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Abstract

For a profinite group G, we define an S[[G]]-module to be
a certain type of G-spectrum X built from an inverse system
{X;}; of G-spectra, with each X; naturally a G/N;-spectrum,
where N; is an open normal subgroup and G = lim; G/N;. We
define the homotopy orbit spectrum X,s and its homotopy
orbit spectral sequence. We give results about when its Es-term
satisfies E'? >~ lim; H,(G/N;, m4(X;)). Our main result is that
this occurs if {m(X;)}; degreewise consists of compact Haus-
dorff abelian groups and continuous homomorphisms, with each
G/N; acting continuously on m,(X;) for all q. If 7, (X;) is addi-
tionally always profinite, then the FEs-term is the continuous
homology of G with coefficients in the graded profinite Z[[G]]-
module 7, (X). Other results include theorems about Eilenberg-
Mac Lane spectra and about when homotopy orbits preserve
weak equivalences.

1. Introduction

Let G be a finite group and let X be a (left, naive) G-spectrum. Then the homotopy
orbit spectrum X is defined to be hocolimg X, the homotopy colimit of the G-action
on X (see, for example, [14, page 42]). Furthermore, there is a homotopy orbit spectral
sequence

HP(Gﬂ T‘—Q(X)) e 7Tp+q(XhG)a

where the Es-term is the group homology of G, with coefficients in the graded G-
module 74 (X) ([15, Section 5.1]). In this paper, under certain hypotheses, we extend
these constructions to the case where G is a profinite group (at the end of this section,
we give a discussion of related work).

After making a few comments about notation, we summarize the contents of this
paper. We follow the convention that all of our spectra are in Spt, the category
of Bousfield-Friedlander spectra of simplicial sets. We use (—)¢ to denote functorial
fibrant replacement in the category of spectra: for any spectrum Z, there is a natural
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map Z — Zg that is a weak equivalence, with Z¢ fibrant. Also, “holim” always denotes
the version of the homotopy limit of spectra that is constructed levelwise in the
category of simplicial sets, as defined in [3] and [22, 5.6].

In Section 2, for a finite group G, we use the fact that the homotopy colimit of
a diagram of pointed simplicial sets is the diagonal of the simplicial replacement
of the diagram, to obtain an alternative formulation of the homotopy orbits. Then,
in Section 3, we use this formulation to define the homotopy orbit spectrum for a
profinite group G and a certain type of G-spectrum X, the category of which we now
define. We point out that the concept of S[[G]]-module in the following definition
was essentially first formulated by Mark Behrens.

Definition 1.1. Given a profinite group G, let {N;} := {N;};, indexed by {i}, be a
cofinal subcollection of all the open normal subgroups of G, so that the diagram
{G/N;} of finite discrete groups is an inverse system and there is the canonical iso-
morphism G = lim; G/N; of topological groups. We fix the collection {N;}. We define

S[[G]] := holim(S[G/N;])s,
where for each i, S[G/N;]:= S° A (G/N;),. Here, S° is the sphere spectrum and
more detail about S[G/N;] is in Definition 2.1. Let
{Xi}i

be an inverse system of G-spectra and G-equivariant maps indexed over {i}, such that
for each ¢, the G-action on X; factors through G/N; (so that X; is a G/N;-spectrum)
and X; is a fibrant spectrum. Then there is the G-spectrum

X = holim X,

and the pair ({X;};, holim; X;) is an S[[G]]-module. Such pairs are the objects of the
category of S[[G]]-modules. Let ({Y;}:, holim; Y;) be an S[[G]]-module and let

T {Xi}i = {Yi}i

be a natural transformation of diagrams of G-spectra, where for each 4, there is the
component 7;: X; — Y; of 7. There is the induced G-equivariant map

holim 7;: holim X; — holim Y;

of spectra, and the pair (7, holim; 7;) is a morphism of S[[G]]-modules
({X;}s, holim X;) — ({Y;};, holim Y;).

Definition 4.1 defines composition of morphisms, completing the definition of the
category of S[[G]]-modules. This category depends on the fixed family {N;}, but we
do not mention {NV;} explicitly in the term “category of S[[G]]-modules.”

Ezample 1.2. In Definition 1.1, let G act on each G/N; in the natural way and trivially
on SY; so that each S[G/N;] is a G/N;-spectrum. Then so is each (S[G/N;])¢, by
functoriality, and hence, the pair ({(S[G/N;])t}:, S[[G]]) is an S[[G]]-module.
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Remark 1.3. Given a profinite group G, the expression “let X = holim; X; be an
S[[G]]-module” and natural variations of this expression mean that as in Defini-
tion 1.1, there is a fixed family {N;}; and an S[[G]]-module ({X;};, holim; X;), with
X = holim; X

After defining the homotopy orbit spectrum Xj¢ for an arbitrary S[[G]]-module
X = holim; X;, we show in Remarks 3.7 and 3.8 that this construction agrees with the
classical definition when G is finite. In Theorem 4.5, we prove that given a morphism
(7, holim; 7;) of S[[G]]-modules, as in Definition 1.1, if holim, 7; is a weak equivalence
of spectra, then the induced map

(holim X;)pe — (holimY;)ne

is a weak equivalence. Here, when it is additionally true that the map lim; 74 (7;) is a
bijection, Corollary 4.6 describes three scenarios that imply that holim; 7; is a weak
equivalence.

We need the following notation. Let G be any profinite group and let 7 denote
lim,,>1 Z/nZ, the profinite completion of the integers and a commutative profinite

ring. Then the complete group algebra 2[[G]] is defined by

Z[[G] = NIgDGZ[G/N]
where the inverse limit is over all the open normal subgroups of G and each Z[G /N]|
is the group algebra. Let B be a profinite left Z[[G]] module. Given a profinite right
Z[[G]] module A, there is the complete tensor product A®Z [ | B. By equipping Z

with the trivial right G-action, we regard Z as a profinite right Z[[G]]-module. When
p =0, let

c L 2G4~
HS(G, B) := Tor?1N(Z, B)

denote the pth continuous homology group of G, with coefficients in B. Here, the Tor
group is defined in either of the usual two ways: for example, one can take the pth
left derived functor of (— )®Z B and apply it to 7. For more information about

the material in this paragraph one helpful reference is [18, Chapters 5, 6].
Now we state a result that consists of Theorems 5.2 and 5.5 and Corollary 5.6.

Theorem 1.4. Let G be any profinite group and let X = holim; X; be an S[[G]]-
module. Then there is a homotopy orbit spectral sequence having the form

Byt = Tp1q(Xna),

where EY'? is the pth homology of a certain Moore complez (specified in Theorem 5.2).
If for every integer t,

e the inverse system {m(X;)}; consists of compact Hausdorff abelian groups and
continuous homomorphisms, and

e for each i, the induced action of the discrete group G/N; on the compact Haus-
dorff space m(X;) is continuous,
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then there is the isomorphism
E? = lim Hpy(G/Ni, mq(X5)). (1)

Additionally, if for every t and i, m(X;) is a profinite group, then
EP? = Hyj(G, mg(X)). (2)

Remark 1.5. The coefficients on the right-hand side of (2) deserve some explanation.
In this situation, the two paragraphs after the proof of Theorem 5.5 explain that
for every integer g, the canonical G-equivariant map mq(X) — lim; m4(X;) is an iso-
morphism of abelian groups and the target is a profinite Z[[G]]—module. Thus, we
identify the G-module 7, (X) with lim; 7,(X;), and in this way, 7,(X) is a profinite
Z[[G]]-module.

Remark 1.6. In the context of Theorem 1.4, suppose that M is a G/N;-module for
some ¢. If M is finite, then when M is equipped with the discrete topology, the G/N;-
action on M is continuous. Thus, if holim; X; is an S[[G]]-module with 7;(X;) finite
for every integer ¢ and all 4, then we assign each 7, (X;) the discrete topology and the
isomorphism in (2) holds.

To go further, we explain a condition that can be helpful to place on G. Recall that
a topological space Y is countably based if there is a countable family B of open sets,
such that each open set of Y is a union of members of B. Then, if G is a countably
based profinite group, by [25, Proposition 4.1.3], G has a chain

No=Ni 2Ny > --- (3)
of open normal subgroups, such that G = lim;>¢ G/N;.

Ezxample 1.7. Let G be a compact p-adic analytic group. Then G is a profinite group
with an open subgroup H of finite rank, by [6, Corollary 8.34]. Hence, by [6], G has
finite rank, and thus, is finitely generated, so that G is a countably based profinite

group.

Definition 1.8. Let G be a countably based profinite group and let {N;};>0 be a
chain as in (3), so that G = lim;>o G/N;. Also, suppose that

Xg e Xp e or e Xj oo

is a tower of G-spectra and G-equivariant maps such that with respect to the collection
{N;}i=o0, the pair ({X;}i>0, holim; X;) is an S[[G]]-module. Notice that each X; is a
G/Nj-spectrum in the way prescribed by Definition 1.1. Then we refer to the pair
({X;}i=0, holim; X;) as a countably based S[[G]]-module.

Remark 1.9. The expression “let X = holim; X; be a countably based S[[G]]-module”
and its natural variations mean that there is G and a fixed chain {N;};>0, which are as
in Definition 1.8, and there is a countably based S[[G]]-module ({X;}i>0, holim; X;),
with X = holim; X;.

When K is a finite group and Y is any spectrum equipped with the trivial K-
action, the K-action on itself makes Y[K] (see Definition 2.1) a K-spectrum, and
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there is an equivalence

YK nk := hoc}(glimY[K] ~Y (4)

(for example, see [20, page 127]). Now let G be a countably based profinite group.
Given an arbitrary spectrum Z, in Definition 3.9 we recall from chromatic homotopy
theory the construction of Z[[G]], an analogue of Y[K], and we explain that Z[[G]]
and its underlying tower of G-spectra form a countably based S[[G]]-module. In
Theorem 3.10, we show that there is an equivalence

(ZlIG1Dre ~ 2,

giving an analogue of (4). For example, it follows that with respect to {N;};>0, as in
Definition 1.8,

(S[[GTnc ~ S°.

As suggested by Theorem 1.4, we do not have, in general, a compact homological
label for the Fs-term of the homotopy orbit spectral sequence. Thus, for the general
situation, Theorem 5.7 isolates two key hypotheses that yield the isomorphism in (1).

Now suppose that G is countably based and let holim; X; be a countably based
S[[G]]-module. In this case, the situation with the Ea-term is better, and we prove
in Theorem 6.3 that for any integer g, the groups E;'? fit into a long exact sequence
in which the other terms are homology groups of complexes that are algebraically
more meaningful than the complex for the general Es-term. Theorem 6.4 shows that
in this long exact sequence, the term to the left of E3 is lim; (7g+1(X:))o,n, , Where
each (—)g,n, is the coinvariants functor. Now we fix ¢. There is a tower {C(¢);}; of
non-negatively graded chain complexes, such that for each i, there are isomorphisms

Hy(C(q):) = Hy(G/N;j, mq(X5)),

where the left-hand side consists of the homology groups of C(q);. Here, “C(g);”
is abbreviated notation for a key construction that appears, for example, in (13)
and (15). In Corollary 6.7, we prove that if liml1 7g+1(X;) = 0, then there is an iso-
morphism

EX 2, H,(mC(q);).
For each I > 0, let C(g);,; denote the lth group of chains of C(g);. Theorem 6.9 and
Remark 6.10 imply that if

o the tower {C(q);;}; of abelian groups satisfies the Mittag-Leffler condition for
each [ > 0,

e lim; m 1 (X;) =0, and
o for each i, my(X;) is a finitely generated G/N;-module,

then there is an isomorphism
By = lim Hy(G/Ni, mq(X5))-
This last isomorphism is used to obtain Corollary 7.3, which is discussed briefly below.

Now we give a definition that is an analogue for abelian groups of part of the
concept of an S[[G]]-module.
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Definition 1.10. Let G be any profinite group and, as in Definition 1.1, let {N;}
be a fixed cofinal subcollection of all the open normal subgroups of GG, indexed by a
directed poset {i}. If {A4;} is an inverse system in the category of G-modules indexed
by {i}, such that for each i, the G-action on A, factors through G/N; (thus, A; is a
G/N;-module), then we call {4;} a nice inverse system of G-modules.

When A is an abelian group, we let H(A) denote the Eilenberg-Mac Lane spec-
trum. Now let {A;} be a nice inverse system of G-modules. We show in Section 7
that the pair ({H(4;)}, holim; H(A;)) is an S[[G]]-module and by (17), the Es-term
of the homotopy orbit spectral sequence, in general, can be simplified somewhat.
Theorem 7.2 notes a condition that implies that

7y ((holim H(A;))ne) = lim Hy (G/N;, A;),

and when G is countably based, Corollary 7.3 gives hypotheses that yield this condi-
tion. This last result builds on a suggestion to the first author by Mark Behrens and
his suggestion was the initial motivation for Section 7.

In [16], the second author used the technique in the proof of Theorem 6.3 to
study the Es-term of a certain Adams-type spectral sequence for 7y (L (,,)Y), where
Lk )Y is the Bousfield localization with respect to the nth Morava K-theory K(n)
of an arbitrary spectrum Y. This technique again yields a long exact sequence and
the second author studies its relationship to previous results in the literature about
when this spectral sequence has Fo-term given by continuous cohomology.

Others have investigated homotopy orbits for profinite groups. In [7], Halvard
Fausk studies homotopy orbits in the setting of pro-orthogonal G-spectra, where G is
profinite. As pointed out in various places in this paper, Mark Behrens has worked on
homotopy orbits for a profinite group. Also, Dan Isaksen has thought about homotopy
orbits for profinite groups in the context of pro-spectra.

After the appearance of [5], a manuscript that developed into the present paper,
work on homotopy orbit spectra when G is profinite was done by Gereon Quick in
[17, Section 2.5]. Given a profinite G-spectrum Y, Quick defines a homotopy orbit
spectrum Y, and shows that there is a homotopy orbit spectral sequence

E2, = H(G;mi(Y)) = ort(Yao), (5)

where E?}t is given by continuous group homology. In [17, Section 2.5: after Theorem
2.23], Quick discusses the relationship between these two works in the case when G
is countably based. The upshot is that in “the rich world of profinite group actions
and spectra X with continuous action by such,” sometimes X is such that X,s and
its homotopy orbit spectral sequence is given by [17], sometimes these are given by
the present work, and there are instances when the constructions agree. We refer the
reader to [17] for more information about this situation. Also, if G is any profinite
group and ({X;};, holim; X;) is an S[[G]]-module, each X; is a discrete G-spectrum, so
that holim; X; need not be a profinite G-spectrum. Hence, there are S[[G]]-modules
to which the construction of (=) in [17] does not apply.

The paper [21, Remark 1.8] contains an interesting remark about an application
of a homotopy orbit spectrum with respect to Z,. The first author believes that the
Lubin-Tate spectrum FE,, is an S[[G,]]-module, where G,, is the extended Morava
stabilizer group, and he is working on this with Drew Heard.
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2. Homotopy orbits when G is finite

In this section, let G be a finite group and let X be a (left) G-spectrum. We
use simplicial replacement to obtain a reformulation of the homotopy orbit spectrum
Xpe = hocolimg X that will be useful for defining the homotopy orbit spectrum
when G is a profinite group. Given a spectrum Z and k > 0, we let Z;, denote the kth
pointed simplicial set of Z and, for [ > 0, we use Z; to signify the set of I-simplices
of Zk

Let £ > 0 and let

G- X, =g— Xi
be the diagram defined by the action of G on Xj, where, in the above display, G is

the one-object groupoid associated to the group and =g is the unique object in this
groupoid. By [3, Chapter XII, §5.2],

(Xnc)r = hocolimg X, = diag(] ], (G — X)),
where diag(—) is the functor that takes the diagonal of a bisimplicial set, and

is the simplicial replacement of the diagram G — Xj. In each dimension [, the sim-
plicial replacement is the pointed simplicial set

]_[l (G — Xy) := \/Glea

the wedge of copies of X}, indexed by G!, the I-fold product of copies of G. When
1 =0, G = {e}, the trivial group, so that Vo Xi = Xi.

Now we define the face and degeneracy maps of the simplicial replacement. Let
I > 0. We identify the indexing set G' above with the set of all I-fold compositions

g1 92 g1
¥G e kg — - *q,
where ¢1,92,...,9;, as morphisms in the groupoid G, are elements of the group G.

Under this identification, G = {e} is regarded as the set {g}, where #¢g is a “0-fold
composition.”
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Suppose [ > 1 and let 0 < j <. The jth face map d;: \/ o Xp = Vio1r Xi is
obtained from the universal property of the coproduct \/ i Xj. Thus, to define d;,
for each [-fold composition

= (xq & Zwg),
it suffices to define a map d;(c;): X — \/ zi—1 Xi, whose source is the copy of X}, in
V a1 Xk indexed by ¢;. For the first two cases — when j = 0 and 0 < j < [, d;(¢;) is the
inclusion into the coproduct of the copy of X}, indexed by the (I — 1)-fold composition

*G‘g_z""g_l*G
and
gj—1 95j9j+1 gj+2
*G<9_1... J e 395+ G it ...(g_l*G7

respectively. In the last case — when j = [, d;(¢;) is the composition
X = X = Va1 Xy,

where the left-hand map X — X} is the map in the diagram G — X} determined
by the morphism g <& %g (that is, G — X is a functor and X — X}, is its value
on ¢;) and the right-hand map is the inclusion of the copy of X} indexed by the
(I —1)-fold composition xqg <2 -« <=1 4g.

Let [ > 0,0 < j <. As above, the jth degeneracy map s;: \/ o Xr = Vi1 Xk
comes from the universal property of the coproduct \/.: Xy, and so to define s;, we
only need to define maps s;(¢;): X — \/Gl+1 Xy. Here, ¢ is an [-fold composition
as before, ¢y denotes the unique 0-fold composition #¢, and s;(¢;) has source equal
to the copy of X}, in the source of s; indexed by ¢;. Then s;(¢;) is the inclusion into
V gi+1 X of the copy of X, indexed by the (I + 1)-fold composition

g1 9;j e 9j+1 g1
*G<—(—*G(_*G(—’&(§*G7

where e denotes the identity element of G. This completes our recollection of the
definition of the simplicial replacement [ [, (G — X).

Definition 2.1. Let K be a pointed simplicial set and let L be a set. Then
K[L]=K A Ly,

where L, is the constant simplicial set on L, together with a disjoint basepoint.
Similarly, if Z is a spectrum, then Z[L] is the spectrum with each (Z[L]); equal
to Zx A Ly. We can also write Z[L] as Z A L, and we note that there is a natural
isomorphism

Z[L) =\, Z,
where the right-hand side is a coproduct of copies of Z, indexed by the elements of L.
In dimension [, we have
L1,(C = Xi) = Ve Xe = Xi A (@)1 = X,[C).

Since the middle isomorphism above is natural, there is a simplicial pointed simplicial
set X1,[G*] whose [-simplices are the pointed simplicial set X;,[G'] and which satisfies
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the isomorphism
XplG*] = [1.(G — X&)
of simplicial pointed simplicial sets. It follows that
(Xne)r = diag(X[G*]).

We introduce some notation that organizes the above, allowing us to summarize it
in Theorem 2.4 below. Though this result is labeled “Theorem,” it is just a repack-
aging of a standard definition in a way that is helpful to us in the next section (see
Definition 3.2).

Definition 2.2. Let X be a G-spectrum. Then X[G*] is the simplicial spectrum
that is defined above, with (X[G*])r = Xi[G*] and I-simplices equal to the spectrum
X[G!]. Thus, X[G*] is the simplicial spectrum

X > X[+ = X[G = X[ = -.
We let 74 (X [G*]) denote the simplicial (graded) abelian group associated to X[G*].

Definition 2.3. Let d(Z,) denote the spectrum that is the diagonal of the simplicial
spectrum Z, (see [10, page 100]). Thus, for all k£ > 0,

(d(Z.))r = diag((Ze)x)
and, for all [ > 0,
(d(Zo))ky = (Z1) k-
Theorem 2.4. If G is a finite group and X is a G-spectrum, then
Xne = d(X[G?]).

Remark 2.5. In Theorem 2.4, by [10, page 100], d(X[G*]) can be viewed as the
geometric realization (that is, as a type of coend) of the simplicial spectrum

X[G*] = X A (G)4,

which is a bar construction for the action of G on X. The notation “X[G*]” reflects
the algebra that arises when working with the Moore complex associated to the
simplicial (graded) abelian group 7, (X[G*]). This is seen, for example, in the alge-
braic manipulations in the proof of Theorem 5.5 and when X is a homotopy ring
spectrum, where for each [ > 0, X[G!] is a “homotopy group ring spectrum,” with
7o(X[G']) = 7o(X)[G"]. In this isomorphism, the right-hand side is a group ring,
since mo(X) is a ring.

3. The homotopy orbit spectrum X;,; when G is profinite

In this section, we use the model for the homotopy orbit spectrum that is given
in Theorem 2.4 to help us define homotopy orbits for G a profinite group. We begin
with a comment about Definition 1.1.
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Remark 3.1. Let X = holim; X; be an S[[G]]-module. The choice of the term “S[[G]]-
module” is motivated by the fact that, for each 7, the action of G/N; on X, yields a
function G/N; — Homgp (X, X;) in

HomSQts(G/Ni,Homspt(Xi,Xi)) = HG/NiHomSPt(Xiin)
= HOmSpt(Xl[G/Nl],XI)

that corresponds to a map X; A (G/N;); — X;. The analogy with actual modules
over the spectrum S[[G]] could be pursued further, as Mark Behrens has done in
unpublished work; however, for simplicity, we do not do this.

Using the first author’s preliminary work on homotopy orbits as a reference point,
the following definition was basically given by Behrens, and then later independently
formulated by the first author.

Definition 3.2. Let G be any profinite group and let ({X;};, holim; X;) be an S[[G]]-
module, with X = holim; X;. For each [ > 0, the diagrams {X;} := {X;}; and {G/N;}
induce the diagram

{X[(G/N)']}
in the following way: if ¢’ < ¢, then (a) there are maps §; ;: X; — X from {X;} and
Vi, G/Nz - G/Nz/ from {G/Nz}, (b) Vi, induces a map fy,f’il: (G/Nz)l - (G/Nz/)l
in the natural way; (c) ’yii/ induces a map

(W i)+1 ((G/N)HY4 — (G/Nin)") +

of pointed simplicial sets, where, for example, ((G/N;)!); is the constant simplicial
set on (G/N;)!, together with a disjoint basepoint; and (d) thus, there is the map
fi,i/ /\(’Yﬁ,i/)+
Xi[(G/N)'] = Xi A ((G/Ni)) ¢ ——— Xir 7 ((G/Ni)')y = Xu[(G/Ni)'],
which is the map in the diagram {X;[(G/N;)!]} associated to the relation i’ < i. Given
I = 0 and the diagram {X;[(G/N;)']}, one can form holim;(X;[(G/N;)!])¢, which gives
the simplicial spectrum holim; (X;[(G/N;)*])s. Then we define X, the homotopy
orbit spectrum of the S[[G]]-module X with respect to the G-action, to be the spec-
trum

Xng = d(ho%im(X,»[(G/Ni)'])f).
The functor (—)¢ appears here so that the homotopy limit is well-behaved.

Henceforth, when G is finite and X is a G-spectrum, we use the notation

Xpa = hocglimX

to denote the classical homotopy orbit spectrum. In this case, in Remarks 3.7 and 3.8
below, we show that Definition 3.2 reduces to the classical definition and, for any
G-spectrum, the former definition recovers the latter one.

Definition 3.2 comes from imitating the model in Theorem 2.4 and from the
demands of the homotopy orbit spectral sequence, especially its Fo-term, when it
can be related to group homology. For example, the occurrences of “holim;” in Defi-
nition 3.2 correspond to the instrumental instances of “lim;” that appear in the proof
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of Theorem 5.5. Also, since we use the spectral sequence in Theorem 3.5 below to
build the homotopy orbit spectral sequence, we want d(—) to be on the outside in
the construction of X}, instead of on the inside, as in

holim(d(X;[(G/Ni)*]) e (6)
For each ¢, Theorem 2.4 gives the isomorphism
(Xi)wayn, = d(Xi[(G/N;)*®]),
so that there is a weak equivalence between the homotopy limit in (6) and

hO%im((Xi)h’G/Ni )s-

While the construction holim; ((X;)nq/n, )¢ is interesting, the spectral sequence nat-
urally associated to it is the homotopy spectral sequence

lim® 7, (Xi)wayn,) == mi—s (holim((Xi)wa/n: )1,

which cannot yield a homotopy orbit spectral sequence that has Fs-term given by
continuous group homology.

The following comment was suggested by the referee of the revised versions of this
paper.

Remark 3.3. In the context of Definition 3.2, by Remark 2.5, each (X;[(G/N;)*])¢ is
a bar construction for the action of G/N; on X;, and thus, we can define

B®®(G, X) = ho%im(Xi[(G/Ni)'])f,

so that we have the simple expression Xpg = d(B$*(G, X)) and we can think of
B¢ (G, X)) as being the “continuous bar construction” for the action of G on the
S[[G]]-module X.

We establish some notation and recall a useful result.

Definition 3.4. If X, is a simplicial spectrum, then for each integer ¢, we let my(Xy)
denote the Moore complex of the simplicial abelian group m4(X,). By “Moore com-
plex,” we mean the chain complex

P 5 P
2 e (Xa) 5 g (X) 5 me(Xo),

with boundary homomorphism
1 .
Op = Z§:0<_1)de: Tg(Xpt+1) = mq(Xp),

for each non-negative integer p. Here, do,dq,...,dp+1: m7g(Xpt1) — 74(X,) refer to
face maps of m,(X,.). Also, H,(my(Xy)) denotes the pth homology of the Moore
complex. In general, when our notation for a simplicial abelian group contains “s,”
then we use the same notation for the Moore complex, but with “e” changed to

x,” as done above with 7,(X,). For example, in the context of Definition 3.2, for
each i, m,((X;[(G/N;)*])¢) is the Moore complex for the simplicial abelian group

T (Xi[(G/Ni)*]e)-
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Theorem 3.5 ([10, Corollary 4.22]). If X, is a simplicial spectrum, then there is a
spectral sequence

B3 = Hy(mg(Xx)) = Tp4q(d(Xe)).

As in Remark 2.5, the abutment of the above spectral sequence can be viewed as
the homotopy groups of the geometric realization of X,, which is a common way to
understand this spectral sequence.

Lemma 3.6. Let X, — Y, be a map between simplicial spectra, such that for each
n =0, the map X,, — Y, is a weak equivalence between the n-simplices. Then the
induced map d(Xo) — d(Y,) is a weak equivalence of spectra.

Proof. There is a spectral sequence

Hp(mq(Xx)) = mpiq(d(Xe)),
and a map to the spectral sequence

Hp(mq(Ys)) = mpiq(d(Ya)).

Since mq(X,,) = my(Y,), for each n = 0, and 74(X,) and 74 (Y ) are chain complexes,
there is an isomorphism H,(7m,(Xy)) — H,(my(Ys)) of Ep-terms. Therefore, the
abutments of the above two spectral sequences are isomorphic, giving the conclu-
sion of the lemma. O

Remark 3.7. In the context of Definition 3.2, suppose that the profinite group G is
finite, so that G is a discrete space. Since the trivial subgroup {e} is an open normal
subgroup of G, [18, Lemma 2.1.1] implies that for some iy € {i}, N;, = {e}. Thus, ig
is a terminal object of the directed poset {i}, so that if {Y;}; is any inverse system
of fibrant spectra indexed by {i}, then the natural map holim;Y; — Y;, is a weak
equivalence, by [3, page 299: Example 4.1, (iii)]. Therefore, given an S[[G]]-module
X = holim; X;, the natural map

hoym(Xi[(G/Ni)l])f = (Xio[(G/Ni,) D)

is a weak equivalence of spectra for each [ > 0. By Lemma 3.6, this conclusion implies
that

Xng = d(holim(X;[(G/Ni)*])e) = d((Xi,[(G/Nig)*])2)
is a weak equivalence. Also, there are weak equivalences
d((Xio [(G/Nig) 1) <= d(X;,[G*]) = (Xig)we < Xwa

where the leftmost equivalence is by Lemma 3.6, the isomorphism is due to Theo-
rem 2.4, and the last equivalence is induced by the weak equivalence X — X , which
is G-equivariant. Therefore, by a zigzag of weak equivalences,

Xne = Xna,

so that when G is finite, X, is equivalent to the usual homotopy orbit spectrum.
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Remark 3.8. Let G be finite and let X be any G-spectrum. Let {i} = {0}, a one-
element set, and let Ny = {e}, with Xo = X¢. Then for {No}oe(oy, the pair

({XO}()G{O}7 h?(l)i}m Xo)

is an S[[G]]-module, and the isomorphism holim, Xo = X¢ can be interpreted as
saying that the G-spectrum X can be realized as an S[[G]]-module. Also, we have

@%FXMW=d®%F@H@DOEﬂﬂ&Kﬂk%lﬂXWﬂ%iXma

where the middle weak equivalence is by Lemma 3.6. Thus, there is a weak equivalence
Xna — (holimygy Xo)na, so that Definition 3.2 recovers the classical definition of
homotopy orbits.

If K is a finite group and Y is a spectrum with the trivial K-action, then the
K-action on K makes Y[K] a K-spectrum and the augmentation Y[K] — Y induces
a weak equivalence (Y[K])nx — Y. In Theorem 3.10 below, we show that there is
a version of this result when the group at hand is a countably based profinite group.

Definition 3.9. Let G be a countably based profinite group, with
No>Ny> N>

a chain of open normal subgroups of G, such that G = lim;>g G/N;. Also, let Z be
any spectrum. As an instance of a construction in [2, page 375] and [8, page 792], we
define the spectrum

ZI[G1) = holim(Z[G/N.):.
We regard each Z[G/N;] as a G-spectrum by letting G act trivially on Z and in the
usual way on G/N;. It follows that with respect to the collection {N;};>o, the pair
({(Z|G/N;])t}iz0, holim;>(Z[G/N;])¢) is a countably based S[[G]]-module.

“

In the result below, we write “~" for a zigzag of weak equivalences whose exact
form is specified in the proof. We note that the proof was aided by helpful comments
from the referee of the revised versions of this paper.

Theorem 3.10. If G is a countably based profinite group and Z is a spectrum, then
there is an equivalence

(Z[[G]Dne =~ 2.

Proof. First, we recall the standard way that the weak equivalence (Y [K])x — Y
mentioned above is justified. The augmentation Y[K] — Y extends to equip the
simplicial spectrum (Y [K])[K*] (see Definition 2.2) with an augmentation, giving a
diagram of the form

== (Y[K])[K] = (Y[K])[¢] —Y.

The inclusion Y — Y[K] => (Y[K])[#], where the first map sends Y to the copy of
Y in the coproduct indexed by the identity element of K, is the “degree —1 map”
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of a contracting homotopy of the augmented simplicial spectrum (Y[K])[K*] — Y,
which implies that the induced composition

(Y[EDwx = d(Y[EDIK®]) =Y

is a weak equivalence. In the preceding recollection, all the constructions are natural
in K and Y.
By the above discussion, there is a tower

{(Z[G/Ni])[(G/Ni)'] —7 }

of augmented simplicial spectra, with each augmented simplicial spectrum having a
natural contracting homotopy. Here, {Z};>¢ is the constant tower on Z. Then by the
functoriality of fibrant replacement and holim;(—), there is the augmented simplicial
spectrum

=0

holim((Z[G/N;])[(G/N;)*])s — holim Z¢

and it has a contracting homotopy, which yields a weak equivalence

D := d(holim((Z[G/N:]))[(G/Ni)*])¢) = holim Z,
whose source we write as D to simplify our notation. This weak equivalence fits into
the zigzag of weak equivalences

D = holim Z; < Zg < Z, (7)

where the middle equivalence is by [22, 5.40] and the rightmost equivalence is the
fibrant replacement map.

For any ¢,1 > 0, the fibrant replacement Z[G/N;] — (Z[G/N;])s induces a weak
equivalence

(ZIG/NDUG/N:)'T)e = (ZIG/NiD)<[(G/Ni)'])e
between fibrant spectra, so that for each [ > 0, there is a weak equivalence
holim((Z[G/N:])[(G/N:)'])e = holim((Z[G/Ni])[(G/N:)' D)z
Then it follows from Lemma 3.6 that there is a weak equivalence

d(holim((Z[G/Ni])[(G/N:i)*])e) — d(bolim((Z[G/N:])e[(G/Ni)*])e)

_

=D = (Z[[G]Dnc
Putting this last weak equivalence together with (7) gives the desired zigzag of weak
equivalences. O

4. Conditions for homotopy orbits to preserve weak equiva-
lences

We begin by recalling from Definition 1.1 the concept of “morphism of S[[G]]-
modules” and we define how to compose these morphisms.
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Definition 4.1. Let G be any profinite group and let {INV;}; be a fixed cofinal sub-
collection of all the open normal subgroups of G. Let
(r,holim 7;): ({X;}i, holim X;) — ({¥;}:, holim Y;)
be a morphism of S[[G]]-modules. Thus, 7: {X;}; — {Y;}; is a natural transformation

of diagrams of G-spectra, with component 7;: X; — Y; for each i, and with X =
holim; X; and Y = holim; Y;, holim; 7; is the induced G-equivariant map

ho%im T X = ho%im X; — ho%iin =Y
of spectra. Also, let
(7', holim ) ({Yiki, holim Y:) = ({Z:}i, holim Z;)
be a morphism of S[[G]]-modules. The natural transformation 7': {Y;}; — {Z;}:

has components 7/: Y; — Z;. Then the composition (7/,holim; 77) o (7, holim; 7;) is
defined to be the morphism

({TZI o) Ti}i7 hOhm(TZ/ O Tz)) : ({Xl},“ hohm XZ) — ({ZZ}’M hohrn Zz)
of S[[G]]-modules. Here, {7/ o 7;};: {X;}i — {Z;}: is a natural transformation of dia-
grams of G-spectra, with components 7/ o 7;: X; — Z;.
Definition 4.2. In Definition 4.1, for each i and for every [ > 0, 7; induces a map
(XUG/N)Ds — (YiUG/N) D,
so that there is the induced map
holim (X; [(G/N;)*])s — holim(Y;[(G/N;)®] )«
of simplicial spectra. By applying d(—) to this map, we see that 7 induces a map
Xne — Yy that in a slight abuse of notation, we denote by
The: Xna = Yia-
Remark 4.3. Given a profinite group G, in the expression “let
(1, holim 73): ({X;};, holim X;) — ({Y¥;};, holim Y;)
be a morphism of S[[G]]-modules” and its natural variants, we omit mentioning the

fixed family {NV;}; that is a part of the picture.

In Definition 4.1, if 7; is a weak equivalence of spectra for each i, then the map
holim; 7; is a weak equivalence of spectra. The following result shows that in this case,
the map Xpg — Yuq is also a weak equivalence.

Theorem 4.4. Let G be a profinite group and let
(r,holim 7;): ({X;}i, holim X;) — ({¥3}:, holim Y;)

be a morphism of S[[G]]-modules, with X = holim; X; and Y = holim; Y;. If for each
i, Ti: X; = Y, is a weak equivalence of spectra, then the map Tha: Xng — Yng 15 a
weak equivalence of spectra.
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Proof. Let [ = 0. For each 7, since X; — Y; is a weak equivalence, the map
(X[(G/N)'De — (L(G/Ni)'T):
is a weak equivalence between fibrant spectra. Thus,

holim(X,[(G/N;)'])s — holim(Yi[(G/N:)']):

is a weak equivalence, so that by Lemma 3.6, Xpg — Yi¢ is a weak equivalence. [

Now we give a generalization of Theorem 4.4. We separated out Theorem 4.4 and
gave its proof because the result describes a natural situation and its justification is
brief.

Theorem 4.5. Let G be any profinite group and let
(1, holim73): ({X;}:, holim X;) — ({Y¥;};, holim Y;)

be a morphism of S[[G]]-modules, with X = holim; X; and Y = holim; Y;. If the map
holim; 7; is a weak equivalence of spectra, then the map Tha: Xng — Yra is a weak
equivalence of spectra.

Proof. Let [ = 0. As in the proof of Theorem 4.4, Lemma 3.6 implies that we only
need to show that the induced map

holim(X,[(G/N;)')s — holim(Yi[(G/N:)']):

of spectra is a weak equivalence.
By relabeling, we can write the directed poset {i} as {k} and also as {i'}. Let

A= {(iyi) € {k} x {i'} [ i e {k}}
be the diagonal of {i} x {i}. Notice that there is a canonical map

: A AT, = holim/(X; Ve — olim i s,
ol (X,[(G/N:) s = holim(X.[(G/N) e <= holim  (X,[(G/N)')

and it is a weak equivalence because in the terminology of [3, Chapter XI, §9.1], the
inclusion functor A°P — ({k} x {i’})°P is left cofinal. This left cofinality is easy to
see by applying [3, Chapter XI, Proposition 9.3]. Also, there is the natural isomor-
phism

holim holim(X;[(G/N:)])s =  holim  (X;[(G/N:))s.
olin ie{k}( [(G/N;)Ds w)e{k}x{i,}( [(G/N;) D+

To simplify our notation, we write the expression

holim holim(X;[(G/N;)'])s as holim holim(X;[(G/N;)"])s.
je{i'} ie{k} j i

The preceding remarks go through for the S[[G]]-module ({Y;};,holim;Y;) as well,
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and hence, we obtain the commutative square

holim hoym(xi[(G/Nj)l])f — holiim(X,-[(G/Ni)l])f

| |

ho}im hoym(y;[(G/Nj)l])f — hoym(yg[(G/Ni)l])f,

in which the horizontal arrows are weak equivalences. Thus, to complete the proof,
it suffices to show that the left vertical arrow is a weak equivalence.

Let i and j be arbitrary and notice that (G/N;)! is finite. Then there is the com-
mutative diagram

(XZ[(G/NJ)I])f é (\/(G/Nj)lXi)f i> (H(G/Nj)’ Xi)f

| | |

Yil(G/N)'De == (Vg Yide — (g, Yo

built from fibrant replacement of canonical maps, in which every horizontal arrow is
a weak equivalence between fibrant spectra. By applying holim;(—), it follows that
for each j, there is the commutative diagram

ho%im(Xi[(G/Nj)l])f <= ho%im(\/(G/Nj)lXi)f = hO%im<H(G/Nj)l Xi)s

| | |

with each horizontal arrow a weak equivalence. Notice that the left vertical arrow is
a weak equivalence if the rightmost vertical arrow is a weak equivalence.

We continue to let j be arbitrary. For each i, X; and Y; are fibrant spectra, so
that H(G/Nj)l X; and H(G/Nj)l Y; are too. Then by using canonical maps and fibrant
replacement, there is the commutative diagram

holim([' T, )t Xi)e ~— holim [ g0 Xi — [T(yw, ) holim X;

| | |

holim ([ ] g, y: Yi)s - holim [ gy Vi = [ (gyn, s holim ¥

in which the horizontal arrows in each row are, on the left, a weak equivalence and,
on the right, an isomorphism. Since holim; X; — holim; Y; is a weak equivalence, the
rightmost vertical arrow in our last diagram above is a weak equivalence, giving that
the leftmost vertical arrow in this diagram is one too, and hence, for each j, the
map

hoym(xi[(G/Nj)l])f > hoym(m[(G/Nj)l])f
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is a weak equivalence between fibrant spectra. It follows that the map

ho}im hoym(Xi[(G/Nj)l])f — ho}_im hoym(m[(G/Nj)l])f

is a weak equivalence. O

The following result describes three situations in which the hypotheses of Theo-
rem 4.5 are satisfied.

Corollary 4.6. Let G be a profinite group, with

(1, holim 73): ({X;};, holim X;) — ({Y;};, holim Y;)
a morphism of S[[G]]-modules, where X = holim; X; and Y = holim; Y;. Also, sup-
pose that

lim 7 (7;): lim 7 (X;) — lim 7 (Y5)

is a bijection for every integer t. Consider the conditions

(i) for every integer t, the inverse systems {m(X;)}; and {m¢(Y;)}; consist of com-
pact Hausdorff abelian groups and continuous homomorphisms,
(i) G is countably based and the fized family {N;}; is equal to a chain {N;}i>0, as
in (3),
(iii) for everyt, the canonical map lim; m,(X;) — lim;] m,(Y;) is an isomorphism, and
(i) for every t and all i, m¢(X;) and 7 (Y;) are finitely generated abelian groups.
If (i), or the pair (ii) and (iii), or the pair (iil) and (iv) is satisfied, then both holim; 7;
and Tha: Xng — Yre are weak equivalences of spectra.

Proof. There is the morphism

E;’t({Xz}z) _ Wt_s(hogim X;)

L

E3'({Yi}i) == m_(holim Y;)

of homotopy spectral sequences, where the map A*! is the induced homomorphism
lim? 7 (X;) — lim] 7(Y;) of Ea-terms. It follows that when the bigraded map A** is
an isomorphism, holim; 7; is a weak equivalence.

To obtain the desired conclusion, we only have to show that the graded map A®*
is an isomorphism in each of the following three distinct cases:

e for s > 1, when condition (i) holds;
2, when (ii) and (iii) hold;
2, when (iii) and (iv) hold.
Thus, the desired conclusion is an immediate consequence of the following. By [26,
Theorem 2] and [12], when (i) holds,

lim® m (X;) = lim* 7 (Y;) =0, for s > 1.

o for s>
e for s>

When (ii) or (iv) is satisfied, for each s > 2, lim] m(X;) = lim] m(Y;) = 0. In the
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case of (i), this conclusion is well-known, and in the case of (iv), it holds by [12,
page 65]. O

5. The homotopy orbit spectral sequence for an S[[G]]-module

Our work in this section begins with recalling the classical homotopy orbit spectral
sequence for Xy/g, when G is finite, and doing some related preparatory work. If A
is an abelian group and K is a group, then we use the notation

A[K] == @y A.

Let G be a finite group and let X be a G-spectrum. By Theorem 3.5, there is a
spectral sequence

Bt = mp 14 (d(X[G*])) = mprg(Xna),
where
EYY = Hy(mg(X[G*])) = Hp(G, my(X)), (8)

the pth group homology of G, with coefficients in 7, (X)) (see, for example, [10, (7.9)]).
We recall from Section 2 that for each k£ = 0, there is a simplicial pointed simplicial
set X[G*] that satisfies the isomorphism

(X[G*Dr = Xi[G®] = [ [ (G — Xp), (9)

where the last expression is the simplicial replacement in Sy, the category of pointed
simplicial sets.

It is helpful to recall from [3, Chapter XII, §5.7] that if C is any small category and
Y is a diagram C — Sy, then given (to quote [3, page 339]) a ‘reduced generalized
homology theory h4 which “comes from a spectrum,”’ there is a natural isomorphism

of simplicial abelian groups, where [ [, Y is the usual simplicial replacement of Y in S,
and [, hy (Y) is the simplicial replacement in Ab, the category of abelian groups, of
the diagram h¢(Y): C — Ab (see [3, Chapter XII, §5.4, §5.5]). The simplicial replace-
ment [ [, he(Y) is defined as in Sy, but with the coproduct @ in Ab replacing the
coproduct \/ in S,. For more detail about simplicial replacement in categories other
than just S, see for example, [23, pages 211-212] and [19, 2.5, 2.11].

Let ¢ € Z and recall that if Z is any spectrum, 74(Z) = i (c)olirrkl 27rq+k(Zk). Now
=0,q9+k=

we consider X[G*] from above further. There are natural isomorphisms

R (X[G]) = colim | mya(X[GTN) = _colim (11,6 — X))

pesolim (1, (G = 7gk (X))

lle

of simplicial abelian groups, where [ [, (G — mq4#(X})) is the simplicial replacement
in Ab of the diagram G — 7,1 (X}) defined by the induced action of G on my4x(Xx),
the first isomorphism is by (9), and the second isomorphism is by (10). In each
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dimension I > 0 of the above | [, (G — mg4+#(Xk)),
[1/(G = mq4k(Xi)) = Dt mark(X),

so that there is a natural isomorphism

posolim (G = me4n(Xi)) = B | _colim 7k (Xi) = D m9(X)

= [1,(G = (X)),

where the last expression is dimension [ of | [, (G — m4(X)), the simplicial replace-
ment in Ab of the diagram G — m4(X), defined by the induced action of G on 7, (X).
By putting together the various natural isomorphisms above, we obtain the isomor-
phisms

T (X[G*]) = colim  ([T,(G = mpn(Xe) = [1,(G = (X)) (11)

k=0, qg+k=2
of simplicial abelian groups.

Definition 5.1. Let G be a finite group and suppose that X is a G-spectrum. By (11),
for every integer ¢ and each [ > 0, there is a natural isomorphism

m(X[G']) = e (X)[G'] = Deamg(X) = [1,(G — 7y (X)),
and so we define the simplicial abelian group
7 (X[G*] = 11,(G — my(X)).

Following Definition 3.4, the Moore complex of m,(X)[G*] is denoted by m,(X)[G*],
and the isomorphisms of simplicial abelian groups in (11) imply that there is a natural
isomorphism

mq(X[G*]) = my (X)[G¥] (12)
of chain complexes.
In the context of Definition 5.1, notice that by (8), there is the isomorphism
H,(G,mq(X)) = Hy(mg(X)[G*]), forp=0, g€ Z. (13)

Now we are ready to study the homotopy orbit spectral sequence when G is profi-
nite. The following result is an immediate application of Definition 3.2 and Theo-
rem 3.5.

Theorem 5.2. Let G be any profinite group and let X = holim; X; be an S[[G]]-
module. Then there is a spectral sequence having the form

B3 = Hp(”q(hOym(Xi[(G/Ni)*])f)) = Tp+q(Xna),
where EY is the pth homology of the specified Moore complez.

Remark 5.3. By Remark 3.3, the Fs-term in Theorem 5.2 can be written more suc-
cinctly as

EP? = mpmy (B (G, X)),

the pth homotopy group of the stated simplicial abelian group.
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Comparing the Fs-term of the homotopy orbit spectral sequence in Theorem 5.2
with the Fa-term in (8) motivates one to try to identify situations in which the former
E>-term can be described in a more meaningful homological way. To help with this,
we have the following result.

Theorem 5.4. Let G be any profinite group and let X = holim; X; be an S[[G]]-
module. Given an integer t and | > 0, let

W(t, 1): m(holim(X;[(G/Ni)'])g) — limm (Xi)[(G/N:)']

be the canonical map whose source is the t™ homotopy group of the l-simplices of the
simplicial spectrum holim; (X;[(G/N;)*])s. If for every t, the inverse system {m+(X;)}i
consists of compact Hausdorff abelian groups and continuous homomorphisms, then
for every t and all l = 0, the map ¥(t,1) is an isomorphism of abelian groups.

Proof. Let | = 0. The canonical map is given by the universal property of the limit
and the fact that for each 4, since (G/N;)! is finite, there is an isomorphism

T (Xil(G/Ni)')e) = ma(Xa) [(G/N:)'].
There is the homotopy spectral sequence
Ey" = m(holim(X;[(G/N;)'])e),

with
B3 = lin® 7, (X [(G/N) D)) =l m (X)[(G/ N

Let ¢ be any integer. Since each (G/N;)! is finite and the category CH.A of compact
Hausdorff abelian groups is abelian, the direct sums m;(X;)[(G/N;)!] are coproducts
in CH.A, so that the inverse system {r;(X;)[(G/N;)!]}; consists of compact Hausdorff
abelian groups. Also, all homomorphisms

m(Xi)[(G/N:)'] — m (X )[(G/Nir)']

in the inverse system are given by the universal property of the coproduct in CHA,
and hence, these homomorphisms are continuous. For example, if g € (G/N;)! and ¢’
is its image under the natural map (G/N;)! — (G/Ny)!, there is the commutative
diagram

Da/wy t(Xi) —= gy, e(Xi)

T |

e (Xi) 7 (Xir),

in which the vertical maps are inclusions of the copies of m;(X;) and 7;(X;/) indexed
by g and ¢’, respectively, and the upper horizontal arrow is given by the universal
property. This diagram is in CH.A and, in particular, consists of continuous homo-
morphisms. We have shown that the inverse system {m;(X;)[(G/N;)!]}; lives in CH.A,
so that by [26, Theorem 2] and [12],

lim* T (X)[(G/N)' =0, s=1,

and hence, the above spectral sequence collapses, giving that for every t € Z, the
desired map is an isomorphism. O
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Now we use Theorem 5.4 to describe a situation in which the FEs-term of the
homotopy orbit spectral sequence of Theorem 5.2 can be identified in a homologically
interesting way.

Theorem 5.5. Let G be a profinite group and suppose that X = holim; X; s an
S[[G]]-module. Suppose that for every integer t, {m:(X;)}: is an inverse system of
compact Hausdorff abelian groups and continuous homomorphisms. Also, suppose
that for all t and each i, the induced action of the discrete group G/N; on the com-
pact Hausdorff space m(X;) is continuous. Then there is a homotopy orbit spectral
sequence of the form

ER = lim Hy (G/Ni, 7y(X.)) = Tpq(Xnc)-

Proof. Let p > 0 and let ¢ be any integer. By Theorem 5.2, we only need to show
that there is an isomorphism

Hp (g (holim (X; [(G/Ni)*])2)) = lim Hy,(G/N;, mq (Xi)).-
There are isomorphisms
g (holim (X, [(G/N;)*])e) = limmy (X, [(G/Ni)*]) = lim (g (X)[(G/N:)*])

of chain complexes, where the first step is by Theorem 5.4 and its proof, and the
second step applies (12). Thus, there is an isomorphism

Hy (g (holim (X [(G/N)*])e)) = Hy lim (my (X2)[(G/N)*]) |

As explained in the proof of Theorem 5.4, for each [ > 0 and every 4, the abelian
group m,(X;)[(G/N;)!] is compact Hausdorff. Then our next step is to show that the
inverse system

{mq (X)) (G/N:)* 1}

of chain complexes lives in the category CH.A of compact Hausdorff abelian groups.
The proof of Theorem 5.4 verified that for each I > 0, {m,(X;)[(G/N;)!]}; is an inverse
system in CH.A. Thus, to complete the next step, it suffices to show that for each 4,
all the boundary homomorphisms of the chain complex 7, (X;)[(G/N;)*] are in CH.A.
Let ¢ be arbitrary. The chain complex mq(X;)[(G/N;)*] is the Moore complex of the
simplicial abelian group my(X;)[(G/N;)*], and since CHA is abelian, the boundary
homomorphisms of 7, (X;)[(G/N;)*] are in CH.A, if for every | > 0 and all j such that
0 <j<Il+1, the face maps

dj: 7o (Xi)[(G/N)'™] - mg(Xi)[(G/Ny)']

of me(X;)[(G/N;)*] are continuous.

We continue to let ¢, [, and j be as above. Recall that by Definition 5.1, the sim-
plicial abelian group 7rq( I[(G/N;)*] is [1,.(G/N; — m4(X;)), a simplicial replace-
ment in Ab, instead of in Sy. To verify that each d; is continuous, we show that
this simplicial replacement can be enriched: the whole construction can be carried
out in the category CHA. As in the proof of Theorem 5.4, the finite direct sums
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7o (X)[(G/N;)H1] and 7,(X;)[(G/N;)!Y] are coproducts in CH.A: for example,
Wq(Xi)[(G/Ni)lH] = H(G/NUHl Tq(X5)

in CHA and the inclusion 7,(X;) — 7, (X;)[(G/N;)!T1], from the copy of m,(X;)
indexed by any g € (G/N;)'*! into the coproduct, is continuous. Also, since the dis-
crete group G/N; acts continuously on m4(X;), the action map

/N x my(X)) = my(X0),  (r.m) 5 - m

is continuous. Hence, given 7' € G/N;, the induced map v': m,(X;) — my(X;) that is
defined to be the composition

7Tq(*Xi) - G/Ni x 7Tq<Xi) - ﬂ—q(Xi)7 m— (’Ylvm) — 7/ -m,

is a composition of continuous functions and is thereby continuous. Thus, the diagram
G/N; — 74(X;), which thus far has been described as landing in Ab, can be regarded
as having target category equal to CH.A.

With the preceding remarks in hand and by repeatedly using the universal property
of finite coproducts in CH.A, it is now straightforward to go through the definitions in
Section 2 of the face and degeneracy maps to see that for each i, there is a simplicial
replacement

UGN = (X))

*

in the category CH.A of the diagram G/N; — m,(X;), with all face and degeneracy
maps continuous homomorphisms. Also, if we let U: s(CH.A) — s(Ab) be the for-
getful functor from the category of simplicial objects in CH.A to simplicial abelian
groups, then we see that there are identities

U(IT N (G/N: = 14(X4))) = [ (G/Ni = mq(Xi)) = 7 (X)[(G/Ni)°]

of simplicial abelian groups. Thus, each diagram m,(X;)[(G/N;)*] belongs to CHA,
and we can conclude that the inverse system {m,(X;)[(G/N;)*]}; of chain complexes
lives in CH.A.

By, for example, [26, Proposition 4] and [13, proof of Proposition 2.2], the functor
lim;(—) applied to {i}-indexed inverse systems in CH.A is exact, so that forming
lim; (—) commutes with taking homology in this category. It follows that there is an
isomorphism

H, [lim (X0 [(G/ N0 )| = tim H, (m, (X)[(G/No)*)):
Therefore, we have
H (my (nolim (X, [(G/N0)"])e)) = tim H, (1 (X,)[(G/N0) )
> lim H,(G/Ni, my(X,),
where the second isomorphism is by (13). O

Suppose that the hypotheses of Theorem 5.5 are satisfied. Then for every integer g,
the canonical G-equivariant map mq(X) — lim; m4(X;) is an isomorphism of abelian
groups, by the | = 0 case of Theorem 5.4. Now suppose further that ¢ is a fixed integer
such that the inverse system {m,(X;)}; consists of profinite groups. For each 4, since
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the G-action on X; factors through G/N;, the induced action of G on 7y(X;) is given
by the composition

G x mg(X;) =5 G/N; x my(X;) — mg(X3),

where 7 is the canonical projection, id is the identity map, and the last map in the
composition is given by the continuous action of G/N; on m4(X;). This composition
is continuous, so that m,(X;) is a profinite G-module. Thus, for every ¢, m,(X;) is a
profinite Z[[G]]-module, by [18, Proposition 5.3.6, (c)], and hence, lim; m4(X;) is a
profinite Z[[G]]-module.

The above discussion shows that if the hypotheses of Theorem 5.5 are satisfied
and, for some integer ¢, m,(X;) is a profinite group for every 4, then we have the
following:

o lim; w,(X;) is a profinite Z[[G]]-module;

o we can identify the G-module 7, (X) with lim; 7, (X;);

o under the preceding identification, m,(X) is a profinite Z[[G]]—module, so that

the continuous homology groups HS (G, m,(X)) are well-defined; and

e by [18, Proposition 6.5.7], there is an isomorphism
lim Hy (G/ N, g (X)) = HE(G, 7y (X)), (14

These observations yield Corollary 5.6 below. Before stating this result, we provide
some additional motivation for (14).

We continue to assume that the hypotheses of Theorem 5.5 hold and that ¢ is a
fixed integer with m,(X;) a profinite group for each i. Also, let p > 0. The proof of
Theorem 5.5 gives that

lim H, (G/N;, my(X2) = E§ = Hy[lim(r, (X)[(G/N0)*]) |

Let [ = 0. By [18, Proposition 5.5.3], there are the following isomorphisms of abelian
groups:

i, () [(G/N0)) = ln @, CEIIGTBy ()
= lign((@(G/Ni)l2[[0]])&)2[[0]]7":1()(2‘))-

In the last expression, @(G/Ni)zZ[[G]] is a profinite right Z[[G]]—module and, under

the Z[[G]]-action on this right Z[[G]]-module, G acts trivially on the indexing set
(G/N;)!. Then we have the isomorphisms

A~

lim (@ v, ZIGTD @z ma(Xi)) = lim lim (@), ZIGTD Bz ma (X))

(Jimn (@ G Bygeymal X)

J

e

of abelian groups, where the first isomorphism is by cofinality and the second one
is by [18, Lemma 5.5.2]. Also, limje{i}(G/Nj)l ~ G!, so that by [18, Proposition
5.2.2 and proof of Proposition 5.5.3, (e)], limje{i}(@)(g/Nj)LZ[[G]:l) is a free profi-
nite right Z[[G]]-module on the profinite space G!. Here, when [ = 0, G' = {¢} and
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1imje{i}(®(G/Nj)zz[[G]]) is Z[[G]]. To summarize, we see that E%? is the pth homol-
ogy of a chain complex that in degree [, for [ > 0, is an abelian group that is isomorphic
to

(jlg{?}(@(c/zvj)lZ[[G]]))@@i[[c]]”q(x)’
and the left term in this complete tensor product is a free profinite right z[[G]]—
module on G'. R

For the continuous homology of G with coefficients in profinite right Z[[G]]-
modules, as considered in [18, Chapter 6] — whereas we use coefficients that are
in profinite left Z[[G]]—modules7 one regards Z as a profinite left 2[[G]]—module with
trivial left G-action. As explained in [18, page 206], there is the inhomogeneous
bar resolution of ZA, which is a free resolution of Z that in each degree [ is L;, the
free profinite left Z[[G]]-module on the profinite space G'. If A is a profinite right
2[[G]]—module, then its continuous group homology is the homology of a complex
that in each degree [ is A@)i[[a]]f’l' Thus, there are parallels between the chain com-
plex whose homology gives E5'? and the computation of continuous group homology
with the inhomogeneous bar resolution of 7. These parallels suggest that E5? is
Hy(G,my(X)) and the isomorphism in (14) confirms that this is the case.

Now we give the result that follows from Theorem 5.5 by applying (14).

Corollary 5.6. Let G be a profinite group and let X = holim; X; be an S[[G]]-
module. Suppose that for every integer t, the inverse system {m(X;)}; consists of
profinite groups and continuous homomorphisms. Also, suppose that for all t and
each i, the induced action of the discrete group G/N; on m(X;) is continuous. Then
the homotopy orbit spectral sequence has the form

qu = H;(Gvﬂ'q(X)) = Tp+q(Xna).

The following result — an easy consequence of the proofs of Theorems 5.4 and 5.5
— is a distillation of the key steps in these two proofs.

Theorem 5.7. Let G be a profinite group and suppose that X = holim; X; is an
S[[G]]-module. If

lirins T (X)[(G/N)' =0, foralls>0, geZ, andl >0,
and there is an isomorphism
H, lim (X)) [(G/N)*D)| = lim By (g (X)[(G/N)®)), o all p>0, g€ Z,
then there is a homotopy orbit spectral sequence of the form

Eg,q = hzran(G/N“ﬂ'q(XJ) - 7Tp+q(th).

6. The homotopy orbit spectral sequence when G is countably
based

Now we study the homotopy orbit spectral sequence of Theorem 5.2 in the case
when the profinite group G is countably based. In the following remark, we lay out
a homological construction, a special case of which is used in our next result, Theo-
rem 6.3.
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Remark 6.1. Let J be a directed poset, and let {AZk} be a J-indexed inverse system of
chain complexes A% in Chx, the category of non-negatively graded chain complexes
in Ab (the category of abelian groups): {A%} is an object in (Chso)”"", the category
of functors J°P — Chy. For each j € J, d) denotes the differentials of A}: for every
k> 1, each dj, is a homomorphism AJ — AJ_,. Notice that for s > 0, the fact that

the functor lir}ls(*) : Ab?” - Ab is additive means that whenever k = 1, for the
morphisms {divﬂ}7 {d]} in Ab”” | we have
(i {di }) o (tim* ], }) = lim*{df o df ., } = lhm*{0: A}, — A]_,}
= (0: lim* Al - lim* Al ).
It follows that for every s > 0, 11%13(—) extends to a functor
lim*(=): (Chzo)”™" = Chso,  {AL} = lim* {44} = lim* AL,

where for each k£ > 0,
(lim® A%)j, := lim® A7,
J J
defines the group of chains of the chain complex lim? AZ,'< in degree k. Thus, for each
p,s = 0, one can form

Hp[nms Az,;] = H,,[- - — lim® A — -+ — lim® A} — lim® Ag] ,
J J J j
the pth homology of the complex lim‘;- Al

To help with understanding our next result, we recall the following. If G is any
profinite group and holim; X; is an S[[G]]-module, then for each 7, there is the sim-
plicial spectrum (X;[(G/N;)*])¢, so that as in the proof of Theorem 5.5, for every
integer ¢, there is an isomorphism

{ma(Xil(G/N:i)*De) } = {mg(X)[(G/Ni)*]} (15)

in (Chso){#™), the category of {i}-indexed inverse systems of non-negatively graded
chain complexes. In (15), the left-hand side is the diagram of Moore complexes and
on the right-hand side, each complex 7, (X;)[(G/N;)*] is defined as in Definition 5.1.

Remark 6.2. We define some helpful notation. When an exact sequence in Ab of the
form A — B — C extends beyond a single line, we write it as

A— B ..
- C.

We recall from Definition 1.8 and Remark 1.9 that “let holim; X; be a countably
based S[[G]]-module” means that G is a countably based profinite group, there is a
fixed descending chain {N;};>¢ of open normal subgroups of G with G = lim;>q G/N;,
and there is a tower {X;};>0 of G-spectra and G-equivariant maps, such that the pair
({Xi}i>0> holimi Xz) is an S[[G]]—module
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Theorem 6.3. Let X = holim; X; be a countably based S[[G]]-module. For the Es-
term of the homotopy orbit spectral sequence

B3 = Hy(mg(holim(Xi[(G/N:)*])¢)) = mp1q(Xnc)

and the tower {my(X;)[(G/N;)*1} of chain complezes, where q is any integer, there
is a long exact sequence

s Hyflim 71 (X)[(G/N)*]| = Y — H[limm, (X)[(G/N)*]] -

o Hyalim! 71 (XO[(G/N) ] = - = Halimm, (X)[(G/N:) ]| -
2> Hytim' 71 (X)[(G/N:)*]| = S — Ho|limm, (X)[(G/N:)*] | = 0.

Proof. Let g be any integer. For each [ > 0, there is the Milnor short exact sequence

0= Tim' mg41 (Xi)[(G/Ni)'] = g (holim (X[ (G/Ni)'])¢) = lim g (X;)[(G/Ni)'] = 0.
As explained in Remark 6.1, lim' 7,41 (X;)[(G/N;)*] is a chain complex, so that by
letting [ vary, the above Milnor short exact sequences give the short exact sequence

0= lim' g1 (X;)[(G/Ni)*] = mq (holim(X;[(G/N;)*])e) = lim g (X)[(G/N;)*] - 0
of chain complexes, and associated to this last short exact sequence is the desired
long exact sequence of homology groups. O

Now we show that the “term on the left” in “the degree zero row” of the long exact
sequence of Theorem 6.3 can be simplified. We use the standard notation that if K
is an abstract group, then

(—)KZ Z[K]MOd i Ab, M — MK

is the right exact coinvariants functor from K-modules to abelian groups whose left
derived functors are group homology. Thus, for any K-module M, there is an isomor-
phism Ho(K, M) = M.

Theorem 6.4. Suppose that holim; X; is a countably based S[[G]]-module. Then
there is an isomorphism

Ho[lim® 7441 (X)[(G/N0)¥]| 2 i (11 (X0,
where q is any integer and the right-hand side is lim}(—) applied to a tower of various
cotnvariants.
Proof. For each i > 0, there is the commutative diagram

i“ aitl . ;
Tg11(Xit1)[G/Nip1] —— mgi1(Xig1) =— 741 (Xip1) /im(di™) —

I
a1 (X0 [C/N:] — 2 01 () — T g1 (Xo) fimn(d]) —— 0,

with both rows exact, for the following reasons: (a) the commutative square on the
left is just a piece of the tower of chain complexes {m;+1(X;)[(G/N;)*]};>0, showing
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the first differential for the complex at heights ¢ and i + 1; (b) the homomorphisms
7t and 7*! are the canonical maps to the respective cokernels; and (c) the map
between these two cokernels is the unique map induced by the first two vertical maps
on the left (this uses the exactness of the rows). Letting ¢ vary implies that there is
the diagram

{mg+1(X0)[G/Ni] {d—i}>{7fq+1(Xi) {—>{7Tq+1( Xi)/im(dy)} — {0}, (16)

with exact rows, in the category tow(Ab) of towers of abelian groups.
Now suppose that

{0} — {4} = {Bi} = {Ci} — {0}
is a short exact sequence in tow(Ab). Then the sequence

0 —limA; — lim B; — limC; — liml A — liml B; — hml Ci —0

is exact, so that the additive functor lim;: tow(Ab) — Ab is right exact. Thus,
applying lim} (—) to diagram (16) gives the exact sequence

. lim} df . lim} ©* . . i
hrin1 711 (Xi)[G/N;] —— hrin1 Tg41(X;) ——— hrin1 Tg+1(X;)/im(dy) — 0

and hence,
Ho[lim! 704 (X)[(G/Ni)¥]| = (tim" mg1 (X,) /im(tim? )
= Hml g1 (Xe)/im(dy)
—hm Ho(mq+1(X3)[(G/N:)*])
~ 1“? Hy(G/Nj, mq11(X3)),
as desired. -

Our next result can help with computing the homology groups
H,[lim' g1 (X3)[(G/N)*] |
in Theorem 6.3.

Theorem 6.5. For any q € Z and each | = 0, the lth group of chains in the chain
complex lim; 7,(X;)[(G/N;)*] that appears in Theorem 6.3 satisfies the isomorphism

tin! g (X)(G/N:)'] = Tl (X)I(G/N,)']).
where the limit hrn above is indexed by {j} = {i} and, for each j, the expression
(hm (X ))[(G/N )] on the right-hand side is @(G/Nj)l(hr?l 7q(X5)).
Proof. Let I = 0 be fixed. By [1, Lemma 1.10], there is the identity
lim' 7, (X3)[(G/N:)'] = 11;31 g (X)[(G/N;)'],

where the last expression is the first derived functor of limit for double towers. Then
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by [4, page 429], there is a short exact sequence
0t (1 g (X0)[(G/N7)'D) — iy (XO[(G/N:)] -
- h;fn(lilgll(Wq(Xi)[(G/Nj)l])) — 0.

Notice that there are isomorphisms
tan’ (lim (, (X0 [(G/ 7)1 T)) = il [T g, 7m0 (X))

= lim! [, lim g () = lin? (lim , (X))[(G/N;)'] = 0,

where the last step applies the fact that the penultimate expression is lim} applied
to a tower of surjections. Then the short exact sequence yields

lim 7, (X;)[(G/N:)"] = lim (lim" (m, (X,) [(G/N;) 1)
~ lljrn]_[(G/Nj),lirznl 7 (X;) = hm((hm 7q(X:))[(G/Ny) ])

where the second isomorphism follows from the fact that the functor lim;(—) is
additive and for each fixed j, the tower {m,(X;)[(G/N;)!]}; is the finite coproduct

H(G/Nj)z{ﬂq(Xi)}i in the functor category Ab"4™), O

Remark 6.6. Given a countably based S[[G]]-module holim; X;, Theorem 6.3 imme-
diately yields that if there is an integer ¢ for which lim1 7rq+1(X¢)[(G/Ni)l] =0, for all

[ = 0, then for each p > 0, there is an isomorphism Ep 1= H [hm o (X)[(G/N;)* ]]

The following result is a straightforward consequence of Theorem 6.5 and Remark 6.6.
Corollary 6.7. Let holim; X; be a countably based S[[G]]-module. If q is an integer
such that hm mq+1(X;) = 0, then for the Ea-term of the homotopy orbit spectral

sequence, there is an tsomorphism
E}* = H,|lmr, (X)[(G/N)*] .
K3
for each p = 0.

Theorem 6.8. Let q be any integer and suppose that X = holim; X; is a countably
based S[[G]]-module. If the towers {my(X;)}i and {mg+1(X;)}s are diagrams in the
category of compact Hausdorff abelian groups, and for every i, the action of the dis-
crete group G/N; on 7,(X;) is continuous, then the Ea-term of the homotopy orbit
spectral sequence satisfies the isomorphism

E3? ~lim Hy(G/N;, mg (X))

of non-negatively graded abelian groups.
Proof. Notice that limll mg+1(X;) = 0. Then Corollary 6.7 yields an isomorphism
By~ H*[limi wq(Xi)[(G/Ni)*]] of non-negatively graded abelian groups. As in the

proof of Theorem 5.5, the tower {my(X;)[(G/N;)*]}; of chain complexes lives in
CHA. The argument in the last paragraph of the proof of Theorem 5.5 completes
the proof. O
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The next result is a consequence of Corollary 6.7, [24, Theorem 3.5.8], and (13).

Theorem 6.9. Let g be any integer and let X = holim; X; be a countably based
S[[G]]-module. Also, let Ey* denote the Ea-term of its homotopy orbit spectral
sequence. If lim] 7,.1(X;) = 0 and, for each | = 0, the tower {m,(X;)[(G/N:)']}i sat-
isfies the Mittag-Leffler condition, then there is the short exact sequence

0 — lim' Hyy1(G/Ni, 7 (X;)) — E3? — lim Hy (G/N;, 74(X;)) — 0
of non-negatively graded abelian groups.

Remark 6.10. By [24, Corollary 6.5.10], when K is a finite group and M is a finitely
generated K-module, H, (K, M) is finite for all p > 0. Thus, when the hypotheses of
Theorem 6.9 hold and additionally, for each i, m,(X;) is a finitely generated G/N;-
module, the map Ey'? — lim; Hy(G/N;, m,(X;)) is an isomorphism.

7. Eilenberg-Mac Lane spectra and their homotopy orbits

Let G be any profinite group and, as in Definition 1.10, let {A;} be a nice inverse
system of G-modules with respect to the collection {N;} of open normal subgroups.

Let I': Ch, — s(Ab) be the functor in the Dold-Kan correspondence from Ch.,
the category of chain complexes Cy with C,, =0 for n <0, to s(Ab), the category
of simplicial abelian groups (see, for example, [9, Chapter III, Corollary 2.3]). Also,
if A is an abelian group, let A[—n] be the chain complex that is A in degree n and
zero elsewhere.

Given the inverse system {A;}, we explain how to form the inverse system {H(A;)}
of Eilenberg-Mac Lane spectra, by following the construction given in [11]. Then the
pair ({H(A;)},holim; H(A;)) is an S[[G]]-module. By functoriality, for each k > 0,
{T'(A;[—k])} is an inverse system of simplicial G-modules and G-equivariant maps,
such that, for each i, T'(A;[—k]) is the Eilenberg-Mac Lane space K(A4;, k) and
I'(A;[—k]) is a simplicial G/N;-module. Furthermore, by taking 0 as the basepoint,
each I'(4;[—k]) is a pointed simplicial set.

For each i, we define the Eilenberg-Mac Lane spectrum H(A4;) by (H(A;))x =
['(A;[—k]), so that mo(H (A;)) = A; and 7, (H(4;)) = 0, when n s 0. Then, by func-
toriality, {H(A4;)} is an inverse system of G-spectra and G-equivariant maps, such
that each H(A;) is a G/N;-spectrum. Since each (H(A4;)) is a fibrant simplicial set
and each H(A4;) is an -spectrum (see, for example, [11, Example 21]), H(A;) is a
fibrant spectrum. These facts imply the following result.

Lemma 7.1. If G is any profinite group and {A;} is a nice inverse system of G-
modules with respect to {N;}, then the pair ({H(A;)},holim; H(A;)) is an S[[G]]-
module.

By Theorem 5.2, there is the homotopy orbit spectral sequence

EP1 —s 7rp+q((ho%im H(Ai))na)-

For each [ > 0, there is the homotopy spectral sequence

"By = mi_s (holim (H (A)[(G/N:) ])e),
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where
"Byt = 1im® m ((H (A)[(G/Ni)'1)e) = lim® mo(H (4:))[(G/N)']
0, if t # 0

C w4 [(G/N:)1, it =0,

so that this homotopy spectral sequence collapses, giving
g (holim(H (A,)[(G/N)' D)) = im® A,[(G/N.)1], g€ Z.

In this last isomorphism, for each ¢ < 0, the right-hand side is 0. Using the notation
of Remark 6.1, we conclude that when G is any profinite group and {A4;} is a nice

inverse system of G-modules for {N;}, then the Es-term of the homotopy orbit spectral
sequence has the form

o o [Ho[ I ALG/NS] a0
2 =
Ov q<0,

(17)

where
A;[(G/N;)*]| = mo(H(A))[(G/N;)*], for each i,
is defined as in Definition 5.1.

Below, if K is a finite group and M is a K-module, then H,(K, M) = 0, whenever
p <0.

Theorem 7.2. Let G be a profinite group and let {A;} be a nice inverse system of G-
modules with respect to {N;}. If the Eo-term of the homotopy orbit spectral sequence
for the S[[G]]-module holim; H(A;) satisfies the isomorphism

Ey? = lim Hy(G/Ni, m(H(A:)))
for allp =0, q € Z, then there is the Z-graded isomorphism
T (holim H(A:))nc) = lim Hy(G/N;, Ay).
K3 7

Proof. The isomorphism satisfied by the Es-term implies that

g 0, if ¢ # 0;
2 - hme(G/N“AZ)7 lf q = 0,

so that the homotopy orbit spectral sequence collapses, giving the desired conclu-
sion. O

It is straightforward to see that Theorem 5.5, Corollary 5.6, Theorem 6.9, and
Remark 6.10 give conditions that result in the hypotheses of Theorem 7.2 holding.
For example, there is the following result, whose statement makes use of the inverse
system {A;[(G/N;)']}, for I > 0, that plays a role in (17).

Corollary 7.3. Let G be a countably based profinite group, with {N;} a descending
chain of open normal subgroups in the sense of (3), and let {A;} be a nice inverse
system of G-modules with respect to {N;}. If the tower {A;[(G/N;)']} of abelian groups
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satisfies the Mittag-Leffler condition for each | = 0 and, for each i, A; is a finitely
generated G/N;-module, then there is the Z-graded isomorphism

s ((holim H(Ai))ng) = lim Hy (G/Ni, Ai).

Proof. Let g be an integer. The tower {m,41(H(A;))} is either {mo(H(A;))} = {A;},
which satisfies the Mittag-Leffler condition, or the tower {0}, which is the trivial
group in each level, and so for all ¢, lim} 7,1 (H(A;)) = 0. Also, given any integer g
and any [ > 0, the tower {m,(H(A;))[(G/N;)']} is either

{mo(H(A))[(G/N)'T} = {A(G/N:)']}
or {0}, both of which satisfy the Mittag-Leffler condition.
Now let p > 0 and let ¢ be arbitrary: as in Remark 6.10,
Hy(G/Ni, mo(H(Ai))) = Hy(G/Ny, As)
is finite, and if g # 0, Hy(G/N;, my(H(A;))) = 0. Thus, for every p > 0 and each ¢,

lim} H,(G/N;,m,(H(A;))) = 0. These observations, together with Theorem 6.9, imply
that Theorem 7.2 applies. O
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