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1. Physics Background

String theory is a candidate theory in particle
physics for reconciling quantum mechanics and gen-
eral relativity, i.e. quantum gravity. Moreover, it’s also
a candidate of TOE (“theory of everything”), describ-
ing all the known fundamental forces and matters in
our universe in a mathematically complete system. In
conventional theories, elementary particles are math-
ematical points, whereas, the fundamental objects in
string theory are 1-dimensional oscillating lines or
loops.
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In the 1983’s seminal paper of Alvarez-Gaumé
and Witten [3], it was shown that in certain parity-
violating gravity theory in 4k +2 dimensions, when
Weyl fermions of spin- or spin-3 or self-dual anti-
symmetric tensor field are coupled to gravity, per-
turbative anomalies 7, », I3, and I; occur and more-
over the authors showed that there are cancellation
formulas for these anomalies in dimensions 2,6, 10.
More precisely, in dimensions 2, 6, 10, the following
anomaly cancellation formulas hold respectively,

(1.1) ~Ly+11 =0,
(1.2) 211, ~Ip +814 =0,
and

(1.3) ~Ly+ L5y +1 =0.

Type IIB superstring theory is such an anomaly-free
ten-dimensional parity-violating theory.

Before 1984, many physicists were still skeptical
about string theory, as there was “what they believed
was almost certainly the fatal weakness of the the-
ory: it could not explain why left-right symmetry is
broken in some radioactive decays, as Lee and Yang
had successfully predicted almost three decades be-
fore.” (Chap. 9 in [7]). The great discovery of Green
and Schwarz [8] in 1984 changed this situation and
triggered the first revolution of string theory. “As is
well known, in the early 1980s, it appeared that su-
perstrings could not describe parity violating theo-
ries, because of quantum mechanical inconsistencies
due to anomalies. The discovery that in certain cases
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the anomaly could cancel was important for convinc-
ing many theorists that string theory is a promis-
ing approach to unification.”, Schwarz remarked in
[18]. The discovery of Green-Schwarz is that in type
I string theory with 10 dimensional spacetime and
gauge group SO(32), there is the following factoriza-
tion formula of anomalies,

(14) Isugra +Igau =YY,

where Iy, is the anomaly contributed by supergrav-
ity and I, is the anomaly contributed by gauginos;
and then one can design a Chern-Simons term to
add to the effective action to cancel the Yang-Mills
anomaly. In other types of string theories, when the
gauge group is Eg x Eg, there are similar factorization
formulas like (1.4). The formulas (1.1)-(1.3) and (1.4)
were all obtained by hand after long computation.

2. Mathematical Understanding of the
Anomalies

The mathematical understanding of these anoma-
lies is related to the Atiyah-Singer index theory [2, 1],
which was one of the greatest achievements in math-
ematics of the 20th century. This theory establishes
connections among analysis, topology and geometry
on differentiable manifolds.

In mathematical lingo, the above anomaly can-
cellation problem is the following. Consider a fiber
bundle Z —+ M — Y, where a family of spin manifold
Z is parametrized by another connected manifold Y
and the family as a whole forms a manifold M. In the
string theory situation, Z is a 4k +2 dimensional spin
manifold and Y is the quotient space of the space
of metrics on Z by the action of certain subgroup
of diffeomorphism group of Z. Let D? be the fam-
ily of Atiyah-Singer Dirac operators and Dfig be the
family of signature operators on the fiber bundle re-
spectively. D and Df,-g are first order elliptic opera-
tors. Let TVZ be the bundle of vertical tangent spaces
on M. Then expressed by mathematical concepts, the
anomalies are

N AR 2
Ly =REp% = {/ A(TVZ)} ,

B = REP% o1 — REw?

- {/ZZ(TVZ)ch(TCVz) —/ZZ(TVZ)}(Z),

where £ represents certain line bundle, called the de-
terminant line bundle, on the base Y associated to
the elliptic operators, R stands for the curvature of

the determinant line bundle, A(T¥Z) and L(T"Z) are
the Hirzebruch A-class and Z-class of TVZ. Therefore
(1.1)-(1.3) become

2.1) R 4 8RE — 0,

(2.2) R 4 REVEorcz _ dREwr — 0,
and

(2.3) R %% _ aRE07e1c7 4 16RED — 0,

We see that the above anomaly cancellations are just
cancellations of the curvatures of determinant line
bundles of certain elliptic operators.

Now let Z be 10 dimensional and F a vec-
tor bundle on M with structure group SO(32). The
Green-Schwarz factorization formula (1.4) can be
written in mathematical lingo as

(2.4)  {A(T*2)ch(A2Fe) Y1) + {A(T¥Z)ch(TEZ) } 12
—2{A(1"2)}"?
=(p1(T"Z) - p1(F))
1 ( —3pi(TYZ)* +4py(TV2Z)

24 8

2 () 4 3 (T2 ()

where p;(TVZ) and p;(F),1 <i <2 are the Pontryagin
forms of (7¥Z,V"'%) and (F, V") respectively. Here for
simplicity we omit the process of integration along
the fiber to express the terms in the left hand side as
curvatures of determinant line bundles.

3. Unify the Anomaly Cancellations
via Modular Forms

It was discovered in [16] that formulas (2.1)-(2.3)
can all be derived from modular forms in number the-
ory, and by using modular forms one can generalize
the above cancellation formulas to general 4k +2 di-
mension.

A modular form is a holomorphic function on
the upper half complex plane, which possesses cer-
tain symmetry with respect to the Mobius transfor-
mation 7 — jgig . Modular forms are very important in
arithmetics and the generalizations of modular forms
are automorphic forms. Let ¢ = ¢>™V~17, One can ac-

tually show that RLDSZig is a piece in the g-series of a
modular form P, (7) while R“P"s7cz a5 well as REp? are
pieces in the g-series of another modular form P, (7)
and moreover Py(—1) = (27)%*2P,(1). Then R and
RLDZ@TCZ,RLDZ are related because P;(t) and P(7) are
modularly related, i.e. there is some hidden symme-
try. This gives us the generalizations of the anomaly
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cancellation formulas (1.4)-(2.2): if the fiber is 8m +2
dimensional,

L m
(31) R Dg-g _8 z 26m—6rR£DZ®hr(TEZ) _ 0’
r=0

if the fiber be 8m —2 dimensional,

(3.2) RLDsZig _ i 6m—6r R%Zm(rgz) —0.
r=0

The b, and z, are certain operations of the vertical tan-
gent bundle determined by the ¢-series:

1 oo oo
_g_?’z 2 dqn/2, 2 2 d3qn/2.
n=1 d|n n=1 dn
d odd n/d odd

Along this clue, in [10, 11, 12, 13, 9], we systemat-
ically use modular forms to understand anomaly can-
cellation and factorization formulas.

In [12, 13], we find that the factorization for-
mulas of Green-Schwarz for SO(32) and Eg x Eg can
both be derived from modular forms. In [12], we con-
struct a modular form of weight 6 over some in-
dex 2 subgroup of SL(2,Z) by twisting the Witten
class (a g-deformed version of the A-class, which gives
the famous Witten genus) with the Chern charac-
ter of some g-series of bundle coefficients manufac-
tured out from the positive energy representation
of LSpin(32) and a correction factor of E,, the sec-
ond Eisenstein series. Then the Green-Schwarz fac-
torization formula for SO(32) turns out to be the con-
sequence of the modularity of this modular form.
For the Eg x Eg case, the corresponding modular form
is constructed by twisting the Witten class with the
Chern character of some ¢-series of bundle coeffi-
cients manufactured out from the affine representa-
tion of LEg as well as a correction factor of E,. This
modular form is weight 14 over SL(2,Z). The general
pattern for the derivation of the above mentioned
3 fundamental anomaly cancellation formulas is the

following: twist the Witten class by the Chern char-
acter of certain g-series of bundle coefficients man-
ufactured out from the auxiliary bundles and a cor-
rection factor of the second Eisenstein series. In the
case of Alvarez-Gaumé-Witten, the auxiliary bundle
is the spinor bundle; in the case of Green-Schwarz,
the auxiliary bundles are the vector bundles with
structure group SO(32) and Eg x Eg.

There are five types superstring theories: I, IIA,
1B, HE and HO. In the second revolution of string the-
ory, physicists realized that the five superstring the-
ories are special cases a more fundamental theory:
M-theory.

I1B

\\\\\\V I

E8 X E8 heterotic
SO(32) heterotic

The Witten-Freed-Hopkins anomaly cancellation
formula [19, 6] in M theory can be expressed mathe-
matically as the following. Let Z be a 12 dimensional
smooth closed spin manifold. Let x € H*(Z;Z). Follow-
ing Witten [19], x determines an isomorphism class
of principal Eg bundles on Z. Let V(x) denote the real
adjoint vector bundle associated to the principal Eg
bundle determined by the class x. Denote by V¢(x) the
complexification of V(x). Let A € H*(Z,Z),p € H¥(Z,Z)
be the spin classes of Z respectively. Let

C(x)=A+2xe HYZ:Z).

Then one has

(3.3)
C@lp—Cw?]
48
- 12
~{JArDee)  + HATzmE2)
—{A(12)}(12.

This deep formula was still discovered by hand af-
ter a long computation. The integrality of the right
hand side after integration over Z is a consequence
of the Atiyah-Singer index theory. This motivated
Freed-Hopkins to develop the algebraic theory of cu-
bic forms and showed that the characteristic classes
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A and p solve the following algebraic equation

(3.4) PE=48 4612 +3A%%  (mod 24)
for all x € H*(Z;Z) ® Z./24Z.

In the recent paper [9], still using the gen-
eral pattern stated above, we can also derive the
Witten-Freed-Hopkins anomaly cancellation formula
by constructing a modular form. And this pattern al-
lowed us to generalize the formula to spin® manifolds
and more generally, to orientable manifolds. We find
that on spin® 12-manifolds, there exist spin® classes
A € HY(Z,Z),p. € H3(Z,Z) such that if C.(x) = A, +2x €
H*(Z;Z) and & is the complex line bundle for the spin®
structure, then one has

(3.5)

Ce(x)[pc — Ce (X)Z]
24

(12)
= {X(Tz)e“/zch(vc(x))}(m + {%X(Tz)ef/zch(TCz)} ’

—HArzerangeote -t}

Consequently, we showed that the characteristic
classes A, and p. solve the following algebraic equa-
tion

(3.6) Pe-X=4F +6A2 +3A2%  (mod 12)

for all x€ H*(Z;Z) 2 Z./12Z.

In the orientable case, we found similar formulas
with the Z-class by constructing a modular form via
the Z-Witten class that first appeared in Liu’s thesis
[15], and above mod 24 and mod 12 equations are
further weakened to mod 3.

References

[1] O. Alvarez, ILM. Singer and B. Zumino, Gravitational
anomalies and family’s index theorem, Comm. Math.
Phys. 96, 409-417 (1984). MR0769356

[2] M.F. Atiyah and LM. Singer, Dirac operator coupled to
vector potentials, Proc. Nat. Acad. Sci. 81, 259 (1984).
MR0742394

[3] L. Alvarez-Gaumé and E. Witten, Gravitational anoma-
lies, Nucl. Physics B 234, 269-330 (1983). MR0736803

[4] J.-M. Bismut and D.S. Freed, The analysis of elliptic
families. II. Dirac operators, eta-invariants and holon-
omy theorem, Comm. Math. Phys. 107, 103-163 (1986).
MR0861886

[5] D. Diaconescu, G. Moore and E. Witten, Eg gauge theory
and a derivation of K-theory from M-theory, Adv. Theor.
Math. Phys. 6, 1031-1134 (2003). MR1982693

[6] D.S. Freed and M.J. Hopkins, Consistency of M-Theory
on nonorientable  manifolds, arXiv:1908.09916.
MR4271397

[7] G.Farmelo, The Universe Speaks in Numbers: How Mod-
ern Math Reveals Nature’s Deepest Secrets, Basic Books,

New York. MR3931684
[8] M.B. Green, J.H. Schwarz, Anomaly Cancellations in Su-

persymmetric D=10 Gauge Theory and Superstring The-
ory, Physics Letters B 149, 117-22 (1984). MR0771086
[9] F. Han, R. Huang, K. Liu and W. Zhang, Cubic

Forms, Anomaly Cancellation and Modularity, Ad-
vances in Mathematics (2021), https://doi.org/10.
1016/j.aim.2021.108023. MR4355726

[10] F. Han and K. Liu, Gravitational Anomaly Cancellation
and Modular Invariance, Alg. Geom. Top. 14, 91-113
(2014). MR3158754

[11] F.Han, K. Liu and W. Zhang, Modular Forms and Gener-
alized Anomaly Cancellation Formulas, J. Geom. Phys.
62, 1038-1053 (2012). MR2901844

[12] F. Han, K. Liu and W. Zhang, Anomaly Cancellation
and Modularity, Frontiers in Differential Geometry, Par-
tial Differential Equations and Mathematical Physics, In
Memory of Gu Chaohao, World Scientific Publishing Co.,
Inc. MR3289855

[13] F.Han, K. Liu and W. Zhang, Anomaly Cancellation and
Modularity II. The E8 x E8 case, Sci. China Math. 60(6),
985-994 (2017). MR3647128

[14] F. Hirzebruch, T. Berger and R. Jung, Manifolds and
Modular Forms, Aspects of Mathematics, vol. E20,
Vieweg, Braunschweig 1992. MR1189136

[15] K. Liu, On Modular Invariance and Rigidity Theorems,
PhD thesis, Harvard University, 1993. MR2689595

[16] K. Liu, Modular invariance and characteristic numbers,
Comm. Math. Phys. 174, 29-42 (1995). MR1372798

[17] K. Liu, Modular forms and topology. Moonshine, the
Monster, and related topics (South Hadley, MA, 1994),
237-262, Contemp. Math., 193, Amer. Math. Soc., Prov-
idence, RI, 1996. MR1372725

[18] John H. Schwarz, Anomaly cancellation: a retrospective
from a modern perspective, arXiv:hep-th/0107059v1.
MR1946629

[19] E. Witten, On flux quantization in M-theory and
the effective action, J. Geom. Phys. 22, 1-13 (1997).
MR1441697

42 Nortices oF THE ICCM

VoLUME 9, NUMBER 2


http://www.ams.org/mathscinet-getitem?mr=0769356
http://www.ams.org/mathscinet-getitem?mr=0742394
http://www.ams.org/mathscinet-getitem?mr=0736803
http://www.ams.org/mathscinet-getitem?mr=0861886
http://www.ams.org/mathscinet-getitem?mr=1982693
http://www.ams.org/mathscinet-getitem?mr=4271397
http://www.ams.org/mathscinet-getitem?mr=3931684
http://www.ams.org/mathscinet-getitem?mr=0771086
https://doi.org/10.1016/j.aim.2021.108023
https://doi.org/10.1016/j.aim.2021.108023
http://www.ams.org/mathscinet-getitem?mr=4355726
http://www.ams.org/mathscinet-getitem?mr=3158754
http://www.ams.org/mathscinet-getitem?mr=2901844
http://www.ams.org/mathscinet-getitem?mr=3289855
http://www.ams.org/mathscinet-getitem?mr=3647128
http://www.ams.org/mathscinet-getitem?mr=1189136
http://www.ams.org/mathscinet-getitem?mr=2689595
http://www.ams.org/mathscinet-getitem?mr=1372798
http://www.ams.org/mathscinet-getitem?mr=1372725
http://www.ams.org/mathscinet-getitem?mr=1946629
http://www.ams.org/mathscinet-getitem?mr=1441697

	Physics Background
	Mathematical Understanding of the Anomalies
	Unify the Anomaly Cancellations via Modular Forms
	References

