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Abstract. In this expository paper, we review the

formula of Chowla and Selberg for the periods

of elliptic curves with complex multiplication, and

discuss two methods of proof. One uses Kronecker’s

limit formula and the other uses the geometry

of a family of abelian varieties. We discuss a

generalization of this formula, which was proposed

by Colmez, as well as some explicit Hodge cycles

which appear in the geometric proof.

Looking for a Thesis

In my third year of graduate school at Harvard I

was still looking for a thesis topic. John Tate had sug-

gested a problem on p-adic Galois representations,

but I couldn’t see how tomake any progress on it. For-

tunately for me, Neal Koblitz and David Rohrlich had

arrived at Cambridge as BP assistant professors, and

I started to talk to them about their work. Rohrlich

showed me how the periods of eigen-differentials on

the Fermat curve F(d) of exponent d could be ex-

plicitly calculated, using the values of Euler’s gamma

function at rational arguments with denominator d.
At the time, I was reading André Weil’s book “Ellip-

tic Functions according to Eisenstein and Kronecker”

[22]. Weil ended with a proof of the Chowla-Selberg

formula, which yields an expression, using the values

of the gamma function at rational arguments with de-

nominator d, for the periods of an elliptic curve with

complex multiplication by an order in the imaginary

quadratic field of discriminant −d.
The similarity of these two expressions led me to

wonder if there was any connection between them. In
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this direction, I was able to identify some products

of gamma values at rational arguments a/d, which
were the periods of certain differential forms of de-

gree n = φ(d)/2 on a factor J of the Jacobian of the

Fermat curve F(d), and could also be viewed (via the

Chowla-Selberg formula) as the periods of forms of

the same degree on the product abelian variety An,

where A was an elliptic curve with complexmultiplica-

tion by the imaginary quadratic field of discriminant

−d. If I could relate the periods of these forms on the

two abelian varieties geometrically, it would give an

independent proof of the implication of the Chowla-

Selberg formula for elliptic periods. (Their original

proof used techniques from analytic number theory,

including Kronecker’s limit formula.) At the time I

didn’t see how this identification of periods could be

made, but thought it might be a good topic to inves-

tigate further.

After I found the relation between the periods of

higher degree forms, I came across a paper [23] that

Weil had recently written, which indicated that he was

thinking about similar questions (and was way ahead

of me). Since I heard that he was coming to Harvard

to speak at Lars Ahlfors’ 70th birthday conference, I

wrote Weil a note asking if we could get together.

He suggested that I meet him at the University guest

house, and we ended up taking a long walk through

the back streets of Cambridge. Weil described his own

years as a graduate student in Rome, where had spo-

ken with Vito Volterra about period integrals.

In fact, periods were the subject of Weil’s talk

at the Ahlfors conference the next day. He remained

skeptical of William V.D. Hodge’s famous conjecture

describing the cohomology classes of algebraic cy-

cles, and suggested that it might be time to search for

a counter-example. David Mumford had found some

interesting candidates in the Hodge ring of abelian

varieties with complex multiplication, and Weil ob-

served that these Hodge classes actually existed on
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a continuous family of abelian varieties, whose mem-

bers had endomorphisms by an order in an imaginary

quadratic field [24].

About half-way into this talk, with the single-

minded focus that only a graduate student could

possess, I realized that the techniques Weil was us-

ing could be modified slightly to give a geometric

proof of the Chowla-Selberg formula for elliptic in-

tegrals. The continuous family of abelian varieties he

highlighted (over a base which would now be called

a Shimura variety associated to a group of unitary

similitudes) had one fiber isomorphic to the factor J
of the Fermat Jacobian and another fiber isomorphic

to the product An of elliptic curves with complex mul-

tiplication. I could guess that the integrals of a differ-

ential form of higher degree on this family were con-

stant (the form was horizontal for the Gauss-Manin

connection), and that would give a geometric proof

of the period identity.

I spent the next few weeks learning the algebraic

geometry that was necessary to write this all up, and

sent the first draft of my argument in a letter to

Weil (which eventually became the paper [9]). He re-

sponded with a letter of encouragement, containing

some suggestions for further work. The summer after

Weil’s lecture at Harvard, I attended a conference on

automorphic forms and L-functions held in Corval-

lis, Oregon. All of the experts in the field had gath-

ered there, and once they realized this, quite sen-

sibly decided to lecture to each other. We graduate

students present were frequently lost, and turned to

Jean-Pierre Serre for help. After one of our remedial

sessions, Serre mentioned that he had heard from

Weil about my work on periods. He asked if I would

like to meet Pierre Deligne, who was also thinking

about these questions. After a quick introduction, the

three of us sat down to talk.

I began by saying that I had found a new proof

of the period implication of the Chowla-Selberg for-

mula, using some techniques from algebraic geom-

etry. Deligne immediately asked, in all seriousness,

if I had proved the Hodge conjecture. I replied that I

would be delighted to hear that I had done so, as I was

still looking for a thesis topic (and felt that a proof of

the Hodge conjecture would probably be sufficient).

He then asked me to explain what I had actually done.

After about fifteenminutes I had gone through the ar-

gument above, and we all agreed that I hadn’t proved

the Hodge conjecture. But Deligne thought thatmy ar-

gument could be extended to yield something in that

direction. A few weeks later, he sent me a handwrit-

ten note of three pages outlining his proof of a fun-

damental theorem: that all Hodge cycles on abelian

varieties are absolutely Hodge [5]. So that was what I

had been doing! (For an illuminating general discus-

sion of the Hodge conjecture, see [6].)

About the same time, Serre asked me a ques-

tion about Hecke characters for imaginary quadratic

fields, and referred me to his paper with Tate [21],

which gives an elegant treatment of the algebraic

Hecke characters associated to abelian varieties with

complex multiplication. I started to talk with Tate

about it, and one thing led to another. So I ended up

writing my thesis on the arithmetic of elliptic curves

with complex multiplication [10], rather than on their

periods.

In this expository paper, I will try to pull the two

topics together. I will begin by reviewing the origi-

nal analytic proof of the Chowla-Selberg formula. I

will then introduce the elliptic curves A = A(p) in my

thesis, with complex multiplication by the integers of

k =Q(
√
−p). These curves are defined over the Hilbert

class field H of k, and are isogenous over H to all

of their Galois conjugates [10]. I will show how the

Chowla-Selberg formula gives information on the pe-

riods of A at the complex places of H, and will rein-

terpret that result in terms of the Faltings height of

A [7]. I will then describe a beautiful conjecture of

Pierre Colmez [4], which gives a formula for the Falt-

ings height of a general abelian variety with complex

multiplication by the ring of integers of a CM field in

terms of logarithmic derivatives of Artin L-functions
at s = 0, and will summarize the recent progress that

has been made in that direction.

I will end by explaining Deligne’s construction of

a motive of rank 2 and weight n with complex mul-

tiplication by an imaginary quadratic field k from an

abelian variety of dimension n with endomorphisms

by k (which is an abstraction of the geometric argu-

ment in my Chowla-Selberg paper). I will work this

construction out for the abelian variety B = B(p) =
ResH/k A(p) of dimension h(−p) as well as for a fac-

tor C of the Jacobian of the Fermat curve of exponent

p, which has dimension (p− 1)/2. The comparison of

these two motives (they differ only by a Tate twist)

yields a Hodge class in the middle cohomology of the

product variety B×C. In the simplest non-trivial case,

when p = 7, B is the elliptic curve A(7) = X0(49) with
affine equation

y2 + xy = x3 − x2 −2x−1

and C is the Jacobian of the hyperelliptic curve of

genus 3 with affine equation

z2 − z = t7.

In this case, the abelian variety B×C has dimension

4 and has a Hodge class of type (2,2). Is there a codi-

mension 2 cycle on B×C which is defined over Q and

has this class in cohomology?
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The Chowla-Selberg Formula

Let k be an imaginary quadratic field with discrim-

inant −d, ring of integers O , class number h, and unit

group of order w. Let ai be ideals of O which repre-

sent the distinct ideal classes. We fix an embedding

of k into C, so the ideals ai give lattices and the quo-

tients C/ai correspond to the h distinct complex el-

liptic curves with complex multiplication by O . Let

∆ be the function on lattices in C corresponding the

usual cusp form of weight 12, and let Γ(x) be Euler’s

Gamma function. Then the Chowla- Selberg formula

is the equality [3]

∏∆(ai)∆(a
−1
i ) = (2π/d)12h

∏Γ(a/d)6wε(a)

where the first product is taken over the distinct ideal

classes (the product ∆(a)∆(a−1) depends only on the

ideal class of a) and the second product is taken over

the elements 0 < a < d which are relatively prime to d.
Finally

ε : (Z/dZ)∗ →{±1}

is the quadratic character which describes the split-

ting of primes in k, by quadratic reciprocity.

The analytic proof involves the computation of

the logarithmic derivative of the zeta function of k at
the point s = 0 in two different ways. Recall that the

zeta function of k is the Dirichlet series given by the

sum over all non-zero ideals a of the ringO of integers

of k

ζk(s) = ∑(Na)−s

where the norm Na of an ideal is equal to its index

in the ring O . This series converges in the half-plane

where the real part of s is greater than one. It has

a meromorphic continuation to the entire complex

plane, with a simple pole at s = 1 and no other sin-

gularities.

First, we may write the zeta function of k as a sum
of h partial zeta functions ζk(ai,s), which are defined

by taking the partial sum over the ideals a of O in the

same class as ai. Kronecker’s limit formula [22, pg 73]

gives the first two terms in the Taylor expansion of

ζk(ai,s) at the point s = 0

ζk(ai,s) =− 1
w
− 1

12w
log(∆(ai)∆(a

−1
i ))s+O(s2)

Hence

ζk(s) =− h
w
− 1

12w ∑ log(∆(ai)∆(a
−1
i ))s+O(s2)

and

d logζk(s)|s=0 =
1

12h ∑ log(∆(ai)∆(a
−1
i )).

On the other hand, we may also write the zeta

function of k as the product of the Riemann zeta

function ζ (s) = ∑n−s and the Dirichlet L function

L(ε,s) = ∑ε(n)n−s associated the character ε:

ζk(s) = ζ (s)L(ε,s).

This identity was obtained by Dirichlet when the real

part of s is greater than 1, by identifying the terms in

the Euler product, using quadratic reciprocity. It then

holds for all s by analytic continuation.

From the product, it follows that

d logζk(s) = d logζ (s)+d logL(ε,s).

These logarithmic derivatives at s = 0 can be calcu-

lated from Lerch’s expansion of the Hurwitz zeta

function (with 0 < x ≤ 1) [22, pg 59–60]:

H(x,s) =
∞

∑
n=0

1
(n+ x)s = (1/2− x)+ log(Γ(x)/

√
2π)s+O(s2).

Taking x = 1, we find that ζ (0) = −1/2 and

d logζ (s)|s=0 = log(2π). On the other hand, summing

over 0 < a < d with a prime to d we find

L(ε,s) = d−s
∑ε(a)H(a/d,s).

Since ∑ε(a) = 0, we find L(ε,0) = −∑ε(a)(a/d) and

ζk(0) = 1/2∑ε(a)(a/d)). Comparing the last formula

with the formula for ζk(0) obtained by summing the

partial zeta functions gives Dirichlet’s famous class

number formula

h =−(w/2) ∑
0<a<d

ε(a)(a/d).

We also obtain the following formula for the log-

arithmic derivative

d logL(ε,s)|s=0 = (w/2h) ∑
0<a<d

ε(a) logΓ(a/d)− logd.

Adding this to the logarithmic derivative of ζ (s) at

s = 0, we get a second expression for the logarithmic

derivative of ζk(s):

d logζk(s)|s=0=log(2π)− logd+(w/2h) ∑
0<a<d

ε(a) logΓ(a/d).

Comparing this with the one obtained via Kronecker’s

limit formula, multiplying both sides by 12h, and ex-

ponentiating gives the Chowla-Selberg formula:

∏∆(ai)∆(a
−1
i ) = (2π/d)12h

∏Γ(a/d)6wε(a)

Elliptic Periods

In this section, I will describe what the Chowla-

Selberg formula yields on the periods of elliptic

curves with complex multiplication in the simplest

case, when the discriminant d of the imaginary
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quadratic field is a prime. Let p be a prime number

with p ≡ 3 (mod 4). Let k = Q(
√
−p) be the imaginary

quadratic field of discriminant −p and let O be the

ring of integers of k. We will also assume that p > 3,
so that the group of units O∗ = 〈±1〉 and w = 2.

In this simple case, the character ε(a) = (a|p) is

just the quadratic residue symbol and the Chowla-

Selberg formula states:

h

∏
i=1

∆(ai)∆(a
−1
i ) = (2π/p)12h

p−1

∏
a=1

Γ(a/p)12ε(a).

To interpret this as a result on elliptic periods,

we will introduce the elliptic curves A(p). Let H be the

Hilbert class field of the imaginary quadratic field k,
which is an abelian extension of k with Galois group

isomorphic to the ideal class group of O . Elliptic

curves A with complex multiplication by O over H are

determined up to isomorphism by two invariants [10,

§9]: an algebraic Hecke character

χA : I∗H → k∗

on the idèles of H whose restriction to the principal

idèles H∗ is given by the norm, and the modular in-

variant j(A) = j(τ) ∈ H. Here τ is a point in the up-

per half-plane which is a root of an integral quadratic

polynomial ax2+bx+c with discriminant b2−4ac =−p.
The character χA determines the isogeny class of A
over H and the invariant j(A) determines the isomor-

phism class of A over Q.
The elliptic curve A = A(p) has invariant j(A) =

j((1+
√
−p)/2), which generates the subfield F =H∩R,

and character χA of conductor (
√
−p). On idèles b =

(bv) where the local components at places v dividing

p are units which are congruent to 1, let b be the cor-
responding fractional ideal of H, and let a = NH/k(b).

Then a is principal, and χA(b) is the unique generator
of a which is a square modulo

√
−p. Since the char-

acter χA is equivariant for the action of Gal(H/Q) on

both IH and k∗, the curve A = A(p) is isogenous to all

of its conjugates over H [10, §11]. The curve A de-

scends to its field of moduli F =Q( j(A)), where it de-
fines an isogeny class containing two isomorphism

classes. We specify an isomorphism class by insist-

ing that A has a minimal Weierstrass model over the

ring of integers of F with discriminant ∆ = −p3 [11].

The Néron differential ω determined by this model is

well-defined up to sign, and the Chowla-Selberg for-

mula gives a formula for the product of its periods

over the complex places of H:

∏
v|∞

∫
Av(Hv)

|ωv ∧ωv|= (2π/p)h
p−1

∏
a=1

Γ(a/p)ε(a).

Taking logarithms of both sides and dividing by h, we

find the equivalent formula

1
h

log (∏
v|∞

∫
Av(Hv)

|ωv ∧ωv|)

= log2π − log p+
1
h ∑χ(a) logΓ(a/p) = d logζk(s)|s=0.

We now derive the formula for the product of

periods from the Chowla-Selberg formula. Since H =

Q(
√
−p, j(A)), we have a unique embedding v1 : H → C

which maps
√
−p to a complex number with pos-

itive imaginary part, and j(A) to the real number

j((1 +
√
−p)/2). For each class a let σa be the corre-

sponding element in the Galois group of H/k, using
the Artin reciprocity law, and let va : H →C be the em-

bedding defined by va = v1 ◦σ−1
a . Then the complex pe-

riod lattice of ωva has the form Ωa · a, for a non-zero

complex number Ωa. The period integral at the place

v = va is then given by∫
Av(Hv)

|ωv ∧ωv|= Ωa ·Ωa ·N(a)
√

p.

On the other hand, since ∆ is a modular form of

weight 12, we have ∆(Ωa ·a) = Ω−12
a ∆(a), and the value

of ∆ on the period lattice of ωva is given by σ−1
a (∆(ω))=

σ−1
a (−p3) =−p3. This gives the formula−p3 ·Ω12

a =∆(a).

Since ∆(a) = ∆(a) = N(a)−12∆(a−1) we conclude that

Ω
12
a ·Ωa

12 ·N(a)12 · p6 = ∆(a)∆(a−1)

Now take the product over all embeddings and

use the formula for ∏∆(a)∆(a−1) given by Chowla and

Selberg. We find that

∏
v|∞

∫
Av(Hv)

|ωv ∧ωv|12 = (2π/p)12h
p−1

∏
a=1

Γ(a/p)12ε(a).

Since both sides are positive real numbers, we may

take the 12th roots to obtain the stated formula on

elliptic periods. For generalizations to elliptic curves

with complex multiplication by non-maximal orders,

see [13], [17].

We will need another result on the periods of reg-

ular differentials ω on A over H, when integrated over

rational 1-cycles on the curve at the completions Hv

[10, Thm 21.2.2]. Define an equivalence relation a ∼ b
on non-zero complex numbers if the ratio a/b lies

in k∗. Then we have

∏
v|∞

∫
γv

ωv ∼ (2πi)−m
∏

ε(a)=+1

Γ(a/p)

where γv is any non-trivial 1-cycle in the rational ho-

mology of A over the complex completion Hv and

m = ∑
ε(a)=+1

a/p =
p−1

4
− h

2
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The product of Γ values and the above sum is taken

over the quadratic residues in (Z/pZ)∗, and a is the

unique representative of the class which lies between

1 and p.
Let B = B(p) = ResF/Q A(p). Then B is an abelian va-

riety of dimension h over Q which has complex mul-

tiplication over k by a CM field E which contains k
[10, §15]. The field E is generated over k by certain hth

roots of ideals which are hth powers. Let ωB be a non-

zero regular differential of degree h on B over k. Then
ωB is unique up to scaling by k∗ and it follows from

the above that the non-zero periods are given up to

equivalence by∫
γB

ωB ∼ (2πi)−m
∏

ε(a)=+1

Γ(a/p)

where γB is any h-cycle in the rational homology of B.

Colmez’s Conjecture for the Faltings
Height

The formula we obtained for the product of the

periods of (1,1) forms
∫

Av(Hv)
|ωv ∧ ωv|, using the val-

ues of the Gamma function at rational numbers with

denominator p, can be used to compute the Faltings

height of the abelian variety A = A(p) over Q. To de-

fine this height, we let α =
√
−p in H and pass to

the quadratic extension K = H(
√

α) where the elliptic

curve A has good reduction everywhere. Let A be the

Néron model of A over K and let Ω(A ) be the projec-

tive OK-module of Néron differentials. In this special

case, the projective module Ω(A ) is free, and gener-

ated by ω ′ =
√

α ·ω . The Faltings height h(A) of A over

Q is then defined as

h(A) =
−1

[K : Q] ∑w
log

∫
Aw(C)

|ω ′
w ∧ω ′

w|

where the sum is taken over the complex places w
of K.

Since there are two complex places w of K above

each complex place v of H, and∫
Aw(C)

|ω ′
w ∧ω ′

w|=
√

p
∫

Av(C)
|ωv ∧ωv|

we obtain the formula

h(A) =
−1
2h ∑

v
log

∫
Av(C)

|ωv ∧ωv| − 1
4

log p

Combining this with the Chowla-Selberg formula for

A(p), we find that

h(A) =−1
2

d logζk(s)|s=0 −
1
4

log p

=−1
2

d logL(ε,s)s=0 −
1
4

log p− 1
2

log(2π).

While looking for a product formula for periods,

analogous to the classical product formula for alge-

braic numbers, Pierre Colmez was led to a beautiful

generalization of the above result. He conjectures a

precise formula, expressing the Faltings height of an

abelian variety with complex multiplication in terms

of the logarithmic derivatives of Artin L-functions at
s = 0 [4]. The amazing idea of relating the periods of

abelian varieties with complex multiplication by an

abelian field to the logarithmic derivatives of Dirich-

let L-functions at s = 0 is due to Anderson [1]. Colmez

was able to extend this work and establish his prod-

uct formula in the abelian case (with an assist from

Obus [18] at the prime 2). Substantial progress on the

general Colmez conjecture was recently made by An-

dreatta, Goren, Howard, and Madapusi-Pera [2], and

by Yuan and Zhang [26]. These authors establish an

average version of the conjectural formula, which I

will describe below.

Let E be a CM field of degree 2g, with ring of in-

tegers OE and totally real subfield E+. Let B be an

abelian variety of dimension g with complex multipli-

cation by OE , defined over Q. Then B is defined over

a finite extension K of Q, which is contained in Q. We

will assume that K is large enough so that all endo-

morphisms of B are defined over K, K contains the

normal closure of E, and the abelian variety B has

everywhere good reduction over K (cf. [21]). The CM

type Φ of B is defined as the set of embeddings E → K
which result from the diagonalization of the action of

OE on the g dimensional tangent space Lie(B/K). If c
is complex conjugation on E, then the union Φ∪Φ◦ c
is the set of all embeddings of E into K. Hence there

are 2g possible CM types Φ, for each CM field E of de-

gree 2g. The automorphism group of the normal clo-

sure of E acts on the finite set of CM types for E by

composition.

Let B be the Néron model of B over the ring of

integers OK of K, and let Ω = det(Lie(B)∨) be the pro-

jective OK module (of rank 1) of Néron differentials.

Choose a non-zero element ω ∈Ω, and define the Falt-

ings height h(B) of B by the formula

[K : Q] ·h(B) =−∑
v

log
∫

Bv(C)
|ωv ∧ωv|+ log#(Ω/OKω)

where the sum is taken over the complex places v of K.
Faltings shows that the height is independent of the

choice of differential ω and the field of definition K of

B, and Colmez shows that it depends only on the CM

type Φ of B (in fact, it depends only on the Galois orbit

of the CM type), so we can denote it h(E,Φ). His con-

jecture gives a precise formula for the height h(E,Φ)

in terms of logarithmic derivatives of Artin L-series
at s = 0. For g = 1 this is what we obtained from the

Chowla-Selberg formula, and Tonghai Yang [25] has
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resolved the case when g = 2. The average version of

the Colmez conjecture, which was recently proved, is

the simpler statement that

1
2g ∑

Φ

h(E,Φ) =−1
2

d logL(V,s)s=0 −
1
4

log f (V )− g
2

log2π

where the sum is taken over all the possible CM types

for E, V is the g dimensional representation of the Ga-

lois group ofQ induced from the non-trivial quadratic

character of E/E+, L(V,s) is its Artin L-function, and
f (V ) = (−1)g discE/discE+ is its conductor.

A generalization of Colmez’s conjecture to the

logarithmic derivatives of Artin L-functions at all neg-
ative integers was proposed by Maillot and Roessler

[15]. There has also been recent progress on the con-

jecture that I made with Deligne in [9], giving the peri-

ods of varieties acted on by automorphisms of finite

order in terms of rational values of the Γ function [8]

[16].

Deligne’s Motive

In this section, we recall Deligne’s construction

of a motive of rank 2 and weight n from an abelian

variety A of dimension n with complex multiplication

by an imaginary quadratic field k. This construction

uses two facts. First, the higher de Rham, Betti, and

étale cohomology groups of an abelian variety A are

given by the exterior powers of the first cohomology:

Hn(A) = ∧nH1(A). Second, the exterior powers of a k
vector space V embed in a natural way as direct fac-

tors of its exterior powers over Q.
Let A be an abelian variety of dimension n

over Q, which has endomorphisms by the imaginary

quadratic field k over the extension field k. By this we
mean that there is a homomorphism

k → Endk(A)⊗Q.

These endomorphisms act linearly on the k vector

space Lie(A/k), which decomposes as u copies of the

identity embedding of k and v copies of the conju-

gate embedding, with u+ v = n. Deligne constructs a

subspace of dimension 2 in the middle cohomology

group Hn(A) of A, in all cohomology theories (Betti,

de Rham, Hodge, and `-adic). This should be a motive

M = M(A) in the sense of Grothendieck; for us it will

suffice that we can define its cohomological realiza-

tions. In that sense, the definition of M is given by

M = ∧n
kH1(A)⊂ ∧nH1(A) = Hn(A).

For example, suppose V = H1
B(A) is Betti cohomology,

which is a vector space of dimension 2n over Q with

an action of k. Then the exterior power ∧n
kV = MB

(which has dimension 1 over k and dimension 2 over

Q) embeds as a direct factor of the Q-vector space

∧nV = Hn
B(A): it is the subspace of ∧nV on which ele-

ments α in the group k∗ act by the two characters αn

and α
n.

The motive M has weight n and rank 2 over Q and

has complex multiplication by k over the extension

field k. The Hodge numbers of MB ⊗C are (u,v)+(v,u).
Indeed, the two characters αn and α

n of k∗ appear

in bi-degrees (u,v) and (v,u) respectively. This shows

that the Hodge decomposition is algebraic, and oc-

curs over k ⊂ C. The periods of M are the integrals of

a de Rham class ωM of type (u,v) over k over rational

classes in the dual of the one dimensional k-vector
space MB. These define an equivalence class in C∗/k∗,
which determines the Hodge structure of M.

The `-adic realization M` of M is the induced rep-

resentation of the character

ρM,` : Gal(k/k)→ (k⊗Q`)
∗

which comes from the determinant of the Galois rep-

resentation on the k ⊗Q`-vector space H1
` (A). All of

these `-adic characters should come from a single al-

gebraic Hecke character on the idèles Ik of k:

ψM : Ik → k∗

which is equivariant for complex conjugation and has

algebraic part z → zuzv. The process of passing from

an algebraic Hecke character to a compatible family

of `-adic characters is described below.

We will now work out the realizations of the mo-

tive M for the abelian variety B = B(p) = ResF/Q A(p) of
dimension n = h(−p) over Q. In this case, the action

on Lie(B/k) is by n copies of the standard embedding

of k, so the Hodge numbers of MB ⊗C are (n,0)+(0,n).
The periods of MB are given by the integrals of the

non-zero regular differential ωB defined over k over

classes γ in the rational homology:∫
γB

ωB ∼ (2πi)−m
∏

χ(a)=+1

Γ(a/p),

where m = ∑ε(a)=+1〈a/p〉= (p−1)/4−h/2
We can determine the `-adic character ρM,` as fol-

lows. The abelian variety B has complex multipli-

cation over k by the CM field E of degree 2h [10,

§15]. This determines an algebraic Hecke character

ψM(B) : I∗k → E∗ whose algebraic part is the standard

embedding of k∗ into E∗ [10, §8]. The representation

of Gal(Q/k) on H1
` (B) can be described as follows [21].

Let f` be the embedding (k⊗Q`)
∗ → (E ⊗Q`)

∗ and let

ψ` : Ik → (E ⊗Q`)
∗

be defined by ψ`(a) = ψM(B)(a) · f`(a`)−1. Then ψ` is triv-

ial on k∗. Since ψ` is continuous and its image is to-

tally disconnected, it is also trivial on the connected
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component of the idèle class group, and the group

of connected components of the idèle class group is

isomorphic to the abelianized Galois group of k (via

the inverse of the Artin reciprocity law). This gives a

homomorphism ψ` : Gal(k/k)→ (E ⊗Q`)
∗, and the rep-

resentation of this Galois group on H1
` (B) decomposes

as the direct sum of the 2h characters obtained by the

different embeddings of (E ⊗Q`) into Q`. Its determi-

nant is therefore given by the composition of ψ` with

the norm N from (E ⊗Q`)
∗ to (k⊗Q`)

∗.

It follows that the `-adic character ρM,` corre-

sponds to the algebraic Hecke character

ψM = N ◦ψB : Ik → k∗

which is equivariant for complex conjugation. The

Hecke character ψM = N ◦ψ has algebraic part given

by the map α → αh and conductor (
√
−p). For an ideal

a which is prime to p, the value ψM(a) = N ◦ψB(a) is the

unique generator β of the ideal (a)h in k which is con-

gruent to a square (mod
√
−p). This follows from the

fact that ψB(a) is the unique hth root of β in the CM

field E.
The induced 2-dimensional `-adic representations

M` of Gal(Q/Q) correspond to a holomorphic modular

form of weight h+ 1 for the group Γ0(p2), which is a

newform with integral Fourier coefficients.

A Factor of the Fermat Jacobian

We will now compute Deligne’s motive M = M(J)
for a factor C of the Jacobian of the Fermat curve of

exponent p. This factor is the Jacobian of the quotient

curve X = X(r,s, t) with affine equation [12]

yp = xr(1− x)s,

where (r,s, t) is a triple of integers with 0< r,s, t < p and
r + s+ t = p. Like the Fermat curve, the curve X is an

abelian cover of P1, which is ramified only at {0,1,∞}.
Themap from the Fermat curve up+vp = 1 to the curve
X is given by (u,v)→ (x,y) = (up,urvs).

For a rational number x with n ≤ x < n+ 1 we let

〈x〉= x−n, so 0 ≤ 〈x〉< 1. The genus of X is n = (p−1)/2
and for a ∈ (Z/pZ)∗ the differentials

ωa = x〈ar/p〉−1(1− x)〈as/p〉−1dx

give a basis for the first de Rham cohomology over Q.
The curve X has an automorphism of order p over K =

Q(µp), given by (x,y) → (x,ζ .y), where ζ is a primitive

pth root of unity. The differential ωa is an eigenvector

with eigenvalue ζ a. Moreover, ωa is of the first kind if

and only if [9, §2] [22, pg 815]

〈ar/p〉+ 〈as/p〉+ 〈at/p〉= 1.

The periods of ωa over any 1-cycle γ in the rational

homology of X have the form [10, Appendix] [22, pg

815] ∫
γ

ωa = I(γ)σa B(〈ar/p〉,〈as/p〉)

where I(γ) is an element in K = Q(µp) which depends

on the rational cycle γ and σa is the automorphism

of K that maps ζ to ζ a. Finally, B(u,v) is Euler’s beta

function, defined by the integral

B(u,v) =
∫ 1

0
xu−1(1− x)v−1dx.

The differentials ωa correspond to eigenforms of

degree one on the Jacobian C =C(r,s, t) of the curve X .
This abelian variety has dimension n = (p−1)/2; over
the extension field K =Q(µp) it has complex multipli-

cation by the ring Z[µp] of integers in K. The CM type

of C consists of the elements

Φ = {a ∈ (Z/pZ)∗ : 〈ar/p〉+ 〈as/p〉+ 〈at/p〉= 1}.

We will henceforth assume that p ≡ 3 (mod 4) and that

p > 3, and will consider C as an abelian variety of di-

mension n over Q which has endomorphisms by the

imaginary quadratic field k = Q(
√
−p) over k. Indeed,

k is the unique quadratic subfield of K = Q(µp) in

this case. The subgroup of the Galois group (Z/pZ)∗ =
Gal(K/Q) which fixes k consists of the squares

Gal(K/k) = {a ∈ (Z/pZ)∗ : ε(a) = +1}.

Our objective is to compute the various realiza-

tions of Deligne’s rank 2 motive M = M(C), and com-

pare them to the motive M(B) studied in the previous

section. The Hodge numbers of MB⊗C are (u,v)+(v,u),
where

u = #{a ∈ Φ : ε(a) = +1}
v = #{a ∈ Φ : ε(a) =−1}

Indeed, the CM type Φ gives the action of K on

Lie(C/K), so the action of the subfield k is by u copies

of the standard embedding and v copies of the con-

jugate embedding. Clearly, u+ v = n. Using Dirichlet’s

class number formula, one can show [9, Lemma 4]

that u− v = h.ε(r,s, t) with ε(r,s, t) = ε(r)+ ε(s)+ ε(t).
In [9, Thm 2] I computed the periods of the form

ωC of type (u,v) on C from the periods of the 1-forms

ωa. All the cycles of degree n = (p− 1)/2 come from

products of 1-cycles, and∫
γ1.γ2...γn

ωC = ∏
ε(a)=+1

B(〈ar/p〉,〈as/p〉)det((I(γi)
σa)).

The latter determinant lies in k, as applying an el-

ement of the Galois group of K/k to the determi-

nant permutes the columns. Since this Galois group

16 NOTICES OF THE ICCM VOLUME 8, NUMBER 2



is abelian of odd order, this permutation is even and

the determinant is unchanged. Hence∫
γ

ωC ∼ ∏
ε(a)=+1

B(〈ar/p〉,〈as/p〉).

Using Euler’s relation between the beta and gamma

functions, and his functional equation for the gamma

function:

B(x,y) = Γ(x)Γ(y)/Γ(x+ y) Γ(x)Γ(1− x) = π/sin(πx)

we find after some calculation that this product of

beta values is equivalent to

(2πi)−n
∏

ε(a)=+1

Γ(ar/p)Γ(as/p)Γ(at/p)

where we recall that n = (p−1)/2.
If ε(r) = +1 we have

∏
ε(a)=+1

Γ(ar/p) ∼ ∏
ε(a)=+1

Γ(a/p)

whereas if ε(r) =−1 we have

∏
ε(a)=+1

Γ(ar/p) ∼ (2πi)n / ∏
ε(a)=+1

Γ(a/p).

Since the same holds for s and t, when ε(r,s, t) =+1 we

find the simple formula∫
γ

ωC ∼ ∏
ε(a)=+1

Γ(a/p).

This gives the periods of M(C) when ε(r,s, t) = +1. In
this case, u− v = h and u+ v = n = (p− 1)/2. Hence v =

(p−1)/4−h/2 and∫
γ

ωC ∼
∫

γ

ωB · (2πi)v

Hence the Betti, de Rham, and Hodge realizations of

M(C) are Tate twists of the corresponding realizations

of M(B).
Next, we compute the `-adic realization of M(C).

The representation of Gal(Q/k) on H1
` (C/k) is induced

from an abelian representation of Gal(Q/K) corre-

sponding to the Hecke character ψC = ψ(r,s, t) given
by Jacobi sums [12, §1 §3]. This algebraic Hecke char-

acter is an Galois equivariant homomorphism on the

idèles of K

ψC : IK → K∗

whose algebraic part is the map of tori K∗ → K∗ deter-

mined by the CM type Φ(r,s, t) of C.
The determinant of the induced representation is

then given by the transfer of the inducing character,

as the sign of the permutation representation of the

odd abelian group Gal(K/k) is trivial. By class field the-

ory, the transfer of the inducing character is given by

the restriction of the algebraic Hecke character ψC to

the idèles of the subfield k [20, Ch XIII]. This restric-

tion gives a Galois equivariant homomorphism

ψM(C) : Ik → k∗

whose algebraic part is the homomorphism z → zuzv.

Since the conductor of the Jacobi sum Hecke charac-

ter ψC is either (1−ζ ) or (1−ζ )2, its restriction ψM(C) to

Ik has conductor dividing (
√
−p). Since u+v = (p−1)/2

is odd, the conductor is equal to (
√
−p). A bit more

analysis shows that when ε(r,s, t) = +1, we have

ψM(C) = ψM(B) ·Nv

in Hom(Ik,k∗), where N is the idèlic norm. Since the

2-dimensional representation of Gal(Q/Q) on H`(M(C))

is induced from this character of Gal(Q/K), we can

also identify the `-adic realization of M(C) with a Tate

twist of the `-adic realization of M(B). Summing up,

we have shown

Proposition 1. Assume that ε(r,s, t) = ε(r)+ε(s)+ε(t) =
+1. Then u− v = h and the Deligne motives M(B) and
M(C) of rank 2 associated to the abelian varieties B =

B(p) and C =C(r,s, t) differ by a Tate twist

M(C)(m) = M(B)

with m = ∑ε(a)=+1〈a/p〉= (p−1)/4−h/2.

A similar analysis yields the identity M(C)(m) =

M(B) when ε(r,s, t) =−1.

A Hodge Class

In this section, we assume that ε(r,s, t) =±1. We re-

call thatC =C(r,s, t) is the Jacobian of the curve X(r,s, t)
with equation yp = xr(1 − x)s and B = ResF/Q A(p). Let
d = (p− 1)/2+ h = dim(B×C). Note that d is even, as

both (p−1)/2 and h are odd.

The rank 4 motive M(B)⊗M(C)(d/2), occurs as a

submodule of Hd(B×C)(d/2) by the Kunneth decom-

position. It has Hodge numbers (h,−h)+((0,0)+(0,0)+
(−h,h). Since the rank 2 motives M(B) and M(C) are

both symplectic and differ by a Tate twist, it follows

that the tensor product (M(B)⊗M(C)(d/2) contains the
rank 2 Artin motive Q+Q(ε). In particular, there is a

Hodge class in the middle cohomology of B×C which

is defined over Q.
Are these Hodge classes algebraic, or do they give

counter-examples to the Hodge conjecture? For exam-

ple, when p≡ 7 (mod 8) the triple (r,s, t) = (1,1, p−2) has
ε(r,s, t) = +1. In this case, the curve X = X(r,s, t) is hy-

perelliptic, with affine equation

z2 − z = t p
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Is there an algebraic cycle of codimension d/2 = (p−
1)/4 + h/2 which is defined over Q and gives this

Hodge class in the middle cohomology of the abelian

variety B×C?
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