' denotes a finite abelian group. Thus the mod-2 cohomology
groups of X are

Z2 Z:O,
0 i=1,
i Zs 7,:2,
H(X>ZQ): Zg i=3
0 i=4,
Zo 1 =05.

To complete the proof we shall show that s = u + v = 0, where u, v are as in the
proof of Proposition 2.3. We first show that u = 0.

Assume that u > 0. We shall see that this leads to a contradiction. Since u > 0,
we conclude by Proposition 2.3 that

Sq': H*(X;Z9) — H*(X;Zs)
is non-zero. Let a € H?(X;Zy) with Sq'(a) # 0. Since the Pontryagin square
B: H(X;Zo) — HYX;Z4) =0
is the zero homomorphism, we see that

pa(0) = B(a).

Thus, by Theorem 2.6, there exists an oriented 3-plane bundle o with we(a)) = a # 0.
By Wu’s formula we have

ws(a) = S¢' (wa(a)) = Sq'(a) # 0.

This forces e(a) # 0. This contradiction implies u = 0.
Next we show that v = 0. Assuming the contrary, that is, v > 0 we shall construct
a 5-dimensional CW-complex X5 and a map h: X — X5 such that

1. the homology groups of X5 in degrees < 2 are of the form of the homology
groups of Y in Proposition 2.3,
2. Hy(X9;7Z) = Zo, and
3. h*: H3(Xo;Z) =7 ® Zy — H*(X;Z) = F is injective on the torsion subgroup.
We shall construct the space X5 in two steps.

Step I. Let X7 be the CW-complex obtained from X by killing the fundamental
group m1(X) of X. Let f: X — X denote the inclusion. Since X is obtained from X
by attaching 2-cells, we have H;(X;) = H;(X) for ¢ # 1,2. As X; is simply connected,
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H,(X1;Z) = 0. To compute Hz(X71;7Z) we look at the exact sequence
0 — Ho(X;2Z) 1% Hoy(X1) — Ho(X1, X;Z) — 0.
As Hy(X1,X;7Z) = 7! (say) is free abelian, we have
HQ(Xl;Z) =F® VAR

Thus the integral homology groups of X; are of the form

Z  i=0,
0 i=1,
ZLOF i=2,
0 i =4,
Z 1 =5.

In the exact sequence
H3(Xy, X Z) — H3(X1;2) 15 B3(X;Z) — HY(X), X;Z),
the first and the fourth groups are zero and hence
[ H¥X;2)=F — HX;Z)=F

is an isomorphism.

Step II. From the above step, we have that X is simply connected and mo(X;) =
Hy(X1;Z) = F ®7Zt. Since v > 0, there exists an index two subgroup, H say, of F.
Let X, be obtained from X; by killing the index two subgroup Z! @& H of m3(X;) =
Zt @ F. Let g: X; — X, denote the inclusion and h = g o f. Note that

Jx: HQ(Xl,Z) = F@Zt — HQ(XQ,Z) = Z2
is onto. Since we have an exact sequence
0— Hg(XQ;Z) — H3(X2,X1;Z)

and the last group is free abelian we conclude that H3z(Xy;Z) = Z* (say) is free
abelian. The integral homology groups of Xy are now of the form

7 i-o,
0 =1,

Zo =2,

Hi(X2;Z) = Z% i=3
0 i—4,

Z i=>5.

Hence, by Proposition 2.3
Sq': H*(X2;Z2) = Lo — H3(X;Z2) = 75 © Zs
is non-zero. We now argue that

g H3 (X9, Z) =78 © 7y — H*(X;Z) = F
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is injective on the torsion subgroup. This follows readily from the commutative dia-
gram

0 — Ext(Hy(X1;2),Z) = F — H3(X1;Z) = F — Hom(H3(X1;7Z),Z) — 0

T T !

0 — Ext(H2(X2;7Z),Z) = Ly — H?*(Xo;Z) = Z* ® Zy — Hom(H3(X2;7Z),Z) — 0.

Observe that the first vertical map is a monomorphism, since g.: Hs(X1;Z) =
F® 7' — Hy(X9;Z) = Zo is onto. The horizontal maps in the first square are
monomorphisms. This forces

g H3(X9;Z) =7y & 7' — H*(X\;Z) = F
to be injective on the torsion subgroup Zs of H3(X2;7Z).
Now observe that as H*(Xy;Z,) = 0, the Pontryagin square
PB: H*(Xo; Zo) — HY(X2;Zy)

is the zero map. We may now conclude, as before, that there exists an orientable
3-plane bundle « over Xo with e(a) # 0. As 2e(«) = 0, we have that e(«) is of order
two in H3(Xy;7Z) = Z' © Zy. Hence e(h*(a)) # 0. This contradiction proves v = 0
and hence (2) holds.

Conversely, if the two conditions of the theorem are satisfied and « is an oriented
k-plane bundle over X with £ = 3 or 5, then as the integral cohomology groups are as
described above and 2e(a) = 0 it readily follows that e(«) = 0. Hence X € &;. This
completes the proof of the theorem. O

Remark 4.1. We remark that if X is an orientable 5-manifold, then X satisfies the
two conditions in Theorem 1.3 if and only if X satisfies either of the following two
sets of equivalent conditions:

1. m(X) is perfect,

2. X is a rational homology sphere, and

3. the 2-primary component of Hz(X;Z) is trivial.
and

1. m(X) is perfect, and

2. X is a Zs-homology sphere.

We now make the following observations.

Corollary 4.2. If X € &5 is orientable and « a vector bundle over X, then w(a) = 1.
Also, X is an oriented boundary.

Proof. We may assume that « is a 5-plane bundle. By the remark above, X is a
Zs-homology sphere and hence w;(«) =0 for 1 <i<5. Since e(a) =0 we have
ws(a) = 0. This completes the proof. O

In particular, X is oriented cobordant to the sphere S°. This is clearly not a
sufficient condition for an orientable 5-manifold to satisfy (£). Indeed, the projective
space RP® is oriented cobordant to S® but does not satisfy (£). It is well known that
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029 = 7, is generated by the Wu manifold W = SU(3)/SO(3). The Wu manifold
W is a simply connected rational homology 5-sphere with Ho(X;Z) 2 Zy. Hence W
does not satisfy (&).

Suppose X, Y € &; are both orientable. It is then straightforward to check that the
connected sum X#Y satisfies the two conditions of Theorem 1.3. Thus we have the
following.

Corollary 4.3. Suppose X,Y € & with both X and Y orientable. Then their con-
nected sum X#Y € Es. O

We now give examples of X € & with X orientable and not simply connected.

Example 4.4. Let G be a finitely presented perfect group with trivial Schur multi-
plier. Then by [10, Theorem 1], there exists an integral homology 5-sphere K with
m1(K) = G. Let F be a finite abelian group with trivial 2-primary component. Then,
by the Smale-Barden theory, [15, 2], there exists a simply connected 5-manifold M
with Hy(M;Z) = F @ F. It is clear that K, M € &;. As observed above, we have that
K+#M € &s. In particular, & contains non-simply connected orientable manifolds.

Given a connected CW-complex Y, there exists an exact sequence
TI'Q(Y) — HQ(Y,Z) — HQ(?Tl(Y),Z) — 0

(see, for example, [4, Theorem 5.2]) where, by definition, the last group is the Schur
multiplier of 7 (Y). Since Hs(X;Z) is finite for every orientable X € & it follows
that the Schur multiplier of 71 (X) is finite for every orientable X € &; and does not
contain any element of order 2. It would be interesting to know if the fundamental
group of any orientable X € &5 has trivial Schur multiplier.

5. Dimension 5: the non-orientable case

In this section we prove Theorem 1.3 when X is non-orientable, thereby completing
the proof of Theorem 1.3. We begin with some observations.

Let X be a non-orientable 5-manifold with H?(X;Z) = 0. Then the integral homol-
ogy and cohomology groups of X are of the form below

Z i=0, Z i=0,
¢ =1, ¢ i=1,
F i=2, P 0 i=2,
Hz(X,Z): Zt@F/ 123’ H(X,Z)— Zt@F 1237
78 o7y i=4, ZV e F =4,
0 i=5, Zs i=5.
Thus we have,
Zo i=0,
z5 i=1,
. 7.5 ) = 2
H(X;Zs) = 2 e

ZEOLS ®T5 i=3,
75 ©Zy®Z3 =4,
Z, i =



226 ANIRUDDHA C. NAOLEKAR, B. SUBHASH aAND AJAY SINGH THAKUR

By Poincaré duality we have

=0+1+4
and

s=t+s +s.

Hence ¢t + s’ = 0. This forces t =0 = s’ and ¢ = ¢’ 4+ 1. In particular, £ > 1 (compare
proof of Proposition 3.5).

If further H*(X;Z) = 0, then the integral homology and cohomology groups of X
take the following form

Z i=0, Z i=0,
7 i=1, Z i=1,
Foi=2, e o =2,
ZQ Z.:, 0 Z’:’
0 i=S5, Zo i=5.
and hence we have
Zo i=0,
Zo 1=1,
; 75 1=2
g . _ 2 )
H (X>Z2)_ Z; 1:3’
Zo =4,
Zo 1 =05.

Before starting the proof of Theorem 1.3 we make some observations.

Lemma 5.1. Let X be a non-orientable 5-manifold such that H*(X; Z) = 0 and
H*(X;Z) = 0. Then the homomorphisms Sq*: H*(X;Z3) = Zg — H®(X;Z3) = Zo
and iy: H*(X;Zo) = Zy — H*(X;Z4) = Zy are isomorphisms.

Proof. Consider the long exact sequence
o HA(X ) S HA(X: Z) — HY(X: Z) 55 HO (X Z)
— H5(X;Z4) — H*(X;Z2) — 0
corresponding to the short exact sequence
0— 2y — 2Ly — Lo — 0
of coefficient groups. Note that H(X,Zy) = Zo and H(X,Z4) = Zy for i =4, 5,

hence it follows that i* and Sq' are isomorphisms. O

Lemma 5.2. Let X be a non-orientable 5-manifold with H*(X;Z) = 0, H*(X;

)

) =
0 and H*(X;Zs) = 0. Let a be an oriented 5-plane bundle over X. Then e(a) = 0.
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Proof. We note that
Sq' (wa(a)) = wi(e)ws(a) + ws(@) = ws(a)
as « is orientable. As wa(a) = 0 and p;(a) = 0 we have
0 = P(wz(@)) = pa(pr(@)) + ix(wa(a)) = ix(wa()).
Thus wy(a) = 0 which implies that ws(a) = 0 and hence e(a) = 0. O

=

Proof of Theorem 1.3. Assume that X € & is non-orientable. Then, by Proposi-
tion 2.1 and Theorem 3.2, H*(X;Z) = 0 for i = 2,4 and hence (1) is satisfied. Observe
that the homology and cohomology groups of X are as noted above. To prove (2) we
shall show, as in the orientable case, that s = u + v = 0. We first show that v = 0.

Assume that u > 0. We shall see that this leads to a contradiction. By the remark
after Proposition 2.3 we have that

Sqt: H*(X;Zs) = 75 — H*(X;Zs) = 75

is non-zero. Hence there exists a € H?(X;Zy) with Sq'(a) # 0. Also note that
H*(X;Z) = 0. We now consider the Pontryagin square

B HX(X;Zo) = 7 — H(X;Z4) = Zo.

If PB(a) = 0, then as in the orientable case we get an oriented 3-plane bundle « over
X with wa(a) = a. This implies as before that wz(«) # 0 and hence e(«) # 0 which
is a contradiction. In the case that P(a) # 0 we can find b € H*(X;Zy) = Za, b # 0
with 4, (b) = PB(a). By Theorem 2.5, there exists an oriented 5-plane bundle o with
wy(a) = b # 0. By Lemma 5.1,

ws(@) = Sq' (wa(a)) # 0
and hence e(a) # 0. This contradiction forces u = 0.

We now show that v = 0. We assume that v > 0 and obtain a contradiction. The
proof proceeds as in the orientable case and the case above. As before we construct
spaces X1 and X5 where X is obtained from X by killing 71 (X) and X5 is obtained
from X; by killing an index two subgroup of ma(X;) = Ho(X1;Z) =Z' @ F. Let
f: X — X; and g: X7 — X5 denote the inclusion with h = go f. As in the ori-
entable case it can now be checked that

1. h*: H3(X2;Z) =7" ® Zy — H*(X;7Z) = F is injective on the torsion subgroup,

and

2. h*: H*(X9;Z) = Zy — H?(X;7Z) = Zs is an isomorphism.

Since X5 is obtained from X by attaching 2-cells and 3-cells we see that
H*(X4;Z) = HY(X1;Z) = HY(X;Z) = 0.
Also as Hy(X2;Z) = Zo we have
Sqt: H*(X2;Z) = Zg — H*(Xo;Zs)

is non-zero. As before we fix a € H?(X2;Z2) with Sqt(a) # 0. If B(a) =0, then
arguing as above we have an oriented 3-plane bundle o with e(a) # 0. This implies
h*(e(«)) # 0. This is a contradiction. If B (a) # 0, then we have an oriented 5-plane
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bundle with e(a) # 0. Hence h*(e(a)) # 0 and we have a contradiction. This forces
v = 0. This completes the proof of the theorem in one direction.

Conversely, assume that X is non-orientable and satisfies the two conditions of
the theorem. In particular s = 0. Now if « is an oriented 3-plane bundle then clearly
e(a) = 0. If o is an oriented 5-plane bundle, then by Lemma 5.2 we have e(a) = 0.
Hence X € &. This completes the proof of the theorem. ]

As in the orientable case we have the following:

Corollary 5.3. If X € & is non-orientable and o a vector bundle over X, then
1. w(a) =1 if « is orientable, and
2. wi(a) =0, 4> 2, if « is non-orientable.
In particular, X is an unoriented boundary.
Proof. We first prove (1). It is enough to prove this when « is an orientable 5-plane
bundle. Since e(a) = 0 we have ws(a) = 0. The equality
Sq* (wa(@)) = ws(a) =0,

together with the fact that Sq! is an isomorphism (Lemma 5.1) implies that w4(a) =
0. Since H?(X;Z3) = 0 we have wa(a) = 0. That w; (a) = 0 follows from the assump-
tion that « is orientable. This forces ws(c) = 0 as the first non-zero Stiefel-Whitney
class must appear in a degree a power of 2. This proves (1).

Next we prove (2). Assume that « is non-orientable. We assume as before that «
is a 5-plane bundle. As H?(X;Zs) = 0 and

Sq¢' (wa(a)) = ws(a),
we have w;(a) = 0, i = 2,3. We next show that ws(«) = 0. Assume ws(«) # 0. Now
Sqt (wy () = wy (@)wy(a) + ws(a).
If wy(a) =0, then 0= Sq'(ws(a)) = ws(a) is a contradiction. On the other hand
assuming wy(«) # 0 we have
S¢' (wi(a)) = wi(e@)wi(a) +ws(a) =0

which is a contradiction since Sq' is an isomorphism, by Lemma 5.1. Thus ws(a) = 0.
Finally, we show that w4(a) = 0. This follows from the fact that

ix(wa(@)) + pa(pr(a)) = P(wz(a)) =0

implying that 4, (w4(a)) = 0. This implies wy(a) = 0. This completes the proof of (2).
O

Suppose X,Y € &5 where at least one of X and Y is orientable. Then it is easy

to check that the connected sum X#Y satisfies the two conditions of Theorem 1.3.
Thus we have the following.

Corollary 5.4. Suppose X,Y € Es where at least one of X and Y is orientable. Then
X#Y € &5.

We mention that if X,Y € & are both non-orientable, then as Hy(X#Y;Z) =
Z@Z, it follows that X#Y does not satisfy (£). We end this section by giving
examples of non-orientable 5-manifolds that satisfy (£).
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Example 5.5. Let E = §*xS" denote the twisted S* bundle over S'. The space E
is obtained as the quotient

E=5*x1[0,1]/ ~,

where (z,0) ~ (—z,1). The integral homology groups of E are of the form

Z i=0,
Z i=1,
0 i=2,
Ly i=4,
0 ¢=5.

Thus, by Theorem 1.3, E € . Observe that E is non-orientable and 71 (E) = Z. Let
M € &5 be an orientable manifold. Then E#M is non-orientable and E#M € 5.

Notice that if X € & is non-orientable, then 71 (X)) is necessarily infinite. However,
as Hy(X;Z) is finite, it follows that the Schur multiplier of 71 (X) is still finite and
has trivial 2-primary component.

6. K-theory

In this section we describe the real and complex K-theory of manifolds X € &.
Recall the Atiyah-Hirzebruch spectral sequence for K(X) is the spectral sequence
with Fy term given by

EP9 = HP(X; K%point)).

Similarly the Atiyah-Hirzebruch spectral sequence for If(\a(X ) is the spectral se-
quence with Fo term given by

EP? = HP(X; KO(point)).

We have the following description of the real and complex K-theory for an ori-
entable X € &s.

Theorem 6.1. Let X € & be orientable with Ho(X,Z) = F.
1. I/(?é_Z(X) is given as follows:

i 0[1]2[3] 4 5 [6]7
KO (X)|0|F|o0|Z|2Zy|Z,0F |0]|2Z

2. K9X)=0and K Y(X)=Z®F.

Proof. The Atiyah-Hirzebruch spectral sequence for both I?a(X ) and K(X) col-
lapses after the sixth page, since all the differentials are zero. The proof of the theorem
now follows easily by analyzing these spectral sequences and using the cohomology
description of X when X € & and X orientable, except for the value of K~!(X).
For the computation of K ~1(X), we consider the following long exact sequence (see
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p. 340 of [20]),

S KO(X) 5 KO (X)) = KEY(X) = KO (X) = KO (X) — ---
As 1?60()() =0, %71(X) =F and 1?61()() = Z, we conclude that K—1(X) =
ZDF. O

When X € &5 is non-orientable, we have the following description of real and com-
plex K-theory.

Theorem 6.2. Let X € & be non-orientable with Hy(X,Z) = F. Then K°(X) =0
and K~Y(X) =Z ®Zy ® F. The KO-groups of X is as follows:

i 0 1 [2] 3 [4 5 6 | 7
KO (X)|Z2|Z:8F |0 |27 |2y | 22820 @ ForZy ®F | Zo | 26 Zs

Proof. As noted above, the Atiyah-Hirzebruch spectral sequences for K (X) and
KO(X) collapses after the sixth page. The proof of the theorem now follows eas-

—0
ily by further analyzing the spectral sequences, except for the value of KO (X) and

6 — 0 — 6
KO (X).From the analysis we observe that KO (X) is either 0 or Zo and KO (X)
is either Zs or 0.
Since X is non-orientable, the tangent bundle over X will represent the non-zero
—0 ——0
element in KO (X). Hence KO (X) = Zs.
— -6
If KO (X) =0 then we get the following short exact sequence (see p. 340 of [20])
— 7 ¢ ~_ — -5
0-KO (X)SK(X)—KO (X)—0,
where the first map e is the complexification map. Then e will map the Zs-summand
— 7 ~ ~ — =7
of KO (X) onto the Zy summand of K~7(X). If p: K~7(X) — KO (X) denotes
the real restriction then using the fact that the composition p o € is multiplication by
— 7
2, it is easy to see that € will map the Z-summand of KO (X)) into the Z-summand
of K~7(X) either isomorphically or by multiplication of 2. Applying this to the above
short exact sequence, we get the contradiction on the cardinality of the groups. Hence,
— 6
KO (X)=12Z,. O
Remark 6.3. 1. It follows from the KO-theory computations that if X € & is
orientable, then X is stably parallelizable. Thus, these X provide examples of
stably parallelizable Zy-homology 5-spheres. On the other hand it is known that
there exist Zo-homology 5-spheres, for example the Lens space L(5;1,1,1) in
the notation of [7], that are not stably parallelizable.
2. As noted above, if X € & is orientable, then X is stably parallelizable. The

Kervaire semi-characteristic x*(X) of a (2n 4 1)-dimensional manifold is given
by (see [3])

X*(X) = dim H'(X;Z) mod 2.
i=0
If X € &; is orientable, then the computation of cohomology groups of X € &;
in Theorem 1.3, shows that x*(X) = 1. This implies that if X € &5 is orientable,
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then X cannot be parallelizable by Theorem 1.2 from [3]. Moreover, in this case
it follows that span(X) = 1.

Acknowledgments

The authors thank the anonymous referee for his detailed and valuable comments
which has helped in improving the general presentation of the paper and correcting
a few inaccuracies.

References

1]
2]
3]
[4]
5]
6]
7]
8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

Atiyah, M., and Hirzebruch, F., Bott periodicity and the parallelizability of the
spheres, Proc. Cambridge Philos. Soc., 57 (1961), 223-226.

Barden, D., Simply connected five-manifolds, Ann. of Math. (2), 82 (3) (1965),
365-385.

Bredon, G.E., and Kosinski, A., Vector fields on w-manifolds, Ann. of Math.,
84 (1) (1966), 85-90.

Brown, K.S., Cohomology of Groups, Springer, Grad. Texts in Math., vol. 87,
1982.

Cadek, M., and Vanzura, J., On the classification of oriented bundles over
5-complexes, Czechoslovak Math. J., 43 (118), no. 4, (1993), 753-764.

Cadek, M., and Vanzura, J., On oriented vector bundles over CW -complezes
of dimension 6 and 7, Comment. Math. Univ. Carolin., 33 (4) (1992), 727-736.

Ewing, J., Moolgavkar, S., and Smith, L., Stable parallelizability of Lens spaces,
J. Pure Appl. Algebra, 10 (1977), 177-191.

Guijarro L., Schick T., and Walschap G., Bundles with spherical Euler class,
Pacific J. Math., 27 (2) (2002), 377-392.

Guijarro, L., and Walschap, G., Transitive holonomy group and rigidity in
nonnegative curvature, Math. Z., 237 (2001), 265-281.

Kervaire, Michel, A., Smooth homology spheres and their fundamental groups,
Trans. Amer. Math. Soc., 144 (1969), 67-72

Naolekar, A.C., Realizing cohomology classes as Euler classes, Math. Slovaca,
62 (5) (2012), 949-966.

Naolekar, A.C., and Thakur, A.S., Vector bundles over iterated suspensions of
stunted real projective spaces., Acta Math. Hungar., 142 (2014), 339-347.

Naolekar, A.C., and Thakur, A.S., On trivialities of Chern classes, Acta Math.
Hungar., 144 (1) (2014), 99-109.

Naolekar, A.C., and Thakur, A.S., Euler classes of vector bundles over iterated
suspensions of real projective spaces, Math. Slovaca, 68 (3) (2018), 677-684.

Smale, S., On the structure of 5-manifolds, Ann. of Math., 75 (1) (1962), 38-46.

Tanaka, R., On trivialities of Stiefel-Whitney classes of vector bundles over
highly connected complexes, Topology Appl., 155 (2008), 1687-1693.



232
(17]

(18]

(19]

[20]

(21]

ANIRUDDHA C. NAOLEKAR, B. SUBHASH aAND AJAY SINGH THAKUR

Tanaka, R., On trivialities of Stiefel-Whitney classes of vector bundles over
iterated suspension spaces, Homology Homotopy Appl., 12 (1) (2010), 357-366.

Thakur, A.S., On trivialities of Stiefel-Whitney classes of vector bundles over
iterated suspensions of Dold manifolds, Homology Homotopy Appl., 15 (2013),
223-233.

Thomas, E., On the cohomology of the real Grassmann complezes and the char-
acteristic classes of n-plane bundles, Trans. Amer. Math. Soc., 96 (1) (1960),
67-89.

Toda, H., Order of the identity class of a suspension space, Ann. of Math., 78
(1963), 300-325.

Walschap, G., The Euler class as a cohomology generator, lllinois J. Math., 46
(1) (2002), 165-169.

Aniruddha C. Naolekar ani@isibang.ac.in

Stat-Math Unit, Indian Statistical Institute, 8th Mile, Mysore Road, RVCE Post,
Bangalore 560059, India

B. Subhash subhash@iisertirupati.ac.in

Indian Institute of Science Education and research (IISER) Tirupati, Tirupati 517507,

India

Ajay Singh Thakur asthakur@iitk.ac.in

Department of Mathematics and Statistics, Indian Institute of Technology Kanpur,
Kanpur 208016, India




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


