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Random graphs induced by Catalan pairs

DANIEL KROES AND SAM SPIRO

We consider Catalan-pair graphs, a family of graphs that can be
viewed as representing certain interactions between pairs of objects
which are enumerated by the Catalan numbers. In this paper we
study random Catalan-pair graphs and deduce various properties
of these random graphs. In particular, we asymptotically determine
the expected number of edges and isolated vertices, and more gen-
erally we determine the expected number of (induced) subgraphs
isomorphic to a given connected graph.
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1. Introduction

A large body of work has been devoted to studying the Catalan numbers,
as well as the many objects that these numbers enumerate. Such objects
include polygon triangulations, binary trees, plane trees, and Dyck paths.
For a thorough treatment of Catalan numbers and their history we refer the
reader to [9] and [11]. In this paper we are interested in examining pairs of
objects enumerated by the Catalan numbers, as opposed to looking at just
a single such object. In particular, we will be interested in studying how
the objects in these pairs interact with one another, and we represent this
interaction as a graph.

To this end, recall that the Catalan numbers count the number of ways
one can place n non-intersecting semi-circular arcs on 2n given collinear
points. We will refer to such a placement of arcs as a Catalan-arc matching
(of size n). For example, below one can see all 5 Catalan-arc matchings of
size 3.

(20 {ac) e adadd aana

Definition 1.1. Let n be a positive integer. A Catalan-pair graph on n
vertices is a graph G that can be obtained by the following procedure. Start
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with 2n collinear points, of which we color 2k points red for some 0 < k < n
and color the remaining points blue. Then, choose Catalan-arc matchings of
sizes k and n—k and place them on the red and blue points, respectively, with
the latter being faced downwards rather than upwards. Finally, construct a
graph G with one vertex for each of the n arcs, where two vertices are
adjacent if and only if the endpoints of the corresponding arcs alternate.

As an example, we have the following Catalan-pair graph on 9 vertices,
where we colored the arcs according to the color of the points they connect.
We say that the pair of Catalan-arc matchings on the left is a representative
for the graph on the right, or alternatively that it represents the graph on
the right.

Uy U2 u.3 Ug U

As a first observation, note that all of the arcs on the top are chosen to be
non-intersecting, and similarly for all of the arcs on the bottom. Therefore,
if the endpoints of two arcs alternate (and hence correspond to an edge in
G) these arcs necessarily come from different sides. Thus every Catalan-pair
graph is bipartite.

Catalan-pair graphs were recently introduced in [3] where they were
called paperclip graphs. This paper primarily studied partial characteriza-
tions of Catalan-pair graphs, as well as bounds on the number of Catalan-
pair graphs on a given number of vertices. We note that Catalan-pair graphs
can also equivalently be defined as bipartite circle graphs. A circle graph is
any graph whose vertices can be associated to a set of chords of a circle with
two vertices being made adjacent if and only if their corresponding chords
intersect. The equivalence between Catalan-pair graphs and bipartite cir-
cle graphs follows, similarly to the equivalence between Catalan-arc objects
and sets of non-intersecting chords on a circle, by wrapping around the line
containing the points and connecting it.

Circle graphs have been extensively studied, mainly from an algorithmic
viewpoint. For example, Spinrad [10] produced an O(n?)-time algorithm for
identifying whether a given graph is a circle graph. Many problems that are
know to be NP-complete for general graphs turn out to have polynomial
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time algorithms when restricted to circle graphs. Recently Tiskin showed
that a maximum clique of a circle graph can be found in O(n(logn)?) time
[12], and Gregg and Nash have shown that a maximum independent set can
be found in time O(an), where o denotes the independence number of the
circle graph [8].

The main purpose of this paper is to introduce a model to randomly
generate a Catalan-pair graph on n vertices, which we denote by C'P,,, and
to establish various properties about this random graph. Before we precisely
define our random graph model, we briefly summarize our main results.

Theorem 1.2. The expected number of edges of the random Catalan-pair
graph C' P, satisfies

1
Ele(CPR,)] ~ —n log n.

Moreover, for any € > 0 we asymptotically almost surely have |e(CP,) —
%nlogn\ < enlogn.

We also obtain an asymptotic formula for the expected number of iso-
lated vertices in C'P,.

Theorem 1.3. Let I, denote the number of isolated vertices in CP,. Then
E[In] ~ N,

where v is the constant defined by

[e'e] m—1 2m — 92
y=4) 167" ) ( o )cznle@::(lgozg..“
m=1 b=0

Moreover, for any € > 0 we asymptotically almost surely have |I,, —yn| < en.

In addition to this, we deduce the order of magnitude for the expected
number of (induced) subgraphs of any connected Catalan-pair graph with at
least three vertices. To this end, Let Ny (G) denote the number of subgraphs
of G that are isomorphic to H and let N7;(G) denote the number of induced
subgraphs of G that are isomorphic to H.

Theorem 1.4. Let H be a connected Catalan-pair graph on v > 3 ver-
tices. The expected number of (induced) subgraphs of the random Catalan-
pair graph C'P, isomorphic to H satisfies

E[Ng(CP,)] = 6(n/?).

E[N}(CP,)] = ©(n"/?).
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The outline of the paper is as follows. In Section 2 we will define our
model to randomly generate Catalan-pair graphs. This model requires us
to randomly select a Catalan-arc matching, and in Section 3 we will derive
some technical lemmas related to this step. In Section 4 we will determine
the asymptotic behavior of the expected number of edges, and in Section 5
we will determine the expected number of isolated vertices. Additionally,
we will show the desired concentration result by bounding the variance of
the number of isolated vertices. In Section 6 we will similarly bound the
variance of the number of edges, with a large part of the proof deferred to
Appendix A. Section 7 will focus on proving Theorem 1.4, and along the
way we will prove a more general lower bound for unconnected Catalan-
pair graphs. We will end that section with a general result on the connected
components of C'P,. In Section 8 we will discuss experimental data obtained
by randomly generating Catalan-pair graphs of various sizes, after which we
will end with some final remarks and possible future problems in Section 9.

We collect some notation and definitions that we will use throughout the
text. For 1 < a < b < 2n, we say that (a,b) match if the '™ and b*" point
have the same color and if there is an arc connecting these two points. In
the earlier example, the matching pairs are (1,7), (2,4), (3,5), (6,12), (8,9),
(10,16), (11,14), (13,18) and (15,17). We similarly say that (a,b) match in
a single Catalan-arc matching of size n if there is an arc connecting these two
points. For 1 <a < b < ¢ <d < 2n we say that (a,b,c,d) is an edge if (a,c)
and (b, d) match. For example, in the the graph from before (6, 10,12, 16) is
an edge, and it corresponds to the edge between ug4 and ve. We say that an
arc in a single Catalan-pair matching has length k if it covers k — 1 smaller
arcs, or equivalently if the two points it connects have 2k — 2 points between
them.

2. Random Catalan-pair graphs

In this section we define a model to generate a random Catalan-pair graphs
on n vertices. Consider the following procedure, starting with 2n collinear
points.

1. For each of the first 2n — 1 points, uniformly and independently color
each of these points either red or blue. Then color the last point red
or blue, whichever makes it so that the total number of points of each
color is even.

2. Suppose that we have 2k red points, and consequently 2(n — k) blue
points. Independently and uniformly pick Catalan-arc matchings of
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size k and n — k from the set of all possible Catalan-arc matchings
of that size, and place these above and below the red and blue points
respectively.

3. Create a graph according to Definition 1.1, and denote this (random)
graph by CP,.

One of the advantages of this model is that with high probability roughly
half of the points (or any large enough subset of the points for that mat-
ter) will be colored red. This is an immediate consequence of the following
concentration result, which can be found in a slightly different form in [1,
Cor. A.1.2.]. For 1 < i < n, let X; denote mutually independent random
variables with P[X; = 1] = P[X; = 0] = 3, and define S, = >I' | X;. For
a >0,

(2.1) P[|S, — n/2| > a] < 22/,

Note that because of the forced choice of the color of the last point, our
setting is not completely identical to that of the above result. However, it
does apply for any proper subset of the points, and the concentration result
for the total number of points of a given color is almost unaffected.

3. Random Catalan matchings

To generate C'P,, we must choose a random Catalan-arc matching from all
such matchings of a given size. In this section we compute the probability
of having a given set of arcs connecting a given set of points within this
randomly chosen Catalan-arc matching. We note that studying the structure
of a random object enumerated by the Catalan numbers is of independent
interest, and other work in this direction has been done in, for example, [4]
and [6].

Let C,, denote the set of Catalan-arc matchings of size n, and let C), =

ICn| = n%rl (2:) be the n'" Catalan number. We recall the asymptotic formula,

4n
ﬁn3/2 ’

which can be derived, for example, by Stirling’s formula.

Throughout this section, let C' be a Catalan-arc matching chosen uni-
formly from C,. As mentioned, we are interested in the probability of having
a given set of arcs connecting a given set of points within C'. It is clear that
in order for this to be able to happen, the points and arcs have to satisfy

(3.1) Chy ~
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some conditions. First of all the endpoints of any given arc must have an
even number of points between them, since any arc connecting at least one
of these points must connect two of these points. Additionally, it is clear
that none of the given arcs are allowed to intersect.

This leads to the following definition, where one should think of having
specified arcs connecting points x; and z; + 2k; — 1 for all 4.

Definition 3.1. Let x = (z1,...,25) and k = (k1,...,ks) be s-tuples of
positive integers with z1 < ... < z;. We say that (x,k) is a valid pair if

1. For all 7 we have 1 < x; < x; +2k; — 1 < 2n.
2. The integers x1,x1 + 2k1 — 1,..., x5, s + 2ks — 1 are all distinct.
3. There are no ¢ # j with x; < z; < xz; +2k; — 1 < x; + 2k; — 1.

As an example, for n = 8, we have the valid pair ((2,4), (5,2)) which we
think of as having specified arcs connecting points 2 and 11 and 4 and 7.

As mentioned before, the conditions imposed on (x,k) are necessary for
there to be a Catalan-arc matching with arcs on these specified positions.

In this case, it is not so hard to see that we can indeed extend this to a
Catalan-arc matching, for example as follows.

/(\o\(\o dodo

Below we will see that the condition of (x,k) being a valid pair is also a
sufficient condition to have a Catalan-arc matching with arcs connecting z;
and x; +2k; — 1. In fact, we will determine the explicit probability of having
arcs on these given positions. To this end, let A(x,k) denote the event that
(zi,x; + 2k; — 1) match in C for all i.
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Before we can determine the probability of this happening we need some
notation. In the above example, we see that in order to extend to a Catalan-
arc matching, we have to connect the two points within the smaller arc, we
have to connect the four points within the larger arc (but outside of the
smaller arc), and finally we have to connect the six points outside of the
larger arc. Below we define integers that are analogues of the two, four, and
six above.

For a valid pair (x,k) and 1 < i < s, let M; be the set of x such
that z; < * < x; + 2k; — 1 and such that there exists no j # i with
z; <x <xj+2k; — 1. We let My be the set of x such that 1 <z < 2n and
such that there exists no 7 with z; < x < z; 4+ 2k; — 1. Observe that every
z with 1 < z < 2n is either of the form z; or z; + 2k; — 1 for some ¢, or
else belongs to a unique M;. Furthermore, it is easy to see that each M; has
an even (possibly 0) number of elements, so the numbers m; = |M;|/2 are
nonnegative integers, and from the definition it follows that these numbers
sum to n — s.

We can now explicitly compute the probability that (z;, x; + 2k; — 1)
match in C for all 4.

Lemma 3.2. If (x,k) is a valid pair, then
1
PlA(x, k)] = = - [ Cwm.-

Proof. Since each Catalan-arc matching is chosen with probability C%’ it
suffices to show that there are []7_,Cy,, Catalan-arc matchings for which
(i, z; + 2k; — 1) match for all i. We show that a Catalan-arc matching
satisfies this condition if and only if points in some M; are only connected
to points in that M; and the set of arcs on the points in M; is a Catalan-arc
matching.

First, assume for contradiction that there exists ¢ # j such that there is
a Catalan-arc matching that connects a point = in M; to a point y in M;.
Without loss of generality we may assume that j # 0 and that we do not
have z; < x; < x;4+2k;—1 < x;+2k;—1 (if the latter happens, simply switch
i and j). This implies that z; < y < x; +2k; — 1 and = & [z, z; + 2k; — 1],
but then the arc connecting x and y would intersect the arc connecting x;
and x; + 2k; — 1, a contradiction. Furthermore, it is clear that the induced
set of arcs on the points in M; still has no intersecting arcs.

Conversely, suppose we choose Catalan-arc matchings to go on the points
of each M;. By definition, there do not exist points a < b < ¢ < d with
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a,c € M; and b,d € M; for i # j, so arcs in M; and M; will not intersect
when i #£ j, and clearly also not for ¢ = j. Lastly, points in M; either lie
completely inside an interval [z, x; + 2k; — 1] or lie completely outside of it,
so arcs on the M; will also not intersect arcs of the form (x;, x; + 2k; — 1).

Therefore, since a Catalan-arc matching on the points of M; has m; arcs,
there are C,,, choices for this matching. Since these choices can be made
independently, the total number of desired Catalan-arc matchings equals
[I;_y Cm.» as desired. O

By combining (3.1) and Lemma 3.2 we can obtain bounds for this prob-
ability.
Corollary 3.3. Let (x,k) be a valid pair. There exist positive real numbers
g, Bs such that

3/2 n3/2
i < PlA(x, k)] < /BSH/ 37

where [[' indicates the product over all 0 < i < s with m; # 0.

n
Qs

Proof. Let us prove the lower bound, the proof for the upper bound is analo-
gous. Because of the asymptotic formula in (3.1) there exist positive numbers
a < 1 < A such that
4n 4n
. <
(3 2) aﬁn3/2 <G \/_n3/2

for all n > 1. Since Cy = 1 we find

P[A(x, k)] o Hc c 1T ¢

- \/7_T7’L3/2 ‘ H, a- 4m - 42 min a$+1 n3/2
i (2
n3/2
= — a5
SH/ m?/2
where we use that Y'm; =Y ;_om; =n—s. O

4. The expected number of edges

In this section we will determine the asymptotic behavior of the expected
number of edges of CP,. To this end, we start by establishing a general
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upper bound on the probability that C'P, contains a given structure on a
given set of points.

We consider two analogues of the valid pairs introduced in Section 3.
Let x = (21,...,2s), k = (k1,...,ks), ¥y = (y1,---,u), 1 = (l1,...,4) be
tuples of positive integers with z1 < ... < s and y; < ... < y:. We say
that this quadruple is wvalid if for all 1 < i < sand 1 < 5 < t we have
1 <@ <x;+k <2nand 1 < y; < y;j +4; < 2n, and if there exists
at least one representative for a Catalan-pair graph on n vertices for which
(xi,; + ki) and (y;,y; + ¢;) match for all 4, j.

Similarly, we say that such a quadruple (x,k,y,1) is good if

L 1<z <zi+k<2nand1<y; <y;+{¢; <2nforalll<i<sand
1<j<t.

2. Any two numbers of the form z;,x; + k;,y; or y; + k; differ by at
least 2.

3. There exists no ¢ # j such that »; < z; < z; +k < x; + kj or
Yi < Yj <y + 4 < Y;j —|—fj.

In the proof of Lemma 7.1 we will see that these conditions imply that there
exists a representative for a Catalan-pair graph G such that (x;, z; + k;) and
(yi, yi + ¢;) match for all 1 <i < s and all 1 < j < t. Therefore, any good
quadruple is also a valid quadruple.

Given a valid quadruple (x,k,y,1), we would like to have an analogue of
the integers m; defined in Section 3. To this end, for 1 <14 < s, set f; to be
the number of ; < x < x;+k; such that there is no 7/ with z; < x < zy+ky
and such that x is not of the form y; or y; + ¢; for any j. Set fo to be the
number of 1 < z < 2n that do not belong to any interval [z;, x; + k;], nor
are of the form y; or y; + ¢;. Similarly define go, g1, ..., g:.

Let (x,k,y,1) be a valid quadruple where x and y have length s and ¢
respectively. Let A(x,k,y,1) denote the intersection of the following events.

1. The points x; and x; + k; are colored red and the points y; and y; +¢;
are colored blue for all 4, j.

2. For all ¢ and j the number of red points z with z; < x < x; + k; and
the number of blue points y with y; < y < y; + ¢; is even.

3. For all i and j we have that (x;,z; + k;) and (y;,y; + £;) match in
CP,.

We would like to point out that the second condition is necessary for
(xi, i + k;) and (y;,y; + ¢;) to match for all ¢ and j. Therefore, we could
technically omit this condition, but we have included it to improve the read-
ability of our proofs.
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We have the following upper bound for the probability that A(x,k,y,1)
occurs.

Lemma 4.1. There exists a positive real number Bs; such that for suffi-
ciently large n, and for any valid quadruple (x,k,y,1) (with x and y of
length s and t respectively) we have

PlA(x, k,y,1)] < Bon® - ][ P N )

J

where 1:[ indicates the product over all i and j for which f;,g; > 16(s +
t)logn.

Proof. Let v = (s + t). Note that with probability 272+t = 4= all of
x;, T; + ki, yj,y; + £; have the correct color. From now on we condition on
this event happening. For each 0 < i < s, let 2r; denote the number of points
counted by f; which are colored red, where we note that r; may not be an
integer. For each i with f; > 16vlogn, we use (2.1) to conclude that

P[|2r; — fi/2] > \/vfilogn] < 2n~2.

Note that if [2r; — f;/2] < y/vfi;logn, then in particular we have 2r; >
fi/2 — Vufilogn > f;/4, where we used f; > 16vlogn in the last step.
Therefore, with probability at most 2(v + 2)n~2" we have r; < f;/8 or
b;j < g;/8 for some i or j for which f;, g; > 16vlogn.

Let B, and R, be the total number of blue and red points respectively.
We condition on the event that r; > f;/4 and b; > g;/4 for all ¢ and j for
which f;,g; > 16vlogn. If any of the numbers r;,b; is not an integer, or
equivalently if the number of red/blue points in some appropriate region is
not even, the probability that all of (x;,2; + k;) and (y;,y; + ¢;) match is
0, which definitely agrees with the proposed upper bound. If all the r; and
b; are integers we can apply Corollary 3.3 to show that the probability that
all of the (z;, z; + k;) and (y;,y; + £;) match is at most

BRY? T[ri®? - 8:BY? - T]0;
7 J

< 8- @0 T (fi/8)22 - Bu2n)2 - [[(93/8) %2

J

=0 |n®. IZIJ”Z-_S/2 : ﬁg;3/2 ;
( J
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where in the first expression we ignored all ¢ for which f; < 16vlogn since
in the formula of Corollary 3.3 these terms either do not appear, or they
contribute a multiplicative factor of the form z~3/2 for some = > 1, hence
leaving it out will still yield an upper bound.

Therefore, we know that

PlA(x,ky,D)] <47 [ 2w+ 20> + 0 [ o[£ T]o;*?
( J

Since f; < 2n, g; < 2n, and since the above products contain at most s + 1
and t + 1 terms respectively, we find

n3. ﬁfi—3/2 ] ﬁgj—:’,m > n3(2n)—3/2(s+1+t+1) —9-3/2(v+2) ,,3-3/2(v+2) >n~2v

J

for sufficiently large n, and hence the n3- E f;g’/ 2 ffj g;3/ ? term dominates
this expression. ]

Using similar ideas, we can deduce an upper bound on the expected
number of arcs in C'F,, whose lengths lie in a specific range.

Lemma 4.2. For any 1 < o < < 2n, let Ay denote the number of
matching arcs in C P, of the form (i,i+ k) with o < k < 8. Then

E[Aa 5] = O(a™Y?n + Bne=/16).
In particular, if 32logn < o we have
E[Aq 5] = O(a™?n).

Proof. We first consider some reductions of the problem. If & = O(1) the
bound is trivial, so we will assume that o« = w(1). For any o > n the proposed
bound is O(y/n), so in this range it suffices to prove the result for « = n
and thus we can assume without loss of generality that o < n. Also, for any
k > 2n—32logn, C'P, contains at most two non-intersecting arcs of length k
(one for each color) since k > n. Thus we can assume that 5 < 2n—32logn,
which will cause E[A, ] to decrease by at most 2 - 32logn = O(a~'/?n)
when a < n.

For o < k < 3, let A(i, k) denote the event that (7, i+k) matches in CP,.
Let 27, denote the number of points x in 7 < z < i + k colored red and let
2r9 denote the number of points x with = < i or > i+ k colored red, where
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as before we note that r; or 79 may not be an integer. The probability that
either [2r; — (k—1)/2] > (k—1)/4 or |2ro—(2n—k—1)/2| > 2n—k—1)/4
is at most e~(kF=1)/8 4 ¢=(2n—k=1)/8 (Conditional on neither of these events
occurring, we can proceed as in Lemma 4.1 and find that the probability of
(i,i + k) matching is at most cn®?(k — 1)73/2(2n — (k + 1))~3/2 for some
absolute constant c¢. Combining all this we see that

P[A(i, k)] < en®?(k — 1)73/2(2n — (k + 1)) 3/ 4 ¢~ (k= 1/8 4 o= (@n—k=1)/8

Moreover, we have that P[A(i, k)] = 0 for i > 2n — k. Because

B 2n
ElAagl =) PIA(, k)],

k=«a 1=1
we have that
(4.1)
B
E[Aqp] <Y (2n = k)(en®?(k — 1)73/2(2n — (k + 1)) 7%/ 4 ¢~ (h=1/8
k=«

+ 67(2n7k71)/8).

Let v = min(8,n). For o < k <~ and n sufficiently large, we have that

(2n — (k+1)) > 3n and (k — 1) > k. Thus the terms in (4.1) are at most

2n(23ck ™32 4 26716 1 2e7/16) < 9720 73/2 4 4pe=/16,
Thus (4.1) restricted to this range is at most
2l S

Z 27 2enk3/% 4 4ne/16 < 22n/ ca ™32 da + dyne /16

k=« a-1
= O(a™Y?n + Bne/16),
If B < n then this completes the proof. Otherwise we can assume (§ =
2n —32log n. Using similar logic as before, for n < k < 2n—32logn we have

that the terms of (4.1) are at most

272¢(2n — k)72 4 dne 218" = 972¢(2n — k)"Y2 4 an~L.
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Again summing over the relevant range and bounding our sum with an
integral gives an upper bound for (4.1) in this range of

2n—32logn

Z (2n — k)2 4407t = O(v/n) = O(a™V/?n).
k=n

Summing the contributions from these ranges gives the desired result.
O

4.1. The expected number of edges

We are now ready to prove the first part of Theorem 1.2. We will do so by
showing that for any € > 0 we have

(4.2) (1—5)%nlogn+o(nlogn) <Ele(CPR,)] < (l—l—e)%nlogn—i—o(nlog n).
It is clear that

where the sum is over all valid quadruples (z, k, y, £) of positive integers such
that 1<z <y<z+k<yt+L<2norl<y<az<yt+l<z+k<2n.

We break up this sum into various parts, and we will show that all but
one will contribute o(nlogn), and that the remaining part will contribute
between (1 — e)%nlogn and (1 + e)%nlogn. Let ¢ < 1 be a positive real
number and d be a positive integer, where eventually we will pick ¢ small
and d large to get our bounds within the desired (1 =+ €) region.

Proposition 4.3. Consider the contribution to (4.3) coming from each of
the following subsets of the quadruples.

(i) Valid quadruples (z,k,y,¢) with k < dlogn or £ < dlogn.
(i1) Valid quadruples (z,k,y,¥) with k > 2n — dlogn or £ > 2n — dlogn.
(i1i) Quadruples (x,k,y,?) with dlogn < k,{ < 2n — dlogn that are valid
but not good.
(iv) Good quadruples (x,k,y,l) with dlogn <k <cn <€ <2n—dlogn or
dlogn </l <cn<k<2n-—dlogn.
(v) Good quadruples (z,k,y,¥) with cn < k,€ < 2n — dlogn.

Each of these contributions is o(nlogn).
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Proof. (i) This contribution counts the expected number of edges that

(i)

(iii)

come from pairs of arcs with at least one arc of length at most dlogn.
We first show that the number of such edges with at least one arc of
length at most v/logn is of order o(nlogn) in any Catalan-pair graph,
and therefore also in expectation. Indeed, any arc of length at most
v1ogn has degree at most y/log n since every interlacing arc must have
one of its endpoints within the given arc. Since we have at most n arcs
of length at most y/logn, the total number of such edges is at most
ny/logn = o(nlogn).

Now consider the edges involving an arc of length between +/logn
and dlogn. By Lemma 4.2 there are at most O(n(logn)~'/* + logn -
ne~V108n/16) — () such arcs in expectation. Since each such arc
can be involved in at most dlogn edges, we conclude that the total
expected number of edges involving vertices of this type is at most
o(nlogn).

This contribution counts the expected number of edges that come from
a pair of arcs where at least one of the arcs has length larger than
2n — dlogn. We show that the number of such arcs is O((logn)?) =
o(nlogn) for any Catalan-pair graph, which implies the same bound
for the expected number of such edges. First, note that for n large
enough and each N > 2n — dlogn there is at most one arc of length
N on either side. Indeed, since 2n — dlogn > n for n large enough,
if we had two arcs of length NV on one side this would contradict the
condition that the arcs do not intersect. Therefore, there are at most
2dlogn arcs of length at least 2n — dlog n. Furthermore, each such arc
interlaces with at most dlogn arcs on the opposite side. Indeed, any
such interlacing arc must have one of its endpoints outside the arc in
question, and there are at most dlogn such points. Therefore, we have
at most 2dlogn - dlogn = O((logn)?) such edges, as desired.

We assume d > 32 in order to apply Lemma 4.1.

We know that for any (x, k,y, ¢) in this range we have

P(A(z, k,y,0)) = O(n3(2n ~(k+ 2))73/2]{—3/2(2” — (0 2)—3/2573/2).

Furthermore, given k and ¢ we claim that there are at most 16n
quadruples (z, k,y, ) that are valid but not good. This follows since
there are at most 2n possibilities for x, and given z we must have that
y or y + £ belongs to {zx £ 1,z + k + 1}.

Therefore, the total contribution is at most of the order of

nt Y (20— (k+2)) K32 (2n — (0+2)) 73203
k4



Random graphs induced by Catalan pairs 677

2
=nt (Z(Qn — (k+ 2))_3/2k_3/2> :

k

We can break up 3°, (2n — (k +2))™%/2k73/2 in the regions k < n and
k > n. When k < n we have (2n — (k4 2))=%/2 < (n — 2)~%/2, hence
the contribution is at most (n—2)~3/23%", k=3/2 = O(n=3/2) since the
sum of k=32 is bounded. By similar reasoning the other contribution
is O(n=3/?), so

2
n’ <Z(2n — (k+ 2))—3/%—3/2) =n'0(n=3/%)2=0(n)=o(nlogn),

k

as was to be shown.

Again we assume d > 32. Also, we only consider the case dlogn < k <
cn < € < 2n — dlogn, the other case being analogous.

We claim that for given k and ¢ there are at most (2n — /) - 2k good
quadruples (z, k, y, £). This holds since y has to satisfy y+¢ < 2n, and
after choosing y we must have that y —k <z <y—lory+/{—k <
x < y+£f—1, leaving at most 2k choices for x. Therefore, this region
contributes at most

cn  2n—dlogn
ST ) @n—0)2kn (2n—{k+2)) "2k (2n(042)) 2032,
k=dlogn {=cn

Note that this sum breaks up as

20 | > V(20— (k+2)7?
k=dlogn

2n—dlogn
( > 63/2(2n—€)(2n—(€+2))3/2>.

{=cn
Using (2n — (k4 2))~%/2 < 2%/2n73/2 we find that

Z k_1/2(2n— (k+2))_3/2 —3/2 Z L~ 1/2

k=dlogn dlogn+2
=0(n™*?)-0(n'?) = 0(n™")
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where the second equality follows from comparison of the sum with an
integral. An analogous computation shows that

2n—dlogn
S -0 20— (6+2)%2 =0,

{=cn

and therefore this range of k and £ contributes at most 2n® - O(n™1) -
O(n~1') = O(n), which is in particular o(nlogn) as desired.

Again we estimate the number of good quadruples (z, k, y, £) for given
k, ¢. Similar to above we have at most (2n— k) and (2n —¥¢) choices for
x and y respectively, and therefore we have at most (2n — k)(2n — £)
good quadruples in total. Thus this part of the sum contributes at
most

2n—dlogn
> @n—k)(2n—0)-n(2n—(k+2)) "2k (20— (042)) 7320732,
k=cn

As in case (iv), this factors as

2n—dlogn
n’ < > EPen—k)2n— (k+ 2))—3/2>

k=cn

2n—dlogmn
. ( Z 6—3/2(211 —0)-(2n— (£ + 2))—3/2) ‘

{=cn

Each of the above sums will be O(n~!) by the same argument as before.
We conclude that the total contribution of these terms to the original
sum is at most n3 - O(n™1) - O(n™!) = O(n) = o(nlogn), completing
the proof. O

We point out that using Lemma 4.1 and similar arguments to the ones
used in cases (iv) and (v) can be used to show that the region dlogn < k, ¢ <
cn will contribute O(nlogn) to the expected number of edges. In fact, using
a later result, Lemma 7.1, we can also show a lower bound of Q(nlogn)
for this contribution. However, with a little bit more care it is possible to
determine the exact constant. We first require a probability lemma.

Lemma 4.4. Let X1, Xy, ... be independent random variables with P(X; =
0) =P(X; =1) =1/2, and set S; = >1_, X;. For e > 0, d > 20/€* and
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j > dlogn we have
P(|S; —j/2| < €j/2) < 2n™ 0.
Proof. By (2.1), the desired probability is at most

2exp(—2(€j/2)*/j) = 2exp(—€*j/2) < 2exp(—e*dlogn/2)
— 2n—62d/2 S 2n—10

since d > 20/€2. O

By Proposition 4.3, in order to show (4.2) it suffices to prove that for
suitably small ¢ and sufficiently large d the contribution from good quadru-
ples with dlogn < k, ¢ < c¢n is between

1 1
(I1—¢)—nlogn and (14 €)—nlogn.
T 77

To this end we introduce the following notation, which intuitively means that
two expression asymptotically gets arbitrarily close for n — oo, independent
of all other variables, provided one picks a suitably small ¢ and a suitably
large d.

Definition 4.5. Let f and g be two functions with the same domain taking
positive values, and whose inputs depend on some positive integer n and
some other integer variables, some of which are restricted to the interval
[dlogn,cn]. We say that f ~,. ¢ if for any € > 0 there exist suitable ¢, d
and N with

(L—e)f(z) <glz) < (1+e)f(x)
for any input x with n > N.
Here the subscript ac denotes that we do not have the exact asymptotic
behavior, but that we get arbitrary close asymptotic behavior by choosing

suitable ¢ and d.
We now want to show that

1
Z PlA(z, k,y,0)] ~ac —nlogn
T
(z,k,y,0)

where the sum is over all good quadruples (z, k, y, £) with dlogn < k, ¢ < cn.
The desired result follows by the steps in the proposition below.
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Proposition 4.6. We have the following statements.

(i) PlA(z, k,y,0)] ~ac 1ok ~3/2073/2.
(ii) Let g(k,?) be the number of pairs (x,y) such that (x,k,y,l) is a good
quadruple. Then g(k,l) ~ac 4n - min{k, £}.
(iii) We have
TN R min{k ) v L togn.
dlogn<k/l<cn g

Before proving this proposition, we first show that this implies the
asymptotic result of Theorem 1.2.

Corollary 4.7. The expected number of edges of CP,, satisfies
1
Ele(CP,)] ~ ;nlogn.

Proof. Given Proposition 4.6, for any € > 0 there are some ¢,d and N such
that for all n > N we have
k 1 k— 3/2€ 3/2
PAGr, k9, 0] < (14 07—
g(k,0) < (14 €)dnmin{k, ¢}
. 1

i Z k320732 min{k, ¢} < (1 + €)=nlogn.

dlogn<k,l<cn 7['
This implies

1
P[A(x, k,y,¢)] < (1 — k232
(x7k7y7€) (I7k7y7€)

_ L 3,3
—(1+6)Zg(k,€) TR
<(1+¢€? Zk: 3/20=3/2 min{k, £}

1
<1+ e)S—nlog n,
T

and similarly for the lower bound. O

We now prove this proposition.
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Proof of Proposition 4.6. (i) It is clear that with probability 2= all of z,

x+k, y, y+ £ have the correct color. We now claim that, conditioning
on the event that this happens, with probability 272 there is an even
number of red points between x and x + k and an even number of blue
points between y and y + ¢. Indeed, consider the case where z < y <
x4+ k < y+ L. Then for any possible coloring of x +2,...,y — 1,y +
1,...,z2+k—1,z4+k+1,...,y+£—2 there is a unique choice of colors
for x + 1 and y + £ — 1 that makes the number of red and blue points
in the respective regions even, and with probability 272 these points
will receive this color (here we used our assumption that y > x + 2
andy+/¢>x+k+2).
Condition on the event that all of this happens. Let r1 and r9 be
defined such that there are 27y red dots between x and = + k& and 2ry
red dots outside, and similarly define by and bs. Then, conditional on
the aforementioned event, the probability of having arcs between z
and x + k and y and y + £ is given by

Cr, - Cry b, -Gy
Critrat1 Cpiyb,t1

By Lemma 4.4, with probability at least 1 —8n =19 we have rq ~u k/4,
79 ~ae N2 —k/4, by ~ac £/4 and by ~pe n/2 — £/4. Furthermore, since
k,¢ > dlogn and dlogn — oo we may replace all Catalan numbers by
their asymptotic expressions, which yields that the probability of hav-
ing arcs on the desired positions is (asymptotically arbitrary closely)
given by

1+t 3/27"_3/2- by +b2 +1 3/2b—3/2
167 T9 1 b2 1 '

Since 11 + 719 + 1 ~ae n/2 — k/4+ k/4 4+ 1 ~ac n/2 and 19 ~pe n/2 —
k/4 ~ac n/2 (the latter since n/2 > n/2 —k/4 > n/2 —cn/4), we find
% ~ac 1, and hence

1t 3/2r_3/2- by +by+1 3/217_3/2
167 T2 1 b2 1

1 1
N 4)3/2(p/4)3/2 — 96 —3/2p-3/2

i
Therefore, for any €, and suitable ¢, d and large enough n we have

1
1-8 —10 1— k_3/2£_3/2
(1807101 -
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< PlA(z, k,y,0)]

<(1-sn 101+ 6)%]6_3/26_3/2 +8n~ 10,
77

Since 1 — 82719 — 1 for n — oo, and since k=3/2073/2 > n=3 we
have n~19 = o(k=%/2¢-3/2) (uniformly in n). Hence this shows that
P[A(z, b,y 0)] ~ae Tk 320-572.

(ii) Without loss of generality we may assume that k < ¢. We show that
(4 —6¢c)n(k —3) < g(k,?) < 4nk. Since k > dlogn and dlogn — oo
we have k — 3 ~,. k, and the result follows.

For the upper bound, note that we have at most 2n choices for =x.
Furthermore, given z, either y or y 4+ ¢ must be among {z + 1,z +
2,...,z+k — 1}, hence we have at most 2 - (k — 1) < 2k choices for y
afterwards. Therefore, g(k,?) < 2n -2k = 4nk.

For the lower bound, let ecn < x < (2 — 2¢)n. We claim that for any
such x there are at least 2(k —3) good quadruples with that x. Indeed,
letye{ex+2,....,.204k—2}orye{ae+2—4....0+k—2—1(},
and we claim that any such y works. Since ¢ > k these two sets are
disjoint, giving us 2(k — 3) good quadruples.

First suppose that y = « + j for 2 < j < k — 2. Then we clearly
have l <z <y<z+k<y+ly>zx+2andz+k >y+ 2.
Furthermore, y + { > 2 +2+ /¢ > x4+ 2+ k = (x + k) + 2. Lastly,
y+e<z+k—24+0<2n—2cn+k+£<2n,since k, £ < cn. A similar
argument holds in the case y =z + j — £.

(iii) We consider the contribution to the sum coming from k& < ¢, the
analysis for the contribution coming from k > £ is analogous. First,

note that
cn /-1 ¢
D R S L L 253/2/ o120,
k<t t=dlogn k=dlogn ¢ 1
=Y P2y < Y 2!
¢ {=dlogn

cn
< 2/ 2z 1dz < 2log(cn) < 2logn.
dlogn—1

In the other direction, note that we have a lower bound of

{

i 7-3/2 § K12 s i 53/253/2/ o120

¢=(logn)? k=dlogn ¢=(log n)? dlogn
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> 202 — 2(dlogn)'?).
t=(logn)?

For any € we have (dlogn) < €?(logn)? < €2¢? for n large enough,
hence 201/2—-2(dlogn)'/? > 2(1—¢)¢~/2 for n large enough. Therefore,
we get a lower bound of

2(1—¢) Z (1>2(1-¢ (log(cn + 1) — log((log n)z))
¢=log(n)?

by again comparing the sum with an integral. The desired result now
follows from the fact that

log(en + 1) — log(log(n)?) > logn + log ¢ — log(log(n)?) ~ log n,

hence we have log(cn + 1) — log(log(n)?) > (1 — €)logn for n large
enough. ]

5. The number of isolated vertices

In this section we will determine the asymptotic behavior of the number
of isolated vertices, as stated in Theorem 1.3. Recall that I,, denotes the
number of isolated vertices of C'P, and that we defined

00 m—1
y=4 Z 16~™ Z <2me_ 2) Crn-1-4Cp.
m=1

b=0

Before proving Theorem 1.3, let us first show why the sum defining v is a
convergent sum. Let ~y,, = 4-16~"" Zg:ol (2”;;2) Cr—1-1Cp, then as noted in
[3, Section 5] we have 7, < W for m > 2, from which the convergence
follows since the sum of the reciprocals of the squares converges In fact, this
gives us an error bound on how quickly the finite sums Z _1 Ym converge

to 7. Indeed

IR D D D Do

m=M+1 mM+1
< dx = 7.
zwm /MW:_1 v zwm _1)
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Using the trivial lower bound v > Z%zl Ym and taking M = 10* one can
compute that

0.30234 < v < 0.30238.

We first show that E[[,] is asymptotically at least yn. As a first obser-
vation we note that any arc yielding an isolated vertex must have an even
number of points between its endpoints, as otherwise there would be an arc
connecting a point between its endpoints with a point outside. Such an arc
would necessarily be on the other side and would yield an edge involving
the arc in question. Therefore, I,, = 22:1 I,y where I, ., is the number
of isolated vertices induced by an arc connecting two points with 2m — 2
points between them.

The following result will suffice to prove the lower bound for E[[,,].
Proposition 5.1. For m a fized positive integer we have E[L,, ] ~ ymn.

As a result of this proposition, we can see that

M M
E[In] > Z E[In,m] ~ Z YmT,
m=1

m=1

which gets arbitrarily close (in the multiplicative sense) to yn by picking M
large enough. However, this approach does not immediately yield the upper
bound, since each E[I,, ,,] will converge to y,,n at its own rate, hence a bit
more care is needed to handle the full sum E[I,,] = > " _ E[I,, 1n].

m=1

Proof of Proposition 5.1. We count the expected number of such arcs that
come from the top, and by symmetry we can multiply this quantity by two to
get our final answer. As mentioned above, an arc connecting  and z+2m—1
is isolated if and only if the 2m — 2 intermediate points are only connected
to themselves. The total number of ways to connect those points is given by

m—1
2m — 2
> ( o0 >Cm—1—b0ba

b=0

where b is the number of arcs on the bottom, (2”5;2) counts the number of

ways to select the 2b points for these arcs, and C,,_1_; and Cj count the
number of ways to choose the arcs on the top and the bottom.

Now fix one such configuration with b arcs on the bottom and a arcs
on top (including the arc between = and x + 2m — 1). We claim that the
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expected number of such configurations in C'P, is given by

n—m
C Cr—m—
(2n—2m+1)2—2m§:pT r_ _Znomor
r—0 CTJrCL Cn—m—r—i—b

where p, = p.(n,a,b) is the probability that 2r of the points not among the
2m specified points are colored red.

This formula follows from the fact that there are 2n — 2m + 1 possi-
bilities for z, namely 1 < z < 2n — 2m + 1, and that for each such x the
probability of the points z,z + 1,...,2 + 2m — 1 colored exactly as in our
configuration is given by 272™. After that, given 2 and conditioning on these
points having the correct colors and conditioning on there being 2r other
red points, the probability that the top Catalan-arc matching (which has
size r + a) has exactly the desired configuration on our given 2a red points

C(fra by Lemma 3.2, and a similar result holds for the probability
of the bottom Catalan-arc matching coinciding with our given configuration
on the 2b points.

To complete the proof it suffices to show that

ZPT : n oL N4_m7
r—i—a

nmrer

since then

m—1

2m — 2

E[In,m] ~ 2 <Z ( 7n2b )Cm_l_be> (2n —2m + 1)272m 47~ .
b=0

Using (2.1) with exponential small probability we have r < n/4 or n—m—r <
n/4. As a trivial lower bound we have

n—m—n/4

Zpr " . Cn m—r > Z pr . Cn—m—r )
ra

n m—r—+b T'Jra Cn—m—r—i—b
r=n/4

Now in this region, since r,7 +a,n—m —r,n—m —r+b > n/4 we can use
the approximation for the Catalan numbers from (3.1) and find the lower
bound

n—m—n/4

Z pr . Cn—m—r

Ch—m—
r—n/d r+a n—m—r+b
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n—m—n/4

47 r+a 32 gn—m—r n—m-—r 3/2
~ Z Dr 4r+a ( r > ’ gn—m—r+b ( )

n—m-—r+b

r=n/4
n—m—n/4 n—m—n/4
~ Z pr4_(a+b) == 4_m Z Dr ~ 4-_m7
r=n/4 r=n/4

where the last step follows from the fact that r <n/4 or r >n—m —n/4
holds with exponentially small probability.
Similarly, we have

< Z prciia : C’Cji::ib +P(r<n/dorn—m-—r<n/4)

~4TM 4+ P(r<nf/iorn—m-—r<n/d)~4""
completing the proof. O

We now prove the desired asymptotics for the number of isolated vertices.

Proposition 5.2. Let v be the constant defined by

00 m—1

—m 2m — 2

y=4>16 < o) )lebcb =0.3023....
m=1 b=0

Let I,, denote the number of isolated vertices of CP,. Then E[I,] ~ yn.

Proof. As mentioned after the statement of Proposition 5.1 we have shown
an asymptotic lower bound of yn on the number of isolated vertices. For
the upper bound, note that using the notation of Lemma 4.2 we have that
Inm < Aom—12m—1, since the number of isolated vertices coming from arcs
of length 2m —1 is clearly at most the the total number of arcs of this length.
By this observation, the fact that Z%:l(ilog i1 Azm—12m—1 < Az210g n+1,2n
and Lemma 4.2, we have

n

Z E[In,m] < E[ASZIOgnJrlQn} = 0(”)1
m=16logn+1
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which shows that
16logn

= > E[Lym] +o(n).
m=1

Using the argument from Proposition 5.1 we see that

16logn
Z E[ln.m]
16logn n—m
—2 Cr Crn—m—r
< - . .
o Z 4 Z< 2b >Cm u bc”zp’“ R e mmi e mm—

We now see that for any m, a and b we have that there are at least n points
outside of the configuration, hence 2r is the sum of at least n independent
0 — 1 Bernoulli p = 1/2 variables. This means that with at most some
exponentially small probability ¢™" we have r,n —m —r < n/10.
Therefore, for all cases where 7,n—m—r > n/10 we can again (uniformly
C(;T by 4~¢ (’”Jr—a)B/z. Since ™% = 14 ¢ <
r+a

over all summands)

1+ 1?11/01%” by 1 over all summands. Using

this and the approach as in Proposition 5.1 we have an asymptotic upper
bound > """ p(n, a, b) o CC%WTL, <47™ + ¢, hence (asymptotically
up to arbitrarily small multiplicative factors) we have

we can asymptotically replace

16logn 16logn m—1 2Ymn — 2
> Ellnm] < 4n 4my Crn—1-6Cp (47" +¢7")
’ 2b
m=1 m=1 b=0

16logn 16logn
<~n+4n < Z 4_m16m> ¢ <yn+4dnc" Z 4m
m=1 m=1
< yn 4 4nc™™ - 16 log n4l6losn
= yn 4 64nc™" -logn - n10198% = vn 4+ o(1),

since ¢~ goes to zero faster than n't161°841oan grows to infinity. O
We can use a similar proof to bound the variance of I,,.

Proposition 5.3. The variance of the number of isolated vertices in CP,
satisfies Var[l,] = o(n?).
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Before giving this proof, let us point out that using Chebyshev’s inequal-
ity we can use this result to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. The asymptotic result for the expected number of
isolated vertices follows from Proposition 5.2. From this we know |E[I,] —
yn| < €/2-n for n large enough. Hence, for sufficiently large n we have,

P[|I, — yn| > en] < P[|I,, — E[L,]| > €/2 - n].
Now, applying Chebyshev’s inequality we find

ar|l, o(n?
PUL ~BIL > o/2-n] < - ;2 - - /2’3)2 —o(1),

as desired. 0

We will now prove the result on the variance.

Proof of Proposition 5.3. By definition we have Var[l,] = E[I2] — E[I,,)?,
where E[I,,]? = (yn)? + o(n?) by the first part of Theorem 1.3. Therefore,
since variance is nonnegative, it suffices to show that

E[[;] < (yn)? + o(n?).

Observe that I2 is the number of ordered pairs of isolated vertices.

Just as above we show that we can restrict ourselves to the isolated
vertices induced by arcs of length at most 32logn. Indeed, let A, g be as
in Lemma 4.2. Then the number of pairs where at least one vertex comes
from an arc of length at least 32logn is at most 2 - A3210gn,2n - 1, Where the
factor 2 represents the choice of the vertex coming from a long arc being
the first or second vertex in the pair, As210gn,2, is the number of ways to
pick this long arc, and n is the number of ways to pick the remaining vertex.
Therefore, this contribution to E[IZ] is at most E[2 - A3a10gn,2n - 7] = 0(n?)
by Lemma 4.2.

Additionally, the number of pairs of isolated vertices coming from two
arcs of length at most 32logn, where one arc is contained in the other arc
(possibly facing the other way) is deterministically at most O(nlogn), since
one can pick the outer arc in at most n ways and then there are at most
32log n ways to pick the smaller arc. Therefore, these pairs contribute o(n?)
to E[I2] as well. Furthermore, the number of pairs where both arcs are the
same are at most n, so these will also contribute o(n?) to E[I2].

Therefore, we can restrict our attention to pairs of isolated vertices com-
ing from different arcs of length at most 32logn such that neither arc is
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contained in the other. Note that since the arcs yield isolated vertices their
endpoints cannot interlace, so the sets of points covered by this arc are
disjoint.

Suppose we want to calculate the probability of having a pair of isolated
vertices, one of them induced by an arc connecting (z,z + 2m — 1) and the
other connecting an arc connecting (y,y + 2k — 1), where m, k < 16logn.
By a similar argument as in Proposition 5.1, after specifying configurations
for {x +1,...,24+2m — 2} and {y + 1,...,y + 2k — 2} the probability is
(asymptotically up to arbitrarily small multiplicative factors) at most

4—(m+k) . (4—(m+k) + C—n)’
where 4=(m+%) is the probability that all of {z,x+1,...,24+2m — 1} and
{y,y +1,...,y + 2k — 1} receive the correct color, and ¢™" is once again
an upper bound on the probability of not having at least n/10 more blue
and red points, and the 4=("+%) is once again the factor that shows up by
considering the asymptotic behavior of the appropriate quotient of Catalan
numbers. Also, by the same argument we can do these asymptotics for all
possible x, y, k, m and choice of configurations simultaneously.

Taking into account that there are at most (2n)? ways to choose x and v,
and 4 ways to choose the side (top or bottom) for the arcs, and considering
the possible configurations for {x+1,...,xz+2k—2} and {y+1,...,y+2k—2}
we find an asymptotic upper bound for the desired contribution of

16logn ) m—1 o — 2
Z 16n Z 9% Cr—1-b,Cb,
1

k,m:l b1:0
Lok -9

) Z ( )Ck—l—bzcbz 4~ (m-+k) (4—(m+k) + C—n) ‘
= 2b9

Using 4~ (k) e < (47™ 4 ¢7/2)(47F 4 ¢/2), we can separate the
sums over k and m. Thus the contribution is at most

16logn m—1 9 — 9 2
<Z 4”2( 2, >Cm1b1061'4_m(4_m+c_n/2)> <(yn)+o(n?),

m=1 b1=0

where the last inequality once again follows from the proof of Theorem 1.3.
O

We note that essentially the same proof can be used to show that E[I}]] ~
~"Mn™ for all m > 2.
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6. The variance of the number of edges

This section will be devoted to bounding the variance of the random variable
e(CP,). We will prove the following result, which with a proof similar to
that of Theorem 1.3 will imply the concentration result of Theorem 1.2.

Proposition 6.1. The variance of the number of edges in C'P, satisfies
Var[e(CP,)] = o(n?log?n).

Similar to the case of isolated vertices, we will prove this statement by
showing that for any ¢ > 0 and n large enough we have

E[(e(CP))* < (1 + e)%n2 log?n + o(n?log® n).

In other words, we want to count the expected number of pairs of edges
in CP,. Just as when we determined the expected number of edges, we
first have to handle some exceptional cases and show that all of these cases
contribute of order o(n? log? n). This requires a few more cases than before,
and each of the proofs will be a bit longer since there are more things to
take care of. Since the general approach of all of the proofs are similar to
Proposition 4.3 and Proposition 5.3, we will only state the lemmas here and
defer the proofs to Appendix A.

As mentioned, e(C'P,)? is the number of pairs of edges in C'P,,. Typically,
such a pair of edges will be induced by four arcs in the representative for
CP,. The first step will be to show that these pairs are indeed the main
contribution to E[(e(CP,))?].

Lemma 6.2. The expected number of pairs of edges in CP, induced by at
most three arcs in its representative is at most o(n? log? n).

Therefore, we can restrict to valid quadruples

q= (Xa kaY?D = ((xlva)v (kh k2)7 (y17y2)7 (61762))7

where (x4, ki, yi, ¢;) is a possible edge for i = 1,2. Our goal is now to show
that

1

E PlA(x, k,y,1)] < (1 + 6)—2n2 log?n + o(n*log®n),
m

q

where the sum is over all valid quadruples ¢ = (x,k,y,1). We use the no-
tation for fo, f1, f2, 90,91, 92 as in Section 4. Similar to the proof for the
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expected number of edges, the first step will be to show that the main con-
tribution comes from quadruples with f;, g; > dlogn. That is we will show
that if ()1 is the set of quadruples for which at least one of f;, g; is less than
dlogn, then

> PlA(x,k,y,1)] = o(n’log” n).

g€
Without loss of generality we can consider the case where one of the f; is
less than dlogn. Then the result follows from the two lemmas below, the

first one of which deals with the case that the two arcs on top are nested,
and the second one deals with the unnested case.

Lemma 6.3. Let Q1,1 be the set of all valid quadruples q for which x1 <
To < To + ko < x1 + k1 and for which ko, k1 — ko or 2n — ki is less than
dlogn. Then

> PlA(x,k,y,1)] = o(n’log” n).

q€Q1,1

Lemma 6.4. Let Q12 be the set of all valid quadruples q for which neither
Ty <xo < Tot ko <x1+ki norxe <z <x1+ k1 <xo+ ko holds, and for
which ki, ko or 2n — (k1 + k2) is less than dlogn. Then

Z P[A(x,k,y,1)] = o(n?log®n).
q€Q1,2

In order to complete the proof of Proposition 6.1 we can now assume
that all f;, g; are at least dlogn. The first step will be to deal with the case
that some of the arcs are nested.

Lemma 6.5. Let (05 be the set of quadruples with x1 < xo < xo+ke < x1+k1
and f;,9; > dlogn. Then

> PlA(x,k,y,1)] = o(n*log® n)
q€Q:

For the remainder of this section on we will assume that any quadruple
has no nested arcs. First we take care of the quadruples where one of the
arcs is too large.

Lemma 6.6. Let Q3 be the set of quadruples with max{ky, ko, l1,0l2} > cn.
Then

Y PlA(x,k,y,1)] = o(n’log” n)
q€Qs3
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We lastly rule out all of the remaining quadruples that are valid but not
good.

Lemma 6.7. Let Q4 be the set of valid quadruples that are not good and
have dlogn < ki, ko, 01,0 < cn. Then

> PlA(x,k,y,1)] = o(n’log” n).
q€Qq

Before we give the proof of Proposition 6.1 we recall a definition from
Proposition 4.6. For positive integers k, ¢, we defined g(k, ¢) as the number
of pairs (x,y) such that (z,k,y,¢) is a good quadruple. We are now ready
to prove our desired result on the variance.

Proof of Proposition 6.1. By Lemmas 6.2 through 6.7 we only have to con-
sider quadruples (x,k,y,1) that are good, have no nested arcs, and which
have dlogn < ki, ke, l1,€5 < cn. In this case, given ki, ks, l1, 02 there are
g(k1,¢1) ways to pick x1,y; and after that at most g(ks,f2) ways to pick
T2, 12

Therefore, it suffices to show that for d large enough and ¢ small enough
we have

1 32,392 1  _3/2 32
(61)  PAky D <0+ ok 0 ook G

as this implies that the desired contribution is at most

1 32,32 1  _3/9 3/
) (1 L L )
) kEE é g(k1,01) - g(ka, l2) - (1 4+ €) 167rk1 4 167rk2 £,

which factors as

1 _3/2,-3/2 1 _3/2,-3/2
(1+e) kz;g(klafl)ﬁkd 4 : kz;g(kza@)m—ﬂkz t, ;

which by Proposition 4.6 is at most (14 ¢)3 - (%nlog n)? for d large enough
and ¢ small enough.

In order to show (6.1) we follow the same approach as the proof of part
1 of Proposition 4.6. First, with probability 27% all of x;, z; + ks, ys, yi + £;
receive the correct color and with probability 274 the number of red points
between x; and x; +k; and the number of blue points between y; and y; +¢;
are all even. This follows immediately from the aforementioned proof when
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neither (x1,21 + k1) and (y2,y2 + f2) nor (z2,z2 + ko) and (y1,y1 + 41)
intersect. Otherwise, we may without loss of generality assume that x; <
Y1 < 21tk < xo < y1+41 < yo < xa+ko < ya2+4s. In this case, color all the
remaining points between z; and ys+ 5 except for z1+1,y1+1, 2+ 1, yo+1.
Then, given any such coloring there is a unique choice for the remaining four
colors that makes the number of red/blue in the desired regions even, as first
yo + 1 is uniquely determined, then x5 4 1, then y; + 1 and lastly x; + 1.

Now suppose that r; is half the number of red points between z; and
x; + k; for ¢ = 1,2, rg is half the number of red points outside of the arcs,
and by, by, bg are defined similarly. Conditioned on the values of r; and b; we
can write the desired probability as

CroCriCry  CoyCh G,
CT'O +ritra+2 Cbo +b1+b2+2

Again by Lemma 4.4, with high enough probability we can approximate r;
with k;/4 (i = 1,2) and ro with n/4 — k1 /4 — ko /4, and similarly for the b;,
and the same asymptotic considerations as in Proposition 4.6 will now yield
the desired result. O

With all this we can conclude the results of Theorem 1.2.

Proof of Theorem 1.2. The asymptotic formula for the expected number
of edges follows from Corollary 4.7. The concentration result follows from
Proposition 6.1 and essentially the same proof used in the proof of Theo-
rem 1.3. L]

7. Induced subgraphs and connected components

In this section we prove results on the number of induced subgraphs of CP,
isomorphic to a given Catalan-pair graph H on at least 3 vertices, and we
will use this to prove Theorem 1.4. At the end of the section we will also
discuss a result about the connected components of C'P,.

7.1. A lower bound for the number of induced subgraphs

Recall that N7;(G) denotes the number of induced subgraphs of G isomor-
phic to H, and that A(x,k,y,1) denotes the intersection of the following
events.

1. The points x; and x; + k; are colored red and the points y; and y; +¢;
are colored blue for all 4, j.
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2. For all 7 and j the number of red points x with z; < x < x; + k; and
the number of blue points y with y; <y < y; + {; is even.

3. For all ¢ and j we have that (x;,z; + k;) and (y;,y; + ¢;) match in
CP,.

The following lemma will be a key step to proving the general lower
bound. Note that this lemma can be seen as a converse to Lemma 4.1.

Lemma 7.1. There exists a positive real number o with
s t
PA(x, kv )] > ase [ 52 T] 7
i=1 j=1

for all good quadruples (x,k,y,1) where x and y have length s and t respec-
tively.

Proof. We first show that with probability 273+ the first two conditions
are satisfied. It is clear that with probability 1/2 all of the points z;, z; +
ki, yj,y;+£; receive the correct color, so with probability 272(s+1) a1l of these
points have the correct color. Now conditioned on all of these points having
the correct color, we show that with probability 2= (5+) the second condition
is satisfied. Consider all the points of the form z; + 1 and y; + 1, and note
that by assumption of (x,k,y,1) being a good quadruple all of these points
are different and not equal to any of the x;, x; + k;, y; and y; + £;. Consider
the rightmost of these points, and suppose that it is equal to x; + 1 for
some 4. Since all of the points to the right have been colored, we have that
in particular all of the points x with xz; < z < z; +k; except for this one have
been colored. Therefore there is a unique choice for the color of x; + 1 that
makes the number of red points x with z; < < z; + k; even. Inductively
apply this argument for the remaining points, always taking the rightmost
uncolored point.

Now suppose the first two conditions are satisfied. We apply Lemma 3.2
to determine a lower bound for the probability that the third condition is
met. To this end, for each 1 < i < s, let 2r; be the number of red points x
with ; < x < x; +k; that do not satisfy x; < o < x; +k; for any j # . Let
2rg be the number of red points that have not been counted for any of the
r; and that are not of the form z; or x; + k;. Define by, b1, ..., b; similarly.
Let R, and B,, denote the total number of red and blue points respectively.
Note that for any 1 < i < s we have 2r; < k;, hence in particular r; < k;.
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Applying the aforementioned lemma we find that

3/2 3/2
1 Ry ' By,

PG Ky D) = 27 o [T =5 o [T 5
T bj

S 3/2 t B3/2

> Ot :
* paly max(r;, 1)3/2 o max(b;, 1)3/2

s t
~3/2 ~3/2
> a5y [[RFT167
i=1 j=1

where we used that R,, > max(ro, 1), B, > max(bg, 1), max(r;,1) < k; and
max(bj, 1) < fj. O

We are now ready to prove the lower bound of Theorem 1.4. In fact, we
will give a lower bound for any Catlan-pair graph regardless of whether it
is connected or not.

Proposition 7.2. Let H be a Catalan-pair graph on v vertices with i isolated
vertices and m isolated edges. Then

v+

= (logn)™).

E[Ng(CP,)] = Q(n

Proof. We will prove this by first showing that the result holds for m =i = 0,
then for ¢ = 0, and finally for arbitrary m and i. We note that one can prove
the most general case without first going through the other two cases, but
this would decrease the readability of the proof.

First assume m = ¢ = 0, and let qg be any quadruple representing H.
Our goal will be to find a large number of “blowups” of ¢qz. Let ¢ > 4v be
a fixed constant, and let

Py = {1+ (j = Dlnfel,2+ (= Dln/fel,....~1 + jln/c]},
PZ:P1 Xoeee ><P2v.

Given p = (p1,...,p2w) € P, we will define a quadruple ¢.(p) as follows. If
in gy we have z; = a and z; + k; = b, then in ¢.(p) we let x; = p, and
xj + kj = pp, and we similarly define y; and y; + ¢; to correspond to the
bottom jth arc of gzr. We note that the reason we force all the points of the
left of 2v|n/c| < n/2 is to make sure that in the general case we have enough
space left to place or find arcs yielding the isolated edges and vertices.
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We claim that g.(p) is a good quadruple that represents H for any p € P.
First observe that the points of ¢.(p) have the same relative order as the
points of gz, which shows that ¢.(p) satisfies the third condition for being a
good quadruple (since g satisfies this condition), and moreover that g.(p)
represents H. The first condition for being a good quadruple follows since
the largest point we could choose for g.(p) is —1 4+ 2v|n/c] < n/2 since
¢ > 4w, and the second condition follows since | max P; — min Py| > 2 for all
7,k by the way we defined these sets. This proves our claim.

Now let Qp(c) denote the set of all g.(p) with p € P. Observe

|Qu(c)| = (In/c| — 1)2” > (26)721;“2@

for n large. Also observe since k;,¢; < 2n for all j, Lemma 7.1 gives
that P[A(x,k,y,1)] > a,n™3/2 for all (x,k,y,1) € Qy(c), where a, :=
9—3v/2 maxsyt—y Q¢ In particular, we have that

E[N.(H)] > Y. PlAxkyD)
(x,k,y,)€Qu (4v)
> (87))721)”21) . avn73v/2 — Q(nv/Q)

Now assume that ¢ = 0 and let ¢ = 4m+4v. We will say that two vectors
k,1 each of length m are nice if we have 4 < k; < £; < [n/c] for all j. Let
Q.(k,1) denote the set of all quadruples (x,k,y,1) such that

1+ (2 —2+4+2v)[n/c] <x; < —-1+(2j — 1+ 2v)|[n/c],
xj+2§yj§xj+kj—2,
We claim that each quadruple of Q.(k,1) is good whenever k, 1 is nice. The

first condition follows since the largest point we pick is y,, + €y < —1 +
(2m + 2v)|n/c] < § since ¢ = 4m + 4v. Similarly one can verify that

2 <y —2<zj+kj—4<y;+4{; —6<xjr1 8§,

where the first two inequalities follow from z; +2 < y; < x; + k; — 2, the
third inequality from ¢; > k; and y; > x; + 2, and the last inequality from
yj +4; < =14 (2§ +2v)|n/c|] < xj41 — 2. This shows that the second and
third conditions of being a good quadruple are satisfied, proving the claim.
We also note that, for n sufficiently large,

Qc(k, )] = ([n/e] = 1) [J(k; —3) = (8¢) "™ H kj,

j=1

where we have used that k; — 3 > %kj for all j.
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Now let H' denote H after deleting its m isolated edges. For k,1 nice,
let Q(k,1) be the set of all quadruples ¢ which are obtained by taking the
union of the arcs of some ¢ € Qp/(c) and some g2 € Q.(k,1). We claim
that every such ¢ is good. Indeed, the first condition holds since it holds
for both ¢; and go. The second condition holds since it holds restricted to
any two points of ¢; or go, and because the largest point of ¢; is at most
—1+42v|n/c| while the smallest point of ¢z is at least 1+2v[n/c|. This also
implies that the third condition is satisfied since it is satisfied for both ¢
and g9, so the claim is proven.

Observe that each quadruple (x,k,y,1) € Q(k,1) represents H and that

P[A(X, k., y, l)] > avn—S(v—Qm)/Q H k]'_3/2£j_3/2
j=1

by Lemma 7.1. Also observe that our previous work shows that

QU DI = 1Qm ()] - Qe )| = Ben® > [T &

J=1

for some absolute constant 5.. We conclude that

k.1 nice (x,k,y,1)eQ(k,])

> D7 B k260
k,1 nice Jj=1
= a,Ben®/? oo kTR = Q2 (logn)™),
4<k<t<[n/c]

where we use the fact that the above sum is of order Q(logn).

Now let H be an arbitrary Catalan-pair graph. Let H” be H with its
isolated vertices removed, and let N,(H) be the number of induced copies
of H” in C'P,, which have all of its points in the interval [1,n/2]. Note that
implicitly our above argument shows that E[N.(H)] = Q(n(*=9/2(logn)™).

We claim that, deterministically, N.(H) > N.(H)- ("2/4). Indeed, observe
that there are at most n/2 arcs which have an endpoint in the interval
[1,n/2], and hence there exists at least n/2 arcs with both endpoints not in
this interval. Let Ar denote the set of these arcs that are colored red, and



698 Daniél Kroes and Sam Spiro

similarly define Ap. One of these sets must have size at least n/4, so let C
be such that |Ac| > n/4.

We claim that any induced copy of H” contained in [1,n/2] together
with ¢ arcs of A¢ is an induced copy of H. Indeed, by definition no arc in
Ac can interlace with any arc of the H”, and none of the A¢ arcs interlace
with one another since they are all colored the same way. Thus the graph
that these arcs induce will be H” together with 7 isolated vertices, which is
precisely H. We conclude that

N.(H) > <|A,C> N/(H") > <”£4>N;(H”).

1

The result now follows by taking expectations of the above inequality and
using that E[N!(H)] = Q(n"=9/2(logn)™). O

7.2. An upper bound for the number of induced subgraphs

A key step in finding the expected number of edges was to bound the number
of good quadruples (z,k,y,¥) for given k and ¢. Therefore, for general H
we would like to bound the number of valid quadruples (x,y,k,1) for given
k and 1. One of the reasons this is more complicated in the general setting
is that H might have several different representatives. However, since there
are only finitely many representatives, it suffices to prove the desired bounds
for each of them separately.

In order to do this we introduce some new notation. Let H be a Catalan-
pair graph on v vertices and let ¢ = (X,k,¥,1) be a quadruple with X and ¥
increasing such that the following conditions are satisfied.

e The lengths of x and y add to v.

e We have {#;} U{#; + &} U{y;} U {y; + 4} = {1,2,...,2v}.

e The quadruple ¢ is valid and the resulting Catalan-pair graph is iso-
morphic to H.

We say that a valid quadruple (x,k,y,1) represents H by q if the relative
order of the z;, x; + k;, y; and y; + {; coincides with the relative order of z;,
z; + ki, y; and 75 + Z_j. Note that the f; and g; as defined in the beginning
of Section 4 depend solely on k, 1, and ¢, and are independent of the exact
values of x and y.

We wish to prove a lemma that upper bounds the number of valid
quadruples for given k, 1, and representing quadruple gq. From now on we
assume that H is a connected Catalan-pair graph on v > 3 vertices that has
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s and t vertices in its bipartite components respectively. Additionally, let ¢
be a quadruple as above where X and y have length s and t respectively.
When k and 1 are known we denote by (z;) the arc (x;,z; + k;). For a
valid quadruple (x,k,y,1) we say that (z;) is a mazimal arc if there is no
J with z; < ; < x; + ki < xj + k;. We say that arc (z;) covers arc (z;) if
we have z; < z; < zj + kj < z; + k; and there is no ¢ with z; < zy < z; <
x; +k; <wxy + ki <x; + ki. Note that each arc is either maximal, or has a
unique arc that covers it. However, a single arc can cover multiple arcs.

Lemma 7.3. Let k and 1 be s and t-tuples of positive integers for which
there ezists a valid quadruple (x,k,y,1) representing H by q. The number
of such quadruples is at most

(min{fo, go} + 20+ 1) - [ (fi+20+1)-JJ(g5 + 20 +1)
i>1 j>1
iZio

for any ig # 0, and it also at most
(fo+20+1)(go+20+1)- [J(fi+20+1)- [[ (g5 +20+1)
i>1 j>1
iio i#do
for any o, jo # 0.

Proof. In order to prove the first bound we first consider the case that
fo = min{fo,g0}. Let ig,i1,...,iq be such that (z;,) is maximal and such
that (z;,) covers (z;,_,) for all 1 <p < d. We claim that there are at most

d
(fo+20+1)- [](fi, +20+1)
p=1
ways to choose z;,, i, ,,...,%i,, ;. Indeed, since we specified ¢, k, and

1 (and hence the f; and g;), we know how many points m < z;, are of the
form m = y;, m = y; + ¢;, or which satisfy z; < m < xz; + k; for some 7'.
By definition of fy, we know that there are at most fo < fo 4+ 2v points
outside of arc z;, that are not of this form. We can choose amongst these
at most fo + 2v points how many lie to the left of z;,, and such a choice
uniquely determines x;, (since we now know the total number of points
which lie to the left of x;,). We conclude that we can place z;, in at most
fo+2v+1 ways. A similar argument shows that there are at most f;, +2v+1
ways to place each x;, 1 given that x;, has already been placed, where now
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fi, plays the role of fo by restricting our attention to points of the form
x;, <m < x;, + k;,. This completes the proof of the claim.

Now suppose that we have inductively placed some (proper) subset of the
arcs. Let Z denote the set of arcs z which have not been placed and whose
endpoints alternate with some arc that has already been placed. Since H is
connected, Z # (). Since Z is finite, let z € Z be such that z covers no other
2" € Z. Without loss of generality, assume that z is of the form (y;). Then,
we are in one of the following situations.

1. The arc (y;) is minimal.

2. The arc (y;) is not minimal and all the arcs covered by (y;) have been
placed already.

3. The arc (y;) is not minimal, at least one arc covered by (y;) has not
been placed and any such arc does not alternate endpoints with any
of the arcs placed so far.

We claim that in all cases there are at most g; + 2v + 1 ways to choose y;.

1. Note that in this case there are at most g; + 2v points between y; and
y;j +{;. Indeed, there are g; points that are not of the form z; or z; +k;
and there are at most 2v points that are of this form. By assumption,
the endpoints of (y;) alternate with the endpoints of some (z;). Con-
sider the case where y; < x; < y; + ¢;. Then the number of points
between y; and x; is at most g; + 2v, else there would be too many
points between y; and y; + ¢;. Note that this number of intermediate
points uniquely determines y; since x; is known. Therefore we have at
most g; + 2v + 1 ways to choose y;.

2. In this case we can follow a similar argument as used when choosing
x;,. Note that since the y; are increasing, y;41 is the leftmost arc that
is covered by (y;). By definition of g;, there are at most g; 4+ 2v points
between y; and y;41 and the value of y; is known, so we again have at
most g; + 2v + 1 ways to choose y;.

3. In this case, suppose that (y;) intersects (z;) and that we have y; <
x; < yj +{;. We again count the possible number of points between
y; and z;. As before, there are between 0 and g; + 2v such points that
do not lie below an arc covered by (y;). We claim that we know how
many of the other points lie between y; and x;, which again yields that
there are at most g; + 2v + 1 options for y;.

Indeed, consider an arc (y;/) that is covered by (y;). If (y;/) has not
been placed, then it does not alternate endpoints with (z;) by as-
sumption. Thus this arc either lies completely between y; and x; or
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completely between x; and y; + ¢;, and since we specified the quadru-
ple q representing H, we know which of these two cases happens. Thus
we know exactly how many such points lie between y; and x;. Now if
(yj7) has been placed, we know all of y;/, y;s + £;; and x;, so clearly we
also know how many of the points between y; and y; + £; lie to the
left of x;.

Inductively, we can place the arcs one by one (in the order described above)
and note that in this process we get the product of all of the numbers of the
form f; +2v + 1 and g; + 2v + 1 except for the numbers f;) +2v + 1 and
go + 2m + 1, establishing the first bound when fy = min{ fo, go}.

Now assume that go = min{ fo, go}. Since H is connected, there exists
some jo # 0 such that (y;,) and (z;,) interlace, and moreover we can choose
jo such that it does not cover any (y;) that also interlaces with (x;,). Let
JosJ1,- -+, Je be such that (y;,) is maximal and such that (y;, ) covers (z;,_,)
for all 1 < p < e. By the same reasoning as above, there are at most
(go+2v+1)- H;:1(9ip + 2v + 1) ways to choose yj,, Yj. 1> Yjrs Yjo- We
now place the remaining arcs Z as we did before. We use almost all of the
same bounds as before, except we now use the bound g;, +2v +1 instead of
fi, +2v + 1 when we place (x;,). We are justified in using this bound since,
by assumption of (y;,) not covering any arc that interlaces with (z;,), one of
the endpoints of (x;,) must be one of the points counted by g;,. Ultimately
this gives us the product of all of the numbers of the form f; + 2v 4+ 1 and
g; +2v + 1 except for the numbers f;) +2v + 1 and fo +2m + 1 as desired.

To prove the final bound, let i, 1,...,7; be such that (x;,) is maximal
and such that (x; ) covers (z; _,) for all 1 < p < d, and similarly define
70, J1, -+, Je. By reasoning similar to that above, the number of ways we can
place all of these arcs down in at most

d e

(fot2v+D(go+20+1)- [[(fi, + 20+ 1) [[ (g, + 20+ 1).
p=1 p=1

We then place the remaining arcs and use the same bounds as we did before,
and this ultimately gives us a product of all of the terms except for f; +2v+1
and g;, +2v + 1. O

Proposition 7.4. Let k and 1 be s and t-tuples of positive integers for
which there exists a valid quadruple (x,k,y,1l) representing H by q. Then
the number of such quadruples is at most

v+2
(hi+20+1) - (ha+20+1) - (ha+20+1) - [[(hi + 20+ 1),
=6
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where h1 < he < ... < hypr < hyyo are fo, f1,---, fs and go,91,--.,G¢
written in increasing order.

Proof. Without loss of generality we may assume that f;, = max; jo{fi, g;}-
Observe that f;, > hs since we assume v > 3, and further that f;; > hs
if max{fo,g0} < h4. First assume that {fo, g0} # {h1,he}. In this case we
apply the first bound of Lemma 7.3 with our choice of ig. This bound consists
of the product of all the values h; + 2v 4 1 except for the terms f;, +2v+1
and max{ fo, go} +2v+1, and in this case we say that our bound “omits” the
values f;, +2v+ 1 and max{ fo, go} + 2v + 1. If max{fo, go} > hs then these
two terms are at least hy+2v+1 and hs 4+ 2v + 1. If max{ fo, go} < ha, then
we again omit at least hs + 2v + 1 and hs + 2v + 1 since { fo, g0} # {h1, ha}
implies that max{fp,go} > hs. Thus in this case we achieve our desired
result.

Now assume that {fo, g0} = {h1,h2}. In this case we apply the second
bound of Lemma 7.3 to ig and jo = 1. Now we omit only f;, +2v+ 1 (which
is at least hs + 2v + 1) and g1 + 2v + 1 (which is at least hs + 2v + 1). We
conclude the result. O

With this proposition we can prove an upper bound on the expected
number of induced subgraphs.

Proposition 7.5. Let H be a connected Catalan-pair graph on v > 3 ver-
tices. Then

E[N;(CP,)] = O(n"/2).

Proof. First notice that there are only finitely many valid quadruples ¢ =
(%,k,y,1) for which {z;} U {Z; + k;} U{g;} U{g; + £} = {1,2,...,2v} and
such that the resulting Catalan-pair graph is isomorphic to H. Therefore,
it suffices to show for each such ¢ that the expected number of induced
Catalan-pair graphs of C'P, that is represented by q is O(n”/ 2).

Consider 1 < h; < hy < ... < hyg1 < hyyra < 2n. We claim that
the number of pairs (k,1) such that there exist a valid quadruple (x,k,y,1)
representing H by ¢ and for which {h;} = {f;} U {g;} is at most (v + 2)!.
Indeed, note that since ¢ defines the relative order of all the points, knowing
the values of f; and g; uniquely determines k and 1. Since there are (v + 2)!
ways to distribute the h; over the f; and g, there are at most (v+2)! possible
pairs (k,1).
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Therefore, using Lemma 4.1 and Proposition 7.4 we find that the ex-
pected number of induced subgraphs isomorphic to H and represented by ¢
is at most

(v+2)!-2((h1—|—20—|—1)-(h2+2v+1)-(h4+2v+1)

h
V42
H(h +20+1) - B n® - Hh 3/2>
=6
where the sum is over all possible sequences h = (hy, ha, ..., hyt1, hyt2) and

[] indicates the product over all i with h; > 16vlogn. Note that implicitly
this sum is over all possible (k,1), and we will break up this sum into the
cases where {max f;, max g;} = {hq, hy+2} for all possible a. We will show
the desired upper bound of O(n"/?) in each of these cases. Note that 3. f; =
2n—2v, so max f; is at least linear and is uniquely determined by the other f;.
We first consider v > 5.

First, assume that a > 6. In this case, we can take out the factors
(ha+20+1) - (hysa+20+1)-hg > by *)? and note that this is O(n 1), by
virtue of hg, hy1o being linear in n. Therefore, the remaining part can (up
to some large constant) be estimated by

a+2 u,+1
(7.1) Z YN - Z (h1 +2v+1) - (hg + 20 + 1)
hyy1=1 hot1=1hge_1=1 hi=1
v+1 —
(ha+ 20+ 1) - ] + 20+ 1) - T2,
1=6 7
i#a

where the last product no longer involves hg, nor h,42. Note that this expres-
sion is actually independent of a, so for simplicity we assume that a = v+ 1.
Let b be the number of h; for which h; < 16vlogn. First consider the case
where b = 0. In this case, (7.1) is of the order

Zh 1/2 Z h—1/2 .

hy—1=1

' i: B2 i: B2 i’: pV? i Il f: ny 2 i B2

h6:1 ]’L5:1 h4:1 h3:1 h2:1 h1:1
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Once again estimating these sums by integrals we find that

ihssm i h;l/Q i h;3/2 f’: h;1/2 i h;1/2

hs=1 hy=1 hs=1 ho=1 hi=1
he hs ha hs
0 (Z h;3/2 Z th/z Z h;3/2 Z 1)
hs=1 ha=1 hs=1 ho=1
he hs ha
0 (Z h5—3/2 Z th/z Z h§1/2>
hs=1 ha=1 hs=1
he hs
-0 (Z hs?? 3 1)
hs=1 hy=1

he
=0 (Z th) = O(h§'*) = O(n'/?).
hs=1

Furthermore, each of the remaining sums is at most Ziil 12 = O(n1/?),

so the total sum is O(n? - (n'/2)v=5 . pl/2) = O(n¥/?).

All of the cases b =0 and 2 < a < 5 have essentially the same proof as
one another, so we will only explicitly go through one of these cases, namely
a = 3. In this case we take out the factors (hy,y2 + 2v + 1)h§3/2h;§é2 =
O(n~2) from (7.1), and we use the fact that h; > hs is linear for all i > 3 to

conclude (7.1) is of the order of magnitude at most

n- i n12. .. i n—1/2 i n=3/2 i n—1/2 i h;1/2 i h;1/2
h

v+1:1 hez]. h5:1 h4:1 h2:1 h1:1
27’L h2
— —1/2 —1/2
=0 n/21 Z hs, / g hy / = 0(n"/?).
h2:1 h1:1

Now consider the case that ¢ > b > 5, and again we can assume for
simplicity that @ = v 4 1. Then (7.1) is at most of the order of

2n Ry hpyo 16vlogn
Tﬂ.Zh;l/? Z h;ﬁ{2 Z hl:_:{Z. Z (hy +2v41)---
h,=1 hy—1=1 hpt1=1 hy=1
16vlogn 16vlogn 16vlogn

Soo(he+2v+1) > D (ha+20+1)

h6:1 h5:1 h4:1
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16vlogn 16mlogn 16vlogn
DY (het20+1) D (m+20+1).
h3:1 hgzl h,1:1

Note that each of the rightmost b sums will contribute at most O((logn)?)
each, and the remaining sums will contribute O(n(*=%/2) by an argument
similar to the one above. Thus the total contribution will be of the order
O(n? - n(v=9/2 . (logn)?*) = o(n?/?).

Similar arguments give a bound of o(n"/?) when b € {1,2,3,4} and for
any a > b. Note that since h, is linear in n, we always have b < a for n
large enough, so these finitely many cases are all that need to be checked
for v = 5. The proofs for v = 3,4 are essentially the same, and we note
that we did not deal with these cases earlier because we could not write, for
example, hg. We omit the details. O

We note that the above proof shows the somewhat stronger result that
the only quadruples that contribute to the order of magnitude of n¥/2 are
those which have all of their gap sizes at least 16vlogn. With this we can
now prove Theorem 1.4.

Proof of Theorem 1.4. The statement for induced subgraphs follows from
Proposition 7.2 and 7.5. For any H we claim that

Ni(CP,) < Ny(CPy) < o!- > N (CPy),
H/

where the sum is over all Catalan-pair graphs H’ on v vertices that contain
H as a subgraph. The lower bound is obvious. For the upper bound, note
that for any given subgraph of C'P,, isomorphic to H, the induced subgraph
on these vertices is isomorphic to some H’ appearing in this sum, and for
given H' there are at most v! subgraphs of H' isomorphic to H. Taking the
expectation of both sides of this inequality and using the result for induced
subgraphs gives the desired conclusion. O

7.3. The sizes of the connected components

Computational evidence suggest that a typical random Catalan-pair graph
on n vertices will have one large component with roughly n/2 vertices and
many smaller components. As we proved in Section 5, many of these com-
ponents will be isolated vertices, but a significant amount will have larger
size. In fact, we show that for any fixed Catalan-pair graph the number of
connected components of C'P,, isomorphic to this graph is linear in n.
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Proposition 7.6. Let H be a connected Catalan-pair graph on v vertices
and let n > v+ 2. There exists a constant C, independent of H, such that
the expected number of connected components of C' P, isomorphic to H is at
least C - (n —v+1/2)-167".

Proof. Let a and A be as in (3.2) and take C' = (%)2. Assume that H
has bipartite components of sizes s and t. We show that for any 1 < x <
2n — 2v + 1, we have probability at least 1/2- (a/A)?- 167 that there are v
arcs connecting {x,x+1,...,2+2v—1} and that the resulting Catalan-pair
graph on these 2v points is isomorphic to H, which in particular yields a
connected component of C'P,, isomorphic to H.

Consider a fixed representative for H. With probability (1/2)%” the
points z,x+1,...,z+2v—1 are colored in the exact same order as the points
in the representative. Furthermore, since there are at least four other points,
with probability at least 1/2 the other points do not all have the same color.
Therefore, we have » > s and b > ¢ red and blue points in total. Given r
and s, the probability that we the arcs on the points x,x+1,..., 2 +2v—1
exactly match those in the representative for H is given by

1 Crs Cpy >l
2 C, Cy, — 2

a-r3/? a-b3/? >1 aN? 1
45 A (r—s)32 4 A-(b—t)32 =2 <Z) gt
Since s+t = v this implies that with probability at least 47V 3 (a/A)?-47°
we get such a connected component isomorphic to H starting at point =x.
By linearity of expectation, the expected number of connected components
isomorphic to H is at least

(2n—2041). 47 2 (“)2 47 = (n—v+1/2) (C‘)2 1670, O
n — v . « — o [— . = {n—ov . —_— . .

2 \A A
In particular, we expect a typical Catalan-pair graph on n vertices to

have connected components of size at least logarithmic in n.
8. Computational experiments

We consider some data from computer simulations of random Catalan-pair
graphs. We do this both to provide visual evidence of some of the results
we have proven, as well as to motivate further questions to be studied. In
the first four graphs, each data point corresponds to averaging the given
statistic over 100 trials for n = 100, 200, . .., 3000 respectively.
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The first graph shows the number edges of a random Catalan-pair graph
divided by nlogn. Since 7! ~ .318, this data seems to suggest that the
expected number of edges increases somewhat slowly to its asymptotic limit
as proved in Theorem 1.2.

0.27 4
0.26 4

0.251

0.24 4

560 ldOO 15’00 20‘00 25‘00 30’00

The following graph shows the number of isolated vertices of a random
Catalan-pair graph. The red plot corresponds to 0.3023n, in accordance with
Theorem 1.3.

800 -
600 -
400 -

200 -

500 1000 1500 2000 2500 3000

The next two graphs show the sizes of the largest and second largest
connected component respectively. The red plot corresponds to 0.55n.

1600 1
1400
1200
1000
800 -
600
400

200 -

500 1000 1500 2000 2500 3000
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The graph for the second largest component is still somewhat noisy,
so we have not included a plot that tries to fit this data. Note that in
Subsection 7.3 we suggest that the behavior should be at least logarithmic,
but we likely require more data for larger n to see if this is indeed the correct
order of magnitude.

50 1
40
301
204

10

500 1000 1500 2000 2500 3000

We next look at four histograms of the distribution for 100 trials with
n = 3000. We would like to point out that most of the histograms have their
horizontal axis not starting at 0.

First, we consider the total number of edges. The binwidth for this plot
is 60.

04 L L
4000 9000 10000

Next we consider the sizes of the largest and second largest component,
respectively. We note that there are some outliers in the size of the second
largest component in this data set, and this was also the case for several other
data sets that we considered. We have also observed noticeable outliers in
the largest component in other data sets (on n = 1500 vertices), though
this could have been due to using too small a value of n. The first plot has
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binwidth 19 and the second has binwidth 3.
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We show the histogram for the total number of isolated vertices. The
binwidth for this plot is 2.

800 1000

We conclude this section with a look at the degree distribution of our

100 trials with n = 3000. The first plot shows the average number of vertices
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with a given degree that appeared during our 100 trials.

800 {
600 {
400,

.
200

*o0s,

20 40 60 80 100 120

Our final plot is a log-log plot of this data where our log is base e.

We note that this plot appears to be mostly linear, which suggest that
the degree distribution follows some power law distribution. However, the
sharp turn at the end indicates that this behavior might only be valid for
vertices of small enough degree.

9. Conclusion and future problems

In this paper we introduced a model C'P,, for randomly generating Catalan-
pair graphs, and we deduced various results concerning its subgraphs and
connected components. There are many questions that remain to be ex-
plored. One such question is to investigate whether the lower bound in
Proposition 7.2 holds for disconnected graphs as well.

Problem 9.1. Determine the order of magnitude of E[N},(CP,)] when H
is a disconnected graph on at least 3 vertices.

In addition to the expectation, it would be of interest to determine (or
at least bound) the second moments of random variables associated to C'P,.
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For example, it would be interesting to improve on Proposition 5.3 and
Proposition 6.1.

Problem 9.2. Determine more explicit bounds on the variance of the num-
ber of isolated vertices and the number of edges of CP,.

Such a result would be of interest as it would give an explicit bound
on the concentration of these random variables around their mean by using
the Chernoff bound. In order to improve on the concentration results in
Theorem 1.2 and Theorem 1.3 the following question would need to be
answered as well.

Problem 9.3. Determine explicit bounds on the quantities |E[e(CP,) —
Inlogn| and |E[I,] — vn.

While we have proven some results concerning the connected components
of C P, there are many more questions that can be asked. In particular we
would like to know the following.

Problem 9.4. What are the expected sizes of the largest components of
CP,? Are the sizes of any of these components concentrated around their
mean?

Outliers in our computational evidence suggests that the second largest
component might not have very strong concentration. It is unclear whether
or not this will be the case for the largest component.

The expected degree distribution of C' P, remains unknown, though The-
orem 7.6 does imply a lower bound for vertices of small degree.

Problem 9.5. Describe the expected degree distribution of CP,. In partic-
ular, does it exhibit a power law distribution, possibly only for sufficiently
small degrees?

Lastly, we consider two other models for randomly generating Catalan-
Pair graphs which could be of interest. These models are inspired by the
random graph model G(n,p), which is defined by including each possible
edge of an n vertex graph independently with probability p, as well as the
model I'(n, m), defined by choosing uniformly at random a graph on n ver-
tices with exactly m edges. For more details and result of these random
models, see [7] for the model G(n,p) and [5] for the model I'(n, m).

For 0 < p < 1, define CP,(p) the same way as we defined C'P,, but
instead of coloring the first 2n — 1 colinear points red and blue with equal
probability, we instead color each point red with probability p and blue with
probability 1 — p. Essentially all our proofs carry over to C' P, (p) when p is
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a fixed constant, but it is not immediately clear how CP,(p) behaves when
p depends on n.

Problem 9.6. What can be said about C P, (p) when p depends on n? Does
CP,(p) exhibit evolutionary properties as p grows?

Another model to consider is C'P),(m), which is defined by coloring its
2n collinear points chosen uniformly from all colorings which have 2m red
points, and then proceeding as in the definition of C'P,. Intuitively, CP),(m)
and CP,(m/n) should behave in essentially the same way, at least when
m = O(n).

In particular, we would like to be able to say that most results in CP,, =
CP,(1/2) continue to hold in CP)(n/2) and vice versa. We believe that
all of the proofs we have given in this paper can be modified without too
much difficulty to work for CP/ (n/2) as well, though there will be technical
difficulties. For example, one should first prove that we have concentration
results in CP) (n/2) similar to those in C'P,. A more subtle issue is that the
probability that a given point is colored red or blue is not precisely 1/2 in
CP! (n/2) once we have conditioned on other events occurring, so some care
is needed to handle this, especially when dealing with asymptotic results.

Again, while we believe that on a case by case basis our results here
carry over to C'P)(n/2), it would be nice if there was a more systematic way
to accomplish this. For example, we would like to say something analogous
to the following statement relating G(n, p) and I'(n,m), [2, Thm. 7.6].

Theorem 9.7. Let 0 < p = p(n) < 1 be such that pn®> — oo and (1—p)n? —
00, let @ be a property of graphs, and let € > 0 be fized.

If(1—€)(5) <m< (1+6)p(1¥) and asymptotically almost surely T'(n, m)
has property Q, then asymptotically almost surely G(n,p) has property Q.

Problem 9.8. Is there a systematic way to show that (reasonably nice)
properties of CP, hold in CP)(n/2) and vice versa? More generally, can
one show this for CP,(m/n) and CP)(m) for various values of m?
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Appendix A. Proofs of the edge variance

We will now provide the proofs of the lemmas in Section 6. First, we prove
the lemma that concerns all pairs of edges coming from at most three arcs.

Proof of Lemma 6.2. Since it is clear that at least two arcs must be involved,
there are two cases to consider. First, suppose that the total number of arcs
involved equals two. Then both edges in the pair are the same edge, so the
number of such pairs equals e(CP,) < n%. On the other hand, if there are a
total of three arcs involved, there are at most n-e(CP,) pairs of such edges.
Indeed, there are e(C'P,) ways to choose the first edge in the pair, which
yields two arcs, and then there are at most n ways to choose a third arc that
interlaces with either of the two arcs used already. Therefore, in expectation
there are at most

1
E[n - e(CP,)] = —n%logn = o(n*log®n)
T

such pairs. O

The next two lemmas are used to show that we may assume that each
of the gap sizes is of order at least logn. We define ¢/(CP,) as the number
of edges in C'P,, at least one of whose arcs has size at most dlogn or at

least cn. We refer to such edges as exceptional edges. In Proposition 4.3 we
showed that E[¢/(CP,)] = o(nlogn).

Proof of Lemma 6.5. First we consider the number of pairs with 2n — k1 <
dlogn. We claim that there are at most (dlogn)? - e(CP,) such pairs. In-
deed, we can pick the edge (x2, k2,2, ¢2) in at most e(C'P,) ways, and the
edge (r1,k1,y1,¢1) in at most (dlogn)? ways: we can pick ki in dlogn
ways, after which there is at most one x1 such that x1 and x1 + k1 are con-
nected (since k1 > n) and the vertex corresponding to this arc has degree
at most dlogn (as each interlacing arc must have an endpoint less than x;
or larger than x1 + k). By taking expectations we see that we have at most
(dlogn)*Ele(CP,)] = o(n?log®n) such pairs.

Now suppose that k1 — ko < dlogn or ko < dlogn. First consider the
pairs with (x1, k1,41, %1) an exceptional edge. We claim that the number of
such pairs is at most n - dlogn - €¢/(CP,), from which taking expectations
will suffice. In order to prove this, note that there are at most e'(C'P,,) ways
to pick an exceptional edge. Then, in the case k1 — ko < dlogn, there are
at most dlogn ways to pick x3, and the corresponding arc has degree at
most n. Similarly, if ks < dlogn, there are at most n ways to pick x2, and
the corresponding arc has degree at most dlogn.
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Therefore, we may assume that (1, k1, y1,¢1) is not an exceptional edge.
Assume that ky and ¢ are given. By the same logic as the proof of Proposi-
tion 4.6, we know that there are at most 4nmin{ki,¢;} options for z; and
y1, and by Lemma 4.1 the probability of having arcs connecting (x1,x; + k1)
and (y1,y1 + ¢1) is O(k‘l_3/2€1_3/2). Furthermore, given (x1,k1,y1,¢1) there
are at most k- dlogn possible second edges by a similar argument as above,
where we now use kj instead of n since we have fixed the size of the outer
arc. Hence, the expected number of such pairs of edges is given by

O | 2nlogn - z:mln{kl,ﬁl}k_l/2 03
k1,8,
1/2, 3/2
so it suffices to show that >, , min{ki, {1}k = o(nlogn). The
contribution from ki < /1 is at most

Z €—3/2 Z k1/2 < Z 6_3/2 3/2 — O(n),

Elgcn k1§£1 élfcn

and the contribution from ¢; < ki is at most

Z k—1/2 Z £—1/2 Z k:_l/2 1/2) — O(n)

klgcn €1§k1 klgcn

completing the proof. O

Proof of Lemma 6.4. We first consider the case that one of k1, ks is less than
dlogn. By symmetry we can assume that k; < dlogn. As in the previous
lemma, the number of pairs of edges with (z2, k2, y2, f2) an exceptional edge
is at most n-dlogn-e'(CP,) as there are at most n-dlogn edges where one
vertex has degree at most dlogn, and there are at most ¢'(CP,) ways to
pick the second edge. Therefore, in expectation, there are at most O(nlogn)-
E[e/(CP,)] = o(n*log®n) such pairs.

Thus we may assume that (z9, ks, y2,f2) is not an exceptional edge.
Consider all pairs of edges where k1 < v/logn. The number of such pairs is
at most n-v/logn-e(CP,), as one can pick the arc (z1, 21+ k1) in at most n
ways, this vertex has degree at most \/logn, and there are at most e(CP,)
ways to pick the second edge. In particular, the expected number of such
pairs is at most 7 - v/Iogn - E[e(CPy,)] = O(n?(logn)3/?) = o(n?log?® n).

Lastly we handle the case where /logn < ki < dlogn. We consider
the expected number of pairs of an arc and an edge ((z1, k1), (z2, k2, Y2, 2))
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such that k; is in the given range, and the arcs (1,1 + k1) and (z2, z2 + k2)
are not nested. If we can show that the expected number of such pairs is
o(n?logn) the result follows. Indeed, any pair of edges of interest comes from
such an arc-edge pair together with an arc that interlaces with (z1, k1), and
there are at most O(logn) such arcs. Thus in total we will get at most
o(n*logn) - O(logn) = o(n?log?n) pairs of edges.

To accomplish this, we will show that for any valid quadruple ¢ =
((x1,x2), (k1,k2), (y2), (¢2)) giving an arc-edge pair as described above, we
have

(A.1) P[A(q)] = O (k;3/2e;3/2 : (k;3/2 + e_m/16)> .

Showing the above bound on the probability suffices because then the num-
ber of arc-edge pairs is at most

DPAWI =0 | [ Yok T Ry
q

1,k Z2,k2,y2,l2

where we note that some combinations of some (x1,k1) used in the first
sum and some (z2, k2, Y2, ¢2) used in the second sum will not give a desired
quadruple ¢, but this is no issue since we are only interested in an upper
bound. By Lemma 4.2 and Proposition 4.6 the first sum is o(n) and the
second sum is O(n logn), showing the desired result. We will deviate slightly
and assume that {5 is at least 2d log n, but we note that this change will not
affect our previous arguments.
To prove (A.1) we note that P[A(q)] can be written as

CusCrsCry CongComg
Y
c Cn0+n1+n2+2 C’mo-‘rmz-‘rl

(A.2) PlA(g)] =27

where the sum is over all colorings ¢ of the points such that all the points
coming from ¢ receive the correct color and the number of points of the
desired color in each region is even. Here ng and mg are half the number of
red and blue points outside of the desired arcs, nj is half the number of red
points within arc (z1, 21 + k1) and ny and mg are half the number of red an
blue points respectively in the arcs (x2, x2 + k2) and (y2,y2 + ¢2). Note that
ly > 2dlogn, hence the number of points between yo and yo + ¢ that do
not lie between x; and z; + k; is at least dlogn.

Consider all the possible colorings of all the points except for the points
in the interval [z1,z1 + k;1]. By using Lemma 4.4, for d large enough, we
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can say that with probability at least 1 — O(n~1%) we have ng, mo = Q(n),

ny = Q(k2) and mg = Q(f2), where the bound on my follows by the above
remark that there are still at least dlogn points that we are considering.

Since
w10 = o (2 4 R (19292

we can restrict our attention to all colorings where the above bounds are
satisfied. Now, for any such coloring, using the asymptotic formula for the
Catalan numbers, we have

CimyCm,

—0w;%%).
Cm0+m2+1 ( 2 )

Furthermore, we can rewrite

Cno C’m Cng _ Cn0+n2+lcn1 Cng an
= . ,
Cno+nl+nQ+2 Cno—i-nl +ng+2 Cn0+n2+1

Crnging+1Cn;

then as in Lemma 4.2 we can show that , which is the probability

nog+ni+ng+2
of an arc connecting z; and z1 + ki, is given by O (k‘l_?’/Q + e~ Vlogn/16)
where this case is even a bit easier since we already specified the number
of red points outside the arc. Furthermore, plugging in ny = Q(n) and
J— C"OC”Q
ny = Q(ke) we find cm—
(A.2) yields

PA(q)] = 272" 0 (ki */ + eVoEn/10) . (15 92%2) ),

= O(ky 3/ 2), and plugging all these results into

which is O ((k;?)/? + e‘VlOg”/m) . (k;3/2€;3/2)) since there are at most

227 valid colorings c. The finishes the case that one of ki, ko is less than
dlogn.

Secondly, consider the case that 2n — (k1 + k2) < dlogn. By the above
we may assume that ki, ko > dlogn. For any dlogn < k1 < 2n — dlogn
there are at most O(logn) values of ky for which 2n — (k1 + k2) is satisfied.
Furthermore, given k1 and ko there are at most O((logn)?) ways to pick 1
and x9, as there are at most dlogn dots outside of the arcs (z1,z1 + k1)
and (z2,x2 + ko). A variant of the proof of Lemma 4.1 shows that with
probability O(n3/2k173/2k273/2) we have arcs connecting z1 and z1 + k1, and
zo and xo + k9.
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Given k1, ko, 1 and x5, and assuming that (21,21 +k1) and (22, zo+k2)
match there are at most ki - ko edges involving these two arcs. Therefore,
the expected number of pairs of edges is at most

Z O((logn)2),O(n3/2k1—3/2k2_3/2),k1k2 — O(n%%(logn)? Z k—1/2 _1/2
k1 ko =

We now claim that kg > %(Qn — k1). Indeed, if k1 > 2n — 2dlogn we have
%(Zn — k1) < dlogn, whereas ko > dlogn. Otherwise, we have ko > 2n —
k1 — dlogn > %(271 — k1) since the last inequality is equivalent to k1 <
2n — 2d logn. Using this, together with the earlier observation that there are
at most O(logn) choices for ko given kp, we find

O(n*?(logn)? Z ky 2 1/2 = O(n*?(logn)? Z ky 1/2 — ky) V2
kl,k‘z k17k2
= 0(n*?*(logn)?) Z kl_l/Q(Qn — k)72
k1

Using that = — (z(2n — z))~/? is decreasing on (0,n) and increasing on
(n,2n) we can compare the last sum with an integral to find that

2n—1
Z k;1/2(2n — k)72 < / (z(2n —z))"V/? dz
ks !

2n—1
T
= 2arctan
2n—x )|,

1
= 2arctan(yv/2n — 1) — 2arctan < 5 ) < .

n—1

Therefore, the expected number of pairs of these edges is O(n%/?(logn)?) =
o(n?log?n). O
The next lemma takes care of the cases where the arcs on at least one

side are nested.

Proof of Lemma 6.5. There are three cases to consider, based on the relative
position of the arcs coming from the bottom:

1. These arcs are unnested.
2. We have yo < y1 < y1 + 401 < yo + £o.
3. We have y1 < yo < yo + fo < y1 + ¢1.
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We will prove that in each case we have

(A.3)
PlAG, K, y,1)] = O (n?ky /(20 — k) 200 (20 — 00) 2032052

where k,, = min{ke — ki,ks2} and ¢, is defined based on which of the
three cases we are working in. Furthermore, in all cases we will show an
upper bound of O(g(k1, 1) - k1 - min{k,, ¢, }) on the number of choices for
x1,x2,Y1,Y2 given ki, ko, 01, 2. Here g(k, ¢) is the number of pairs (x,y) such
that (z,k,y,¢) is a good quadruple, as defined in Proposition 4.6. We note
that given k,, and k; there are only two possibilities for ks and we will define
U, in such a way that the same thing holds for #5 given £,,, and ¢;. Therefore,
the desired contribution will be of the order

ST gk ) k- mindk, G} - 0Pk (20— ky) 73
k1,01 km lom

‘51—3/2(2,,1 — 4y)73/2k3/20-3/2,

Simply allowing all the variables in this sum to run between dlogn and
2n — dlogn we can factor this as

Z in{ Ky, € Yo 3/ 20312
ks lm

S gk, 0= 1) ky 0Pk (20— k) 3200 (20— 0) 73
k1,1

Note that the first sum is of order O(logn). Now, if max{ki,¢1} > cn we
can use the estimate k1 = O(n), to show that the total contribution is given

by

O(nlogn) - | Y glkr,€ = 1) -0’k > (2n — ke) 207?20 — 1) 73/
k1,01

= o(n?log®n),

as the last sum is of order o(nlogn) by Proposition 4.3. Else, we can
use n3(2n — k1) 73/2(2n — £1)73/2 = O(1) and the estimate g(k;,¢;) <
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Anmin{ki, {1} < 4nl; to see that the total contribution is of the order

O(nlogn) - Z k_1/2 _1/2 = O(n?logn) = o(n*log®n),
kl 61

where we used that

Z k;1/2£;1/2 _ Z k;l/Q ' Z k;1/2

k1,61 dlogn<ki;<cn dlogn<k;<cn

— O(v/i) - O(v/m).

We now show (A.3) and the desired bounds on the number of quadruples
for each of the cases. We handle the first case in full detail, the other two
cases are very similar so we only highlight the details.

1. We know from Lemma 4.1 that P[A(x,k,y,1)] =
O (n(2n — k) ™2 (ks — ko) 2k "2 (2n — 0 — £) 200

In this case, we define ¢, = min{2n — ¢; — ¢3,¢5}. Now, since (k1 —
ko) + ko = k1 we have max{ky —ka, ka} > k1/2, so (k1 —ka)~ 3/214:;3/2 =
O(ky **kn?) and similarly we find (2n— 03 —£5)=3/20;*/% = O((2n—
Y] ) 3/2£m3/2)-

Furthermore, given ki, ko, {1, 5 there are at most g(ki,¢1) + O(n) =
O(g(k1,41)) ways to pick (x1,y1), where we have to add O(n) to ac-
count for the option that (z1,k1,y1,%1) is not a good quadruple. Now
suppose that (x1,y;) has been chosen.

If &y, < €, there are at most (k; — k2) ways to pick x9 and after that
at most 2ke ways to pick yo, so there are at most O((k; — ka)ks) =
O(k1ky,) ways to pick (z2,y2) (where we used ki — ko, ko < ky).
Similarly, if ¢,,, < k,, there are at most k1 ways to pick z9 and we claim
that there are at most O(¢,,) ways to pick ys. Indeed, if £,,, = 2n—0,—/(5
then there are at most two ways to pick the relative order of the arcs,
after which g, is determined by how many of the 2n — ¢ — by = ¢,
outside points are to the left of yo, whereas if ¢,, = f5 the value of
yo is determined by the relative order of zo and ys and by how many
points the arcs (x2, x2 + k2) and (y2, y2 + ¢2) have in common. For the
first option we have two choices and for the last one we have ¢y = ¢,
choices.
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2. In this case we have Pr[A(x,k,y,1)] =
0 <n3(2n—k1)*3/2(k1—k2)*3/2k;3/2(2n—52)*3/251‘3/2(52—el)*i”/Q),

so defining ¢,,, = min{2n — f9, f3 — {1} gives the desired bound on the
probability.

For the count of the number of options for (x1,y1,22,y2) the only
thing that changes is the number of ways to pick (z2,y2) given (x1,y1)
and given ¢, < k,,. Again, there are at most k1 ways to pick xo. If
by = £y — f1 then yo is determined by the number of dots between
y1 and yo, whereas if £,, = 2n — f5 the value of ys is determined by
choosing how many of the outside points should be to the left of ys.

3. Here we have the bound P[A(x,k,y,1)] =

O (n®(2n—kn) ™2 (k1 — ko) 2k /2 (2n— ) 2022 0y — 15)732),

so we define ¢, = min{¢; — {2, (2}.

Again, the only thing that remains is to bound the number of ways
to pick yo given (z1,y1,x2) in the case £, < ky,. If £, = {1 — {5 then
1o is determined by picking the distance between y; and ys, whereas
if £,, = fo the value of y» is determined by picking the relative order
of x9 and yo and choosing the number of points that the two arcs
(2,2 + ko) and (y2,y2 + ¢2) have in common. O

Next we handle the case where at least one of the arcs has size linear
n n.

Proof of Lemma 6.6. We assume k; = max{ki, ko, 1,02} without loss of
generality. Let kg = 2n—k; —ko and £y = 2n—¢; —¢5 and set m; = min{k;, ¢;}
for i = 0,1,2. First assume that ¢; # max{/g, {1, ¢2}.

We claim that given ki, ko, £1,£2, the number of quadruples is at most
O(m3mima) = O(m3l1ms). Since there are only finitely many options for
the orderings of the endpoints of the arcs, it suffices to show the bounds
for each specific ordering. But, given the ordering of the arcs, we claim
that there are at most mom; ways to pick (z;,y;). Indeed, consider the case
that kg = min{ko,%p}. Then we can pick z; in at most ky ways, as it is
determined by the number of points to the left of z; (if the arc (z;, z; + k;)
is the leftmost arc) or to the number of points to the right of z; + k; (if the
arc is the rightmost arc), so x; can be picked in at most ky = mg ways. After
that, y; is determined by the number of points that the arcs (x;, z; + k;) and
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(yi, yi+¢;) have in common and this is at most m;. The case £y = min{ko, o}
is similar.
Now given a quadruple, by Lemma 4.1 the probability that that all the
—3/2,-3/2 ,~3/2, —3/2 ,~3/2
(’I’L3/2k20 /60 /21 //{72 /52 /)

desired arcs match is O where we used that

k1 > cn. Therefore, the desired contribution is at most
(A.4) Om*2) -3 " mdeg* kg™ 72 maky 20,

Since £y + 1 + o = 2n we have max{{y, {1,l2} > 2n/3. Since we assumed
that ¢; is not the maximum we have two cases.

e /(yis the maximum. In this case n3/2€(;3/2 = O(1). Note that (as we did

in Proposition 7.5) ¢y is determined by ¢; and ¢3, and k; is determined
by ko and kg, so its contribution to (A.4) is

0(1) Z k_3/2£ 1/2 2k2_3/2€2_3/2,
ko,k2,1,02

where the sum is over some appropriate range. To find an upper bound
we can split this sum as

o) (Zm%ko?)ﬂ) ) <Z£11/2> ] Zm2k;3/2£2—3/2 ’
b

k() k2 762

which after merging back involves more terms than before, but that
is fine as we are only interested in an upper bound. We will now es-
timate each individual sum. For the first one, if kg < ¢y this con-
tributes ), 1/2 = O(n%/?), whereas if kg > £y this sum is at most

O(n?) Y ko 3/2 = O(n?) - O(n~Y?) = O(n®?) where we used that
ko > 2n/3 in this case. For the second sum we get a bound of O(n'/?).
For the last sum we may assume ko < fo by symmetry and see that
this sum is

25‘3/221{1/2 = (ZE > O(logn),

kz <€2

so all together we get O(n?logn) in this case.
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e Now assume that £y = max{{y, ¢, />}. Using the estimate O(n®/?) -
£2_3/2 = O(1) the contribution to (A.4) is at most

O Z ok 3/2, 3/2 (Zﬁ 1/2) ' (Zm2k23/2>
k2

ko, Lo

Similar arguments to above give that the first sum is O(n), the second
one is O(n'/?) and the last one is O(n'/?) where here one has to
distinguish cases based on whether ko > fo or ko < f5 just as for the
first sum in the case above, so the total contribution will be O(n?) =
o(n?log?n), as desired.

It remains to handle the case {1 = max{/y, ¢1,¢>}. In this setting, we claim
that (after being given an ordering of the endpoints of the arcs) we can
choose x1,z9,y1 and yo in kg - &y - mg - me ways. Indeed, we can still pick
Zo,Yy2 in Mg - mo ways, whereas we have at most kg ways to pick x; and ¢
ways to pick y;1. In this case, we get a contribution of at most

O(n*?) - oty kg 2 0727 maky 2%,

Using O(n%/?) -5173/2 = O(1) we have to evaluate

Zm0£51/2k51/2 ) Zm2k2—3/2£2—3/2 7

ko lo k2 ,ls

where the second sum is O(log n) as before and by a similar argument we find
that the first sum is O(n?), showing that this contribution is O(n?logn) =
o(n?log®n). O

Lastly, we handle all quadruples that are valid but not good.
Proof of Lemma 6.7. By Lemma 4.1 we know

P[A(x, k,y,1)] = O(ky ¥ ?ky 220320, %72,

Also, we know by Proposition 4.6 that » ;. , g(ki, (i)k; 3/29=3/2 _ O(nlogn)

K3

and by Proposition 4.3 that >, , nk_3/2€ 32 = o(nlogn).
Our goal is to show given (k‘l, ko, 21, I2) there are at most O(g(k1,41)n+
ng(ka, l2) +n?) quadruples ¢ € Q4, since then the desired contribution is at
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most

O 3 (g, ti)n+ nglha. fa) + n2)k; 2002k 2205 |

k1,1 k2, Lo

which is the sum of

O D2 gk, )k P2 ) |3 nky 20,2

kl,fl k27€2
—3/2 )—3/2 —3/2 )—3/2
O [ D nky 202 | | Y glha, to)ky 70,
klyfl k27£2
0 Z nkf3/2£f3/2 ) Z nk;3/2€;3/2
kl,fl k27€2

so the total contribution is o(n?log®n) as well.

=0(nlogn)-o(nlogn)

=o(nlogn)-O(nlogn)

=o(nlogn)-o(nlogn)

Now, given (k1, k2, {1, ¢2) there are only a few ways in which we can have

a valid but not good quadruple.

o (x1,k1,y1,%1) is good, but (z2, k2, y2,£2) is not good. In this case we

can pick (z1,y1) in at most g(k1,¢1) ways and (z2,y2) in O(n) ways,
so we are done.

(9, ka,y2,l2) is good, but (x1,k1,y1,¥¢1) is not good. Similarly to the
previous case this will give a bound of O(ng(kz, £2)).

Neither of the (x;, ki, i, £;) are good. In this case we get a bound of
O(n?) as there are O(n) ways to pick any individual (z;, k;, ys, £;).
Both of the (x;, k;, ys, ¢;) are good, but the endpoint of one arc of the
first four-tuple is adjacent to the endpoint of an arc of the second
four-tuple. Note that there are only finitely many possible orderings
of the endpoints of the arcs. Given an ordering, there are now at most
g(k1,¢1) ways to pick (z1,y1), which determines either x9 or ys since
one of {xa, x2 + ko, y2,y2 + f2} is adjacent to a now known point, and
after that there are at most 2n ways to pick the other of xo, 9, so
there are O(g(k1,¢1) - n) possible quadruples in this case. O
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