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SHARPNESS OF SATURATED FUSION SYSTEMS ON A SYLOW
p-SUBGROUP OF G2(p)

VALENTINA GRAZIAN and ETTORE MARMO

(communicated by Natàlia Castellana)

Abstract
We prove that the Dı́az–Park sharpness conjecture holds for

saturated fusion systems defined on a Sylow p-subgroup of the
group G2(p), for p ⩾ 5.

1. Introduction

Given a finite groupG, a homology decomposition of the classifying space BG forG
is a process of glueing together classifying spaces of a suitable collection of subgroups
of G in order to obtain a space that is isomorphic to BG in mod-p homology. In
[Dwy98] Dwyer proved that the collection of p-centric subgroups of G gives rise
to a sharp homology decomposition, yielding a particularly simple formula for the
cohomology of the classifying space BG in terms of the cohomology of the spaces
involved in it:

Theorem (Subgroup sharpness for p-centric subgroups). Let p be a prime, let G be a
finite group and let Oc

p(G) denote the p-centric orbit category of G. Then Hj(−;Fp)
is acyclic as a controvariant functor over Oc

p(G):

lim
←−

i

Oc
p(G)

Hj(−;Fp) = 0

for all i ⩾ 1, j ⩾ 0.

Such a context can be extended to saturated fusion systems F , thanks to the
homotopy theory of fusion systems introduced in [BLO03] and the existence of a
unique object that plays the role of the classifying space BF for F ([Che13]). In this
view, in [DP15] Dı́az and Park stated the following sharpness conjecture for fusion
systems, not only passing from finite groups to saturated fusion systems, but also
replacing the cohomology functor Hj(−;Fp) with a more general Mackey functor M
(See Definition 2.3):

Conjecture (Sharpness for fusion systems). Let p be a prime, let F be a saturated
fusion system on a finite p-group S, let O(Fc) denote the centric orbit category of
F and let M = (M∗,M∗) : O(F) → Fp-mod be a Mackey functor over the full orbit
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category O(F) of F . Then the contravariant part M∗ over O(Fc) is acyclic:

lim
←−

i

O(Fc)
M∗|O(Fc) = 0

for all i > 0.

In particular, the sharpness conjecture for fusion systems implies the acyclicity of
the cohomology functor Hj(−;Fp) : O(Fc) → Fp-mod for any j ⩾ 0, which is one of
the open problems listed in [AKO11, III.7].

As a direct consequence of Dwyer’s subgroup sharpness theorem, the conjecture
holds for the cohomology functor Hj(−;Fp) : O(F) → Fp-mod and any fusion system
F = FS(G) that is realized by a finite group G containing S as a Sylow p-subgroup.
In [DP15] the authors showed that in fact all fusion systems realized by finite groups
satisfy the sharpness conjecture for any Mackey functor M . Therefore it remains to
test the conjecture on the so called exotic fusion systems, that is, saturated fusion
systems not realizable by finite groups. Using the information on saturated fusion
systems defined on a p-group having a maximal subgroup that is abelian uncovered
by Oliver([Oli14]), Dı́az and Park proved that the sharpness conjecture also holds
in this scenario (see [DP15, Theorem C]). In this paper, we apply Dı́az and Park’s
methodology to saturated fusion systems defined on a Sylow p-subgroup of the group
G2(p), for p ⩾ 5, to prove that the sharpness conjecture holds for this family of
saturated fusion systems as well.

Theorem A. Let p ⩾ 5 be a prime, let S be a Sylow p-subgroup of the group G2(p),
let F be a saturated fusion system on S and let M = (M∗,M∗) : O(F) → Fp-mod be
a Mackey functor over O(F). Then

lim
←−

i

O(Fc)
M∗|O(Fc) = 0

for all i > 0.

Indeed, Theorem A is a consequence of the following stronger result involving
simple Mackey functors SQ,V (Definition 2.7):

Theorem B. Let p ⩾ 5 be a prime, let S be a Sylow p-subgroup of the group G2(p)
and let F be a saturated fusion system on S. Suppose Q ⩽ S is not F-centric and V
is a simple FpOutF (Q)-module. Then for all F-centric subgroups P,R ⩽ S such that
their intersection T = P ∩R is not F-centric the composition

SQ,V (P )
ResPT−−−→ SQ,V (T )

IndR
T−−−→ SQ,V (R) (1)

is zero.

One of the main ingredients used in the proof of Theorem B is the knowledge of
the structure of the F-essential subgroups of S, first described in [PS18] and then in
more generality in [GP22], while characterizing saturated fusion systems defined on
a p-group having maximal nilpotency class.

We remark that in a recent paper [HLL23], Henke, Libman and Lynd proved
that the families of fusion systems affording the structure of punctured groups, such
as the Benson–Solomon system FSol(3) [AKO11, III.6.3, Theorem 6.7], the Parker–
Stroth systems [PS15] and the Clelland–Parker systems [CP10] in which all essential
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subgroups are abelian, satisfy the sharpness conjecture (although they gave an explicit
proof only for the cohomology functor and not for a generic Mackey functor). The
sharpness conjecture for fusion systems is still open for other families of exotic fusion
systems.

Organization of the paper. In Section 2 we recall the definitions of orbit category,
Mackey functors and simple Mackey functors for fusion systems and we prove some
basic properties. In Section 3 we work under the assumption that F is a saturated
fusion system on a finite p-group S and Q,P and R are subgroups of S for which
the composition of maps (1) is non-zero. We underline that the results proved in this
section hold for any finite p-group S and can represent the starting point for the proof
of the sharpness conjecture for other families of saturated fusion systems. In Section 4
we specialize our investigation on p-groups of maximal nilpotency class, given that
the Sylow p-subgroups of the group G2(p) for p ⩾ 5 are of this type. Finally, Section 5
contains the proof of Theorems A and B.

2. Preliminaries

We refer to [AKO11] for an introduction to saturated fusion systems. Here we
recall the definitions of orbit categories and Mackey functors adapted to the setting
of fusion systems, following the approach of [DP15].

Definition 2.1. Let F be a fusion system on a p-group S. The orbit category of F
is a category O(F) whose objects are the subgroups of S and whose morphisms are
given by the left quotient:

HomO(F)(P,Q) = Inn(Q)\HomF (P,Q).

If φ ∈ HomF (P,Q) for some P,Q ⩽ S, we denote by [φ] the corresponding morphism
in HomO(F)(P,Q).

Remark 2.2. Any morphism α : Q′ → P in the orbit category is injective and can be
described as a composition of the equivalence class of an inclusion with an isomor-
phism, i.e.

α = [ιPQ][φ],

where ιPQ is the inclusion map Q ↪→ P of a subgroup Q of P and φ : Q′ → Q is an
F-isomorphism.

If X is an F-overconjugacy closed collection of subgroups of S (that is, if P ∈ X
then all overgroups of P in S and all F-conjugates of P are contained in X as well),
then we have an analogous definition for O(X ) in which the objects are exactly the
subgroups in X . An important example is given by the centric-orbit category O(Fc)
where Fc is the collection of F-centric subgroups of S, that is, all subgroups P of S
such that CS(Q) ⩽ Q for every subgroup Q of S that is F-conjugate to P .

We will now recall the definition of X -restricted Mackey functor for F as introduced
in [DP15, Defintion 2.1], specializing it for the finite field Fp.

Definition 2.3. Let F be a saturated fusion system on a p-group S and let X be an
F-overconjugacy closed collection of subgroups of S. A X -restricted Mackey functor
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for F is given by a pair of functors

M = (M∗,M∗) : O(X ) → Fp-mod

satisfying the following conditions:

1. (Bivariance) The functors M∗ and M∗ are respectively covariant and contravari-
ant and take the same values on all objects of O(X ). For all P ⩽ S we denote
M∗(P ) = M∗(P ) by M(P ).

2. (Isomorphism) For all isomorphisms α in O(X ) we have M∗(α) = M∗(α
−1).

3. (X -truncated Mackey decomposition) If Q,R ⩽ P ⩽ S with Q,R, P ∈ X we
have

M∗([ιPR]) ◦M∗([ιPQ]) =
∑

x∈[R\P/Q]X

M∗([ι
R
R∩xQ]) ◦M∗([ι

xQ
R∩xQ]) ◦M∗([cx|Q]),

where [R\P/Q]X denotes a set of representatives of double cosets of P of the
form RxQ with Q ∩ xR ∈ X

When X consists of all subgroups of S, then O(X ) = O(F) and we simply say that
M is a Mackey functor for F .

If the functor M is clear from the context we will adopt the following notation: for
subgroups Q ⩽ P ⩽ S and an F-isomorphism φ let

• IndPQ := M∗([ι
P
Q]) : M(Q) → M(P );

• ResPQ := M∗([ιPQ]) : M(P ) → M(Q);

• Iso(φ) := M∗([φ]).

Remark 2.4. For any Mackey functorM : O(F) → Fp-mod, the imageM(P ) of P ⩽S
always admits a structure of FpOutF (P )-module.

We will be interested in restricting the domain of a Mackey functor M to the
centric-orbit category O(Fc). It is however not always the case that such a restriction
will satisfy the Fc-truncated Mackey formula. In other words, using the notation of
Definition 2.3, for a Mackey functor

M = (M∗,M∗) : O(F) → Fp-mod

the restriction M |O(Fc) = (M∗|O(Fc),M∗|O(F c)) is not necessarily an Fc-restricted
Mackey functor. A sufficient condition is given by the following criterion.

Proposition 2.5 ([DP15, Proposition 4.4]). Let F be a saturated fusion system on
S and M a Mackey functor for F over a field of characteristic p. Then the restriction
M |O(Fc) is an Fc-truncated Mackey functor for F if the composite

M(P )
ResPP∩R−−−−−→ M(P ∩R)

IndR
P∩R−−−−−→ M(R)

is zero whenever P,R ⩽ S are F-centric and P ∩R is not F-centric.

We are now going to introduce the important family SQ,V of Mackey functors,
parametrized by a subgroup Q of S and a left FpOutF (Q)-module V .
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Definition 2.6. Let F be a fusion system on a p-group S and let P,R ⩽ S be such
that IsoF (P,R) ̸= ∅. If α ∈ IsoF (P,R) and V is a FpOutF (P )-module, then we denote
by αV the structure of FpOutF (R)-module on V induced by the following action

[γ] · v := [α−1γα]v

for all [γ] ∈ OutF (R) and v ∈ V .

Definition 2.7. Let F be a saturated fusion system on a p-group S. Consider a
subgroup Q ⩽ S and a left FpOutF (Q)-module V . We are going to define a Mackey
functor SQ,V : O(F) → Fp-mod.

(a) For any subgroup L ⩽ S which is F-conjugate to Q, fix an F-isomorphism
α : Q → L and define SQ,V (L) :=

αV .

(b) For P ⩽ S we define

SQ,V (P ) :=
⊕

α:Q∼=L⩽PP

tr
NP (L)
L (αV ),

where the sum is indexed over the P -conjugacy classes of subgroups L that are
F-isomorphic to Q. We will sometimes denote the direct summands of SQ,V (P )
by Vα,L(P ).

(c) Consider an isomorphism [φ] : L1 → L2 in O(F). Suppose we fixed F-isomor-
phisms αi : Q → Li for i = 1, 2. Then we define

Iso([φ]) := SQ,V ∗([φ]) :
α1V → α2V

v 7→ [α−12 φα1] · v,

Finally we define SQ,V
∗([φ]) := Iso([φ−1]).

(d) Consider an isomorphism [φ] : P → R in O(F). We define iso([φ]) := SQ,V ∗([φ])
on each summand Vα,L(P ) using point (c):

Iso([φ])|Vα,L(P ) := Iso([φ|L]).

Finally we define SQ,V
∗([φ]) := Iso([φ−1]).

(e) Consider an inclusion of subgroups ιRP : P ↪→ R of S and the corresponding

morphism [ιRP ] in O(F). We define IndRP := SQ,V ∗([ι
R
P ]) : SQ,V (P ) → SQ,V (R)

on each direct summand as follows:

IndRP |Vα,L(P ) : Vα,L(P ) → Vα,L(R)

v 7→ tr
NR(L)
NP (L)(v).

(f) The contravariant image, ResRP := SQ,V
∗([ιRP ]) : SQ,V (R) → SQ,V (P ), is defined

as follows. Consider a direct summand Vα,L(R), if for all r ∈ R the conjugate
rL ≰ P then Vα,L(R) is mapped to zero. Suppose otherwise that there are
R-conjugates of L in P , fix the representatives for their P -conjugacy classes
Li =

riL and the F-isomorphisms βi = cri ◦ α. Then Vα,L(R) is mapped to
Vβ1,L1

(P )⊕ · · · ⊕ Vβk,Lk
(P ) via the diagonal map:

v 7→ v + · · ·+ v.

Remark 2.8. Given two Mackey functors M,N : O(F) → Fp-mod we say that N is a
subfunctor of M if for all P ∈ O(F) we have N(P ) ⩽ M(P ). Accordingly, a Mackey
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functor is simple if it admits no subfunctor than itself and the zero functor. The work
of [Web93], generalized to the context of fusion systems by Dı́az and Park [DP15],
shows that SQ,V (as defined in Definition 2.7) is in fact a simple Mackey functor as
soon as V is a simple FpOutF (Q)-module and that all simple Mackey functors are of
this form.

We now state and prove a property first uncovered by Webb [Web93, Proposi-
tion 2.8], in the language used in [DP15].

Lemma 2.9. Let F be a saturated fusion system on a p-group S and additionally
let SQ,V : O(F) → Fp-mod be the simple Mackey functor associated to the subgroup
Q ⩽ S and the left FpOutF (Q)-module V . Let L ⩽ P ⩽ S be such that L ∈ QF . If

α ∈ IsoF (Q,L) and Vα,L(P ) = tr
NP (L)
L (αV ) ̸= 0, then CP (L) ⩽ L.

Proof. Suppose CP (L) ≰ L, then L < LCP (L) ⩽ NP (L) and

Vα,L(P ) = tr
NP (L)
L (αV ) = tr

NP (L)
LCP (L)tr

LCP (L)
L (αV ).

The action of NP (L) on the FpOutF (L)-module αV is given by the composition of
maps NP (L) → AutP (L) ⊆ AutF (L) → OutF (L). Both L and CP (L) get mapped to
the trivial subgroup under this composition, hence their action on αV is trivial and

so tr
LCP (L)
L (αV ) = 0 which implies Vα,L(P ) = 0, a contradiction.

We now set a notation for the subgroups of P that are F-conjugate to Q and
self-centralizing in P , whose importance is highlighted by Lemma 2.9.

Definition 2.10. Let F be a saturated fusion system on a p-group S. For P,Q ⩽ S,
we define the set

cc(P,Q) = {L ⩽ P | IsoF (Q,L) ̸= ∅ and CP (L) ⩽ L}.

Lemma 2.11. Let F be a saturated fusion system on a p-group S and additionally
let SQ,V : O(F) → Fp-mod be the simple Mackey functor associated to the subgroup
Q ⩽ S and the left FpOutF (Q)-module V . Let P ⩽ S.

(i) If SQ,V (P ) ̸= 0, then cc(P,Q) ̸= ∅.
(ii) If L ∈ cc(P,Q) and x ∈ P then xL ∈ cc(P,Q).

(iii) If L ∈ cc(P,Q) and L ⩽ T ⩽ P then L ∈ cc(T,Q).

Proof. Suppose SQ,V (P ) ̸= 0. By Definition 2.7(a)(b) there exists a subgroup L of P
such that L ∈ QF and Vα,L(P ) ̸= ∅. Part (i) now follows from Lemma 2.9.

Consider now the case with L ∈ cc(P,Q) and α ∈ IsoF (Q,L). For all x ∈ P the
composition cx ◦ α : Q → xL is still an isomorphism in F . Also, since CP (L) ⩽ L we
have CP (

xL) =
x
CP (L) ⩽

xL proving xL ∈ cc(P,Q). Thus part (ii) holds.
Finally, if L ∈ cc(P,Q) and L ⩽ T ⩽ P , then CT (L) ⩽ CP (L) ⩽ L which implies

L ∈ cc(T,Q) and proves part (iii).

3. First results

In this section we work under the following:
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Hypothesis 3.1. Suppose p is an odd prime, S is a finite p-group and F is a satu-
rated fusion system on S. Fix a subgroup Q ⩽ S that is not F-centric and a simple
FpOutF (Q)-module V .

Lemma 3.2. Suppose Hypothesis 3.1 holds. If K ⩽ S is abelian and SQ,V (K) ̸= 0,
then K is F-conjugate to Q. In particular if α ∈ IsoF (Q,K) then SQ,V (K) = αV .

Proof. By Lemma 2.11 the assumption SQ,V (K) ̸= 0 implies that there exists a sub-
group L ⩽ K which is F-conjugate toQ and such that CK(L) ⩽ L. SinceK is abelian,
we obtain K = CK(L) ⩽ L and so K = L is F-conjugate to Q.

From now on we consider the case of subgroups Q,P and R of S for which the
composition of maps (1) is non-zero, that is, we assume

Hypothesis 3.3. Suppose Hypothesis 3.1 holds and assume that both P and R are
F-centric subgroups of S such that T = P ∩R is not F-centric and the composition

SQ,V (P )
ResPT−−−→ SQ,V (T )

IndR
T−−−→ SQ,V (R) (1)

is non-zero.

It is clear that under the assumptions of Hypothesis 3.3 the group T is properly
contained in both P and R; in particular P and R are proper subgroups of S.

Lemma 3.4. Suppose Hypothesis 3.3 holds. Then

(i) SQ,V (P ), SQ,V (R) and SQ,V (T ) are all non-zero;

(ii) T < P < S and T < R < S;

(iii) Z(S) ⩽ T ; and

(iv) P and R are not abelian.

Proof. Part (i) follows from the fact that the composition (1) is non-zero by assump-
tion. Part (ii) is a direct consequence of the fact that P and R are F-centric while T
is not F-centric. Since P and R are F-centric, we also get

Z(S) ⩽ CS(P ) ∩ CS(R) ⩽ P ∩R = T,

proving (iii). Finally, aiming for a contradiction, suppose P is abelian. Then P is
F-conjugate to Q by Lemma 3.2, contradicting the fact that P is F-centric while Q
is not F-centric. The same reasoning works for R. Therefore P and R are not abelian
and this is (iv).

Lemma 3.5. Suppose Hypothesis 3.3 holds. Then the following holds:

(i) CS(P ) ⩽ T ;

(ii) CS(R) ⩽ T .

Proof. By Lemma 3.4(i) we get that SQ,V (P ) and SQ,V (T ) are nonzero. Hence
Lemma 2.11 (i) implies that both cc(P,Q) and cc(T,Q) are nonempty. Aiming for a
contradiction, suppose that for all L ∈ cc(P,Q) we have L ≰ T . By Lemma 2.9 and

Definition 2.7(f) we conclude that ResPT is the zero map, contradicting Hypothesis 3.3.
So there exists L ∈ cc(P,Q) such that L ⩽ T . Since P is F-centric, we get
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CS(P ) = Z(P ) ⩽ CP (L) ⩽ L ⩽ T.

So CS(P ) ⩽ T .
To prove part (ii) note that by Lemma 2.11 a necessary condition for IndRT to

be nonzero is that there must exist L ∈ cc(T,Q) such that L ∈ cc(R,Q). For such
subgroup L we then have Z(R) ⩽ CR(L) ⩽ L ⩽ T and so Z(R) ⩽ T . However R is
F-centric, so we conclude CS(R) = Z(R) ⩽ T as desired.

Lemma 3.6. Suppose Hypothesis 3.3 holds and T is abelian. Then

(i) T is F-conjugate to Q, so there exists α ∈ IsoF (Q,T ) such that SQ,V (T ) =
αV ;

and

(ii) if T < CK(T ) ⩽ K ⩽ S then trKT (SQ,V (T )) = 0.

Proof. Since T is abelian and SQ,V (T ) ̸= 0 by Lemma 3.4, part (i) follows from
Lemma 3.2. In particular there exists α ∈ IsoF (Q,T ) and SQ,V (T ) =

αV .
If T < CK(T ) ⩽ K, then

trKT (αV ) = trKCK(T )tr
CK(T )
T (αV ).

Since the action of CK(T ) on αV (a FpOutF (T )-module) is trivial, by definition of
relative trace we obtain

tr
CK(T )
T (v) = [CK(T ) : T ]v,

for all v ∈ αV . As CK(T ) and T are p-groups and we are working in characteristic p,

the map tr
CK(T )
T is identically zero. Hence trKT (αV ) = 0, proving (ii).

Lemma 3.7. Suppose Hypothesis 3.3 holds and T is abelian.

(i) If T is normal in U ∈ {P,R} then T = CU (T ).

(ii) If T is normal in both P and R then OutP (T ) ̸= OutR(T ).

Proof. As T is abelian, Lemma 3.6 (i) tells us that there exists an F-isomorphism
α : Q ∼= T and that SQ,V (T ) =

αV . Let U ∈ {P,R}. As T � U , we have

Vα,T (U) = trUT (
αV ).

Applying the definition of simple Mackey functors we see that if U = P then the
restriction ResPT is defined as the zero map on those summands Vβ,L(P ) with L ̸= T
and as the inclusion trPT (

αV ) ↪→ αV for L = T . So the first part of the composition
of maps (1) reduces to trPT (

αV ) ↪→ αV , that is therefore non-zero by assumption.
Similarly, if U = R, then the induction IndRT coincides with the relative trace map
αV → trRT (

αV ), which is again non-zero.
Now, if T < CU (T ) for U ∈ {P,R} then by Lemma 3.6 (ii) we have trUT (

αV ) = 0,
contradicting what we just proved. Hence (i) holds.

To prove (ii), suppose OutP (T ) = OutR(T ). Note that, as T is abelian and normal
in both P and R, we have OutP (T ) ∼= P/T and OutR(T ) ∼= R/T . Moreover, by what
we showed above, the non-zero composition of maps (1) is reduced to

trPT (
αV ) ↪→ αV → trRT (

αV ).

Now the relative trace of an element v ∈ αV with respect to the action of R is
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trRT (v) =
∑

x∈[R/T ]

[cx|T ] · v

=
∑

cx|T∈OutR(T )

[cx|T ] · v

=
∑

cy|T∈OutP (T )

[cy|T ] · v

=
∑

y∈[P/T ]

[cy|T ] · v

= trPT (v).

Hence the maps v 7→ trRT (tr
P
T (v)) and v 7→ trPT (tr

P
T (v)) coincide. This second map

however is the zero map as elements of trPT (
αV ) are invariant under the action of

OutT (P ), hence

trPT (tr
P
T (v)) =

∑
x∈[P/T ]

[cx|T ] · trPT (v) =
∑

x∈[P/T ]

trPT (v) = [P : T ]trPT (v) = 0,

where the last equality is justified by the fact that [P : T ] is a power of p and αV
is an Fp-vector space. This proves v 7→ trRT (tr

P
T (v)) is the zero map thus composition

(1) is also zero, a contradiction.

Lemma 3.8. Suppose Hypothesis 3.3 holds. Then Z(S) < T and T has order at
least p2.

Proof. Note that Z(S) is an abelian normal subgroup of S centralized by S. Hence
Z(S) ̸= T by Lemma 3.7(i) and we conclude using Lemma 3.4(iii).

4. The maximal class case

For p ⩾ 5, the Sylow p-subgroups of G2(p) are p-groups of maximal nilpotency
class. For this reason, we now focus our attention on this class of p-groups.

Suppose S is a p-group of order pn having maximal nilpotency class. Recall that
the terms of the lower central series for S are defined as

γ2(S) := [S, S]; γi(S) := [γi−1, S] for all 3 ⩽ i ⩽ n.

Also, the terms of the upper central series of S are

Z1(S) = Z(S); Zi(S)/Zi−1(S) = Z(S/Zi−1(S)) for all 2 ⩽ i ⩽ n− 1.

If |S| ⩾ p4, we set

γ1(S) := CS(γ2(S)/γ4(S))

and, following the terminology introduced in [GP22], we say that S is exceptional
if γ1(S) ̸= CS(Z2(S)). Note that both γ1(S) and CS(Z2(S)) are maximal subgroups
of S. We refer to [GP22] for a detailed analysis of the properties of these groups.

If p ⩾ 5 and S is a Sylow p-subgroups of G2(p), then |S| = p6, γ1(S) is extraspecial
and Z(γ1(S)) = Z(S). In particular S is exceptional.

In this section, we assume the following:
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Hypothesis 4.1. Suppose Hypothesis 3.3 holds and S is a p-group of maximal nilpo-
tency class.

A crucial role is played by the characterization of the essential subgroups of satu-
rated fusion systems on maximal class p-groups:

Theorem 4.2 ([GP22, Theorem D]). Suppose that p is a prime, S is a p-group of
maximal class and order at least p4 and F is a saturated fusion system on S. If E
is an F-essential subgroup, then either |E| ⩽ p3, or E = γ1(S) or E = CS(Z2(S)).
Furthermore, if S is exceptional, then |E| ≠ p3.

Thanks to the work of Dı́az and Park [DP15], we can exclude the case in which
the group γ1(S) is abelian:

Lemma 4.3. Suppose Hypothesis 4.1 holds. Then γ1(S) is not abelian.

Proof. The proof of [DP15, Theorem C] implies that the composition

SQ,V (P )
ResPT−−−→ SQ,V (T )

IndR
T−−−→ SQ,V (R)

is zero, contradicting our assumptions.

Lemma 4.4. Suppose Hypothesis 4.1 holds. If T � S then

(i) T = γi(S) for some i ⩾ 2;

(ii) γi−1(S) ⩽ CS(T ) is abelian (so in particular T is abelian); and

(iii) CS(T ) is not a maximal subgroup of S.

In particular T ̸= Z2(S) and T ̸= γ2(S).

Proof. First note that the assumption T � S implies that the group T is not S-centric.
Indeed T is fully centralized in F [RS09, Theorem 5.2] and if it were S-centric then
CS(T ) = Z(T ) and, for any F-conjugate T ′ of T , we would have

|CS(T )| ⩾ |CS(T
′)| ⩾ |Z(T ′)| = |Z(T )| = |CS(T )|,

and so CS(T
′) = Z(T ′) ⩽ T ′, implying that T is F-centric, a contradiction.

Since S has maximal nilpotency class and T is normal in S but not a maximal
subgroup of S by Lemma 3.4 (ii), we deduce that T = γi(S) for some i ⩾ 2, and
this is statement (i). Note that CS(γi(S)) = γj(S) for some j ⩾ 1. Since T is not S-
centric, we get γi−1(S) ⩽ CS(T ) and so γi−1(S) is abelian, proving (ii). Now, aiming
for a contradiction, suppose CS(T ) is a maximal subgroup of S. Then we know that
|AutS(T )| = [S : CS(T )] = p. Since T is abelian and normal in S, by Lemma 3.7 (i)
we get T = CP (T ) = CR(T ). Thus AutP (T ) ̸= 1 ̸= AutR(T ), giving

AutP (T ) = AutS(T ) = AutR(T ).

This implies OutP (T ) = OutR(T ) contradicting Lemma 3.7 (ii). Hence (iii) holds.
For the chaser of the Lemma, note that CS(Z2(S)) is a maximal subgroup of S

(contrary to the statement of part (iii)) and if T = γ2(S) then by part (ii) the group
γ1(S) should be abelian, contradicting Lemma 4.3.

Lemma 4.5. Suppose Hypothesis 4.1 holds. Then either

T ⩽ γ1(S) or T ⩽ CS(Z2(S)).
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Proof. Aiming for a contradiction, suppose both T ≰ γ1(S) and T ≰CS(Z2(S)). By
Lemma 3.8 we have Z(S) < T and |T | ⩾ p2. So P and R are subgroups of S of
order at least p3 not contained in γ1(S). By [Gra18, Lemma 2.12] we deduce that
Z2(S) ⩽ P ∩R = T . Note that Z2(S) ̸= T by Lemma 4.4, so |T | ⩾ p3. In particular,
Theorem 4.2 and the fact that T is not F-centric imply that T is not contained in
any F-essential subgroup of S and so, by the Alperin–Goldschmidt’s fusion theorem
([AKO11, Theorem I.3.5]), all F-conjugates of T can be found applying automor-
phisms of AutF (S).

Let t ∈ T \ (γ1(S) ∪ CS(Z2(S))). By [GP22, Lemma 3.4] we have CS(t) = ⟨Z(S), t⟩
and so by Lemma 3.4 (iii) we get

CS(T ) ⩽ CS(t) = ⟨Z(S), t⟩ ⩽ T.

Thus T is S-centric. Since Z(S), γ1(S) and CS(Z2(S)) are characteristic subgroups of
S we deduce that all F-conjugates of T contain Z(S) and are not contained in γ1(S) or
CS(Z2(S)). The same reasoning used for T then shows that all its F-conjugates are S-
centric, implying that T is F-centric, a contradiction. This proves the statement.

Lemma 4.6. Suppose Hypothesis 4.1 holds and γ1(S) is extraspecial. Then the fol-
lowing holds

1. either T � S or T ⩽ γ1(S) = NS(T ); and

2. T is not S-centric.

Proof. By Lemmas 3.8 and 4.5 we have Z(S)< T ⊆ γ1(S) ∪ CS(Z2(S)). Thus [GP22,
Lemma 3.7] implies that either NS(T ) ⩽ γ1(S) or T � S. If T is not normal in S, then
T ⩽ NS(T ) ⩽ γ1(S) and since γ1(S) is extraspecial and [γ1(S), γ1(S)] = Z(S) ⩽ T we
deduce that γ1(S) = NS(T ).

As for the second statement, aiming for a contradiction, suppose T is S-centric,
that is, CS(T ) ⩽ T . As F is saturated, if T is fully normalized in F then it is F-
centric, contradicting Hypothesis 4.1. Hence T is F-conjugate to a subgroup T ′ of S
with |NS(T

′)| > |NS(T )|. Using Lemma 3.8 and the fact that γ1(S) is extraspecial, we
get [γ1(S), γ1(S)] = Z(S) < T and so T � γ1(S). Thus NS(T ) = γ1(S) and T ′ � S.
Also, |T | = |T ′|, so T ′ is not a maximal subgroup of S and we deduce that T ′ ⩽ γ1(S).
As γ1(S) is extraspecial and T and T ′ are normal subgroups of γ1(S) having the same
order, we deduce that

|CS(T
′)| = |CS(T )|.

Therefore

|CS(T
′)| = |CS(T )| ⩽ |T | = |T ′|.

Now, since T ′ is normal in S, which has maximal nilpotency class, we have T ′ = γi(S)
and CS(T

′) = γj(S) for some i, j ⩾ 1. Thus CS(T
′) ⩽ T ′. Now, T ′ is S-centric and

fully normalized in F , and so T ′ is F-centric. However, this implies that T is F-centric
as well, a contradiction.

5. Proof of Theorems A and B

We now focus on a Sylow p-subgroup of G2(p), for p ⩾ 5, obtaining the final ingre-
dients to prove Theorems A and B.
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Proof of Theorem B. Aiming for a contradiction, suppose Theorem B is false. Hence
there are subgroups Q,P,R ⩽ S and a simple FpOutF (Q)-module V such that P and
R are F-centric, Q and T := P ∩R are not F-centric and the composition

SQ,V (P )
ResPT−−−→ SQ,V (T )

IndR
T−−−→ SQ,V (R)

is non-zero. Hence Hypothesis 4.1 holds.
We first show that NS(T ) = γ1(S). By Lemma 4.6 either NS(T ) = γ1(S) or T � S.

Aiming for a contradiction, suppose the latter holds. By Lemma 4.4 we get T = γi(S)
for some i ⩾ 2 such that γi−1(S) is an abelian subgroup of γ1(S). Since |S| = p6 and
γ1(S) is extraspecial, we deduce that either T = Z(S) or T = Z2(S), contradicting
Lemmas 3.8 and 4.4. Hence T is not normal in S and we conclude that NS(T ) = γ1(S).

In particular |T | ⩽ p4. Also, by Lemma 3.8 the group T has order at least p2. If
|T | = p4 then P and R are maximal subgroups of S. Since S has maximal nilpotency
class, the intersection of any pair of distinct maximal subgroups of S coincides with
the group γ2(S). Hence T = γ2(S), contradicting the fact that T is not normal in S.
Thus p2 ⩽ |T | ⩽ p3. By Lemma 4.6, the group T is not S-centric, so if |T | = p3 then
it is not abelian.

Let’s now consider the groups P and R. Recall that P and R are distinct F-
centric subgroups of S that are non abelian by Lemma 3.4 (iv). By Lemma 3.5 we
have Z(P ) ⩽ T and Z(R) ⩽ T . Since Z2(S) ̸= T and if |T | = p3 then T is not abelian,
we deduce that P,R ≰ CS(Z2(S)).

Let U ∈ {P,R}.

Claim 1. If U ≰ γ1(S) then γ3(S) ⩽ U ∩ γ1(S) < U and |U | ⩾ p4.

Proof. Set U0 = U ∩ γ1(S). By [Gra18, Lemma 2.12] we have U0 = γi(S) for some
i ⩾ 2 and [U : U0] = p. Since |U | ⩾ p3, we deduce that Z2(S) = γ4(S) ⩽ U0, and so
TZ2(S) ⩽ U0. This proves |U0| ⩾ p3, and so γ3(S) ⩽ U0 < U and |U | ⩾ p4.

Claim 2. If U ⩽ γ1(S) then either U = γ1(S) or |U | = p4 and T = Z(U) has order p2.

Proof. Since U is S-centric nonabelian, we deduce that either U = γ1(S) or |U | = p4

and |Z(U)| = p2. In the latter case, since Z(U) ⩽ T and |T | ⩽ p3, we deduce that T
is abelian and so |T | = p2, that is, T = Z(U).

Claim 3. If U ⩽ γ1(S) then U = γ1(S).

Proof. Aiming for a contradiction, suppose U < γ1(S). Hence by Claim 2 |U | = p4

and T =Z(U). In particular, T � U and T <CU (T )=U , contradicting Lemma 3.7(i).

Suppose first that both P and R are not contained in γ1(S). Then Claim 1 implies
that γ3(S) ⩽ P ∩R = T and so T = γ3(S), contradicting the fact that T is not normal
in S. Thus, without loss of generality, we can suppose P ⩽ γ1(S). Hence by Claim 3
we have P = γ1(S) and R ≰ γ1(S). Again by Claim 1, γ3(S) < R. Therefore we have
γ3(S) ⩽ P ∩R = T , a contradiction. This completes the proof.

Proof of Theorem A. By Theorem B, for any choice of the subgroups Q,P and R
as in the statement of Theorem B, the composition (1) is zero. Now Proposition 2.5
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guarantees that the restriction SQ,V |O(Fc) is an Fc-truncated Mackey functor for F .
Hence [DP15, Theorem A] implies that

lim
←−

i

O(Fc)
SQ,V

∗|O(Fc) = 0

for all i > 0. We conclude by [DP15, Proposition 4.3].
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