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Note. The readers are welcome to propose the solutions. The authors should send their solutions to
liu@math.ucla.edu and post their solutions in arXiv.
The correct solutions will be announced and some
souvenirs will be presented to the solvers.—The Editors
Problem 2015002 (Geometry). Proposed by ShingTung Yau, Harvard University.
If G is a closed subgroup of the group of isometries of a complete Riemannian manifold, then G acts
properly on the manifold. If a Lie group G acts properly on a manifold M, then there always exists an invariant metric on M, so G is a subgroup of the group
of isometries of M. Does there exist an invariant metric on M such that G is the full group of isometries of
M? Note that every compact Lie group can be realized
as the (full) group of isometries of a compact Riemannian manifold [2]. Whether this is true for general Lie
groups?
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Let G be a compact group acting by isometries
on a compact manifold. Fix an irreducible representation of G, it is natural to ask: How often does this
representation appear in the representation of G on
the eigenspaces of the Laplacian? Which one appears
infinite number of times? How does it grow when
the eigenvalue grows? These questions have been answered in [1,2,3]. In particular, see Corollary 1.6 of
[1]. Recently, Jakobson, Strohmaier and Zelditch [4]
did the same kind of problem for Kähler manifolds,
where one looks at the sl2 (C) action by the Leftschetz
operater etc. in eigenspaces (and a larger symmetry algebra introduced by physicists). An interesting
question is that for finite groups (or even general Lie
groups) G and for generic invariant metrics, are the
eigenspaces of G irreducible? E. Wigner [6] termed
this “no accidental degeneracies”. It is unknown if
generic G-invariant Laplacians or Schrödinger operators satisfy this. The only result was proved in [5]
when the irreducible representations all have low degrees.
In the boundaryless case, the references [1] and
[2] answer the question only at the level of leading
asymptotics in the G-equivariant Weyl laws. Recently,
in [7], G-equivariant Weyl laws with sharp asymptotic
remainders were proved for general compact, closed
manifold with effective, isometric G-actions with G a
compact and connected Lie group. That answers the
question in detail for closed manifolds.
For compact manifolds with boundary, much less
seems to be known. Recently, in [8], an G-equivariant
Weyl law was proved for bounded Euclidean domains
invariant under an isometric G-action where G is a
compact Lie group acting isometrically on Rn . However, for smooth boundaries, the Weyl error term in
[8] (see Theorem 8) seems far from sharp. So, proving
an G-equivariant Weyl-law with sharp remainder for
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