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THE COHOMOLOGY OF FREE LOOP SPACES OF RANK 2 FLAG
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Abstract

By applying Grobner basis theory to spectral sequences alge-
bras, we develop a new computational methodology applicable
to any Leray—Serre spectral sequence for which the cohomology
of the base space is the quotient of a finitely generated polyno-
mial algebra. We demonstrate the procedure by deducing the
cohomology of the free loop space of flag manifolds, presenting
a significant extension over previous knowledge of the topology
of free loop spaces. A complete flag manifold is the quotient
of a Lie group by its maximal torus. The rank of a flag man-
ifold is the dimension of the maximal torus of the Lie group.
The rank 2 complete flag manifolds are SU(3)/T?, Sp(2)/T?,
Spin(4)/T?, Spin(5)/T? and Go/T?. In this paper we calculate
the cohomology of the free loop space of the rank 2 complete
flag manifolds.

1. Introduction

One of the most influential problems in topology and geometry is the study of
geodesics on Riemannian manifolds. The geodesic problem refers to finding geodesics
connecting two given points of a Riemannian manifold or to finding periodic geodesics,
and to giving information regarding their count. The study of geodesics originated with
the works of Hadamard [15] and Poincaré [21] and with substantial early contributions
by Birkhoff [3], Morse [18], and Lusternik and Schnirelman [16]. The most important
offspring of this problem is the development of topological methods in variational
calculus, generally referred to as Morse theory [7]. Recently Floer theory developed as
a central tool in modern symplectic topology taking its inspiration from the study of
geodesics. The geodesic problem also led to the development of computational tools
in algebraic topology (spectral sequences), and is connected to the theory of minimal
models and to Hochschild and cyclic homology.

One of the most natural starting points in the study of the geodesic problem is the
study of spaces of paths and loops on a manifold. In recent years, these spaces have
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been the object of much interest in topology, symplectic geometry and theoretical
physics. The free loop space AX of a topological space X is defined to be the mapping
space Map(S*, X), the space of all non-pointed maps from the circle to X.

Given a Riemannian manifold (M, g), the closed geodesics parametrised by S! are
the critical points of the energy functional

1 .
BAM SR BO) = [ )

Morse theory applied to the energy functional E gives a description of the loop space
AM by successive attachments of bundles over the critical submanifolds with rank
given by the index of the Hessian d2E. This allows a grip on the topology of AM
provided one has enough information on these indices and on the attaching maps.
Conversely, knowledge of the topology of AM implies existence results for critical
points of F.

One of the most powerful results in this direction is due to Gromoll-Meyer [14] who
proved that when M is a simply connected closed manifold such that the sequence
{b.(AM)}, k > 0 of Betti numbers of AM with coefficients in some field is unbounded,
then for any Riemannian metric on M there exist infinitely many geometrically distinct
closed geodesics.

A distinctive subspace of AM is the based loops space QX = Map, (S*, X), the
space of all pointed maps from the circle to X. The based loop space functor is
an important classical object in algebraic topology and has been well studied. The
topology of the free loop space is much less well behaved and it is still only well
understood in a handful of examples. In particular, the cohomology of the free loop
space spheres, n-dimensional projective spaces and Lie groups.

The starting point for the topological study of a free loop space AM is the evaluation
fibration

OM — AM £ M,

where ev is the evaluation at the origin of a loop, and QM is the based loop space,
consisting of loops starting and ending at the basepoint of M. This fibration can be
used to determine the homotopy groups of AM, that is, mp(AM) = 7, (M) & 7, (QM):
the section given by the inclusion of constant loops determines a splitting of the
homotopy long exact sequence. However, the situation is very different as far as the
homology groups are concerned. It turns out that the Leray—Serre spectral sequence
is effective in simple cases (spheres [17, 11]) but of very limited use in general, unless
one has additional geometric information about the differentials. In contrast to the
evaluation fibration, the path-loop fibration QM — PM — M has been successfully
used to study QM due to it having a contractible total space PM. For example, the
author and Terzi¢ [12, 13] calculate the integral Pontryagin homology ring of the flag
manifolds and of generalised symmetric spaces. Any successful reasoning in the study
of free loop spaces must use specific features of the evaluation fibration.

In this paper we explore the cohomology of the free loop space of homogeneous
spaces. In doing so we uncover some surprising combinatorial identities and explicitly
compute the cohomology of the free loop space of the flag manifolds of the rank
2 simple Lie groups. The cohomology of the free loop space of Lie groups is easy
to calculate as the free loop spaces split as the product AG ~ QG x G. The only
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previously known examples of the free loops of homogeneous spaces were S™ and CP"
considered by Cohen—Jones—Yan [10]. Despite much interest in free loop spaces, prior
to our work, these were the only known examples. Therefore the results presented in
this paper greatly expand upon current knowledge. It is worth remarking that the
rank 2 flag manifolds represent a significant step forward in complexity form CP".

As outlined above, we start by comparing the Leray—Serre spectral sequence for
the path-loop fibration (also known as the Wegraum fibration) with the free loop
space fibration for which the FEs-terms are isomorphic and there is a mapping of
spectral sequences to make the comparison. The analysis of the Wegraum fibration
is mitigated by the fact that the projection map is the diagonal mapping on the
manifold, inducing the cup product. This idea itself is a classical one. To calculated the
differentials, the main problem in any spectral sequences approach, we established deep
connections between the free loop spaces of flag manifolds and underlying combinatorics
of symmetric polynomials. To completely determine the algebra structure the novel
ingredient is an analysis via Grobner bases, presenting a new method applicable to
any Leray—Serre spectral sequence for which the cohomology of the base space is the
quotient of a finitely generated polynomial algebra.

A compact connected Lie group is called simple if it is non-abelian, simply connected
and has no non-trivial connected normal subgroups. The only compact connected
simple Lie groups are Spin(m), SU(n), Sp(n), G2, Fy, Eg, E7, Es for n > 1 and
m > 2. In this paper we specialise to rank 2 simple Lie groups SU(3), Sp(2), Spin(4),
Spin(5) and Ga. In low dimensions, there are isomorphisms among the classical Lie
groups called accidental isomorphisms, identifying certain simple Lie groups of rank 2
such as Spin(4) = SU(2) x SU(2) and Spin(5) = Sp(2). Therefore, in this paper we
focus on the cohomology of the free loop spaces on SU(3)/T?, Sp(2)/T? and Go/T?.

2. Background

2.1. Grobner bases

Grobner basis provide us with powerful methods to perform computations in
commutative algebra particularly with respect to ideals, although their applications
extend far beyond such calculations. In this subsection we briefly describe the Grobner
basis theory to be used later in the paper. For more information and proofs see [1]
or [2]. We state all results over Euclidean or principal ideal domain R; in the paper
we will only consider the case R = Z for which all results hold. The theory of Grébner
basis can be generalised to other rings and stronger results can be recovered over a
field.

Let R be a ring. Given a finite subset A of R[zy,...,x,], we denote by (A) the
ideal generated by elements of A. Fix a monomial ordering on the polynomial ring
Rlzy,...,zy]. For f,g,p € R[z1,...,2,], g is said to be reduced from f by p if there
exists a term m in f such that the leading term of p divides m and g = f — m/p for
some monomial m’ € R[xy,...,Z,)].

Let R be a principal ideal domain and let G be a finite subset of R[z1,...,x,].
Then G is a Grébner basis if all elements of (G) can be reduced to zero by elements
of G.

A set is called decidable if for any two elements input, there is an algorithm that
can determine whether they are equal. A ring is called computable if it is decidable as
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a set and there is an effectively computable algorithm for addition, multiplication and
subtraction in the ring for an input of a pair of elements. A principal ideal domain
is called a computable principal ideal domain if it is a computable ring, there is an
algorithm that can effectively compute whether a given pair of elements is divisible
and an extended Euclidean algorithm can be effectively computed. Euclidean domain
is a computable Fuclidean domain if it is a computable ring and there is an algorithm
that effectively computes division with remainder.

The integers are a computable Fuclidean domain. Moreover, as division with
remainder can be applied to construct an extended Euclidean algorithm, so every
computable Euclidean domain is also a computable principle ideal domain.

Theorem 2.1 ([2]). Let R be a computable principal ideal domain and fiz a monomial
order on R[x1,...,2,]. For any ideal in R[x1,...,x,], there exists a Gréobner basis.
In particular, for finite A C R[xy,...,x,] there is an algorithm to obtain a Grébner
basis G such that (G) = (A).

The most efficient algorithm is known as the Buchberger algorithm and can easily
be implemented by a computer. Over a Euclidean domain a more precise form of
reduction is required to replicate some properties of Grobner basis over a filed.

Definition 2.2. For f,g,p € E[x1,...,x,], g is said to be E-reduced from f by p to
g, if there exists a term ¢ in f such that for some monomial m = at in f the leading
term [, of p divides ¢ with ¢ = sl, and

g=f—qsp,

for some non-zero ¢ € E the quotient of a upon division with unique remainder by [,.

A Grobner basis G in E|z1,...,2,] is said to be reduced if all polynomials in G
cannot be E-reduced by any other polynomial in G.

Theorem 2.3 ([2]). Let R be a Euclidean domain with unique remainders and let G be
a Grobner basis for the ideal (G) in R[x1,...,x,]). Then all elements in Rlx1, ..., z,]
E-reduce to a unique representative in R[z1,...,x,]/(G).

In particular, a Grobner basis can be used to compute the intersection of ideals
which we make explicit in the next remark.

Remark 2.4. Let A={ay,...,as} and B ={by,...,b} be subsets of R[z1,...,z,].
Take a Grobner basis G of

{yai,...,yas, 1 —y)b1,..., (1 —y)b;}

in R[x1,...,Z,,y] using a monomial ordering in which monomials containing y are
larger than y free monomials. Then a Grobner basis of (4) N (B) is given by the
elements of G that do not contain y.

2.2. Cohomology of the complete flag manifolds of simple Lie groups

A Lie subgroup T of a Lie group G isomorphic to a torus is called maximal if
any subtorus containing 7' coincides with T. Maximal tori are conjugate and cover
the Lie group, therefore it is unambiguous to refer to the maximal torus T of G.
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The homogeneous space G /T, isomorphic regardless of the choice of T, is called the
complete flag manifold of G. The rank of a Lie group G is the dimension of the
maximal torus 7.

The cohomology of homogeneous spaces was studied in detail by Borel in [5]. In
particular, from Borel’s work it is possible to deduce the rational cohomology of G/T.

Theorem 2.5 ([5]). For compact connected Lie group G with mazximal torus T,
H*(BT;Q)

(H*(BT;Q)We)’

where BT is the classifying space of T and W¢ is the Weyl group of Lie group G.

HY(G/T;Q) =

In [8] Bott and Samelson, using Morse theory, extended Borel’s work by showing
that there is no torsion in H*(G/T;Z). This made it easier to deduced the integral
structure of the cohomology of the complete flag manifolds in the cases of SU(n), Sp(n)
and G5. Toda [24] studied the cohomology of homogeneous spaces looking at the mod
p cohomology for prime p. In particular, Toda described in a nice form the integral
cohomology algebras of the complete flag manifolds in the case of SO(n). Soon after,
Toda and Watanabe [25] computed the integral cohomology of the complete flag
manifolds of F; and Eg. The cohomology of the complete flag manifolds of simple Lie
groups were completed by Nakagawa who described the cases for E7 and Eg in [19]
and [20], respectively.

We recall the cohomology rings of the flag manifolds used in this paper following
[5, 9]. The cohomology of the complete flag manifold of the simple Lie group SU(3)
is given by

Z
H*(SU(S)/TQ, Z) — h/la V2, '73] ,
<013 02, U3>
where |v;| =2 for i =1,2,3 and o; are the elementary symmetric polynomials of
degree i in variables 71, 2, 3. To simplify calculations, using 01 = 71 + 2 + 73 rewrite
variable 73 as v3 = —y; — 72, hence

Z
He(SU3)/T%7) = 2] 1)
(02,03)
Note that we also rewrite oo = 7% + 73 + 192 and 03 = Y72 + 7173.
The cohomology of the complete flag manifold of the simple Lie group Sp(2) is
given by

Zlm, 2]
H*(Sp(2)/T?*7) = ==, 2
(Sp(2)/T%2) = 3% )
where |y;| = 2 for i = 1,2 and o7 denotes elementary symmetric polynomial of degree
i in variables 7%, 73.
The cohomology of the complete flag manifold of the exceptional simple Lie group
G5 is given by
Zv1,72,73 3]

H*(Gy/T%7) = ,
( 2/ ) <0—170—27O—3_2t37t§>

where |v;| =2 for i =1,2,3, |[t3) =6 and o; denotes the elementary symmetric
polynomial of degree i in variables 1,72, v3. Again to simplify calculations, using
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01 =71 + 72 + 3 we rewrite variable v3 as 3 = —7y1 — 72, hence

Z[y1,72, 3]
H* T2.7)= —12 120
(G2/T2) (02,03 — 2t3,13) ®)

Similarly, rewrite o3 = v + 43 + 7172 and o3 = Yiy2 + 1173.

2.3. Based loop space cohomology of simple Lie groups

The Hopf algebras of the based loop space of Lie groups were studied by Bott [6].
We recall the results used later in the paper. Recall the integral divided polynomial
algebra on variables x1,...,x, is given by

Z[(l’i)l, (1’1)2, .. }
(aF — k()
for 1 <i< n, k>1where (x;); = ;. The following results can be obtained from the

cohomology of SU(3) and Sp(2) by applying the Leray—Serre spectral sequence to the
path-loop fibrations

QSU(3) - PSU(3) —» SU(3) and QSp(2) — PSp(2) — Sp(2).

Tzlze,...,z0] =

The integral cohomology of the based loop space of the classical simple Lie group
SU(3) is given by

H*(Q(SU(3)); Z) = U'z[xa, v4], (4)
where |zo| = 2 and |z4] = 4. The integral cohomology of the based loop space of the
classical simple Lie group Sp(2) is given by

H*(Q(S5p(2)); Z) = T'z[22, 6], (5)
where |zo] = 2 and |zg| = 6. It is less straightforward to, in a similar way, compute
the integral cohomology of QGs.
Proposition 2.6. The integral cohomology of the based loop space of the exceptional
simple Lie group Go is given by

Z[(a2)1, (112)2, .. ]

(agr — (m!/2L5 1) (az)m)

where m 2= 1, (a2)1 = a2 and |(az2)m| = 2m, |big| = 10.

H*(QGQ, Z) = ® Fz[blo],

Proof. The integral cohomology of G [4] is given by

ZLlxs, x11)

H*(G9;Z) =
( ’ ) <l‘§, x%lv 21:%’ .’L‘%.Tu),

where |z3] = 3 and |x11| = 11. Since Gs is simply connected, consider the Leray—Serre
spectral sequence {E,,d"} of the path-loop fibration

QGQ — PG2 — GQ.

The spectral sequence {E,,d"} converges to a trivial algebra and the first non-trivial
class in the cohomology of G5 is generated by x3 in degree 3. Hence, for dimensional
reasons there is an ay € H%(QG9;Z) and

d*(ag) = x3.
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For m > 1, denote by (az), the additive generator of H>™(QG4; Z) such that c(ag), =
ay' for some ¢ > 0. Element z% is 2-torsion and d®(asz3) = 23, so the kernel of
d3: Eg,”z — Eg’o is generated by 2asx3. Hence, as d®(a3) = 2aqx3,
(a2)2 = a%.
As the element apz3 is 2-torsion and d((az)ez3) = 2a2x3 = 0, the kernel of the
differential d*: E3 ; — Ej , is generated by (az)2xs. Hence, as d*(a3) = 3(az)axs,
3(@2)3 = a;’.
Forp>1,q>2even and r > 1 odd,
ker(d®)(E229) = H* (G, Z) and ker(d®)(ED?") = EE?,

In particular, it can be shown inductively that {as = (a2)1, (a2)2, (a2)s, ... } generates
an algebra

Zl(azg), (az)2, - . -]
(azr — (m!/2L5))(az)m)
As the element (ag),—173 is 2-torsion and d3((a2)yr3) = (a2)4—17%, the kernel of
d*: B3y, — E§ o, o is generated by 2(az),—123. As d*(a3) =
q!/2%(az)q = a3.
As the element ay,23 is 2-torsion and d3((a2),+173) = a,x3, the kernel of the differ-

ential d*: E3,, — E§,, 5 is generated by (az),_123. Hence, as d*(ay) = r(az)" '3,
by induction

—1 . .
qad™"x3, by induction,

rl /2" Y ay), = ab.

For dimensional reasons, there are no other non-trivial d® differentials other than those
occurring on multiple of (as3),,. Hence the only non-trivial elements on the E4-page
divisible by (a3)m, 3 or x11 for m > 1 are generated by

z11, (a2)ira, (a2)ir3xin,

where ¢t > 1 is odd, 21, is non-torsion, (as),,22 and z3x1; are 2-torsion. By [6], there is
no torsion in H*(QG2,Z). Hence, for dimensional reasons, there is a b1g € H*(QG2; Z)
and

d°((ag)ew2) = (a2)i—2x3711, d°(b1o) = agxs, d''(2b19) = z11

for odd ¢t > 3. It can be shown that by generates a divided polynomial algebra in
the same way as for the generators of H*(Q25U(3);Z) and H*(Q2Sp(2);Z), which
completes the proof. O

3. Differentials in the diagonal map spectral sequence

We begin by studying the differentials in the evaluation fibration of a simply
connected, simple Lie group G of rank 2 with maximal torus 7. The argument is
similar to that of [22], in which the cohomology of the free loop spaces of spheres and
complex projective spaces are calculated using spectral sequence techniques. However
the technical details in the case of the complete flag manifolds is considerably more
complex.
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For a space X, the fibration Map(I, X) — X x X is given by a — («(0), «(1)). Note
that Map(I,X) ~ X. It can be shown that eval is a fibration homotopy equivalent
to the diagonal map with fibre 2X. In this section we compute the differentials in
the cohomology Leray—Serre spectral sequence of this fibration in the case X = G.
The aim is to compute H*(AG/T;Z). The fibration eval: AX — X is given by the
evaluation of a loop at the base point. The evaluation fibration is also a fibration with
fibre QX. This fibration is studied in Section 4 by considering a map of fibrations
from the evaluation fibration of G to the diagonal fibration and hence the induced
map on the spectral sequences. For the rest of this section we consider the fibration

Q(G/T) = G/T = G/T x G/T. (6)

By extending the fibration T'— G — G /T, we obtain the homotopy fibration
sequence

OG- QUG/T)—-T — G. (7)

It is well known see [23], that the inclusion of the maximal torus into G is null-
homotopic. Hence there is a homotopy section T' — QG, implying that

O(G/T) ~ QG x T. 8)

All cohomology algebras of spaces in fibration (6) are known. As G/T hence also
G/T x G/T are simply connected, the cohomology Leray—Serre spectral sequence of
fibration (6), which we denote by {E,.,d"}, converges to H*(G/T;Z) with an Ey-page
given by EY'? = HP(G/T x G/T; H1(Q(G/T); Z)).

3.1. Case SU(3)/T?
When G = SU(3), using decomposition (8), we obtain an algebra isomorphism

H*(Q(SU(3)/T?); Z) = H*(QSU(3); Z) @ H*(T* Z) = T'z[xa, 4] @ Az(y1,12),

where |xo| = 2, |z4] = 4 and |y1]| = |y2| = 1. Using the cohomology description (1), we
set

H*(SU(3)/T%2Z) = 7525

(05,03)

and

H*(SU(3)/T? x SU(3)/T% Z) = Zevazl g Zb1.0]

(05,0%) (05,05)

where |o;| = |8;] = |\i| = 2 for each i = 1,2. B
The following lemma determines the d? differential on E;''. We use the alternative
basis

v; = a; — [ and u; = f;
for H*(SU(3)/T? x SU(3)/T? Z), where i = 1,2.

Lemma 3.1. In the cohomology Leray—Serre spectral sequence of fibration (6), there
s a choice of basis y1,y2 such that
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Jz(yi) = Ui
for each i =1,2.

Proof. For dimensional reasons, d? is the only possible non-zero differential with
codomain at any E‘f’o and no non-zero differential have domain in any EE’O. As
fibration (6) is the diagonal map A: SU(3)/T2 — SU(3)/T? x SU( )/T? and the
spectral sequence converges to H*(SU(3)/T?), the image of d?: Ey"' — E3° must be
the kernel of the cup product on H*(SU(3)/T? x SU(3)/T?;Z), which is generated
by v1,va. O

Theorem 3.2. In the spectral sequence {E,,d"}, up to class representative and sign
m Eg’l and E;l’l, the non-trivial differentials are given by

d*(z2) = Y101 + Y22 + Y1v2 + 2y1u1 + 2y2us + Y1Uz + Yoty
and
d*(z4) = y1v1v2 + Yavav1 + 2y1U1v2 + 2younvy + Y1v1U2 + Yov2us
+2y1u1us + 2y2usur + y1u3 + yous.
Proof. All differentials on «; and §; are trivial for dimensional reasons. So the only
remaining differentials left to determine are those on generators xo and z4. For
dimensional reasons, the elements s, x4 cannot be in the image of any differential.
By Lemma, 3.1, the generators u;, up must survive to the Foo- page So generators s
and x4 cannot. The image of d?: EO Z 5 E2 ! will be a class in E2 "' in the kernel of
d? generated by a single element, not in the image of an element generated by vy;, u;
and v; alone. )
We have d?(u;) = d*(v;) = 0 and by Lemma 3.1 we may assume that d?(y;) = v;
for each ¢ = 1,2. The non-zero generators in E%’l can be expressed in the form
YrUi O Yg U5
and the non-zero generators in E;‘ ! can be expressed in the form
YrUiUj, YpUiUj O YpUiU;
for some 1 < 4, j,k < 2. Notice that for 1 < k,7 < 2
d*(y1v1 + yav2 + Y12 + 2y1u1 + 2yaus + y1uz + yous)
= v% + v% + vV + 2v1U1 + 209U + ViU + VoUg
= (af — 20181 + B7) + (a5 — 20282 + B3) + (102 — @182 — a2y + B1B2)
+2(a1B1 — BY) + 2(azB — B3) + (a1 B2 — B1B2) + (2B — B2B)
=aj+a3+oay— B — B3 — 1B =0.
In particular since y;v; is not a term in d?(y1y2) = yov1 — Y102,
Y101 + y2v2 + Y102 + 2y1u1 + 2y2us + Yrue + Youy

is a generator. Thus since it is the only remaining cycle that can be hit by 2 in the
kernel of d? at F3''

d*(z2) = y1v1 + Y202 + Y12 + 2y1u1 + 2yous + Y1us + Yous

up to class representative and sign. Notice that image of d?(x9) is obtained as the
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element whose image under d? coincides with the degree 2 generators of the symmetric
ideal. Since the choice of degree 2 generator of the symmetric ideal is unique up to
sign, so the expression for d?(x9) is also uniquely determined up to sign.

For dimensional reasons and due to all lower rows exceptE}? and Ej"' being
annihilated by the d27 differential, the only possible non-zero differential beginning
at x4, is 7d4: E2’4 — Effl. The image of the differential d* on x4 will therefore be a
class in Eff’l in the kernel of d? generated by a single element, not in the image of the
elements generated by y;, u; and v; alone. We see that

&Q(ylvlvz + Yov2v1 + 2y1u1v2 + 2Y2usv1 + Y1U1U2 + Y2021

+ 2y1uius + 22Uzt + Y1u3 + you?d)
= v%vg + v%vl + 2uivauy + 20 v2ug + v%uz + v%ul
+ 2viuiue + 2vuiug + UW% + vould
= (ajas — i B2 — 2010281 + 201 5182 + 287 — S5 B2)
+ (103 — 3B — 2010282 + 2026182 + 1 B3 — B133)
+ 2(n0281 — 1 B1B2 — aaff + B1B2) + 2(a1aafa — a1 B3 — 2B B2 + B133)
+ (03 B2 — 201182 + B3 B2) + (0381 — 2023182 + B153)
+ 2(01 8182 — B3 Ba) + 22182 — B183) + (a1 85 — 183) + (a2 — B1f2)
= afag + ajay — B7Bs — 561 = 0.
In particular since y;vius is not a term in d?(y;y2usz),
Y101V2 + Y2021 + 2y1U1v2 + 2Y2uU2v1 + Y1vU1U2 + Y2U2U1
+2y1urus + 2y2usuy + y1us + youi
is a generator. Thus since it is the only remaining cycle that can be hit by z4 in the
kernel of d? at Ey",
d*(24) = y1v1v2 + Y2201 + 2y1av2 + 2yau01 + Y1U1U2 + Yoo
F2y1urus + 2ypusu + y1us + Youl
up to class representative and sign. Similarly to the 622 differential, the image of
d*(z4) is obtained as the element whose image under d* coincides with the degree
3 generators of the symmetric ideal. Since the choice of degree 3 generator of the
symmetric ideal is unique up to addition of multiples of the degree 2 generator and sign,

so the expression for d*(z4) is also uniquely determined up to addition of multiples of
d?(z2) and sign. O

Remark 3.3. The elements (23),, and (z4),, for each m > 2 are also generators on
the E»-page of the spectral sequence {E,.,d"}, arising from the divided polynomial
algebra I'z[xa, x4]. We note that the differentials in the spectral sequence are also
completely determined on all (z2),, and (z4),;, by Theorem 3.2 in the following way.

Using the relations 3" — m!(x2),, and the Leibniz rule, it follows by induction that
d?(25) = md?(z2)xy " and hence again using the relations

&*((22)m) = d*(x2) (T2)m—1. 9)

Since we know that d*(x4) must be non-trivial we have that, as d?(z4) and d*(z4)



THE COHOMOLOGY OF FREE LOOP SPACES OF RANK 2 FLAG MANIFOLDS 353

must be 0 as the image of d*(z4) is non-torsion. Due to the fact that there are no
torsion elements on the spectral sequence pages E;"" and (24),, cannot be in the
image of any differential, on successive pages we obtain similarly to equation (9) that
d'((24)m) = d*(24)(24)m—_1 = 0 for i = 2,3. Therefore as d*((x4);) = 0 for all m > 1
and we can apply the same augments used to derive equation (9) to obtain that

d'((x4)m) = d"(z4)(@4)m—1-

3.2. Case Sp(2)/T?
Consider now G = Sp(2). By (5), we have

H*(Q(Sp(2)/T%); Z) = Tz[w2, w6] @ Az(y1,y2),

where I'z[z2, x¢] is the integral divided polynomial algebra on the variables zs, xg
with |zo| = 2 and |xg| = 6 and A(y;,y2) is an exterior algebra generated by y1, y2 with
ly1] = |y2| = 1. By (2), the cohomology of Sp(2)/T? is

H*(Sp(2)/T2); Z) = M

and
Z[al,aﬂ Z[/BMBQ]

(01",08%) (0" o))

for the cohomology of the base space and fibre of fibration (6), where [A\1| = || =
|B:| = 2 for i = 1,2. Denote by {E",d"} the cohomology Leray—Serre spectral sequence
associated to fibration (6). We again use the alternative basis

H*(Sp(2)/T? x Sp(2)/T* L) =

vi =a; — f; and u; = f;

for ¢ = 1, 2. For exactly the same reasons as in Lemma 3.1, we get an equivalent lemma
in the present case.

Lemma 3.4. With the notation above, in the cohomology Leray—Serre spectral sequence
of fibration (6), there is a choice of basis y1,y2 such that

sz(?/i) =i
for each i =1,2.
We now prove an equivalent of Theorem 3.2 for G = Sp(2).

Theorem 3.5. In the spectral sequence {E;,d"} up to class representative and sign
on Eil and Eg,p the only non-trivial differentials are given by
d*(z2) = y1v1 + Y2v2 + 2y1u1 + 2y2us
and
d®(z6) = y103 + dy1viuy + 6y viut + dyrul.
Proof. All differentials on «; and S; are trivial for dimensional reason. So the only

remaining differentials left to determine are those on (x5) and (zg). For dimensional
reasons, the elements xs, x¢ cannot be in the image of any differential. By Lemma 3.4,
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the generators ul, UQ must survive to the Foo- page so generators xo and xg cannot.
The image of d?: E2 ! will be a class in E2 in the kernel of d? generated by
a single element, not in the image of the elements generated by y;,u; and v; alone.

We have d? (ul) = d?*(v;) = 0 and by Lemma 3.4 we assume that d?(y;) = v; for
each 7 = 1,2. The non-zero generators in E can be expressed in the form

YrUs O Yg U5
and the non-zero generators in Ey'' can be expressed in the form
YkUiy Uin Uiy YkVig Wiz Wig, YkViy Vi Uiz OF YEUiy Vip Vig

for some 1 < is,19,13, k < 2. Notice that

& (yrvi) = v = af, — 2058, + B

& (yrur) = viur = owBr — B
SO

@ (y1v1 + Y202 + 2y1u1 + 2y2u) = af + a5 — 57 — B3 = 0.
In particular since yyv; is not a term in d?(y1ys) = yov1 — Y10,
Y101 + Y202 + 2y1ur + 2yous

is a generator. Thus since it is the only remaining cycle that can be hit by 25 in the
kernel of d* at E3",

d*(z9) = Y101 + Y202 + 2y1u1 + 2y2un

up to class representative and sign. Notice that image of d?(xy) is obtained as
the element whose image under d? coincides with the degree 2 generators of the
symmetric ideal. Since the choice of degree 2 generator of the symmetric ideal is
unique up to sign, so the expression for d?(x3) is also uniquely determined up to sign.
Similarly,

& (yrv7) = vi = o — 4a§51 + 60357 — a1 5 + 51
F(yrviuw) = vl = o — 30767 + 31 57 - B
Cz2(?J1111U1) = U% i 04151 - 204161 + 61

CF(Z/W%) = Ul“? = 04151 - 51-

Hence
@ (y1v} + dyrviug + Gyrorud + dyrul) = of — B = 0.
In particular since y;v3, is not a term in Jg(ylygvf)7
ylvf + 4y1vfu1 + 6y1v1u? + 4y1u‘;’

is a generator. Thus since it is the only remaining cycle that can be hit by z¢ in the
kernel of d? at Eg’l,

d®(z6) = Y103 + dyrviug + 6yrviud + dygui

up to class representative and sign. Similarly to the @2 differential, the image of
d®(z6) is obtained as the element whose image under d° coincides with the degree
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4 generators of the symmetric ideal. Since the choice of degree 3 generator of the
symmetric ideal is unique up to addition of multiples of the degree 2 generator and sign,
so the expression for d%(z¢) is also uniquely determined up to addition of multiples of
d?(z9) and sign. O

Remark 3.6. For the same reasons given in Remark 3.3, the only non-trivial differentials
in the spectral sequence {E,,d"} on the all generators (z3).,, and (zg)., for m > 1

arising form the dividend polynomial algebras are d? and d° respectively. Moreover
these differentials are determined by

d*((x2)m) = d*(x2)(x2)m—1 and d°((x6)m) = d*(26) (26 )m—1-

3.3. Case Gy/T?
Consider now G = G». Using (3) and Proposition 2.6, in the following argument
we use the notation for the cohomology of the base space and fibre in fibration (6)

Zlay, ag, 3] Z[B1, B2, s3]
<037213*0?al§> <U§,28370’§,S§>’
Z[(ag)l, (02)2, . ]
(agr — (m!/2L5 ) (az)m)
where the degrees are |ay| = |B1] = |a2| = |B2| =2, |y1] = |y2| =1, |az] = 2, |b1o| = 10

and |l3] = |s3| = 6. Again we use the change of basis u; = §; and v; = a; — ;. In
addition we also make the change of basis

0213—53andw:l3.

H*(G2)T? x Go/T*Z) =

H*(Q(G2/T?);Z) =

®I'y [blo] ® AZ(yly2)a

Theorem 3.7. In the spectral sequence {E,,d"} up to class representatives and sign
on Eil and E%o,p the non-trivial differentials are given by

d*(as) = y1(ug + va + 2uy) + Yo (uy + v1 + 2us)

d*(az(y1 (uz + v2 + 2u1) + ya(ur +v1 + 2uz))) = 6
and
d"0(bio) = y1 (00} + 30v1uy + 30u? + 2007 + 3vviug + Syrbul).
Proof. Similarly to the previous cases, the differential on y; is given by
dQ(Z/z‘) = U;.
The differential on ao is obtained as in Theorem 3.2. and is given by
d*(asg) = y1(uz + v2 + 2u1) + Y2 (ug + v1 + 2uz),

which we denote by (.
The reminder of the augment is also similar to the previous cases, however there
are two exceptions. Firstly, since

Zl(az)1, (az), - - -]
(ag" — (m!/215 ) (az)m)

is not a divided polynomials algebra,
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(m—1)!

ol%] ol%)
az) QU"’T_lJ (a2)m—1

(e2)a"™ = G

2(ag)m-1¢ for m even
(a2)m-1¢  for m odd

& ((az)m) = (

oLz
= g (@2)mord(az) = {

for each m > 1. Hence the differential is not surjective and for odd m > 1, (a2)mn¢
multiplicatively generates 2-torsion on the FEs-page. Secondly, although the ideal
(283 — a3, 2l3 — 33) does not correspond to any elements of the kernel of d2, due to
these relations

d*(y1 (V3 + 3viuy + 3u?)) = 26,
it also multiplicatively generates 2-torsion on the Es-page. If as( survived to the
FE-page, this would imply that for dimensional reasons after the resolving extension
problems there would be torsion class in H*(Gy/T?;Z). However there is no torsion in

H*(G4/T?;7Z), so as¢ must be trivial by the E,.-page. Hence for dimensional reason
the only possibility is

d*(as¢) =0

up to class representative and sign. Since a2( and ¢ generate all the 2-torsion, for
r <9, d"(b1o) = 0 and there is no torsion by the Es-page. In particular, we determine
the differentials on by in the same way as in previous cases. Notice that

d?(y10v3) = v360 = 253 — 4s3lz — 3s3a3P1 + 3031351 + 3s301 57 — 3ay 1387 + 213,
d*(y10v1u1) = Oviug = szaffy — 2s301 87 — ailsBy + 2011357 + 2s3ls — 213,
d?(y10u?) = Quiu? = sz BF — 28313 — ayl3B7 + 212,
d? (y1pv?) = v = 28313 — 302136, + 3aqlzB7 — 212,
P (y1pviur) = vivuy = oflzfy — 2aqlsB7 + 213,
d?(y1pu?) = vipud = aylzB7 — 213

Hence
d?(y1(0v] + 30viuy + 30uT + 2003 + 3hviug + 3pui)) = 253 — 205 =0
and for the same reasons as in previous cases
d'(b1g) = y1(0v? + 30v1u;y + 30u? + 29v? + 3viur + 3yYu?)

up to class representative and sign. O]
Remark 3.8. For similar reasons to those given in Remark 3.3, the only non-trivial
differentials in the spectral sequence {F,,d"} on generators (as),, and (b1g), for
m > 1 are d? and d'° respectively. The only difference in this case is that there is
some 2-torsion on the B3 and E4 pages. However this does not effect the augment, as
d? is trivial for dimensional reasons and all 2-torsion is either sent to or in the image

on another 2-torsion generator under the d* differential. More precisely for odd m > 3
we have

d*((a2)m¢) = d*(az¢)(az)m-—a2,
where ¢ = y;(ug + va + 2uy) + ya2(uy + v1 + 2us). It now follows that the d? and d'°
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differentials on (ag)., and (b1p)m, respectively are determined by

P ((az)m) = d*(az)(az)m—1, and d'*((b1o)m) = d"*(10)(x10)m—1-

4. Differentials in the cohomology Leray—Serre spectral
sequence of the evaluation fibration

Throughout the following argument we consider the map ¢ of fibrations between
the evaluation fibration of the complete flag manifold G/T and the diagonal fibration
given by the following commutative diagram

Q(G/T) —= ANG/T) — - G/T

lid ie’ual lA (10)

Q(G/T) G/T —2~G/T x G/T.

Since we assume that G, hence G/T is simply connected, the cohomology Leray—Serre
spectral sequence {E,,d"} associated with the evaluation fibration converges. Hence
¢ induces a map of spectral sequences ¢*: {E,,d"} — {E,,d"}. More precisely, for
each r > 2 and a,b € Z there is a commutative diagram

a,b d" na+r,b—r+1
Er E’r

c )

a,b d” a+r,b—r+1
Er Er )

where ¢*, for each r, is the induced map on the homology of the previous page,
beginning as the map induced on the tensor on the Es-pages by the maps

id: QG/T) = QG/T) and A: G/T — G/T x G/T.
4.1. Case SU(3)/T?
Let G = SU(3). By (8) and (1), we have
H*(Q(SU(3)/T%); Z) = Ty (ay, @) @ Az (Y, ys)
and

Z[n, 7]

H*(SU(3)/T*Z) = =

(SU)T2) = IR,

where |y!| = 1, || = 2, |z5;| = 2i for each 1 < < 2. Next we determine all the differ-
entials in {E,,d"} when G = SU(3).

Theorem 4.1. The only non-zero differentials on generators of the Es-page of the
spectral sequence {E,,d"} are, up to class representative and sign, given by

d*(2h) = y1 (271 + v2) + vh (11 + 272)
and
d' () = vi (73 + 27172) + Y5 (V5 + 27172)-
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Proof. The identity id: Q(SU(3)/T?) — Q(SU(3)/T?) induces the identity map on
cohomology, while the diagonal map A: SU(3)/T? — SU(3)/T? x SU(3)/T? induces
the cup product. Hence, by choosing generators in {FEs, d?}, we may assume that for
i=1,2

" (yi) = yi, ¢ (2:) =z} and ¢*(ey) = ¢"(Bi) = " (wi) = i
Therefore, ¢*(v;) =0 for ¢ = 1,2. For dimensional reasons, the only possibly non-

zero differential on the generators y! in {E,,d"} is d?. However using commutative
diagram (11) and Lemma 3.1, we have

d*(y}) = d*(¢* (i) = & (d* (i) = ¢*(vi) = 0.
Using commutative diagram (11) and Theorem 3.2, we have up to class representative
and sign
d*(x5) = ¢*(d*(22))
= ¢"(y1v1 + y2v2 + Y102 + 2y1u1 + 2y2uz + Yy1ug + Yous)
=2y17 + 29572 + Y2 +vom

and
d(z}) = ¢"(d"(24))
= ¢"(y10102 + Y2201 + 2y1U1V2 + 2Y2U201 + Y1VUIU2
+ yavauy + 2y1urus + 2ypusty + Yrus + yous)
= 2y57172 + 2Y1M72 + Y207 + Y103
Differentials on the generators «y; for i = 1,2 are zero for dimensional reasons. O

Remark 4.2. As the restriction ¢*: E®* — E%* is induced by the identity map, we
have that ¢*((z;)m) = (2;)m for i = 2,4 and for all m > 1. Therefore using Remark 3.3
it follows that

d*((22)m) = d*(z2)(@2)m—1 and d*((24)m) = d*(z4)(@4)m—1.

4.2. Case Sp(2)/T?

Just as we did in Theorem 4.1, we can now use the results of Theorem 3.5 and
diagram (10) to deduce the differentials in the cohomology Leray—Serre spectral
sequence {E,.,d"} associated to the evaluation fibration of Sp(2)/T?. For the rest of
the section, we denote the cohomology algebras of the base space and fibre of the
evaluation fibration by

H*(Q(Sp(2)/T%); Z) = Tz(xy, 25) @ Az (yh. y3)
and
Z[y1,72]
(0%, 03) "
where |v/1| = 1= |¥b], |71] = 2 = |12], |25]| = 2, |25|=6 and 0%, 03 are the elementary
symmetric polynomials in variables 77, 3.

H*(Sp(2)/T%2) =

Theorem 4.3. The only non-zero differentials on generators of the Es-page of the
spectral sequence {E,,d"} are, up to class representative and sign, given by
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d*(xh) = 2y171 + 2y
and
d°(x6) = 4177
Proof. For the same reasons as in the proof of Theorem 4.1, we have for i = 1,2
" (vi) = yi, ¢ (w:) =} and ¢ (i) = i = ¢*(Bi) = ¢ (wi), so ¢*(v;) = 0.
Hence by the same arguments as in the proof of Theorem 4.1, we have
d"(y;) =0 and d"(v;) =0

and the image of d” on generators x5, zg is determined by those summands in the
image of d? on z3, z¢ given in Theorem 3.5 containing no v;, replacing u; with v; and
y; with y}. This proves the statement. O

Remark 4.4. As the restriction ¢*: E%* — E%* is induced by the identity map, we
have that ¢*((x;)m) = (x;)m for i = 2,6 and for all m > 1. Therefore using Remark 3.6
it follows that

d*((x2)m) = d*(x2)(22)m—1 and d°((x6)m) = d®(26)(x6)m—1-

4.3. Case Go/T?

To obtain the differentials in the Leray—Serre spectral sequence of the evaluation
fibration of Go/T?, as in previous flag manifolds, we consider the map of Leray—
Serre spectral sequences induced by (11). In the following argument using (3) and
Theorem 2.6 we have

Z[y1, 72, 3]
<J’1yv 0;7 2t3 — Ugv t§>

H*(G2/T* Z) =

and
Z[(a’)l (a’ )2 .. ]
H*(Q(G2/T?);Z) = 20 2 ® z[blo] ® Az (Y, y5),
(G2/T7);Z) (@ — (m/2L5 ) (ah)m) z[b1o] z(y1, )
where |y1| = |y2] = 2, |y1] = |y2| =1, |ab] = 2, |bjy] = 10 and o; are the elementary

symmetric polynomials of degree i in bases 71, v2,v3 with —y3 = v + 2.

Theorem 4.5. The cohomology Leray—Serre spectral sequence {E,.,d"} associated to
the evaluation fibration of Ga/T? has, up to class representative, the only non-trivial
differentials

d*(ah) = y1 (271 +72) + yh(m1 + 272)
and
d"(big) = 3yitsi.

Proof. We deduce the differentials in {E,,d"} using the notation and results of
Theorem 3.7. For the same reasons as in the proof of Theorem 4.1, we have

" (yi) = yi, ¢ (2:) =2} and ¢ (o) =7 = ¢"(8i) = ¢"(ui), s0 ¢"(v;) =0.
Recall that § = d*(az(y1 (ug + v2 + 2uy) + y2(u1 + v1 + 2uz))) and ¥ = I3. Then
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¢*(0) = 0 and ¢"(¥) = t3.
Hence by the same arguments used in the proof of Theorem 4.1, we have
d"(0) =0,d"(y;) = 0 and d"(v;) = 0.

Using the results of Theorem 3.7, we deduce the differentials in {E,.,d"}. Recall that
¢ = y1(ug + va + 2uy) + y2(uy + v1 + 2us). Since d* is non-trivial only on as¢, and
#*d*(az() = ¢*(0) = 0, the differential d* is trivial.

The image of d” on the generators aj, b}, is determined by those summands in the
image of d? on as, bjp given in Theorem 3.7 containing no v; or 6, and replacing u;
with v;, y; with y; and ¢ with ¢5. This gives the result stated in the theorem. O

Remark 4.6. As the restriction ¢*: E%* — E%* is induced by the identity map, we
have that ¢*((a2)m) = (a2)m and ¢*((b10)m) = (b10)m for all m > 1. Therefore using
Remark 3.8 it follows that

d*((az)m) = d*(az)(az)m—1 and d"*((b10)m) = d"°(b10) (b10)m—1-

5. Free loop cohomology of complete flag manifolds of simple
Lie groups of rank 2

In this section we calculate the cohomology of the free loop space of all complete
flag manifolds arising form simple Lie groups of rank 2.

5.1. Free loop cohomology of SU(3)/T?
Theorem 5.1. The integral algebra structure of the E.-page of the Leray—Serre
spectral sequence associated to the evaluation fibration of SU(3)/T? is A/I, where
A= Az((@a)vyis (@a)v¥is (@2)m(@)oy1y2, (T2)m(a)u(y1(11 +72) — ¥272),
(22)m () (Y2 (1 +72) — v17), (€2)m (24)6(29277 + 9177),
(@2)m(z2)s7772s (T2)m (@077, (@2)m(24)6(7F + 72 + 71172))
and
I'=((za)p((22)7" — ml(@2)m)d, ((2))" — ml(za)m)k,
(22)a(2)o (7] + 73 +M172), (22)a(24)071,
(@2)a(za)s(y2(11 + 272) + 91271 +72), 3(22)a(@a)e(Yy17172 + ¥27272))),
wherem = 1, a,b > 0, |v;| =2, |yi| =1, [(x2)m] = 2m, [(24)m| = 4m,
J€{yiye, yiln +72) —v272, v2(n1 +72) —yim,
20177 +y2nis 91+ 8+ e e 1

k€ {vi, vir (@2)miny2, (@2)m @ +72) — v272)s (@2)m(y2(v1 +72) — 1),
(Z2)m (20277 + 1177)s (T2)myi72s (T2)ms (T2)m (V] + 73 +71172)}
and 1 <1< 2.

Proof. We consider the cohomology Leray—Serre spectral sequence {E,.,d"} associated
to the evaluation fibration of SU(3)/T? studied in Section 4, that is,
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Q(SU(3)/T?) — A(SU(3)/T?) — SU(3)/T>.
By (1), the integral cohomology of the base space SU(3)/T? is given by

Z[’Ylvr}/?]
(v + 1172 + 3,73’

where |y1| = |72| = 2. The integral cohomology of the fibre Q(SU(3)/T?) is given by

Az(y1,y2) @ Tz[wa, 24],
where |y1| = |y2| = 1, |22 = 2 and |z4] = 4. Additive generators on the Es-page of
the spectral sequence are given by representative elements of the form
(@2)a(xa)o P, (@2)a(x2)oyi P, (¥2)a(a)oy1y2 P,

where 0 < a,b, 1 <i <2 and P € Z[y1,72] is a monomial of degree at most 3. By
Theorem 4.1 and Remark 4.2, the only non-zero differentials are d? and d*, which are
non-zero only on generators zo and x4, respectively. Therefore the spectral sequence
converges by the fifth page. The differentials up to sign are given by

d*(x2) = y1(271 +72) + y2(71 + 202),  dH(24) = 178 + 27172) + 42(7F + 2m72)-

However notice that we may write the representative of d*(x4) as follows,

d*(x4) = y1(73 + 27172) + v2(97 + 2m172) + d*(22) (11 +72)

= y1(297 + 293 +5m%2) + 12(297 + 293 +5m12)

=312 + y2m72)s
where the second equality is given by subtracting elements of the symmetric ideal
2y;(v? + 73 + y172) for i = 1,2. Hence from now on we take

d*(x4) = 31172 + Y271172)-
The monomial generators 7;, x4, y; and (z2)my1y2 occur in ES’O or Eg’* and are
always in the kernel of the differentials, so are algebra generators of the E-page. All
relations on the Es-page coming from the relations in
H*(QSU3)/T2):2) : (22)7" — ml(@2)m and (24)]" — ml(@4)m,

the relations in

H*(SU®R)/T*Z) : 77 + 12 +75 and 77,
are in the image of

d® :yr (11 + 272) + 42 (271 + 72)
or are in the image of
d*: 3(yimive + y2mi2)

hold on the E_.-page and therefore are in I if they are in A. For this reason, since E?
generator (x2)m, and (z4)n, will not be in A, all generators of I must be considered
up to multiple of (x3), and (z4)p. In addition, we add ((z2)7* — m!(z2)m)j for j
such that (z2)mj is a generator, rather than (z2)7* —m!(x2)m to I. Similarly we
add ((z4)7* — m!(x4)m)k rather than (x4)7" — m!(24)m,. It remains to determine all
generators of A.
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The elements on the Es-page of the form
(2)a(za)py1y2 P, (x4)pys P and (14)pP
are in the kernel of d? and generated by y1y2(22)m, (£4)m,y1 and 2. Let

¢: Z[(x4)m, (@2)m, 11, 72] = Z[(@4)m, (2)m Y1, Y25 715 V2]
be the map defined by d? so that the following diagram commutes

ker(¢) ——= Z[(24)m, (£2)m;> 71, 72] LN Z[(24)ms (T2)m, Y1, Y2, V15 V2]

) .

ker(d2 ) E2 E2 s

where ¢ is the quotient map by the symmetric polynomials and the divided polynomial
relations

Y+ 2 +75, 10, (@) — mi(z2)m and (z4)7" — m!(z4)m.

By direct calculation, it can be seen that the kernel of ¢ is generated by =1, v2 and
(24)m which are also in the kernel of d?. Thus the remaining elements of the kennel of
d? of the form (x2),,(x4),P are obtained as elements of the ideal

g0 (2 (272 + 1) +v1(v2 + 271)) N (V3 + e + 73, A3)), (12)

where y1 (272 + 71) + y1(72 + 271) spans Im(¢). Note as (z4), has trivial image under
d? and by Remark 4.2 it is sufficient here just to compute the kernel in the case m = 1
and b = 0. Intersection (12) can be computed by Grobner basis to show it contains no
generators with -; term lower than degree 4. Hence the generators of the of kernel
are of the form (z2),,(x4)s P where the degree of P is 3. Since it is not yet contained
in the set of generators, we add the relation (x2),,(v + 72 + 7172) as a generator in
order to minimize the number of algebra generators required. Let

7/}: Z[(x4)m; (:L'Q)myla (x2)my2a 1, 72] — Z[(I4)ma (xQ)ma Y1,Y2,71, 72]
be the map defined by d? so that the following diagram commutes

ker(d)) - Z[(m)m, ($2)my1, (x2)my2,’717 72] L> Z[(9€4)m7 (x2)m7 Y1,Y2,71, 72]

) ) . )

ker (d2) E2 E2 y

where ¢ is the quotient map by relations

WA +93, 7 (@)1 = ml(22)m and (24)" = ml(@4)m.

By a direct calculation, it can be seen that the kernel of 1 is generated by 71, 7o,
(4)m- We also note that as d? is a differential, the image of d? on generators of the
form (x2)m, (x4)py: P, generated by

(z2)a(a)p(y2(272 +71) + Y1 (72 +271))

must also be in the kernel of d? when restricted to generators of the form (x2), (2.4)py; P-
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Thus the remaining element of the kernel of d? of the form (x2),,(z4)py; P are
elements of the ideal

™ (Y2 (2y2 + 1), y1y2(r2 +271)) N (3 + 7271 + 15 1)) (13)

where y192(27v2 + 71), y1y2(72 + 271) span Im(v)). Note as (z4)p, has trivial image
under d? and by Remark 4.2 it is sufficient here just to compute the kernel in the case
m=1and b=0.
Intersection (13) can be computed by Grébner basis with respect to the lexicographic
monomial ordering yo > y1 > 2 > 71 yielding the ideal
192(33 +22m +91)s 31yt iy2(1207 + 20))- (14)

Generators of the gyp~! image of (14) will up to multiple of (z2),,, generate the
kernel of d? with elements of the form (x2),,(x4)py; P. The gip~! image of generator
y19Y2(V3 + vay1 +73) of (14) is y2(y1 + 72) + y1y1. To write the image of d? in terms
of the generators we add

(2)m (y2(71 +72) + y171) and (@2)m (Y1 (71 +72) + y272)

as generators of the algebra. The qiy~! image of the generator 3y;ys7; of (14) is
29272 + y172. Hence we take

(22)m (25275 + y177)
as generators of the algebra. The gyp~! image of the generator y;y2(v2v; + 277) of (14)
is trivial. It remains to determine the kernel of the d* differential.
We have that
A (22 (11 (271 +72))) = 1192277 + 295 + 57172) = 3y1yem1ve = d* (wayi),

where the second equality is given by subtracting the symmetric relation

20192(7; + 75 + 1172)-

Hence y; multiples of d*(x4) are trivial. Since we can obtain from the symmetric
relations

(7 +F 12 +73) =% =1+

we have that

d*(22(77 +27172)) = 1129} + 37772 +27193) + 12(0F + 4772 + 4m173)
=3y17172 = —3y1m7s,
d*(z2(73 + 21172)) = 1 (0772 + 45 +93) + 12(29772 + 31193 + 295)
=375 = —3y2717 -
This allows us to easily determine that
d*(zam1) = 3(Y17772 + ¥27172) = & (22(7F —13)),
d*(z4v2) = 31173 + 121173) = d*(22(75 — 7).

Hence ~; multiples of d*(z4) are also trivial and so using Remark 4.2 the only elements
on the E*-page not in the kernel of d* are (z4)s. O
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Theorem 5.2. The cohomology algebra H*(A(SU(3)/T?);Z) is isomorphic as a mod-
ule to the algebra A/I given in Theorem 5.1. In addition there are no multiplicative
extension problem on the sub-algebra generated by 1,72, the sub-algebra generated by
Y1, Y2 and no multiplicative extension on elements y;7y; for 1 <1i,5 < 2.

Proof. Beginning with the structure of the E°°-page, given in Theorem 5.1, of the
Leray—Serre spectral sequence of the evaluation fibration, we first consider the additive
extension problems.

Since there is no torsion produced by the divided polynomial relations

(@a)s((22)1" = mi(22)m)j and ((z4)7" — m!(z4)m)k

a reduced Grobner basis of the ideal

W2, y3. 7% + M2 + 75,78 v (1 + 272) + 11 (271 + 72),
y1y2(27 + 72), v1y2(2yv2 + 7). 3(Y1v1iv2 + Y2y272))

has elements with terms containing coefficient 1 or all the coefficients are 3. Hence by
Theorem 2.3, all the torsion on the F.,-page of the spectral sequence is 3-torsion. In
order to resolve any additive extension problems we consider the spectral sequence
{E,,d"} over the field of three elements.

None of the generators in the integral spectral sequence are divisible by 3, hence
in the modulo 3 spectral sequence all of the integral generators remain non-trivial. In
addition when the kernel of d? and d* at EE: = EP'? is all of ER4, the free rank plus
torsion rank in the integral spectral sequence must be greater than or equal to the rank
in the modulo 3 spectral sequence. So in these cases, the rank in modulo 3 spectral
sequence is exactly the free rank plus the torsion rank in the integral case. Hence it
remains to consider the cases when kernel of either the d? or the d* differentials in the
cases integral kernel are not the entire domain. By the rank nullity theorem, the rank of
the image plus the nullity, the dimension of the kernel, is the dimension of the domain.

When considering the spectral sequence modulo 3, the rank of any differential is
the same as in the integral case when the quotient of the preceding kernel by the
image contains no torsion. When integral 3-torsion exists, there are generators of the
image which are 3 times generators of the kernel. Therefore in the modulo 3 spectral
sequence these generators are now generators of the kernel. Hence in the modulo 3
spectral sequence the rank is reduced by the integral torsion rank and the nullity
increased by the same number.

Since the modulo 3 spectral sequence has coefficients in a field, there are no exten-
sion problems. As the total degrees of the d? and the d* differentials are —1 and
Es = Ew, dim(H(SU(3)/T?;Z3)) is the sum of the ranks of total degree i in the
integral E5-page plus the sum of the torsion ranks in total degrees i and ¢ 4+ 1. Hence,
the modulo 3 cohomology algebra is only consistent with the case when all the torsion
on the F.-page of the spectral sequence is contained in the integral cohomology
module. Therefore all additive extension problems are resolved and all the torsion
elements in the spectral sequence are present in the integral cohomology.

Now that we know the module structure of H*(A(SU(3)/T?);Z) is isomorphic to
A/I, we have that A/I is an associated graded algebra of H*(A(SU(3)/T?);Z) with
respect to multiplication length filtration. Next we study the multiplicative extension
problem.
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Multiplication on generators 7,72 is in the image of the induced map of the
evaluation fibration H*(SU(3)/T?% Z) — H*(A(SU(3)/T?);Z), hence the sub-algebra
they generate contains no extension problems. Multiplication on generators y;,y2 is
a free graded commutative sub-algebra, so contains no extension problems.

Suppose the product y;y; for 1 <4,j < 2in A/I contains additional summands in
H*(A(SU(3)/T?); Z). For dimensional reasons any summand must have the form ;v
for 1 < 7,5’ < 2. However since v;,y; € H*(A(SU(3)/T?);Z) all possible additional
summands have the same multiplication length showing that there is no multiplicative
extension problem for y;y;, 1 <4, < 2. O

5.2. Free loop cohomology of Sp(2)/T?
Theorem 5.3. The integral algebra structure of the Eo-page of the Leray—Serre
spectral sequence associated to the evaluation fibration of Sp(2)/T? is A/I, where
A= Az(((6)vis (26)p¥is (T2)m(T6)oy1y2, (T2)m(w6)s(Y172 — y271),

(@2)m (26)by2775 (x2)m (26)s (Y171 + y272), (€2)m (26)s (V7 +13),

(@2)m (@6)u71s (22)m (6)p7772)
and

I'=(((z2)1" = ml(z2)m)J, ((x6)7" —m!(@6)m)k,
(22)a(26)s (7 +73), (T2)a(®6)sV1s 2(z2)a(®6)s (1171 + Y272)s (T6)pdy177)),
where i =1,2, m > 1, a,b 2 1, || = 2, [(x2)m| = 2m, [(x6)m| = 6m, |y;| =1,
J € {(ze)oyryz, (6)sy1v2 — v2n1, (w6)sy27i,
(z6)sy171 + Y2v2, (26)67772,s (26)o7 + 735 (26)57i}
and
k€ {vi, yis (@2)my1y2, (@2)mW1v2 — y2n), (@2)my27s,

(@2)m (171 + ¥272), (22)m7772), (22)m(VF +73), (22)m71)}
for1 <i<2.
Proof. We consider the cohomology Leray—Serre spectral sequence {E,.,d" } associated
to the evaluation fibration of Sp(2)/T?,

Q(Sp(2)/T?) — A(Sp(2)/T?) — Sp(2)/T>.
By (2), the cohomology of the base space Sp(2)/T? is
Z[m,72]
H*(Sp(2)/T% 7)) = —— 22
(Sp2)/T52) (7 +13, )
From (4.2), the cohomology of the fibre Q(Sp(2)/T?) is
H*(Q(Sp(2)/T%); Z) = Az(y1, y2) @ Tz[w2, w6],

where |yi1| =1 = |ya|, |22] = 2 and |x¢| = 6.
The elements on the Fs-page of the spectral sequence are generated additively by
the representative elements of the form
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(22)a(z6)6 P, (22)a(T6)byi P, (22)a(T6)by1Y2P,

where 0 < a,b, 1 <i<2and P € Z[y1,72] is a monomial of degree at most 4.

By Theorem 4.3 and Remark 4.4, the only non-zero differentials in {E,,d"} are
d? and d°, which are non-zero only on generators xs and x¢ respectively. Hence the
spectral sequence converges at the seventh page. The differentials up to sign are given
by

d*(22) = 2(y1m1 + yay2), d°(z6) = 4y17;. (15)

The monomial generators 7;, y; and (22)m(Z6)sy1y2 occur in E;’O or Eg’* and are
always in the kernel of the differentials, so they are algebra generators of the F.-page.
All relations on the E7-page coming from the relations in

H*(Q(Sp(2)/T?);Z) : (x2)T — m!(z2)m and (26)7 — m!(26)m,
the relations in
H*(Sp(2)/T%Z) : 7 + 73 and
or are either in the image of
d? : 2(171 + y272)
or in the image of
de 4y1’y%

hold on the F..-page and therefore are in I if they are in A. For this reason, since
the E? generators (x2),, and ()., will not be in A, all the generators of I must be
considered up to a multiple of (z2), and (24)p. In addition we add ((x2)7* — m!(22)m)Jj
and ((xe)* — m!(z6)m )k for the j,k such that (z3).,,7 and (z¢)mk are generators of
the algebra. It remains to determine all the generators of A.

Elements on the Es-page of the form (22),(76)y192 P are in the kernel of d? and

generated by y1y2(22)m(26)s, (T6)vy: and (x6)yy;. Let

¢: Z[(x6)ms (22)my 115 72) = Z[(@6)ms (T2)m, Y1, Y2, 71, 72]
be the map defined by d? so that the following diagram commutes

ker(¢) ——= Z[(@6)m, (2)ms 71, 72] —> Z[(@6)m» (T2)ms Y1, Y2, 1,72

) .

ker(d?) Es Es,

where ¢ is the quotient map by the symmetric polynomial and divided polynomial
relations

7+ A (@2)7" = ml(22)m and (z6)" — ml(26)m.

By direct calculation, it can be seen that the kernel of ¢ is generated by 71, 2 and
(z6)m which are also in the kernel of d?. Thus the remaining elements of the kennel of
d? of the form (22),,(76), P are elements of the ideal

g~ (M +y272)) N (35 +9%, 7)), (16)
where 2(y171 + y272) spans Im(¢). Note as () has trivial image under d? and by



THE COHOMOLOGY OF FREE LOOP SPACES OF RANK 2 FLAG MANIFOLDS 367

Remark 4.2 it is sufficient here just to compute the kernel in the case m =1 and b = 0.
Intersection (16) can be computed by Grobner basis. A basis with respect to the
lexicographic monomial ordering y» > y; > 1 > 7 restricted to the terms containing
only a multiple of a single y; is given by

2u727% + Y205 + 2017 + 2017085 2020 + 201005 2920578 + 20 (17)

The gyp~! image of (17) will, up to multiple of (z3),, and (xg).., generate the ker-
nel of d? with elements of the form (x2),,(24)sP. In addition, the gy~! image of
2y272Y7 + y2vs + 2y173 Y1 + 2y173 is trivial. However since it is not yet contained in
the generators, we add relation

(@2)m(x4)s (V7 +73)

as a generator in order to minimize the number of algebra generators required. The
g~ ! image of 2y2v23 + 2y17377 is Y2v5. Hence, we take

($2)m, (%)Wﬂ?

as generators of the algebra. The gyp~1 image of 2y2y27] + 2y17} is trivial. Since it is
not yet contained in the generators, we add relation

(@2)m(za)om
as a generator in order to minimize the number of algebra generators required. Let

Y Z[(26)p, (2)my1, (T2)my2, Y1, v2] = Z[(22)m, (T6)b, Y1, Y2, 71, 72]
be the map defined by d? so that the following diagram commutes

ker(v)) —— Z[(z6)v, (x2)mY1, (T2)m¥Y2, 71, V2] . Z[(22)m, (T6)b, Y1, Y2, 71, V2]

) ) . )

ker(dQ) E2 EQ,

where ¢ is the quotient map by relations

7% + 7227 'Yila (xZ)gn - m!(x2)m and (xG)T - m!(xﬁ)m-
By direct calculation, it can be seen that the kernel of ¢ is generated by 71, Y2, (6)m-

We also note that as d? is a differential, the image of d? on generators of the form
(z2)m(26)py: P, generated by

2(z2)a(w6)o(y171 + Y272)

must also be in the kernel of d? when restricted to generators of the form (x2), (26 )py; P-
Thus the remaining element of the kernel of d? of the form (x2),,(z6)py; P are
elements of the ideal

a (2yryemi, 2919272) N (3 + 3%, 1)), (18)

where y192(272 +71), y1y2(72 + 271) span Im(w)). Note as (xg)p, has trivial image
under d? and by Remark 4.2 it is sufficient here just to compute the kernel in the case
m=1and b=0.

It is straightforward to see that intersection (18) is the ideal
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(219207 +73)s 2y19271)- (19)
The generators of the gyp~! image of (18) will up to multiples of (z2),, and (26)m,
generate the kernel of d? with elements of the form (x3),,(74)y; P. The gyp~1 image
of generator 2y;y2(v3 +~3) of (19) is y171 — y27y2- Hence we take both
(z2)m and (z6)b(y171 — Y272)

as generators of the algebra. The qi»~! image of the generator y192v{ of (19) is y273.
Hence we take

(72)m, ($6)by2’Y%
as a generators of the algebra. It remains to consider when the d° differential is
non-trivial.
Notice that by (15) and Remark 4.4 , on the ES-page

d°((26)my1) = H(@6)m—1917172 = 0,

d°((26)my2) = 4(6)m-1y19271 = 0,

dﬁ((%)m’h) = 4(956)m71y17il =0

and d°((26)m72) = 4(26)m-1917772 = 0.

Therefore the only elements on the E® page not in the kernel of d° are (). O

Theorem 5.4. The cohomology algebra H*(A(Sp(2)/T?);Z) is isomorphic as a mod-
ule to the algebra A/I given in Theorem 5.3 up to order of 2-torsion.

Proof. As in the proof of Theorem 5.2 by considering a Grobner basis of the elements
in 7 it can be seen that the torsion on the F-page of {E,,d"} is a power of 2, at most
4. Hence we consider the spectral sequence {F,,d"} over the field of two elements.
Since the only non-zero differentials d?> and d® have bidegree (2,—1) and (6, —5)
respectively, for exactly the same reasons as for the modulo 3 spectral sequence in
Theorem 5.1, all torsion on the E,-page survives the additive extension problem over
Z. The only remaining additive extension problem is whether the 4-torsion generated
by (z2)a¥17; on the E, is 2-torsion or 4-torsion in H*(A(Sp(2)/T?);Z). O

5.3. Free loop cohomology of Gy/T?
Theorem 5.5. The integral algebra structure of the Eo-page of the Leray—Serre
spectral sequence associated to the evaluation fibration of Go/T? is A/I, where

A = Az((b1o)17vis (b1o)its, (b1o)iyi, (a2)m(b10)iy1ye,
(a2)m (010)1(y1 (71 +72) +y272)5 (a2)m (b10)i(E377 (41 — 292)),
(a2)m (b10)1(y1(271 +72) + Y2 (71 + 272)), (@2)m(b10)i(V7 + 1172 + 73)
(a2)m (b10)1(2ts —77), (a2)m(bro)its, (a2)m(b10)177, (a2)m(br0)ivive)
and
I =((a3" —m!/2L%(a2)m)g, (b7 — ml(bio)m )k, (az)n(bio)i(2ts — 7).
(@2)n(b10)i (77 +m172 +73), (a2)n(bio)it3,
2(a2)s+1(b10)1(y1 (271 +72) +y2(11 + 272)),
(a2)s(b10)i(y1(2m +72) + v2(n1 + 272)), 3(a2)n(b1o)iyits7i),
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where s,1,h > 0 with s even, m 2 1, (a2)o = 1, |vi| =2, |yi| = 1, [(a2)m| = 2m,
|(b10)m| = 10m,
J € {(b10)1y1y2, (b10)1(y1(71 +72) + y272),
(b10)1(t375 (y1 — 242)), (b10)17372, (b10)i(y1(271 + 72) + y2 (v + 272)),
(b10)1(7F + M2 +12)s (bro)i(2t3 = 77), (bro)itss (bro)inis (bro)ivive}

and

ke {vi, vi, t3, (a2)sy1y2, (a2)i(yi(n +72) + y272),
(a2)i(ts7? (y1 = 292)), (a2)iviv2, (a2)m(y1(2m1 +72) + y2(v + 272)),
(a2)1(7f + M2 +73), (a2)i(2ts — 1), (az)its, (a2)7%, (a2)iviv2}
for 1 <i<2.

Proof. We consider the cohomology Leray—Serre spectral sequence {E,.,d"} associated
to the evaluation fibration of Gy /T?,

Q(GQ/T2) — A(GQ/T2) — GQ/TQ.
The cohomology of Go/T? is given by
L, Y2, ts]

(F +m72 +93,2ts — 97, 13)

where |y1| = |2| = 2 and |t3] = 6. The cohomology of Q(G2/T?) is
Z[(a2)1, (a2)2, .. }

(a5 — (m!/2L5 1) (az)m)
where |y1| = |yz2| = 1, |az| = 2 and |b1g| = 10.

The Es-page of the spectral sequence is generated additively by the elements of
the form

Ay, y2) ® ® I'z[bio],

(a2)n(bro)i P, (a2)n(bio)iyi P, (a2)n(b10)iy1y2P,

where 0 < I, h, 1 <i < 2and P € Z[y1, 72, t3] is a monomial of degree at most 6, taking
t3 as monomial of degree 3. By Theorem 4.5 and Remark 4.6 , the only non-zero
differentials are d?> and d'°, which are non-zero only on the generators as and by,
respectively. The differentials up to sign are given by

d*(a2) = y1(v1 +272) + 12271 +72),  d'¥(bro) = 3yatsHi. (20)

In particular the spectral sequence converges by the Fq1-page. The monomial genera-
tors i, t3, y; and (az2)s(b10)1y1y2 occur in E;O or Eg’* and are always in the kernel
of the differentials, so are algebra generators of the E.-page. All relations on the
E11-page coming from the relations in

H*(QUG2/T?);Z) : aft — m! /2% (a),, and (b10)7* — m!(b1o)m,
the relations in

H*(G2/T*Z) : 7; + 1172 +73,2t3 — 73 and ¢3,
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or are in the image of
d* :y1(n + 292) + 4220 +72)
or in the image of
d'% : 3yitsny

hold on the E..-page and therefore are in I if they are in A. For this reason, since Ey
generators (ag)., and (b1g)., will not be in A all generators of I, must be considered
up to multiple of (a2)n, and (b10);. However due to the non-divided polynomial
multiplicative structure on (ag).,, unlike for the previous flag manifolds for s > 1 even

dz((@)s) =2(a2)s—1(y1(71 + 272) + ¥2(271 +12))-

Hence, we add generators

(a2)s(y1(71 + 272) + y2(271 +72)) and 2(az)s+1(y1(v1 +292) + y2(271 +72))

to I instead of (a2)m(y1 ("Yl + 2’)/2) + y2(2’)/1 + ’}/2))

In addition, We add (a§* — m!/2L5 1 (az)m)j and ((bio)T* — m!(b1o)m )k for the j, k
such that (a2).,j and (b1o)mk are generators of the algebra. It remains to determine
all the generators of A.

The image of the differential and the symmetric ideal generators are similar to
the case of the proof of Theorem 5.1. Hence the argument is similar to the proof of
Theorem 5.1, we add

(a2)m (b10)i(y1 (71 +72) + Y272) (a2)m (b10)1(ts77 (y1 — 242)),
(a2)m (b10)i(y1 (271 +72) + ¥2(71 + 272)), (a2)m(b10)i(FF + 1172 +73)
(a2)m (b10)1(2ts = 77), (a2)m (b10)its, (a2)m(bi0)ii and (az)m(b10)iviy2

as generators of A. It remains to consider when the d'° differential is non-trivial.
Using (20), it can be seen that the images of bjgy; and bypy; are trivial. Therefore,
the only classes on the E'° page not in the kernel of d'* are (b10),. O

Theorem 5.6. The cohomology algebra H*(A(G2/T?);Z) is isomorphic as a module
to the algebra A/I given in Theorem 5.5 up to the order of 2-torsion.

Proof. As in the proof of Theorem 5.2 by considering a Grobner basis of the elements
in I all torsion on the E, is of rank 2, 3, 6 or 12. Most module extension problems are
resolved in the same way as previous cases by considering the module 2 and modulo 3
spectral sequences. However this does not determine torsion of rank 12. O

References

[1] W. Adams and P. Loustaunau, An introduction to Grobner bases, Amer Mathe-
matical Society, 7 1994 (English).

[2] T. Becker, H. Kredel, and V. Weispfenning, Grobner bases: a computational
approach to commutative algebra, 0 ed., Springer-Verlag, London, UK, 4 1993
(English).

[3] G. Birkhoff, Dynamical systems with two degrees of freedom, Trans. Amer. Math.
Soc. 18 (1917), no. 2, 199-300. MR 1501070



[4]
[5]
[6]
[7]
[8]
[9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

THE COHOMOLOGY OF FREE LOOP SPACES OF RANK 2 FLAG MANIFOLDS 371

A. Borel, Sur I’homologie et la cohomologie des groupes de lie compacts connezxes,
Amer. J. Math. 76 (1954), no. 2, 273-342.

A. Borel and F. Hirzebruch, Characteristic classes and homogeneous spaces. 11,
Amer. J. Math. 81 (1959), 315-382. MR 110105

R. Bott, The space of loops on a lie group, Michigan Math. J. 5 (1958), no. 1,
35-61.

R. Bott, Morse theory indomitable, Publ. Math. Inst. Hautes Etudes Sci. (1988),
no. 68, 99-114 (1989). MR 1001450

R. Bott and H. Samelson, The cohomology ring of G/T, Proc. Natl. Acad. Sci.
USA 41 (1955), 490-493. MR 71773

R. Bott and H. Samelson, Applications of the theory of Morse to symmetric
spaces, Amer. J. Math. 80 (1958), no. 4, 964-1029.

R. Cohen, J. Jones, and J. Yan, The loop homology algebra of spheres and
projective spaces, Categorical decomposition techniques in algebraic topology
(Isle of Skye, 2001), Progr. Math., vol. 215, Birkhduser, Basel, 2004, pp. 77-92.
MR 2039760 (2005¢:55016)

L. Dinh, The homology of free loop spaces, Ph.D. thesis, Princeton University,
1978.

J. Grbi¢ and S. Terzi¢, The integral Pontrjagin homology of the based loop space
on a flag manifold, Osaka J. Math. 47 (2010), no. 2, 439-460. MR, 2722368

J. Grbi¢ and S. Terzié, The integral homology ring of the based loop space on
some generalised symmetric spaces, Mosc. Math. J. 12 (2012), no. 4, 771-786,
884. MR 3076855

D. Gromoll and W. Meyer, Periodic geodesics on compact riemannian manifolds,
J. Differential Geom. 3 (1969), 493-510. MR 0264551

J. Hadamard, Sur la forme des lignes géodésiques a l'infini et sur les géodésiques
des surfaces réglées du second ordre, Bull. Soc. Math. France 26 (1898), 195-216.
MR 1504321

L. Lyusternik and L. Shnirel’'man, Topological methods in variational problems
and their application to the differential geometry of surfaces, Uspekhi Mat. Nauk
2 (1947), no. 1(17), 166—-217. MR 0029532

J. McCleary, Homotopy theory and closed geodesics, Homotopy theory and
related topics (Kinosaki, 1988), Lecture Notes in Math., vol. 1418, Springer,
Berlin, 1990, pp. 86-94. MR 1048178

M. Morse, The calculus of variations in the large, Amer. Math. Soc. Colloq.
Publ., vol. 18, American Mathematical Society, Providence, RI, 1996, Reprint
of the 1932 original. MR 1451874

M. Nakagawa, The integral cohomology ring of E7/T, J. Math. Kyoto Univ. 41
(2001), no. 2, 303-321.

M. Nakagawa, The integral cohomology ring of Eg/T, Proc. Japan Acad. Ser.
A Math. Sci. 86 (2010), no. 3, 64-68.

H. Poincaré, Sur les lignes géodésiques des surfaces convexes, Trans. Amer.
Math. Soc. 6 (1905), no. 3, 237-274. MR 1500710



372 MATTHEW BURFITT axp JELENA GRBIC

[22] N. Seeliger, Addendum to: On the cohomology of the free loop space of a
complex projective space, Topology Appl. 156 (2009), no. 4, 847. MR 2492969
(2010d:55012)

[23] L. Smith, Cohomology of Q(G/U), Proc. Amer. Math. Soc. 19 (1968), 399-404.

[24] H. Toda, On the cohomology ring of some homogeneous spaces, J. Math. Kyoto
Univ. 15 (1975), no. 1, 185-199.

[25] H. Toda and T. Watanabe, The integral cohomology rings of Fy/T and Eg/T,
J. Math. Kyoto Univ. 14 (1974), no. 2, 257-286.

Matthew Burfitt m.burfitt@bimsa.cn

Yanqi Lake Beijing Institute of Mathematical Sciences and application (BIMSA),
Yanqgihu, Huairou District, Beijing, 101408, China

Jelena Grbié J.Grbic@soton.ac.uk

School of Mathematics, University of Southampton, University Road, Southampton,
SO171BJ, United Kingdom


mailto:m.burfitt@bimsa.cn
mailto:J.Grbic@soton.ac.uk

	1 Introduction
	2 Background
	2.1 Gröbner bases
	2.2 Cohomology of the complete flag manifolds of simple Lie groups
	2.3 Based loop space cohomology of simple Lie groups

	3 Differentials in the diagonal map spectral sequence
	3.1 Case SU(3) mod 2-torus
	3.2 Case Sp(2) mod 2-torus
	3.3 Case G[sub]2 mod 2-torus

	4 Differentials in the cohomology Leray–Serre  of the evaluation fibration
	4.1 Case SU(3) mod 2-torus
	4.2 Case Sp(2) mod 2-torus
	4.3 Case G[sub]2 mod 2-torus

	5 Free loop cohomology of complete flag manifolds of simple Lie groups of rank 2
	5.1 Free loop cohomology of SU(3) mod 2-torus
	5.2 Free loop cohomology of Sp(2) mod 2-torus
	5.3 Free loop cohomology of G[sub]2 mod 2-torus


