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Moduli spaces of witch curves
topologically realize the 2-associahedra

NATHANIEL BOTTMAN

For r > 1 and n € ZZ, \ {0}, we construct the compactified mod-
uli space 2M,, of witch curves of type n. We equip 2M, with
a stratification by the 2-associahedron Wy, and prove that 2M,,
is compact and metrizable. In addition, we show that the forget-
ful map 2M, — M, to the moduli space of stable disk trees is
continuous and respects the stratifications.
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1. Introduction

In [Bol], the author constructed a collection of abstract polytopes (in partic-
ular, posets) called 2-associahedra. There is a 2-associahedron Wy, for every
r>1and n € ZL,\ {0}, and they were introduced to model degenerations
in the configuration space 2M, of stable witch curves, whose interior
parametrizes configurations of r vertical lines in R? with n; marked points
on the i-th line up to translations and positive dilations. By identifying
R2 U {00} ~ S2, we can also view an element of 2My, as a configuration of
marked circles on S2, where all the circles intersect at the south pole, up to
Mobius transformations; both views are depicted in the following figure:
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The purpose of this paper is to construct the compactified configuration
space 2My, and to validate the construction of both Wy, and 2M,, via the
following main result:

Theorem 1.1. For any r > 1 and n € Z5, \ {0}, 2My can be given the
structure of a compact metrizable space stratified by Wy. The forgetful map
Wa — K, to an associahedron can be upgraded to a continuous map 2My —

M, to the moduli space of stable disk trees that respects the stratifications.

This result is an important step toward the author’s goal of defining a sym-
plectic (Aso, 2)-category Symp, in which the objects are certain symplectic
manifolds and hom(M, N) := Fuk(M~ x N), where Fuk denotes the Fukaya
category of a symplectic manifold. Indeed, (2M},) form the domain moduli
spaces involved in the structure maps in Symp. More progress toward the
construction of Symp is described in [Bo2, BW], Bol].

In §D of [McDSa], McDuff-Salamon equip the compactified moduli space
M.,.(C) of r-marked stable genus-0 curves with a topology by including it
into a product of CPY’s via a collection of cross-ratio maps. This is the
obvious approach to try here, too, but the author was unable to make this
technique work in this context. Instead, we adapt the techniques from §5
of the same book, in which McDuff-Salamon equipped the compactified
moduli space of stable maps into a symplectic manifold with a topology
in which the convergent sequences are those that Gromov-converge. While
this necessitates a certain amount of topological overhead in our setting, an
advantage is that it will be straightforward to adapt the current work to the
setting of witch maps when such a result is needed.

The construction of 2 M, generalizes several earlier constructions of do-
main moduli spaces for pseudoholomorphic quilts. Specifically, [MaWo] and
[MaWeWo] construct several configuration spaces of disks decorated by in-
terior circles, with marked points on the boundary and interior circles. The
data of such a configuration is equivalent to a configuration of circles with
marked points on a sphere, as illustrated in the figure above. [MaWeWo|
defines ﬁd, ﬁd’o, ﬁd’e, and ﬁd’o’o (called associahedra, multiplihedra, bi-
associahedra, and bimultiplihedra, though the author of the current paper
would rather reserve these names for the underlying posets). In the notation
of the current paper, these configuration spaces are 2Mg, 2M 49, 2Mge, and
2M go0-
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1.1. An example of Gromov convergence for witch curves

As a coda to the introduction, we illustrate and motivate the definition of
Gromov convergence in 2M, by an example. For € € (0, %), consider the
following configuration in 2M g1 (here pictured with e = 2/5):

o
|
4

In the limit as € — 0, all lines but the right-most collide; the two marked
points also collide. We resolve these collisions using the well-known technique
of soft rescaling: whenever a marked point collides with a line (and in
particular, with another marked point), we zoom in on the collision with
just enough magnification that the colliding objects occupy a “window” of
unit size. If, in this zoomed-in view, there are still colliding objects, we again
rescale, and so on inductively.

A decision must be made about what to do when lines without marked
points collide; here, we have decided to remember the fashion in which such
lines collide, a choice that is motivated by considerations of pseudoholomor-
phic quilts. We implement this strategy by keeping track of the positions of
the lines as points in R and performing soft rescaling on these configurations
in parallel with our soft rescalings of the configurations of lines and points
in R2.

Finally, we are ready to demonstrate soft rescaling for the family pictured
above. This is shown in the following figure, where the left-most view is the
original configuration, and the remaining configurations are the rescaled
views. The arrows indicate that a configuration is produced by rescaling at
the point that the arrow points to, with magnification labeling the arrow.
In the bottom of the figure, we show the soft rescalings of the configurations
of the line positions in R.
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We show the € — 0 limit of this family in the following figure. On the
right, we show an equivalent view: the planes with marked vertical lines are
replaced with spheres with marked circles. In the tree of decorated spheres,
the “nodal points” — where the south pole of one sphere is attached to one of
the circles on another sphere — indicate that we produced the upper sphere
via a sequence of further rescalings of the rescalings we used to produce
the lower sphere, and that these further rescalings were centered at the
attachment point.
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2. Construction of 2M

In this section we prove Thm. Specifically, in §2.1| we construct 2Mp;
in we show that every sequence in 2 My, has a Gromov-convergent sub-
sequence; in §2.3| we show that a Gromov-convergent sequence has a unique
limit; and in we define a topology on 2M,, in which the convergent
sequences are the Gromov-convergent ones.

Before we construct 2M,, we recall the compactified moduli space M,
of disks with » “input” and 1 “output” boundary marked points. This
moduli space is well-known: see, for instance, §4 of [Liu], or Thm. 3.10
of [DeFeHeVal, which relies on ideas from [FuMa]. Nearly all of the re-
sults we describe below for 2M,, have analogues for M, — in particular,
M, can be given a topology in which the convergent sequences are the
Gromov-convergent ones, and with this topology it is compact, metrizable,
and stratified by K,. We will make use of these analogous results throughout
this paper, mentioning them as we need them. We now recall the definition
of M., making use of the notation for rooted ribbon trees from §2, [Bol].
After the definition, we will give some motivation and illustrate some of the
notation for rooted ribbon trees.

By convention, M; = W(l) = pt.

Definition 2.1. A stable disk tree with r > 2 input marked points
is a pair (T, (Xp) pevi. (1)), Where:

e T is a stable rooted ribbon tree (RRT) with r leaves.
e For p € Vine(T'), x, € R#1(P) ig a tuple satisfying Tp1 <+ < Tp sin(p)-

We say that two stable disk trees (T (x,)), (1”,(x])) are isomorphic
if there is an isomorphism of RRTs f: T'— 7" and a function Vi (T) —
G1: p— ¢, (where Gy is the reparametrization group R x R acting on R
by translations and positive dilations) such that:

(1) x}(p),i = ¢p(wpi) V p € Vine(T).

We denote by SDT, the collection of stable disk trees with r input
marked points, and we define the moduli space of stable disk trees
with r input marked points M, to be the set of isomorphism classes of
stable disk trees of this type. For any stable RRT T with r leaves, define
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the corresponding strata SDT, r C SDT,, HT,T C M, to be the set of all
stable disk trees (resp. isomorphism classes thereof) of the form (T, (x,)).
We say that a stable disk tree is smooth if its underlying RRT 7" has only
one interior vertex; we denote a smooth stable witch curve by the tuple
x € R" associated to the root.

Remark 2.2 (motivation for Def. from §1.1). On the left in the
following figure is the limit in 2Mgg1¢ from

v
o
v g
T P = Proot
g
p

As we explained in that subsection, this limit consists of a tree of decorated
spheres, together with a datum (shown here as a tree of disks with boundary
marked points) which tracks the seam positions. This datum can be formu-
lated as a stable disk tree (T, (x,)) as in Def. and on the right of this
figure we show the RRT T'. Its interior vertices p, o, T,v correspond to the
disks appearing on the left side of the figure, and the leaves correspond to
the marked points (except for the bottommost marked point, which does
not correspond to a vertex of T'). Each interior vertex p, o, 7, v is assigned a
tuple x,, X4, X7, X,,, which we think of as the z-positions of the seams.

Example 2.3. We recall a figure from §2, [Bol], which illustrates some
RRT notation in the case of a particular stable RRT:

A3 M AT
in(proot)
X[ e \,
pz:)ot
The leaves of T" are denoted )\1T, e )\4T, and the root (which is not considered

a leaf) is denoted pZL . The interior vertices — denoted Tin or Vi (T) —
are the non-leaf vertices. The tree is oriented toward the root, and the set
of incoming neighbors of a vertex p is denoted in(p). (In fact, in(p) inherits
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a total ordering from the ribbon structure of T'.) For distinct p,o € T, T,
is the subtree consisting of those vertices 7 such that the path from p to 7
passes through o. Finally, we denote T, =T, .

This RRT is stable, because for every p € Tiy, in(p) has at least two
elements.

2.1. Definition of 2M,, as a set, and Gromov convergence

In this subsection we define stable witch trees, isomorphism classes of
which comprise 2M,,. Throughout, we will denote by R? U {co} the one-
point compactification of R? (so R?U {oo} = 5?). We will make use of
the reparametrization group Gs := R? x R+ acting on R? by translations
and positive dilations. This action of Gy on R? extends to an action on
R2 U {00}, by defining ¢(c0) := oo for every ¢ € Go. There is a projec-
tion p: Gy — G1, defined by sending ((x,y) — (ax + by, ax + bg)) € Gy to
(x — ax + 61) € GG1. We will overload notation and also denote by p the
projection R? — R! onto the first factor. Finally, we freely use the stable
tree-pair notation introduced in §3, [Bol]. In that paper, stable tree-pairs

were denoted Tj, i) Ts; here, we will use the notation Tj, NG

Definition 2.4. A stable witch curve of type n € Z% \ {0} is a triple

(2) (2T = (Tb 1> Ts)7 (Xp)pevim(Ts% (Za)achomp(Tb)>7

where:

e 2T is a stable tree-pair of type n.
e For p € Vine(T), x, € R#1(°) ig a tuple satisfying Tp1 <+ < Tp sin(p)-

o For a € Voomp(Th), 2o C R? is a collection

in(a) = (517 ce 76#111(04))7 >

(3) zo= (Za,ij = (Zajis Yo,ij) 1 <i<#in(a), 1 <j<#in(s)

satisfying a1 <+ < Zq #in(a) A Yai1 < < Ya,iHin(g) fOT €v-
ery i. Moreover, for a € V22 (T}) we require (Za,1,.--,%q in(a)) =

(xﬂ'(a),l’ B xﬂ'(a),#in(ﬁ(&)))‘
We say that two stable witch curves (27T (x,), (za)), (217, (x},); (7 )) are

(6
isomorphic if there is an isomorphism of stable tree-pairs 2f: 27 — 27"

and functions Vin(Ts) = Gi: p— ¢, and Veomp(Th) = G2t o — 1, such



1656 Nathaniel Bottman

that:

i = Yal2aii) ¥ @ € Veomp(Th),
(4) x/fs(p),i = ¢p(xpi) ¥V p € Vine(Ts),
P(Va) = bn(a) ¥ a € Vi (Th).

We denote the collection of stable witch curves of type n by SWC,,, and we
define the moduli space 2M,, of stable witch curves of type n to be the
set of isomorphism classes of stable witch curves of this type. For any stable
tree-pair 27" of type n, define the corresponding strata SWCy, or C SWChy,
anT C 2M,, to be the set of all stable witch curves (resp. isomorphism
classes thereof) of the form (2T, (x,), (za)). We say that a stable witch
curve is smooth if its underlying stable tree-pair 27" has the property that
Vint (Ts) and Veomp (T}) each contain only one element; we denote a smooth
stable witch curve by the pair (x,z) € R" x RI?*7 associated to the roots
of Ty resp. Tp.

Remark 2.5 (motivation for Def. from §1.1). Once again, on the
left in the following figure is the limit in 2Mgp19 from

€

o
v B

-V
N s

i% l\é: Ogbt

This limit can be formulated as a stable witch curve (2T, (x,), (z4)) as in
Def. and on the right of this figure we show the tree-pair 27T = Ty, — T%.
As explained in §3, [Bol], the vertices of T}, are partitioned as V(T}) =
Veomp (Th) U Viseam (Tp) U Vinark (Tp) (“component vertices”, “seam vertices”,
and “marked point vertices”). The component vertices are labeled as a, 3,
v, 0, € in this figure, and they correspond to the spheres appearing on the
left side of the figure. Each component vertex «, 3,7, 9, € is assigned a tuple
Zo, 28, 2, Z5, Ze, which we think of as the positions of the special (marked
and nodal) points. Each dashed edge corresponds to a marked or nodal
point.
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Example 2.6. We recall a figure from §3, [Boll, which illustrates some
tree-pair notation in the case of a particular tree-pair 27"

MT{ urﬁ | |

s V \/%4“41 y Vo el

\V\J/ ] \V \ \ I \ (\ﬁ\ly/ \\j// { \\\il/j/)

\/ \/ \/ \/ >
S

IaTb

root

s

T NTNT\Ts \Ts
AT ATATAT: N

A
|
AV A4

Proot

2T = T}, = T consists of a “bubble tree”, a “seam tree”, and a map from
the former to the latter. Both T, and Ts are RRTs, and T, has additional
structure. In particular, the vertices of T}, are partitioned as Viomp(Tp) U
Vieam (Tp) U Vinark (Tp), as shown on the right, and the edges alternate be-
tween solid and dashed ones. The elements of Viyak(7p) are denoted M;S-b, as
shown on the left, and the root of Ty is denoted o’ € Veomp(T3). The co-
herence map 7: T, — T is required to satisfy several conditions, as recorded
in §3, [Bol]. In the middle of this figure, we indicate how 7 acts: we color
the edges of T, and use those same colors to show which edges in T} are
identified with the various edges of Ts. Some edges in T} are contracted by
7, which we indicate by using black.

This tree-pair is stable, because (1) T is a stable RRT, and (2) for every
a € Veomp(Tp) with in(c) denoted (S, ..., [Bk), either £ > 2 and there is a
B; with #in(8;) > 1, or k = 1 and #in(51) > 2.

If (2T, (x,),(za)) is a stable witch curve and a € Veomp(T3), B €
Veomp () U (145)4,; are distinct, then we define z,3 € R? U {oo} like so: De-
fine (¢ = 71,72, ...,7 = B) to be the path from « to 3. If 79 is closer to the
root than o, then we define z,3 := oco. If 72 is the i-th incoming neighbor
of o and 3 is the j-th incoming neighbor of v, then we define z,3 = 2q,i;-
For distinct p € Vine(Ts), o € V(Ts), we define z,, similarly. For a,f as
above, we define z,5 = p(248). For a € Veomp(Tp) and p € V(T) \ {7(v)},
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set Tap = Tr(a)p For 0 € V1 (1), extend this definition by setting

comp

(5) Tap = {xa,h /\Z < (Ts>ﬂ-(a)’

o, otherwise.

Finally, for any o € Veomp(Th), we denote 2Ty = 00, Tyt = 00; here plt
and )\gg are formal expressions, rather than vertices in Tp resp. Ty, which
represent the fact that the root of the bubble tree and seam tree should be
thought of as carrying a single “output” marked point.

We define the set of nodal points and set of special points of any
interior vertex « like so:

(6) Z5°% = (2ap | B € Veomp(Th) \ {a}) C R* U {00},
Z3P = (zag | B € Veomp(Ty) U (pig)i; U{pd}) \ {a}) € R* U {oo}.

Before we define Gromov convergence for stable witch curves, we need
two preliminaries: a way to express the property that two vertices in
Veomp (Tp) correspond to two spheres attached via a nodal point, and a no-
tion of surjection for stable tree-pairs. The first notion is straightforward:
for any stable tree-pair T;, — T, we say that a, 5 € Veomp(Tp) U (45)s,; are
contiguous if the path from « to 8 consists of «, 5, and a third vertex
(necessarily in Vieam(73)). The second notion is less obvious. If 277 is the
result of making a single move on 27 (in the sense of §3.1, [Bol]), then there
are evident maps T, — Tp, T, — T,. Composing these maps inductively, we
see that for any stable tree-pairs with 27" < 2T, there are induced maps
T} — Ty, Ty — Ts. We call any map obtained in this fashion a stable tree-
pair surjection. Note that for any stable tree-pair surjection 27" — 2T,
the restriction 77 — T to seam trees is an RRT surjection as in §2.1, [Bol].

In the following definition, and throughout this paper, “u.c.s.” means
“uniformly on compact subsets”. We refer to the notion of Gromov-conver-
gence of a sequence (T”, (XZ)) of stable disk trees, which is similar to the
notion of Gromov convergence of a sequence of stable genus-0 curves as
in Def. D.5.1, [McDSa]. The main difference with that notion is that for
a sequence of stable disk trees to Gromov-converge, the maps f“: TV — T
must be RRT homomorphisms.

Definition 2.7. A sequence (217, (x}), (2z4)) € SWCy is said to Gromov-

converge to (27, (x,), (za)) if the following conditions hold:
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o (T7, (XZ)) Gromov-converges to (T}, (x,)) via some f*: T, — TY and
(¢,) C Gi.

e For v sufficiently large, there is a stable tree-pair surjection 2f": 27" —
21" covering f": Ty — TY and a collection of reparametrizations
(V) aeViomy (1) C G2 such that the following hold:

(RESTRICTION) For o € Vi, (Th), p(vh) = &% -

(RESCALING) If a, 8 € Viomp(Tp) are contiguous, and if v; is a

subsequence such that f,’(a) = f,’(8), then the sequence wzfﬂ =

(Yol ) Lo 1!);'7 converges to z,g u.c.s. away from zg,.

(SPECIAL POINT) If & € Veomp(T), B € Veomp(Th) U (145)i,; are con-

tiguous, and if v; is a subsequence such that f: ) # fé/ 7(B), then:
) zap = Jim ( 7 (s )

— 00

Note that if (277, (x3), (%)) Gromov-converges to (27, (x,), (24)) via (&)

and (¢%), and ((bZ)peVm(TSy) C Gq and (ng)ae%mp(m C G4 are any sequences
of reparametrizations satisfying

(8) p(i;g) = 5;”(04) Vae ‘/C%I%lp(TI;/)’

then (2T”,(<EZ(XZ)),(1ZZ(ZZ))) Gromov-converges to (27, (x,), (za)) via

(9% () © 90) pevinair) @9 (Vo (0) © V&) Vi) o

The following lemma shows that Gromov convergence in 2M,, actually
implies a priori stronger versions of the (RESCALING) and (SPECIAL POINT)
axioms; for simplicity, we state it in the case that the surjection 27T — 2T
is fixed.

Lemma 2.8. Suppose that (ﬁ, (X%), (z%)) C SWCy Gromov-converges to
(2T, (%x,), (za)) via 2f: 2T — é\f, (¢,), and (Yy,). Then the following prop-
erties hold.

(RESCALING’) For any distinct o, B € Veomp(Tp) with fo(a) = fip(B),
the sequence wgﬂ converges to zqg U.C.S. away from zgq.

(SPECIAL POINT’ ) For any & € Veomp(Th), B € Veomp(T) U (1ij)i,; with
fo(a@) # fo(B), the equality zap = limy o0 (VX)) (24, (a) £, (3)) holds.

Proof.

(RESCALING’) Denote by (o« = 71, ..., v, = () the vertices in Veomp (T5)
through which the path from « to [ passes, and note that fy(a) =
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fo(B) implies fo(a =11) = fo(r2) = = fo(v = B). We prove the
claim by induction on k. The k = 2 case is exactly (RESCALING). Sup-
pose that we have proven the claim up to and including some partic-
ular k; we now must prove the claim in the case that the path from
a to B has length k + 1. By assumption, ¢y, converges to 24, u.c.s.
away from z,,, and zp;k 5 converges to zy, g u.c.s. away from zg,,. The
fact that (v1,...,7+1) does not intersect itself implies z,, g # Zy,a;
Zay, = Zap, a0 2gy, = Zgq, so it follows that ¢f s = g, oZ 5 con-
verges to 2, u.c.s. away from zg,.

(SPECIAL POINT’) Denote by (a ="1,...,7 = ) the vertices in
Veomp (T) U (pi5)i,; through which the path from a to 8 passes. We
prove the claim by induction on k. The k = 2 case is exactly (SPECIAL
POINT). Suppose that we have proven the claim up to and includ-
ing some particular k; we now must prove the claim in the case that
the path from « to 3 includes k + 1 elements of Veomp(T3) U (1445)i,5. If
fo(vk—1) = fp(B), then the claim follows from the inductive hypothesis:
(9 Zap = zames = WM (U (Z o) ) = 10 (W0 (25 05, 0))-

V—r00 V—r00

Otherwise, we use the inductive hypothesis and the inequality z,, g #

Z’Yk—la:
(10) Zaf = Zayp_, = Vli_{glo wzw,l ((W;,H)71(2%7(%_1)f,7(5)))
s vN—1/_v
= lm (¥6)™ (25, () 5,(8))-

g

Next, we prove an alternate version of (SPECIAL POINT) in the case of a
Gromov-convergent sequence of smooth stable witch curves.

Lemma 2.9. Suppose that (x,2") C SWCy, Gromov-converges to (2T, (%),
(2a)) via (¢4) and (Y4). For any o € Vi (Ty) and X € V(T5) \ Ving(T5),
the equality T, = lim, oo p((¥5) 1) (2¥) holds.

Proof. STEP 1: If B € Veomp(Tp) is closer to the root than o € Veomp(Th),
and we denote ((¢Y%)~ Lo V5)(2) = a”z 4+ ", then lim, o a” = oo.
By (RESCALING’), (¢%)~1o ¥j; converges to 0o u.c.s. away from 2z, € R2.

The equality lim,_,o a¥ = oo follows.

STEP 2: We prove the claim in the case that « is further from the root from
a vertexr B € V22 (Ty) and closer to the root than a vertex v € V22 (Th).

comp comp
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First, suppose that A\; does not lie in (Ts)ﬂ(a), and choose 3 to be the closest
vertex to « having the property just mentioned. The stability of 27" implies
that some g € Vinark(Tp) lies in (Tp)q. (SPECIAL POINT’) now yields the

v

equality limyﬁoop((wg)*l(zi,j)) = Zq,1 € R, hence

(11) Jim p((ve) ") (a7) = za1 €R.
By our choice of i and S, Zrg)a, and Tr(g)y, are distinct elements of R U
{o0}, hence by (RESTRICTION) and (SPECIAL POINT’) we have

(12) Hm p((¥5) ") (@}) = Z(a)n, # Tr(ppr, = lim p((¥5) ") (ah).

vV—r00 V—00

Step 1, along with the last two displayed (in)equalities, yields

Jim p((g) ") (2) = o0,
which, by , is equal to x4y, -
A similar argument (using 7 in place of ) proves that if \; lies in
(Ts)n(a), then p((4%)~1) (z¥) converges to zq,1.

STEP 3: We prove the claim when o does not satisfy the hypothesis of Step 2.

In this case, 7(a) must lie in (\;); U {p’:..}. Suppose w(a) = pl=... If r =1,
the claim clearly holds. Otherwise, choose 7 to be the element of V(%I%lp(Tb)
closest to a. For every i/, (RESTRICTION) and (SPECIAL POINT’) yield the

containment

(13) lim p((¥2) ) (@h) = zn, €R.

V—r00

By (SPECIAL POINT’) and the stability condition for tree-pairs, there exist
i, j such that the equality lim,_,oc p((¢%) " (2i7j)) = %a,1 holds, so Step 1
and the last displayed containment imply the claim. Indeed, write ((w(’;)*l o
wz)(z) = a’z + b”; by Step 1, lim, .o, a” = 0. Now, for any 7/, we have

(14) p((W4) ™ (zirg)) — p (W)™ (2iny))
=a” <p((¢:)—1(zi/j)) _p((wg)—l(zi”j))> Vi}o 0,

hence lim, o0 p((¥4) ' (2i1j)) = Za1-
A similar argument can be made in the case that w(a) is a leaf of T,. O
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2.2. Gromov compactness for 2M,,

This subsection is devoted to establishing the following result, which will
later be used to show that the topology on 2M,, is compact.

Theorem 2.10. Any sequence (2T, (%)), (z%)) C SWCx has a Gromou-
convergent subsequence.

The central idea of the proof already occurs when the witch curves in the
sequence are smooth. In this case, we prove this theorem inductively, on
the total number of marked points. The idea is that when we add a new
marked point to a Gromov-convergent sequence of smooth witch curves,
there are four possibilities, illustrated in the following figure and made formal
in Lemma 2111

é/@@ ® - %

Figure 1: The sources of the arrows are two points in SWC1ggo, which we
think of as limits of sequences of smooth witch curves. The targets show
examples of what the limit can become when we add an additional marked
point to the original sequence of smooth witch curves. Some of the seams in
this figure are the results of several seams merging; these seams are indicated
by small adjacent trees.

Lemma 2.11. Suppose that a sequence (x”,z") C SWCyn of smooth stable
witch curves Gromouv-converges to (2T, (x,), (za)) via (¢4) and (YY), and
that (¢* € R%\ z¥) is a sequence with the property that

(15) Ca = lim () 7(¢") € R* U {oo}

vV—r00

exists for every o € Voomp(Ty). Then exactly one of the following conditions
holds:

(1) There ezists a (unique) vertex o € Veomp(Th) such that (o € R? \ ZaP*C.
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2a) There exists a (unique) contiguous pair o € Veompn(1h), Wi such that
p J
Ca - Zozu,;j .

(2b) The 100t aiyoot has (o, = 00.

(3) There exists a (unique) contiguous pair o, 8 € Veomp(Th) such that
Ca = 2ap and (g = 23q.-

Proof. We imitate the proof of Lemma 5.3.4, [McDSa].

STEP 1: We prove the implication

(16) a,B € V;:omp(Tb)a Ca 7 Zaf = CB = ZBa-

This follows from the (RESCALING’) part of Lemma [2.8| and the convergence
of (¥5)7H(¢") to Ca # zap:

A7) G = lim (57 = Jim v (@2)71C) = Zsa-

v—00

STEP 2: We prove the lemma.

We begin by proving that the four cases are mutually exclusive.

e Suppose that «, 5 satisfy the condition in (3), and fix v € Veomp(T3) \
{a, B}. If v lies in (T})ap, then the inequality (g = 23, # 23, and Step 1
imply ¢, = 2,3, so none of (1), (2a), and (2b) hold. Otherwise, the
inequality (o = 28 # Zay and Step 1 imply ¢y = zyq, so none of (1),
(2a), and (2b) hold.

e Suppose that (2b) holds. Step 1 implies that every a € Veomp(73) has
(o = 00, so neither (1) nor (2a) holds.

e Suppose that a,p;; satisfy (2a). Step 1 implies that every €
Veomp (Tp) \ {} has (3 = 234, so (1) does not hold.

Next, we prove uniqueness in (1), (2a), and (3). In (1) and (2a), this is
an immediate consequence of Step 1. To prove uniqueness in (3), suppose
for a contradiction that {«, 8} and {o/, 8’} are distinct pairs satisfying (3).
Switching o and 3 if necessary, we may assume that the paths from o’
resp. 3 to a pass through . Similarly, we may assume that the paths from
a resp. 5 to ' pass through . The inequality (g = 24 # 2o and Step
1 imply (o = zo/g- This, together with the inequality z,g # za/g, imply
Cor = 2’8 # Za/p'» in contradiction with the assumption.

Finally, we show that at least one of these cases holds. Suppose that (1),
(2a), and (2b) do not hold; we must show that (3) holds. The assumption
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implies that for every a € Veomp(T3), there exists a (unique) contiguous § €
Veomp (Th) with (o = 2. Define a (possibly self-crossing) path like so: First,
choose any a1 € Veomp(Tp) and a contiguous vertex as € Veomp(Tp) with
Cay = Zasa,- Inductively continue this path by defining ag41 € Veomp(Th) to
be the vertex in Veomp(7p) contiguous to oy, satisfying (o, = Za,a,.,- The
quotient of Tj, obtained by identifying each element of Veomp(73) with its in-
coming neighbors is again a tree, and (aj, o, ...) is an infinite path in this
quotient, so there must exist k such that ag42 = ay. Then (,, = 24,q,,, and
Capsr = Zapiian, SO Qp, a4 satisfy the condition in (3). O

Proof of Thm.[2.10 STEP 1: For anyr > 2 and n € Z%, with n| = 1, there

is a bijection SDT, — SWCy, that identifies Gromov-convergent sequences
with Gromov-convergent sequences.

Fix n as above, where the only nonzero entry is n;, = 1. We begin by
identifying stable RRTs with 7 leaves with stable tree-pairs of type n.

e Given a stable RRT T with r leaves, we define a stable tree-pair 27" of
type n like so: set Ts := T. Define T}, by first setting 7" to consist of
all vertices in the path [pL ;, \;,[ and all incoming neighbors of these
vertices; now, define T} to be the result of inserting a dashed edge
at \;,, and at every interior vertex of T" except the root. Here is an
illustration of this process, in which a stable RRT with 5 leaves is sent
to a stable tree-pair of type (0,0,0,1,0):

VAN
— \&
e Given a stable tree-pair 27" of type n, send it to its seam tree 7.

The fact that these maps are inverses follows from the stability condition on
stable tree-pairs.

‘We now enhance this bijection to an identification of SD7T, with SWC,,.
Fix (T, (x,)) € SDT,. Define 2T as above. Define (2T, (x,), (za)) € SWCx
like so: for a € Veomp(T3), choose ig with the property that the ip-th in-
coming neighbor 3 of « has in(8) # 0, and set zq = ((#r(0)4,0)). It is
straightforward to check that this indeed defines a bijection, and that it
identifies Gromov-convergent sequences in SD7T, with Gromov-convergent
sequences in SWCy,.
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STEP 2: If (x”,2") C SWCy is a sequence of smooth stable witch curves,
then it has a Gromov-convergent subsequence.

We establish this claim by induction on |n|. The base case n = (2) follows
from the fact that any two elements of SWCy) are isomorphic, while the
base case r > 2, |n| = 1 follows from Step 1.

Next, say that the claim has been proven up to, but not including,
some |n| =a > 1. (In the r =1 case, start with a > 2 instead.) Fix a se-
quence (x”,z") € SWCy, with |n| = a. Without loss of generality, we may
choose ig such that the inequality yi,n,, > vi; holds for all 7, j. Define n:=
(M1, Mig—1,Mig — L, Mjgt1, .y ny) and 27 := (27 | (4,5) # (G0, n4,)). By the
inductive hypothesis, we may assume that (x”,z") C SWCy; Gromov-
converges to some (27, (x,),(2q)). Set (¥ := Zigm,,- Passing to a subse-
quence, we may assume that for every o € Veomp(Tp), the limit (, =
limy 00 (%) 71(¢Y) € R2U {00} exists. (Indeed, enumerate Veomp(T)) as
ai, ..., an. Since R? U {oo} is compact, we may pass to a subsequence so that
the limit defining (,, exists. Next, we pass to a further subsequence so that
the limit defining (,, exists, and so forth.) We may now apply Lemma m
we divide the rest of the proof of this step into cases, depending on which
case of Lemma [2.11] holds.

(1) Fix « € Veomp(Tp) with the property (, € R*\ ZZP. We begin by
defining a stable tree-pair 27V of type n. Set T2V := T;. Enlarge
Ty to TV like so: define T’ to be the subtree of Ty consisting of the
path ]r(a), \;,[, together with all incoming neighbors of all vertices
in this path. Insert a dashed edge at every interior vertex in 7", in-
cluding at its root. Add an incoming dashed edge to the vertex in 1"
corresponding to \;,. Finally, graft this tree into T} by identifying its
root with the vertex 8 € in(«) with the property that the path from
() to A, passes through 7(f3); declare that the element we have just
added to in(/3) is maximal in in(f3).

Next, we define a collection of reparametrizations (Xgp), where 3,
denotes the vertex we added to TV corresponding to p €] f(a), A, |-
We characterize Xfa,, by the following equations:

(18) p(x5,) =¢p  (G,) (@ yi ) = ((0)) 7 (i), 0).

The sequence (x”,z") converges to (2%, (x,), (za)) via (¢,) and

(W)U (x5).
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(2a)

(19)

(20)

Nathaniel Bottman

Fix a contiguous pair o € Veomp(Th), ptij wWith (o = zau,,- We begin by
defining 27™M°V:

new .__ new .__ T Iy
5% =T, ™ =T U {Oé 1 Figmi g —10 Fig g, }7

where o/ is a new seam vertex attached via an outgoing solid edge
to B := /“’L’L?;bn' _, (which is converted from an element of (j); ; to an
3 Tlig

new

Tpew T, : .
ele'rnent of Veomp(13")), and where Hig i, 15 Higm,, are the incoming
neighbors of o’.

Next, we define X5 by these equations:

) 1) = (0,01, () (L) = (0,1).

Then (x¥,2") converges to (21, (x,), (za)) via (¢4) and (¥4)U
(x3)-

Suppose (q,.., = 00. Set Te®V == Ty, and define TV like so: define 7"
to be the subtree of T consisting of [prTOSOt, Ai, | and all incoming neigh-
bors of these vertices. Insert dashed edges at all the interior vertices
of T besides the root, and at the vertex of 7" corresponding to \;,.

new

Complete the construction of TV by introducing o’ =: ol , connect
o/ by an incoming solid edge to a new seam vertex o, and connect
both .. and the root of T to o/ by dashed edges.

Next, we need to define reparametrizations Xgp,xg/, where f, is
the vertex in T” corresponding to p € [Pz:';ow)‘% [. The definition of
Xj, 1s similar to the construction of the reparametrizations in (1). To
define x%,, choose i1 € [1,7] and j; € [1,7;,] and characterize x%, by
the equations

(XZ’)_l(ziVo,niO) = (*7 1)7 (XZ’>_1(zi1j1) = (070)'

This case is similar to (2b), so we do not include all the details. As
illustrated in Fig. [I} to obtain the new stable witch curve we introduce
a new component between the spheres corresponding to o and 3, and
possibly attach a further bubble tree to this new component. More
precisely, we first enlarge Veomp(73) and Vieam (T3) by adding a compo-
nent vertex 7y to Veomp(T3) between a and S, adding a seam vertex d to
Vieam (T3), and setting in(y) := (§). To further enlarge Ty, set T” to be
the subtree of T consisting of |m(a), A;,[ and all incoming neighbors
of these vertices. As in (2b), insert dashed edges at all the interior
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vertices of T" besides the root, and at the vertex of T" corresponding
to A,. Finally, attach the root of T to 7 via a dashed edge.

The construction of the reparametrizations corresponding to the
new vertices is somewhat different than the constructions appearing
in (2b); we therefore concentrate on this detail. Specifically, we show
how to construct the reparametrizations x” corresponding to ~.

Suppose that «, 8 € Vcomp(Tb) are contiguous and have the proper-
ties (o = 2ap and (g = 2z3,. Assume w.l.o.g. that 3 is further from the
root than « is, which implies zg, = 00. We must construct a sequence
(x”) C Gy satisfying these conditions:

(x1) (Xy)_l(sz/o,mo) = (0,1) for every v.
(x2) (YP%)~tox” converges to 0 u.c.s. away from oo and (¢E)_1 ox”

converges to oo u.c.s. away from z,g.

To do so, we first note that we may assume z,5 = 0: otherwise, set
§ € Gy to be translation by z,s and replace 9% by 9% o0& and z
by ¢71(2z%). The sequence ( wg) = ((p5)~to wg) converges to 0 u.c.s.
away from oo, so if we write ¥y 5(2) = a”z + b”, the sequences (a”) C
R~ and (b”) C R? both converge to 0. Set w” = (wg)_l(z” ); we

10,Mi,
then have
lim w” = (g = 234 = 00,
(22) li;l%:;w” = lim ¢¥25(w") =Cy =245 =0
V—00 T vt TP T e T fap =

(RESTRICTION) and Lemma imply that Re(w”) is bounded; just
as we assumed 2z, =0, we may therefore assume w” = (0,¢”) for
¢ € R. Moreover, the inequality y;, n, > yirj for all i, j" implies that
¢” is eventually positive. The functions £ defined by &(z) = (2 —
b”)/(a”c") therefore lie in Gy and satisfy these conditions:

(&1) €Y converges to oo u.c.s. away from 0.

(€2) & otpyg = (2 — z/c”) converges to 0 u.c.s. away from oo.

(£€3) The following identity holds for every v:

(23) (€ 0 (%)) (2 ) = (€7 0 8a) () ()
— (& 0 ¥lg)(w") = (0,1).

Now set

(24) X =o€
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Then (£3) implies (X”)’l(zl-”g’mo) = (0,1), which establishes (x1). (£1)
and (£2) imply (x2), so we have constructed a suitable rescaling se-

quence (x”). O
2.3. Limits in 2M,, are unique

Lemma 2.12. Suppose that (x”,z") C SWCy, is a sequence of smooth sta-
ble witch curves that Gromov-converges to (2T, (%), (z%)) via (¢,) and (Yg,),
that o, B € Veomp(Tp) are contiguous vertices, and that (x¥) C Gg is a se-
quence with the property

(W) o XY = zap u.c.s. away from wy,

(25) vy—1 v
(zpﬂ) o X" = 28q u.c.s. away from ws

for some wy,ws € R?2 U {oo}. If a is closer to the root than j3, then wy =
0o; otherwise, wy = 0o. If pi; lies in (Tp)ap, then (X”)_l(z;-’j) converges to
we; otherwise, (x”)*l(zé’j) converges to wy. If gy, # Tpa, then p(x*) 1 (z¥)
converges to p(ws); otherwise, p(x*) "1 (x¥) converges to p(wy).

Proof. To prove the first claim, it suffices by symmetry to consider the case
that « is closer to the root than 3. In this case we have z,5 € R?2, so the first
equation in and the equality ((wg)—l o XV) (00) = 0o imply wy = oo.

To prove the second claim, it suffices by symmetry to consider the
case that p;; lies in (7). Suppose that (x”)*l(zé’j) does not converge
to wsq. Passing to a subsequence, we may assume that there exists a com-
pact set K 2 ws with (x” )*1(21”3) € K for all v. By hypothesis, we have
(wg)*l(zé’j) = ((wg)*l ox") ((X”)*l(z;’j)) — 284. On the other hand, (SPE-
CIAL POINT’) implies that (wg)*l(zé’j) converges to zg,,,, hence 2, = 2,
This contradicts the hypothesis that y;; lies in (73)qp.

A similar argument proves the third claim. (|

Lemma 2.13. Suppose that (x”,z") C SWCn and (YY) C G are as in
Lemma and suppose that (x”) C Ga is a sequence of reparametriza-
tions with the following properties:

(a) For every i,j the limits

G = lim p(x)"N(x¥), &; = lim (x*)7(z})

V—00 vV—00

exist.
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(b) Define Yy == (¢;); U{oo} and Yy == (&) ; U {oo}. Either #Y, > 3, or
#Y, = 2 and #Y,; > 3.

Then there exists & € Veomp(Tp) such that ((¥5)~" o x”) has a subsequence
that converges uniformly to an element of Ga.

Proof. STEP 1: If () C G2 has no convergent subsequence, then it has a
subsequence converging to w u.c.s. away from w' for some w,w' € R? U {oc}.

Write 77(2) = a”z + b¥. After passing to a subsequence, we may assume that
the limits

(26) lim a” = a> € RzoU{oo}, lim b =b> € R? U {o0}

V—00

exist. It suffices to prove the claim for either (7) or ((r*)~'); replacing 7”
by (V)71 if necessary, we may assume a*> € R>o. By hypothesis, it cannot
be that the containments a™ € Rsq, b € R? both hold. If ¥ = oo, then
TV converges to 0o u.c.s. away from oo. If a® =0 and b>* € R?, then 7%
converges to b> u.c.s. away from oco.

STEP 2: If 7% := (%)~ o x¥ has no uniformly-convergent subsequence, then
after passing to a subsequence, TV converges to w u.c.s. away from w' for
some w € Z8°% and w' €Y.

By Step 1, we may pass to a subsequence such that 7% converges to w u.c.s.
away from w’ for some w,w’ € R? U {co}; it remains to show w € Zn°de,
w' € Y. Suppose for a contradiction that w does not lie in Z2°%€. Then at
most one p € (pi;) U {ul} satisfies 24, = w. Assume from now on that there
is either (i) no such y, or (ii) the only such p is g = pl; the case w = zq,,
is similar. The reparametrizations (7%)~! converge to w’ u.c.s. away from w
and (1/12)*1(2;’]) converges to zay,, 7 w by (SPECIAL POINT’), so for every
1,7 we have

. -1 . -1 -1 /
(1) &= lim ()M = lim ()7 (W) ) = o

This and the inequality #Y; > 2 implies that #Y}, = 2. Moreover, (ii) must
hold rather than (i): #Y;, > 2 implies w’ # oo, and it is only possible for a
sequence in Go to converge to w’ # oo away from w € R? U {oc} if w is equal
to oo.
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Next, note that the facts w ¢ Z2°% and w = oo imply a = a’’_,, hence
(28) lim p(y7) ™ (27) = Ta.0 €ER V.
v—00

The inequality w’ # oo implies that p(7¥)~! converges to p(w’) u.c.s. away
from oo. (28) now implies that for any ¢, we have
(29) G = lim p(x") " (2}) = lim p(r*) " (p(vs) " (a})) = p(w).
V—r00 V—00
Therefore #Y; < 2. Together with the equality #Y; = 2, we have derived a

contradiction.
A similar argument shows w’ € Yj,.

STEP 3: If the conclusion of Lemma does not hold, then there is a
contradiction.

Suppose that no a € Veomp(73) has the property that a subsequence of
((1[}(’;)_1 oxY ) converges uniformly; we will construct a non-self-intersecting
infinite sequence (a1, ag, . ..) in Veomp (1) with every consecutive pair o, i1
contiguous, a contradiction. We choose a; to be any element of Voomp(15).
By Step 2, we may pass to a subsequence such that (Wg[l)*l o x¥ converges
to wy € Z2°% u.c.s. away from w) € Yy; define az € Voomp(Th) to be the
vertex contiguous to oy with wa = 24, .. Inductively defining our sequence
in this fashion, we obtain (a1, ag,...) with the property that (/4 )~ o x"”
converges to Za,a,,, U.C.5. away from wj. This path does not intersect itself:
Indeed, assume that a; = a;yo for some i. Then Lemma [2.12| with « = a;,
B = ;41 implies #Y; < 2 and #Y; < 2, a contradiction. We have therefore
constructed an infinite sequence in Veomp(7p) with each consecutive pair
contiguous, a contradiction. (]

Theorem 2.14. Suppose that (2T” ( ”) (%)) C SWCx Gromou-converges
to two stable witch curves (2T ,(2za)) and (2T( 5), (Z&)). Then
(2T, (x,), (za)) and ( T, (xgz), (za)) are zsomorphzc

Proof. STEP 1: If (x”,2") C SWCy, is a sequence of smooth stable disk trees
Gromov-converging to (2T, (x,), (za)) and (2T, (X5), (za)), then (2T, (x,),
(z)) and (2T, (X;), (za)) are isomorphic.

STEP 1A: The stable disk trees (T, (x,)) and ( s, (X5)) are isomorphic.

This is a consequence of the Hausdorffness of M,.. We may therefore assume

(Ts, (%)) = (Ts, (%5))-
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STEP 1B: After passing to a subsequence, there is a unique bijection
g: ‘/comp(Tb) — ‘/comp(fb)

such that the uniform limits

(30) Xo = lim (Y4) " o g, € Gy

V—00
exist.

Fix a € Veomp (ZN},). Applying Lemma with x” = Ng, we see that there
exists @ € Veomp(T3) such that a subsequence of (¢%)~!o {Z;g converges uni-
formly to an element of G2. Moreover, « is uniquely determined: indeed, for
any other 5 € Veomp(Tp), (RESCALING’) implies that

(31) W4 Lok = ((Wh) " oyl) o (w4) ! onk)

converges to zg, u.c.s. away from a single point. By applying this argument
at every interior vertex of Tb, we obtain a uniquely-determined function
h: Vcomp(fb) — Veomp(Th) and a subsequence of our original data such that
the uniform limit

(32) lim (¥ 5) " 0 ¥4 € Ga

v—00

exists. Applying this reasoning with Tj and Tvb interchanged shows that h is
invertible; set g := h™1.

STEP 1C: The reparametrizations Xo satisfy

(33) vag(a)ﬁi_j = Xa_l(zaﬂij)’ z9(01)9(5) = Xgl(zaﬁ)v
%g(a)xl = p(XQ)_l('CL'Oé)\i)’ ig(a)g(ﬁ) == p(Xa)_l(xaﬁ)

The first equation follows from and (SPECIAL POINT’):

(34) xa(zan,) = xa (Jim (2) 71 2) = lim (Gh0) ™ () = Zygorm,

V—00 v—00

A similar deduction proves the third equation. The second follows from
(RESCALING’), the convergence of Vup 10 zap u.cs. away from zg,, and

the convergence of w;(a)g(ﬂ) to Zy(a)g(s) U-C.8. away from Zg(g)y(a)- Indeed,
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choosing z € R\ {23a, X8(Z4(8)g(a)) }» We have:

(35) Yo (za0) = o lim vis(2))
= lim (({Elg’(a))_l ) 1/;%)(2)

V—00

= lim (W)(ayee) (5 (2)

V—00
= Zg(a)g(B)
Finally, the fourth equation follows from applying p to the second equation.
STEP 1D: We extend g to a bijection V(Ty) — V (T}).

We showed in Step 1b that ¢g: Veomp(Th) — Vcomp(fb) is a bijection. We now
extend g to a bijection between V(T}) and V(T}). First, set g(,ug;b) = ,uz;?.
Next, suppose that « is an element of VC%glp(Tb). By (RESTRICTION), in(«) is
in bijection with the limit set (lim, o0 p((¥4) 1) (2¥) |1 < i < 7). It follows
from Step 1b that there is a bijection

(36)  (lim p((v&) ") (a¥) [1<i<r) = (lim p(($)n) ") () [ 1<i<r).

vV—00

It follows from Lemma ﬂ that g(a) lies in VC%r%lp(Tvb), so we can identify

in(a) and in(g(c)). A similar argument shows that if o lies in Vg, (T3), then

g(«) lies in Vclomp(fb), hence we can identify the incoming neighbor of o with

that of g(cr). We have now extended g to a bijection g: V (Tp,) — V(T).

STEP 1E: Two vertices o, B in Veomp(Tp) are contiguous if and only if (1)
there is mo v € (uij) U{ult} satisfying both 2oy = zap and zg, = zga, and
(2) there is no & € (N;) U{AL:} satisfying both Tas = xap and x5 = T34
Vertices o € Veomp(Th), pij are contiguous if and only if there is no vy €
Veomp (Ty) with Zau,, # Za~-

Suppose that a, 8 € Veomp(Tp) are contiguous, and fix v € () U {pl:}.
Switching o and 3 if necessary, we may assume that v lies in (73)qg. Then
Z8a # 23y A similar argument produces § € (\;) U{\L:} with 25, # 23s.
Next, we prove the contrapositive of the converse: Suppose that «a, 5 €
Veomp(T') are not contiguous, and define (o = ~1,72,...,7 = ) to be the
vertices in Veomp(7p) through which the path from a to  passes. Suppose
that 7o lies in chmp. Define (y2 = 41, d2,...,0d¢) to be a non-self-intersecting
sequence in Veomp (Tp) U Vinark (1) that starts at 2, terminates at a vertex in
(1ij)ij U {ali .}, has &;, 641 contiguous for each 4, and intersects (71, . . ., Vk)
only at v2. (The existence of such a sequence follows from the stability of 27".)
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Then if we set € := 0y if ¢ € (uij) and € == pl} if § = aﬁ’ot, we have zqe = 2ap

and zg. = zgo. On the other hand, suppose that v lies in V22 (T}). Define
(m(y2) = p1,p2,.-.,p¢) to be a path in T, that starts at m(72), terminates
at a vertex in (\;); U {pl:..}, and intersects (m(71),...,m(yx)) only at 7(72).
Then if we set o == py if py € (\;) and o == \L if py = pL= ., we have Zqo =
Top and Tg, = 2g4.

A similar, simpler argument proves the second assertion in Step le.

STEP 1F: We show that f extends to an isomorphism of RRTs, then complete
Step 1.

It remains to prove the following facts:

T,
root"

~ T ~
9(root) = Qiroot, Where we denote aroot = ;b and Groot = o

For a € Veomp(Th), g induces a bijection from in(a) to in(g(w)).

For «, 8 € Veomp(Tp) with 8 an incoming neighbor of the i-th incom-
ing neighbor of «, g(f) is an incoming neighbor of the i-th incoming
neighbor of g(«).

For a € Vieam(Tp) and g5 € in(av), g(pij) lies in in(g(a)).
e g respects the ribbon tree structure of 7T and T, b-

First, we show g(ayoot) = Qroot- Fix & € V};omp(fb) \ {9(aroot)}, and write
a = g(a) for some a € Veomp (T3). Step 1c implies Zg(aroo)d = X;}M (Zayoora) #

00. Since Zy(q,..,)a 18 finite for every & € Veomp(Th) \ {g(uoot) }, we must have
g(aroot) = Oiroot-

The second bullet is an immediate consequence of the construction of g
on Vseam(Tb)-

Next, fix o, 8 € Veomp(Tp) with 8 an incoming neighbor of the i-th in-
coming neighbor of a. By Step le, there is no v € (u;;) U {poo*} satisfying
both zay = zap and zg, = 24, nor is there § € (\;) U {\I:} satisfying both
Tas = Tap and Tps = Tpa- Together with Step 1c, it follows that there is

no € (fiij) U {uoe} with both Zy(ays = Zy(ayg(s) and Zg()5 = Zg(8)g(a)> NOF
is there § € (\;) U {)\gg‘)} with both fg(a)g = ‘%g(a)g(ﬁ) and fg(ﬁ)g = :fg(ﬁ)g(a)-
Step le now implies that g(a) and g(/3) are contiguous, and another ap-
plication of Step 1d implies that g(/3) is an incoming neighbor of the i-th
incoming neighbor of g(«).

A similar argument to the previous paragraph shows that for o €
Veeam (Tp) and p1;5 € in(av), g(ij) lies in in(g(a)).
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It follows from Step lc that for any « € V(T}), g induces an order-
preserving bijection from in(a) to in(g(a)).

STEP 2: The general case.

We begin by noting that for any (2T, (x,), (za)) € SWCy and 8 € Veomp(Th),
we can associate a smooth stable witch curve. This association depends on
whether § lies in Vi, (T3) or V22 (Tp). If 8 lies in Vi, (T3), we associate
((935’1),25). Otherwise, we associate (xﬂ(ﬁ),zlg).

STEP 24a: If (2T7,(x}),(z4)) Gromov-converges to (2T, (x,),(2a)) and
(x”,2") is the sequence of smooth stable witch curves associated as in the
previous paragraph to a vertex € Veomp(T}), then (x,2") converges to a

restriction of (2T, (X,), (2a)).

The only nontrivial part of this step is to spell out which restriction of
2T to use. Denote by f: 2T — 21" the stable tree-pair surjection involved
in the Gromov convergence of (277, (%), (z%)) to (2T, (xp), (za)). First,
suppose S lies in VC%QHP(TI;). Define a stable tree-pair 27| like so: T§|g is the
preimage under fs of 7(/5) and its incoming neighbors. T4 is the preimage
under f;, of 3, its incoming neighbors, and the incoming neighbors of its
incoming neighbors. Then 27| is a stable tree-pair, and it is straightforward
to show that the smooth stable witch curves (x”, z"”) associated to 5 Gromov-
converge to the restriction of (27, (x,), (z4)) to 2T|3. The same result can
be proven in the case that 3 lies in V1 (7}): in this case, set Ts|s to be a

comp
single vertex.
STEP 2B: We establish the general case.

We are now ready to prove Thm. Since there are only finitely many
isomorphism classes of stable tree-pairs of type n, we may pass to a subse-
quence and assume that 27" = 27" and that all the stable tree-pair sur-
jections 2T — 27" and 2T — 21" coincide with maps f: 27 — 27" and
f:2T — 2T". Since (217, (x}), (z4)) Gromov-converges to (27, (x,), (2a)),
the smooth stable witch curves associated to S Gromov-converge to the

restriction of (27, (x,), (za)) to 2T, as ifnvStep 2a. Similarfl\}/f, (xz(ﬁ),zg)

Gromov-converges to the restriction of (2T, (x5), (Ea)) to 2T'3. By Step
1, these two restrictions are isomorphic. Since this holds for every €
Veomp(T}), (2T, (x,), (za)) and (2T, (X5), (zg)) are isomorphic. O

2.4. The definition and properties of the topology on 2M,,

Recall that if X is a set and C C X x X~ is an arbitrary collection of se-
quences and “limits”, we can define a topology U(C) C 2X in which the open



Moduli spaces of witch curves 1675

sets are those subsets U C X having the property that for every (xo, (z,,)) €
C with xg € U, x,, is eventually in U. The following lemma gives sufficient
conditions for the convergent sequences in U(C) to coincide with C.

Lemma 2.15 (Lemma 5.6.5, [McDSal). Let X be a set and C C X X

XN be a collection of sequences in X that satisfies the property that if

(zo, (xn)n) € C and (yo,(xn)n) € C, then xo = yo. Suppose that for every

x € X there exists a constant ep(x) > 0 and a collection of functions X —

[0,00]: &’ = pe(x,2’) for 0 < e < eg(x) satisfying the following conditions.
(a) If x € X and 0 < € < eg(x), then pe(z,z) = 0.

(b) Ifx € X, 0<e<e(x), and (zn)n € XV, then
(37) (JI, (xn)n) €C h_>m Ne(xaxn) =0.
(c) Ifx e X, 0<e<ep(x), and (2/, (xn)n) € C, then

(38) pe(z,2') <€ = limsup pe(, zn) < pie(w, 7).

n—oo

Then C = C(U(C)). Moreover, the topology U(C) is first countable and Haus-
dorff.

We will construct a topology on 2M,, by using this lemma. To begin,
we define the functions pe(x, —): 2My — [0, oo].

Definition 2.16. For any two stable witch curves (2T, (x,),(2q)),
(2T , (X5), (Z&)) of type n and for any € > 0, define a nonnegative real num-

ber pe((2T (xp), (2a)), (2T, (X5), (za))) like so:

ue((QT, (Xp), (Za))7 (ﬁ? (iﬁ)7 (Ea))) N
= min _ inf ue((ZT, (Xp), (Xa))a (2T’ (X)), (Ea)); 2£, (@), (1%4))7

2f: 2T—2T (P p€Ving (Ts)
( G)aevcomp(Tb)
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pe((2T, (%), (2a)), (2T, (%7), (Z3)); 21, (8p), (¥a))

= Z sup d(qﬁ;l o Pp, xgp)
.0 EVing (Ts) oo, (RU{0OP\Be(Zp0)
fs(p)=fs(o)
+ Y sup (¥ © Y, 25a)

0. BEVeomp (Ty).a#8, (RZU{00)\Be(2ap)
fo(a)=fp(B)

+ Y A8, Erne) )

PEVint(Ts),0€V(Ts),
fs(p)#fs(o)

+ > d(Va (Zhy(0)£,(8)): Zab)

B Veomn F i1
Fp(e)% 15 (8)
where in the first line we take the minimum over all stable tree-pair surjec-
tions 2f : 27" — 27" and the infimum over all tuples (¢,) C G1 and (¢o) C G2
satisfying p(¥a) = ¢r(a) for every a € V(%glp(Tb), and where in the second
line we use the distance metrics on R U {oo} and R? U {co} induced by iden-
tifying these spaces with round spheres. By convention, if there is no stable
tree-pair surjection 27 — 27", we set pe((27, (x,), (za)), (2T, (X5), (z5))) =
00.

Remark 2.17. It is an immediate consequence of the definition that for
any (27, (x,), (20)),

1e (2T, (%)), (2a)), —) descends to 2My. Our aim is to use the p’s to define
a topology on 2M,, via Lemma so we now extend the definition of p.
to a collection of functions

(39) pe([2T, (xp), (2a)], =) : 2Mn — [0, 00]

like so: for any [2T, (x,), (24)|€ 2Mn, choose a representative (27, (x,), (2a))-
Now define

(40) pe([2T, (x0), (2a)], =) = pe (2T (x0), (2a)), —)-

We note that Lemma does not require pe to have any continuity in its
first argument.

Remark 2.18. The quantity p. should be compared with a similar quan-
tity, pe, which plays the analogous role in the definition of the Grothendieck—
Knudsen topology on M,.. (Compare also the analogous quantity used in §5,
[McDSa] to define the topology on the space of stable maps.) For any two
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stable disk trees (T, (%)), (T, (X)) with 7 leaves and for € > 0, pe((T, (x,)),
(T, (%5))) is defined like so:

(41) pe((T.(x0)). (T, (%7))) )
= min inf  p((T,(x0)), (T, (X5)); £, (&),

f: T—T (¢p) e Vint (T)

pe((T, (xp)), (T, (%5)); . (8))

— § -1
T sup d(¢o’ © ¢p7 xap)
p.7€Ving (Te) oo, (RU{0OD\Be(@p0)
flp)=£(o)

+ > A6, Er) Too),

PEVing (T),0€V(T),
f(p)#f (o)

where in the first line we take the minimum over all surjections f: T — T
between stable RRTs.

Lemma 2.19. Fiz (27T, (x,), (2a)) € SWCn. Then the following hold for
every € > 0:

(CONVERGENCE) A sequence (2T”,(xZ),(zZ))CSWCn Gromov-

converges to (2T, (%), (za)) if and only if ,uE((QT, (%), (za)),
(217, (%), (z4))) converges to 0.
(TRIANGLE) If (2T, (X5), (Zz)) € SWCx satisfies pie((2T, (x,), (za)),

(2T, (x5), (ia)D, <e and the sequence (2T, (%), (%)) Gromouv-

converges to (2T, (X;), (za)), then

(42) lim sup ,uE((QT, (x,), (za)), (2T”, (XZ), (zg)))

V—00

< 1e((27. (%) (2), (2T (%5). (7))

Proof.

(CONVERGENCE) If (217, (x}), (z4)) Gromov-converges to (2T, (x,),

(2za)) then it follows from (RESCALING’) and (SPECIAL POINT’), and

the analogous properties for Gromov convergence of stable disk trees,

that pe ((27, (x,), (2a)), (T7, (%), (4))) converges to 0.
Conversely, suppose pe( (27, (x,), (za)), (2T, (%), (%)) converges

(6
to 0. Then it is the case that for v large enough there is a stable tree-

pair surjection 2f": 2T — 27" and tuples (¢}), (¢g) with p(¢a) =
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(43)

(44)
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Pr(a) for a € V%glp(Tb) such that the following inequality holds:

1= e (2T (%), (2a), (217, (x5), (25)): 27, (65), (42))
< e (27T, (x0), (2a)), (217, (x5), (24))) +277.

Since there are only finitely many stable tree-pair surjections with
domain 27, we may assume all the stable tree-pairs 27" are equal to
a single 27 and all the maps 2f": 21" — 2T are equal to a single 2f.
First, we verify (RESCALING). Fix contiguous «, 5 € Veomp(Tp) with
fo(a) = fo(B); without loss of generality we may assume « is closer to
the root than 3, so z,g € R? and 28 = 00. The convergence p” — 0
implies that (1/%)~!o ¥j; converges to z,p uniformly on R?\ B(c0),
hence (¢%)~! o1 converges to zqg u.C.S. away from oo. From this
it follows that (1/)5)_1 o 1)y, converges to co u.c.s. away from z,g, so
we have established (RESCALING). The (SPECIAL POINT) requirement
obviously holds. Finally, the inequality

pe((Tsa (Xp))a (Tsya (XZ))a ;/7 (¢Z>)
< e (2T (xp), (7)) (277, (x5), (2£)): 24", (65, (42))
implies that the left-hand side converges to 0, so (T;’ ) (XZ)) Gromov-
converges to (T, (x,)) via f¥ and (¢). (This uses the analogue of the

current lemma for SDT,.) We may conclude that (277, (%), (z%))
Gromov-converges to (27, (x,), (za)).

(TRIANGLE) The inequality pc((27,(x,), (za)), (2T, (Xp), (Za))) < €
implies that there exists a stable tree-pair surjection 2¢g: 27" — 27T and

tuples (X,)pevin(12) € G1, (§a)aeViom, (1) C G2 With p(§a) = Xr(a) for
a € V22 (T,) such that

comp

Mf((2T’ (XP)’ (ZO‘))’ (é\f’ 625)? (E&)), 297 (Xp)7 (5&)) <e

It follows that for every pair a, 5 € Veomp(Th) with gp(a) # gp(8) we
have

(&' Go)an(): 7a) <6
similarly, for every p,o € Vin(Ts) with gs(a) # gs(8) we have

d(Xgl(%gs(p)gs(U))v Tpo) < €.
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(49)

(50)
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Now suppose that (277, (%), (z%)) Gromov-converges to (ﬁ“, (X5),

(za)) via stable tree-pair surjections 2f*: 27— 27" and reparametriza-
tions (¢%) and (¢/F). To prove (TRIANGLE), it suffices to prove the
following equality:

ﬂe((2T7 (Xp)7 (Za))a (ﬁv <§5)7 (ia));ng (XP)? (Ea))
= lim e ((27) (%), (2a)), (277, (x}), (22,));

V—00
2f" 0 2g, (¢Zs(p) ° Xp); (T/ng(a) ° fa))

Since there are only finitely many stable tree-pair surjections with
domain 27T, we may assume 27" = 27" and 2f¥ = 2f: 2T — 2T". For
any distinct «, 8 € Veomp(Tp) with gp(a) = g»(8) we have 56_1 0y =
(Vg0 ©88) ™" © (¥,a) © 6a), hemce

sup - d(&5" 0 6as 2a)
(R2U{00})\ B as)

= sup d((” 3 0&8) " o (WY 1) 0 &a)s 28a)-
®UL\B.(zop) P (@)

Similarly, for distinct p, 7 € Vine(Ts) with gs(p) = gs(7), we have

sup d(Xgl oXp,xap)
(RU{co)\ B (o)

- Wb d((¢ys g OXU)_l © (¢VS oX )7x0' )
BUo\B. () 7 0:(p) © Xp)s Tap

If o, B € Veomp(Ty) have gy(ar) # gy(5) and £/ (gs(cr)) = [ (96(5)), then
(RESCALING’) implies that W;b(ﬁ))_l © 1y (o) cOnverges to Z6,(8)g0 ()

u.c.s. away from 2y, (q)g,(3), hence by (wlg/b(ﬁ) oég)to (z/ng(a) 0&)
converges to 5,51(;917(5)9&(04)) uniformly on (R*U {c0}) \ Be(zap). We
therefore have

(&5 (Zg,(8)g0()): 260)

= lim sup d((d)”b o 55)_1 o (Q/J”b o ©&a), Zﬁa)-
Y70 (R2U{o0})\Be (2ap) @) @)
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Similarly, it follows from that if p, o € Vine(Ts) have gs(a) # gs(o)
and f¥(gs(p)) = f¥(gs(0)), we have

(51) d(Xz;l (24.(0)9.(0)): xap)

= lim sup d(( Vg o OXU)710(¢VQ °Xp) To )
V=400 (RU{00})\ B (2,0) 9s(0) gs(p) ~ AP P

FinaHYa if a € ‘/comp(Tb) U Vmark(Tb)7 ﬂ € ‘/;omp(Tb) have f};/(gb(a)) 7£
[ (gv(B)), then (SPECIAL POINT’) implies the convergence of

(W8 (e 08 12 an(e))) 1O Zan(B)gu(), hence
(52) d(&5" Go@m(@): 28a) = im d((Wg, 5) 0 68) ™" (2 (g, (8)) 1 (gn()))> 280) -

Similarly, if p € V(T3), 0 € Vin(T3) have f2(g5(p)) # £2(g5(e)), then

we have

(53) d(Xo Ty (0)9.()): Top) = 1im d((Sg, (5 © Xo) ™ (s g 0)) 2 (00 (1) )2 Z0)

v—0o0

, ,, , , and together yield , by showing that

each term on the left-hand side of is equal to a corresponding term
on the right-hand side. (]

We now define the Grothendieck—Knudsen topology on 2M,, to be
U(C), where C are the Gromov-convergent sequences. Moreover, we equip
2M,, with the Wy-stratification defined by sending (27, (x,), (z4)) to 2T.
It is immediate from the definition of Gromov convergence that this map is
continuous with respect to the Alexandroff topology on Wr,.

Proof of Thm.[1:1] 1t follows from Thm. that Gromov-convergent se-
quences have unique limits. This, together with Rmk. and Lemma[2.19
imply that Gromov-convergent sequences satisfy the hypotheses of Lemma
This proves that convergence in the Grothendieck—Knudsen topol-
ogy on 2M, is equivalent to Gromov convergence, and that 2 My, is first-
countable and Hausdorff.

The rest of the proof of the topological properties of 2M,, hinges on
showing that 2M,, is second-countable, just as the analogous result for M,
depends similarly on showing that M, is second-countable. The proof of
this result for M, in §5, [McDSa] contains a gap; McDuff-Salamon have
communicated to the author a fix, which they intend to include in future
editions of [McDSa]. This fix applies equally well to the current proof.
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Finally, we observe that the forgetful map W, — K, extends to a map
2Mp — M., sending (27, (x,), (za)) to (T, (x,)). This map sends Gromov-
convergent sequences to Gromov-convergent sequences, and 2My, is first-

countable, so this map is continuous. O
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