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Extremal and Ramsey results on graph blowups

JacoB Fox*, SAMMY Luo!, AND YUVAL WIGDERSON'

Recently, Souza introduced blowup Ramsey numbers as a gener-
alization of bipartite Ramsey numbers. For graphs G and H, say
G - H if every r-edge-coloring of G contains a monochromatic
copy of H. Let H[t] denote the ¢-blowup of H. Then the blowup
Ramsey number of G, H,r, and t is defined as the minimum n
such that G[n] —— H[t]. Souza proved upper and lower bounds on
n that are exponential in ¢, and conjectured that the exponential
constant does not depend on G. We prove that the dependence on
G in the exponential constant is indeed unnecessary, but conjecture
that some dependence on G is unavoidable.

An important step in both Souza’s proof and ours is a theorem of
Nikiforov, which says that if a graph contains a constant fraction
of the possible copies of H, then it contains a blowup of H of
logarithmic size. We also provide a new proof of this theorem with
a better quantitative dependence.
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1. Introduction

A graph G is called r-Ramsey for a graph H, denoted G — H, if every
r-edge-coloring of G' contains a monochromatic copy of H. Given a graph
H and an integer t, the t-blowup of H, denoted H|[t], is the graph obtained
from H by replacing every vertex of H by an independent set of order t,
and replacing every edge of H by a complete bipartite graph K;; between
the corresponding parts. Say that a copy of H|[t] in G[n] is canonical if it is
the t-blowup of a copy of H in G. Recently, Souza [6] introduced the notion
of blowup Ramsey numbers, which are a natural generalization of several
well-studied problems in Ramsey theory, such as that of bipartite Ramsey
numbers.
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Definition 1.1 (Souza [6]). Let G, H be graphs and r an integer such that
G - H. For an integer t, define the blowup Ramsey number B(G SLEE
H;t) to be the minimum n such that every r-coloring of G[n] contains a
monochromatic canonical copy of H|[t].

Souza proved that these numbers exist and are finite, and further ob-
tained an exponential upper bound on them.

Theorem 1.1 (Souza [6]). Let G, H be graphs and r an integer such that
G - H. Then there is a number ¢ = ¢(G, H, r) such that for every t,

B(G = H;t) < .

Moreover, using the Lovasz Local Lemma, Souza showed that such an
exponential-type bound is necessary. Indeed, he proved that if ¢ is sufficiently
large in terms of G and n < (¢/) for some constant ¢ = ¢/(H,r) > 1, then
there exists an r-edge-coloring of G[n] with no monochromatic canonical
copy of HI[t].

The exponential constant in Souza’s upper bound depends on G, while
the exponential constant in his lower bound does not depend on G. Souza
conjectured that the dependence on GG in Theorem 1.1 is unnecessary. In
this paper, our main result is that the exponential constant indeed does not
depend on G, but our upper bound nevertheless has some dependence on
G. More precisely, we prove the following result.

Theorem 1.2. Let G, H be graphs and r > 2 an integer such that G —s H.
There ezist constants a = a(G, H,r) and b = b(H,r) such that for every
integer t,

B(G - H;t) <a-0b.

Moreover, for v > 0 sufficiently small with respect to r, we may take b =

T(T‘W)lE(H)H, so long as a is sufficiently large with respect to ~y.

This result shows that if we are only interested in the exponential rate
of growth of B(G —— H;t) as a function of ¢, then indeed the choice of G
does not matter. However, for fixed ¢, the upper bound in Theorem 1.2 does
depend on G, and we believe that this dependence is in fact necessary for
some H; for more details, see the concluding remarks.

An important step in Souza’s proof of Theorem 1.1 is the following result
of Nikiforov, which says that a graph with many copies of H must contain
a blowup of H of logarithmic size.
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Theorem 1.3 (Nikiforov [4, 5]). For every n > 0 and every graph H on k
vertices, there exists a constant A > 0 such that the following holds for all
n sufficiently large. Let G be a graph on n vertices containing at least nn®
copies of H. Then G contains a blowup HI[t], where t = Alogn. Moreover,
one can take A = n®* if H is a clique and \ = nk2 if H is an arbitrary graph.

As a consequence of our main technical result, whose proof is inspired by
Nikiforov’s original proof but further adds ideas from graph regularity, we
provide a new proof of Theorem 1.3 with a better quantitative dependence
between \ and 7). Specifically, we prove that one can take A = p!~1/[E(H)|+o(1)
in Theorem 1.3; see Section 3 for details.

The paper is organized as follows. In Section 2, we state and prove
several technical lemmas, related to regularity of graphs, that we will need
in the proof of Theorem 1.2. In Section 3, we use these lemmas to state and
prove our stronger version of Theorem 1.3. In Section 4, we again use these
lemmas to prove Theorem 1.2. We end with some concluding remarks. For
the sake of clarity of presentation, we systematically omit floor and ceiling
signs whenever they are not crucial. All logarithms in this paper are base e
unless otherwise stated.

2. Tools from regularity theory

Our first technical result is the weak regularity lemma of Duke, Lefmann,
and Rodl [1]. In fact, we will use a generalization of it due to Fox and Li [2]
which is well-adapted for dealing with colorings, as opposed to single graphs.
The main advantage of their result over that of Duke, Lefmann, and Rodl is
that the bounds do not depend on the number of colors. Before stating it,
we will need to recall some standard terminology.

Definition 2.1. Let € > 0 be a parameter, and let X,Y be vertex subsets of
a graph F. Let e(X,Y") denote the number of pairs in X xY that are edges in
F, and let d(X,Y) = e(X,Y)/(]X||Y]) denote the edge density between X
and Y. We say that the pair (X,Y) is e-regular if for every X' C XY C Y
with | X'| > ¢ X|, |Y'| > €]Y|, we have that

d(X,Y) — d(X',Y")| < e.

Suppose now that F' is m-partite, with m-partition V = Vi U --- U V.
A cylinder K is a set of the form Wy x ---W,,, where W; C V; for all
i € [m]. For such a cylinder K, let V;(K) = W;. We say that K is e-regular
if (W;, W) is e-regular for all 1 < i < j < m. A cylinder partition K is a
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partition of V} x --- x V,,, into cylinders, and we say that IC is e-regular if
at most an e-fraction of the m-tuples (vy,...,vy) € Vi X -+ x V,, are not
in e-regular cylinders of K.

Lemma 2.1 (Duke-Lefmann-Rédl [1], Fox-Li [2, Theorem 7.2]). Let r >
1,m > 2 be integers, 0 < € < % a parameter, and define f = ™ Suppose
that F' = (V, E) is an m-partite graph with m-partition Vi U --- UV, whose
edges are r-colored, so that E = E(Fy)U---U E(F,). Then there ezists a
cylinder partition K of Vi X -+ x Vi, into at most 4™ ¢ " cylinders that is
e-reqular in each of the graphs Fi, ..., F.. Moreover, for each K € K and
i € [m], we have that |V;(K)| > B|Vi|.

We will use this result in conjunction with our main technical lemma
below. If V(H) = k and T is a k-partite graph with parts Wy,..., Wy, we
say a copy of H[t] in T is canonical if all copies of vertex i € V(H) are in
part W; of I'. This generalizes the earlier definition of canonical copies in
case I' is a blowup GJn].

Lemma 2.2. Let H be a graph with V(H) = [k], where we suppose that
{1,2} € E(H). For every ij € E(H), let p;; € (0,1] be a real number, with
p12 < %, and let 0 < a < HijeE(H) pij be another parameter. Then the
following holds for sufficiently large n. Suppose that I' is a k-partite graph
with k-partition Wy U- - -UWy, with |W;| > n for alli. Suppose that whenever
ij € E(H), the pair (W;, W;) is %—r@gular with d(W;, W;) > pi;. Then T
contains a canonical copy of H|[t], where

logn
t= H Dij — & 1o 1
iJEE(H)\{1,2} € bz

Remark. Note that by relabelling the vertices of H, we can exclude any

pi; we want from the product and instead replace the factor (log ]i)*l by

(log I%)_l, as long as p;; < % As y = (zlog1/x)~! is a decreasing function
of x for x € [0,1/e] and is bounded for = € [1/e, 1/2], this result is strongest,
up to an absolute constant factor, when we pick p1s to be the minimum of
the p;;.

Proof of Lemma 2.2. In a blowup H|t], we call t vertex-disjoint copies of H
a perfect matching of copies of H. Let H; be the subgraph of H induced on
the first ¢ vertices, and for j > 4, let N;(j) denote the set of neighbors ¢ of
vertex j in graph H with ¢ <i. We let deg(i) denote the degree of vertex i
in H. We also set € = o?/(8k?) and § = 8ke/(p12 log JTi); observe that both
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0 and ¢ are in (0,1) and do not depend on n. Finally, let ¢; = H%Niil(i) Dei
for 2 <i <k, and let t; = (1 — deg(1)e)|W1|, t2 = (1 — §) logn/ log p}z, and
ti = (q,- - kz’i) ti—l for 3 < 1 < k.

A copy of H; in I' is canonical if the copy of vertex j is in W; for j <.
A copy of H; in I is good if it is canonical and for each j > ¢, the number of
extensions of this copy of H; to a copy of the induced subgraph H[{1,...,i}U
{j}] with the copy of vertex j in W is at least ([[se, ;) (Pe; — €))[Wjl-

We prove by induction on ¢ for 1 < ¢ < k that we can find a copy
of H;[t;] which contains a perfect matching M; of copies of H;, each of
which is good. Observe that by regularity, for any ij € F(H) and subset
Wi C W; with |[WJ| > e[Wj|, the number of vertices in W; with less than
(pij —e)|W}| neighbors in W is less than e|W;]. So, all but at most (deg(i) —
|Ni—1(i)|)e|Wi| vertices in W; have degree at least (pi; — €)|Wj| to W for
all neighbors j > ¢. In particular, applying this observation with ¢ = 1 and
Wi = W; for all j yields that W contains at least #; = (1 — deg(1)e)|W1|
good vertices (i.e. good copies of Hj), which together trivially form a perfect
matching Mj. This proves the base case i = 1 of our induction.

For the inductive step, assume that our claim has been shown for a
given i. Fix a copy L; of H; in the perfect matching M; of good copies of
H;. For j > i, let W;; denote the subset of vertices in W; which together
with L; form induced copies of H[{1,...,i}U{j}]. Since L; is good, we have
(Wiil = (e, (pej — €))|Wj]| for each i < j < k. A vertex v in Wit
together with L; form a good copy of H;41 so long as v has degree at least
(P(ig1); — €)|Wjil to W, for each neighbor j >4+ 1 of i + 1. Applying the
regularity observation above with W]’ = Wi, we conclude that the number
of such v is at least

(Wil — (deg(i + 1) — [Ni(i + 1)|)e| Wit
> IT i) —2) | = (deg(i +1) = [Ni(i + 1)])e | [Wis]
(EN,(i+1)
> H Pegiv1) — deg(i + 1) | [Wis|

LeN; (i+1)
2 (Gi+1 — ke) Wil
Consider the auxiliary bipartite graph B with parts M; and W; 1, where

a copy L; of H; in M; and a vertex w € W,y are adjacent if L; together
with w form a good copy of H;41. In B, each vertex in M; has degree at least
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(qi+1 — ke) |Wit1|, and hence B has edge density at least p := ¢;11 — ke. For
the rest of the argument, we split into two cases to deal with the smallest
case separately:

Case 1: i + 1 = 2. In this case, M; is actually a subset of Wj. By
adding back in the remaining vertices of W as disconnected vertices, we
can view B as a bipartite subgraph of I' between W; and Ws, with edge
density at least pI%h' = (1 — deg(1)e)(p12 — ke) > pia — 2ke. Then, by
deleting vertices of lowest degree from each part one at a time, we can find
an induced subgraph with exactly n vertices in each part and edge density at
least p1o — 2ke between its parts. The Kévari-S6s—Turdn theorem [3] implies
that a K, ,-free bipartite graph where both parts have n vertices has at most
(r — DY 2=V 4 (1 — 1)n edges. Let 7 =t = (1 — ) logy /p,, n. Observe

that
rN1/r logi n 1/r
(_) -
n n

- [(log _> <log log(n : ldcﬁcl)zgél/pm) = i 6>}

for n sufficiently large in terms of pis. Also for n sufficiently large, we have
that r/n < ke. By the definition of J, we see that pgd/ e Oke/pr2 <
1—3ke/p12, using the inequality e™® < 277 < 1—x/2 for « € [0, 1]. Therefore,
we find that

\1/r2—1)r _ TNV TN o
(r—=1)""n + (r 1)n<<<n> + )n

n
< (p1+36/4 +k5)
< (p1g — 2ke)n’?

Thus, B contains a K, ,, since it has a bipartite subgraph with n vertices
in each part and at least (pj2 — 2ke)n? edges. This K, , corresponds to a
canonical Ha[ts] in T', all of whose edges are good; we finish by choosing any
perfect matching My inside this Ha[ts].

Case 2: i+ 1 > 2. In this case, the average degree of vertices in W;4q
in B is at least pt; = t;11. For a given vertex w € W1, letting degg(w)
denote the degree of w in graph B, there are exactly (degi (lw)) pairs (w, S)
with w € W41 and S is a subset of M; of size t;41 and in B the vertex w
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is adjacent to all vertices in S. So the total number of such pairs, ranging
(}ver all vertices w € Wij1, 18 3- e, (deii (1“’)). Define the convex function
by

f(x) _ (tj—l) if x Z ti+1 -1
0 if z < tit1 — 1 7

which agrees with (tf—l) if  is a nonnegative integer. Applying Jensen’s
inequality to f, we see that there are at least n pairs (w,S), where S is a
subset of M; of size t;11 and in B the vertex w is adjacent to all vertices in
S. The number of subsets .S of M; of size t;11 is (ttﬂ) <2t <2t < pl=d 50
there is such a set S C M; for which at least n/ nt=0 =npd > ti+1 vertices w
are adjacent to all vertices in S in the bipartite graph B, as long as n is large
enough so that nd > log, /o1 T > t;11. These t; 1 copies of H; together with
t;+1 such vertices w € Wy form the vertex set of a copy of H;t1[t;+1] which
has a matching M1 of good copies of H; 1 which extends the matching M;
of good copies of H;. Thus in either case we get a copy of H;i1[t;y1] with
the desired properties. This completes the induction proof.
Hence, we get a copy of Hy[ti] = H|[t] with

t = (qx — ke) (qu—1 — ke) - -- (g3 — ke) t2

I
> T[T vy ktk-2e)| (106 —27
ijeE(H)\{1,2} 98 b1
logn
2
= g H pij — ke =0 log -1
ijeE(H)\{1,2} D12
logn
= H bij —« o gLv
iieBE(H)\{1,2} & piz

where the last step uses that k%c = o?/8 < a//6 and that

8ke o 5%
f= e =a L R
pizlog o= kp12log 5~ kpizlog 5= = 6
since o < sz‘j < pi2 and klogi > 2log2 > %. This is precisely the
blowup we were looking for. O

Finally, we will need a standard counting lemma in Section 3.
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Lemma 2.3 (See e.g. [7, Theorem 3.30]). Let H be a graph with V(H) = [k],
and let I' be a graph with disjoint vertex subsets W1, ..., Wy. Suppose that
(Wi, W;) is e-regular for all ij € E(H). Let N(H) denote the number of
canonical copies of H in I, i.e.

N(H) = [{(wi,...,wp) € Wi x -+ x Wy : wyw; € E(T) for all ij € E(H)}|.

Then

k k
NH) - [ dwe,wy)-[]Iwil| <elBE) T]IWil.
ijEE(H) i=1 i=1

Remark. Usually, the counting lemma is stated for the number of homo-
morphisms from H to I', which might be larger by a lower-order term than
the number of copies of H. However, since we require W1y,..., Wy to be
disjoint, these quantities actually coincide.

3. A new proof of Nikiforov’s theorem

Using Lemma 2.2, we can prove a version of Theorem 1.3 with stronger
quantitative dependence in its parameters. Specifically, in this section, we
prove the following theorem.

Theorem 3.1. If 0 < n < e~ ', H is a graph on k vertices, and \ =

%‘;f”, then the following holds for all n sufficiently large. If G is a graph

on n vertices containing at least nmmF labeled copies of H, then G contains a
blowup HIt], where t = Xlogn.

Proof. Let V(H) = [k]. Consider an equitable partition of V' (G) picked uni-
formly at random with parts V1, ..., Vi, each of size n/k. Every labeled copy
of H has a probability at least n=* Hle |Vi| of being canonical with respect
to this partition, namely having vertex ¢ in V; for all i € [k]. Therefore, by

linearity of expectation, there exists a partition Vi,...,Vy with |Vi| = n/k
for all 7 and such that Vi, ..., Vj contain at least 7 Hle |V;| canonical copies
of H.

Let F be the k-partite subgraph of G whose parts are V1, ..., V}, obtained
by deleting all edges contained in each V;. We apply Lemma 2.1 to F', with
m =k, r =1, and ¢ = " /(8%?). We obtain an e-regular cylinder partition
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K of Vi x --- x Vj, with |V;(K)| > Bn/k for all i, where 8 = "¢, Notice
that if K € K is an e-regular cylinder, then the counting lemma implies that
the number of canonical copies of H in K is at most

II dvix),v;(K)) + el E(H Hyv

ijEE(H)

Moreover, recall that at most an e-fraction of the tuples in V3 x---x V}, are in
non-e-regular cylinders, and in particular at most € Hle |V;| canonical copies
of H are in such cylinders. Adding these two facts up over all cylinders in
KC, we find that the total number of canonical copies of H in F' is at most

k
EHMH > I dvix),vi(K)) + el E(H H\v

K regular \ijeE(H)

On the other hand, we know that the number of such copies is at least
n Hle |Vi|. Therefore, there must exist an e-regular cylinder K in the cylin-
der partition for which

[T dviE), Vi) + el E(H)| = 9 — <.

ijeE(H)

Fixing such a K, let W; = V;(K), and let I" be the subgraph of G induced
on Wi U---UWg. We know that each part of I' has size at least Sn/k.
Suppose without loss of generality that d(W7, W5) is minimum among all
d(WZ‘, Wj), and let P12 = min(d(Wl, Wg), %) and Pij = d(Wi, Wj) for all other
ij € E(H). Then by Lemma 2.2 (assuming n, and thus Sn/k, is sufficiently
large), we find that I" contains a copy of H|[t], where

Y R § P ET)

1
e B(H)\{1,2} log 7

and o = V8ck2 = n¥°. Let P = I1ijeE () pij- We have

(1 — (|E(H)| +1)e) > %n > 90

l\Dll—‘
N —

H Vi(K)) >
€FE(H
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and P < p1y < PYIEWEI 5o for n sufficiently large in terms of 7, we can
bound
P—p

1200 P—«
— = >1 kY——————
o loglﬁ > Og(ﬁn/ )P1/|E(H)| log%

_1 —1/|E(H)|
> (logn + log(8/k)) L8P

t > log(Bn/k)

log %
9 ] (L) 1-1/IEH)] 9 8 9 pl-l/IEH)
> (—10gn) _(20772—20 > 10gn___779—1
10 910g5+log§ 10920 510g5
nlfl/lE(H)l
> — logn,
5logﬁ
as claimed. U

Remark. In contrast with Nikiforov’s result, where he assumes a bound on
the number of unlabeled copies, we work here with labeled copies, which
allows us to pick an n which is a factor the number of automorphisms of H
larger.

Also, just as in Nikiforov’s original proof of Theorem 1.3, we can use the
same technique to find an unbalanced blowup of H. Namely, for any ¢ > 0,
there is a 0 < X' < X such that we can find a blowup of H in G where the first
k — 1 parts have size X' logn and the last part has size n'~¢. Indeed, this fol-
lows directly by examining the proof of Lemma 2.2, which shows that at each
step, we can actually pick out n'~¢ vertices in the second part of the auxiliary
graph, as long as t; is decreased by a sufficiently large constant factor.

4. Proof of Theorem 1.2

In this section, we prove Theorem 1.2.

Proof of Theorem 1.2. Fix 0 < o < r~ B and let v = a2r? be the pa-
rameter in the theorem statement. Let m = |V(G)| and k = |V (H)|. Let
a = a(G,H,r) and b = b(H,r) be parameters to be defined later, and let
n = a-b'. Let F = G[n], and fix an r-coloring E(F) = E(F})U---UE(F,); we
wish to show that this coloring contains a monochromatic canonical copy of
H{t]. We identify V (G) with [m], and let Vi, ..., V,, be the parts of F' = G[n|.
We also identify the vertex set of H with [k].

Let ¢ = o?/(8k?) be the parameter from Lemma 2.2. We apply Lemma
2.1 with parameters r,m and €. Then we obtain a cylinder partition K of
Vi x - - %V, which is e-regular for each of the color classes Fy, ..., F,. Fix an
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e-regular cylinder K € K, say K = W7 x --- x W,,,. By Lemma 2.1, we have
[W;| > Bn for all i € [k], where B = &™¢ . Define an r-coloring of E(G)
by coloring the edge ij by the most popular color in W; x W, breaking ties
arbitrarily. Since G — H, this r-coloring must contain a monochromatic
copy of H. By renaming the colors and the parts, we may assume without
loss of generality that this copy of H is on the vertices 1,...,k, so that ij
is of color 1 if ¢ is an edge of H.

Therefore, we find that among all the pairs (W;, W) where 1 <i < j <k
and ¢j is an edge of H, we have that color 1 is the densest color in (W, W;).
Let I' be the induced subgraph of F} on Wi U --- U Wj. Then we know
that each pair (W;, W;) with ij an edge of H is e-regular in I' (since the
cylinder K was e-regular in each color) and satisfies dp (W, ) > p, where
dr denotes the edge density in I', and p = 1/r. Since a < r ‘E(iH )= = plE(H)],
we may apply Lemma 2.2 with all pij equal to p to find a canonical blowup
H{[t*] (which is monochromatic), where

e, P-IEG)] _
t = pl—l log(Bn) = 1 log(Bn).
g5 ogr

Now, we define a = a(G,H,r) = 1/8 and b= b(H,r) = TT‘E(H”A(HM‘E(HH%
so that
r17|E(H)‘ —
t* = —————log(b'
log r og(b')

:t(¢AMHn_@XMmmhq1+aHMHmﬂ
=t _(1 — ar!PUDI=y g 4 ar'E(H)l)}

—t[1+ arl PUDI (1 — 1 ar'E(H”*l)}

> ¢[1 4 arBEI(1 - 27»*1)}

5. Concluding remarks

In addition to eliminating the unnecessary dependence on G in the exponen-
tial constant of B(G 5 H; t), Theorem 1.2 also provides quite good bounds
on the exponential constant in many instances. For instance, Souza’s results
[6] imply the bounds

2" < B(Kg — Kyjt) < 33100,
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and he asked whether the upper bound could be made more reasonable.
Theorem 1.2 implies

B(Kg — K;t) < 2040 — (16 4 o(1))".

Moreover, the same bound holds for B(G 2, Ks;t) for any graph G with

G 25 Ks, as long as the o(1) term above is allowed to depend on G. We
expect that the upper bound can be improved further using some of our
techniques, but such an improvement would likely require some new ideas.

The most natural question left open by Theorem 1.2 is whether the
dependence on G can be entirely eliminated, or whether B(G - H ;)
must depend on . Unlike Souza, we believe the latter to be the case, and
make the following conjecture.

Conjecture 5.1. There exists a graph H and integers r,t > 2 for which the
following holds. There exist graphs Gy, Ga, ... such that G; — H for all i
and sup; B(G; — H;t) = cc.

We even conjecture this holds with H is a triangle and r =¢ = 2.

Conjecture 5.2. For every s, there exists a graph G such that G 2, Ks
but G|s] % K3sl2].

For certain graphs H and integers r, Conjecture 5.1 does not hold, and
B(G - H;t) can be bounded by an exponential function independent of
G. One example of such graphs, as observed by Souza, are the r-Ramsey-
finite graphs. Let M, (H) denote the set of all G which are minimal with
respect to the property G — H, i.e. all graphs G with G — H but
G' ——~ H for any proper subgraph G’ of G. H is called r-Ramsey-finite
if M, (H)| < oo, and r-Ramsey-infinite otherwise. If H is r-Ramsey-finite,
then B(G 5 H; t) < ¢ for a constant ¢ that does not depend on G; indeed,
we may find such a ¢ by taking the maximum ¢ from Theorem 1.1 over all
G e M, (H).

However, there is at least one Ramsey-infinite graph H (namely the
path P3 with two edges) for which Conjecture 5.1 fails to hold and further
B(G 2, H; t) < ¢t for all G with G 2, H where ¢ does not depend on
G. Indeed, My(P3) is infinite, consisting of K 3 and the odd cycles. Equiv-
alently, G 2, P if and only if G has a vertex of degree at least 3 or G
contains an odd cycle Cyry1. If G has a vertex of degree at least 3, then

B(G 2, Ps;t) < B(Ki3 2, Ps;t), so we can use the same upper bound
for all such G. On the other hand, it is a simple exercise to show that for



Extremal and Ramsey results on graph blowups 13

each € > 0 there is 0 > 0 such that if a 2-edge-coloring of P4[n]| has at most
dn3 monochromatic canonical Pz, then, apart from at most en? edges, the
coloring is monochromatic between consecutive parts and alternates color
along the path. In particular, taking ¢ = 1/3, if a 2-edge-coloring of Ca11[n]
does not contain gn?’ monochromatic canonical P3 between any three con-
secutive parts, then the most common color used between consecutive pairs
of parts alternates along the cycle, contradicting that an odd cycle is nonbi-
partite. That is, every 2-edge-coloring of Co1[n] must contain at least %n?)
monochromatic canonical P3 between some three consecutive parts. Apply-
ing Nikiforov’s theorem between these three consecutive parts, there is a
monochromatic canonical copy of Ps[t] with ¢ = Q(logn) and the implicit
constant is absolute. Hence, although P; is not 2-Ramsey-finite, there is
still an absolute constant ¢ such that B(G 2, P3;t) < ¢! for all G with
G 2 Py

Souza defined the robustness 5,.(H;G) to be the minimum number of
monochromatic copies of H in an r-coloring of G, divided by the total num-
ber of copies of H in G. Thus, §,(H;G) measures the fraction of copies of H
that must be monochromatic in any r-coloring of G. He also showed, again
as a consequence of Theorem 1.1, that if inf{s,(H;G) : G € M,.(H)} > 0,
then Conjecture 5.1 fails to hold for H. If H is r~-Ramsey-finite, then this in-
fimum is certainly positive, so we recover the above observation that Conjec-
ture 5.1 fails for m-Ramsey-finite graphs. Moreover, Souza [6, Conjecture 5.4]
conjectured that these two observations are in fact the same, namely that
inf{3,(H;G) : G € M,(H)} > 0if and only if H is r-Ramsey-finite. Indeed,
this conjecture is true.

Proposition 5.1. If H is r-Ramsey-infinite, then inf{3,(H;G) : G €
M, (H)} =0.

This proposition follows from the next lemma and sup{e(G) : G €
M, (H)} = oo if H is r-Ramsey-infinite; this fact follows from the observa-
tion that a Ramsey-minimal graph for H can have at most as many isolated
vertices as H itself, so the number of edges of G must tend to infinity as G
runs over the infinite set M,.(H).

Lemma 5.1. If G is Ramsey minimal for H with r colors, then B,(H;G) <

e(H)
re(G) "

Proof. If we fix a copy of H in G and then pick an edge of G uniformly
at random, the probability that it lands in this copy is exactly e(H)/e(G).
Therefore, by linearity of expectation, there exists an edge e € F(G) such
that e lies in at most an e(H)/e(G) fraction of the copies of H in G. Since
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G is Ramsey-minimal for H, we can color G — e so that it contains no
monochromatic copy of H. We then color e according to which color it
would participate in the least number of monochromatic copies of H. We
thus find that the total fraction of copies of H that are monochromatic is

at most :e((lé)), since every such copy must contain e and there are r colors.

Thus, 8,(H;G) < fe((lé,)). O

It is natural to modify the definition of blowup Ramsey numbers to allow
for non-canonical copies. More precisely, we can define

B/(G,H,r,t) = min{n : G[n] — HJ[t]}.

Note that B(G — H;t) is finite if and only if G —— H; the if direction was
proven by Souza, while the only if follows from blowing up any coloring of G
with no monochromatic copy of H. However, B'(G, H,r,t) can be finite for

all t even if G —— H. Indeed, let’s say that G—H if every r-edge-coloring
of G contains a monochromatic homomorphic image of H, where we say that
H' is a homomorphic image of H if it can be gotten from H by repeatedly
identifying non-adjacent vertices. In this case, a sufficiently large blowup of
H' will contain a copy of H. Therefore we can conclude that B'(G, H,r,t)

is finite if and only if G . , where the only if direction follows by blowing
up a coloring of G containing no monochromatic homomorphic image of H.
Moreover, we thus find that

B'(G, H,rt) <B(G - H;t) <B'(G, H,r,ct),

where ¢ = ¢(H) > 1 is a constant depending on how small a homomorphic
image of H can be. Thus, %log B(G - H;t) and %log B'(G, H,r,t) differ
only by a constant factor depending on H.
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