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K-THEORY OF REAL GRASSMANN MANIFOLDS
SUDEEP PODDER aAND PARAMESWARAN SANKARAN

(communicated by Donald M. Davis)

Abstract
Let G, ; denote the real Grassmann manifold of k-dimen-
sional vector subspaces of R”. We compute the complex K-ring
of G, ., up to a small indeterminacy, for all values of n, k where
2<k<n—2 Whenn=0 (mod4),k =1 (mod 2), we use the
Hodgkin spectral sequence to determine the K-ring completely.

1. Introduction

Let G, 1, denote the real Grassmann manifold consisting of all k-dimensional vector
subspaces in the real vector space R™. We put the standard inner product on R™. We
have the identification of G, , with the homogeneous space

SO(n)/S(O(k) x O(n — k)),

where O(k) x O(n — k) is the subgroup of the orthogonal group O(n) that stabilises
the subspace R* spanned by the first k standard basis vectors, and

S(O(k) x O(n — k) = SO(n) N (O(k) x O(n — k)).

In this note our aim is to compute the complex K-ring of G, .

Recall that the oriented Grassmann manifold G, = SO(n)/(SO(k) x SO(n — k))
is the double cover of G, ;, and is simply-connected, except in the case of 5271 ~ St
The description of the K-ring of énk goes back to work of Atiyah and Hirzebruch
[AH] when n is odd or k is even. Note that in each of these cases, the subgroup
SO(k) x SO(n — k) is connected and has rank equal to that of the whole group
SO(n). When n is even and k odd the K-ring was computed by Sankaran and Zven-
growski [SZ1].

The fact that S(O(k) x O(n — k)) is not connected makes the determination of the
ring K (G, 1) difficult and, to the best of our knowledge, has not been carried out for
2 <k < n— 2. Note that since G,, , =2 G,, ,—p, it suffices to consider the case when
k <n/2. When k =1, G, is the same as the real projective space RP"~!, whose
K-ring had been determined by Adams [A].

Our aim is to express K*(Gp x) = K°(Gy 1) & K'(G,, 1) in terms of generators and
relations. However, we have thus far only met with partial success. We obtain complete
results only under the assumption that n = 0 (mod 4) and k odd. In the remaining
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cases, our description is complete up to a small indeterminacy. See Theorem 1.2 below
and Proposition 5.5.

We now state the two main results of this paper. The proofs will be given in §4
and §5.

Theorem 1.1. Letn =2m,k=2s+ 1,n — k=2t + 1 and suppose thatm=s+t+ 1
is even. Let S denote the polynomial algebra Z[A1, ..., As;fi1, ... 1t 0] in s+t+1
variables. Then

K%Gny)=S/T=Z[,.... \sipi1s- -, 11,0/,
where the ideal T is generated by the following elements:
(i) 6% —1,2m1(0 — 1),
(i1) D o<p<j Apki—p — (?)Qj, 1<j<m—1, where Ngy—p = N\p, fn—k—q = iq-

The K°(Gp i )-module K*(G,, 1) is the ideal generated by 6 + 1 in the ring S’/f, where
T is generated by elements listed in (ii) above together with 0% — 1.

The element [6] in the above theorem corresponds to the complexification of the
Hopf line bundle § = &, , over Gy, 1, which is associated to double cover énk — G k-
Note that since §2 — 1 € Z we have (§ — 1) -y = 0 for all y € K (G, ). It follows that
the S/Z-module K(G,, ) is indeed a module over /T = K°(G,, )-module.

Let ~yp 1 be the canonical (real) k-plane bundle over Gy, ;. Denote by K, i the
A-subring of K(G,, 1) generated by the class [y, ® C]. An algebraic description of
Ky 1 will be given in §5.

Theorem 1.2. Let 2 < k < n/2. With the above notation, the inclusion
’ka — K(Gn,k)

has finite cokernel.

The main tool needed in the proof of Theorem 1.1 is the Hodgkin spectral sequence.
This will be recalled in §2. We need to compute the complex representation ring RH, j,
of a certain subgroup H, j of the spin group Spin(n) and determine its structure as a
module over RSpin(n). The relevant subgroup H,, i, is such that G,, , = Spin(n)/H,, k.
This is carried out in §4 when n = 0 (mod 4) and k is odd. This seems rather compli-
cated for arbitrary values of n, k. As an application we obtain bounds for the order
of the element [ ® C] — 1 € K(Gy, 1) for any n,k, 2 <k < n/2.

Our proof of Theorem 1.2 uses standard arguments involving the Chern character.

The Hodgkin spectral sequence had been used to determine the K-theory of many
compact homogeneous manifolds. Hodgkin [Ho, §12] applied it to determine the
K-ring of most of the compact simple Lie groups which are not necessarily sim-
ply connected. Roux [R] used it to compute the K-ring of real Stiefel manifolds,
independently of Gitler and Lam [GL], who had determined the same using a dif-
ferent approach. Antoniano, et al. [AGUZ]| and Barufatti and Hacon [BH] used the
Hodgkin spectral sequence for computing the K-ring of real projective Stiefel man-
ifolds, and Minami [Mi] for simply connected compact symmetric spaces. See also
[SZ1, SZ2].
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2. The Hodgkin spectral sequence

We briefly recall the Hodgkin spectral sequence here. Let H be a proper closed
subgroup of a compact Lie group G. We denote the complex representation ring
of G by RG. Let p: RG — RH denote the restriction homomorphism and regard
RH as an RG-module via p. Hodgkin [Ho| established the existence of a spectral
sequence, whose Eo-diagram is given by Tory,o(RH, Z), which converges to K*(G/H)
when 71(G) is torsion-free. Here Tor’, (B, M) denotes Torfp(B,M ). In particular,
Torge(RH,Z) is graded by non-positive integers. We define the degree of an element
x € Torfy (B, M) to be p.

When the rings RG, RH, and Z are given the trivial Zs grading, we obtain a
Zy-grading on EY?, where EY? = Tor,(RH,Z) if q is even and is zero if ¢ is odd.
In particular, 0 = E}? = ERY if ¢ is odd. The differential d,.: EP9 — EpTma—r+l
vanishes when r is even.

Using the multiplication in RH, one then obtains a Zs-graded ring structure on
Torpa(RH,Z). The differential in the spectral sequence is an anti-derivation, leading
to a Z-graded ring structure on E  which is compatible with the Zs-graded ring

If Tory(RH,Z) is generated by elements of degree at least —2, then the spectral
sequence collapses at the Fs-stage and we have Torgp~(RH,Z) = K*(G/H). See [R].

Pittie [P] has shown that RH is stably free over RG if H is connected, 7 (G)
is torsion-free, and the rank of H equals the rank of G, i.e., if H has a maximal
torus T C H which is maximal in G. Moreover, if |W (G, T)|/|W(H,T)| > 1+ dimT,
then RH is a free RG-module. (Here W (G, T) denotes the Weyl group of G with
respect to T.) Consequently the Hodgkin spectral sequence collapses and we have
K(G/H) = Torho(RH;Z) = RH ®pg Z. In case G is prime to the exceptional Lie
groups of type Fg, E7, Fs, this was proved by Atiyah and Hirzebruch [AH], who
conjectured its validity for any G with 71 (G) torsion-free.

2.1. Change of rings spectral sequence

Suppose that G is simply connected so that RG is a polynomial ring Z[x1, . . ., Zm].
When RH is not a free RG-module (via the restriction homomorphism), but is free
over a subring A = Z[z1, ..., .|, then it is possible to use the change of rings spec-
tral sequence due to Cartan and Eilenberg [CE] to compute Torg,(RH,Z). See
[R, AGUZ, §6] and also [BH, §6] for a more detailed discussion on the use of the
change of rings spectral sequence in the computation of K(G/H). We now recall the
Cartan—Eilenberg change of rings theorem.

Let K be any ring. A K-algebra A together with a K-homomorphism ¢: A — K
is called a supplemented K-algebra with augmentation e. Let (A,¢€), (T',n) be sup-
plemented K-algebras, and let ¢: A — I' be a K-algebra homomorphism such that
no e = e. Denote ker(e) by I(A). A K-algebra homomorphism ¢: A — T" is normal
if the left ideal, denoted I' - I(A), of T" generated by ¢(I(A)), is also a right ideal of T’
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(always the case when K is commutative). Then Q :=T'/(I" - I(A)) is a supplemented
K-algebra.

We shall state the theorem in the special case of commutative augmented K-alge-
bras. So if I, A are supplemented, any augmentation preserving K-homomorphism
I" = A is normal. In our applications, K = Z, ' = RG, A will be a subring of I", and
A = RH, where the I'-module structure is given via the restriction homomorphism
p: RG — RH. Also, the 2-module C' in the statement of the theorem below will be
Z (via the augmentation).

Theorem 2.1. ([CE, Theorem 6.1, Chapter XVI]) We keep the above notations.
Suppose that K is commutative. Suppose that p: A — T' is normal and that T is
projective as a A-module (via ). Then, for any T'-module A and Q-module C, there
exists a spectral sequence Tor(Tor™(A, K),C) that converges to Tor™ (A, C).

The -module structure on Torf]\(AK ) arises from the functorial isomorphism
Torg(A, 0) = Torg(A, F'op K) = Toré\(A, K). (See [CE] for details.)

3. The representation ring of 1, ;

We follow the notations of Husemoller’s book [H] closely in our description of the
representation rings of the groups SO(n) and Spin(n).

Let 2 < k < [n/2]. Recall that H, j is the inverse image of S(O(k) x O(n — k))
under the double cover 7: Spin(n) — SO(n). The identity component of H, j is
the group H)) , := Spin(k) - Spin(n — k) C Spin(n) with quotient H, x/H) , = Zy.
Although the representation ring of Hg)k has been worked out in [SZ1], we shall
give most of the details here in order to make the exposition self-contained. Note
that H&k is the quotient of Spin(k) x Spin(n — k) by the cyclic subgroup of order
2 generated by (—1,—1). The canonical surjection Spin(k) x Spin(n — k) — HSJ~C
induces a ring monomorphism RH? , — R(Spin(k) x Spin(n — k)) which we regard
as an inclusion. The image is generyated as an abelian group by representations of
Spin(k) x Spin(n — k) on which (—1,—1) acts as identity. Likewise, the projection
H%k — SO(k) x SO(n — k) induces a monomorphism

R(SO(k) x SO(n — k)) — RH,) .,

which we regard as an inclusion, whose image is generated by representations of H70L7 &
on which the kernel of the projection acts as the identity. This allows us to describe
RH? , in a straightforward manner. The ring R(SO(k) x SO(n — k)) is a polynomial
ring when n is even and k is odd. The ring homomorphism

RSO(2r + 1) — RSO(2r) induced by the inclusion SO(2r) — SO(2r + 1)

is a monomorphism. Moreover, RSO(2r + 1) is a polynomial ring in r indeterminates.
The ring RSO(2r) is not isomorphic to a polynomial algebra; it is known that RSO(2r)
is generated over RSO(2r + 1) by an element A\, which satisfies a monic quadratic
equation. As such RSO(2r) is a free RSO(2r + 1)-module of rank 2. So, for all parities
of k,n, R(SO(k) x SO(n — k)) is a free module of finite rank over a polynomial ring
generated by |k/2| + [(n — k)/2] indeterminates. We will show in this section that
the same statement holds for RH,, j as well.
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Before proceeding further in describing RH. 2) &> WH 1, we need to introduce nota-
tions for certain natural representations of the spin and special orthogonal groups.
Set

k=2s+e, n—k=2t+n, emn€{0,1} where s,t are integers.

Now n = 2s+ 2t + 1 if n is odd. When n is even, both k& and n — k are of the same
parity and n = 2s + 2t or n = 2s + 2t + 2 according as k is even or odd. Let A\; denote
the standard k-dimensional complex representation of SO(k). We then denote by
A; € RSO(k) the jth exterior power A% (A1), j < k. (It is understood that Ao = 1, the
trivial representation).! We have the equality

/\j = /\k—j in RSO(’C)

When F is even, the Hodge star operator * yields a splitting Ay = Al + A\, where
AT, A\ € RSO(2s) are the classes of +1, —1-eigenspaces when k = 0 (mod 4) and are
the ¢, —i-eigenspaces when k=2 (mod 4) respectively. In the case of Spin(k) we
have the spin representation Ag;. When k is even, it splits as a sum of two half-
spin representations A, A7; they are distinguished by the way an element zq in
the centre of Spin(k) acts. (This will be made precise later.) We have the following
theorem proved in [H, §10, Chapter 13]. In the case of RSO(2s), our description is
slightly different from the one given in Husemoller’s book op. cit., but it is readily
seen that the two descriptions are equivalent.

Theorem 3.1. With the above notations, we have
(i) RSpin(2s) = Z[M1,..., A s—2, AT, AT],
(i) RSpin(2s+1) = Z[A1,..., As—1, Al
(iii) RSO(2s + 1) = Z[A1, ..., As], and,
(iv) RSO(2s) = Z[A1, Ao, ..., As][AF]/~
where the ideal of relations is generated by (A\F)? — a\} — b for suitable polynomials
a,bin X;, 1 < j <s (with Z-coefficients).

As the notation suggests, the rings RSpin(2s), RSpin(2s + 1), RSO(2s + 1) are
polynomial rings in the indicated variables. Also, the elements A;,1 < j < s, are alge-
braically independent in RSO(2s).

Remark 3.2. The quadratic relation that A satisfies over Z[\1, ..., As] can be explic-
itly written down as follows: Set A\; := A; — AT. From [H, Theorem 10.3, Chapter 13],
we have the relation

)\:—')\5_:()\871+>\873+'..>2_>\8()\872+)\874+'.')_(>\372+)\84+.'.)2

in Z[A1,...,s]. Denoting the negative of the right hand side of the last equality by
b and setting a := A\, we have

A2 =M = A)) =ar! +0.
The inclusion Spin(2s) < Spin(2s + 1) induces an injective ring homomorphism
p: RSpin(2s + 1) — RSpin(2s) where p(Ay) = AF + A7 p(\i) = i + N1,
1 € i < s. The homomorphism RSpin(2s) — RSpin(2s — 1) induced by the inclusion

1We shall often use the same notation for a representation and its class in the representation ring.
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Spin(2s — 1) < Spin(2s) is given by A; = \; +Aj_1,1 < j < s,AF — A,_;. These
restriction homomorphisms also yield the restrictions RSO(k) — RSO(k — 1) for any
parity of k.

Recall that given any two compact Lie groups Hi, Ho, we have R(H; x Hs) =
RH; ® RHs. We have the natural quotient homomorphisms

mo: Spin(k) x Spin(n — k) — Hgyk and m: Hg’k — SO(k) x SO(n — k),

where ker(mg) & Zs is generated by (—1, —1) € Spin(k) x Spin(n — k) and ker 7 & Z,
by mo(1,—1) € Hg,k. We shall regard the ring homomorphisms

T RHg,k — R(Spin(k) x Spin(n — k)), 7*: R(SO(k) x SO(n —k)) — RH%,U

which are injective, as inclusions. It is easy to see that RHSJC is generated as an
R(SO(k) x SO(n — k))-algebra by elements zy € R(Spin(k) x Spin(n — k)) where z,y
vary over the R(SO(k) x SO(n — k))-algebra generators of R(Spin(k) x Spin(n — k)).
The following description, in Proposition 3.3, of RH? , is an immediate consequence
of Theorem 3.1. ,

We shall use the notation p; € RSO(n — k) for the element represented by the

jth exterior power of the standard representation of SO(n — k). Also A}, and A;i
will denote the spin and half-spin representations of Spin(n — k) respectively. Thus
R(SO(k) x SO(n — k)) contains the polynomial subring Z[A1, ..., Ag, fi1, - . -, fe]-

Proposition 3.3. We keep the above notations. Let R := R(SO(k) x SO(n — k)).

Then
R[AA)], ifk=2s+1,n—k=2t+1,
RIO  — R[A(A)7], ifk=2s+1,n—k=2t,
k) RIAEAY), ifk=2s,n—k=2t+1,
[

R[AT(ADE AF(ANDT], ifk=2s,n—k =2t
Moreover, the squares of the indicated generators belong to R.

Notations 3.4. We shall denote by A;; the element
AA} € R(Spin(k) x Spin(n — k)).

Also AT} will denote AS - (A})7,e,m € {+, —}. Also, we shall use upper case letters
A;, 1< 5 <m, etc., to denote the generators of RSpin(n) and similarly Aq,..., As
(resp. p1, ..., ) to denote generators of RSpin(k) (resp. RSpin(n — k)) as in Theo-
rem 3.1.

Next we turn our attention to the representation ring of H,, ;. Recall that we have
2 <k <n/2and son > 4. First we analyse when the exact sequence

1= H) = Hyp—Z— 1 (1)

splits. Evidently, the sequence splits if and only if there exists an order 2 element
2o € Hy j; C Spin(n) such that zp ¢ Hg’k. Taking zg := ejesesze, € C),, we see that
25 =1 and 29 € Hy 1 \ H)) ;, so the short exact sequence (1) splits. Here C,, denotes
the Clifford algebra of the quadratic space (R™,—||-|?) and ey, ...,e, denote the

standard basis vectors of R"™. So H,, ), = Hg,k X L.
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Suppose that H,, , = Hg)k x Z and let zg be the generator of Z = Zs. Then
m(H) ) X m(Z) = n(Hp i) = S(O(k) x O(n — k))

is isomorphic to the product SO(k) x SO(n — k) x {£I,}. In particular, n is even
and k is odd and zy € Z maps to —1I,,. So, the order 2 element z; is in the centre of
Spin(n). It follows that n =0 (mod 4),k =1 (mod 2).

When n =0 (mod 4), k=1 (mod 2), we may take zo = e1ea--- e, € Hy . Then
2o is in the centre of H,, ;, and zy ¢ Hg,k and so H, j is the direct product Hg’k X Z.

Thus H, x = H)) ;, X Zy if and only if n = 0 (mod 4),k =1 (mod 2).

Using Proposition 3.3, we obtain the following.

Proposition 3.5. We keep the above notations. Let k =2s+1,n—k=2t+1, and
s+t odd. Let fs; € R:= R(SO(k) x SO(n — k)) be the element such that A2, = fy,
and let 0 be the class of the unique non-trivial one-dimensional representation of H ;.
Then

RH, = RH)) ; ® RZ = R[N, ,0]/(0° — 1,A2, — fos). (2)
In particular, RH, j, is a free R-module with basis {1,0, Ag 4, 0044}.

Writing Ao = 1 = po, fs,+ € R can be expressed as a polynomial in A,, g € R, for
0<p<s,0<q<tas follows (see [H, Theorem 10.3, Chapter 14].)

Jst = Ait = A? ) (Ai)z = ( Z Ap)( Z Iq) = Z ( Z Aphq)- (3)

0<p<s 0<g<t 0Lr<s+t p+qg=r

4. The restriction homomorphism RSpin(n) — RH,

Throughout this section we assume that k = 2s + 1,n — k = 2t + 1 so that n = 2m,
where m := s+t + 1. Also we shall assume that s+ ¢ is odd so that n =0 (mod 4).
Hence H,, 1, = Hgk X Z where Z = 7,5 is generated by zp = e - - - €, € Spin(n).

The double covering ¢: Spin(n) — SO(n) is defined as ¢(u)(x) = uzu*, = € R",
where * is (the restriction to Spin(n) of) the anti-involution of the Clifford algebra
Cy,, uniquely defined by the requirement: v* = v, v € R™. We refer the reader to [H]
concerning the spin group and its representation ring.

Maximal tori
Set w(b1,...,0m) = [];<;jcm(cos2mb; +sin2m6;.e2;_1e95) € Spin(n) for 0; € R.
Then
T := {w(bs,...,0,,) € Spin(n) | 0; eR,1<j<m}=(SH™

is a maximal torus of Spin(n). Its image in SO(n) is the standard maximal torus T' :=
SO(2) x --- x SO(2) whose elements restrict to rotations on Res;_; + Res;, when-
ever 1 < j < m. In fact ¢p(w(0y,...,0m)) = D(204,...,20,,) € T where D(ty,...,ty)
restricts to the positive rotation by angle 27t; on the oriented vector subspace
Regj—1 + Regj, 1 < j < m, the orientation being given by the ordering epj_1,eq; of
the basis elements.

Let T be the ‘standard torus’ (S})™ = (R/Z)™. One has a homomorphism

w: T —T defined by (61,...,0m)+— w(b,...,0m).
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Note that w(61 +¢1/2,...,0m +em/2) = (—1)°w(b1,...,0n) wheree; € {0,1} for all
Jrand e =37 i, &5 In particular ker(w) 2 (Zy)™~!. The kernel of pow: T — T
is readily seen to be Z5* = {—1,1}" C T.

Since n is even and k: is odd, the rank of H)) ; equals m — 1 = rank(Spin(n)) — 1.
In this case,

Ty :=HS ) NT ={w(by,...,00) € T | 0511 =0}
is a maximal torus of H)) ;. Also, we observe that the element 2o = e ...en, the
generator of Z, belongs to T'. Let Ty = (1) = T N (SO(k) x SO(n — k)) which is a
maximal torus of SO(k) x SO(n — k).
The representation rings of T', Ty, T, T are viewed as subrings of RT as follows:

Let u;: T — S! be the jth projection, regarded as a character. We also denote the
corresponding 1-dimensional representation of T by the same symbol u;. Then

RT = Z[ul ey m] RT = Z[ul ,...,ui27u1~-~um} and RT = Z[ul ,...,uf,:f],
both regarded as subrings of RT. Also H,, j, N T= To x Z. We have
RTy = Zui?, ... uf? vf% ... vf?] C RT,

where v 1= ug1541,1 < j < t, and,
+2 +2 42 +2 T
RTOZ Zui™, . ug= vr ", v U vy - vy C RT

In order to determine the restriction homomorphism p: RSpin(n) — RH,, j, we
first consider the homomorphism RSpin(n) — RSpin(n) ® RZ induced by the homo-
morphism p: Spin(n) x Z — Spin(n) defined by multiplication: (g, z) — gz. Note that
the restriction of u to Hn & X Z is an isomorphism H0 kX Z — H,, j. The homomor-
phisms

HYxZ—Hyp, TxZ—T, TyxZ—T and ToxZ— Hyyp,

each of which is obtained from p by appropriately restricting its domain and co-
domain, will all be denoted by the same symbol p by an abuse of notation. These
group homomorphisms induce homomorphisms of rings

W RT - RT®RZ, u*:RT — RTy® RZ,
p*: RH,x — RTo® RZ, u*: RH, ), — RHY, ® RZ, and
" RSpin(n) — RSpin(n) ® RZ.
Let o: T < Spin(n) be the inclusion. We have the following commutative diagram

where the homomorphisms in the first row are induced by respective inclusions of
groups.

RSpin(n)® RZ < RT®RZ — R, ®@RZ+<+ RHY,®RZ
T ) Tid T (4)
RSpin(n) &  RT Y% RTI,@RZ %  RH,,,
The inclusion o*: RSpin(n) < RT is via the identification of RSpin(n) with the

invariant subgroup of RT under the action of the Weyl group W (Spin(n), T ). Similarly
we have the inclusion RH%,C — RT, which in turn induces RH,, ; — Ry ® RZ.
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Moreover, p*(RSpin(n)) is contained in RH,,  C RTy, ® RZ since H, 1 C Spin(n).
This allows one to describe the restriction homomorphism p: RSpin(n) — RH,, i
easily, once p*: RT — RT, ® RZ is determined. This we shall carry out below, with
# as in Proposition 3.5.

Routine computation, using n = 2m, m even, yields that

1 if n =0 (mod 8),
U+ U, Z = 5
! m(20) {G(zo) if n =4 (mod 8). (5)
When te fo, we have u§+1(t) =1 and so uj..... Uy, Testrict to uq -+ ug - vy -+ - vy
on Ty. Therefore
Oqu, 1< <5,
wH(ui?) =10, j=s+1, (6)
;% s+1<j<m,
and,
() = § Migiea s Thiggees, - n=0mod ®) @
9H1<j<s uj - ngjgt”jv n =4 (mod 8).
Let e;(x1,...,z,) denote the jth elementary symmetric polynomial in z1,...,z,.
Recall that o*(A;) = e (u?,uy?, ..., u2,,u?). So, for 1 < j < m, we have
p(Ag) = prlei(uf,u® . ud,ug?))
= Gej(udur?, . uy? L L0l u02 vE o ?)
= Hj Eerq:j ep(u%,ul_g,...,ug,us_Z,l)-eq(v%,vf2,...,vt2,vt_2,1) (8)
= 07 X g=0<p<h0<g<n—k ApHas

07 fi
for a suitable element

fj = fj(Alv"‘v)\svﬂla"wMt) ER
since A\p = A\p—p, lbg = [in—k—q-
Using Equations (6) and (7) we obtain that if ¢; € {1, —1}, then

M*(uil ufﬁ”) zesuil u§< ,,Ulll ...Ulh’ (9)

where 1; = €541+, and the value of € € {0, 1} is obtained as follows:
€= Z ¢j (mod 2) if n=0 (mod 8) and
1<j<m
e=l+ > ¢ (mod?2) if n=4 (mod 8).
1<j<m
The following proposition now follows immediately from equations (8), (9), and

the definitions of AL, Ag,.

m?

Proposition 4.1. Let n=2m=0 (mod 4), k=2s+1, n— k=2t + 1. With the above
notations, the restriction homomorphism p: RSpin(n) — RH,, i is defined by
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P(Aj):A;'ZOj Z )‘pﬂq:mfja I<j<m—1,
P+g=j

(AJr) asAs,tv P(A;l) = 01+EAs,ta

m

where ¢ = 0,1 according as n =0 (mod 8) or n =4 (mod 8) respectively.

The ring R' :=Z[6P),,09u4;1 < p < 5,1 < g <t] C RH, ; is mapped to the poly-
nomial ring Z[Ap, p1q;1 < p < s, 1 < g <t] =R = R(SO(k) x SO(n — k)) by an auto-
morphism of the ring R[f] since 6 is invertible. It follows that R’ is a polynomial ring
in s+t =m — 1 indeterminates. Evidently, R[] = R[0].

Lemma 4.2. Let n =2m =0 (mod 4),k =2s+ 1,n— k=2t + 1. Let
R'[0] = R[f] C RH,,..
Then R'[0] is a free A’ -module of rank 2(mf1) where
AN :=7Z[A),...,A, ] C RHy .

In particular, Ay, ..., A, are algebraically independent. Also RH,, ,, = R[0, As ;] is
a free module of rank 4(™ 1) over Z[A1, ..., Ap—1] via p.

Proof. Since R = R(SO(k) x SO(n — k)) is a polynomial algebra in s +t=m —1
indeterminates, the algebraic independence of Af,..., A/ _; would follow once we
show that R[f] 2 R R is a finitely generated free A’-module.

First note that A’[f] is free as a A’-module with basis {1, 6}.

Next we will show that R[f] C RH,, is free as a A’[f]-module of rank ("').
Let Ao = Z[f1,. .., fm_1]. Then A’[6] = Aq[0] = Ao ®z Z[f]. Since R[0] = R © Z[],
it suffices to show that R is free as a module over Ag C R, of rank (mgl).

Denote by po: RSpin(n) — RH,, j — RH?  the restriction homomorphism induced
by the inclusion H? , < H,, ;, = Spin(n). Then Ag = po(A) and po(A) C R C R[Ag ).
Then R is free as a Ao module (see [SZ1, Lemma 2.6]). We give a proof for the sake
of completeness.

Let

zj = ej(ul +up?, .. ud +un?),

z, = ep(uf +uy?,. .. u? +ug?), and

Yq = eq(v? + o2 vk v ?).
Then Z[z1, ..., 2m] = [Al, ...y Ap). Indeed, since A4, ..., A, are expressible as sym-
metric polynomlalb in u + u; 2,1 j < m, they are exprebblble as polynomials in
21, .., 2m. Conversely, since z1, ..., 2m € Z[u?, u] 2 Ju2, u 2] are 1nvar1ant under
the permutations of the variables u?,...,u2? as well as the involutions u = oug ~2 for
every j, we see that the z; belong to the subring of Z[u%,uﬁ, e uZ u?) ﬁxed by

the group Z% x S,,. This fixed subring equals Z[Aq, ..., A,,]; see [H, §10, Ch. 13]. So
each z; is expressible as a polynomial in the A;.

The same argument shows that Z[\1,...,\s] = Z[x1, ..., 2] and Z[p, ..., u) =
Zly1, - .., yt]. Consequently, R =Z[A\,, ;1 <p< 5,1 <g<t] C RHg’k.

Now using Equation (6) we obtain
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po(zj) = Z TpYq + 2 Z TpYq, 1 < j<m—1, (10)
p+q=j ptg=j—1
and po(2zm) = 2xs.y; where it is understood that zg = xg = yo = 1. Set 2| := 21 — 2,

and, inductively, 2| := z. — 2z/._;,2 < r < m, so that

po(zl) = Z TpYq, 1<r<m-—1

pt+g=r
Then Z[2},...,2,_1] =Z[z1,. .., 2m—1] = Ao. Moreover, we have
PO(Z;‘) = Z TpYg,l <j<m—1 (11)
p+q=j

The proof that R is a free Ag-module of rank (ms_l) is now completed using some
well-known facts concerning the cohomology of classifying spaces BU(s) of the uni-
tary group U(s), as we shall now explain. We regard R = Z[z1,...,Zs,Y1,--.,Yt] a8
a graded ring where |z,| = 2p, |y,| = 2¢. Then Ay = Z[z1, ..., 2,,_1] is a graded sub-
ring where |z].| = 2r. We may identify R with H*(B(U(s) x U(t));Z) and Ay with
H*(BU(s +t); Z) so that the inclusion Ay < R corresponds to the homomorphism
induced by the the projection of the fibre bundle B(U(s) x U(t)) — BU(s + t) with
fibre the complex Grassmann manifold CGsy, s = U(s +t)/U(s) x U(t). The Grass-
mann manifold bundle is totally non-cohomologous to zero (with Z-coefficients) and
so by the Leray-Hirsch theorem H*(B(U(s) x U(t));Z) is a free H*(BU(s + t); Z)-
module of rank equal to rank(H*(CGyy¢4;Z)) = (°11).

Since RH,, 1 is a free R[f]-module (with basis {1, As;}) by Proposition 3.5, the
last assertion of the lemma follows. O

Remark 4.3. (i) We shall denote by By a basis of R = Z[\,, 1g;1 < p < 5,1 < ¢ < ]
over Ag and assume that 1 € By. Then a

Z[Al, . ,Am_l]—basis for RH»,L]C is Bo @] Boe U BOAS7t U BO&As,t.

(ii) The argument in the last paragraph of the above proof is valid irrespective
of the parity of m = s+t + 1. It follows that R = Z[z1,...,Zs,y1,-.-, Y] Is a free
Ao =Z[z1,. .., 2z, ,]-module for any s,t > 1. Moreover, the quotient ring R/, being
isomorphic to H*(CGgyy5;Z), is a free abelian group of rank (S:t) where [ is the

ideal (2{,...,2,,,) C R.
Next we note that irrespective of whether n =0 or 4 (mod 8), we have
(D)2 = (B5)2) =0 and p(A%A;) = 0AZ, = 0f,..
We have the following consequence of Lemma 4.2.
Lemma 4.4. The elements Ay, ..., Al _,,p(A}) € RH,, i, are algebraically indepen-

dent. As a module over A :=Z[Ay,..., A2, A}] C RSpin(n), RH,, i is free of rank
2(m_1) with basis By U Byh.

Proof. Since p(A})? = A2, = [, it suffices to show that A7,..., A7, o, fs are alge-
braically independent in RH,, ;. Note that A} - Al =Ap_1+Ap_s+---+ Ay in
RSpin(n); see [H, Theorem 10.3, Chapter 14]. So

For =0p(AL - AT)Y=AL AL ot
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Since A},...,Al,_; are algebraically independent, it follows that Aj,... ;AL o, fer
are also algebraically independent. Moreover, we have A'[p(AF)] = p(A) = A.

Let B be a basis for R'[0] = R[f] over A’ =Z[A],...,A],_;]. Note that we may
take B to be By U By by Remark 4.3. Then B is a basis for R[f, p(A}L)] = RHy,
over A'[p(A}})] = A. In view of Lemma 4.2, we conclude that RH,, j, is a free module
over A of rank Q(mfl). O

S

Let 0,, = A}, — A;,. Then RSpin(n) = A[d,,] with A as in Lemma 4.4. Note that
p((Af)? = (A;,)%) =0 and p(A[ - A;) =0A2, =0f,,. So the following equations
hold in RH,, j:

P((B5)2) = p(6% —20,6,) = 0, and p(Af)p(0m) + (= 1)- fur = 0. (12)

4.1. Computation of Torgg,in ) (RHy i, Z)

We shall apply the change of rings spectral sequence (§2.1) in order to compute
Torgspin(n) (F8Hn,k; Z). In the notation of Theorem 2.1, we let I' = RSpin(n), with
A=RH, ), K=C=Z and A =Z[Ay,...,\p_2,A] CT = RSpin(n). Then A is

a free A-module via the restriction homomorphism, in view of Lemma 4.4. Hence
setting

B := Tor(RH, 1, 7),
we have, with e € {0,1} as in Proposition 4.1,

B, = Torg<RHn,k,Z) - {Ran/m; B (j)’ L<jsm=20°A,, - 27 D a=0,
0, if ¢ # 0.
(13)
Thus
n

B =By = RHn,k/<A;. — ( >,1 <j<m—2; 0°A;; — om—1y,

Recall the basis B = By U Byb of RH,, j, over A given in Lemma 4.4. (See Remark 4.3
for the definition By.) Under the natural projection n: RH, » — B, the subring p(A)
maps to Z and B to a Z-basis B = By U Bof where By = 1(Bo). It is readily seen that
|B| = |B|. We summarise this observation as a lemma.

Lemma 4.5. The set B is a Z-basis for B. Thus B is free abelian of rank 2('”5_1),

By Theorem 2.1, the change of rings spectral sequence collapse and we have
Tor, (A,Z) = Tory (B, Z), where Q = RSpin(n)/(A; — (7), Af, —2m71) = Z[5,,] and
O = A} — AL

Since 2 is a polynomial ring, one can use the Koszul resolution to compute
Torgz(B,Z). The Q-module structure on B is obtained via the algebra homomor-
phism p: Q@ — B defined by p: RSpin(n) — RH, ;. In view of Proposition 4.1, we
have p(d,,) = €/ (0 — 1)A; 4, where the value of ¢ € {1,—1} depends on the value of
n modulo 8. The Koszul resolution of Z is

0-0-63057 0.

Here ¢ is the augmentation defined by €(d,,) = 0 and d(§) = d,,,. Tensoring with the
Q-module B we obtain the following chain complex whose homology is Tor}(B, Z):
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0= B§% B0,

where

d(6) =d(1-6) = p(6m) =€ (0 —1)A,, € B.
In particular,
Tor)(B,Z) =0 if q¢>2, Tor{(B,Z)=ker(d), Torg(B,Z)=B/{(0—1)As.).
We set
B :=Tor}(B,Z) = B/((6 — 1)A,,). (14)
Recall from Equation (8) that

A = 07 f; where f; = Z Apltj—p € RHp;, 1< j<m—1,

0<p<y
while
Ap = Ag—p and pig = fin_k—q wWhen p>s,q>t.

Denote by n: RH,  — B the canonical quotient map and by 7: RH, ; — B the

composition RH,, j 2 B — B where B — B is the canonical quotient map. If we
have x € RH, we shall denote n(z) € B by the same symbol z and we shall denote
f(z) € B by [z].

Lemma 4.6. We keep the above notations. The following relations hold in B:
(a) 277H([0] = 1) = 0, [As ] =277,
(b) Zogpgjp‘p][ﬂj—p] =[fjl= (?) 07,1 <k <m—1,
(where [Ap] = [Ae—p], [1q] = [Hn—k—dq]);
(c) [AZ,] = (Xocps M) ogqcttal) = [fst] = 22m=2,

X

Proof. (a). We have, by Proposition 4.1, p(A}l) = 6°A, ¢, in RH,, , where ¢ € {0,1}
depending on the value of n modulo 8. Since ([#] — 1)[As,] = 0 in B, irrespective of
the value of ¢ we have 7o p(A}) = [Ag,] in B. On the other hand, since A}, = 2m~!
in Q, we obtain that 2™~ = np(A}) = 0°A;; in B. It follows that [Ag;] =2m~!
and so 2™~ 1([f] — 1) = 0.

(b). It is clear that, when 1 < j < m — 2, the relation f; = p(A;)07 = (?) 67 holds in
B and hence in B using §2 = 1. Since AL A, = > 1<j<m A2j—1 in RSpin(n), and since
nop(AL) =[Asi] = [0][As] =2™ 1 in B, applying 7o p we obtain the following

equations in B:
20D = o p(ALAL)
= 7o p(Z1<]‘<m Agj 1)
= [fm-1] = (27) + Zicicmsz (™)
= [fm-1] = (o) +2°7/4
since 31z (5571) = (1/2) Eigjam (5571) = 2°7/4 Henee [fna] = (7).

(c). Since A2, = f,; holds in B, and since [A, ] = 2™"* holds in B, we see that
[fs,t] = 22m_2 in B O]
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Remark 4.7. 1t turns out that the relation (c) is a consequence of relations (a), (b).
Indeed, recalling that [A\p] = [Ax_p], [ttg) = [n—k—q) in B, in addition to knowing that
k=2s4+1,n—k=2t+ 1, we have
far =180 = CocpeslM))(Cocq<ilital)
(1/4)(Zo<p<k[ ])(Zo<q<n k[M )
= (1/4) ZO<T‘<’I’L(ZO<]<T‘[ ][/’LT’*JD
(
(

1/4) 20<r<n (:)[ ]r’ ublng(b)’
1/4)(1+ [0)".
Since [0]? = 1, we have (1 + [0])2 = 2(1 + [0]). So (1 + [0])" = 2"~1(1 + [0]) whenever

r>1. Therefore since n = 2m > 4, we have

(/4 + o))" /4@ +[6)? - (1 +[o])"?

= (140 @+[o)>m?
= 1+

= 2m (14 [g)

— 22m 2’

using 22m=3[0] = 22™~3. Therefore f;, = 2272,

Lemma 4.8. With the above notations, the rank of the abelian group B equals (m 1).
Moreover the torsion subgroup of B is generated as a B-module by (6 —1). In partic-
ular, any torsion element has order 2" for some r < m — 1.

Proof. In view of Lemma 4.5, the set By U Bg(f — 1) is a basis for B. Under the
quotient map B — B, the abelian group B, generated by By projects isomorphically
onto a summand of By. Since 2™~ 1([0] — 1) = 0, the subgroup C of B is generated
by ([0] — 1)By consists only of elements whose (additive) order divides 2™~!. This
completes the proof. O

We now turn to Tor}(B,Z) = ker(d: B§ — B). Since d(§) = +(0 — 1)A, ¢, ker(d)
is the B-submodule J - § where J C B is the annihilator ideal of (6 —1)A,;, € B. It
is clear that (6 + 1) € J since §2 — 1 = 0. We claim that J equals the ideal generated
by 0 + 1. In order to see this, let x € J and let By = {b;}. Write

x = Zyjbj + Gszbj where y;,2; € Z.
Since z € J, multiplying by (# — 1)A, +, and using the relations A, ; = 2™~16° (where
the value of ¢ € {0,1} depends on the parity of m) and #(0 —1) =1—0 in B, we
obtain that
20— 1)6° ) yb; — 27070 — 1) > zb; = 0.

Since B is a free abelian group, and since ¢ is invertible in B, the above equation
can be rewritten as —(3(y; — 2;)b;) + 0 > (y; — z;)b; = 0. This implies that y; = z;
for all j. Therefore z = (6 + 1)(2 y;b;) € J.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. The Hodgkin spectral sequence Torpgyin () (RRHp,k,Z) con-
verges to K*(Gy,x). Since Torgg i (n) (RHn k, Z) = Torg (B, Z), and since Torg (B, Z)
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is generated by degree —1 elements, by the discussion in §2 we obtain that
K%Gpx) = Tord(B,Z) = B and K~ (G, ) = Tor}(B,Z) = Ann(d — 1) C B.

The theorem now follows from Equation (14), Lemma 4.6, and the above discussion
that describes Ann((6 — 1)As ). O

Let & = &, 1. be the Hopf line bundle over G, j.. It is associated to the double cover

Gnr — Gp . If 0 is a real vector bundle, we denote by 77(C the complexification of 7.
Note that nC, regarded as a real vector bundle via restriction of scalars, is isomorphic
to n @ n. See [MS, p. 176].

Proposition 4.9. Let n =2m,k=2s+ 1. If n =0 (mod 4),k =1 (mod 2) as well
as k(n —k) < 2™, then

2ME 2 2Mep where n = 2m, but [277%] #2m2 in KO(Gp ).
Ifn=0 (mod 8) and k(n — k) < 2™, then 2m~1¢ = 2m~lep.

Proof. Since
om=1[eC] = 9m=19 = 9m1 € K(G ),

it follows that 2™m[¢] = 2™ € KO(Gp ). If dim G, x = k(n — k) < 2™ = rank(2™¢),
then equality of the classes of the vector bundles [2™¢] and [2"eg] = 2™ in KO(Gy, 1)
implies the isomorphism of the vector bundles: 2m¢ = 2™eg. See [H, Theorem 1.5,
Chapter 8.

When n =0 (mod 8), the representations A}, A- € RSpin(n) are real, that is,
they arise as complexification of real representations Afn r: A, g of Spin(n). See [H,
§12, Chapter 13]. Evidently 6 is real. Indeed 6 = x Qg C of Hn:k where

X: Hn — O(1) is defined by the projection Hyj — Hyi/H, ) = O(1).

The line bundle associated to x is isomorphic to £ whereas the bundle associated
to A;,R equals the trivial real vector bundle of rank 2™~!. This can be shown to
imply that 2m~1[¢] = 2™~ € KO(G, k). As before, this leads to the isomorphism
am=l¢ 2 9m=lep when k(n — k) < 2m7L. O

As for the torsion part of K°(G,, k), it has no p-torsion for any odd prime p. For
any n,k, the element [A*(y5 )] —1=[%]—1€ K(Gnx) generates a finite cyclic
subgroup of order 2" for some r. There are the obvious inclusions

i Gn,k — Gn+1,k+1a J: Gn,k — G7L+1,k7
which have the property that *(vn41,5+1) = Yok @ €r and j*(Vnt1,k) = Yn k-

Theorem 4.10. Suppose that n =41+ j,k=2s+¢,1 <j < 3,6 €{0,1}. Let 2" be
the order of [€°] € K(Gn ). Then 21 =1 <r <20+ 1.

Proof. Suppose ¢ = 1. Then we have inclusions Gy N Gtk LN Gajya,, Where
31 Gaira k) = En ks 35 (&n k) = Eark- The bounds for r now follow from Theorem 1.1.
When € =0, we use the inclusions G4 251 & Gnk N Guaj4a2s+1. When s =1,
Gai2s—1 = RP¥*~1 and the order of the bundle [¢€] — 1 is known to be 2%~! from the
work of Adams [A, Theorem 7.3]. Now we proceed exactly as in the case e =1. [



398 SUDEEP PODDER AND PARAMESWARAN SANKARAN

5. K-theory of G, for arbitrary values of n, k

In this section we shall prove Theorem 1.2. The proof will make use of the Chern
character ch: K*(Gp ) ® Q = H*(Gp 1; Q). We begin by recalling, in Theorem 5.1
and the following paragraph, the rational cohomology algebra of the Grassmann man-
ifolds. We refer the reader to [MS, §15] for the definition and properties of Pontr-
jagin classes. We shall write k =2s+e,n —k = 2t + n where €,n € {0,1} so that
n=25+2t+e+n.

We denote by S, 1 the canonical (n — k)-plane bundle over G, , whose fibre over
L € G, 1 is the vector space L+ ¢ R™. We have Yk D Pk = ner, and, (denoting
the complexification v, ® C by VS,k etc.,) we obtain

'Y;(L:,k D Bg,k = nec. (15)

Let pj = p;j(Vnk) € HY (G i3 Z[1/2]), 1 < j < s, be the jth (rational) Pontrjagin
class of v, %, and let g; = p;(Bn.x), 1 < j < t. Since Yy B Bk = neg, we have, for
1<r<s+t,

> pigr—j =0, (16)

0<7<s

where it is understood that py = go = 1,p; = 0,¢q; = 0if i > s, j > t. In fact, the coho-
mology algebra H*(G,, 1; Z[1/2]) has the following description. It can be derived from
the known description of H*(énk, Z[1/2]) as the fixed subring under the action of the
deck transformation group of the double covering én,k — G, 1. We refer the reader

to [MS, Theorem 15.9] for the description of H* (G, x; Z[1/2]).

Theorem 5.1. With the above notations, we have
H*(Gni; Z[1)2])) = Z[1/2][p1, - - - s Ds; 1y - - - s Qts Un—1]/J, (17)
where degree of v,—1 =n — 1, and the ideal J is generated by the following elements:
(i) Yocjcr Pidr—js 1 <7 < 541,

(ii) vn_1 if n is odd or k is even; v2_, if n is even and k odd.

As a consequence we note that H*(G,, x; Z) has no p-torsion except when p = 2.
Denote by P, C H*(Gp k; Q) the even-graded subalgebra, namely,

H(Gnp; Q) = By20H? (Grp; Q) = Qlp1, - -+, Psi q1s - - -, qe] /~ -

Then P, j depends only on s, ¢t and not on the values of ¢, € {0,1}, along with
dimg Py, 1 = (S:ft). Moreover, P, ; = H*(Gpx;Q), except when n =2s+2t+2 is
even and k = 2s+ 1 is odd. When n = 2s 4+ 2t + 2, kK = 2s + 1, we have

HY(GY Q) = v 1 Poj =2 P as a P, p-module.

We have a natural Z,-gradation on H*(G), x; Q) defined by the parity of the degree.

Recall the Chern character map ch: K*(G, ) @ Q = H*(Gp 1; Q), which is an
isomorphism of Zs-graded rings. So K°(G,, ) has rank equal to dimg P, = (S:t).
In case n is odd or k is even, we have H°(G,, x;Q) = 0 and so K!(Gy, x) is a finite
abelian group. When n is even and k is odd, K'(Gy, ) has rank equal to that of

KOG ).
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We now turn to the proof of Theorem 1.2. We shall denote by ¢ the inclusion map
Kok — K(Gnk)-

Proof of Theorem 1.2. The inclusion ¢: Ky, — K(G, 1) induces an inclusion
P@1: Kni ®Q— K(Gn ) @ Q.

We need to show that the composition cho (¢ @ 1): K, @ Q — P, is surjective.
Note that, in view of Equation (16), P, j is generated by p;,1 < j < s. So we need
only show that the p; € P, ;, are in the image of cho (¢ ® 1).

We have a formal expression of p; = p;(yn,%) in terms of the Chern ‘roots’

Tj, —Tj, 1 g] < s, of ,Y;(;k

given as p; = (—1)7e;(z?,...,22),1 < j < s, where e; denotes the jth elementary
symmetric polynomial in the indicated arguments. (See [MS, §15].) From the defini-
tion of Chern character we have

ch(vSp) =k+2> > a3m/@m)! =k+2)  un/(2m),

m>211<j<s m>1

— 2m . .
where u,, = 2.1 <m<s Tj for m > 1. The symmetric polynomials can be expressed
as polynomials in the power sums over (Q and so we have

(=1Ypj = uj/j+ Fj(ur,...,uj-1), 1<j<s, (18)
where ug = k and
Fi(ui,...,uj_1) € H4j(Gn7k;Q) is a suitable polynomial in wuy,...,u;_1.
So it suffices to show that the u; are in the image of cho (¢ ® 1). To see this, it is
convenient to use the Adams operations ¢". Note that K,  contains Aj(VS,k) and
so it also contains w’“(’yff, i) for all integers r > 1 since the 9" can be expressed (with
Z-coefficients) in terms of the exterior power operations. Although zbr(fy;(;”k) is only

a virtual bundle, its Chern characters are easy to compute since rz;, —rz; are its
Chern roots. Thus, writing d = |k(n — k)/2|, we have, for r € Z,

v = ch([Y (v )] — k)
= 2351 1gjcs szﬂ”?m/@m)!) (19)
= 23 cmea ™" Um/ (2m)!

We obtain the equation 2uM = v where M = (m;;) is the d X d matrix defined as
mij = 3%, and u = (u1 /2!, ua /4!, ..., uq/(2d)!),v = (v1,. .., v4) are regarded as (row)
vectors in the d-fold direct sum (H® (G, x;Q))?. Since M is invertible and since
the v; are in the image of cho (¢ ® 1), it follows that the u;/(2j)! are also in the
image of cho (¢ ®1) for 1 <j <d. So uy,...,us are in the image of cho (¢ ® 1).
This completes the proof. O

We conclude by giving, in Proposition 5.5, a description of K,, » as a quotient of a
ring K, 1, explicitly described in terms of generators and relations, with finite kernel.
It seems plausible that K, j is isomorphic to K, ;, but we have not been able to prove
this.

The operator A; = ZT>0 A"t", which is a formal power series in the indeterminate
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t whose coefficients are exterior power operators, has the property A;(wo ® wi) =
Ai(wo) - A¢(wr) for any two complex vector bundles wg,w;. So we have

At(yfik.) <A Sk) = (1+t)" since Ailec) = (1 +1¢).

Equivalently, for any r > 1, we have

> AR ®ANB ) = <:) (20)

ptq=r

We know that 27¢C is stably trivial for some r where ¢ = &n.; denotes the Hopf
line bundle over G,, ,, = SO(n)/S(O(k) x O(n — k)). By Theorem 4.10, one may take
r=m+1. We let v be the least positive integer for which this happens. Then
(1 =[]+t =27(1 — [€F]) = 0 in K(G,,1). Note that &€ = A*(y, 1) = A" F(Bnx) is
associated to the character

x: S(O(k) x O(n—k)) — O(1) defined as (4 %) — det(A).
We let 6 be the complexification of y so that ¢© is associated to 6. We shall denote
[€€] € K(G.1) by [0].

For any real vector space V of dimension k, one has a functorial non-degenerate
bilinear pairing AP(V) x A¥=P(V) — A¥(V) defined as (u,v) — u A v. If V is an inner
product space, then we have the induced inner product

AY(V) x A1(V) = R defined as (u1 A--- Aug,v1 A--- Avg) — det((us, v5)).

Thus, we obtain a natural isomorphism AP(V) = A¥=P(V) @ A*(V). This yields an
isomorphism AP (7, 1) = A¥7P(v,, 1) ® & of real vector bundles. See [MS, §2]. A similar
isomorphism holds for 3, ; as well. Complexifying we obtain the following isomor-
phisms for 1 <p<k,1<qg<n—k:

Ap(’YS,k) ~¢Cg Akip(’yg,k‘)? Aq(ﬁgk) > Anikiq(ﬁg,k)- (21)
We are now ready to define the ring K, j.

Definition 5.2. Let A = Z[]/(6%> —1,2(1 — 0)). Then A~ Z @ Zy. (1 — 6). Write
k=2s+e,n—k=2t+n where ,n € {0,1} so that n = 2s + 2t + & + 1. We define
Knk =AM, . s e, i1, - -, in—k]/I, the quotient of the polynomial algebra over A
where the ideal I is generated by the following elements:

(1) Mo—p — OAp, prlo—gq —Ougfor 1< p<k, 1<g<n—~k,

(i) Qr(A,pu) — (1) for 1 < r < nwhere Q. (A, p) == > ptra=r0<p<k0<q<n—k Aphgs for
1<r<n.

Remark 5.5.
(a) The A-algebra K, is generated by A1,...,As, f1,..., . This is immediate
from the relations 5.2(i).
(b) In fact, using the relations 5.2 (ii), (and (a)), we see that u; =n — A1, and,
if 2 << r <t then u, can be expressed in terms of the Ay,..., As, p1, ..., fhr—1

(with coefficients in A). So, by induction, the u, can be expressed in terms of
A1,. .., As. Hence K, i is generated by A\, 1 < p <s.

(¢) One has a ring homomorphism A — Z which maps € to 1 with kernel the ideal
A(1—9).



K-THEORY OF REAL GRASSMANN MANIFOLDS 401

Set
Kn,k = Kn,k ®a 7 = Kn,k/(l - Q)Kn,k - Z[)\la ey )‘sa K1y, ;U/t]/IO7

where Ij is the ideal generated by the elements listed in Definition 5.2 (ii), and where
Ap = Ao—p; ftq = fin—k—qg fOr p>s,q >t

Lemma 5.4. One has the following isomorphisms of rings:

_ a0 = ar =
K23+2t+2,25+1 # K25+2t+1,2s+1 4 K25+2t,2sa (22)

where, ag(Ap) = Ap, @o(tig) = g + pg—1, and, a1 (Np) = Ap + Ap_1, aa(ptg) = fiq; for
allp < k,q <n—k. (It is understood that \g = 1 = p9.) As an abelian group K, j is
free of rank (Sjt) where

(nyk)=(2s+2t+2,2s+1), (2s+2t+1,2s+ 1), (2s + 2t,2s).

Proof. 1t is readily verified that «g, a7 are surjective homomorphisms. We need to
show that they are injective as well.

Consider By: Kos12i41,26+1 — Kosyory2.2s+1, and, B1: Kogyor s — Kostoi41,26+41
defined as follows: for p < s,q < t,

ﬂO(AP) = Aps ﬂO(.uq) = Z (71)q7j’uj’ and

0<y<q

Br(Ap) = Z (_1)p_j)‘jv Br(nq) = pq-

0<y<p

Straightforward verification, using the identity Z()gjgr<_1)j (Tfj) = ("), shows
that By and 31 are well-defined homomorphisms of rings. Again, these are surjective,
since the generators A, (resp. p4) are in the image of 8y (resp. 51).

We claim that ag, 5y (resp. a1, 1) are inverses of each other. Indeed,
Booag(Ap) =A, forall p<s and agofo(r,) =N, forall p.

By Remark 5.3(b) above, our claim follows. Similarly a4, 81 are inverses of each other.

For the last assertion, we need only consider the case (n, k)=(2s + 2t + 2,2s + 1).
The ring Kosi2112.2s+1 is isomorphic to the quotient ring R/I = H*(CGyyi,5;2)
considered in Remark 4.3(ii). Hence Kv25+2t+2,25+1 is a free abelian group of rank
(s+t) . O

Proposition 5.5. One has a surjective homomorphism of rings k: I, 1, = Ky 1, with
finite kernel, defined as k(\;) = [Aj('ygk)], 1<j<k.

Proof. In view of Equations (20) and (21), x is a well-defined ring homomorphism.
Clearly r();) = [A (*ygk)] for all j and so, by the definition of K,, s, k is surjective.
Since both K, , ICp, 1 have the same (finite) rank, it follows that ker(k) is finite. O
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