Homology, Homotopy and Applications, vol. 24(1), 2022, pp.205-215

REALISABILITY OF THE GROUP OF SELF-HOMOTOPY
EQUIVALENCES AND LOCAL HOMOTOPY THEORY

MAHMOUD BENKHALIFA
(communicated by Jelena Grbid)

Abstract
We prove that any group G occurs as the quotient £(X)/E.(X),
where £(X) denotes the group of self-homotopy equivalence of a
certain CW-complex X and &.(X) denotes its subgroup of the
elements inducing the identity on the homology groups.

1. Introduction

For a simply connected space X, we are interested in the group of homotopy classes
of self-homotopy equivalences, £(X), and the so-called Kahn’s realisability problem
of groups [15]. Namely, if a given group G can occur as £(X) for some space X.

For finite groups, in [11] Costoya and Viruel solved completely this problem by
constructing a rational elliptic space X having formal dimension n = 208 + 80|G|,
where G is a certain finite graph associated with G and |G| denotes its order. The
space X satisfies m(X) = 0 for all £ > 120. Later on in [4], it is proven that we can
realise the finite group G' by a non-elliptic space having formal dimension n = 120,
independently of the order of G. Let’s also mention that, in [10], the authors showed
that rational points of every Lie type are also realised by a rational space such that
E.(X) = 1. Here £,(X) denotes the normal subgroup of £(X) of the elements inducing
the identity on the homology groups.

It is worth noting that Kahn’s realisability problem has been solved for generic
spaces in [7], but it is still open in the realm of CW-complexes for infinite groups.
As a way to approach this problem, in [9, Problem 19] the question of whether an
arbitrary group can appear as the distinguished quotient £(X)/E,(X) is raised by A.
Viruel. Recall that the group £(X)/E.(X) was already considered in [6] and [8] in
case where X is a CW-complex with connectivity and dimension constrains

Inspired by the ideas developed in [9], this paper aims to solve completely Viruel’s
problem for any arbitrary group. More precisely, we establish

Theorem 1.1. Any group G occurs as E(X)/E.(X), where the CW-complex X can
be chosen as follows

1. X is a 19-connected and 388-dimensional Z,)-localised space, where p > 185 is
a prime number, which is of finite type if G is finite;
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2. Hi5(X, Zy)) and Hsgs(X, Zy,y) are free Zyy-modules of infinite basis iff G is
infinite;

3. Hao(X,Zypy) = Hae(X, Zpy) = H3a(X, Zp)) = Hsa(X, L)) = Hes(X, Zpy) =
Lp);

4. (X)X HOHl(Hggg(X,Z(p)),7T388(X115)), where X115 is the 115-skeleton of X ;

5. E.(X) is infinite.

Notice that as £,(X) is infinite, it follows that our construction does not provide
a solution to the original Kahn’s problem (see Remark 5.3).
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2. Preliminaries

2.1.  Anick’s Z(,)-local homotopy theory

In this paragraph we review briefly Anick’s differential graded Lie algebra frame-
work for Z,-local homotopy theory [3]. Let CWﬁj‘l denote the category of m-
connected, finite CW-complexes of dimension no greater than k£ 4 1 with m-skeleton
reduced to a point. Let CW’;@H(Z(p)) denote the category obtained by Z,)-localising
the spaces in Can'H. When k < min(m + 2p — 3, mp — 1) the homotopy category
of CanH(Z(p)) is equivalent to the homotopy category DGLfn(Z(p)) of the free
differential graded Lie algebras (IL(W),d) in which W is a free graded Z,)-module
satisfying W,, = 0 for n < m and n > k.

Given a space X in CW’an(Z(p)), Anick’s model recovers homotopy data via

W*(X) %H*,l((]L(W)),@) and H*(X,Z(p)) %H*,l(W,d),

where d is the linear part of 0 (see [1, Theorem 8.5]). Moreover, Anick’s theory
directly implies an identification of the form

€(X) = aut((L(W),9))/ =, (1)

where the latter is the group of differential graded Lie homotopy self-equivalences of
(L(W),d) modulo the relation of homotopy in DGL,(Z,)) (see [1, pp. 425-6]). We
write E(L(W)) = aut((L(W), d))/ ~ for this group. Similarly, we have

E«(X) = aut.((L(W),0))/ =, (2)

we denote the latter group by &, (IL(W)), where aut. ((IL(W), 9)) is the group of differ-
ential graded Lie automorphisms inducing the identity automorphism on H.(W,d).

2.2. Strongly connected digraphs and theorem of de Groot

A digraph (i.e. a directed graph) G = (V(G), E(G)), where V(G) denotes the set
of the vertices of G and E(G) the set of its edges, is strongly connected if for every
v,u € V(G), there exists an integer m € N and vertices v = vg,v1,..., vy = u such
that (Ui, 'Ui—i-l) S E(G),’L =0,1,...,m.
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The following theorem, due to J. de Groot [12, p. 96], plays a central role in this
paper.

Theorem 2.1. Any group G is isomorphic to the automorphism group of a some
strongly connected digraph G.

Remark 2.2. Tt should be noted that, in [12], de Groot is not considering strongly
connected digraphs, but just graphs or digraphs. But any simple graph can be seen
as a symmetric digraph, [14, §1.1], if it is connected, then the associated digraph is
strongly connected.

2.3. Two short exact sequences

Let p be a prime and let (L(W, ® Wx,,),d), with ¢ >n+ 1, be an object in
DGL’fn(Z(p)), where k& < min(m + 2p — 3, mp — 1). Assume that 9 is decomposable
(i.e. the linear part of 0 is zero).

We define the map b,: W, — H,_1(L(Wg,,)) by setting b,(w) = {9(w)}. Here
{0(w)} denotes the homology class of O(w) € Ly—1(Wgn).

Let C? be the subgroup of aut(W,) x £(L(Wx,,)) consisting of the couples (, [a])
making the following diagram commutes

ib" lbq (3)
Hq—l(O‘)
Hq—l(L(W<7L)) - q—l(L(Wén))

and let
C?={[f] € &(L(Wgy)) such that (id, [8]) € C?}. (4)
Clearly C{ is a subgroup of &, (L(Wxy,)). In [5, Theorems 2.6 and 2.9] it is shown that
Theorem 2.3. There exist two short exact sequences of groups
Hom (W, Hy(L(Wen))) — EL(W, & Wen)) — C°, (5)
Hom Wy, Hy(L(Wey))) — E.(L(W, & We,)) — L. (6)

Remark 2.4. For the sequence (6), we need to use the fact that 9 is decomposable,
the fact that ¢ > n + 1 and Remark 2.8 in [5].

3. Graded Lie Z,-algebras associated with strong connected
digraphs

Definition 3.1. Let G be a strongly connected digraph with more than one vertex
and p > 185. We define the following free differential graded Lie Z,)-algebra

L(G) = (L(wl,wg,wg,w4,w5,xv,z(ﬂ’u) |veV(G),(v,u) € E(Q)),a).
The degrees of the generators are as follows:

le‘ = 19, |w2| = 25, |’U)3| = 51, |U)4| = 337 |’U)5| = 67,
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|z, | =114, Yv e V(G), |2(v,u)| = 387, V(v,u) € E(G).
The differential is given by
O(wy) = O(wa) = Awyg) = Oay,) =0, O(ws) = [we,ws], ONws) = [wg,ws], (7)
I(2(v,u)) = (ad )3 ([wy, wa]) 4+ (ad wy) " ([wa, [24, 24]]) + (ad w1 ) (we) + X, + Y + Z,
where

Xy, = [[Jiv, [vaw?)]]v [Zv, [w17 [wlv [wlv wQHH]’ Y = (adw1)12([[w27w4]7 [w4v w5]])a

Z = [(adwl)f’(w‘;)7 [(ad wo)? (wy), (ad wQ)Q([w4,w5])H. (8)
Recall that the iterated Lie bracket of length k + 1 is defined by
(ad ) (y) = [z, [z, [..., [z,9] ... ]]] where 2 is involved & times.

For the sake of simplicity, let’s denote
L(G<114) = (L(wl,w27w37w4,w57l‘v |ve V(g))ﬁ)- (9)

Lemma 3.2. For everyv eV (G), the following cycles are not boundaries in £L(G<114),
[{,CU, [$u7 [mh [w27w1m]ﬂ (adfvv)3([wlvw2])7 (ad w1)7([w27 [xvvxu]])v (adwl)lg(wQ)'

Proof. Since the only non zero differentials are 0(ws) = [we, w2], O(ws) = (w4, w4]
and none of the given cycles contain wy or wy twice, it follows that they cannot be
boundaries. O

Lemma 3.3. The element C' = [ws, (w1, [w1, wa]]] — [wa, [w1, [w1,ws]]] € L(F<114) s
a 114-cycle. Moreover, for every v € V(G), the 338-cycle A, = [xy, [24, [C, [w1, w2]]]]
is not a boundary in L(G<i14).

Proof. First, the condition p > 187 ensures that £(G) is an object of DGL?S7(Z@))
allowing us to use the framework in [2]. Next, by [2, Lemma 1.9] the following map
is injective,

Hi(ﬁ(g§114)) — H,‘(T(g§114))7 Vi < 386. (10)

Here T(G<114) = T(w1, w2, w3, wy, ws, {Ty}yev(g)) denotes the universal algebra of
L(G<114)- Recall that T(G<114) can be considered as a graded Lie algebra by defining

[a,b] = ab — (—1)1*!ltlpq, (11)
First, as 0(ws) = [wa, ws], we deduce that
I(C) = [[wa, wa], [wr, [wy, wa]]] = [wa, [wy, [wr, [wa, we]]]]. (12)

Expanding [[wa, wa], w1, [w1, ws]]] and [wa, [wy, [w1, [we, ws]]]] in T (G<114) and using
equation (11) we get

[[wa, wa], [w1, [w1, wa]]] = 2wawiws — 2wiw} — 2wiwi + 2wiw?w,,
[wa, [wy, [wr, [wa, ws]]]] = 2wawiw? — 2wiw? — 2wwi + 2wiww,. (13)

Consequently, 9(C) = 0 as desired.



REALISABILITY OF THE GROUP OF SELF-HOMOTOPY EQUIVALENCES 209

Next, recall that the differential 9 in T (G<114) is given by

O(w1) = O(wz) = d(xy) =0, O(ws) = [wa, ws] = 2w3, O(ws) = [wy, ws] = 2w3.
(14)
On the one hand, expanding the cycle C' in T(G<i114) by using (11), we get the
monomial w3w}ws — wewfws which cannot be reached by 9 according to (14).
On the other hand, expanding the cycle A, in 7 (G<114), we get the monomial
JC%’LUgU}%’lUQU)lUJQ which cannot be reached by 9. Hence, C' and A, are not boundaries in
T (G<114)- By the injective map (10), we derive that C' and A, are also not boundaries

in £(g<114>. O]
Lemma 3.4. For every s,s" € V(G) such that s # s, the following brackets

[, [zs, [2srs [wi, wolll], [, [, [, [wr, woll]l, - [, [, [, [wr, wa]]]]

are linearly independent. Moreover, any linear combination of those brackets is not a
boundary in L(G<114)-

Proof. Indeed, set A = [wy,ws], if
a[xsa [l‘sy [xs’a AH] + b[x& [xs’a [-Ts, AH] + C[J?S/, [l’s, [-Ts, AH] = 07

then, expanding the bracket alzs,[s, [xs, A]]] in T(G<114), we get the monomial
ar?xy A. Now expanding [z, [zy, [s, A]]] and [zy, [2s, [2s, A]]] we obtain

[s, [, [Ts, A]]] = 52925 A — 509 ATg — zfoS/ + Az g

— Ty X ATy + Ty Axg + v AT g Ty — AT Ty T, (15)

[Ts, [T, [2s, A]]] = zo2? A — 292, A, — 29 Ax? — 22 Axy — 22, Az 0y — Axay.
(16)
Therefore az?x s A does not appear in (15) and (16). As a result a = 0.
Likewise, as the expression bxsxy xswiws does not appear in (16), it follows that
b = 0. Consequently, ¢ = 0.
Finally, since the monomials axfzs/wzwl, br e Tswiwe and g X T W1 W cannot
be reached by the differential 0 according to (14), it follows that any linear combina-
tion of the given brackets is not a boundary in £(G<i14). O

Lemma 3.5. For every v € V(G), the brackets X, Y and Z given in (8) are linearly
independent. Moreover, any linear combination of those brackets is not a boundary
m £(g<114).

Proof. Indeed, recall that
Xy = [[.Z‘m [w27w3]]’ [ZCU, [wh [wlﬁ [wla w2m]]> Y= (adw1>12([[w27w4]’ [’LU4, w5]])’

[(ad w1)®(w4), [(ad w2)? (wa), (ad w2)? ([ws, ws))]] .

As Y contains exactly 2 generators wy, Z has 3 and X, does not contain wg, we
derive that X,, Y and Z are linearly independent.

Next, we claim that any linear combination a X, + bY + ¢Z cannot be a boundary.
Indeed, using the same argument given in the previous lemmas, expanding the three
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brackets in the universal algebra 7 (G<i114), we get the following monomials
awigngvtﬁwg, bw%zwgwiwm cwfw4w§w4w§w4w5,

and none of them can be reached by the differential 9 according to (14). O

Corollary 3.6. Let p > 185. If L(G) and L(G<114) are the differential graded Lie
algebra given in Definition 3.1 and (9) respectively, then we have two short exact
sequences

Hom (Wss7, Hssr(L(G<114)) — E(L(G)) — C*¥, (17)
Hom (Wis7, Hsr(L£(G<114)) — E(L(G)) — cT, (18)

Proof. First, the condition p > 185 ensures that £(G) is an object of the category
DGL?S7(Z(p)). Then, the two sequences follow by applying Theorem 2.3 to £(G). O

Remark 3.7. The commutativity of the diagram (3) means that for every w € W,
there exists ¢ € L,(Wx,,) such that a o 9(w) — 9 o {(w) = O(t). Hence, in the terms
of Corollary 3.6, there exists @(,,,) € £(G<114) such that

Qo a(Z(v,u)) —0o g(z(v,u)) = a(¢(v,u)) (19)

4. Construction of the isomorphism ¥: aut(G) — C3%7

Since the Hall basis of £114(G<114) is formed by

{zstsevigy:  [ws, [wi, [wi,wal]l,  [[wi, wo, [wi,ws]l,  [we, [wi, [wi, ws]]],
it follows that, for every (¢,[a]) € C387, we can write

a(wl) = Bwla OZ(U}Q) = A\wa, Ck(’u}g) = quws, a(w5) = rws,

a(zy) = Y alv,8)z, + aypafws, [wy, [wi, wa]]] + a2 [[wr, wa], [wr, ws]]
seV(G)
+ ay 3[wa, [wy, (w1, ws]]],
g(z(v,u)) = P(v,u)?(v,u) + Z P(v,u),(r,s)?(r,s)s (20)
(r,s)EE(G)

where almost all of the coefficients p(y,.),(r,s), P(v,u) and a(v,s) are zero and where
B, A\, q,v,r # 0. It is worth noting that as « is an equivalence of homotopy, then
its induces an isomorphism on the indecomposables, therefore at least one of the
coefficients a(v, s) is not zero. Likewise, as £ is an isomorphism at least one of the
coefficients p(y u),(r,s)s P(v,u) 18 MOt zero.

Proposition 4.1. If (¢, [a]) € C3%7, then the coefficients in (20) satisfy the following
1. ay1 = —ay3 and ay2 =0 for all v € V(G),

2. q= M\ and r =2
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Proof. First, since 9(a(z,)) = a(0(x,)) = 0 and O(ws) = [wa, ws), it follows that
Ay 1 [[wa, wal, [wi, [wi, wa]] + ay 2[[wr, wa], [wr, [wa, ws]]]
+ av73[w2, [’LUl7 [wl, [’wg, wg]]]] =0.

But from (12) we know that [[wa, wa], [w1, [w1, ws]]] = [we, [w1, [w1, [we, ws]]]] and in
T114(G<114) we have

[[wy, wa], [w1, [wa, ws]]] = 2w wow ws — 2wiwiwy + 2wow?wi — 2wewiwiw,

— 2w1w§w1w2 + 2w§w%w2 — 2w1w§w1 + 2w§w1w2w1,

[[wa, wa], [w1, [w1, ws]]] = 2wowiw? — 2wiw? — 2wiw3 + 2wiwiw,.
As aresult, a,1 = —a, 3 and a, 2 = 0.

Secondly, since d(a(ws)) = a(d(ws)) and I(a(ws)) = a(Id(ws)), we derive

I(a(ws)) = rlwy, wa], a(O(ws)) = [a(ws), a(ws)] = y*[wa, wa),
Ia(ws)) = qlwz, 2], a(0(ws)) = [a(wa), a(ws)] = N[ws, wy].
Consequently, ¢ = A? and r = +2. O]

Proposition 4.2. Let (&, [a]) € C387. There exists unique ¢ € aut(G) such that

EGww) = 20wy,  V(v,u) € E(G), (21)
a(Ty) = (o) Yv e V(G),
a(w;) = wy, 1=1,2,3,4,5.

Proof. Notice that the strong connectivity of the graph implies that for every v €
V(G), v is the starting vertex of an edge (v,w) € E(G). Therefore the coefficients
a(v, ),y 1, Gv,2, 0y 3, Gya and a, 5 involved in a(z,) (see (20)) can be entirely deter-
mined by using (19). Indeed, we have
3 7

a(0(2(,u)))) = (ad(a(z2)))" ([a(wr), a(ws)]) + (ad(e(w1))) " ([a(ws), [a(@y), a(z4)]])

+ (ad(a(w)) " (alws)) + a(X,) + a(Y) + a(2),
a(f(z(mu)))) = p(v,u)a(z(v,u)) =+ Z p(v,u),(r,s)a(z(r,s))

(r,5)€B(9)
= p(v,u) (ad (Ev)3([’w17 IUQ]) + p(u,u) (ad $1)7([w23 [!L’v, xu]])
+ P(v,u) (ad w1)19(w2) + P(v,u) (Xv +Y + Z)
+ Z P(v,u),(r,s) ((ad I'T)B([wlv w2])
(r,s)€E(G)
+ (adwy)([ws, [or,2,]]) + (adw)) P (ws) + X, +Y +2),  (22)

where X, X,., Y, Z are given in (8). Next Proposition 4.1 implies that

a(@) = Y a(v, )z + ay (ws, [, fwg, wal]] = [ws, [wr, T, wsl]] ), (28)
seV(G)
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where almost all of the coefficients a(v, s) are zero and at least one of them is not nil.
Expanding the expression

(ad a(2))* (la(wr), a(w2)]) = BAad(a(z,))? (fw, wa)), (24)
leads to the following brackets

ﬂ/\az(va 5)0’(,07 5/)[xs> [‘rsa [xs’a [wZa wl““a v, s, 5/ € V(g)a
BAa®(v, 8)a(v, 8" [z, [T, [, [we, w1]]]], v, 8,8 € V(G),
BAG* (v, 8)a(v, ') [xy, [, [T, [wa, wi]]]], v,8,8 € V(G).

But none of the brackets in the expression (22), giving 9(£(2(y,4))), is formed using
three generators s, 24, s with s # s’. Moreover, by Lemma 3.4, the following expres-
sion

,6)\@2(’1}7 S)a(v7 3/) ([l‘s, [$S, [xS” [wla w2m] + [.1‘5, [$S’7 [CIL‘S, [w17 wQ]H]

+ 2o, [z, [ fon, o))

is neither trivial nor a boundary. Now based on the formula (19), we deduce that all
of the coefficients B\a?(v,s)a(v,s’) are nil. Since 8, A # 0, it follows that only one
coefficient among a(v, s), s € V(G) is not zero. Let us denote it by a(v, t,). As a result,
the formula (23) becomes

a(@y) = a(v, t)a + av ([ws, [wr, [y, wal]] = ws, fon, oy, well]). (25)
Using (25) and expanding again (24), we get the following (only one) bracket
BAGQ(U7 tv)av,l[xta [:L'fm [Ca ['lUQ, wl”]]a
where
C = [ws, [wi, [w1, wa]]] — [wa, [wi, [w1, ws]]].
This bracket does not appear in the expression (22) and it cannot be a bound-
ary by Lemma 3.3. Therefore, using the formula (19) and taking into account that
a(v,ty), B, A are not nil, we deduce that a,; = 0. Thus, there is a unique vertex
t € V(G) such that a(z,) = a(v,t,)z:.
Consequently, on the one hand, we derive the following
aY) = 1221y, a(Z) = BN~ Z, a(X,) = B*Xal, n Xi, Yo e V().
On the other hand, the formulas (22) become
a(0(2(0u))) = B (v,1,) (ad(x,))* ([wr, w2])
7
+ B7ha(v,t)au, t) (ad(wn)) (fws, [0, 20])
+ BN (ad(w1)) ' (wa) + B2Xa® (v,1,) X + B2MY + 2Ny 2,
8(£(z(v,u))) = p(v,u)(ad xv)g([wlv wZ]) + p(v,u)(adx1)7([w2’ [xv, xu]])
+ P(owy (ad w1) ' (w2) + p(o,uy (X +Y + 2)

Y P ((ade,) (w1, wa]) + (adw)) (fws, [oy, 2,])
(r,s)€E(9)
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n (adwl)lg(w2)+Xr+Y+Z). (26)
Likewise, due to Lemmas 3.2, 3.3 and 3.5, all the brackets in the expression

IE(2(v,w)) — a(9(2(w,u));

are not boundaries and comparing the coefficients in (19), we get P(v,u) =0 and
all the coefficients p(y ), (r,s) = 0 €xcept Py u),(t,,¢.) 7 0 Which satisfies the following
equations

Pv,u),(ty,ty) = B/\ag(va tv) = 67/\CL(U, tv)a(ua tu) = 63/\4(12(1}; tv) = 619/\ = ﬁ12>‘74

= BO\5~°. (27)

From ¥\ = 12 y* = 5X\°~°, we deduce that
BT=9% B =20 BT=Xy =" =),
therefore,
(B7)12 = 448 = (B12)7 = AZ3435 s 413 — )28 — (43)7 = 421,
It follows that v® = 1. As v3 = A* and 37 = 4%, we deduce that 8 = v = 1. Now (27)
becomes
Plou),(toste) = Aa® (v, t,) = Aa(v, ty)a(u, t,) = a*(v,t,) = X = \°.

Next, from Aa®(v,t,) = A, we derive that a(v,t,) = 1. As a result we get

Plow),(toste) = B =A=a(v,t,) = alu,t,) = v =1,

and from Proposition 4.1, it follows that ¢ = r = 1. Thus, by going back the formu-
las (20), we have proved that for every v € V(G), there is a unique vertex t, € V(G)
and for every (v,u) € E(G), there is a unique vertex (t,,t,) € E(G) such that

E(Z(w,u)) = Z(ty,tu) a(xy) = xt,, a(w;) = w;, 1=1,2,3,4,5. (28)
Thus, if we define ¢: G — G, ¢(v) = t,, d((v,u)) = (ty, ty), we obtain (21). O
As a consequence of Proposition 4.2, we define a map W: C3%7 — aut(G) by setting
T((8,[a]) = ¢
Theorem 4.3. The map V¥ is an isomorphism of groups.
Proof. For every o € aut(G), we define

EJ(Z(U,U)) = Z(o(v),0(u))s V(U,U) € E(g)a
ag(xv) = 'TO'(U)a V’U € V(g)7
gy (w;) = wy, 1=1,2,3,4,5.
Clearly, we have 00 &, (2(,u)) = O(2(0(v),0(u))) = X © O(2(y,4)) Which implies that
(&5, [ag]) € C387. Hence, we get a map ®: aut(G) — C3%7, ®(0) = (&, [a]) and it
is easy to check that it is the inverse of W. Finally, ® is a homomorphism of groups
because we have:

(I)(Ul ° 02) = (5010027 [atﬁ o aUzD = (50'17 [0401])'(&72’ [O‘UQD = (I)(Ul)q)(o'Q)’
for all 01,09 € aut(G). O
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5. The main result

Now, we are in a position to prove the main theorem of this paper.
Corollary 5.1. The group C3¥7, defined in (4), is trivial.

Proof. The proof is a straightforward consequence of Proposition 4.2, since £ = id
forces ¢ = id and therefore o = id. O

From the short exact sequence (18) and Corollary 5.1, we derive the following
result

Corollary 5.2. Hom(W387,H387(£(g<114))) >~ E,(L(G)).

Remark 5.3. Tt worth mentioning that the group &.(£(G)) is not trivial. Indeed, it is
easy to see that, for v € G, the bracket [[wa, w4], (ad wy)'°[ws, z,]] is a cycle defining
a non trivial homology class in Hsgr(L£(G<114)). Here we use the exact sequence (18).

Theorem 5.4. For any group G, there is an object L(G) in DGL:{’S7(Z@)) such that
G = E(L(9))/E(L(G))-

Proof. First, by Theorem 2.1, to the group G corresponds a strongly connected
digraph G such that G = aut(G). Next to the graph G, we can assign the object
L(G) in DGL§S7(Z(Z,)). Then from Corollary 5.1, the short exact sequence (17) and
Theorem 4.3, we derive

E(L(G))/E(L(9)) = E(L(G))/Hom(Wasr, Hzsr(L(G<114))) = €T 2 aut(G) = G,

as we wanted. O

Using the Anick’s Z,)-local homotopy theory framework and the identifications
(1) and (2), we obtain the following

Theorem 5.5. Any group G occurs as E(X)/E.(X). More precisely, the CW-complex
X can be chosen as

1. The space X is an object of CW?SS(Z@)), where p > 185, which is of finite type
if G is finite;

2. Hy15(X, Zy) and Hsss(X, Zyy) are free Z(p)-modules of infinite basis iff G is
infinite;

3. Hao(X,Zpy) = Hae(X, Zp)) = H3a(X, Zp)) = Hso(X, Zyy) = Hes(X, Zpy)
Lip);

4. E(X) = Hom(Hggg(X,Z(p)),W388(X115)), where X% s the 115-skeleton of X,

5. E.(X) is infinite.

IR

Remark 5.6. It would be of great interest if we can modify the construction of £(G)
to have &.(L£(G)) = 1. If it is possible, then Kahn’s realisability problem of groups
will be completely resolved for CW-complexes.
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