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Semi-random process without replacement

SHONI GILBOA AND DAN HEFETZ*

Semi-random processes involve an adaptive decision-maker, whose
goal is to achieve some pre-determined objective in an online ran-
domized environment. We introduce and study a semi-random multi-
graph process, which forms a no-replacement variant of the process
that was introduced in [4]. The process starts with an empty graph
on the vertex set [n]. For every positive integers ¢ and 1 < r < n,
in the ((¢ — 1)n + 7)th round of the process, the decision-maker,
called Builder, is offered the vertex mq(r), where 7, mo, ... is a se-
quence of permutations in S,,, chosen independently and uniformly
at random. Builder then chooses an additional vertex (according
to a strategy of his choice) and connects it by an edge to m,(r).

For several natural graph properties, such as k-connectivity,
minimum degree at least k, and building a given spanning graph
(labeled or unlabeled), we determine the typical number of rounds
Builder needs in order to construct a graph having the desired
property. Along the way we introduce and analyze an urn model
which may also have independent interest.
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1. Introduction

In this paper we introduce and analyze a general semi-random multigraph
process, arising from an interplay between a sequence of random choices on
the one hand, and a strategy of our choice on the other. It is a no-replacement
variant of the process which was proposed by Peleg Michaeli, analyzed in [4],
and further studied in [3, 8, 2, 9]. Denote by S,, the set of permutations of
the set [n] :={1,2,...,n}, and let 71, m9,... be a sequence of permutations
in S, chosen independently and uniformly at random. The process starts
with an empty graph on the vertex set [n]. For every positive integer k, in
the kth round of the process, the decision-maker, called Builder, is offered
the vertex vy := my(r), where ¢ and r are the unique integers satisfying
(g—1)n+7r = kand 1 < r < n. Builder then irrevocably chooses an
additional vertex uj and adds the edge upvy to his (multi)graph, with the
possibility of creating multiple edges (in fact, we will make an effort to avoid
multiple edges; allowing them is a technical aid which ensures that Builder
always has a legal edge to claim).

The algorithm that Builder uses in order to add edges throughout this
process is referred to as Builder’s strategy.

Given a positive integer n and a family F of labeled graphs on the vertex
set [n], we consider the one-player game in which Builder’s goal is to build
a multigraph with vertex set [n] that contains, as a (spanning) subgraph,
some graph from F, as quickly as possible; we denote this game by (F, n)ap.
In the case that the family F consists of a single graph G, we will use the
abbreviation (G, n)iap for ({G},n)1ap. We also consider the one-player game
in which Builder’s goal is to build a multigraph with vertex set [n] that
contains a subgraph which is isomorphic to some graph from F, as quickly
as possible; we denote this game by (F,n). Note that

(1) (]:a n) = (]:ismn)laba

where Fig, is the family of all labeled graphs on the vertex set [n] which
are isomorpic to some graph from F. The general problem discussed in this
paper is that of determining the typical number of rounds Builder needs in
order to construct such a multigraph under optimal play.
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A formal treatment Suppose that Builder follows some fixed strategy S. Let
S(n,m) denote the resulting multigraph if Builder follows S for m rounds.
That is, S(n,m) is the probability space of all multigraphs with vertex set
[n] and with m edges, where each of these edges is chosen as follows. For
every positive integer k, in the kth round of the process, Builder is offered
the vertex v, = my(r), where ¢ and r are the unique integers satisfying
(g—1)n+r =k and 1 <r < n. Builder then chooses the vertex uy according
to S, and the edge uivi is added to his graph.

For the labeled game (F,n)i,, and a strategy S, let 7(S) denote the total
number of rounds played until Builder’s graph first contains some graph from
F, assuming he plays according to S. In other words, 7(S) is the smallest
integer m for which the graph S(n,m) contains some graph from F. For
completeness, if no such integer m exists, we define 7(S) to be +oo. Note
that 7(S) is a random variable. Let ps be the non-decreasing function from
the set N of non-negative integers to the interval [0, 1] defined by ps(k) =
Pr(7(S) < k) for every non-negative integer k. Following [4], we say that
S dominates another strategy S’ if ps(k) > ps: (k) for every k. A strategy
S is said to be optimal, if it dominates any other strategy S’. For every
non-negative integer &, let p(r )., (k) be the maximum of ps(k), taken over
all possible strategies S for (F,n)iap. Clearly, p(z ), is a non-decreasing
function from N to [0,1]; hence there exists a random variable 7,5 (F,n)
taking values in N U {+oo} such that Pr(n.,(F,n) < k) = p(r )., (k) for
every non-negative integer k. Note that if there is an optimal strategy S for
the labeled game (F,n)jap, then we may take m,,(F,n) to be 7(S).

For the unlabeled game (F,n) we define 7(F, n) in an analogous manner,
or by using (1), namely

(2) 7'(.7:, n) = TIab(]:iso; n)

Since, obviously, p(rn)(k) > p(Fn)., (k) for every k, we may assume (by
coupling) that

(3) T(.F,n) ST]ab(f,n).

For a given family F of graphs on the vertex set [n], our prime objec-
tive for the game (F,n)iap is to obtain tight upper and lower bounds on
Tlab (F,n) which hold with high probability (w.h.p. for brevity), i.e., with
probability which tends to 1 as n tends to co. Note that in order to prove
that w.h.p. 7ap(F,n) < m, it suffices to present a strategy S such that
w.h.p. S(n,m) contains a graph of F. On the other hand, in order to prove



170 Shoni Gilboa and Dan Hefetz

that w.h.p. 7, (F,n) > m, one has to show that for any strategy S, w.h.p.
the graph S(n,m) does not contain any graph of F. Our prime objective
for the unlabelled version of the game is analogous, namely, to obtain tight
upper and lower bounds on 7(F,n) which hold with high probability.

In this paper we will establish such lower and upper bounds on 7, (F, n)
and on 7(F,n) for several natural families F of graphs.

The rest of the paper is organized as follows. Section 2 introduces some
notation and a technical result which will be used later on. Section 3 contains
two very simple but very general results; these will determine our focus for
the rest of the paper. In Section 4 we introduce and analyze an urn model;
it will be used in later sections, but may also have independent interest.
In Section 5 we study minimum degree games. In Section 6 we study the
construction of labeled and unlabeled perfect matchings. In Section 7 we
study the construction of labeled regular graphs. In Section 8 we study
the construction of labeled and unlabeled trees. In Section 9 we study edge-
connectivity games. Finally, in Section 10, we suggest several open problems
for future study.

2. Notation and preliminaries

For every positive integer m, let

m
Hp =)
k=1

denote the mth harmonic number. For all positive integers ¢ < m, let

ol

— 1
Hem = Hp —Hy= )
k=0+1

For all positive integers £ < m it clearly holds that

m— ¥ m —/
4 < Hp,, < )
(4) - S Him <

Moreover, since x%rl <In(z+1) —Inz < 1 for every z > 0, for all positive

integers ¢ < m it holds that

m+1 m
LN R _ < < —Inf=In(—).
(5) ln<£+1> In(m+1)—In({+1) < Hyp, <Inm—1Int ln<£>

The following simple technical claim will be useful in Sections 6 and 7.



Semi-random process without replacement 171

Claim 2.1. Let n be an even positive integer. For 0 < r < n/2 let
pri=Pr({m(1),7(2),...,7(n—r)}N{2i —1,2i} # 0 for every 1 <i <n/2}
where m € Sy, is chosen uniformly at random. Then
_fr-o) r=o(v)
e {0<1> r = w(yi).

Proof. Note that for a permutation 7 € S,, it holds that {w (1), 7(2),...,7(n—
r)} N {2 — 1,2i} # 0 for every 1 < ¢ < n/2 if and only if [{m(n —
r+1),...,m(n)} N {2 —1,2i}| < 1 for every 1 < ¢ < n/2. In order to
count the permutations which satisfy the latter, we choose r of the pairs
{{2i—1,2i} : 1 <i < n/2} and then one element from each chosen pair; the
r chosen elements form the image of {n —r +1,...,n} and the remaining
n — r elements form the image of {1,...,n — r}. It follows that

o (D)2 =it 3G -1 (5 —r+ D2
r (n—1)-- (n—r+1)

n! n
~nn—2)---(n—2r+2) ﬁ
Conan—1)---(n—r+1) n—i)’

Hence, if r = w(y/n), then

p=T (-5 <o {5 b o (O,

1=0

r—1 i r—1 1 r—1 i
= 1-— = > —
br H( ”1> el B S _eXp{ Zan}
i=0 i=0 n—21 i=0

3. General bounds

The following two results are very simple but very widely applicable. To-
gether with their many corollaries they form a good indication of what is
interesting to prove in relation to the no-replacement semi-random process.
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Proposition 3.1. Let G be a graph on the vertex set [n]. If there exists an
orientation D of the edges of G such that dj{)(u) < d for every u € [n], then
7(Gyn) < 11 (G,n) < dn.

Proof. Let D be an orientation of the edges of G such that df;(u) < d for
every u € [n]. For every u € [n], let @', ..., @ ® be an arbitrary ordering
of the vertices of N} (u). For every 1 < i < dn, let u; denote the vertex
Builder is offered in the ith round. In the ith round, Builder claims the
edge u;@f, where k < df(u;) is the smallest integer for which u;a¥ is free;
if no such k exists, then Builder claims an arbitrary edge which is incident
with w;. Since df(u) < d for every u € [n] and since, during the first dn
rounds, every vertex of [n] is offered precisely d times, it readily follows from
the description of Builder’s strategy that, after dn rounds, Builder’s graph

contains G as a subgraph. O

Proposition 3.2. Let G be a graph on the vertex set [n]. Let d be the largest
integer such that in every orientation of the edges of G there exists a vertex
of out-degree at least d. Then

Tiap(G,n) > 7(G,n) > max{(d — )n+ 1,e(G)}.

Proof. Trivially, 7(G,n) > e(G); we will prove that 7(G,n) > (d—1)n+1 as
well. Suppose for a contradiction that there exist permutations my,...,mg_1 €
S, and a strategy S such that, if the vertices are offered according to
T1,...,m4—1 and Builder follows S, then he builds a copy of G within (d—1)n
rounds. Orient each edge Builder claims from the vertex he was offered to
the vertex he chose to connect it to. Observe that the maximum out-degree
in Builder’s graph after (d — 1)n rounds is d — 1 and thus, by the definition
of d, his graph cannot admit a copy of GG, contrary to our assumption. [J

Remark 3.3. It is well-known (see Lemma 3.1 in [1]) that a graph G admits
an orientation in which the out-degree of every vertexr is at most d if and
only if d > L(G), where

e(H)

L(G) := DA HCG.

(@)= max{ G304 H < G

As noted above, despite being very simple, Propositions 3.1 and 3.2 have

many useful, essentially immediate, corollaries which cover the construction
of many graph families.

Corollary 3.4. Let G be a 2d-regular graph on the vertex set [n]. Then
T(Gyn) = 1iee(G,n) = dn.



Semi-random process without replacement 173

Let H = H(n) denote the family of Hamiltonian cycles of K,,. It follows
by Corollary 3.4 that 7(#,n) = n. For the original ‘with replacement’ model,
it was shown in [4] that w.h.p. In2+In(1+1In2))—o(1) < 7(H,n)/n < 3+o0(1).
Both bounds were subsequently improved in [8], where it was shown that
w.h.p. In2+1In(14+1n2)) + 1078 —o(1) < 7(H,n)/n < 2.07+ % +o(1). Since
In2+In(1+1n2)) > 1, it follows that (for sufficiently large n) a Hamiltonian
graph can be built in the ‘no replacement’ model faster than in the ‘with
replacement’ model. We remark that there are graphs which can be built
in the ‘with replacement’ model faster than in the ‘no replacement’ model.
For example, [4, Theorem 1.10] implies that 7(K4,n) = o(n) in the ‘with
replacement’ model, whereas it follows by Proposition 3.2 that 7(K4,n) > n
in the ‘no replacement’ model. It is not hard to augment this example to
obtain spanning graphs which may be built in the ‘with replacement’ model
faster than in the ‘no replacement’ model.

Corollary 3.5. Let G be a d-degenerate graph on the vertex set [n|. Then
e(G) < 17(G,n) < 11(G,n) < dn. In particular, in the special case where
e(G) = dn, it holds that T(G,n) = T14(G,n) = dn. Another special case is
when T is a tree, and then n — 1 < 7(T,n) < 11(T,n) < n.

Corollary 3.6. Let G be an arbitrary balanced' graph with m edges on the
vertex set [n]. Then m < 7(G,n) < 715(G,n) < [m/n|n. In particular, if
m/n is an integer, then 7(G,n) = Tip(G,n) = m.

Corollary 3.7. Let G ~ G(n,p), where p=p(n) > Inn/n and let f: N —
N be a function satisfying f(n) = w(n./p). Then w.h.p.

n2p/2 — f(n) < 7(G,n) < (G, ) < n’p/2+ \/ndpnn +n.

Proof. Since p > (1+0(1))Inn/n, it is well-known (see, e.g., [5, 7, 10]) that
w.h.p. e(G) > n?p/2 — f(n) (indeed, by Chernoff’s bound,

Pr (e(G) < n’p/2 — f(n)) < e~ fW*/(*p) — o(1)) and that w.h.p. dg(u) <
np + 2y/npInn holds for every u € V(G) (indeed, for every v € V(G), it
follows by Chernoff’s bound that Pr(dg(u) > np+2y/nplnn) = o(1/n) and
hence Pr(Ju € V(G) : dg(u) > np + 2¢/nplnn) = o(1)). It is then easy
to find an orientation D of the edges of G such that df(u) < [dg(u)/2] <
np/2 + /npInn + 1 holds for every u € V(G). It thus follows that w.h.p.

n?p/2 = f(n) < e(G) < 7(G,n) < ap(Gyn) < n’p/2 4+ V/nPplnn +n,

LA graph G is balanced if e(G)/v(G) = max{e(H)/v(H) : ) # H C G}.
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where the second inequality holds by Proposition 3.2 and the last inequality
holds by Proposition 3.1. O

It follows from all of the aforementioned corollaries that some properties
which may still be interesting to study are the construction of odd regular
graphs and the construction of a (not predetermined) graph from an inter-
esting family, such as graphs of minimum degree k£ or k-connected graphs

(where k is odd).
4. An urn model

In this section we analyze an urn model which is somewhat reminiscent of
Polya’s urn model [12]; it will be used later on to prove Theorem 5.1, but
may also have independent interest.

We start with n white balls in an urn. In each round, as long as there is
at least one white ball in the urn, we remove one ball from the urn, chosen
uniformly at random, and then if the urn still contains at least one white
ball, we replace one white ball with one black ball. Let T" be the number of
rounds until the process terminates (i.e., until there are no white balls left
in the urn); clearly 7' < n — 1. For every non-negative integer i, let W; be
the number of white balls in the urn after exactly min{s, 7'} rounds. Clearly
Wo = n, W; = 0 for every ¢ > T, and for every 1 < i < T, it holds that
W; = W;_1 —2if W;_1 > 1 and a white ball was chosen in the ith round (an
event which occurs with probability %), and W; = W,_1 — 1 otherwise.

Our main aim in this section is to prove that w.h.p. T is very close
to (1 — 1/e)n. We remark that this may be shown by using Wormald’s
differential equations method [13, 14]. For completeness, we present a simple
direct argument. We begin by estimating the expectation and variance of
the Wy’s. Recall that Hy,, = > 1,4 % for every ¢ < m.

Claim 4.1. For every 0 < j < n it holds that

(6) E(W;) > (n - ) (1 = Hyjo10-1)
(7) E(W;) < (n - ) (1 = Pr(T > j)Hyj-10-1)
(®) Var(W;) < 2j

Proof. Observe that for every 0 < i < n, it follows from the definition of the
W;’s that

0 W1 <1

Wi —1-— TLEV;I W;,_1>1.

E(W; | Wi_1) = {
(i—-1)
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Hence
1 1 ~ 1
9 Wz W’L . 1— 9
) n— (Wil 2 n—(i—1) L
where
_ n—(i—1) W, <1
Wi—l — n—i =
Wi_1 Wiz1>1
Note that
- n—(i—1)
(10) E(Wz_l) = E(Wz_l)—i- P Pr(Wi_l = 0) - PI’(WZ‘_l = 1)
Therefore
E(W;_1) < E(Wi_;) + = (l_i ) pr(wiy < 1)
n—(i—1)
(11) <E(W;_1) + Pr(T <1).
n—1

It follows that

nl_ZE(WZ) =E (—iE(W | Wi 1)> = — (1 — 1)E(Wi_1) - 1_ :
1 1 o
S saopeWi) + BT sd) - o=
- 1 ., Pr(T>q)
=W - —

where the first equality holds by the law of total expectation, the second
equality holds by (9), and the inequality holds by (11). Therefore, for every
0 < j < n, it holds that

1
W) <

J
Pr(T > i)
E(Wy) Z — <1-—
=1 l=1

zl'i

which proves (7). Similarly, (6) follows upon observing that

(12) E(W;—1) > E(W;_1).

holds by (10).
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We proceed to prove (8). For every 0 < ¢ < n it holds that
Var(Wi ‘ Wz’—l) = Var(WZ- — Wi—l ’ Wi—l)
0 W,1 <1
) {—nW@a) (1-y) Wi

Since the maximum of z(1 — z) is 1/4, it follows that Var(W; | W;_;) < 1/4
and thus

E (Var(W; | Wi_1)) < .
Moreover, using (12), we obtain

Var(W;_1) < Var(W,;_1) + E <V~Vf,1 — WZZ,1>

(13) < Var(Wi_1) + <w)2

n—1

Therefore

Var (E(W; | Wi_1)) = Var <#:1)Wi_l - 1>

. 2
n—i
<|—— i— 1< — 1,
< (n—(z’—l)) Var(W;_1) + 1 < Var(W;_1) +

where the first equality holds by (9) and the first inequality holds by (13).
It then follows by the law of total variance that

Var(Wi) = Var (E(W@ | Wifl)) +E (Var(Wi | Wifl)) < Var(Wi,l) +

ot

Noting that Var(Wy) = 0, this proves (8). O

Proposition 4.2. Let mg = | (1 — 1/e)n] and let a(n) be a positive integer
smaller than mg (in particular, n > 4). Then

6n
(14) Pr(T <mgp—a(n)) < )2
and
12n 6n
(15) Pr (T > mg + 36a(n) + (a(n))2> < )
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Proof. Denote m := mg — a(n). It follows by (4) and (5) that

1
Hn—m—l,n—l = Hn—mo,n - Hn—mo,n—m—l - E
< n _ mg —m — 1 _ l
n — myo n—m-—1 n
-m-1 1
(16) clpe_Mo-—m=-1_1_. on
n n n
Therefore
n a(n 1
(17) (W) 2 (1= m) (1~ Hornt) = (2 +0m) 22 > Lo,

where the first inequality holds by (6) and the second inequality holds
by (16). Thus

VaT(Wm) éeQm
Pr (Wi — E(Wn)| = E(W,)) < EWo)P = (a(m))?
5
(18) cide_pn oo

where the first inequality holds by Chebyshev’s inequality and the second
inequality holds by (8) and by (17). Therefore
Pr (T <m) = Pr(W,, =0)
6n
(a(n))?’

which proves (14). We proceed to prove (15). It follows by (4) and (5) that

(19) < Pr (|Wn — E(Wpn)| > E(Wy) ) <

Hn—m—l,n—l = Hn—mo—Z,n—l - Hn—mo—Q,n—m—l

> In i _mo—m+1>lne_—mo—m+1
n—mg—1 n—mg—1 nje—1
1 2 18
(20) _y_emtl 200 18a(n)
nje—1 n/e —n/4 n

Therefore

E(Wm) < (n — ’I?’L) (1 — PI‘(T > ’I?’L)Hn,mfl,nfl)

(21)  <n <1 - <1 - (a(i))2> (1 - 180;(”))) < 18a(n) + (a?#
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where the first inequality holds by (7) and the second inequality holds by (19)
and (20).

Denote my := [1804(71) + (a(ﬁﬁ-‘ Then

Pr (T > m+ 2m,)

Pr (Wm—l—le—l > 1) < Pr (Wm > 2m1)
< Pr (W, > 2E(Wy,))

IN

Pr (|W,, — E(W,,)| > E(W,, i
r( (Wn)| 2 E(Wnn)) < 05
where the first inequality holds since Wy, 1om,—1 < Wy, — (2my — 1), the

second inequality holds by (21) and the last inequality holds by (18). This
proves (15). O

5. Minimum degree

In this section we consider minimum degree games. Let Dy = Dy(n) be the
family of n-vertex simple graphs with minimum degree at least d. Note that
T(Dg,n) = Tab(Dg, n) for every d and every n.

Theorem 5.1. Let d < n — 1 be a positive integer and let f : N — N be a
function satisfying f(n) = w(y/n).

(i) Ifd is even and k = d/2, then 7(Dg,n) = kn;
(ii) Ifd is odd and k = (d — 1)/2, then w.h.p. it holds that

(k+1—1/e)n— f(n) <7(Dg,n) < (k+1—1/e)n+ f(n) + 2k,

where the upper bound holds under the additional assumption that d =
o(n).

We remark that for the ‘with replacement’ model, it was shown in [4]
that w.h.p. 7(Dg,n)/n = hg+o(1), where hy is a constant that was presented
by Wormald in [14], and may be computed by using his differential equations
method [13, 14]. The first few hg’s were explicitly calculated; it was shown
in [14, 11] that Ay = In2 and hy = In2 + In(1 4+ In2), and in [11] that
hs =In ((In2)? 4+ 2(1 4+ In2)(1 + In(1 4+ In2))). In particular, hy > 1 — 1/e,
he > 1, and hs > 2 — 1/e. Hence, for d € {1,2,3}, a graph with minimum
degree d can be built in the ‘no replacement’ model faster than in the ‘with
replacement’ model. It would be interesting to determine if this is true in
general.

We will first prove the special case d = 1 of Theorem 5.1.
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Proposition 5.2. Let f : N — N be a function satisfying f(n) = w(y/n).
Then w.h.p. it holds that

(1-1/e)n— f(n) <71(D1,n) < (1—-1/e)n+ f(n).

Proof. Starting with the upper bound, consider the following strategy, which
we denote by Sp: as long as there are isolated vertices in his graph, in every
round Builder connects the vertex he is offered to an arbitrary isolated vertex
(if he is offered the last isolated vertex, then he connects it to an arbitrary
vertex).

Now, consider an urn containing n white balls, each one representing one
vertex. Whenever Builder is offered a vertex wu, the ball corresponding to u
is removed from the urn. Moreover, if Builder then connects u to v, the ball
corresponding to v is replaced by a black ball; note that, by the description
of Sp, before it was replaced, the ball corresponding to v was white (unless
u was the last isolated vertex). This is precisely the urn model described in
Section 4, where white balls represent isolated vertices, black balls represent
non-isolated vertices that were not yet offered, and the process terminates
precisely when Builder’s graph has positive minimum degree. It thus follows
by Proposition 4.2 that w.h.p. 7(D1,n) < (1 —1/e)n+ f(n).

For the lower bound, our main goal is to prove the following claim.

Claim 5.3. Sy is optimal for (Di,n).

Proof. For a positive integer i, we say that a strategy S is i-natural if for
every 1 < j < 4, in the jth round, if after Builder is offered a vertex u;
there is still an isolated vertex v # wu; in his graph, & instructs Builder to
connect u; to an isolated vertex. A strategy is said to be natural if it is i-
natural for every i. Noting that Sy is natural, that any two natural strategies
are equivalent (in the sense that each one dominates the other), that any
strategy is 1-natural, and that domination is a transitive relation, in order
to prove the claim it suffices to prove that, for any positive integer ¢ and
any i-natural strategy S, there exists an (i + 1)-natural strategy S’ which
dominates S. Let S be an arbitrary i-natural strategy. If S is (i + 1)-natural,
then set 8’ = S (note that domination is a reflexive relation); assume then
that it is not. Define S’ as follows:

1 < j <i: In the jth round, Builder plays as instructed by S.

j =1+ 1: Let u;41 be the vertex Builder is offered in round 7 + 1 and let
vi+1 be the vertex he connects it to when playing according to S.
Instead, Builder connects u;41 to an arbitrary isolated vertex y (such
a vertex exists as otherwise S would be (i 4 1)-natural contrary to our
assumption).
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j > i+ 1: In the jth round, Builder plays as instructed by & under the
assumption that in round i+1 he claimed the edge u;11v;+1 (whenever
he has to claim an edge he has already claimed, he claims an arbitrary
edge instead).

Clearly S’ is (i 4 1)-natural. Moreover, it follows from the description of S’
that, at any point during the game (Dj,n), the set of isolated vertices in
Builder’s graph when he plays according to S contains the set of isolated
vertices in his graph when he plays according to S’. Hence, S’ dominates
S. O

We conclude that w.h.p. 7(D1,n) = 7(Sp) > (1 —1/e)n — f(n), where
the equality holds by Claim 5.3 and the inequality holds w.h.p. by Proposi-
tion 4.2. O

Theorem 5.1 is an easy corollary of the following two lemmas. The first
lemma will be used again in Section 9.

Lemma 5.4. Let G be a graph on the vertex set [n| with mazimum degree
A = o(n), let Dy g be the family of positive minimum degree graphs on the
vertex set [n] which are edge disjoint from G, and let f : N — N be a function
satisfying f(n) = w(y/n). Then w.h.p. it holds that

T(Di1,g,n) < (1 —1/e)n+ f(n)+ A.

Proof. We may assume that f(n) = o(n). Hence, we may assume that (1 —
1/e)n+ f(n) + A —1 < 2n/3. At any point during the game, let A denote
the set of isolated vertices in Builder’s graph H and let B = {u € [n] : uv €
E(G) for every v € A}; note that |B] < A holds throughout the process.
In order to build H, Builder follows the strategy Sy which is described in
the proof of Proposition 5.2. Since, when playing according to Sy, Builder is
allowed to connect the vertex he is offered to any isolated (in H) vertex, he
connects the vertex u he is offered to some v € A\ Ng(u). Whenever this is
not possible, even though A # (), Builder claims an arbitrary edge uz and
the corresponding round is declared a failure.

Let i denote the index of the round at the beginning of which |A] < A
first occurs; observe that there are no failures prior to the ith round. Hence,
it follows by Proposition 5.2 that w.h.p. i < (1 —1/e)n+ f(n) — (A —1)/2.
For every integer i < j < i+ (3A — 1)/2, Let u; be the vertex Builder

is offered in round j. If round j is a failure, we must have u; € B. The
probability of this event is nf‘(?‘fl) < %, where the inequality holds since

|IBl| < Aand j—1 <i+(3A-1)/2—1 < (1-1/e)n+f(n)+A—1 < 2n/3. Let
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F be the number of indices i < j < i+ (3A — 1)/2 for which u; € B. Then
E(F) < 2AnA/3 = 0,(A), where the equality holds by our assumption that
A = o(n). It then follows by Markov’s inequality that w.h.p. FF < (A—1)/2.
This leaves at least A indices ¢ < j < ¢ + (3A — 1)/2 for which the jth
round is not a failure, each such round decreasing the size of |A| by at least
1 (unless A = () and Builder has already won). Hence, w.h.p. building H
requires at most ¢ + (3A —1)/2 < (1 —1/e)n+ f(n) + A rounds. O

Lemma 5.5. Let f : N — N be a function satisfying f(n) = w(y/n). Let
h = (hi,...,hy) be a vector of non-negative integers satisfying > .1 hi > n.
Let (Dj,,n) be the game which Builder wins as soon as, for every 1 <i <n,

the degree of vertex i in his graph is at least h;. Then w.h.p. it holds that
7(Dj,n) > (1 —1/e)n — f(n).

Proof. Let h = (h,...,hy), let S be an arbitrary strategy for Builder in
(Dj,n) and let A ={1<i<n:h; =0}. We will prove by induction on |A]
that w.h.p. 7(S) > (1 — 1/e) n — f(n). The induction basis, |A| = 0, follows
by Proposition 5.2. For the induction step, assume that 1 < |A| < n. Let u
be an arbitrary vertex of A and let v be an arbitrary vertex such that h, > 2;
such vertices exist since |[A] > 1 and > | h; > n. Consider the following
Builder’s strategy S&’: Builder follows S until the first round ¢ in which he is
offered some vertex z which he is instructed to connect to v (since h, > 2, if
no such round exists, then 7(S) > n and we are done). In round 4, Builder
claims the edge zu instead if it is free; otherwise he claims zv as instructed. In
every subsequent round, he follows § under the assumption that he claimed
zv in round 4. As soon as he wins (Dj,n) (under the assumption that he
claimed zv in round ¢) his graph G satisfies dg(u) > 1, dg(v) > hy, — 1,
and dg(i) > h; for every i € [n] \ {u,v}. Hence, 7(S) > 7(8’). It follows by
the induction hypothesis that w.h.p. 7(S8") > (1 — 1/e) n — f(n). Therefore,
w.h.p. 7(S) > (1 — 1/e) n— f(n) holds. Since S was arbitrary, it follows that
7(Dj,n) > (1 —1/e)n — f(n) as claimed. O

Proof of Theorem 5.1. The lower bound in (i) is trivial and the upper bound
is an immediate consequence of Corollary 3.4.

In order to prove the upper bound in (ii) we present a strategy for
Builder; it is divided into two stages. In the first stage, Builder constructs
an arbitrary 2k-regular graph G; by Proposition 3.1 this can be done in
kn rounds. In the second stage, Builder constructs a graph H with positive
minimum degree which is edge disjoint from G. By Lemma 5.4, this can be
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done w.h.p. within (1 —1/e)n + f(n) + 2k additional rounds. We conclude
that w.h.p. 7(Dg,n) < (k+1—1/e)n+ f(n) + 2k.

It remains to prove the lower bound in (ii). Let S be a strategy for Builder
in (Dg,n). Observe that 7(S) > dn/2 > kn. Let G denote Builder’s graph
after following S for kn rounds. For every 1 < i < n, let h; = max{0,2k +
1 — dg(i)}; note that h; is a non-negative integer for every 1 < i < n and
Y1 hi > n. In order to build a graph with minimum degree at least 2k +1,
Builder has to build a graph H such that E(H)NE(G) = () and dg (i) > h; for
every 1 < ¢ < n.By Lemma 5.5 w.h.p. this requires at least (1 — 1/e) n— f(n)
rounds. Therefore, for any strategy S, w.h.p. 7(S) > (k+1—1/e)n— f(n).
We conclude that w.h.p. 7(Dg,n) > (k+1—1/e)n — f(n). O

6. Perfect matching

In this section we consider perfect matching games. Throughout this section
we assume n to be an even integer. Let PM = PM(n) be the family of
all perfect matchings on the vertex set [n], and let My be the particular
perfect matching whose set of edges is {(2¢ — 1,2¢) : 1 <4 < n/2}. Since
PM = {Mp}iso, it follows that 7(PM,n) = 1 (PM, n) = 7(Mop,n).

Theorem 6.1. 7(PM,n) = 7a(Mo,n). Moreover, given any functions
f,9:N = N such that f(n) =w (v/n) and g(n) = o(y/n), w.h.p.

n— f(n) < ma(Mo,n) <n—g(n).

We remark that for the ‘with replacement’ model, it was shown in [4]
that w.h.p. In2 + o(1) < 7(PM,n)/n < 1+ 2/e+ o(1). Both bounds were
subsequently improved in [9], where it was shown that w.h.p. 0.93261 +
o(1) < 7(PM,n)/n < 1.20524 + o(1).

Proof of Theorem 6.1. For every i € [n] let u(i) := i+ (—1)"*! denote the
vertex that is matched to ¢ in the matching My. Consider the following
concrete strategy, which we denote by Sp: until his graph first admits the
perfect matching My, Builder maintains a graph in which every connected
component contains a unique vertex which was not yet offered; we will mark
this vertex as being active. Moreover, if u is the active vertex of a connected
component C, then p(u) is active as well if and only if the number of vertices
in C is odd. These properties clearly hold before the game starts. Assume
that they are satisfied immediately after ¢ — 1 rounds for some 1 < ¢ < n and
that Builder’s graph at this point does not yet admit the perfect matching
M. Let u; be the vertex Builder is offered in round i. If the vertex pu(u;) is
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active, Builder connects u; to p(u;). Otherwise, he connects u; to a vertex in
some other connected component (note that the graph must contain at least
two odd connected components at this point. Indeed, for some 1 < j < n/2,
the pair {2j — 1,25} was not yet connected by Builder; hence both 2j — 1
and 2j are active and thus reside in two different odd components). It is
straightforward to verify that Builder can indeed follow this strategy until
his graph admits the perfect matching M.

It is evident that, following this strategy, Builder completes the matching
My as soon as he is offered at least one vertex of {25 — 1,2j} for every
1 < j < n/2, but not sooner. It thus follows by Claim 2.1 that w.h.p.
n= f(n) < 7(So) < n—g(n).

Let (EC,n) be the game Builder wins as soon as every connected com-
ponent in his graph is even. In order to complete the proof, we will prove
that Sy is in fact an optimal strategy for this game.

Claim 6.2. Sy is optimal for (EC,n).

Proof. For a nonnegative integer i, we say that a strategy & is i-good if
for every 1 < j < 4, upon being offered u; in the jth round, S instructs
Builder to act as follows: if p(u;) is still active, Builder is to connect u; to
p(u;); otherwise, he should connect u; to an arbitrary vertex in some other
connected component. A strategy is said to be good if it is i-good for every
i. Noting that Sp is good, that any two good strategies are equivalent (in
the sense that each one dominates the other), that any strategy is 0-good,
and that domination is a transitive relation, in order to prove the claim
it suffices to prove that, for any positive integer ¢ and any (i — 1)-good
strategy S, there exists an i-good strategy S’ which dominates S. Let S be
an arbitrary (i — 1)-good strategy. If S is i-good, then set S’ = S (note that
domination is a reflexive relation); assume then that it is not. Define S’ as
follows:

1 < j < i: In the jth round, Builder plays as instructed by S.

j =1: Let u; be the vertex Builder is offered in round 7 and let v; be the
vertex he connects it to when playing according to S. Let C be the
connected component containing u;. Since § is not é-good, there can
be only two cases.

(a) p(w;) is active and v; # p(u;). Instead, Builder connects u; to
11(us)-
(b) p(u;) is not active and v; € C. Instead, Builder connects u; to a

vertex in some other connected component (note that the graph
contains at least two odd connected components at this point).
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J > i: In the jth round, Builder plays as instructed by § under the assump-
tion that in round 7 he claimed the edge u;v; (whenever he has to claim
an edge he has already claimed, he claims an arbitrary edge instead).

Clearly 8’ is i-good. Moreover, it follows from the description of S’ that,
at any point during the game (£C,n), the number of odd components in
Builder’s graph when he plays according to S is at least as large as the
number of odd components in Builder’s graph when he plays according to
S’. Hence, 8’ dominates S. O

Since Builder’s graph cannot admit a perfect matching as long as it
contains an odd component, we conclude that 7(PM,n) > 7(EC,n) =
7(8p). Since, obviously, T7(PM,n) < map(Mo,n) < 7(Sp), it follows that
T(PM,n) = nap(Mo,n) = 7(Sp), which concludes the proof of the Theo-
rem. Il

7. Building regular graphs

In this section we consider the construction of regular graphs. Let G be a
d-regular graph on n vertices. If d is even, then 7(G,n) = 7,(G,n) = dn/2
holds by Corollary 3.4. If, on the other hand, d is odd, then
(22)

(d+1)/2—=1/e—o(1))n < 7(Dg,n) < 7(G,n) < Map(G,n) < (d+ 1)n/2

holds by Proposition 3.1 and by Theorem 5.1(ii). The following result shows
that the upper bound in (22) is asymptotically tight for ., (G, n).

Theorem 7.1. Let n be an even integer, let 1 <k <n/2—1 be an integer
and let f : N — N be a function satisfying f(n) = w(y/n). Let G be a (2k+1)-
reqular graph on the vertex set [n]. Then w.h.p. Ti,p(G,n) > (k+1)n— f(n).

For the complete graph, the game (K,,,n) is obviously the same as the
game (Kp,n)ip. Hence, while 7(K,,n) = e¢(K,) = (5) holds by Corol-
lary 3.4 whenever n is odd, Theorem 7.1 yields a slightly better lower bound
on 7(Ky,,n) when n is even.

Corollary 7.2. Let n be an even integer and let f : N — N be a function
satisfying f(n) = w(v/n). Then w.h.p. T(K,,n) > n?/2 — f(n).

The main ingredient in our proof of Theorem 7.1 is the following lemma.
Lemma 7.3. Let n be an even integer and let G be a graph on the vertex
set [n] with n/2 edges in which every connected component is either a cycle

or it contains a vertex of degree 1. Let f : N — N be a function satisfying
f(n) =w(y/n). Then w.h.p. Tjs(G,n) >n — f(n).
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Proof. Fix a positive integer r. A permutation = € S, is said to be good
(with respect to G and r) if for every connected component C' = (V¢, E¢)
of G, it holds that [{w(1),...,7m(n —7)} N Ve| > |E¢|. If Builder is able to
construct a graph containing G within n — r rounds when the vertices are
offered according to m € S, then m must obviously be a good permutation.
Let Sg¢ C S,, denote the set of all good permutations with respect to G
and 7. It follows from the aforementioned observation that Pr(m,p(G,n) <
n—r) < |Sg|/n!. Therefore, in order to complete the proof of the lemma, it
suffices to prove that if r = w(y/n) then [Sg|/n! = o(1).

Assume first that G is a perfect matching. Assume without loss of gen-
erality that G is the matching My = {(2¢ — 1,2¢) : 1 < i < n/2} described
in Section 6. By definition, 7 € S, is good with respect to this graph G if
and only if {m(1),...,m(n —7)} N{2i —1,2i} # 0 for every 1 <i < n/2. It
follows by Claim 2.1 that if r = w(y/n), then |Sg|/n! = o(1).

Now, let G be an arbitrary graph which satisfies the conditions of the
lemma, but is not a perfect matching. We construct a sequence of graphs
Gy, G1,...,G; such that the following properties hold

(1) Go=G;

(2) G is a perfect matching;

(3) V(Gj) =V(G) and e(Gj) =n/2 for every 0 < j < t;

(4) For every 0 < j <t, every connected component of G; is either a cycle
or it contains a vertex of degree 1

as follows. Assume that we have already defined Gy, G1,...,G; and that
(; is not a perfect matching. Let C' be a connected component of G; with
vertices wi, ..., wy for some ¢ > 3; since G; is not a perfect matching, such
a component C' exists by Property (3). Assume first that C is a cycle. Let
Z1,...,2¢ be isolated vertices of G;; such vertices exist by Property (3). Let
Git1 = (Gi\ C)U{w;z; : 1 <i < ¢}. Now, assume without loss of generality
that w; is a vertex of degree 1 in C and that ws is its unique neighbour in
G;. Let x be an isolated vertex of G;; such a vertex exists by Property (3).
Let Gi+1 = (G; \wiwz) Uwyz. Note that, by Property (4), these are the only
two possibilities for C'. Moreover, note that the number of isolated edges in
Gy is strictly larger than the number of such edges in G;, implying that
the required sequence of graphs is indeed finite.

Fix an arbitrary index 0 < ¢ < ¢. In order to complete the proof of the
lemma, it suffices to prove that |Sg,| < [Sg,,,|- Let C denote the unique con-
nected component of G; which was “broken” to obtain G;41, and let V(C') =
{wi,...,we}. If C is not a tree, then it easy to verify that Sg, C Sg,,,, im-
plying the required inequality |Sg,| < [Sg,,, |- Assume then that C is a tree,
let w; be a vertex of degree 1 in C and let wo be its unique neighbour.
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Observe that if m € Sg, \ Sg,.,, then {wi,z} C {7(n—r+1),...,7(n)} and
{wa, ..., we} € {r(1),...,m(n —r)}. Therefore |Sg, \ Sa,,,| < r(r—1)(n —
r)(n—r—1)...(n—r—~{+2)(n—£—1)!. On the other hand, if 7 € S, is
such that ¢ {r(n —r+1),...,7(n)}, w1 € {r(n —r+1),...,m(n)}, and
Hr(n—r+1),...,m(n)}N{ws,...,we}| = 1, then m € Sg,,, \ Sg,. Therefore,
IS¢, \Sa,| = —=Dr(r=1)(n—r)(n—r—=1)...(n—r—L+2)(n—L—1)\.
It follows that in the transition from G; to G;41 we lost several good per-
mutations but gained at least that many, implying the required inequality
15a:] < |5a,. - O

Proof of Theorem 7.1. Fix some integer r > f(n). Our goal is to prove that
Pr(mab(G,n) < (k+ 1)n —7) = o(1). Let H denote Builder’s graph after
exactly kn rounds, and let H; be a graph for which Pr(7,,(G,n) < (k +
1)n —r | H = H;) is maximal. Note that e(G \ H1) > e(G) — e(H;) = n/2
and let H C G\ H; be some subgraph with exactly n/2 edges. Since

Pr(nap(G,n) < (k+ 1)n —7) < Pr(nap(G,n) < (k+1)n—r | H = Hy)
= Pr(n.n(G\ Hi,n) <n-—r)
< Pr(map(H,n) <n—r),

it suffices to prove that Pr(map(H,n) < n —r) = o(1). This clearly holds if
Pr(nap(H,n) < n) = 0; we may thus assume that Pr(m.,(H,n) < n) > 0.
In particular, there exists an orientation D of H such that d},(u) < 1 for
every u € V(H), implying that every connected component of H is either
a cycle or it contains a vertex of degree 1. We conclude that H satisfies all
the conditions of Lemma 7.3 and thus

Pr(nap(G,n) < (k+ 1)n —7r) < Pr(nap(H,n) <n—r) =o(1). O

Remark 7.4. The proof of Theorem 7.1 would follow through to show that
w.h.p. 7(G,n) > (k+ )n — f(n), if for every (2k + 1)-regular graph G on
n vertices and for every (labelled) graph Hy with kn edges on the vertex set
[n] there would be at most one (or only a handful) labelled graph Gy on the
vertex set [n] such that Gp is isomorphic to G and e(G1 \ Hi1) < n (this
holds, for example, for G = K, — see Corollary 7.2). However, even the
weaker statement that for every (2k + 1)-regular graph G on n vertices and
for every 2k-regular (labelled) graph Hy on the vertex set [n| there are only
a few labelled graphs G1 on the vertex set [n] such that Gy is isomorphic to
G and Gy \ Hy is a matching, is false. For example, the labelled graph 2C,
may be completed to a graph isomorphic to the ‘cube’ graph Hg by adding
a matching in 8 different ways. Therefore, the labelled graph 2kC4y may be
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completed to a graph isomorphic to the graph kHg by adding a matching in

%4’“ different ways.

8. Trees

Recall that

n—1< T(Ta n) < Tlab(Tv n) <n
holds by Corollary 3.5 for every tree T' on n vertices. The remaining interest-
ing question is to determine Pr(7(7T,n) =n — 1) and Pr(7na,(T,n) =n — 1)
for every tree T. We make the following small step in this direction.

Proposition 8.1. Let n > 2 be an integer and let T be a tree on the vertex
set [n].

(a) IfT is a path, then 7(T,n) = n—1 and Pr(1j0(T,n) = n—1) = 6(1/n);
(b) If 7(T,n) =n —1, then T is a path;
(c) If T is a star, then

Pr(r(T,n) =n —1) = ﬁ (1+ Hys) = (1+0(1))logn/n

and
Pr(riap(T,m) = n — 1) = % (1+ Hy 1) = (14 o(1)) log n/n.

In particular,

Pr(r(T,n) = n — 1) — Pr(rp(T,n) =1 — 1) = ﬁﬂn_g

= (1+o0(1))logn/n>.

Remark 8.2. [t is interesting to note that, as can be seen from Proposi-
tion 8.1, Pr(r(T,n) = n — 1) and Pr(1je(T,n) = n — 1) are “very close”
when T is a star but are “very far” when T is a path. Moreover,

Pr(r(Kipn-1,n) =n—1) < Pr(r(P,,n) =n—1)

but
Pr(nab(Kl,n_l,n) =n — 1) > PI“(Tlab(Pn,’n) =n — 1).

Proof of Proposition 8.1. Starting with the first part of (a), we will describe
Builder’s strategy for constructing a Hamilton path in n — 1 rounds. At any
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point during the process, let F' C [n] denote the set of vertices that were not
offered until this point; that is, immediately before the i¢th round, the set
F consists of the n — (i — 1) vertices that were not offered in the first ¢ — 1
rounds. For every 1 < i < n — 1, let u; denote the vertex Builder is offered
in the ¢th round. In the first round, Builder claims an arbitrary edge which
is incident with u1. For every ¢ > 2, Builder plays the 7th round as follows.
If w; is isolated in his graph, then Builder connects it to the endpoint of his
current path which is not in F. Otherwise, he connects u; to an arbitrary
isolated vertex.

In order to prove that 7(7,n) < n — 1, it remains to prove that Builder
can indeed follow the proposed strategy and that, by doing so, he builds a
Hamilton path in n — 1 rounds. In order to do so, we will prove by induction
on 7 that, for every 1 < i < n—1, immediately after the ith round, Builder’s
graph is a path zg,z1,...,x; such that {zg,z1,...,2;} N F = {z;}. This is
clearly true for ¢ = 1. Assume that this is true for some 1 < i < n—2 and let
o, X1, - -.,2; be Builder’s path immediately after the ith round. Consider
the (i+1)th round. If u; is isolated in Builder’s current graph, he connects it
to zg (as xg ¢ F and z; € F by the induction hypothesis). Otherwise, u; = z;
since by the induction hypothesis x; is the unique vertex of F' which is not
isolated in Builder’s graph. Builder then connects z; to some isolated vertex
x. In both cases, by relabeling the names of the vertices, we see that Builder’s
graph immediately after the (i + 1)th round is a path zg, z1,..., 2,41 such
that {xo,x1,...,Zi+1} N F = {x;4+1}. In particular, immediately after the
(n — 1)th round, Builder’s graph is a Hamilton path xq, ..., 2,—1.

Next, we prove the second part of (a). Let T be the path with vertex set
{u1,...,u,} and edge set {u;u;+1 : 1 < i < n — 1}. For simplicity, denote
pn = Pr(nap(T,n) = n — 1) and a, := np, for every n > 1. If the first
vertex to be offered is w1, then Builder must connect it to us. He then has
to build the path T\ uy; clearly the probability of doing so in n — 2 rounds
iS pp—1. Similarly,

Pr(nap(T,n) =n — 1| uy, is the first vertex to be offered) = pj,,—1.

If on the other hand, the first vertex to be offered is u; for some 2 < i < n—1,
then Builder has two options to choose from; he can connect u; to u;_1 or to
ui+1. In the former case, he can then complete the path in n — 2 additional
rounds with probability 31:11 - pi—1. Indeed, if the vertex to be offered in
round n is in the set {uj,...,u;—1}, an event which occurs with probability
71;11, then Builder can build the path T[{u;,...,u,}] with probability 1 (by
connecting u; when it is offered to uj_; for every i+1 < j < n) and the path
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T[{ui,...,u;—1}] with probability p;_;. If, on the other hand, the vertex to
be offered in round n is in the set {u;41,...,u,}, then building T will surely
require n rounds. Similarly, in the latter case, Builder can complete the path

":i - pn—i. For every n > 1, it
then holds by the law of total probability that

2 — 1 1—1 n—1
Pn = _pn 1 +Z; max{n lpz 1, _1pni}a
1=

or, equivalently,

n—1
1
(23) an = — <2an_1 + Z max {a;_1, an_i}> )

=2

Note that p,,, > mTflpm_l for every m > 1. Indeed, if u,, is offered before
round m, then Builder can connect it to u,,—1 and complete the remainder
of the path in m — 2 rounds with probability p,,—;. It follows that {a,}5>,
is a non-decreasing sequence. Therefore, for every n > 1, (23) yields that

ap =14 " 1 Z] =n/2 % n ?S even,
n—1%(n-1)/2 + n— 1 Z n+1 )/2 Qaj n is odd.

In particular, for every k > 1, it holds that

2k 2k—1
2kaggy1 — (2k — Dagg = | ap + 2 Z aj | —2 Z aj = 2ag; — ag,
j=k+1 j=k
implying that
1
A2k+1 — A2k = %(a% — ag).

Moreover

(2]{3 + 1)a2k+2 -2 2ka2k+1 + (2]{3 — 1)a2k

2k+1 2k—1
—QZa]—Q ak—f—ZZa] —l—QZaJ
J=k+1 Jj=k+1

= 2a9k41 — 2azz,
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implying that
A2k+2 — A2k+1 = A2k+1 — A2%k-
We conclude that
2k
1 1
Aokt — A2kl = Aoky1 — G2k = o7 (G2k — k) = 57 Z (aj - ajfl)

2k 2k .
j=k+1

holds for every k > 1.
Sinceag—a; =2—-1=6-5= %—% and for every k > 1 it holds that

ii’“: 30 30\ 1/3 30 \ 30
2k 4= \j+3 j+4 2k \k+4 2k+4)  (2k+4)(2k+38)
30 30 30 30
< — < _ 7
2% +5 2k+6  2k+4 2k+5

it follows by induction that a, < 30 _ 30 holds for every n > 2.

T an-1 > 333 n+4
Therefore

n

30 30 30 30
1:a1§an§a1+izz<i+3—i+4>:1+€—n—+4<7

holds for every n > 1, and the claim follows.

Next, we prove (b). If at some point during the first n—1 rounds, Builder
claims an edge which closes a cycle, then he cannot build 7" in n — 1 rounds;
assume then that after n — 1 rounds Builder’s graph is a tree. We will prove
by induction on 1 < i < n — 1 that, with positive probability, the following
two properties hold immediately after the ith round:

(1) Builder’s graph is a path xg, ..., z;;
(2) The set of vertices that were offered in the first ¢ rounds is {zg, . . ., x;—1}.

This is trivially true for ¢ = 1. Assume then that, for some 1 < i < n — 2,
immediately after the ith round, Builder’s graph satisfies properties (1) and
(2) as above. If in round ¢ + 1 Builder is offered x;, then immediately after
this round, his graph still satisfies properties (1) and (2). This concludes
the induction step as Builder is offered x; in round 7 + 1 with probability
1/(n —14) > 0. It then follows that, with probability at least 1/(n — 1)! > 0,
Builder’s graph after n — 1 rounds will either contain a cycle or will be a
path.
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Finally, we prove (c). Let ujug be the edge Builder claims in the first
round, where wu is the vertex he was offered.

If Builder is offered the vertex ug in the second round (an event which
occurs with probability ﬁ), then Builder will be able to build T"in n — 1
rounds (by connecting all the vertices he is offered after the second round to
ug) if and only if the vertex to which ug was connected in the second round
will not be offered during the next n — 3 rounds; this event will occur with
probability ﬁ

If the vertex Builder is offered in the second round is not us, say us,
then in order to have a positive probability of completing 7" in n — 1 rounds,
Builder must connect us to either u; or wus.

If, in the second round, Builder connects u3 to uy, then he will be able
to build 7" in n — 1 rounds (by connecting all the vertices he is offered after
the second round to w;) if and only if uy will not be offered during the next
n — 3 rounds; this event will occur with probability ﬁ

However, it turns out that Builder has a larger probability of building T’
in n — 1 rounds if he connects ug to us in the second round. Then, in order
to build 7" in n — 1 rounds, from this point onwards Builder must connect
every vertex he is offered to us, unless he is offered uo which he should then
connect to an arbitrary isolated vertex. This is possible if and only if either
ug is not offered at all during the n — 3 rounds following the second round,
or ug is offered in some round 3 < ¢ < n — 1 and then Builder connects it
to some vertex that was not offered yet and this vertex happens not to be
offered during the next n — i — 1 rounds. The probability of this event is

1 (g | 1 1 (g
. = 1
n—2+<zn—2 n—i) n—2< +;n—i

=3

which is clearly larger than n£2.

We conclude that

1 1 n—2 1 |
Pr(T(T’n):n_l):n—l.n—2+n—1'n—2 (1+Zn—i>

=3
1 n—1 1 1
= 1 = 14 H,—
n—l(+ n—i) n—l(+ n-2)
=2
A similar (simpler) analysis shows that
1
Pr(map(Tyn) =n—1)=—(1+ Hp—1). [

n
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9. Edge-connectivity

In this section we consider the k-edge-connectivity game. For every positive
integer k, let Cx, = Cx(n) denote the family of all k-edge-connected n-vertex
graphs. Since there are k-vertex-connected k-regular graphs for every k > 2,
it follows by Corollary 3.4 that 7(Cox, n) = kn for every positive integer k and
every sufficiently large n. Moreover, 7(C1,n) = n—1. Indeed, the lower bound
is trivial and the upper bound holds since 7(C1,n) < 7(P,,n) = n—1, where
the equality holds by Proposition 8.1(a). The following theorem determines
7(Cr,m) asymptotically for all other (not too small or too large) values of r.

Theorem 9.1. Let n > 12 and 2 < k < n/2 —1 be positive integers and let
f: N =N be a function satisfying f(n) = w(y/n). Then w.h.p.

(k+1-1/e)n— f(n) < 7(Cors1,m) < (h+1—1/e)n+ f(n) + 2k,

where the upper bound holds under the additional assumption that k = o(n).

Remark 9.2. Note that for r = 3 we know only that

(2—1/e)n— f(n) <7(D3,n) < 7(C3,n) < 7(Cq,n) = 2n.
Similarly, if r = ©(n) is odd, then we know only that
((r+1)/2=1/e)n = f(n) <7(Dr,n) < 7(Cr,n) < 7(Cri,n) = (r+1)n/2.

In the proof of Theorem 9.1 we will make use of the following con-
struction which was introduced in [6] (in fact, a much larger family of
such graphs was considered there). For every positive integer n and ev-
ery integer 2 < t < n/3 for which m := n/t is an integer, let G; be
the graph on n vertices which is defined as follows. Its vertex set is V; U
... UV, where V; = {uﬁ,,uﬁn} for every 1 < ¢ < t. Its edge set is

E1U...UEtUE’,WhereE’:{ugugzlgsgmand1§i<j§t},and

E; = {ulul, ... ul,_qub, ubul} for every 1 < i < ¢. It is easy to see that
Gy is (t + 1)-regular, and it was proved in [6] that it is also (¢ + 1)-vertex-

connected. Here we prove that it is “highly” edge-connected as well.

Claim 9.3. Let n > 12 and let A C V(Gy) be a set of size 2 < |A| < n/2.
Then eg, (A, V(Gy) \ A) >t + 2.
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Proof. Fix an arbitrary set A C V(G;) of size 2 < |A| < n/2. For every
1 <i <t let Xy = ANV, and assume without loss of generality that
| X1] < ... <|Xy|. Assume first that X; = V;, and observe that

e, (A V(G \ A) > [N, (V) \ Al = [(ViU...UV)\ A = n/2 > t 42,

where the second inequality holds since |A| < n/2 and the last inequality
holds since t < n/3 and n > 12. Assume then that X; C V. Assume
further that X;_; = (0 and thus X; = @) for every 1 <4 < ¢t — 1, implying
that |X;| = |A| > 2. Let z,y € X; be two arbitrary vertices for which
eq,({z,y}, Vi \ A) > 2 holds; such vertices exist since X; C V;. Then

eq, (A, V(Gy) \ A) > Z ({z,yh, Vi\A) > 2t >t +2,

where the second inequality holds since X; = () for every 1 < ¢ <t —1 and
since eq, ({z,y}, Vi \ A) > 2 holds by our choice of z and y, and the last
inequality holds since ¢ > 2.

Let r be the smallest integer for which X, # (). Given the cases that
were already considered, we can assume that r < t — 1 and that X; C V;
for every 1 < ¢ < t. Since X; = ... = X,_1 = (), it readily follows that
[N, (x,V;\ A)| = 1 holds for every x € X, U...UX; and every 1 <¢ <r—1.
Moreover, since § # X; C V; for every r < i < t, it readily follows that

=

eq,(Xi, Vi \ A) > 2 holds for every r < i < t. We conclude that

t r—1
ea, (A V(G \A) =D eq,(Xi,V;) —i—Zth (Xi, Vi \ A)
i=r j=1 i=r

>(r—1)t—-r+1)+2(t—7r+1)
=(r+1)(t—r+1)22>1t+2,

where the penultimate inequality holds since 1 < r < t — 1 and the last
inequality holds since ¢ > 2. O
The following result is an immediate corollary of Claim 9.3.

Corollary 9.4. Let H be a graph with positive minimum degree such that
V(H) =V(Gy) and E(H)NE(Gy) = 0. Then GyUH is (t+2)-edge-connected.

Proof. Denote I' = Gy U H. We need to prove that ep(A, V(G \ A) > t+2
holds for every A C V(G;) of size 1 < |A| < n/2; fix such a set A. If |A| =1,
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then
er(A,V(Gy) \A) > 6(1") > t+ 2.

If on the other hand 2 < |A] < n/2, then epr(A,V(G) \ A) > eq, (A, V(Ge) \
A) >t + 2 holds by Claim 9.3. O

Now that we have Corollary 9.4 at hand, the proof of Theorem 9.1 is
fairly straightforward.

Proof of Theorem 9.1. Since, clearly, 7(Cq,n) > 7(Dg,n) for every d, the
lower bound follows immediately from Theorem 5.1(ii). In order to prove
the upper bound, we need to show that Builder has a strategy which w.h.p.
enables him to build a (2k 4 1)-edge-connected graph on n vertices within
(k+1—1/e)n+ f(n)+ 2k rounds. Builder proceeds as follows. In the first
kn rounds, he builds a copy of Gai_1; since the latter graph is 2k-regular,
this is possible by Corollary 3.4. He then builds a graph H such that E(H)N
E(Gak—1) =0 and 6(H) > 1. By Lemma 5.4, this can be done w.h.p. within
(1—-1/e)n+ f(n)+ 2k additional rounds. This concludes the proof of the
theorem as Gop_1 U H is (2k + 1)-edge-connected by Corollary 9.4. O

10. Concluding remarks and open problems

In this paper we have studied a no-replacement variant of the semi-random
graph process. We suggest a few related open problems for future research.

Labeled vs. Unlabeled. As noted in the introduction, 7(F,n) < m,p(F,n)
holds for every family F of n-vertex graphs. We have proved that 7(F,n) =
Tiab(F,n) for several such families (e.g., when F consists of a single reg-
ular graph of even degree and when F is a perfect matching). It would
be interesting to decide whether there exists a (natural) family F of n-
vertex graphs for which the gap between 7,,(F,n) and 7(F,n) is substan-
tial, say map(F,n) — 7(F,n) = Q(n). In particular, it would be interest-
ing to decide whether there exists an n-vertex regular graph of odd degree
G such that n,,(G,n) — 7(G,n) = Q(n); recall that we have proved that
Tab(G,n) —7(G,n) < (1/e+0(1))n holds for all such graphs. While it seems
quite plausible that such graph families exist, the only result we have which
demonstrates that 7(F,n) < m,p(F,n) might hold, is a tiny gap for paths.
Indeed, while 7(P,,,n) = n—1, the probability that 1, (FP,,n) = n—1 tends
to 0 as n tends to infinity.

Trees. As noted in Section 8, the most natural and interesting question
concerning trees is to determine Pr(7(T,n) = n — 1) and Pr(nap(T,n) =
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n — 1) for every tree T. We have proved some partial related results. In
particular, we have shown that Pr(7(T,n) = n — 1) = 1 if and only if
T = P,. This implies that P, is the “best” tree in the sense that Pr(7(T,n) =
n—1) < Pr(r(P,,n) = n — 1) for every n-vertex tree T' # P,,. We believe
that the star K7, is the “worst” tree. That is, that Pr(7(T,n) =n—1) >
Pr(r(Kin-1,n) = n — 1) holds for every n-vertex tree T # Kj,_1. As
we saw, the situation is reversed for labeled trees, that is, Pr(man(Pn,n) =
n—1) < Pr(map(K1pn-1,n) = n — 1). It would be interesting to determine
whether these are still the extremal cases, that is, whether Pr(ma, (P, n) =
n—1) < Pr(nap(T,n) = n—1) < Pr(nap(Kip-1,n) = n — 1) for every
n-vertex tree T' ¢ { Py, K1 -1}
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