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H−holomorphic curves are solutions of a specific modification of
the pseudoholomorphic curve equation in symplectizations involv-
ing a harmonic 1−form as perturbation term. In this paper we
compactify the moduli space of H−holomorphic curves with a pri-
ori bounds on the harmonic 1−forms.
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1. Introduction

The study of holomorphic curves in symplectizations of contact manifolds
is closedly related to the Weinstein conjecture, which states that every
closed contact manifold carries at least one periodic Reeb orbit. In this
regard, Hofer [2] proved this conjecture for contact 3−manifolds M with
π2(M) ̸= 0, for overtwisted contact 3−manifolds and for S3 endowed with
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the standard contact structure. He obtained this result by studying com-
pactness properties of holomorphic disks in the symplectization of M . In
the overtwisted case, for example, he constructs a 1−parameter family of
pseudoholomorphic discs with boundary contained in an overtwisted disc.
Using a bubbling-off analysis, which may be seen as the study of compact-
ness properties of a 1−parameter family of pseudoholomorphic discs, Hofer
obtains a non-constant pseudoholomorphic plane of finite energy. He proves
then the existence of a periodic Reeb orbit, by showing that a non-constant
finite energy plane is necessarily asymptotic to a periodic Reeb orbit.

Subsequently, Hofer, Wysocki and Zehnder extended these results by
constructing a holomorphic open book decomposition of S3 adapted to a
given contact form. Generally, an open book decomposition of a compact
3−manifold is a decomposition of the complement of a collection K of links
(called binding) into a S1−family of 2−dimensional manidolds (called pages)
with boundary contained in K. In case of a contact 3−manifold (M,α),
Giroux proved in [16], that open book decompositions can always be chosen
adapted to the contact structure, that is, the binding K consists of periodic
Reeb orbits and the pages are transverse to Reeb flow for a supporting con-
tact form (which has the same contact structure as α and is called Giroux
contact form). Hofer, Wysocki and Zehnder constructed such decomposi-
tions for S3 where the pages are images of pseudoholomorphic curves in the
symplectization of M , which are asymptotic to the Reeb orbits in the bind-
ing of the open book. In what follows we will refer to such an open book
decomposition as holomorphic open book decomposition. Whenever one has a
holomorphic open book decomposition, one finds in particular a (nonempty)
collection of Reeb orbits which together bound a surface (the pages). The
strong Weinstein conjecture, first mentioned in [4] states, that for any con-
tact 3−manifold there is such a nonempty collection of Reeb orbits which
together bound a surface. In [4] the authors initiated a program of proving
the strong Weinstein conjecture in dimension three, with a method starting
from a H−holomorphic open book decomposition. We will describe their
method later on. The reason for considering H−holomorphic curves and not
usual pseudoholomorphic curves for the pages is that in the case the pages
have positive genus then the usual Cauchy-Riemann operator has negative
index and thus it is not possible to find nearby solutions. To remedy this
Hofer in [3] suggested to perturb the pseudoholomorphic curve equation by
a harmonic 1−form to obtain positive Fredholm index. Abbas in [14] devel-
oped a method of turning the pages of such an open book decomposition into
H−holomorphic curves. In what follows we will refer to such an open book
decomposition as H−holomorphic open book decomposition. Having such a
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holomorphic open book decomposition the strategy of the authors in [4] is
to reduce the proof of this stronger version of the Weinstein conjecture to a
compactness problem of the moduli space of solutions of theH−holomorphic
curve equation. However, Abbas et al. were only able to prove the strong
Weinsten conjecture when the pages of the open book decomposition have
genus 0 (called planar). For arbitrary genus this is still open. In the following
we will describe their method. Starting with a closed contact 3−dimensional
manifold (M,α), a cobordism between α and the Giroux contact form α′ is
introduced. For the Giroux contact form α′, the holomorphic open book
decomposition can be constructed following the guidelines of [14]. By the
local behavior near punctures, we know that the H−holomorphic curves are
asymptotic to Reeb orbits; thus the generalized Weinstein conjecture for α′

readily follows. In the next step, the cobordism and the classical SFT com-
pactness result, see [1] and [8], is used to deform the H−holomorphic curves
for α′ into H−holomorphic curves with respect to the initial contact form
α. In this deformation process the classical SFT compactness is invoked. If
a compactness result for H−holomorphic curves is established, the program
can be adapted almost one to one to prove the strong Weinstein conjecture
for genus different that 0. In this paper we describe a compactification of the
moduli space of finite energy H−holomorphic curves. However, we are only
able to do this under certain conditions. In the case of vanishing harmonic
perturbation 1−form, there exists a classical SFT compactness result which
was established in [8] and [1].

In the general case of a closed contact 3−manifold, the Weinstein con-
jecture was proved by Taubes [17], using Seiberg-Witten Theory, a theory
which we are not going to describe further in this paper. However, it is
worthwhile to persue a proof of the Weinstein conjecture along the lines
suggested by the program of Abbas et al. in [4].

Let M be a closed, connected, 3−dimensional manifold and α a 1−form
on M such that (M,α) is a contact manifold. Further, let Xα be the Reeb
vector field with respect to the contact form α on M , defined by ιXα

α ≡ 1
and ιXα

dα ≡ 0. Denote by ξ = ker(α) the contact structure and πα : TM →
ξ the canonical projection along the Reeb vector field Xα. Denote by ϕαρ
the flow of Xα, and note that ϕαρ preserves the contact structure and the
Reeb vector field Xα. Consider a dα−compatible almost complex structure
Jξ : ξ → ξ, and let J be the extension of Jξ to a R−invariant almost complex
structure on R×M by mapping 1 ∈ TR to Xα and Xα to −1 ∈ TR. M is
equipped with the metric

g = α⊗ α+ dα(·, Jξ·)
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while we equip the R×M with the metric

(1.1) g = dr ⊗ dr + g

where r is the coordinate on R. Throughout this paper we assume that all
periodic orbits are non-degenerate. This means that for every periodic orbit
x of period T , the linear map dϕαT (x(0)) : ξx(0) → ξx(T ) does not contain 1
in its spectrum. Let (S, j) be a closed Riemann surface and P ⊂ S a finite
subset whose elements are called “punctures”. A proper and non-constant
map u = (a, f) : S\P → R×M is called H−holomorphic if

(1.2)

παdf ◦ j = Jξ(u) ◦ παdf
f∗α ◦ j = da+ γ

E(u;S\P) <∞

for a harmonic 1−form γ ∈ H1
j (S), i.e. dγ = d(γ ◦ j) = 0. The energy

(1.3) E(u;S\P) = sup
φ∈A

∫

S\P
φ′(a)da ◦ j ∧ da+

∫

S\P
f∗dα

sums the contribution of the α−energy (first term) and the dα−energy (sec-
ond term) of u on S\P. The set A consists of all smooth maps φ : R → [0, 1]
with φ′(r) ≥ 0 for all r ∈ R. Note that if the perturbation 1−form γ vanishes,
the energy of u is equal to the Hofer energy defined in [1]. This modifica-
tion of the pseudoholomorphic curve equation, which was first suggested by
Hofer [3], was used by Abbas et al. [4] to prove the generalized Weinstein
conjecture in dimension three. However, due to a lack of a compactness
result of the moduli space of H−holomorphic curves, the generalized We-
instein conjecture was proved only in the planar case, i.e. when the leaves
of the holomorphic open book decomposition [14] have zero genus. In this
paper we describe a compactification of the moduli space of finite energy
H−holomorphic curves by imposing some additional conditions. These are
outlined below.

The L2−norm of the harmonic perturbation 1−form γ is defined by

∥γ∥2L2(S) =

∫

S
γ ◦ j ∧ γ.
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For an isotopy class [c] which is represented by a smooth loop c the period
and co-period of γ over [c] are

(1.4) Pγ([c]) =

∫

c
γ

and

(1.5) Sγ([c]) =

∫

c
γ ◦ j,

respectively. Let R[c] the conformal modulus of [c], as defined in [8]. The
conformal period and co-period of γ over [c] are τ[c],γ = R[c]Pγ([c]) and
σ[c],γ = R[c]Sγ([c]), respectively. The significance of these two quantities will
become apparent later on.

Before stating the main result we will briefly discuss the results of
[15]. In the paper [15] the authors establish a notion of convergence for
H−holomorphic cylinders. These results will be extensively used in the
present paper. In [15] the authors considered the case where the Riemann
surface S is a cylinder [−R,R]× S1 equipped with the standard complex
structure i. The period and co-period of γ over the cylinder is then

(1.6) P (γ) =

∫

{0}×S1

γ, S(γ) =

∫

{0}×S1

γ ◦ i.

Furthermore, the conformal period and co-period are τ = P (γ)R and σ =
S(γ)R. The goal of the analysis in [15] is to establish the asymptotic behavior
of finite energy H−holomorphic cylinders with a uniformly small dα−energy
and harmonic perturbation 1−forms having uniformly bounded L2−norms
and uniformly bounded conformal periods and co-periods. In the following
we will sketch the main results from [15]. For a detailed description the
reader might consult the section 3.2.2.

For a H-holomorphic cylinder u = (a, f) : [−R,R]× S1 → R×M with
harmonic perturbation γ having bounded energy, L2-norm of γ, small dα-
energy and bouned conformal periods and conformal co-periods by universal
constants the center action, as in [9], may be defined as the unique element
A(u) ∈ P = {0} ∪ {T > 0 | there exists a T − priodic orbit of Xα} which is
sufficiently close to

∣

∣

∣

∣

∫

S1

u(0)∗α

∣

∣

∣

∣

.

For more details the reader might consult [15]. By Theorem 11 from [15] it
can be shown that either A(u) = 0 or A(u) ≥ ℏ.
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For a sequence un = (an, fn) of H-holomorphic cylinders un satisfying
the above assumptions we distinguish between two cases: the first case is
when there exists a subsequence of un with vanishing center action and
the second case is when there is no subsequence of un with this property.
In the case of vanishing center action it can be shown that there exists
a subsequence such that the M -component fn converges in the C0-sense to
ϕα−2τs(w) for some w ∈M , where τ is the limit of the conformal periods τn =
PnRn and s ∈ [−1/2, 1/2]. In case of positive center action the authors prove
that the M -components fn converge in the C0-sense to a map x(Tt− 2τs),
where (x, T ) is a periodic orbit of the Reeb vector field, τ is again the limit
of conformal the conformal periods and (s, t) ∈ [−1/2, 1/2]× S1. In the zero
center action case the limit object is a fine length Reeb trajectory, while in
the positive center action case the limit object represents a finite twist of a
periodic Reeb orbit.

The compactness result will be established for finite energy H−
holomorphic curves with harmonic perturbation 1−forms having uniformly
bounded L2−norms and uniformly bounded conformal periods and co-
periods. Specifically, we will consider a sequence of H−holomorphic curves
un = (an, fn) : (Sn\Pn, jn) → R×M with harmonic perturbations γn, sat-
isfying the following conditions:

A1: (Sn, jn) are compact Riemann surfaces of the same genus and Pn ⊂
Sn is a finite set of punctures whose cardinality is independent of n.

A2: The energy of un, as well as the L2−norm of γn are uniformly
bounded by the constants E0 > 0 and C0 > 0, respectively.

In [12] Bergmann introduced a model for the compactification of the mod-
uli space of H−holomorphic curves satisfying the conditions A1 and A2.
However, he neglects the phenomena occuring when conformal periods and
conformal coperiods of the sequence of the harmonic perturbation 1−forms
γn are unbounded. In this case, the convergence behaviour can be quite com-
plicated; for instance in [15] the authors provide an example of a sequence
of H−holomorphic cylinders with bounded energy and L2−norm, which
asymptotically wrap infinitely often around a periodic Reeb orbit. It fur-
ther might even happen, that a variant of such a sequence yields a sequence
of curves which asymptotically follow some non-periodic Reeb trajectory for
arbitrary long time. To avoid these complications we make additional as-
sumptions on the conformal period and co-period. The task is to establish
a notion of convergence of such curves as well as the description of the limit
object similar to [1] and [8]. Essentially, we will prove the convergence of
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a sequence of H−holomorphic maps to a stratified broken H−holomorphic
building. The concept of a stratified broken H−holomorphic building of a
certain level is similar to that given in [1]. Each level consists of a nodal
H−holomorphic curve having the same asymptotic properties at the pos-
itive and negative punctures. However, as compared to [1], there are two
differences:

1) The nodes on each level are not just points; in our setting they are
replaced by a finite length Reeb trajectory.

2) The breaking orbits between the levels have a twist in the sense made
precise in Definition 14 from Section 2.3.

Remark 1. For a sequence of punctured Riemann surfaces (Sn, jn,Pn), the
Deligne-Mumford convergence result implies that there exists a punctured
nodal Riemann surface (S, j,P,D) and a sequence of diffeomorphisms φn :
SD,r → Sn, such that φ∗

njn converges outside certain circles in C∞
loc to j.

Here, SD,r is the surface obtained by blowing up the points from D and
identifying them via the decoration r (see Section 2). Denote by Γnod

i , for
i = 1, . . . , |D|/2, the equivalence classes of the boundary circles of SDin SD,r.
Let Γnod

n,i = (φn)∗Γ
nod
i for all n ∈ N and i = 1, . . . , |D|/2.

The main result of our analysis is the following

Theorem 2. Let (Sn, jn, un,Pn, γn) be a sequence of H−holomorphic curves
in R×M satisfying assumptions A1 and A2. Then there exists a subse-
quence that converges to a H−holomorphic curve (S, j, u,P,D, γ) in the
sense of Definition 16 from Section 2.3.3. Moreover, if there exists a con-
stant C > 0 such that for all n ∈ N and all 1 ≤ i ≤ |D|/2 we have

|τ[Γnod

n,i],γn
|, |σ[Γnod

n,i],γn
| < C

then (S, j, u,P,D, γ) is a stratified H−holomorphic building of height N and
after going over to a subsequence the H−holomorphic curves (Sn, jn, un,
Pn, γn) converges to (S, j, u,P,D, γ) in the sense of Definition 18 from Sec-
tion 2.3.3.

For applications we would like to get rid of the a priori bounds on the
L2−norm of γn. Such bounds are automatically satisfied if all the leafs of
the foliation, given by ker(f∗α ◦ j), are compact.
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1.1. Outline of the paper

The paper is organized as follows. In Chapter 2 we review the basic con-
cepts related to the compactness of H−holomorphic curves. More precisely,
in Section 2.1 we recall the Deligne-Mumford convergence theorem for stable
Riemann surfaces by following the analysis given in [1] and [6]. In Section 2.2
we provide the precise definition of H−holomorphic curves. By Proposi-
tion 9, we recall a result established by Hofer et al. [10] stating that the
behaviour of H−holomorphic curves in a neighbourhood of the punctures is
similar to that of usual pseudoholomorphic curves. This result will enable
us to split the set of punctures into positive and negative punctures as in
[1]. In Section 2.3 we introduce the notion of convergence and describe the
limit object. In particular, the description of the limit object is given in
Section 2.3.1, Definition 14, while the notion of convergence is defined in
Section 2.3.3, Definition 16 and Definition 18. The limit object known as a
stratified H−holomorphic building of a certain hight is similar to the broken
pseudoholomorphic building introduced in [1], [6] and [8]; the difference is
that we allow two points, lying in the same level, to be connected by a finite
length trajectory of the Reeb vector field. Essentially, the H−holomorphic
curves converge in C∞

loc away from the punctures and certain loops that de-
generate to nodes, while the projections of the H−holomorphic curves toM
converge in C0.

The proof of the main compactness results on the thick part with certain
points removed, as well as on the thin part and in a neighbourhood of the
removed points, are carried out in Sections 3.1 and 3.2 of Chapter 3, respec-
tively. For the thick part, we use the Deligne-Mumford convergence and the
thick-thin decomposition to show that the domains converge in the Deligne-
Mumford sense to a punctured nodal Riemann surface. By using bubbling-off
analysis and the results of Appendix C (to generate a sequence of holomor-
phic coordinates that behaves well under Deligne-Mumford limit process)
we prove, after introducing additional punctures, that the H−holomorphic
curves have uniformly bounded gradients in the complement of the special
circles and certain marked points. By using the elliptic regularity theorem
for pseudoholomorphic curves and Arzela-Ascoli theorem we show that the
H−holomorphic curves togeher with the harmonic perturbations converge
in C∞

loc on the thick part with certain points removed to a H−holomorphic
curve with harmonic perturbation. This result is similar to the bubbling-
off analysis used in [1]. However, in contrast to Lemma 10.7 of [1], we do
not change the hyperbolic structure each time after adding the additional
marked point generated by the bubbling-off analysis.
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The thin part is decomposed into cusps corresponding to neighbour-
hoods of punctures and hyperbolic cylinders corresponding to nodes in the
limit. As the perturbation harmonic 1−forms are exact in a neighbourhood
of the punctures or the points that were removed in the first part, by means
of a change of the R−coordinate, the H−holomorphic curves are turned
into usual pseudoholomorphic curves on which the classical theory [1], [8] is
applicable. The case of hyperbolic cylinders is more interesting because the
difference from the classical SFT compactness result is evident. Due to a lack
of the monotonicity lemma, we cannot expect the H−holomorphic curves
to have uniformly bounded gradients, and so, to apply the classical SFT
convergence theory. To deal with this problem we decompose the hyperbolic
cylinder into a finite uniform number of smaller cylinders; some of them hav-
ing conformal modulus tending to infinity but dα−energies strictly smaller
than ℏ, and the rest of them having bounded modulus but dα−energies
possibly larger than ℏ. Here, ℏ > 0 is defined by

(1.7) ℏ := min{|P1 − P2| | P1, P2 ∈ Pα, P1 ̸= P2, P1, P2 ≤ E0}

where Pα is the action spectrum of α as defined in [9] and E0 > 0 is the uni-
form bound on the energy. We refer to these cylinders as cylinders of types
∞ and b1, respectively, and note that they appear alternately. Convergence
results are derived for each cylinder type, and then glued together to obtain
a convergence result on the whole hyperbolic cylinder. As cylinders of type
∞ have small dα−energies, we assume by the classical bubbling-off analysis,
that the H−holomorphic curves have uniformly bounded gradients. To turn
these maps into pseudoholomorphic curves, we perform a transformation by
pushing them along the Reeb flow up to some specific time characterized
by a uniformly bounded conformal period. These transformed curves are
now pseudoholomorphic with respect to a domain-dependent almost com-
plex structure onM , which due to the uniform boundedness of the conformal
period varies in a compact set. For this part of our analysis, we use the re-
sults established in [15]. In the case of cylinders of type b1 we proceed as
follows. Relying on a bubbling-off argument, as we did in the case of the
thick part, we assume that the gradient blows up only in a finite uniform
number of points and remains uniformly bounded on a compact comple-
ment of them. In this compact region we use Arzelá-Ascoli theorem to show
that the H−holomorphic curves together with the harmonic perturbations
converge in C∞ to some H−holomorphic curve. What is then left is the
convergence in a neighbourhood of the finitely many punctures, where the
gradient blows up. Here, a neighbourhood of a puncture is a disk on which
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the harmonic perturbation can be made exact and can be encoded in the
R−coordinate of the H−holomorphic curve. By this procedure we transform
the H−holomorphic curve into a usual pseudoholomorphic curve defined on
a disk D. By the C∞−convergence on any compact complement of the punc-
tures, established before, we assume that the transformed curves converge
on an arbitrary neighbourhood of ∂D. Then we use the results of [8], es-
pecially Gromov compactness with free boundary, to obtain a convergence
results for cylinders of type b1. This part of our analysis uses extensively the
results established in Appendix A and some of [15].

In Chapter 4 we discuss the condition imposed on the conformal pe-
riod and co-period, namely their uniformly boundedness. The conformal
period and co-period can be seen as a link between the conformal data and
the topology on the Riemann surface, as well as the harmonic perturbation
1−form. Without these conditions, the transformation performed in [15] can-
not be established. The reason is that the domain dependent almost complex
structure, which was constructed in order to change the H−holomorphic
curve into a usual pseudoholomorphic curve, does not vary in a compact
space, and so, the results established in [9] cannot be applied. By means
of a counterexample stated in Proposition 39 we show that the condition
on the uniform bound of the conformal period is not always satisfied. It
should be pointed out that Bergmann [12] claimed to have established a
compactification of the space of H−holomorphic curves by performing the
same transformation as we did in [15], i.e. by pushing the M−component of
the H−holomorphic curve by the Reeb flow up to some specific time deter-
mined by the conformal period, and then by assuming that the conformal
period can be universally bounded by a quantity which depends only on the
periods of the harmonic perturbation 1−form (note that if the L2−norm of
a sequence of harmonic 1−forms is uniformly bounded then their periods
are also uniformly bounded). In this context, Proposition 39 contradicts his
argument.

Acknowledgement. We thank Peter Albers and Kai Cieliebak who pro-
vided insight and expertise that greatly assisted the research. U.F. is sup-
ported by the SNF fellowship 155099, a fellowship at Institut Mittag-Leffler
and the GIF Grant 1281.
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2. Definitions and main results

In this chapter we present the basic concepts related to the compactness
of H−holomorphic curves. In particular, we provide the Deligne-Mumford
compactness in order to describe the convergence of a sequence of Riemann
surfaces, introduce the concept of a stratified H−holomorphic buildings of
height N , which serves as limit object, and discuss the convergence of such
maps.

2.1. Deligne-Mumford convergence

In this section we review the Deligne-Mumford convergence following the
analysis given in [1] and [6].

Consider the surface (S, j,M⨿D), where (S, j) is a closed Riemann
surface, and M and D are finite disjoint subsets of S. Assume that the
cardinality of D is even. The points from M are called marked points, while
the points from D are called nodal points. The points from D are organized in
pairs,D = {d′1, d′′1, d′2, d′′2, . . . , d′k, d′′k}. A nodal surface (S, j,M⨿D) is said to
be stable if the stability condition 2g + µ ≥ 3 is satisfied for each component
of the surface S, where µ = |M ∪ D|. With a nodal surface (S, j,M⨿D) we
can associate the following singular surface with double points,

ŜD = S/{d′i ∼ d′′i | i = 1, . . . , k}.

The identified points d′i ∼ d′′i are called nodes. The nodal surface (S, j,M⨿
D) is said to be connected if the singular surface ŜD is connected. For each
marked point p ∈ M⨿D of a stable nodal Riemann surface (S, j,M⨿D),
we define the surface Sp with boundary as the oriented blow-up of S at
the point p. Thus Sp is the circle compactification of S\{p}; it is a compact
surface bounded by the circle Γp = (TpS\{0})/R+. The canonical projection
π : Sp → S sends the circle Γp to the point p and the maps Sp\Γp diffeomor-
phically to S\{p}. Similarly, given a finite setM′ = {p1, . . . , pk} ⊂ M⨿D of
punctures, we consider a blow-up surface SM′

with k boundary components
Γ1, . . . ,Γk. It comes with the projection π : SM′ → S, which collapses the
boundary circles Γ1, . . . ,Γk to points p1, . . . , pk and the maps SM′\∐k

i=1 Γi
diffeomorphically to Ṡ = S\M′.

If the nodal surface (S, j,M⨿D) is connected its arithmetic genus g is
defined as

g =
1

2
|D| − b0 +

b0
∑

i=1

gi + 1,
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where |D| = 2k is the cardinality of D, b0 is the number of connected compo-
nents of the surface S, and

∑b0
i=1 gi is the sum of the genera of the connected

components of S. The signature of a nodal curve (S, j,M⨿D) is the pair
(g, µ), where g is the arithmetic genus and µ = |M|. A stable nodal Rie-
mann surface (S, j,M⨿D) is called decorated if for each node there is an
orientation reversing orthogonal map

(2.1) ri : Γi = (TdiS\{0})/R+ → Γi = (TdiS\{0})/R+.

For the orthogonal orientation reversing map ri, we must have that

ri(e
2πiϑp) = e−2πiϑr(p) for all p ∈ Γi.

In the following we argue as in [1]. Consider the oriented blow-up SD at
the points of D as described above. The circles Γi and Γi defined by (2.1)
are boundary circles for the points d′i, d

′′
i ∈ D. The canonical projection π :

SD → S, collapsing the circles Γi and Γi to the points d
′
i and d

′′
i , respectively,

induces a conformal structure on SD\∐k
i=1 Γi ⨿ Γi. The smooth structure

of SD\∐k
i=1 Γi ⨿ Γi extends to S

D, while the extended conformal structure
degenerates along the boundary circles Γi and Γi. Let (S, j,M⨿D, r) be a
decorated surface, where r = (r1, . . . , rk). By means of the mappings ri, i =
1, . . . , k, Γi and Γi can be glued together to yield a closed surface SD,r. The
genus of the surface SD,r is equal to the arithmetic genus of (S, j,M⨿D).
There exists a canonical projection p : SD,r → ŜD which projects the circle
Γi = {Γi,Γi} to the node di = {d′i, d′′i }. The projection p induces on the
surface SD,r a conformal structure in the complement of the special circles
Γi; the conformal structure is still denoted by j. The continous extension of
j to SD,r degenerates along the special circles Γi.

According to the uniformization theorem, for a stable surface (S, j,M⨿
D) there exists a unique complete hyperbolic metric of constant curvature
−1 of finite volume, in the given conformal class j on Ṡ = S\(M⨿D). This
metric is denoted by hj,M⨿D. Each point in M⨿D corresponds to a cusp
of the hyperbolic metric hj,M⨿D. Assume that for a given stable Riemann
surface (S, j,M⨿D), the punctured surface Ṡ = S\(M⨿D) is endowed
with the uniformizing hyperbolic metric hj,M⨿D.

Fix δ > 0, and denote by

Thickδ(S, h
j,M⨿D) =

{

x ∈ Ṡ | ρ(x) ≥ δ
}
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and

Thinδ(S, h
j,M⨿D) =

{

x ∈ Ṡ | ρ(x) < δ
}

,

the δ−thick and δ−thin parts, respectively, where ρ(x) is the injectivity ra-
dius of the metric hj,M⨿D at the point x ∈ Ṡ. A fundamental result of hyper-
bolic geometry states that there exists a universal constant δ0 = sinh−1(1)
such that for any δ < δ0, each component C of Thinδ(S, h

j,M⨿D) is confor-
mally equivalent either to a finite cylinder [−R,R]× S1 if the component C
is not adjacent to a puncture, or to the punctured disk D\{0} ∼= [0,∞)× S1

if it is adjacent to a puncture (see, for example, [5] and [6]). Each com-
pact component C of the thin part contains a unique closed geodesic of
length 2ρ(C) denoted by ΓC , where ρ(C) = infx∈C ρ(x). When considering
the δ−thick−thin decompositions we always assume that δ is chosen smaller
than δ0.

The uniformization metric hj,M⨿D can be lifted to a metric h
j,M⨿D

on
ṠD,r := SD,r\M. The lifted metric degenerates along each circle Γi in the
sense that the length of Γi is 0, and the distance of Γi to any other point in
ṠD,r is infinite. However, we can still speak about geodesics on ṠD,r which
are orthogonal to Γi, i.e., two geodesics rays, whose asymptotic directions
at the cusps d′i and d′′i are related via the map ri, and which correspond
to a compact geodesic interval in SD,r intersecting orthogonally the circle
Γi. It is convenient to regard Thinδ(S, h

j,M⨿D) and Thickδ(S, h
j,M⨿D) as

subsets of ṠD,r. This interpretation provides a compactification of the non-
compact components of Thinδ(S, h

j,M⨿D) not adjacent to points from M.
Any compact component C of Thinδ(S, h

j,M⨿D) ⊂ ṠD,r is a compact annu-
lus; it contains either a closed geodesic ΓC , or one of the special circles, still
denoted by ΓC , which projects to a node (as described above).

Consider a sequence of decorated stable nodal marked Riemann surfaces
(Sn, jn,Mn ⨿Dn, rn) indexed by n ∈ N.

Definition 3. The sequence (Sn, jn,Mn ⨿Dn, rn) is said to converge to
a decorated stable nodal surface (S, j,M⨿D, r) if for sufficiently large n,
there exists a sequence of diffeomorphisms φn : SD,r → SDn,rn

n with φn(M) =
Mn such that the following are satisfied.

1) For any n ≥ 1, the images φn(Γi) of the special circles Γi ⊂ SD,r for i =
1, . . . , k, are special circles or closed geodesics of the metrics hjn,Mn⨿Dn

on ṠDn,rn . All special circles on SDn,rn are among these images.
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2) hn → h in C∞
loc(Ṡ

D,r\∐k
i=1 Γi), where hn := φ∗

nh
jn,Mn⨿Dn and h :=

h
j,M⨿D

.

3) Given a component C of Thinδ(S, h
j,M⨿D) ⊂ ṠD,r containing a special

circle Γi, and given a point ci ∈ Γi, let δ
n
i be the geodesic arc corre-

sponding to the induceed metric hn = φ∗
nh

jn,Mn⨿Dn for any n ≥ 1,
intersecting Γi orthogonally at the point ci, and having the ends in
the δ−thick part of the metric hn. Then, in the limit n→ ∞, (C ∩ δni )
converge in C0 to a continous geodesic for a metric h passing through
the point ci.

Remark 4. In view of the uniformization theorem, one can see that the
second property of Definition 3 is equivalent to the condition φ∗

njn → j in
C∞
loc(Ṡ

D,r\∐k
i=1 Γi) which in turn, by the removable singularity theorem, is

equivalent to the convergence in C∞
loc(S

D,r\∐k
i=1 Γi).

We are now in the position to state the Deligne-Mumford convergence.

Theorem 5. (Deligne-Mumford) Any sequence of nodal stable Riemann
surfaces (Sn, jn,Mn ⨿Dn, rn) of signature (g, µ) has a subsequence which
converges in the sense of Definition 3 to a decorated nodal stable Riemann
surface (S, j,M⨿D, r) of signature (g, µ).

Corollary 6. Any sequence of stable Riemann surfaces (Sn, jn,Mn) of
signature (g, µ) has a subsequence which converges to a decorated nodal stable
Riemann surface (S, j,M⨿D, r) of signature (g, µ).

2.2. Asymptotic behaviour of H−holomorphic curves

To describe the behaviour of a H−holomorphic curve near the puncture
from P we need some auxiliary tools. One of these is the lemma about the
removal of singularity. Consider a H−holomorphic curve (S, j,P, u, γ), and
assume that the set of punctures P ⊂ S is not empty. For p ∈ P, consider
a neighbourhood U(p) = U ⊂ S, which is biholomorphic to the standard
open unit disk D ⊂ C, such that, under this biholomorphism, the point p is
mapped to 0.

First we mention a removable singularity result for a harmonic 1−form
γ defined on the punctured unit disk D\{0}.
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Lemma 7. If γ is a harmonic 1−form defined on the punctured disk D\{0},
and having a bounded L2−norm with respect to the standard complex struc-
ture i on D, i.e. ∥γ∥2L2(D\{0}) <∞ then γ can be extended accross the punc-
ture.

Proof. With z = s+ it = (s, t) being the coordinates on D, we express γ
as γ = ζ(s, t)ds+ χ(s, t)dt, where ζ, χ : D\{0} → R are harmonic functions.
As γ is harmonic with respect to the standard complex structure i, F :=
ζ + iχ : D\{0} → C is a mermorphic function with a bounded L2−norm,
i.e.,

∫

D\{0}
|F (s, t)|2dsdt =

∫

D\{0}

(

|ζ(s, t)|2 + |χ(s, t)|2
)

dsdt <∞.

Consider the Laurent series of F ,

F (z) =

∞
∑

n=−∞

Fnz
n,

where Fn ∈ C. Since the Laurent series converges in C0
loc to F and e2πinθ is

an orthonormal system in L2(S1), we infer that for every fixed 0 < ρ < 1,

∫ 1

0
|F (ρe2πiθ)|2dθ =

∞
∑

n=−∞

|Fn|2ρ2n.

Consequently, due to Fubini’s theorem,

∫

D\{0}
|F (z)|2dsdt = 2π

∫

(0,1]×S1

ρ|F (ρe2πiθ)|2dθdρ

= 2π

∫ 1

0

∞
∑

n=−∞

|Fn|2ρ2n+1dρ.

As the terms in the sum are all non-negative, it follows that

∫

D\{0}
|F (z)|2dsdt ≥ 2π|Fn|2

∫ 1

0
ρ2n+1dρ

for all n ∈ Z. However, for n < 0 and because of

∫ 1

0
ρ2n+1dρ = ∞,
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this yields a contradiction to the finiteness of the L2−norm of F . Hence
F−n = 0 for all n ≥ 1, and so, F can be extended to a holomorphic function
on D. Therefore γ can be extended accross the puncture. □

A removable singularity result for H−holomorphic curves is the following

Lemma 8. Let (D, i, {0}, u, γ) be a H−holomorphic curve defined on D\{0}
such that the image of u lies in a compact subset of R×M . Then u extends
continously to a H−holomorphic map on the whole disk D.

Proof. Since D is contractible and dγ = d(γ ◦ i) = 0, the harmonic pertur-
bation γ can be written as γ = dΓ, where Γ : D → R is a harmonic function.
Hence u = (a, f) := (a+ Γ, f) is a pseudoholomorphic curve (unperturbed),
which still has the property that its image lies in a (maybe larger) compact
subset of R×M . Application of the usual removable singularity theorem
(see Lemma 5.5 of [1]) finishes the proof of the lemma. □

In a neighbourhood of a puncture, the map a is either bounded or un-
bounded. In the first case, Lemma 8 can be used to extend the H−
holomorphic curve across the puncture. In the second case, in which a :
D\{0} → R is unbounded we have the following

Proposition 9. Let (D, i, {0}, u, γ) be a H−holomorphic curve defined on
D\{0} such that the image of u is unbounded in R×M . Then u is asymp-
totic to a trivial cylinder over a periodic orbit of Xα, i.e. after identifying
D\{0} with the half open cylinder [0,∞)× S1 there exists a periodic orbit x
of period |T | of Xα, where T ̸= 0 such that

lim
s→∞

f(s, t) = x(Tt) and lim
s→∞

a(s, t)

s
= T in C∞(S1)

where (s, t) denote the coordinates on [0,∞)× S1.

Proof. As we restrict the curve to the disk, the harmonic perturbation γ
is exact, i.e. there exists a harmonic function Γ defined on the open unit
disk such that γ = dΓ. The new curve u = (a, f) = (a+ Γ, f) is pseudoholo-
morphic. Let ψ : R+ × S1 → D\{0}, (s, t) 7→ e−2π(s+it) be a biholomorphism
which maps D\{0} to the cylinder R+ × S1. We consider the pseudoholo-
morphic curve u as being defined on the cylinder R+ × S1 with finite energy
and having an unbounded image in R×M . Since we assumed that Xα is of
Morse type, we obtain by Proposition 5.6 of [1], that there exists T ̸= 0 and



✐

✐

“2-Doicu” — 2021/3/23 — 1:33 — page 53 — #17
✐

✐

✐

✐

✐

✐

H−holomorphic curves in symplectizations 53

a periodic orbit x of Xα of period |T | such that

lim
s→∞

f(s, t) = x(Tt) and lim
s→∞

a(s, t)

s
= T in C∞(S1).

By the boundedness of the harmonic function Γ, we have

lim
s→∞

a(s, t)

s
= T in C∞(S1),

and the proof is finished. □

The puncture p ∈ P is called positive or negative depending on the sign of
the coordinate function a when approaching the puncture. Keep in mind
that the holomorphic coordinates near the puncture affects only the choice
of the origin on the orbit x of Xα; the parametrization of the asymptotic
orbits induceed by the holomorphic polar coordinates remains otherwise the
same. Hence, the orientation induced on x by the holomorphic coordinates
coincides with the orientation defined by the vector field Xα if and only if
the puncture is positive.

Let SP be the oriented blow-up of S at the punctures P = {p1, . . . , pk}
as defined in the previous section or in Section 4.3 of [1]. SP is a compact
surface with boundary circles Γ1, . . . ,Γk. Noting that each of these circles
is endowed with a canonical S1−action and letting φi : S

1 → Γi be (up to
a choice of the base point) the canonical parametrization of the boundary
circle Γi, for i = 1, . . . , k, we reformulate Proposition 9 as follows.

Proposition 10. Let (S, j,P, u, γ) be a H−holomorphic map without re-
movable singularities. The map f : Ṡ →M extends to a continous map f :
SP →M such that

(2.2) f(φi(e
2πit)) = xi(Tt),

where xi : S
1 = R/Z →M is a periodic orbit of the Reeb vector field Xα of

period T , parametrized by the vector field Xα. The sign of T coincides with
the sign of the puncture pi ∈ P.

2.3. Notion of convergence

2.3.1. Stratified H−holomorphic buildings. In this section we in-
troduce the notion of a stratified H−holomorphic building. These are the
objects which are needed for the compactification of the moduli space of
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H−holomorphic curves. First we define a H−holomorphic building of height
1, and then we introduce the general notion of a H−holomorphic building
of height greater than 1. Let (S, j) be a Riemann surface, and P ⊂ S and
P ⊂ S two disjoint unordered finite subsets called the sets of negative and
positive punctures, respectively. Let P = {p

1
, . . . , p

l
}, P = {p1, . . . , pf} and

P = P ⨿ P. The set of nodes, defined by D = {d′1, d′′1, . . . , d′k, d′′k} ⊂ S, is a
finite subset of S, where the significance of the pair {d′i, d′′i } will be clarified
later on. Denote by SP the blow-up of the surface Ṡ = S\P at the punctures
P. The surface SP has |P| boundary components, which due to the splitting
of P, are denoted by Γ = {Γ1, . . . ,Γl} and Γ = {Γ1, . . . ,Γf}.

Definition 11. (S, j, u,P,D, γ, τ, σ), where τ = {τi}i=1,...,|D|/2, σ =
{σi}i=1,...,|D|/2 and τi, σi ∈ R for all i = 1, . . . , |D|/2 is called a stratified
H−holomorphic building of height 1 if the following conditions are satisfied.

1) (S, j, u,P, γ) is a H−holomorphic curve as defined in (1.2).

2) For each {d′i, d′′i } ∈ D, τi, σi ∈ R the points u(d′i) and u(d′′i ) are con-
nected by the map [−1/2, 1/2] → R×M , s 7→ (−2σis+ b, ϕα−2τis(wf ))
for some b ∈ R and wf ∈M such that u(d′i) = (σi + b, ϕατi(wf )) and
u(d′′i ) = (−σi + b, ϕα−τi(wf )).

Remark 12. TheM−component f : Ṡ →M of a stratifiedH−holomorphic
building u = (a, f) : Ṡ → R×M of height 1 can be continously extended to
SP . For the extension f : SP →M , it is apparent that f |Γ, where Γ = Γ⨿ Γ,
defines parametrizations of Reeb orbits.

Remark 13. The energy of a stratified H−holomorphic building of height
1 is the sum of the α− and dα−energies of the H−holomorphic curve, as
defined in (1.3).

In a second step we define a stratified H−holomorphic building of height
N . Let (S1, j1), . . . , (SN , jN ) be closed (possibly disconected) Riemann sur-
faces, and for any i ∈ {1, . . . , N}, let P i ⊂ Si and P i ⊂ Si be the sets of
negative and positive punctures on level i, respectively. There is a one-to-
one correspondence between the elements P i−1 and P i given by a bijective
map φi : P i−1 → P i. The pair {pi−1,j , pij}, where pij = φi(pi−1,j), is called

the breaking point between the levels Si−1 and Si.
Let P =

∐N
i=1 P i ⨿ P i be the set of punctures, Pi = P i ⨿ P i the set of

punctures at level i, Di = {d′i1, d′′i1, . . . , d′iki , d′′iki} the set of nodes at level i,

and D =
∐N
i=1Di the set of all nodes.
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If SPi

i is the blow-up of Si at the punctures Pi = P i ⨿ P i, then account-
ing of the splitting of the punctures Pi, we denote the boundary components
of SPi

i by Γi and Γi; they correspond to the negative and positive punctures
P i and P i, respectively. There is a one-to-one correspondence between the
elements of Γi−1 and Γi given by an orientation reversing diffeomorphism
Φi : Γi−1 → Γi. The pair {Γi−1,j ,Γij}, where Γij = Φi(Γi−1,j), is called a
breaking orbit for all i = 2, . . . , N . This gives an identification of the bound-
ary components Γi−1 from S

Pi−1

i−1 and the boundary components Γi from SPi

i .
Furthermore, let

SP,Φ := SP1

1 ∪Φ2
SP2

2 ∪Φ3
· · · ∪ΦN

SPN

N :=

(

∐N
i=1 S

Pi

i

)

/∼

where ∼ is defined by identifying the circles Γi−1,j and Γij via the diffeo-

morphism Φi for all i = 2, . . . , N and j = 1, . . . , |P i|. Obviously, SP,Φ is a
compact surface with |P1|+ |PN | boundary components. The equivalence
class of Γi−1,j in S

P,Φ, denoted by Γij for all i = 2, . . . , N and j = 1, . . . , |P i|,
is called a special circle; the collection of all special circles is denoted by Γ.

A tuple (S, j,P,D) with the properties described above will be called
a broken building of height N . We are now well prepared to introduce a
stratified H−holomorphic building of height N .

Definition 14. A tuple (S, j, u,P,D, γ, τ, σ), where

τ = {τ̂iji | i = 1, . . . , N and ji = 1, . . . , |Di|/2}
∪ {τiji | i = 1, . . . , N − 1 and ji = 1, . . . , |Γi|},

σ = {σ̂iji | i = 1, . . . , N and ji = 1, . . . , |Di|/2}

and (S, j,P,D) is a broken building of height N , is called a stratified H−
holomorphic building of height N if the following are satisfied:

1) For any i=1, . . . , N , (Si, ji, ui,P i ⨿ P i,Di, γi, {τ̂iji | ji=1, . . . , |Di|/2},
{σ̂iji | ji = 1, . . . , |Di|/2}) is a stratified H−holomorphic building of
height 1, where ui = u|Si\Pi

, and ji is the complex structure on Si.

2) For all breaking points {pi−1,j , pij} and τij ∈ τ , there exist Tij > 0 such

that the H−holomorphic building of height 1, ui−1 : Ṡi−1 → R×M is
asymptotic at pi−1,j to a trivial cylinder over the Reeb orbit xij of

period Tij > 0, and ui : Ṡi → R×M is asymptotic at p
ij
to the trivial

cylinder over the Reeb orbit xij(·+ τij) of period −Tij < 0.
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Remark 15. The energy of a stratified H−holomorphic buidling of height
N is defined by

E(u) = max
1≤i≤N

Eα(ui) +

N
∑

i=1

Edα(ui).

2.3.2. Collar blow-up. In this section we introduce a version of blow-up
similar to that from [1]. Let (S, j,P,D) be a broken building of heightN , and
consider the setting used in the previous section. In addition, let SPi∪Di

i be
the blow-up of Si at the punctures Pi and nodes Di. To each pair of nodes
{d′ij , d′′ij}, the corresponding boundary of SPi∪Di

i is denoted by {Γ′
ij ,Γ

′′
ij},

and for each such pair of boundary circles, let rij : Γ
′
ij → Γ′′

ij be orientation
reversing diffeomorphisms. The diffeomorphisms rij are used to glue the
boundary circles Γ′

ij and Γ′′
ij together. Consider the surface Ŝ := SP∪D,Φ∪r

which is obtained from S by blowing-up the punctures P and the nodes
D, and by using the orientation reversing diffomorphisms Φ and rij . Ŝ is a
compact surface with boundary components given by the sets Γ1 and ΓN .
The equivalence class of Γ′

ij in Ŝ is denoted by Γnod
ij and is called nodal special

circles; the set of all nodal special circles is denoted by Γnod. The collar blow-
up S is a modification of the usual blow-up Ŝ defined in [1]. Essentially, we
insert the cylinders [−1/2, 1/2]× S1 between the special circles Γi−1,j and
Γij , and between Γ′

ij and Γ′′
ij . To obtain a surface with boundary components

Γ1 and ΓN that has the same topology as Ŝ we modify the orientation
reversing the diffeomorphismsm Φij and rij as follows:

B1: The orientation reversing diffeomorphisms Φij correspond to two
orientation reversing diffeomorphisms Φij : Γi−1,j → {−1/2} × S1 and
Φij : {1/2} × S1 → Γij for all i = 2, . . . , N and j = 1, . . . , |P i|.

B2: Instead of gluing Γi−1,j and Γij via the orientation reversing dif-

feomorphisms Φij , we glue Γi−1,j , the cylinder [−1/2, 1/2]× S1, and
Γij via the orientation reversing diffeomorphisms Φij and Φij (see Fig-
ure 2.1).

B3: For the nodal special circles Γ′
ij and Γ′′

ij , we proceed analogously,

and denote by r′ij : Γ
′
ij → {−1/2} × S1 and r′′ij : {1/2} × S1 → Γ′′

ij

the orientation reversing diffeomorphisms that glue Γ′
ij , the cylinder

[−1/2, 1/2]× S1 and Γ′′
ij together.

Let S be the surface obtained by applying the above construction to all
special and nodal special circles. The equivalence class of the cylinder
[−1/2, 1/2]× S1 in S corresponding to the special circle Γij is denoted by



✐

✐

“2-Doicu” — 2021/3/23 — 1:33 — page 57 — #21
✐

✐

✐

✐

✐

✐

H−holomorphic curves in symplectizations 57

x









x









⟳

⟳

⟳

Γij

Γi−1,j

{

−1
2

}

× S1

{

1
2

}

× S1

Φij

Φij

Figure 2.1: The gluing of Γi−1,j , the cylinder [−1/2, 1/2]× S1 and Γij via

the orientation reversing diffeomorphisms Φij : Γi−1,j → {−1/2} × S1 and
Φij : {1/2} × S1 → Γi,j .

Aij , and is called a special cylinder. The equivalence class of the cylinder
[−1/2, 1/2]× S1 in S corresponding to the nodal special circle Γnod

ij is de-

noted by Anod
ij , and is called a nodal special cylinder. The boundary circles

of Aij are still denoted by Γi−1,j and Γij , while the boundary circles of Anod
ij

are also still denoted by Γ′
ij and Γ′′

ij . Finally, the collections of all special and

nodal special cylinders are denoted by A and Anod, respectively. Take notice
that there exists a natural projection between the collar blow-up S and the
blow-up surface Ŝ, which is defined similarly to [1], i.e. it maps S\(A⨿Anod)
diffeomorphically to Ŝ\(Γ⨿ Γnod) and the annulli A and Anod are mapped to
Γ and Γnod. This induces a conformal structure on S\(A⨿Anod). Let S̃ be
the closed surface obtained from S by identifying the boundary components
Γ1 and ΓN to points.

Having now a stratified H−holomorphic building (S, j, u,P,D, γ, τ, σ) of
height N , we define the continous extension f of f on the surface S and the
continous extension a of a on S\A. The extension f may be defined on the
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clinders Aij and A
nod
ij , while the extension a is defined only on Anod

ij . Set

f(s, t) = ϕα−2sτ̂ij (wf ), for all (s, t) ∈ Anod
ij = [−1/2, 1/2]× S1,

f(s, t) = ϕα
−(s+ 1

2)τij
(xij(Tijt)), for all (s, t) ∈ Aij = [−1/2, 1/2]× S1

and

a(s, t) = 2σ̂ijs+ b, for all (s, t) ∈ Anod
ij = [−1/2, 1/2]× S1

for some b ∈ R and wf ∈M . Here xij is the Reeb orbit of period Tij > 0.

2.3.3. Convergence. In this section we define the notion of convergence
using the notation from the previous two sections.

Definition 16. A sequence ofH−holomorphic curves (Sn, jn, un,P ′
n=P ′

n ⨿
P ′
n, γn) converges in the C∞

loc sense to a H−holomorphic curve (S, j, u,
P,D, γ), if the tuple (S, j,P,D) is a broken building of height N and there
exists a sequence of diffeomorphisms φn : S̃ → Sn, where S̃ is the modi-
fied collar blow-up defined in Section 2.3.2, such that φ−1

n (P ′
n) = P1 and

φ−1
n (P ′

n) = PN and such that the following conditions are satisfied:

1) The sequence of complex structures (φn)∗jn converges in C∞
loc on

S̃\(A⨿Anod) to j.

2) The special circles of (Sn, jn,Pn) are mapped by φ−1
n bijectively onto

{0} × S1 of Aij or A
nod
ij . For every special cylinder Aij there exists an

annulus Aij ∼= [−1, 1]× S1 such that Aij ⊂ Aij and (Aij , (φn)∗jn) and
(Aij , (φn)∗jn) are conformally equivalent to ([−Rn, Rn]× S1, i) and
([−Rn + hn, Rn − hn]× S1, i), respectively, where Rn, hn, Rn/hn → ∞
as n→ ∞, i is the standard complex structure and the diffeomor-
phisms are of the form (s, t) 7→ (κ(s), t).

3) TheH−holomorphic curves un ◦ φn : ˙̃S := S̃\(P1 ⨿ PN ) → R×M to-
gether with the harmonic perturbation (φn)

∗γn which are defined on S̃

converge in C∞
loc on

˙̃S\
(

A⨿Anod
)

to the H−holomorphic curve u with

harmonic perturbation γ. Note that ˙̃S\(A⨿Anod) may be conformally
identified with S\(P ⨿D).

Next we describe the C0−convergence. Let (Sn, jn, un,P ′
n, γn) be a se-

quence of H−holomorphic curves. For any special circle Γij , let τ
n
ij ∈ R and

σnij ∈ R be the conformal period of φ∗
nγn on Γij with respect to the complex

structure φ∗
njn, and the conformal co-period of φ∗

nγn on Γij with respect to
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the complex structure φ∗
njn, respectively. For any nodal special circle Γnod

ij

consider the numbers τ̂nij ∈ R and σ̂nij ∈ R, where τ̂nij is the conformal period

of φ∗
nγn on Γnod

ij with respect to the complex structure φ∗
njn, and σ̂

n
ij is the

conformal co-period of φ∗
nγn on Γnod

ij with respect to the complex structure
φ∗
njn, respectively.

Remark 17. For a sequence (Sn, jn, un,P ′
n, γn) of H−holomorphic curves

that converges to a H−holomorphic curve (S, j, u,P,D, γ) in the sense of
Definition 16, the quantities τnij , σ

n
ij , τ̂

n
ij and σ̂nij can be unbounded (see,

e.g, Section 4). If τnij , σ
n
ij , τ̂

n
ij and σ̂nij are bounded, then after going over

to a further subsequence, and assuming that there exist the real numbers
τij , σij , τ̂ij , σ̂ij ∈ R such that

τnij → τij ,(2.3)

σnij → σij ,(2.4)

τ̂nij → τ̂ij ,(2.5)

σ̂nij → σ̂ij(2.6)

as n→ ∞, we are able to derive a C0− convergence result.

The convergence of a sequence of H−holomorphic curves to a stratified
H−holomorphic building of height N should be understood in the following
sense:

Definition 18. A sequence of H−holomorphic curves (Sn, jn,P ′
n, un, γn)

converges in the C0 sense to a statifiedH−holomorphic building (S, j, u,P,D,
γ, τ, σ) of height N if the following conditions are satisfied.

1) The parameters τnij , σ
n
ij , τ̂

n
ij and σ̂

n
ij converge as in (2.3)-(2.6).

2) The sequence (Sn, jn,P ′
n, un, γn) converges to the underlying H−

holomorphic curve (S, j, u,P,D, γ) in the sense of Definition 16 with
respect to a sequence of diffeomorphisms φn : S̃ → Sn.

3) (S, j, u,P,D, γ, τ, σ) is a stratified H−holomorphic building of height
N corresponding to the constants τij , τ̂ij and σ̂ij , as in Definition 14.

4) The maps un ◦ φn converges in C0
loc on S\A to the blow-up map u

defined on ˙̃S\A.
5) The maps fn ◦ φn converges in C0 on S to the blow-up map f defined

on S.
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3. Proof of the compactness theorem

Let (Sn, jn, un,P ′
n, γn) be a sequence of H−holomorphic curves satisfying

Assumptions A1 and A2. After introducing an additional finite set of points
Mn disjoint from the set of punctures P ′

n we assume that the domains
(Sn, jn,P ′

n ⨿Mn) of the sequence of H−holomorphic curves are stable.
This condition enables us to use the Deligne-Mumford convergence (see
Section 2.1) which makes it possible to formulate a convergence result for
the domains (Sn, jn,P ′

n ⨿Mn). Note that Mn can be choosen in such a
way that their cardinality is independent of the index n. As an additional
structure, let hjn be the hyperbolic metric on Ṡn := Sn\(P ′

n ⨿Mn). By
the Deligne-Mumford convergence result (Corollary 6) there exists a sta-
ble nodal decorated surface (S, j,P ⨿M,D, r) and a sequence of diffeomor-
phisms φn : SD,r → Sn, where S

D,r is the closed surface obtained by blowing
up the nodes and gluing pairs of nodal points according to the decoration r
as described in Section 2.1, such that the following holds: Let h be the hy-
perbolic metric on S\(P ⨿M⨿D). The diffeomorphisms φn map marked
points into marked points and punctures into punctures, i.e. φn(M) = Mn

and φn(P) = P ′
n. Via φn we pull-back the complex structures jn and the

hyperbolic metrics hjn , i.e. we define j(n) := φ∗
njn on SD,r and hn := φ∗

nh
jn

on ṠD,r := SD,r\(M⨿P). By the Deligne-Mumford convergence, hn → h
in C∞

loc(Ṡ
D,r\∐j Γj) as n→ ∞, where Γj are the special circles in SD,r

(see Section 2.1 for the definition of special circles). This yields j(n) → j in
C∞
loc(S

D,r\∐j Γj) as n→ ∞.

Consider now the maps ũn = (ãn, f̃n) := un ◦ φn : SD,r\P → R×M and
γ̃n := φ∗

nγn ∈ H1
j(n)(S

D,r). Then ũn is a H−holomorphic curve with har-
monic perturbation γ̃n; it satisfies the equation

παdf̃n ◦ j(n) = J(f̃n) ◦ παdf̃n
(f̃∗nα) ◦ j(n) = dãn + γ̃n

on SD,r\P

and has uniformly bounded energies, i.e. for E0 > 0 and all n ∈ N we have
E(ũn;S

D,r\P) ≤ E0. The L
2−norm of γ̃n over SD,r is equal to the L2−norm

of γn over Sn and it is apparent that the L2−norm of γ̃n is uniformly bounded
by the constant C0 > 0. Hence A1 and A2 are satisfied for ũn.

In the following, we first establish a convergence result on the thick
part, i.e. on SD,r away from special circles, punctures and certain additional
marked points, and then treat the components from the thin part. With the
convergence on the thick components, the first statement of Theorem 2 is
proved.
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3.1. The thick part

For the sequence ũn : SD,r\P → R×M as defined above, we prove the
C∞
loc−convergence in the complement of the special circles and of a finite

collection of points in ṠD,r := SD,r\(P ⨿M). Set ˙̃SD,r := ṠD,r\∐j Γj . To
simplify the notation we continue to denote the maps ũn by un and γ̃n by
γn. The main result of this section is the following

Theorem 19. There exists a subsequence of un, still denoted by un, a

finite subset Z ⊂ ˙̃SD,r, and a H−holomorphic curve u : ˙̃SD,r\Z → R×M

with harmonic perturbation γ defined on ˙̃SD,r with respect to the complex

structure j such that un → u and γn → γ in C∞
loc
( ˙̃SD,r\Z).

Before proving Theorem 19 we establish some preliminary results.

Assume that there exists a point z1 ∈ K ⊂ ˙̃SD,r, where K is compact,
and a sequence zn ∈ K such that

zn → z1 and ∥dun(zn)∥ → ∞

as n→ ∞. The next lemma describing the convergence of conformal struc-
tures on Riemann surfaces is similar to Lemma 10.7 of [1].

Lemma 20. There exist the open neighbourhoods Un(z
1) = Un and U(z1) =

U of z1, and the diffeomorphisms

ψn : D → Un, ψ : D → U

such that

1) ψn are i− j(n)−biholomorphisms and ψ is a i− j−biholomorphism;

2) ψn → ψ in C∞
loc
(D) as n→ ∞ with respect to the Euclidean metric on

D and the hyperbolic metric h on their images;

3) ψn(0) = z1 for every n and ψ(0) = z1;

4) zn ∈ Un for every sufficiently large n;

5) z(n) := ψ−1
n (zn) → 0 as n→ ∞.

Proof. Lemma 47 applied to the compact Riemann surface with boundary
K and the interior point z1, yields the diffeomorphisms ψn : D → Un and
ψ : D → U for which the first three assertions hold true. The fourth and
fifth assertions are obvious since zn converge to z1. □
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Remark 21. The coordinate maps ψn and ψ have uniformly bounded gra-
dients with respect to the Euclidian metric on D and the hyperbolic metric
h on their images. This follows from the second assertion of Lemma 20.

Let ℏ > 0 be defined by (1.7). The next lemma essentially states that the
dα−energy concentrates around the point z1 and is at least ℏ/2 > 0. The
proof relies on bubbling-off analysis and proceeds as in Section 5.6 of [1].

Lemma 22. For every open neighbourhood U(z1) = U ⊂ ˙̃SD,r we have

0 < ℏ ≤ lim
n→∞

Edα(un;U) ≤ E0.

In particular, for each open neighbourhood U of z1 there exists an integer
N1 ∈ N such that for all n ≥ N1 we have

Edα(un;U) ≥ ℏ

2
.

Proof. Consider the maps ûn := un ◦ ψn : D → R×M , where ψn are the bi-
holomorphisms given by Lemma 20. They satisfy the H−holomorphic equa-
tions

παdf̂n ◦ i = J(f̂n) ◦ παdf̂n
(f̂∗nα) ◦ i = dân + γ̂n

on D,

where γ̂n := ψ∗
nγn is a harmonic 1−form on D with respect to i. The energy

of ûn on D is uniformly bounded as E(ûn;D) ≤ E0, while the L2−norm of
the i−harmonic 1−form γ̂n is uniformly bounded on D by the constant C0.
Furthermore, for z(n) := ψ−1

n (zn),
∥

∥dûn(z
(n))
∥

∥→ ∞ as n→ ∞. This can be
seen as follows. If vn ∈ Tz(n)D with ∥vn∥eucl. = 1 is such that

∥

∥

∥

∥

∥

dun(zn)
dψn(z

(n))vn
∥

∥dψn(z(n))vn
∥

∥

hn

∥

∥

∥

∥

∥

g

= ∥dun(zn)∥ ,

then,

∥

∥

∥
dûn(z

(n))vn

∥

∥

∥

g̃
=

∥

∥

∥

∥

∥

dun(zn)
dψn(z

(n))vn
∥

∥dψn(z(n))vn
∥

∥

hn

∥

∥

∥

∥

∥

g

∥

∥

∥
dψn(z

(n))vn

∥

∥

∥

hn

= ∥dun(zn)∥
∥

∥

∥
dψn(z

(n))vn

∥

∥

∥

hn

≥ ∥dun(zn)∥
1

2

∥

∥

∥
dψn(z

(n))
∥

∥

∥

≥ ∥dun(zn)∥
1

4
∥dψ(0)∥ → ∞
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as n→ ∞. The first inequality follows from the i− j(n)−holomorphicity of
ψn. Applying Hofer’s topological lemma (Lemma 2.39 of [6]), we obtain
another sequence {z̃(n)}n∈N ⊂ D with z̃(n) → 0, Rn :=

∥

∥dûn(z̃
(n))
∥

∥→ ∞,

ϵn ↘ 0, ϵnRn → ∞ as n→ ∞ and ∥dûn(z)∥ ≤ 2Rn for all z ∈ Dϵn(z̃
(n)).

Doing this rescaling we define the maps

vn(z) = (bn(z), gn(z)) :=

(

ân

(

z̃(n) +
z

Rn

)

− ân(z̃
(n)), f̂n

(

z̃(n) +
z

Rn

))

for all z ∈ DϵnRn
(0). The maps vn = (bn, gn) : DϵnRn

(0) → R×M satisfy
∥dvn(0)∥ = 1 and ∥dvn(z)∥ ≤ 2 for all z ∈ DϵnRn

(0), and we have

Eα(vn;DϵnRn
(0)) = Eα(ûn;Dϵn(z̃

(n))) ≤ Eα(ûn;D)

and

Edα(vn;DϵnRn
(0)) = Edα(ûn;Dϵn(z̃

(n))) ≤ Edα(ûn;D)

giving E(vn;DϵnRn
(0)) ≤ E0. Moreover, vn solves the H−holomorphic equa-

tions

παdgn ◦ i = J ◦ παdgn,
(g∗nα) ◦ i = dbn + γ

n
,

where γ
n
:= γ̂n/Rn. Because vn has a bounded gradient, there exists a

smooth map v : C → R×M with a bounded energy (by E0) such that vn →
v in C∞

loc(C) as n→ ∞. Nevertheless, because γ̂n is bounded in L2−norm,
γ
n
→ 0 as n→ 0. Thus v = (b, g) : C → R×M is a pseudoholomorphic plane,

i.e. it solves the pseudoholomorphic curve equation

παdg ◦ i = J ◦ παdg,
(g∗α) ◦ i = db.

We prove now that the α− and dα−energies of v are bounded. Let R > 0
be arbitrary and for some τ0 ∈ A consider
∫

DR(0)
τ ′0(b)db ◦ i ∧ db = lim

n→∞

∫

DR(0)
τ ′0(bn)dbn ◦ i ∧ dbn

= lim
n→∞

∫

DR/Rn (z̃
(n))

τ ′0(ân − ân(z̃
(n)))dân ◦ i ∧ dân

= lim
n→∞

∫

DR/Rn (z̃
(n))

τ ′n(ân)dân ◦ i ∧ dân
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≤ lim
n→∞

sup
τ∈A

∫

DR/Rn (z̃
(n))

τ ′(ân)dân ◦ i ∧ dân

= lim
n→∞

Eα(ûn;DR/Rn
(z̃(n))),

where τn = τ0(· − ân(z̃
(n))) is a sequence of functions that belong to A.

Taking the supremum of the left-hand side over τ ∈ A, we get

Eα(v;DR(0)) ≤ lim
n→∞

Eα(ûn;DR/Rn
(z̃(n))),

while picking some arbitrary ϵ > 0, we obtain

Eα(v;DR(0)) ≤ lim
n→∞

Eα(ûn;DR/Rn
(z̃(n))) ≤ lim

n→∞
Eα(ûn;Dϵ(0)).

For the dα−energy, we proceed analogously: for R > 0 we have

Edα(v;DR(0)) = lim
n→∞

∫

DR(0)
g∗ndα = lim

n→∞

∫

DR/Rn (z̃
(n))

f̂∗ndα,

while picking some arbitrary ϵ > 0, we find

Edα(v;DR(0)) = lim
n→∞

∫

DR/Rn (z̃
(n))

f̂∗ndα

≤ lim
n→∞

∫

Dϵ(0)
f̂∗ndα ≤ lim

n→∞
Edα(ûn;Dϵ(0)).

Because the α− and dα−energies are non-negative,

E(v;DR(0)) = Eα(v;DR(0)) + Edα(v;DR(0))

≤ lim
n→∞

Eα(ûn;Dϵ(0)) + lim
n→∞

Edα(ûn;Dϵ(0))

= lim
n→∞

E(ûn;Dϵ(0))

≤ E0,

and since R > 0 was arbitrary, we obtain Edα(v;C) ≤ E0. As v is a usual
pseudoholomorphic curve, it follows that E(v;C) = EH(v;C), where EH is
the Hofer energy defined in [1]; thus EH(v;C) ≤ E0. Moreover, as v is non-
constant we have by Remark 2.38 of [6], that for any ϵ > 0,

0 < ℏ ≤ Edα(v;C) ≤ lim
n→∞

Edα(ûn;Dϵ(0)) ≤ lim
n→∞

Edα(un;ψn(Dϵ(0))).
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Choosing ϵ > 0 such that ψn(Dϵ(0)) ⊂ U for all n, we end up with

0 < ℏ ≤ lim
n→∞

Edα(un;U) ≤ E0,

and the proof is finished. □

The next proposition is proved by contradiction by means of Lemma 22.

Proposition 23. There exists a subsequence of un, still denoted by un, and

a finite subset Z ⊂ ˙̃SD,r such that for every compact subset K ⊂ ˙̃SD,r\Z,
there exists a constant CK > 0 such that

∥dun(z)∥ := sup
v∈TzSD,r,∥v∥hn

=1
∥dun(z)v∥g ≤ CK

for all z ∈ K.

Proof. For the sequence un and any finite subset Z ⊂ ˙̃SD,r, we define

Z{un},Z :=
{

z ∈ ˙̃SD,r\Z | there exists a subsequence unk
of un and a

sequence zk ∈ ˙̃SD,r\Z such that zk → z

and ∥dunk
(zk)∥ → ∞ as k → ∞

}

.

If Z{un},∅ is empty then the assertion is fullfilled for the sequence un and the
finite set Z = ∅. Otherwise, we choose z1 ∈ Z{un},∅. In this case, there exists

a sequence z1n ∈ ˙̃SD,r and a subsequence u1n of un such that z1n → z1 and
∥

∥du1n(z
1
n)
∥

∥→ ∞. Consider now the set Z{u1
n},{z

1}. If Z{u1
n},{z

1} is empty then
the assertion is fullfilled for the subsequence u1n and the finite set Z = {z1}.
Otherwise, we choose an element z2 ∈ Z{u2

n},{z
1}. In this case, by definition,

there exists a sequence z2n ∈ ˙̃SD,r\{z1} and a subsequence u2n of u1n such
that z2n → z2 and

∥

∥du2n(z
2
n)
∥

∥→ ∞. Let us show that the set of points Z =
{z1, z2, . . . } constructed in this way is finite, or more precisely, that |Z| ≤
2E0/ℏ. Assume |Z| > 2E0/ℏ and pick an integer k > 2E0/ℏ and pairwise

different points z1, . . . , zk ∈ Z. Let U1, . . . , Uk ⊂ ˙̃SD,r be some open pairwise
disjoint neighbourhoods of z1, . . . , zk. Applying Lemma 22 inductively, we
deduce that there exists a positive integer N such that for every n ≥ N ,
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Edα(un;Ui) ≥ ℏ/2 for all i = 1, . . . , k. Since the Ui are disjoint, we obtain

k
ℏ

2
≤

k
∑

i=1

Edα(un;Ui) ≤ Edα(un;
˙̃SD,r) ≤ E0.

Thus k ≤ 2E0/ℏ which is a contradiction to our assumption. □

By means of Proposition 23 we can prove the convergence of the H−
holomorphic maps in a punctured thick part of the Riemann surface.

Proof. (of Theorem 19) For some sufficiently small k ∈ N we consider the

subsets Ωk := Thick1/k(
˙̃SD,r, h)\⋃N

i=1D
h
1/k(z

i), where Z = {z1, . . . , zN} is

the subset in Proposition 23 and Dh
1/k(zi) is the open disk around zi of

radius 1/k with respect to the metric h. In order to keep the notation simple,
the subsequence obtained by applying Proposition 23 is still denoted by

un. Obviously, Ωk build an exhaustion by compact sets of ˙̃SD,r\Z. These
sets are compact surfaces with boundary. By Proposition 23, the maps un
have uniformly bounded gradients on Ω1. Thus after a suitable translation
of the maps un in the R−coordinate, there exists a subsequence u1n of un
that converges in C∞(Ω1) to a map u : Ω1 → R×M . Iteratively, at step
k + 1 there exists a subsequence uk+1

n of ukn that converges in C∞(Ωk+1)
to a map u : Ωk+1 → R×M which is an extension from Ωk to Ωk+1. This

procedure allows us to define a map u : ˙̃SD,r\Z → R×M . After passing

to some diagonal subsequence unn, the maps unn converge in C∞
loc(

˙̃SD,r\Z)

to the map u : ˙̃SD,r\Z → R×M . Since the L2−norms of γn are uniformly

bounded on SD,r, they converge in C∞
loc(

˙̃SD,r) to some harmonic 1−form γ

with a bounded L2−norm on ˙̃SD,r. Hence the map u is a H−holomorphic

curve on ˙̃SD,r\Z with harmonic perturbation γ. □

3.2. Convergence on the thin part and around the points from Z

In this section we investigate the convergence of the H−holomorphic curves
un on the components of the thin part and in the neighbourhood of the points
from Z that were constructed in Theorem 19. For a sufficiently small δ > 0,
the set Thinδ(Ṡ

D,r, hn) can be decomposed in two types of connected com-
ponents: (I) the non-compact components that are called cusps, which are
neighbourhoods of punctures with respect to the hyperbolic metric, and (II)
the compact components called hyperbolic cylinders. Each of these cylinders
can be biholomorphically identified with the standard cylinder [−R,R]× S1
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∞ b1 ∞ ∞b1

Figure 3.1: The component of the thin part, which is biholomorphic to a
cylinder, is divided in cylinders of types b1 and ∞ in an alternating order.

for a suitable R > 0. In the Deligne-Mumford limiting process R may tend
to ∞ and nodes appear. For more details we refer to Chapter 1 of [6]. This
section is organized as follows. First, we analyze the convergence of un on
components that can be indentified with hyperbolic cylinders, and describe
the limit object. Second, we treat the convergence of un on components that
can be identified with cusps, and as before, describe the limit object. The
convergence results estabished here can be used to describe the convergence
of un in a neighbourhood of the points from Z. Third, we use the descrip-
tion of the convergence of the H−holomorpic curves un on the thick part
(established in Section 3.1), the thin part, and in the neighbourhood of the
points from Z (established in this section) to define a new surface by gluing
the two parts together. On this surface we decribe the convergence of un
completely.

3.2.1. Cylinders. We analyze the convergence of un on compact com-
ponents of the thin part which are biholomorphic to hyperbolic cylinders.
When restricted to these cylinders, the curves un can have a dα−energy
larger than the constant ℏ > 0 defined in (1.7). Since we do not have a ver-
sion of the monotonicity lemma in the H−holomorphic case, the classical
results on the asymptotic of holomorphic cylinders from [1] and [9] are not
directly applicable. To deal with this problem we shift the maps by the Reeb
flow to make them pseudoholomorphic. Actually we proceed as follows. We
decompose the hyperbolic cylinder into a finite uniform number of smaller
cylinders; some of them having conformal modulus tending to infinity but
a dα−energy strictly smaller than ℏ, and the rest of them having bounded
modulus but a dα−energy possibly larger than ℏ. We refer to these cylin-
ders as cylinders of types ∞ and b1, respectively. We consider an alternating
appearance of these cylinders, as it can be seen in Figure 3.1.

The convergence and the description of the limit object are first treated
for cylinders of type ∞, and then for cylinders of type b1.

As cylinders of type ∞ have a small dα−energy, we can assume, by the
classical bubbling-off analysis, that the maps un have uniformly bounded
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gradients. To make the curves un pseudoholomorphic, we perform a trans-
formation by pushing them along the Reeb flow up to some specific time.
This procedure is made precise in [15]. As the gradients of these transformed
curves still remain uniformly bounded, we can adapt the results of [9] to for-
mulate a convergence result for the transformed curves (see [15]). Undoing
the transformation we obtain a convergence result for the H−holomorphic
curves.

In the case of cylinders of type b1 we proceed as follows. Relying on
a bubbling-off argument, as we did in the case of the thick part (see Sec-
tion 3.1), we assume that the gradients blow up only in a finite uniform
number of points and remain uniformly bounded in a compact complement
of them. In this compact region, the Arzelá-Ascoli theorem shows that the
curves un together with the harmonic perturbations γn converge in C∞ to
some H−holomorphic curve. What is then left is the convergence in a neigh-
bourhood of the finitely many punctures where the gradients blow up. Here,
a neighbourhood of a puncture is a disk on which the harmonic perturbation
can be made exact and can be encoded in the R−coordinate of the curve un.
By this procedure we transform the H−holomorphic curve into a usual pseu-
doholomorphic curve defined on a disk D. By the C∞−convergence of un on
any compact complement of the punctures, we assume that the transformed
curves converge on an arbitrary neighbourhood of ∂D. This approach, which
is described in detail in Section 3.2.3, uses a convergence result established in
Appendix A. As for cylinders of type ∞, we undo the transformation and de-
rive a convergence result for the H−homolorphic curves on cylinders of type
b1. Finally, gluing all cylinders together, we are led to a convergence result
for the entire component which is biholomorphic to a hyperbolic cylinder
from the thin part.

Let Cn be a component of Thinδ(Ṡ
D,r, hn) which is conformally equiv-

alent to the cylinder [−σδn, σδn]× S1 via a map ρn : [−σδn, σδn]× S1 → Cn.
Observe that from the definition of Deligne-Mumford convergence, σδn → ∞
as n→ ∞. In the following, we drop the fixed, sufficiently small constant
δ > 0, and assume that the curves un are defined on [−σn, σn]× S1. Let
un = (an, fn) : [−σn, σn]× S1 → R×M be a sequence of H−holomorphic
curves with harmonic perturbations γn, i.e.,

παdfn ◦ i = J(fn) ◦ παdfn,
(f∗nα) ◦ i = dan + γn

on [−σn, σn]× S1, and let us assume that the energy of un, as well as the
L2−norm of γn on the cylinders are uniformly bounded, i.e. for the constants
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E0, C0 > 0 we have E(un; [−σn, σn]× S1) ≤ E0 and ∥γn∥2L2([−σn,σn]×S1) ≤
C0 for all n ∈ N.

Before describing the decomposition of [−σn, σn]× S1 into cylinders of
types ∞ and b1 we give a proposition which states that the C1−norm of
the harmonic perturbation γn is uniformly bounded. This result will play
an essential role in Section 3.2.3. We set γn = ζnds+ χndt, where ζn and
χn are harmonic functions defined on [−σn, σn]× S1 with coordinates (s, t)
such that ζn + iχn is holomorphic. By the uniform L2−bound of γn, we have

∥γn∥2L2([−σn,σn]×S1) =

∫

[−σn,σn]×S1

(

ζ2n + χ2
n

)

dsdt ≤ C0

for all n ∈ N. As a result, the L2−norm of the holomorphic function ζn + iχn
is uniformly bounded. Denote this function by Gn = ζn + iχn.

Proposition 24. For any δ > 0 there exists a constant Cδ > 0 such that

∥Gn∥C1([−σn+δ,σn−δ]×S1) ≤ Cδ

for all n ∈ N.

Proof. First, we prove that the sequence Gn is uniformly bounded in C0−
norm. As Gn : [−σn, σn]× S1 → C is holomorphic, ζn = ℜ(Gn) and χn =
ℑ(Gn) are harmonic functions defined on [−σn, σn]× S1. For a sufficiently
small δ > 0 we establish C0−bounds for ζn on the subcylinders [−σn +
(δ/2), σn − (δ/2)]× S1. By the mean value theorem for harmonic function,
we have

ζn(p) =
16

πδ2

∫

D δ
4
(p)
ζn(s, t)dsdt

for all p ∈ [−σn + (δ/2), σn − (δ/2)]× S1, where Dδ/4(p) ⊂ [−σn, σn]× S1.
Then Hölder’s inequality yields

|ζn(p)| ≤
4√
πδ

(

∫

D δ
4
(p)

|ζn(s, t)|2dsdt
)

1

2

≤ 4√
πδ

√

C0

for all n ∈ N. As a result, we obtain

∥ζn∥C0([−σn+
δ

2
,σn−

δ

2 ]×S1) ≤
4√
πδ

√

C0,

and note that the same result holds for χn.
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By means of bubbling-off analysis we prove now that the gradient of Gn
is uniformly bounded. Assume

sup
p∈[−σn+δ,σn−δ]×S1

|∇Gn(p)| → ∞

as n→ ∞. Let pn ∈ [−σn + δ, σn − δ]× S1 be such that

|∇Gn(pn)| = sup
p∈[−σn+δ,σn−δ]×S1

|∇Gn(p)| ;

then Rn := |∇Gn(pn)| → ∞ as n→ ∞. Set ϵn := R
− 1

2
n ↘ 0 as n→ ∞, and

observe that ϵnRn → ∞ as n→ ∞. Choose n0 ∈ N0 sufficiently large such
that D10ϵn(pn) ⊂ [−σn, σn]× S1 for all n ≥ n0. By Hofer’s topologial lemma
there exist ϵ′n ∈ (0, ϵn] and p

′
n ∈ [−σn, σn]× S1 satisfying:

1) ϵ′nR
′
n ≥ ϵnRn;

2) p′n ∈ D2ϵn(pn) ⊂ D10ϵn(pn);

3) |∇Gn(p)| ≤ 2R′
n, for all p ∈ Dϵ′n(p

′
n) ⊂ D10ϵn(pn),

where R′
n := |dun(p′n)|. Via rescaling consider the maps G̃n : Dϵ′nR

′
n
(0) → C,

defined by

G̃n(w) := Gn

(

p′n +
w

R′
n

)

for w ∈ Dϵ′nR
′
n
(0). Observe that p′n + (w/R′

n) ∈ Dϵ′n(p
′
n) for w ∈ Dϵ′nR

′
n
(0),

and that for G̃n we have:

1) |∇G̃n(0)| = 1;

2) |∇G̃n(w)| ≤ 2 for w ∈ Dϵ′nR
′
n
(0);

3) G̃n is holomorphic on Dϵ′nR
′
n
(0);

4) G̃n is uniformly bounded on [−σn + δ, σn − δ]× S1 (by Assertion 1).

By the usual regularity theory for pseudoholomorphic maps and Arzelá-
Ascoli theorem, G̃n converge in C∞

loc(C) to a bounded holomorphic map
G̃ : C → C with |∇G̃(0)| = 1. By Liouville theorem this map can be only the
constant map, and so, we arrive at a contradiction with |∇G̃(0)| = 1. □

Thus for δ > 0 we can replace the cylinder [−σn + δ, σn − δ]× S1 by
[−σn, σn]× S1 if we consider Thinδ(Ṡ

D,r, hn) for a smaller δ > 0. We come
now to the decomposition of [−σn, σn]× S1 into cylinders of types ∞ and b1.
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Consider the parameter-dependent function with parameter h ∈ [−σn, σn]
defined by

Fn,h : [h, σn] → R, s 7→
∫

[h,s]×S1

f∗ndα.

As f∗ndα is non-negative, Fn,h is positive and monotone. For the constant ℏ

defined in (1.7), we set h
(0)
n = −σn, and define

h(m)
n := sup

(

F−1

n,h
(m−1)
n

[

0,
ℏ

4

])

.

Since Edα(un; [−σn, σn]× S1) < E0, the sequence {h(m)
n }m∈N0

has to end

after Nn steps, where h
(Nn)
n = σn. On the cylinder [h

(Nn−1)
n , h

(Nn)
n ]× S1,

the dα−energy of un can be smaller than ℏ/4. Obviously, we have −σn =

h
(0)
n < h

(1)
n < · · · < h

(m)
n < · · · < h

(Nn)
n = σn giving Edα(un; [h

(m−1)
n , h

(m)
n ]×

S1) = ℏ/4 for m = 1, . . . , Nn − 1 and Edα(un; [h
(Nn−1)
n , h

(Nn)
n ]× S1) ≤ ℏ/4.

Hence the dα−energy can be written as

Edα(un; [−σn, σn]× S1) = (Nn − 1)
ℏ

4
+ Edα(un; [h

(Nn−1)
n , h(Nn)

n ]× S1),

which implies the following bound on Nn:

0 ≤ Nn ≤ 4E0

ℏ
+ 1.

After going over to a subsequence, we can further assume that Nn is also in-
dependent of n; for this reason, we setNn=N . Thus the cylinders [−σn, σn]×
S1 have been decomposed into N smaller subcylinders [h

(0)
n , h

(1)
n ]× S1, . . . ,

[h
(N−1)
n , h

(N)
n ]× S1 on which we have Edα(un; [h

(m−1)
n , h

(m)
n ]× S1) = ℏ/4 for

m ∈ {1, . . . , N − 1} and Edα(un; [h
(N−1)
n , h

(N)
n ]× S1) ≤ ℏ/4.

A sequence of cylinders [an, bn]× S1, where an, bn ∈ R and an < bn is
called of type b1 if bn − an is bounded from above, and of type∞ if bn − an →
∞ as n→ ∞. This is illustrated in Figure 3.2.

Lemma 25. Let [h
(m−1)
n , h

(m)
n ]× S1 be a cylinder of type ∞ and let h > 0 be

chosen small enough such that h
(m)
n − h

(m−1)
n − 2h = (h

(m)
n − h)− (h

(m−1)
n +

h) > 0 for all n ∈ N. Then there exists a constant Ch > 0 such that

∥dun(z)∥C0 = sup
∥v∥

eucl
=1

∥dun(z)v∥ < Ch

for all z ∈ [h
(m−1)
n + h, h

(m)
n − h]× S1 and n ∈ N.
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−σn = h0n h1n h2n h3n h4n h5n σn = h6n

Figure 3.2: Decomposition of [−σn, σn]× S1 into smaller cylinders

[h
(m)
n , h

(m+1)
n ]× S1 having dα−energy ℏ/4 or less.

Proof. The proof makes use of bubbling-off analysis. Assume that there ex-

ists h > 0 such that h
(m)
n − h

(m−1)
n − 2h > 0 and

(3.1) sup
z∈[h(m−1)

n +h,h
(m)
n −h]×S1

∥dun(z)∥C0 = ∞.

Then there exists a sequence zn ∈ (h
(m−1)
n + h, h

(m)
n − h)× S1 with the prop-

erty Rn := ∥dun(zn)∥C0 → ∞ as n→ ∞. Let ϵn = R
− 1

2
n ↘ 0 as n→ ∞, and

observe that ϵnRn → ∞ as n→ ∞. Choose n0 ∈ N sufficiently large such

that D10ϵn(zn) ⊂ [h
(m−1)
n , h

(m)
n ]× S1 for all n ≥ n0. By Hofer’s topological

lemma, there exist ϵ′n ∈ (0, ϵn] and z
′
n ∈ [h

(m−1)
n , h

(m)
n ]× S1 satisfying:

1) ϵ′nR
′
n ≥ ϵnRn;

2) z′n ∈ D2ϵn(zn) ⊂ D10ϵn(zn);

3) ∥dun(z)∥C0 ≤ 2R′
n, for all z ∈ Dϵ′n(z

′
n) ⊂ D10ϵn(zn),

whereR′
n := ∥dun(z′n)∥C0 . Applying rescaling consider the map vn : Dϵ′nR

′
n
(0)

→ R×M , defined by

vn(w) = (bn(w), gn(w)) := un

(

z′n +
w

R′
n

)

− an(z
′
n)

for w ∈ Dϵ′nR
′
n
(0). Note that z′n + (w/R′

n) ∈ Dϵ′n(z
′
n) for w ∈ Dϵ′nR

′
n
(0), and

that for vn we have

1) ∥dvn(0)∥C0 = 1;

2) ∥dvn(w)∥C0 ≤ 2 for w ∈ Dϵ′nR
′
n
(0);

3) Edα(vn;Dϵ′nR
′
n
(0)) ≤ ℏ/4 (straightforward calculation shows that the

α−energy is also uniformly bounded);
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4) vn solves

παdgn ◦ i = J ◦ παdgn,
(g∗nα) ◦ i = dbn +

γn
R′
n

on Dϵ′nR
′
n
(0).

As the gradients of vn are uniformly bounded, vn converge in C∞
loc(C) to a

finite energy plane v = (b, g) : C → R×M characterized by:

1) ∥dv(0)∥C0 = 1;

2) ∥dv(w)∥C0 ≤ 2 for w ∈ C;

3) Edα(v;C) ≤ ℏ/4;

4) v is a finite energy holomorphic plane.

Assertion 3 follows from the fact that for an arbitray R > 0 we have

Edα(v,DR(0)) = lim
n→∞

Edα(vn;DR(0)) ≤ lim
n→∞

Edα(vn;Dϵ′nR
′
n
(0)) ≤ ℏ

4
,

while Assertion 4 follows from the fact that γn has a uniformly bounded
L2−norm. Note that by employing the above argument, a bound for the
α−energy can be also obtained. Now, as v is non-constant, Theorem 31
of [2] gives Edα(v;C) ≥ ℏ, which is a contradiction to Assertion 3. Thus
Assumption (3.1) does not hold, and the gradient of un on cylinders of type
∞ is uniformly bounded. □

Now we change the above decomposition so that the lengths of the cylinders
of type b1 are also bounded by below and describe the alternating appear-
ance of cylinders of types ∞ and b1. This process is necessary, because on the
cylinders of type b1 whose length tends to zero we cannot analyze the con-
vergence behaviour of the maps un and cannot describe their limit object.
We proceed as follows.

Step 1.: We consider a cylinder [h
(m)
n , h

(m+1)
n ]× S1 of type ∞, on which

we apply Lemma 25. When doing this we choose a sufficiently small
constant h > 0, so that the gradients are uniformly bounded only on

[h
(m)
n + h, h

(m+1)
n − h]× S1 by the constant Ch > 0, which in turn,

is again a cylinder of type ∞. By this procedure, a cylinder

[h
(m)
n , h

(m+1)
n ]× S1 of type ∞ is decomposed into three smaller cylin-

ders: two cylinders [h
(m)
n , h

(m)
n + h]× S1, [h

(m+1)
n − h, h

(m+1)
n ]× S1 of
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b1 b1

b1

sum up to

Figure 3.3: Two cylinders of type b1 are combined to form a bigger cylinder
of type b1.

type b1 and one cylinder [h
(m)
n + h, h

(m+1)
n − h]× S1 of type ∞. The

length of these two cylinders of type b1 is h > 0. To any other cylinder
of type ∞ we apply the same procedure with a fixed constant h > 0.

Step 2.: We combine all cylinders of type b1, which are next to each
other, to form a bigger cylinder of type b1. This can be seen in Fig-
ure 3.3. By this procedure, we guarantee that in a constellation con-
sisting of three cylinders that lie next to each other, the type of the
middle cylinder is different to the types of the left and right cylinders.
Thus we got rid of the cylinders of type b1 with length tending to zero,
and made sure that the cylinders of types ∞ and b1 appear alternately.
We aditionally assume that the first and last cylinders in the decom-
position are of type ∞, since otherwise, we can glue the cylinder of
type b1 to the thick part of the surface and consider Thinδ(Ṡ

D,r, hn)
for a smaller δ > 0. By this procedure, we decompose [−σn, σn]× S1

into cylinders of types ∞ and b1, while the first and last cylinders in
the decomposition are of type ∞.

Step 3.: For Ẽ0 = 2(E0 + Ch) and in view of the non-degeneracy of the
contact manifold (M,α), let the constant ℏ0 be given by

(3.2) ℏ0 := min{|T1 − T2| | T1, T2 ∈ Pα, T1 ̸= T2, T1, T2 ≤ Ẽ0}.
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∞ b1 b1∞ ∞

Figure 3.4: Decomposition of [−σn, σn]× S1 into cylinders of types ∞ and
b1 in an alternating order.

Observe that because of Ẽ0 ≥ E0, ℏ0 ≤ ℏ. If [h
(m−1)
n , h

(m)
n ]× S1 is a

cylinder of type ∞ for some m ∈ {1, . . . , N}, we define the constant
ℏ0 as above and apply Step 1 and Step 2 to decompose this cylinder
into cylinders of types ∞ and b1, while the first and last cylinders in
the decomposition are of type ∞. The cylinders of type ∞ have now a
dα−energy smaller than ℏ0/4. We apply this procedure to all cylinders
of type ∞. In summary, [−σn, σn]× S1 is decomposed into cylinders
of type ∞ with a dα−energy smaller than ℏ0/4 and cylinders of type
b1, with the first and last cylinders being of type ∞.

Step 4.: We enlarge the cylinders of type b1 without changing their
type. Let h > 0 be as in Lemma 25 and pick m ∈ {1, . . . , N} such

that [h
(m−1)
n , h

(m)
n ]× S1 is of type b1. For n sufficiently large, we re-

place the cylinder [h
(m−1)
n , h

(m)
n ]× S1 by the bigger cylinder [h

(m−1)
n −

3h, h
(m)
n + 3h]× S1, and apply this procedure to all cylinders of type

b1. As a result, neighbouring cylinders will overlap. Essentially, this

means that if [h
(m−2)
n , h

(m−1)
n ]× S1 is a cylinder of type ∞, which lies

to the left of a cylinder [h
(m−1)
n − 3h, h

(m)
n + 3h]× S1 of type b1, then

their intersection is [h
(m−1)
n − 3h, h

(m−1)
n ]× S1. This can be seen in

Figure 3.4.

By the above procedure, the cylinder [−σn, σn]× S1 is decomposed into an
alternating constellation of cylinders of types ∞ and b1. On cylinders of
type ∞, the dα−energy is smaller than ℏ0/4, while on cylinders of type b1,
the dα−energy can be larger than ℏ0/4. By Lemma 25, the gradients of the
H−holomorphic curves on the cylinders of type ∞ are uniformly bounded
by the constant Ch > 0 with respect to the Euclidean metric on the domain,
and to the metric described in (1.1) on the target space R×M . Finally, the
cylinders of types ∞ and b1 overlap.

We are now well prepared to analyse the convergence of the H−
holomorphic curves on cylinders of types ∞ and b1. After obtaining sep-
arate convergence results, we glue the limit objects of these cylinders on the
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overlaps, and obtain a limit object on the whole cylinder [−σn, σn]× S1.
Sections 3.2.2 and 3.2.3 deal with the convergence and the description of
the limit object on cylinders of types ∞ and b1, while in Section 3.2.4 we
carry out the gluing of these two convergence results.

3.2.2. Cylinders of type ∞. We describe the convergence and the limit
object of the sequence of H−holomorphic curves un, defined on cylinders

of type ∞. Let m ∈ {1, . . . , N} be such that [h
(m−1)
n , h

(m)
n ]× S1 is a cylin-

der of type ∞ as described in Section 3.2.1, i.e. h
(m)
n − h

(m−1)
n → ∞ as

n→ ∞. Consider the diffeomorphism ψn : [−R(m)
n , R

(m)
n ] → [h

(m)
n , h

(m+1)
n ]

given by ψn(s) = s+ (h
(m)
n + h

(m+1)
n )/2 and the H−holomorphic maps un =

(an, fn) : [−R(m)
n , R

(m)
n ]× S1 → R×M with harmonic perturbation γn . For

deriving a C∞
loc−convergence result we consider the following setting:

C1: R
(m)
n → ∞ as n→ ∞.

C2: γn is a harmonic 1−form on [−R(m)
n , R

(m)
n ]× S1 with respect to the

standard complex structure i, i.e. dγn = dγn ◦ i = 0.

C3: The dα−energy of un is uniformly small, i.e. Edα(un; [−R(m)
n , R

(m)
n ]×

S1) ≤ ℏ0/2 for all n, where ℏ0 is the constant defined in (3.2).

C4: The energy of un is uniformly bounded, i.e. for the constant E0 > 0

we have E(un; [−R(m)
n , R

(m)
n ]× S1) ≤ E0 for all n ∈ N.

C5: The map un together with the 1−form γn solve the H−holomorphic
curve equation

παdfn ◦ i = J(fn) ◦ παdfn,
(f∗nα) ◦ i = dan + γn.

C6: The harmonic 1−form γn has a uniformly bounded L2−norm, i.e.
for the constant C0 > 0 we have ∥γn∥2L2([−R(m)

n ,R
(m)
n ]×S1)

≤ C0 for all n.

C7: The map un has a uniformly bounded gradient due to Lemma 25
and Step 4 of Section 3.2.1, i.e. for the constant Ch > 0 we have

∥dun(z)∥C0 = sup
∥v∥

eucl
=1

∥dun(z)v∥ < Ch

for all z ∈ [−R(m)
n , R

(m)
n ]× S1 and all n ∈ N.

C8: If Pn := Pγn({0} × S1) is the period of γn over the closed curve
{0} × S1, as defind in (1.4), we assume that the sequence RnPn is
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bounded by the constant C > 0. Moreover, after going over to some
subsequence, we assume that RnPn converges to some real number τ .

C9: If Sn := Sγn({0} × S1) is the co-period of γn over the curve {0} × S1

as defined in (1.5), we assume that SnRn → σ as n→ ∞.

Remark 26. The special circles Γnod
i in Remark 1 are of two types: con-

tractible and non-contractible. In the contractible case, Γnod
i lies in the iso-

topy class of (ρn ◦ ψn)({0} × S1) and the conformal periods and co-periods
of the harmonic 1−forms γn vanish. Hence, conditions C1-C9 are satisfied

on the sequence of degenerating cylinders [−R(m)
n , R

(m)
n ]× S1. In the non-

contractible case, Γnod
i also lies in the isotopy class of (ρn ◦ ψn)({0} × S1),

and by the assumptions of Theorem 2, conditions C1-C9 are satisfied.

To simplify notation we drop the index m. We consider two cases. In Case
1, there exists a subsequence of un with vanishing center action, and we
use Theorem 2 from [15] to describe the convergence of the H−holomorphic
curves with harmonic perturbations γn. In Case 2, each subsequence of un
has a center action larger than ℏ0, and we use Theorem 4 from [15] to
describe the convergence.

Before stating the main results of [15] we construct a sequence of diffeo-
morphisms θn : [−Rn, Rn]× S1 → [−1, 1]× S1 with certain properties. We
first construct diffeomorphisms θ̌n : [−Rn, Rn] → [−1, 1], the θn are then ob-
tained as θ̌n × idS1 .

Remark 27. For all sequences Rn, hn∈R>0 with hn<Rn and hn, Rn/hn→
∞ as n→ ∞, consider a sequence of diffeomorphisms θ̌n : [−Rn, Rn] →
[−1, 1] with the following properties:

1) The left and right shifts θ̌±n (s) := θ̌n(s±Rn) restrict to maps θ̌+n :
[0, hn] → [−1,−1/2] resp. θ̌−n : [−hn, 0] → [1/2, 1], which converge in
C∞
loc to diffeomorphisms θ̌− : [0,∞) → [−1,−1/2) and θ̌+ : (−∞, 0] →

(1/2, 1], respectively.

2) θ̌n is a linear diffeomorphism on [−Rn + hn, Rn − hn]. More precisely,
we require

θ̌n : Op([−Rn + hn, Rn − hn]) → Op

([

−1

2
,
1

2

])

s 7→ s

2(Rn − hn)
,
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where Op([−Rn + hn, Rn − hn]) and Op([−1/2, 1/2]) are sufficiently
small neighborhoods of the intervals [−Rn + hn, Rn − hn] and
[−1/2, 1/2], respectively.

3) These maps θ̌n give rise to the desired diffeomorphisms θn := θ̌n ×
idS1 : [−Rn, Rn]× S1 → [−1, 1]× S1. Similarly, we define θ±n := θ̌±n ×
idS1 and θ± := θ̌± × idS1 .

Denote by u±n (s, t) := un(s±Rn, t) the left and right shifts of the maps
un, and by γ±n := γn(s±Rn, t) the left and right shifts of the harmonic per-
turbation, which are defined on [0, hn]× S1 and [−hn, 0]× S1, respectively.
In both cases we use the diffeomorphisms θn to pull the structures back
to the cylinder [−1, 1]× S1. Let in := dθn ◦ i ◦ dθ−1

n be the induced com-
plex structure on [−1, 1]× S1. Then un ◦ θ−1

n : [−1, 1]× S1 → R×M is a
sequence of H−holomorphic curves with harmonic perturbations (θ−1

n )∗γn
with respect to the complex structure in on [−1, 1]× S1 and the cylindrical
almost complex structure J on the target space R×M . From the result
θ̌−1
n (s) = (θ̌−n )

−1(s)−Rn, and the fact that θ̌−n and θ̌+n converge in C∞
loc to

θ̌− on [−1,−1/2) and θ̌+ on (1/2, 1], respectively, it follows that the complex
structures in converge in C∞

loc to a complex structure ĩ on [−1,−1/2)× S1

and (1/2, 1]× S1. In what follows we reformulate Theorem 2 and 4 from
[15] under the conditions that the sequence of cylinders satisfy assumptions
C1-C9. These assumptions guarantee the fullfilment of the conditions of
Theorem 2 and 4 from [15]. First, we formulate the convergence in the case
when there exists a subsequence of un, still denoted by un, with a vanishing
center action.

Theorem 28. Let un be a sequence of H−holomorphic cylinders with har-
monic perturbations γn that satisfy C1-C9 and possessing a subsequence hav-
ing vanishing center action. Then there exists a subsequence of un, still de-
noted by un, the H−holomorphic cylinders u± with exact harmonic pertur-
bations dΓ± defined on (−∞, 0]× S1 and [0,∞)× S1, respectively, σ, τ ∈ R

and a point wf ∈M such that for every sequence hn ∈ R+ with hn, Rn/hn →
0 the following C∞

loc
− and C0−convergence results hold: σn := SnRn → σ,

τn := PnRn → τ and

C∞
loc
−convergence:

1) For any sequence sn ∈ [−Rn + hn, Rn − hn] for which sn/Rn converges
to κ ∈ [−1, 1], the shifted maps un(s+ sn, t), defined on [−Rn + hn −
sn, Rn − hn − sn]× S1, converge in C∞

loc
on R× S1 to the constant
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map (−σκ, ϕα−τκ(wf )). The shifted harmonic 1−forms γn(s+ sn, t) con-
verge in C∞

loc
to 0.

2) The left shifts u−n (s, t) := un(s−Rn, t), defined on [0, hn)× S1, con-
verge in C∞

loc
to u− = (a−, f−) defined on [0,+∞)× S1 and

lim
s→∞

u−(s, ·) = (σ, ϕατ (wf )) in C∞(S1,R×M).

The left shifted harmonic 1−forms γ−n converge in C∞
loc

to dΓ− defined
on [0,+∞)× S1 with ∥dΓ−∥2L2([0,∞)×S1) ≤ C0.

3) The right shifts u+n (s, t) := un(s+Rn, t) defined on (−hn, 0]× S1, con-
verge in C∞

loc
to u+ = (a+, f+), defined on (−∞, 0]× S1 and

lim
s→−∞

u+(s, ·) = (−σ, ϕα−τ (wf )) in C∞(S1,R× S1).

The right shifted harmonic 1−forms γ+n converge in C∞
loc

to dΓ+ defined
on (−∞, 0]× S1 with ∥dΓ+∥2L2((−∞,0]×S1) ≤ C0.

C0−convergence: For every sequence of diffeomorphisms θn : [−Rn, Rn]×
S1 → [−1, 1]× S1 as in Remark 27

1) The maps vn : [−1/2, 1/2]× S1 → R×M defined by vn = un ◦ θ−1
n ,

converge in C0 to the map (s, t) 7→ (−2σs, ϕα−2τs(wf )).

2) The maps v−n : [−1,−1/2]× S1 → R×M defined by v−n = un ◦ (θ−n )−1,
converge in C0 to a map v− : [−1,−1/2]× S1 → R×M such that
v− = u− ◦ (θ−)−1 and v−(−1/2, t) = (σ, ϕατ (wf )).

3) The maps v+n : [1/2, 1]×S1→R×M defined by v+n =un ◦ (θ+n )−1, con-
verge in C0 to a map v+ : [1/2, 1]× S1 → R×M such that v+(s, t) =
u+ ◦ (θ+)−1 and v+(1/2, t) = (−σ, ϕα−τ (wf )).

Definition 29. Let (r−, r+) ⊂ R be an interval and u, v : (r−, r+)× S1 →
R×M be smooth maps. We say u and v have the same asymptotics as
s→ r±, if for some (or equivalently, any) metric dC∞ metrizing the Whitney
C∞-topology on C∞(S1,R×M), which is invariant under the R-action on
R×M , we have

lim
s→r±

dC∞(u(s, ·), v(s, ·)) = 0.

Theorem 28 concerns H-holomorphic curves with vanishing center ac-
tion. If instead the maps un (after passing to a subsequence) have all positive
center action, we have the following.
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Theorem 30. Let un : [−Rn, Rn]× S1 → R×M be a sequence of H−
holomorphic cylinders with harmonic perturbations γn satisfying C1-C9. As-
sume that Rn → ∞ and that all the un have positive center action.

Then there exist a subsequence of un (for each n suitably shifted in the
R−coordinate), still denoted by un, H−holomorphic half cylinders u± with
exact harmonic perturbations dΓ± defined on (−∞, 0]× S1 and [0,∞)×
S1 respectively, T ∈ R \ {0} and a |T |-periodic Reeb orbit x and σ, τ ∈ R

such that for every sequence hn ∈ R>0 with hn, Rn/hn → ∞, the following
convergence results hold: σn := SnRn → σ, τn := PnRn → τ and

C∞
loc
−convergence:

1) For any sequence sn ∈ [−Rn + hn, Rn − hn] for which sn/Rn converges
to κ ∈ [−1, 1], the shifted maps un(s+ sn, t)− Tsn, defined on [−Rn +
hn − sn, Rn − hn − sn]× S1, converge in C∞

loc
on R× S1 to the map

(s, t) → (Ts− σκ, ϕα−τκ(x(Tt)) = x(Tt− τκ)) on R× S1. The shifted
harmonic 1−forms γn(s+ sn, t) converge in C∞

loc
to 0.

2) The left shifts u−n (s, t) := un(s−Rn, t) + TRn, defined on [0, hn)× S1,
converge in C∞

loc
to u− = (a−, f−) defined on [0,+∞)× S1. The curve

u− has the same asymptotics as (Ts+ σ, ϕατ (x(Tt)) = x(Tt+ τ)) as
s→ ∞. The left shifted harmonic 1−forms γ−n converge in C∞

loc
to

dΓ− defined on [0,+∞)× S1 with ∥dΓ−∥2L2([0,∞)×S1) ≤ C0.

3) The right shifts u+n (s, t) := u(s+Rn, t)− TRn, defined on (−hn, 0]×
S1 converge in C∞

loc
to u+ = (a+, f+), defined on (−∞, 0]× S1. The

curve u+ has the same asymptotics as (Ts− σ, ϕα−τ (x(Tt)) = x(Tt−
τ)) as s→ −∞. The right shifted harmonic 1−forms γ+n converge in
C∞
loc

to dΓ+ defined on (−∞, 0]× S1 with ∥dΓ+∥2L2((−∞,0]×S1) ≤ C0.

C0−convergence: For every sequence of diffeomorphisms θn : [−Rn, Rn]×
S1 → [−1, 1]× S1 as in Remark 27

1) The maps fn ◦ θ−1
n : [−1/2, 1/2]× S1 →M converge in C0 to

ϕα−2τs(x(Tt)) = x(Tt− 2τs).

2) The maps f−n ◦ (θ−n )−1 : [−1,−1/2]× S1 →M converge in C0 to a
map f− ◦ (θ−)−1 : [−1,−1/2]× S1 →M such that

f−((θ−)−1(−1/2), t) = ϕατ (x(Tt)) = x(Tt+ τ).
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3) The maps f+n ◦ (θ+n )−1 : [1/2, 1]× S1 →M converge in C0 to a map
f+ ◦ (θ+)−1 : [1/2, 1]× S1 →M such that

f+((θ+)−1(1/2), t) = ϕα−τ (x(Tt)) = x(Tt− τ).

4) Set r−n := inft∈S1 an(−sgn(T )Rn, t) and r
+
n := supt∈S1 an(sgn(T )Rn, t)

where sgn(T ) := T/|T | ∈ {±1}.
Then r+n − r−n → ∞ and for every R > 0 there exists ρ > 0 and

N ∈ N such that an ◦ θ−1
n (s, t) ∈ [r−n +R, r+n −R] for all n ≥ N and

all (s, t) ∈ [−ρ, ρ]× S1.

Since θ− : [0,∞)× S1 → [−1,−1/2)× S1 is a biholomorphism with re-
spect to the standard complex structrue i on the domain and the pull-back
structure ĩ := [(θ−)−1]∗i, we can identify [−1,−1/2)× S1 with the punc-
tured disk equipped with the standard complex structure, that extends over
the puncture.

We use now Theorems 28 and 30 to describe the limit object.
In Case 1, the “limit surface” in the symplectization consists of two

disks which are connected by a straight line at the origin. The limit map
u = (a, f) : [−1, 1]× S1 → R×M with the limit perturbation 1−form γ can
be described as follows (see Figure 3.5).

D1: On [−1,−1/2)× S1, u is a H−holomorphic curve with harmonic
perturbation γ such that at the puncture it is asymptotic to (σ, ϕατ (wf )),
while the harmonic perturbation is asymptotic to a constant.

D2: On (1/2, 1]× S1, u is aH−holomorphic curve with harmonic pertur-
bation γ such that at the puncture it is asymptotic to (−σ, ϕα−τ (wf )),
while the harmonic perturbation is asymptotic to a constant.

D3: On the middle part [−1/2, 1/2]× S1, u is given by u(s, t) =
(−2σs, ϕα−2τs(wf )). On this part the 1−form γ is not defined.

In Case 2, the limit surface is the disjoint union of the cylinders
[−1,−1/2)× S1 and (1/2, 1]× S1. The H−holomorphic curve u = (a, f) :
([−1,−1/2)

∐

(1/2, 1])× S1 → R×M with harmonic perturbation γ can be
described as follows.

D1’: u is asymptotic on [−1,−1/2)× S1 and (1/2, 1]× S1 to a trivial
cylinder over the Reeb orbit x(Tt+ τ) or x(Tt− τ), respectively, while
the harmonic perturbation is asymptotic to a constant.
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−1 −1
2

1
2

1

Figure 3.5: The limit surface consists of two cones connected by a straight
line.

D2’: On the middle part [−1/2, 1/2]× S1, theM−component f is given
by f(s, t) = x(Tt− 2τs).

3.2.3. Cylinders of type b1. We analyze the convergence on cylinders of
type b1 by using the results of Appendix A. Let m ∈ {1, . . . , N} be such that

the cylinders [h
(m−1)
n − 3h, h

(m)
n + 3h]× S1 are of type b1. By the construc-

tion described in the previous section and Lemma 25, the H−holomorphic

curves have uniform gradient bounds on the two boundary cylinders [h
(m−1)
n −

3h, h
(m−1)
n ]× S1 and [h

(m)
n , h

(m)
n + 3h]× S1.

The convergence analysis is organized as follows. As in Section 3.1 we

apply bubbling-off analysis on the cylinder [h
(m−1)
n , h

(m)
n ]× S1 to show that

on any compact set in the complement of a finite number of points Z(m)

in [h
(m−1)
n − 3h, h

(m)
n + 3h]× S1, the gradient of un is uniformly bounded.

The points on which the gradient might blow up are located in (h
(m−1)
n −

h, h
(m)
n + h)× S1. Each resulting puncture from Z(m) lies in a disk Dr of

radius r smaller than h/2. For a smaller radius r, we assume that all disksDr

are pairwise disjoint and that their union lies in (h
(m−1)
n − h, h

(m)
n + h)× S1

(see Figure 3.6).
Under these assumptions, the H−holomorphic curves converge in C∞

on the complement of the union of these disks (centered at the punctures)
to a H−holomorphic curve. What is left to prove is the convergence in each
Dr; for this we use the results of Appendix A. In the final step, we glue the
convergence results on the disks to the rest of the cylinder, and obtain the
desired description on the entire cylinder of type b1.

Under the biholomorphic map [h
(m−1)
n − 3h, h

(m)
n + 3h]×S1→ [0, H

(m)
n ]×

S1,(s, t) 7→ (s− h
(m−1)
n + 3h, t), where H

(m)
n := h

(m)
n − h

(m−1)
n + 6h, assume
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h
(m−1)
n − 3h h

(m−1)
n h

(m)
n h

(m)
n + 3h

Dr(z1)
Dr(z2)

Dr(z3)

Dr(z4)

Dr(z5)

Figure 3.6: The gradient might blow up on the discs Dr(zi) contained in

(h
(m−1)
n − h, h

(m)
n + h)× S1.

that the H−holomorphic curves un together with the harmonic perturba-

tions γn are defined on [0, H
(m)
n ]× S1. By going over to a subsequence,

we have H
(m)
n → H(m) as n→ ∞. Consider the translated H−holomorphic

curves un − an(0, 0) = (an, fn)− an(0, 0) : [0, H
(m)
n ]× S1 → R×M with har-

monic perturbations γn. In order to keep the notation simple, let the curve
un − an(0, 0) be still denoted by un. The analysis is performed in the fol-
lowing setting:

E1: The maps un = (an, fn) are H−holomorphic curves with harmonic

perturbation γn on [0, H
(m)
n ]× S1 with respect to the standard com-

plex structure i on the domain and the almost complex structure J
on ξ.

E2: The maps un have uniformly bounded energies, while the harmonic
perturbations γn have uniformly bounded L2−norms, i.e., with the
constants E0, C0 > 0 we have

E(un; [0, H
(m)
n ]× S1) ≤ E0

and

∥γn∥2L2([0,H
(m)
n ]×S1)

≤ C0

for all n ∈ N.

E3: The maps un have uniformly bounded gradients on [0, 3h]× S1 and

[H
(m)
n − 3h,H

(m)
n ]× S1 with respect to the Euclidean metric on the

domain and the cylindrical metric on the target space R×M , i.e.

∥dun(z)∥ = sup
∥v∥

eucl.
=1

∥dun(z)v∥g < Ch

for all z ∈ ([0, 3h] ∪ [H
(m)
n − 3h,H

(m)
n ])× S1 and n ∈ N.
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The next lemma states the existence of a finite set Z(m) of punctures on
which the gradient of un blows up.

Lemma 31. There exists a finite set of points Z(m) ⊂ [3h,H
(m)
n − 3h]× S1

such that for any compact subset K ⊂ ([0, H
(m)
n ]× S1)\Z(m) there exists a

constant CK > 0 such that

∥dun(z)∥ = sup
∥v∥

eucl.
=1

∥dun(z)v∥g < CK

for all z ∈ K and n ∈ N.

Proof. The proof relies on the same arguments of bubbling-off analysis,
which have been employed in Theorem 19 from Section 3.1 for the thick
part. □

Pick some r > 0 such that r < h/2, and let Dr(Z(m)) consists of |Z(m)|
pairwise disjoint closed disks of radius r > 0, centered at the punctures of

Z(m). Obviously, Dr(Z(m)) ⊂ (2h,H
(m)
n − 2h)× S1. Then by Lemma 31,

un has a uniformly bounded gradient on ([0, H
(m)
n ]× S1)\Dr(Z(m)). As

([0, H
(m)
n ]× S1)\Dr(Z(m)) is connected, we assume, after going over to some

subsequence, that un|([0,H(m)
n ]×S1)\Dr(Z(m)) converge in C∞ to some smooth

map u|([0,H(m)]×S1)\Dr(Z(m)) = (a, f)|([0,H(m)]×S1)\Dr(Z(m)). Before treating the
convergence of the H−holomorphic curves in a neighbourhood of the punc-
tures of Z(m), we establish the convergence of the harmonic perturbations

γn on [0, H
(m)
n ]× S1, so that at the end

• un|([0,H(m)
n ]×S1)\Dr(Z(m)) converge in C∞ to a H−holomorphic curve

u|([0,H(m)]×S1)\Dr(Z(m)), and

• the harmonic perturbations γn have uniformly bounded Ck−norms on
the disks Dr(Z(m)) for all k ∈ N0.

The latter result is needed to describe the convergence of the harmonic
perturbations γn on the disks Dr(Z(m)). As in the previous section, we
set γn = ζnds+ χndt, where ζn and χn are harmonic functions defined on

[0, H
(m)
n ]×S1 such that ζn+iχn are holomorphic. By the uniform L2−bound

of γn it follows that

∥γn∥2L2([0,H
(m)
n ]×S1)

=

∫

[0,H
(m)
n ]×S1

(

ζ2n + χ2
n

)

dsdt ≤ C0
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for all n ∈ N, and so, that the L2−norms of the holomorphic functions ζn +
iχn are uniformly bounded. Letting Gn = ζn + iχn we state the following

Proposition 32. There exists a subsequence of Gn, also denoted by Gn,
that converges in C∞ to some holomorphic map G defined on [0, H(m)]× S1.
Moreover, the harmonic perturbations γn converge in C∞ to a harmonic
map γ.

Proof. By Proposition 24, Gn has a uniformly bounded C1−norm, while
by the standard regularity results from the theory of pseudoholomorphic
curves (see, for example, Section 2.2.3 of [6]), the Ck derivatives of Gn are
also uniformly bounded. Hence, in view of Arzelá-Ascoli theorem, we can
extract a subsequence that converges to some holomorphic function G. □

Let us analyze the convergence of the H−holomorphic curves in a neigh-
bourhood of the punctures of Z(m), which are given by Lemma 31. For
r > 0 as above and z ∈ Z(m), consider the closed disks Dr(z) and the H−
holomorphic curves un = (an, fn) : Dr(z) → R×M with harmonic pertur-
bations γn that converge in C∞ to some harmonic 1−form γ. According to
the biholomorphism D → Dr(z), p 7→ rp+ z, where D is the standard closed
unit disk, regard the H−holomorphic curves un together with the harmonic
perturbations as being defined on D instead of Dr(z). The following setting
is pertinent to our analysis:

F1: The maps un = (an, fn) : D → R×M are H−holomorphic curves
with harmonic perturbations γn with respect to the standard complex
structure i on D and the almost complex structure J on ξ.

F2: The maps un = (an, fn) and γn have uniformly bounded energies
and L2−norms.

F3: For any constant 1 > τ > 0, un|A1,τ
= (an, fn)|A1,τ

converge in C∞

to a H−holomorphic map with harmonic perturbation γ, where A1,τ =
{z ∈ D | τ ≤ |z| ≤ 1}.

As the domain of definition D is simply connected, we infer that γn is
exact, i.e. it can be written as γn = dΓ̃n, where Γ̃n : D → R is a harmonic
function. By Condition F2, Γ̃n has a uniformly bounded gradient ∇Γ̃n in
the L2−norm, and it is apparent that the existence of Γ̃n is unique up to
addition by a constant. Let us make some remarks on the choice of Γ̃n and
discuss some of its properties. By using the mean value theorem for harmonic
functions as in Proposition 24 we conclude (after eventually, shrinking D)
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that the gradient ∇Γ̃n are uniformly bounded in C0. Denote by z = s+ it
the coordinates on D, and let

Kn =
1

π

∫

D
Γ̃n(s, t)dsdt

be the mean value of Γ̃n, so that by the mean value theorem for harmonic
functions,Kn = Γ̃n(0). Finally, define the map Γn(z) := Γ̃n(z)− Γ̃n(0) which
obviously satisfies γn = dΓn.

Remark 33. From Poincaré inequality it follows that ∥Γn∥L2(D) ≤
c
∥

∥∇Γ̃n
∥

∥

L2(D)
for some constant c > 0 and so, that Γn is uniformly bounded

in L2−norm. Again, by using the mean value theorem for harmonic func-
tions, we deduce (after maybe shrinkingD) that Γn has a uniformly bounded
C0−norm, and consequently, that Γn has a uniformly bounded C1−norm.
Because γn = dΓn is a harmonic 1−form, ∂sΓn + i∂tΓn is a holomorphic
function. In this context, by Proposition 24, Γn converge in C∞ to a har-
monic function Γ : D → R.

In the following we transform the H−holomorphic curves defined on
the disk to a usual pseudoholomorphic curve by encoding the harmonic
perturbation γn = dΓn in the R−coordinate of the H−holomorphic curve
un. Specifically, we define the maps un = (an, fn) = (an + Γn, fn) which are
obviously pseudoholomorphic. The transformation is usable if we ensure that
the energy bounds are still satisfied. For an ordinary pseudoholomorphic
curve, the sum of the α− and dα−energies, that are both positive, yield
the Hofer energy EH(un;D). A uniform bound on the Hofer energy, which
ensures a uniform bound on the α− and dα−energies of un, is

EH(un;D) = sup
φ∈A

∫

D
u∗nd(φα) = sup

φ∈A

∫

∂D
φ(an)f

∗
nα ≤

∫

∂D
|f∗nα| ≤ Ch.

Here, the last inequality follows from Condition F3, according to which, un
converge in C∞ in a fixed neighbourhood of ∂D. Note that the constant Ch
is guaranteed by Lemma 31.

In a next step we use the results of Appendix A to establish the conver-
gence of the maps un and to describe their limit object. Then we undo the
transformation in the R−coordinate (more precisely, the encoding of γn in
the R−coordinate of the curve un) and give a convergence result together
with a description of the limit object for un. Before proceeding we state the
setting corresponding to the pseudoholomorphic curves un.
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G1: The maps un = (an, fn) : D → R×M solve the pseudoholomorphic
curve equation

παdfn ◦ i = J(fn) ◦ παdfn,
f
∗
nα ◦ i = dan

on D.

G2: The maps un have uniformly bounded energies.

G3: For any τ > 0, un|A1,τ
= (an, fn)|A1,τ

converge in C∞ to a pseudo-
holomorphic map.

We consider two cases. In the first case, the R−components of un are
uniformly bounded, while in the second case they are not. Actually, the first
case does not occur. We will prove this result in the next lemma by using
standard bubbling-off analysis. Let zn ∈ D be the sequence choosen from
the bubbling-off argument of Lemma 31, i.e. for which we have that

(3.3) ∥dun(zn)∥C0 = sup
z∈D

∥dun(z)∥C0 → ∞

as n→ ∞.

Lemma 34. The R−coordinates of the maps un are unbounded on D.

Proof. We prove by contradiction using bubbling-off analysis. Assume that
the R−coordinates of the maps un are uniformly bounded. Employing the
same arguments as in the proof of Lemma 25 for the sequence Rn :=
∥dun(zn)∥C0 , we find that the maps vn : Dϵ′nR

′
n
(0) → R×M converge in

C∞
loc(C) to a non-constant finite energy holomorphic plane v. Note that the

boundedness of Edα(v;C) follows from the fact that for an arbitray R > 0
we have

Edα(v,DR(0)) = lim
n→∞

Edα(vn;DR(0)) ≤ lim
n→∞

Edα(vn;Dϵ′nR
′
n
(0)) ≤ Ch,

yielding Edα(v;C) ≤ Ch. As we have assumed that the R−coordinates of un
are uniformly bounded it follows that the R−coordiantes of vn, and so, of
v, are also uniformly bounded. By singularity removal, v can be extended
to a pseudoholomorphic sphere. Thus the dα−energy vanishes and by the
maximum principle, the function a is constant. For this reason, v must be
constant and we are led to a contradiction. □



✐

✐

“2-Doicu” — 2021/3/23 — 1:33 — page 88 — #52
✐

✐

✐

✐

✐

✐

88 A. Doicu and U. Fuchs

We consider now the second case in which the R−coordinates of the maps
un are unbounded, and make extensive use of the results of Appendix A.
By the maximum principle, the function an tends to −∞, while by Propo-
sition 42, the maps un = (an, fn) : (D, i) → R×M converge to a broken
holomorphic curve u = (a, f) : (Z, j) → R×M . Here, Z is obtained as fol-
lows. Let Z be a surface diffeomorphic to D, and let ∆ = ∆n ⨿∆p ⊂ Z
be a collection of finitely many disjoint loops away from ∂Z. Furthermore,
let Z\∆p =

∐N+1
ν=0 Z

(ν) for some N ∈ N as described in Appendix A. For a
loop δ ∈ ∆p, there exists ν ∈ {0, . . . , N} such that δ is adjacent to Z(ν) and
Z(ν+1). Fix an embedded annuli

Aδ,ν ∼= [−1, 1]× S1 ⊂ Z\∆n

such that {0} × S1 = δ, {−1} × S1 ⊂ Z(ν), and {1} × S1 ⊂ Z(ν+1). In this
context, there exist a sequence of diffeomorphism φn : D → Z and a se-

quence of negative real numbers min(an) = r
(0)
n < r

(1)
n < · · · < r

(N+1)
n =

−K−2, where K∈R is the constant determined in Appendix A and r
(ν+1)
n −

r
(ν)
n → ∞ as n→ ∞ such that the following hold:

H1: in := (φn)∗i→ j in C∞
loc on Z\∆.

H2: The sequence un ◦ φ−1
n |Z(ν) : Z(ν) → R×M converges in C∞

loc on
Z(ν)\∆n to a punctured nodal pseudoholomorphic curve u(ν) :
(Z(ν), j) → R×M , and in C0

loc on Z(ν).

H3: The sequence fn ◦ φ−1
n : Z →M converges in C0 to a map f : Z →

M , whose restriction to ∆p parametrizes the Reeb orbits and to ∆n

parametrizes points.

H4: For any S>0 , there exist ρ>0 and Ñ ∈N such that an ◦ φ−1
n (s, t)∈

[r
(ν)
n + S, r

(ν+1)
n − S] for all n ≥ Ñ and all (s, t) ∈ Aδ,ν with |s| ≤ ρ.

To establish a convergence result for the H−holomorphic curve un we
undo the tranformation. The maps un are given by un = un − Γn, where
Γn : D → R is the harmonic function defined in Remark 33. Observe that
by Remark 33, the Γn converge in C∞(D) to some harmonic function and
are uniformly bounded in C0(D). Via the above diffeomorphisms φn : D →
Z, consider the functions Gn := Γn ◦ φ−1

n : Z → R. Since Γn are harmonic
functions with respect to i, Gn are harmonic functions on Z with respect to
in. Moreover, their gradients and absolute values are bounded in L2− and
C0−norms, respectively, i.e.

(3.4)

∫

Z
dGn ◦ in ∧ dGn ≤ C0
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and

(3.5) ∥Gn∥C0(Z) ≤ C1

for some constant C1 > 0 and for all n ∈ N, respectively.

Lemma 35. For any compact subset K ⊂ (Z\∆) there exists a subsequence
of Gn, also denoted by Gn, such that Gn → G in C∞(K) as n→ ∞, where G

is a harmonic function defined on a neighbourhood of K.

Proof. Let K ⊂ (Z\∆) be a compact subset. By Lemma 47 there exists a

finite covering of K by the charts ψ
(l)
n : D → U

(l)
n and ψ(l) : D → U (l), where

l ∈ {1, . . . , N} and N ∈ N. For some r ∈ (0, 1), the following hold:

1) ψ
(l)
n are i− in−biholomorphisms and ψ(l) is an i− j−biholomorphism;

2) ψ
(l)
n → ψ(l) in C∞

loc(D) as n→ ∞;

3) K ⊂ ⋃N
l=1 ψ

(l)
n (Dr(0)) for all n ∈ N, and K ⊂ ⋃N

l=1 ψ
(l)(Dr(0)).

Consider the function G
(l)
n := Gn ◦ ψ(l)

n : D → R for some l ∈ {1, . . . , N}.
Because ψ

(l)
n are i− in−biholomorphisms, G

(l)
n is a harmonic function with

respect to i. From (3.4) and (3.5), G
(l)
n satisfies

∫

D
dG (l)

n ◦ i ∧ dG (l)
n ≤ C0

and
∥

∥

∥
G

(l)
n

∥

∥

∥

C0(D)
≤ C1. Relying on the compactness result for harmonic func-

tions we assume that G
(l)
n converges in C0(D3r/2(0)) to a harmonic func-

tion G (l) defined on D3r/2(0). By the mean value theorem for harmonic

functions, there exists a constant c > 0 such that
∥

∥

∥
∇G

(l)
n

∥

∥

∥

C0(D4r/3(0))
≤ c

for all n ∈ N. Hence G
(l)
n is uniformly bounded in C1(D4r/3(0)). Because

dG
(l)
n defines a harmonic 1−form, ∂sG

(l)
n + i∂tG

(l)
n is a uniformly bounded

holomorphic function defined on D4r/3(0), where s, t are the coordinates
on D4r/3(0). By means of the Cauchy integral formula, all derivatives of

∂sG
(l)
n + i∂tG

(l)
n are uniformly bounded on D5r/4(0). From this and the fact

that G
(l)
n converges uniformly to G (l) we deduce that there exists a further

subsequence, also denoted by G
(l)
n , that converges in C∞(D6r/5(0)) to a har-

monic function G (l) : D6r/5(0) → R. For n sufficiently large, ψ(l)(Dr(0)) ⊂
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ψ(l)(D6r/5(0)) and ψ(l)(Dr(0)) ⊂ ψ
(l)
n (D6r/5(0)). Hence the harmonic func-

tion Gn = G
(l)
n ◦ (ψ(l)

n )−1 : ψ(l)(Dr(0)) → R converges in C∞(ψ(l)(Dr(0))) to
a harmonic function G̃ (l) := G (l) ◦ (ψ(l))−1 : ψ(l)(Dr(0)) → R. Obviously, if
l, l′ ∈ {1, . . . , N} are such that ψ(l)(Dr(0)) ∩ ψ(l′)(Dr(0)) ̸= ∅, the unique-
ness of the limit yields G̃ (l)|ψ(l)(Dr(0))∩ψ(l′)(Dr(0)) = G̃ (l′)|ψ(l)(Dr(0))∩ψ(l′)(Dr(0)).

Hence all G̃ (l) glue together to a harmonic function defined in a neighbour-
hood of K. □

By Lemma 35 it is apparent that after going over to a diagonal subse-
quence, Gn converges in C∞

loc(Z\∆) to a harmonic function G : Z\∆ → R

with respect to j. This shows that the H−holomorphic curve un ◦ φ−1
n |Z(ν) :

Z(ν) → R×M with harmonic perturbation dGn converges in C
∞
loc on Z

(ν)\∆n

to a H−holomorphic curve u(ν) : (Z(ν), j) → R×M with harmonic pertur-
bation dG, where u(ν) = u(ν) − G for all ν. What is left is the description
of the convergence of the H−holomorphic curves un ◦ φ−1

n with harmonic
perturbation dGn in a neighbourhood of the loops from ∆n, i.e. accross the
nodes from ∆n. Observe that, from (3.5), Gn is uniformly bounded on Z
by the constant C1 and the L2−norm of dGn is uniformly bounded by the
constant C0. A neighbourhood Cn of a loop in ∆n can be biholomorphi-
cally parametrized as [−rn, rn]× S1 by the biholomorphism ψn : [−rn, rn]×
S1 → Cn, where rn → ∞ as n→ ∞. From the C0 bound of Gn on Z, the
maps un ◦ φ−1

n are uniformly bounded in C0 on Cn (maybe after some
shift in the R−coordinaten). Thus we consider the H−holomorphic cylinder
un ◦ φ−1

n ◦ ψn with harmonic perturbation ψ∗
ndGn defined on [−rn, rn]× S1.

Note that the energy of un ◦ φ−1
n ◦ ψn is uniformly bounded by the constant

E0. As in Section 3.2 we divide the cylinder [−rn, rn]× S1 into cylinders of
type ∞ with an energy less than ℏ0/2 and cylinders of type b1. We apply the
result of Section 3.2.2 to cylinders of type ∞. Keep in mind that according
to Remark 26), conditions C1-C9 are satisfied. For cylinders of type b1, the
maps un ◦ φ−1

n ◦ ψn, after a specific shift in the R−coordinate, are contained
in a compact subset of R×M . By the usual bubbling-off analysis and the
maximum principle, these maps together with the harmonic perturbation
converge in C∞ on cylinders of type b1.

We “glue” the convergence result for the ∞-type subcylinders of
[−rn, rn]× S1 introduced in Section 3.2.2 together with the C∞−convergence
result for the cylinders of type b1. This process is similar to that described
in Section 3.2.4. However, we are faced with a more simple situation because
we can choose the surface C(m) as the cylinder [−1− 4h, 1 + 4h]× S1, where
h is the constant defined in Section 3.2.1. By the method described in Sec-
tion 3.2.4, the diffeomorphism φn, the surface Z, and the set of nodes ∆n
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having properties H1-H4 are replaced by some modified versions, which are
still denoted by φn, Z and ∆n. More precisely, the loops from ∆n are the
center loops that correspond to subcylinders of type ∞ in the decomposi-
tion of the components from the thick part which are conformal equivalent
to [−rn, rn]× S1, where rn → ∞ as n→ ∞. As in the convergence descrip-
tion (see Section 2.3.3), we choose the nodal special cylinders Anod around
the elements from ∆n.

Remark 36. Around a puncture from Z(ν), the H−holomorphic curve un ◦
φn is asymptotic to a trivial cylinder over a Reeb orbit (see Section 2.2). This
result is a consequence of the uniform C0−bound of the harmonic functions
Gn.

We are now in the position to formulate the convergence result for the
H−holomorphic curves un with harmonic perturbation γn defined on the
disk D. There exist the diffeomorphisms φn : D → Z such that the following
hold:

I1: in → j in C∞
loc on Z\∆p ⨿Anod.

I2: For every special cylinder Aij of Z there exists an annulus Aij ∼=
[−1, 1]× S1 such that Aij ⊂ Aij and (Aij , in) and (Aij , in) are confor-
mally equivalent to ([−Rn, Rn]× S1, i) and ([−Rn + hn, Rn − hn]×
S1, i), respectively, where Rn − hn, hn → ∞ as n→ ∞, i is the stan-
dard complex structure and the diffeomorphisms are of the form
(s, t) 7→ (κ(s), t).

I3: The sequence of H−holomorphic curves (D, i, un, γn) with boundary
converges to a stratified H−holomorphic building (Z, j, u,P, D, γ) in
the sense of Definition 18 from Section 2.3.3. Moreover, the curves
converge in C∞ in a neighbourhood of the boundary ∂D.

This convergence result can be applied to disks such as neighbourhoods
of all points of Z(m). To deal with the entire cylinder of type b1, we glue the
obtained convergence result on disks centered at points of Z(m) to the com-
plement of disk neighbourhoods of Z(m). During the convergence description
of the H−holomorphic curves un restricted to disk neighbourhoods of the
points of Z(m), the diffeomorphism φn, describing the convergence, have
the property that in a neighbourhood of ∂D they are independent of n (see
Appendix A). Coming back to the puncture z ∈ Z(m) we focus on the neigh-
bourhood Dr(z). Considering the translation and streching diffeomorphism
D → Dr(z), p 7→ z + rp, we see that φn : Dr(z)\Drτ (z) →֒ Z is independent
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of n; hereafter, we drop the index n and denote it by φ : Dr(z)\Drτ (z) →֒ Z.
This map is used to glue Z and ([0, H(m)]× S1)\Drτ (z) along the collar
Dr(z)\Drτ (z). Consider the surface

C(m) = (([0, H(m)]× S1)\Drτ (z))
∐

Z
/

∼,

where x ∼ y if and only if x ∈ Dr(z)\Drτ (z), y ∈ φ(Dr(z)\Drτ (z)) and

φ(x) = y. This gives rise to the diffeomorphism ψ
(m)
n : [0, H

(m)
n ]× S1 → C(m),

defined by

ψ(m)
n (x) =

{

x, x ∈ C(m)\Dr(z)

φn(x), x ∈ Dr(z).

We are now able to describe the convergence on cylinders of type b1. Let
∆n, ∆p and A

nod be the collection of loops from C(m) obtained by the above
convergence process for each point of Z(m). Take notice that the complex
structure j(m) on C(m) is given by

j(m)(p) :=

{

i, p ∈ C(m)\Dr(Z(m))

j, p ∈ Z

and that it is well-defined since φ is a biholomorphism. There exists a se-

quence of diffeomorphisms ψ
(m)
n : [0, H

(m)
n ]× S1 → C(m) such that the fol-

lowing hold:

J1: (ψ
(m)
n )∗i→ j(m) in C∞

loc on C(m)\∆p ⨿Anod.

J2: For every special cylinder Aij of C
(m) there exists an annulus Aij ∼=

[−1, 1]× S1 such that Aij ⊂ Aij and (Aij , in) and (Aij , in) are confor-
mally equivalent to ([−Rn, Rn]× S1, i) and ([−Rn + hn, Rn − hn]×
S1, i), respectively, where Rn, Rn − hn → ∞ as n→ ∞, i is the stan-
dard complex structure and the diffeomorphisms are of the form
(s, t) 7→ (κ(s), t).

J3: The H−holomorphic curves ([0, H
(m)
n ]× S1, i, un, γn) with boundary

converges to a stratified broken H−holomorphic building (C(m), j, u,
P,D, γ) with boundary in the sense of Definition 18 from Section 2.3.3.
By construction, the curves converge in C∞ in a neighbourhood of the
boundary ∂D.

3.2.4. Gluing cylinders of type ∞ with cylinders of type b1. By
a modified version of the diffeomorphisms θn we identify the cylinders of
type ∞ with the cylinder [−1− 4h, 1 + 4h]× S1 where h > 0 is the constant
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from Lemma 25, so that after the gluing process, we end up with a bigger
cylinder of finite length and a sequence of diffeomorphisms. Let us make this
precedure more precise.

Let [h
(m−1)
n , h

(m)
n ]× S1 and [h

(m)
n − 4h, h

(m+1)
n + 4h]× S1 be cylinders of

types ∞ and b1, respectively. First we consider the cylinders [h
(m−1)
n , h

(m)
n ]×

S1 of type ∞. With the constant h > 0 defined in Section 3.2.1, let [h
(m−1)
n +

4h, h
(m)
n − 4h]× S1 be a subcylinder. By the uniform gradient bounds of un

on cylinders of type ∞, we conclude that the H−holomorphic curves un
together with the harmonic perturbations γn converge in C∞ on [h

(m)
n −

4h, h
(m)
n ]× S1 to a H−holomorphic curve u with harmonic perturbation

γ. For the subcylinders [h
(m−1)
n + 4h, h

(m)
n − 4h]× S1 we perform the same

analysis as in Theorems 28 and 30. After going over to a subsequence we
obtain a sequence of diffeomorphisms

θn : [h(m−1)
n + 4h, h(m)

n − 4h]× S1 → [−1, 1]× S1,

so that Theorems 28 and 30 hold for the cylinders [h
(m−1)
n + 4h, h

(m)
n − 4h]×

S1. Next we extend the diffeomorphisms θn, θ
− and θ+ to [h

(m−1)
n , h

(m)
n ]×

S1, [−4h,∞)× S1 and (−∞, 4h]× S1, respectively, such that

θn|([h(m−1)
n ,h

(m−1)
n +3h]×S1)⨿([h

(m)
n −3h,h

(m)
n ]×S1) = id,

θ−|[−4h,−h]×S1 = id,

θ+|[h,4h]×S1 = id,

θ−n → θ− in C∞([−4h,−h]× S1), and θ+n → θ+in C∞([h, 4h]× S1).
We consider now the cylinders of type b1 and note that the diffomor-

phisms

ψn : [h(m)
n − 4h, h(m+1)

n + 4h]× S1 → C(m)

have the property that

ψn|([h(m)
n −4h,h

(m)
n −h]×S1)⨿([h

(m+1)
n −3h,h

(m+1)
n ]×S1) = id.

In this regard we consider the surface

(

([−1− 4h, 1 + 4h]× S1)⨿ C(m)
)

/∼

where x ∼ y if and only if x ∈ [h, 4h]× S1 and y ∈ [h
(m)
n − 4h, h

(m)
n − h]× S1

such that θn(y) = x.
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By this procedure we glue all cylinders of types ∞ and b1, and ob-
tain a bigger cylinder Cn together with a sequence of diffeomorphisms Φn :
[−σn, σn]× S1 → Cn, where [−σn, σn]× S1 is the parametrization of the
δ−thin part, i.e. of Thinδ(Ṡ

D,r, hn). Let φn : Cn → [−σn, σn]× S1 be the
conformal parametrization of the cylindrical component of Thinϵ(Ṡ

D,r, hn).
Since both ends of [−σn, σn]× S1 contain cylinders of type ∞, we infer by
the above construction, that Φn is identity near the boundary. Specifically,
with the constant h > 0 we have

Φn|([−σn,−σn+3h]×S1)⨿([σn−3h,σn]×S1) = id.

Then we consider the surface

((

ṠD,r\φ−1
n ([−σn + 3h, σn − 3h]× S1)

)

⨿ Cn

)

/∼

where x ∼ y if and only if x ∈ ṠD,r\φ−1
n ([−σn + 3h, σn − 3h]× S1) and y ∈

Cn such that Φn ◦ φn(x) = y.
In this way we handle all components of Thinδ(Ṡ

D,r, hn) that are con-
formal equivalent to hyperbolic cylinders.

3.2.5. Punctures and elements of Z. We analyze the convergence of
un on components of the thin part which are biholomorphic to cusps, as well
as, in a neighbourhood of the points from Z. Recall that cusps correspond
to neighbourhoods of punctures. Let p ∈ SD,r be a puncture or an element
from Z. By Lemma 20 of Appendix C, there exist the open neighbourhoods
Un and U of p, and the biholomorphisms ψn : D → Un and ψ : D → U such
that ψn converge in C∞ to ψ. We consider the sequence of H−holomorphic
curves un with harmonic perturbations γn restricted to Un. By the conver-
gence of un on the thick part, for every open neighbourhoods U and V of
p, such that V ⋐ U , the H−holomorphic curves un together with the har-
monic perturbations γn converge in C∞ on U\V to some H−holomorphic
curve u with harmonic perturbation γ. Via the biholomorphisms ψn and ψ,
we consider the H−holomorphic curves un and the harmonic perturbations
γn as being defined on D\{0}. Actually, we consider the following setup:
For the sequence of H−holomorphic curves un = (an, fn) : D\{0} → R×M
with the harmonic perturbations γn defined on the whole disk D, the fol-
lowing are satisfied:

K1: The energy of un is uniformly bounded, i.e. with the constant E0 > 0
we have E(un;D\{0}) ≤ E0 for all n ∈ N.
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K2: The L2−norms of γn are uniformly bounded, i.e. with the constant
C0 > 0 we have ∥γn∥2L2(D\{0}) ≤ C0 for all n ∈ N.

K3: For every open neighbourhoods U and V of p such that V ⋐ U , the
H−holomorphic curves un with harmonic perturbations γn converge in
C∞ on U\V to a H−holomorphic curve u with harmonic perturbation
γ.

We consider two cases. In the first case there exists a subsequence of
un for which the singularity at 0 is removable, i.e. the R−coordinate an is
bounded in a neighbourhood of 0, but not necessarily uniformly bounded.
In particular, this case is typically for neighbourhoods of points from Z.
Hence the sequence of H−holomorphic curves un can be defined accross
the puncture 0 and we end up with a sequence of H−holomorphic disks
with fixed boundary. To describe the compactness we use the results of
Section 3.2.3.

In the second case, there exists no subsequence of the un that has a
bounded R−coordinate an near 0. SinceD is simply connected, there exists a
harmonic function Γ̃n : D → R such that γn = dΓ̃n. By the second condition
from above, the gradients ∇Γ̃n are uniformly bounded in L2−norm by the
constant C0 > 0. Denote by

Kn =
1

π

∫

D
Γ̃n(x, y)dxdy

the mean value of Γ̃n on the disk D. Furthermore, define Γn := Γ̃n −Kn;
Γn is a harmonic function on the disk with vanishing average and satisfying
γn = dΓn, while the gradients ∇Γn have uniformly bounded L2−norms. By
Poincaré inequality, the L2−norm of Γn is uniformly bounded, i.e. with the
constant C0 > 0 we have ∥Γn∥L2(D) ≤ C0 for all n ∈ N. Pick τ ∈ (0, 1) and
denote by Dτ the disk around 0 of radius τ . From the mean value inequal-
ity for harmonic functions, Γn is uniformly bounded in C0(Dτ ). Via the
biholomorphism [0,∞)× S1 → D\{0}, (s, t) 7→ e−2π(s+it) we consider the
H−holomorphic maps un together with the harmonic perturbations γn as
being defined on the half open cylinder [0,∞)× S1. Specifically we consider
the following setup: For the sequence un = (an, fn) : [0,∞)× S1 → R×M
of H−holomorphic half cylinders with harmonic perturbations γn the fol-
lowing are satisfied:

L1: The energy of un and the L2−norm of the harmonic pertuabtions
γn are uniformly bounded, i.e. with the constants E0, C0 > 0 we have
E(un; [0,∞)× S1) ≤ E0 and ∥γn∥2L2(D\{0}) ≤ C0 for all n ∈ N.
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∞ b1 half open cylinder

Figure 3.7: Decomposition of a punctured neighbourhood into cylinders of
type ∞, b1 and a half open cylinder.

L3: TheH−holomorphic curves un converge in C∞
loc to aH−holomorphic

curve u with harmonic perturbation γ.

L4: The harmonic perturbations γn satisfy γn = dΓn, where Γn :
[0,∞)× S1 → R is a harmonic function with a uniformly bounded
gradient ∇Γn in L2−norm. Furthermore, Γn is uniformly bounded in
C0([0,∞)× S1).

By using the decomposition discussed in Section 3.2.1 we split the half
cylinder into smaller cylinders with dα−energies smaller than ℏ0/2. As de-
scribed in Section 3.2.1 we end up with a sequence of finitely many cylinder
of types ∞ and b1, and a half cylinder with a small dα−energy. The appear-
ance of the cylinders of types b1 and ∞ is alternating; the decomposition
starts with a cylinder of type ∞ and ends with a cylinder of type b1 followed
by the half cylinder (see Figure 3.7).

For the cylinders of types ∞ and b1 we formulate the convergence results
as in Sections 3.2.3 and 3.2.2. Since the harmonic 1−forms γn are defined
over the puncture p, the period of the harmonic perturbation γn over each
cylinder (either of type ∞ or type b1) is 0. Hence, the convergence properties
of the cylinders of type ∞ are the same as in the classical theory of Hofer
(see [9]), and we are left with the half cylinder having a dα−energy smaller
than ℏ0/2. We have the following setup:

M1: un = (an, fn) : [0,∞)× S1 → R×M is a H−holomorphic curve
with harmonic perturbation γn.

M2: The energy of un and the L2−norm of γn are uniformly bounded
by the constants E0 and C0, respectively, while the dα−energy of un
is smaller than ℏ0/2.

M3: The harmonic perturbations γn satisfy γn = dΓn, where Γn :
[0,∞)× S1 → R is a harmonic function with a uniformly bounded
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gradient ∇Γn in L2−norm. Furthermore, Γn is uniformly bounded in
C0([0,∞)× S1).

M4: The gradients of un are uniformly bounded, i.e. there exists a con-
stant C̃ > 0 such that

(3.6) ∥dun(z)∥ = sup
∥v∥

eucl.
=1

∥dun(z)(v)∥g ≤ C̃

for all z ∈ [0,∞)× S1 and all n ∈ N.

By bubbling-off analysis and in view of the uniformly small dα−energy,
Assumption (3.6) is also valid. Moreover, by the mean value thorem for har-
monic functions and the uniformly boundedness of the L2−norms of ∇Γn,
the harmonic perturbation γn is uniformly bounded in C0 on [0,∞)× S1

with respect to the standard Euclidean metric. We turn the H−holomorphic
curve un with harmonic perturbation γn into a usual pseudoholomorphic
curve un by setting un = (an, fn) = (an + Γn, fn) as in Section 3.2.3. In
the following we show that the α− and dα− energies of un are uniformly
bounded. As fn = fn we have

Edα(un; [0,∞)× S1) = Edα(un; [0,∞)× S1) ≤ ℏ0

2

and therefore the dα−energy is uniformly small. By definition and according
to the uniform bound on the gradients (3.6) and the uniform C0−bound of
the harmonic 1−forms γn, we obtain

Eα(un; [0,∞)× S1)

≤ − sup
φ∈A

∫

[0,∞)×S1

d(φ(an)dan ◦ i) + Edα(un)

= − sup
φ∈A

[

lim
r→∞

∫

{r}×S1

φ(an)dan ◦ i−
∫

{0}×S1

φ(an)dan ◦ i
]

+ Edα(un)

≤ 2C +
ℏ0

2
.

Thus the α−energy is uniformly bounded. From the definition of Ẽ0 (see
Section 3.2.1) we have E(un; [0,∞)× S1) ≤ Ẽ0 for all n ∈ N. In this regard,
we consider the following setup:

N1: un = (an, fn) : [0,∞)× S1 → R×M is a pseudoholomorphic curve.
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N2: The energy of un is uniformly bounded, while the dα−energy of un
is uniformly smaller than ℏ0/2.

Using the diffeomorphism θ defined above together with the notation
(B.2), and employing Theorem 46 of Appendix B we have the following

Theorem 37. There exists a subsequence of un, still denoted by un such
that the following is satisfied.

1) un is asysmptotic to the same Reeb orbit, i.e. there exists a Reeb orbit
x of period T ̸= 0 with |T | ≤ Ẽ0 and a sequence cn ∈ S1 such that

lim
s→∞

fn(s, t) = x(T (t+ cn)) and lim
s→∞

an(s, t)

s
= T

for all n ∈ N.

2) un converge in C∞
loc

to a pseudoholomorphic half cylinder u : [0,∞)×
S1 → R×M having a bounded energy and a dα−energy smaller than
ℏ0/2. Moreover, there exists c∗ ∈ S1 such that

lim
s→∞

f(s, t) = x(T (t+ c∗)) and lim
s→∞

a(s, t)

s
= T.

3) The maps gn = fn ◦ θ−1 : [0, 1]× S1 →M , where gn(1, t) = x(T (t+
cn)) converge in C0 to a map g : [0, 1]× S1 →M , that satisfy g(1, t) =
x(T (t+ c∗)), where x is a Reeb orbit of period T ̸= 0 from part 1.

With this result we are in the position to formulate the convergence of the
sequence of H−holomorphic half cylinders un with harmonic perturbations
γn.

Theorem 38. There exists a subsequence un still denoted by un such that
the following is satisfied.

1) un is asysmptotic to the same Reeb orbit, i.e. there exists a Reeb orbit
x of period T ̸= 0 with |T | ≤ Ẽ0 and a sequence cn ∈ S1 such that

lim
s→∞

fn(s, t) = x(T (t+ cn)) and lim
s→∞

an(s, t)

s
= T

for all n ∈ N.

2) un converge in C∞
loc

to a H−holomorphic half cylinder u : [0,∞)×
S1 → R×M with harmonic perturbation γ having a bounded energy
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and a dα−energy smaller than ℏ0/2. Moreover, there exists c∗ ∈ S1

such that

lim
s→∞

f(s, t) = x(T (t+ c∗)) and lim
s→∞

a(s, t)

s
= T.

3) The maps

gn = fn ◦ θ−1 : [0, 1]× S1 →M,

where gn(1, t) = x(T (t+ cn)) converge in C
0 to a map g : [0, 1]× S1 →

M , and satisfy g(1, t) = x(T (t+ c∗)), where x is a Reeb orbit of period
T ̸= 0 from part 1.

Proof. Since the Γn are uniformly bounded in C0−norm, the first assertion
is obvious. Employing the same arguments as in [15], i.e. the mean value
theorem for harmonic functions and Cauchy integral formula, we deduce that
Γn have uniformly bounded derivatives, and so, converge in C∞

loc on [0,∞)×
S1 to a harmonic function Γ : [0,∞)× S1 → R with a gradient bounded in
L2−norm. Let us show that Γ : [0,∞)× S1 → R is bounded in C0. Via the
conformal diffomorphism [0,∞)×S1→D\{0}, (s, t) 7→e−2π(s+it) we assume
that the harmonic functions Γn and Γ are defined on the disk D. Then,
since the Γn are uniformly bounded in C0 and have gradients with uniformly
bounded L2−norms, it follows that Γn → Γ in C∞(Dρ(0)) for some 0 < ρ <
1. This shows that Γ is uniformly bounded onD and hence, via the conformal
map [0,∞)× S1 → D\{0} it is uniformly bounded on [0,∞)× S1. Thus, the
second assertion is proved, and by means of fn = fn, the third assertion is
evident. □

By cutting a smal piece of finite length from the infinite half cylinder,
we can make the cylinder preceding the infinite half cylinder to be of type
b1. Assuming that the infinite half cylinder is of type ∞, we glue all cylin-
ders of types ∞ and b1 together (as described in the previous section). Via
the map [0, 1)× S1 → D\{0}, (s, t) 7→ (1− s)e2πit, we identify the cylinder
[0, 1)× S1, which is diffeomorphic with the infinite half open cylinder, with
a punctured disk D\{0}. In this way the upper half open cylinder [0, 1)× S1

can be identified with a neighbourhood of a puncture.

4. Discussion on conformal period

In this section we analyze Condition C8 and C9 of Section 3.2.2 dealing
with the boundedness of the sequence RnPn, and which can be regarded as
a connection between the conformal data of the Riemann surface and the
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harmonic 1−forms γn. Without this additional condition the convergence
result from [15] can not be estabished. The reason is that the almost com-
plex structure constructed on the contact manifold M might not vary in a
compact interval. We show that this condition is not automatically satis-
fied by giving a counterexample. It should be pointed out that this example
contradicts Lemma A.2 of [12]. Essentially, we will construct a sequence
of harmonic 1−forms γn on a sequence of stable Riemann surfaces, that
degenerate along a single circle, have uniformly bounded L2−norms but un-
bounded Pn/ℓn, where Pn denotes the period of γn along the degenerating
circle and ℓn its length with respect to the hyperbolic metric. Observe that
the quantity 1/ℓn is similar to Rn .

Let (Sn, jn,Mn) be a sequence of stable Riemann surfaces of genus g,
where Mn ⊂ Sn are finite sets of marked points with the same cardinality.
Choose a basis c1, . . . , c2g ∈ H1(Sn;Z) which is independent of n. This choice
is possible because all Sn have genus g and are closed (they are topologically
the same). By the Deligne-Mumford convergence,

(Sn, jn,Mn) → (S, j,M,D, r),

where (S, j,M,D, r) is a decorated nodal Riemann surface. Again, according
to the definition of the Deligne-Mumford convergence, there exist the diffeo-
morphisms φn : SD,r → Sn, such that jn → j on SD,r\∐l

j=1 Γj or equiva-

lently, hn → h on ṠD,r\∐l
j=1 Γj where Γj are special circles, and hn and jn

are the pull-back of the complex structure and the hyperbolic metric from
Sn and Ṡn via the diffeomorphism φn. Assume that l = 1, i.e. that there
exists only one degenerating geodesic in the Deligne-Mumford convergence.
Denote this geodesic by Γ. Furthermore, assume that Γ = c1 (Γ lies in the
class of c1). The main result of this section is the following

Proposition 39. There exists a sequence of harmonic 1−forms γn ∈
H1
jn
(Sn) with uniformly bounded L2−norms, periods, and co-periods, but

unbounded conformal periods.

Proof. Choose a sequence of harmonic 1−forms γn ∈ H1
jn
(SD,r) with van-

ishing periods except on Γ (on all of ci with i ̸= 1 except on c1 = Γ). By
normalization, assume that ∥γn∥L2(SD,r) = 1. The uniform bounds on the

L2−norms imply that the periods Pn of γn over Γ converge to 0. Thus γn
converge in C∞

loc to γ on SD,r\Γ which can be seen as a harmonic 1−form on
S with vanishing periods. By Hodge theory, we have γ = 0. For n sufficiently
large, the L2−norms of γn concentrate in the collar neighbourhood around
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Γ. Indeed, from

1 = ∥γn∥2L2(SD,r) = ∥γn∥2L2(Cn)
+ ∥γn∥2L2(SD,r\Cn)

,

where Cn is the cylindrical component of the δ−thin part for some sufficiently
small but fixed δ > 0, it follows that SD,r\Cn is contained in a compact subset
of SD,r\Γ, and so, that ∥γn∥2L2(SD,r\Cn)

converge to 0, and for n sufficiently
large we have ∥γn∥L2(Cn)

≤ 1 and ∥γn∥L2(Cn)
→ 1 as n→ ∞. If Fn is the

unique holomorphic 1−form with Re(Fn) = γn,

∥Fn∥2L2(SD,r) =
i

2

∫

SD,r

Fn ∧ Fn.

The collar Cn is conformally equivalent to [−Rn, Rn]× S1, where Rn ∼ 1/ℓn
and ℓn is the length of Γ with respect to hn. On Cn we write γn = ζnds+
χndt, where ζn and χn are harmonic functions on the cylinder [−Rn, Rn]×
S1 (s is the coordinate in [−Rn, Rn] and t is the coordinate on S1), express
the holomorphic 1−form Fn as Fn = (ζn − iχn)dz = (ζn − iχn)(ds+ idt),
and note that ∥Fn∥L2(Cn)

= ∥γn∥L2(Cn)
. Consider the quantity | ∥Fn∥L2(Cn)

−
|b0| ∥dz∥L2(Cn)

|, where b0 = −S̃n − iPn and S̃n is the co-period defined by

S̃n =

∫

Γ
γn ◦ jn = −

∫

{0}×S1

ζn(0, t)dt.

Recalling that

Pn =

∫

Γ
γn =

∫

{0}×S1

χn(0, t)dt,

we obtain

∣

∣

∣
∥Fn∥L2(Cn)

− |b0| ∥dz∥L2(Cn)

∣

∣

∣

=
∥

∥

∥

[

(ζn + S̃n)− i(χn − Pn)
]

dz
∥

∥

∥

L2(Cn)

≤
∥

∥

∥
(ζn + S̃n)dz

∥

∥

∥

L2(Cn)
+ ∥(χn − Pn)dz∥L2(Cn)

.

Further calculation gives

∥dz∥L2(Cn)
=
√

2Rn,
∥

∥

∥
(ζn + S̃n)dz

∥

∥

∥

L2(Cn)
=
∥

∥

∥
ζn + S̃n

∥

∥

∥

L2([−Rn,Rn]×S1)



✐

✐

“2-Doicu” — 2021/3/23 — 1:33 — page 102 — #66
✐

✐

✐

✐

✐

✐

102 A. Doicu and U. Fuchs

and similarly ∥(χn − Pn)dz∥L2(Cn)
= ∥χn − Pn∥L2([−Rn,Rn]×S1). Application

of Lemma 40 yields

∥

∥

∥
ζn + S̃n

∥

∥

∥

2

L2([−Rn,Rn]×S1)

=

∫ Rn

−Rn

∥

∥

∥
ζn(s) + S̃n

∥

∥

∥

2

L2(S1)
ds

≤
(

36

∫ Rn

−Rn

ρ2(s)ds

)

max

{

∥

∥

∥
ζn(±Rn) + S̃n

∥

∥

∥

2

L2(S1)

}

and

∥χn − Pn∥2L2([−Rn,Rn]×S1)

≤
(

36

∫ Rn

−Rn

ρ2(s)ds

)

max
{

∥χn(±Rn)− Pn∥2L2(S1)

}

.

Using
∫ Rn

−Rn

ρ2(s)ds = 4(1− e−4Rn) ≤ 4,

we obtain

∥

∥

∥
ζn + S̃n

∥

∥

∥

2

L2([−Rn,Rn]×S1)
≤ 144max

{

∥

∥

∥
ζn(±Rn) + S̃n

∥

∥

∥

2

L2(S1)

}

,

∥χn − Pn∥2L2([−Rn,Rn]×S1) ≤ 144max
{

∥χn(±Rn)− Pn∥2L2(S1)

}

.

Because the harmonic 1−forms γn converge to 0 in C∞
loc(S

D,r\Γ), ζn(±Rn)
, χn(±Rn), S̃n, and Pn converge to zero. Hence

∣

∣

∣
∥Fn∥L2(Cn)

−
√
2|b0|

√

Rn

∣

∣

∣
→ 0

as n→∞. As ∥Fn∥L2(Cn)
is almost 1, there exists the constants C0, C1 > 0

such that

C0
1√
2Rn

≤ |b0| ≤ C1
1√
2Rn

giving

C0
1√
2Rn

≤
√

P 2
n + S̃2

n ≤ C1
1√
2Rn

,
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or equivalently,

C0

√

Rn
2

≤
√

(PnRn)2 + (S̃nRn)2 ≤ C1

√

Rn
2
.

These inequalities show that either PnRn or S̃nRn tend to ∞, although Pn
and S̃n stay uniformly bounded (γn have uniformly bounded L2−norms). If
PnRn remains uniformly bounded then we replace γn by γn ◦ jn. □

Lemma 40. For any harmonic functions ζ and χ on the cylinder [−R,R]×
S1 such that η = ζds+ χdt is a harmonic 1−form on [−R,R]× S1 we have

∥

∥

∥
ζ(s) + S̃

∥

∥

∥

L2(S1)
≤ 6ρ(s)max

{

∥

∥

∥
ζ(±R) + S̃

∥

∥

∥

L2(S1)

}

∥χ(s)− P∥L2(S1) ≤ 6ρ(s)max
{

∥χ(±R)− P∥L2(S1)

}

for all s ∈ [−R,R]. Here S̃ and P are the co-period and the period of η,
respectively, and ρ(s)2 = 8e−2R cosh(2s).

Proof. Any harmonic 1−form η defined on the cylinder [−R,R]× S1 can
be written as η = (−S̃ds+ Pdt) + ζ̃(s, t)ds+ χ̃(s, t)dt where ζ̃ and χ̃ are
harmonic functions on [−R,R]× S1 with vanishing average. Note that the
average of ζ corresponds to the co-period S̃ and the average of χ corre-
sponds to −P . To show this, write η in the form η = ζ(s, t)ds+ χ(s, t)dt
and compute the averages of ζ and χ as

1

2R

∫

[−R,R]×S1

ζ(s, t)ds ∧ dt = 1

2R

∫

[−R,R]×S1

η ∧ dt =
∫

{0}×S1

η ◦ j = −S̃

and

1

2R

∫

[−R,R]×S1

χ(s, t)ds ∧ dt = 1

2R

∫

[−R,R]×S1

ds ∧ η

= − 1

2R

∫ R

−R

(

∫

{s}×S1

η

)

ds = P,

respectively. Hence the 1−form η − (−S̃ds+ Pdt) = ζ̃(s, t)ds+ χ̃(s, t)dt has
vanishing average twist and vanishing periods. The Fourier series of ζ̃ and
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χ̃ in the t variable are

ζ̃(s, t) =
a0(s)

2
+

∞
∑

k=1

ak(s) cos(kt) + bk(s) sin(kt),

χ̃(s, t) =
α0(s)

2
+

∞
∑

k=1

αk(s) cos(kt) + βk(s) sin(kt).

Since ζ̃ and χ̃ are harmonic, the Fourier expansion coefficients solve a′′k =
k2ak, b

′′
k = k2bk, α

′′
k = k2αk and β

′′
k = k2βk for k ∈ N0. The solutions to these

ordinaty differential equations are of the form

a0(s) = c0 + sd0,

ak(s) = ck cosh(ks) + dk sinh(ks),

bk(s) = ek cosh(ks) + fk sinh(ks),

α0(s) = δ0 + ϵ0s,

αk(s) = δk cosh(ks) + ϵk sinh(ks),

βk(s) = ηk cosh(ks) + θk sinh(ks).

Since dη = d(η ◦ j) = 0 we obtain ∂tζ̃ = ∂sχ̃ and ∂sζ̃ = −∂tχ̃, giving a0(s) =
c0 and α0(s) = δ0. As ζ̃ds+ χ̃dt has vanishing co-period and vanishing pe-
riod, we find a0(s) = α0(s) = 0, and the following relations relating the
coefficients ak, bk, αk, and βk for k ∈ N: δk = fk, ϵk = ek, ηk = −dk and
θk = −ck. Consequently, ak, bk, αk, and βk can be written as

ak(s) = ck cosh(ks) + dk sinh(ks),

bk(s) = ek cosh(ks) + fk sinh(ks),

αk(s) = fk cosh(ks) + ek sinh(ks),

βk(s) = −dk cosh(ks)− ck sinh(ks).

Let us express ζ̃ and χ̃ as

ζ̃(s, t) =

∞
∑

k=1

ak(s) cos(kt) + bk(s) sin(kt) =
∑

k∈Z\{0}

Fk(s)e
2πikt,

χ̃(s, t) =

∞
∑

k=1

αk(s) cos(kt) + βk(s) sin(kt) =
∑

k∈Z\{0}

Γk(s)e
2πikt,
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where Fk =
1
2(ak − ibk), F−k =

1
2(ak + ibk), Γk =

1
2(αk − iβk) , and Γ−k =

1
2(αk + iβk) for k ≥ 1. From

cosh(ks)

cosh(kR)
≤ 3e−R cosh(s) ≤ 3ρ(s) and

| sinh(ks)|
| sinh(Rs)| ≤ 3e−R cosh(s) ≤ 3ρ(s),

where ρ(s)2 = 8e−2R cosh(2s), it follows that

cosh(ks) ≤ 3ρ(s) cosh(kR) and | sinh(ks)| ≤ 3ρ(s) sinh(Rs).

Define the functions

K(k) =

{

+1, ck and dk have the same parity

−1, otherwise

and

G(k) =

{

+1, ek and fk have the same parity

−1, otherwise.

For s ∈ [0, R]× S1 we then have

∥

∥

∥
ζ̃(s)

∥

∥

∥

2

L2(S1)
=

∑

k∈Z\{0}

|Fk(s)|2

=
1

2

∞
∑

k=1

(ck cosh(ks) + dk sinh(ks))
2

+
1

2

∞
∑

k=1

(ek cosh(ks) + fk sinh(ks))
2

=
1

2

∞
∑

k=1,K(k)=1

(ck cosh(ks) + dk sinh(ks))
2

+
1

2

∞
∑

k=1,K(k)=−1

(ck cosh(ks) + dk sinh(ks))
2

+
1

2

∞
∑

k=1,G(k)=1

(ek cosh(ks) + fk sinh(ks))
2

+
1

2

∞
∑

k=1,G(k)=−1

(ek cosh(ks) + fk sinh(ks))
2
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=
1

2

∞
∑

k=1,K(k)=1

c2k cosh
2(ks) + d2k sinh

2(ks) + 2ckdk cosh(ks) sinh(ks)

+
1

2

∞
∑

k=1,K(k)=−1

c2k cosh
2(ks) + d2k sinh

2(ks)− (−2ckdk) cosh(ks) sinh(ks)

+
1

2

∞
∑

k=1,G(k)=1

e2k cosh
2(ks) + f2k sinh

2(ks) + 2ekfk cosh(ks) sinh(ks)

+
1

2

∞
∑

k=1,G(k)=−1

e2k cosh
2(ks) + f2k sinh

2(ks)− (−2ekfk) cosh(ks) sinh(ks)

≤ 1

2
9ρ(s)2

∞
∑

k=1,K(k)=1

c2k cosh
2(kR) + d2k sinh

2(kR) + 2ckdk cosh(kR) sinh(kR)

+
1

2
9ρ(s)2

∞
∑

k=1,K(k)=−1

c2k cosh
2(kR) + d2k sinh

2(kR) + 2ckdk cosh(kR) sinh(−kR)

+
1

2
9ρ(s)2

∞
∑

k=1,G(k)=1

e2k cosh
2(kR) + f2k sinh

2(kR) + 2ekfk cosh(kR) sinh(kR)

+
1

2
9ρ(s)2

∞
∑

k=1,G(k)=−1

e2k cosh
2(Rk) + f2k sinh

2(Rk) + 2ekfk cosh(Rk) sinh(−kR)

=
9

2
ρ(s)2

∞
∑

k=1,K(k)=1

(ck cosh(kR) + dk sinh(kR))
2

+
9

2
ρ(s)2

∞
∑

k=1,K(k)=−1

(ck cosh(−kR) + dk sinh(−kR))2

+
9

2
ρ(s)2

∞
∑

k=1,G(k)=1

(ek cosh(kR) + fk sinh(kR))
2

+
9

2
ρ(s)2

∞
∑

k=1,G(k)=−1

(ek cosh(−kR) + fk sinh(−kR))2

≤ 9

2
ρ(s)2

∞
∑

k=1

(ck cosh(kR) + dk sinh(kR))
2

+
9

2
ρ(s)2

∞
∑

k=1

(ck cosh(−kR) + dk sinh(−kR))2
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+
9

2
ρ(s)2

∞
∑

k=1

(ek cosh(kR) + fk sinh(kR))
2

+
9

2
ρ(s)2

∞
∑

k=1

(ek cosh(−kR) + fk sinh(−kR))2

=
9

2
ρ(s)2

∞
∑

k=1

ak(R)
2 +

9

2
ρ(s)2

∞
∑

k=1

ak(−R)2

+
9

2
ρ(s)2

∞
∑

k=1

bk(R)
2 +

9

2
ρ(s)2

∞
∑

k=1

bk(−R)2

= 9ρ(s)2
(

∥

∥

∥
ζ̃(R)

∥

∥

∥

2

L2(S1)
+
∥

∥

∥
ζ̃(−R)

∥

∥

∥

2

L2(S1)

)

.

The same inequality holds for negative s, and a similar estimate can be
derived for the harmonic function χ̃. Thus

∥

∥

∥
ζ̃(s)

∥

∥

∥

2

L2(S1)
≤ 9ρ(s)2

(

∥

∥

∥
ζ̃(R)

∥

∥

∥

2

L2(S1)
+
∥

∥

∥
ζ̃(−R)

∥

∥

∥

2

L2(S1)

)

,

∥χ̃(s)∥2L2(S1) ≤ 9ρ(s)2
(

∥χ̃(R)∥2L2(S1) + ∥χ̃(−R)∥2L2(S1)

)

,

and from ζ̃(s, t) := ζ(s, t) + S̃ and χ̃(s, t) := χ(s, t)− P , we end up with

∥

∥

∥
ζ(s) + S̃

∥

∥

∥

2

L2(S1)
≤ 9ρ(s)2

(

∥

∥

∥
ζ(R) + S̃

∥

∥

∥

2

L2(S1)
+
∥

∥

∥
ζ(−R) + S̃

∥

∥

∥

2

L2(S1)

)

≤ 18ρ(s)2max

{

∥

∥

∥
ζ(R) + S̃

∥

∥

∥

2

L2(S1)
,
∥

∥

∥
ζ(−R) + S̃

∥

∥

∥

2

L2(S1)

}

,

∥χ(s)− P∥2L2(S1) ≤ 9ρ(s)2
(

∥χ(R)− P∥2L2(S1) + ∥χ(−R)− P∥2L2(S1)

)

≤ 18ρ(s)2max
{

∥χ(R)− P∥2L2(S1) , ∥χ(−R)− P∥2L2(S1)

}

.

□

Remark 41. In [12], a notion of convergence for H−holomorphic curves
is derived by using a result (Lemma A.2) which states that the conformal
co-period of a harmonic 1−form on a Riemann surface can be universally
controlled by its periods. Proposition 39 gives a counterexample to this
statement.
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Appendix A. Holomorphic disks with fixed boundary

This appendix is devoted to the description of the convergence of pseudo-
holomorphic disks with fixed boundaries in symplectization, as well as, of
their limit object. The results are used for proving the convergence of a
cylinder of ”finite length”, i.e. of type b1 as discussed in Section 3.2.3.

Let un = (an, fn) : D → R×M be a sequence of pseudoholomorphic
curves in the symplectization R×M of the contact manifold (M,α), and
being defined on the open unit disk D with respect to the standard complex
structure i and the cylindrical almost complex structure J on R×M . For
any τ > 0 we assume that there exists a subsequence of un, also denoted by
un, such that

(A.1) un → u

as n→ ∞ in C∞(D\Dτ (0)). Furthermore, we assume that the Hofer en-
ergy EH(un;D) of un is uniformly bounded. In the following we analyze the
convergence of un.

The functions an can be supposed to be not uniformly bounded. If this
is not the case, we may deduce using standard bubbling-off analysis that the
gradients of un are uniformly bounded on all of D, which in turn, implies
that un converge in C∞(D) to a pseudoholomorphic disk with finite Hofer
energy.

To describe the convergence and the limit object we use the arguments
from [8] and [11]. However, we drop the details and explain only the strat-
egy and mention the convergence result. As we have assumed that the
R−coordinates of un are unbounded, the maximum principle for subhar-
monic functions gives an → −∞. By (A.1) we have the C∞−convergence of
un on an arbitrary neighbourhood of ∂D, and by a specific choice of this
neighbourhood, we assume that the R−components of un, when restricted to
this neighbourhood, do not leave a fixed interval [−K,K] for some K ∈ R

with K > 0. Thus from level −K − 2 we start with the decomposition of
a−1
n ((−∞,−K − 2]) into cylindrical, essential and one “bottom” boundary

components. This decomposition which is identical to the decomposition
done in [8] and [11] is illustrated in Figure A1. From [8] and [11] we know
that there are at most N0 ∈ N cylindrical components.

In addition to the above decomposition, we add one more boundary com-
ponents, namely the “upper” boundary component. This surface has two
types of boundaries. The first one is the boundary ∂D which lies in a spe-
cific neighbourhood such that its image under un belongs to [−K,K]×M .
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Figure A1: Decomposition of a−1
n ((−∞,−K − 2]).

The second one is the boundary which connects certain cylindrical compo-
nents. For the cylindrical, essential and bottom boundary components we
use the results established in [8] and [11] to describe the convergence and
the limit object. For the “upper” boundary component we use Theorem 3.2
of [8], also known as “Gromov compactness with free boundary”. Here the
choice of the neighbourhood of ∂D, on which the R−components of un lie
in [−K,K], plays an essential role. The existence of a special parametriza-
tion of a neighbourhood of ∂D will enable us to apply “Gromov compact-
ness with free boundary” in the analysis of the convergence property of the
upper boundary component. Essentially, the application of “Gromov com-
pactness with free boundary”, requires that the properties (A4) and (A5)
under Definition 3.1 of [8] are satisfied. The following considerations ensure
these conditions: Choose L′

0 ≥ 1 as in Remark 3.3 after Theorem 3.2 of [8].
More precisely, L′

0 depends only on the genus g of the surface, the number of
boundary componentsm, the number of marked points q, the uniform bound
C on the area of the considered pseudoholomorphic curves, the constant ϵ0
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from Remark II.4.3 of [5], and the constant CML from Lemma 3.17 of [8] (the
classical monotonicity lemma). For this L′

0 we write L′
0(g,m, q, C, ϵ0, CML).

Furthermore, choose L0 as

L0 := max
{

L′
0(0, 1, 2, C, ϵ0, CML), L

′
0(0, 2, 1, C, ϵ0, CML),

L′
0(0, 3, 0, C, ϵ0, CML), . . . , L

′
0(0, 2N0, 0, C, ϵ0, CML)

}

.

Note that when determining the constant L′
0 in the first two cases, we intro-

duce one and two artificial punctures, i.e. q = 2 or q = 1, in order to make our
surface stable. Set τ0 = e−10πL0 and choose τ < τ0. In view of (A.1), assume
that there exists a constant K > 0 such that un(D\Dτ (0)) ⊂ [−K,K]×M
for all n ∈ N. Hence the boundary is fixed in the symplectization. The
boundary region can be conformally parametrized as follows. Consider the
map β∂D,0 : [0, 5L0]× S1 → D\Dτ0(0), (s, t) 7→ e−2π(s+it). This map is ob-
viously a conformal parametrization of the boundary region. Let now L =
− ln(τ)/10π. Obviously, L ≥ L0 and the map β∂D : [0, 5L]× S1 → D\Dτ (0),
(s, t) 7→ e−2π(s+it) is a conformal parametrization of a neighbourhood of the
boundary circle ∂D. Fix this boundary. This conformal parametrization is
obviously independent of n and will be used in conjunction with “Gromov
compactness with free boundary”. Finally, glue the upper boundary compo-
nent to the rest of the surface, and obtain the resulting limit surface together
with the convergence description.

To formulate the convergence result we introduce some notations. Let
Z be an oriented surface diffeomorphis to the standard unit disk D and
∆ = ∆n ⨿∆p ⊂ Z a collection of finitely many disjoint simple loops divided
into two disjoint sets. Denote by Z∆n

the surface obtained by collapsing the
curves in ∆n to points. Write

Z∗ := Z∆n
\∆p =: Z(0) ⨿

N
∐

ν=1

Z(ν) ⨿ Z(N+1)

as a disjoint union of components Z(ν). Here Z(0) is the bottom boundary
component which is the disjoint union of finetly many disks, while Z(N+1)

is the upper boundary component whose boundary is of two types. One
type is the boundary of the disk D and the other boundary components are
certain loops from ∆p. Let j be a conformal structure on Z\∆ such that
(Z\∆, j) is a punctured Riemann surface together with an identification of
distinct pairs of punctures given by the elements of ∆. This shows that Z∗

has the structure of a nodal punctured Riemann surface with a remaining
identification of punctures given by the loops {δi}i∈I = ∆p, for some index
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set I. A broken pseudoholomorphic curve (with N + 2 levels) is a map F =
(F (0), F (1), . . . , F (N+1)) : (Z∗, j) → X, where X =

∐N+1
ν=0 (R×M) such that

F (ν) : (Z(ν), j) → R×M is a punctured pseudoholomorphic curve with the
additional property that F extends to a continous map F : Z → X. Here X
is obtained as follows. The negative end of the compactification of R×M of
the ν−th copy is glued to the positive end of the compactification of R×M
of the copy ν + 1. This procedure is done for ν = 0, . . . , N . For a loop δ ∈ ∆p,
there exists ν ∈ {0, . . . , N} such that δ is adjacent to Z(ν) and Z(ν+1). Fix
an embedded annulli Aδ,ν ∼= [−1, 1]× S1 ⊂ Z\∆n such that {0} × S1 = δ,
{−1} × S1 ⊂ Z(ν) and {1} × S1 ⊂ Z(ν+1).

In this context, we state a convergence result which has been established
in [8].

Proposition 42. The sequence of pseudoholomorphic disks un = (an, fn) :
(D, i) → R×M satisfying (A.1) and having a uniformly bounded Hofer
energy has a subsequence that converges to a broken pseudoholomorphic
curve u = (a, f) : (Z, j) → R×M with N + 2 levels in the following sense:
There exists a sequence of diffomorphisms φn : D → Z and a sequence of

negative real numbers min(an) = r
(0)
n < r

(1)
n < · · · < r

(N+1)
n = −K − 2 with

K ∈ R and r
(ν+1)
n − r

(ν)
n → ∞ as n→ ∞ such that the following hold:

1) Z with the circles ∆ collapsed to points is a nodal Riemann surface (in
the sense of the above discussion, but with boundary). in := (φn)∗i→ j
in C∞

loc
on Z\∆. For every i ∈ I, the annulus (Ai, (φn)∗i) is confor-

mally equivalent to a standard annulus [−Rn, Rn]× S1 by a diffeomor-
phism of the form (s, t) 7→ (κ(s), t) with Rn → ∞ as n→ ∞.

2) The sequence un◦φ−1
n |Z(ν) : Z(ν)→R×M converges in C∞

loc
on Z(ν)\∆n

to a punctured nodal pseudoholomorphic curve u(ν) : (Z(ν), j) → R×
M , and in C0

loc
on Z(ν).

3) The sequence fn ◦ φ−1
n : Z →M converges in C0 to a map f : Z →

M , whose restriction to ∆p parametrizes the Reeb orbits and to ∆n

parametrizes points.

4) For any S > 0 , there exist ρ > 0 and K ∈ N such that an ◦ φ−1
n (s, t) ∈

[r
(ν)
n + S, r

(ν+1)
n − S] for all n ≥ K and all (s, t) ∈ Aδ,ν with |s| ≤ ρ.

5) The diffeomorphisms φn◦β∂D : [0, 5L]×S1→Z are independent of n.
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Appendix B. Half cylinders with small energy

This appendix is devoted to the description of the convergence of a sequence
of pseudoholomorphic half cylinders un = (an, fn) : [0,∞)× S1 → R×M
with uniformly bounded α− and dα−energies. More precisely, we assume
that there exists a constant E0 > 0 such that E(un; [0,∞)× S1) ≤ E0 and

(B.1) Edα(un; [0,∞)× S1) ≤ ℏ

2
,

where ℏ > 0 is defined as in Section 3.2.1. Since the dα−energy is smaller
than ℏ/2 it follows, from the usual bubbling-off analysis, that the gradients
of un are uniformly bounded with respect to the standard Euclidian metric
on the cylinder [0,∞)× S1 and the induced cylindrical metric on R×M . To
analyze the convergence of such a sequence we use the results of Appendix
A and [15]. As before we split the analysis of the convergence in two parts,
namely the C∞

loc− and the C0−convergence. Before stating the convergence
results we need some auxiliary results similar to those from [15]. We begin
with a remark on the asymptotic of a pseudoholomorphic half cylinder.

Remark 43. Let u = (a, f) : [0,∞)× S1 → R×M be a pseudoholomor-
phic half cylinder with E(u; [0,∞)× S1) ≤ E0 and Edα(u; [0,∞)× S1) ≤
ℏ/2. To describe the behaviour of u as s→ ∞, we first assume that u
has a bounded image in R×M . Consider the conformal transformation h :
[0,∞)× S1 → D\{0}, (s, t) 7→ e−2π(s+it). Then u ◦ h−1 = (a ◦ h−1, f ◦ h−1)
is a pseudoholomorphic punctured disk satisfying the same assumption as
u does. By the removal of singularity, u ◦ h−1 can be defined on the whole
disk D. In this case we use the results from Appendix A to describe the con-
vergence. If u has an unbounded image in R×M , then due to Proposition
5.6 from [1], there exists T ̸= 0 and a periodic orbit x of Xα such that x is
of period |T | and

lim
s→∞

f(s, t) = x(Tt) and lim
s→∞

a(s, t)

s
= T in C∞(S1).

To analyze the convergence of the sequence of pseudoholomorphic half
cylinders un = (an, fn) : [0,∞)× S1 → R×M we destinguish two cases.

In the first case each element of a subsequence of un, still denoted by
un, has a bounded image in the symplectization R×M . By Remark 43 we
consider the sequence of pseudoholomorphic disks un ◦ h−1 : D → R×M
having uniformly bounded energies and small dα−energies. After applying
bubbling-off analysis and accounting on the uniform energy bounds as well as
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on the small dα−energies, we obtain a subsequence having uniform gradient
bounds with respect to the Euclidian metric on the domains and the in-
duced metric on R×M . After a specific shift in the R−coordinate, un ◦ h−1

converge in C∞ to a pseudoholomorphic disk u : D → R×M .
In the second case each element of a subsequence of un, still denoted

by un, has an unbounded image in R×M . In the following we assume that
after a specific shift in the R−coordinate, an(0, 0) = 0. Before describing
the convergence of un, we prove an asymptotic result for punctures which is
similar to that given in [1].

Proposition 44. After going over to a subsequence the pseudoholomorphic
half cylinders un are asysmptotic to the same Reeb orbit, i.e. there exists a
Reeb orbit x and T ̸= 0 with |T | ≤ C and a sequence cn ∈ S1 such that

lim
s→∞

fn(s, t) = x(T (t+cn)) and lim
s→∞

an(s, t)

s
= T.

Moreover, un → u in C∞
loc
, where u is a pseudoholomorphic half cylinder u :

[0,∞)× S1 → R×M which is asymptotic to the same Reeb orbit x(T (t+c∗))
of period T as above. Here, c∗ ∈ S1 and cn → c∗ as n→ ∞.

Proof. Let the sequence un be asymptotic to some Reeb orbit. More pre-
cisely, for all n ∈ N there exist Tn ̸= 0 and a periodic orbit xn of period |Tn|
such that

lim
s→∞

fn(s, t) = xn(Tnt) and lim
s→∞

an(s, t)

s
= Tn

in C∞(S1). For simplicity, choose a subsequence of Tn, also denoted by
Tn, which is always positive (positive puncture). Since we are in the non-
degenerate case and Tn ≤ E0, assume, after going to some subsequence, that
Tn = T > 0 and xn(Tt) = x(T (t+cn)), where cn ∈ S1 for all n. Thus after
going over to some subsequence we may assume that cn → c∗ ∈ S1. From
the uniform boundedness of the gradients of un, the elliptic regularity, and
Arzelá-Ascoli theorem, we have un → u : [0,∞)× S1 → R×M in C∞

loc. Here
u is a pseuhoholomorphic half cylinder with bounded energy and a small
dα−energy which is asymptotic to some periodic orbit with period T or a
point; both being denoted by x . Choose the sequences Nn, Nn

n→∞−→ ∞ and
Nn < Nn such that after going over to a subsequence we have

lim
n→∞

fn(Nn, t) = x(Tt) and lim
n→∞

fn(Nn, t) = x(T (t+c∗)) in C∞(S1),
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and consider the maps

vn = un|[Nn,Nn]×S1 .

which have by construction dα−energy tending to 0. Performing the same
analysis as in [1] we conclude that x = x and T = T . □

To describe the C0−convergence of un we use the results established
in [15]. In view of Proposition 44, choose a sequence Rn > 0 such that
Rn → ∞ and an(Rn, t)− TRn → 0 as n→ ∞. Consider the shifted maps
un(s, t) := un(s+Rn, t)− TRn for (s, t) ∈ [−Rn, Rn]× S1. These are pseu-
doholomorphic cylinders with uniformly bounded α− and dα−energies and
a dα−energy smaller than ℏ/2. Recall that these pseudoholomorphic cylin-
ders are a special case of the H−holomorphic cylinders described in [15].
We distinguish two cases corresponding to subsequences with vanishing and
non-vanshing center actions. In latter case, the center action is greater than
ℏ > 0. By Proposition 44, the first case does not appear and we are left
with the case in which A(un) ≥ ℏ. By Corollary 25 of [15], for every ϵ > 0
there exists h > 0 such that for all n ∈ N and Rn > h, distg0(fn(s, t), x(Tt+
cn)) < ϵ and |an(s, t)− Ts− a0| < ϵ for all (s, t) ∈ [−Rn + h,Rn − h]× S1.
On the other hand, we have the following result: For every ϵ > 0 there ex-
ists h > 0 such that for all n ∈ N and Rn > h, distg0(fn(s, t), x(Tt+ cn)) < ϵ
and |an(s, t)− Ts− a0| < ϵ for all (s, t) ∈ [h, 2Rn − h]× S1. As Rn can be
choosen arbitrary large the following equivalent statement readily follows:

Corollary 45. For every ϵ > 0 there exist h > 0 and N ∈ N such that for
all n ≥ N , distg0(fn(s, t), x(Tt+ cn)) < ϵ and |an(s, t)− Ts− a0| < ϵ for
all (s, t) ∈ [h,∞)× S1.

Consider the diffeomorphism θ : [0,∞)× S1 → R×M and the maps

(B.2) gn := fn ◦ θ−1 : [0, 1)× S1 →M,

which by Proposition 44 converge in C∞
loc to a map g := f ◦ θ−1 : [0, 1)×

S1 →M . By Corollary 45, the maps gn and g can be continously extended
to [0, 1]× S1 by gn(1, t) = g(1, t) = x(Tt+cn) for all n ∈ N and all t ∈ S1.
Hence due to Corollary 45, gn converge in C0 to g. As a consequence, we
formulate the following compactness property of the sequence of pseudoholo-
morphic half cylinders un : [0,∞)× S1 → R×M with uniformly bounded
energies and dα−energies less than ℏ/2:

Theorem 46. Let un be a sequence of pseudoholomorphic curves having
uniformly bounded energy by E0 and satisfying condition (B.1). Then there
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exists a subsequence of un, still denoted by un, such that the following is
satisfied.

1) un is asysmptotic to the same Reeb orbit, i.e. there exists a Reeb orbit
x and T ̸= 0 with |T | ≤ C and a sequence cn ∈ S1 such that

lim
s→∞

fn(s, t) = x(Tt+cn) and lim
s→∞

an(s, t)

s
= T.

for all n ∈ N.

2) un converge in C∞
loc

to a pseudoholomorphic half cylinder u : [0,∞)×
S1 → R×M having uniformly bounded energy by the constant E0 and
satisfying condition (B.1).

3) The maps gn : [0, 1]× S1 →M converge in C0 to a map g : [0, 1]×
S1 →M and satisfy g(1, t) = x(T (t+c∗)), where x is a Reeb orbit of
period T ̸= 0.

Appendix C. Special coordinates

Let S be a compact surface with boundary, and let jn and j be complex
structures on S for all n ∈ N. Additionally, let hn and h be the hyperbolic
structures on S with respect to jn and j, respectively. Assume that jn → j
and hn → h in C∞(S). In this appendix we construct a sequence of biholo-
morphic coordinates around some point in S with respect to the complex
structure jn that converges in a certain sense to the biholomorphic coor-
dinates with respect to j. This result is used in Section 3 for proving the
convergence on the thick part.

Lemma 47. For each z ∈ int(S) there exist the open neighbourhoods
Un(z) = Un and U(z) = U of z and the diffeomorphisms

ψn : D1(0) → Un,

ψ : D1(0) → U

such that

1) ψn are i− jn−biholomorphisms and ψ is a i− j−biholomorphism;

2) ψn → ψ in C∞
loc
(D1(0)) as n→ ∞ with respect to the Euclidian metric

on D1(0) and h on S;

3) ψn(0) = z for every n and ψ(0) = z.
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Proof. Around z ∈ int(S), choose the i− j−holomorphic coordinates c :
D2(0) → U such that U ⊂ int(S) and c(0) = z, and consider the complex
structures j(n) := c∗jn. Since jn → j as n→ ∞ in C∞, j(n) → i in C∞

loc(D2(0))
as n→ ∞. Let dCn be the operator defined by dCnf = df ◦ j(n) and let dC be
the operator defined by dCf = df ◦ i. Denote by px : R2 → R, (x, y) 7→ x
the projection onto the first coordinate. Consider the problem of finding a
smooth fumction f : D1(0) → R such that

(C.1)
ddCnf = 0 on D1(0),

f = px on ∂D1(0)

for all n and

(C.2)
ddCf = 0 on D1(0),

f = px on ∂D1(0).

As the second problem translates into

(C.3)
∆f = 0 on D1(0),

f = px on ∂D1(0),

where ∆ is the standard Laplace operator in R, the unique solution is
f(x, y) = x for all (x, y) ∈ D1(0). To see the uniqueness observe that the dif-
ference of f with any other solution of (C.3) solves ∆u = 0 with u|∂D1(0) = 0.
Thus from the maximum principle for harmonic functions we deduce that
u ≡ 0, and so, that (C.3) has the unique solution f . In coordinates repre-
sentation, j(n) can be written as

j(n) =

(

j
(n)
11 j

(n)
12

j
(n)
21 j

(n)
22

)

and take notice that j(n) → i in C∞ on D1(0) as n→ ∞. The solutions of
(C.1) are equivalent to the solutions of

(C.4)
ddCn f̃ = tn on D1(0),

f̃ = 0 on ∂D1(0),

where tn = −ddCnpx. Hence ddCn is an elliptic and coercive operator, and
thus by Proposition 5.10 from [13], the problem (C.4) has a uniquely weak
solution f̃n ∈W 1,2(D1(0)) for all n. From regularity theorem, the solutions
f̃n are smooth for all n. Thus fn := f̃n + px is the smooth unique solution of
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(C.1). Let us show that fn → f in C∞
loc(D1(0)) as n→ ∞. For un := fn − f

we have
ddCnun = gn on D1(0),

un = 0 on ∂D1(0).

Here, gn ∈ C∞(D1(0)) is defined by gn := ddCnf , and because of j(n) → i in
C∞(D1(0)) as n→ ∞, gn converges to 0 in C∞

loc(D1(0)) as n→ ∞. For every
m ∈ N0 we consider the bounded operator

ddCn :W 2+m,2
∂ (D1(0),R) →Wm,2(D1(0),R),

where W 2+m,2
∂ (D1(0),R) consists of maps from W 2+m,2(D1(0),R) that van-

ish at the boundary. By Proposition 5.10 together with Propositons 5.18 and
5.19 of [13] we deduce that the operator ddCn is bounded invertible; hence
un = (ddCn)

−1gn. Since dd
C
n → ∆ in operator norm, (ddCn)

−1 is a uniformly
bounded family, and so, ∥un∥Wm+2,2 → 0 as n→ ∞. Furthermore, asm ∈ N0

was arbitrary, the Sobolev embedding theorem yields un → 0 in C∞
loc(D1(0))

as n→ ∞. Thus we have constructed a unique sequence of solutions {fn :
D1(0) → R}n∈N of (C.1), and a unique solution f : D1(0) → R, (x, y) 7→ x of
(C.2) satisfying fn → f in C∞

loc(D1(0)) as n→ ∞.
According to Lemma 6.8.1 of [7], there exists a j(n) − i−holomorphic

function Fn : D1(0) → C and a i− i−holomorhic function F : D1(0) → C

such that fn = ℜ(Fn) and f = ℜ(F ). Let us investigate the unique exten-
sions of the functions Fn and F . For doing this we set Fn = fn + ib and
F = f + ib, where bn, b : D1(0) → R are harmonic functions. As Fn and F
are j(n) − i−holomorphic and i− i−holomorphic, respectively, they solve
the equations

dFn + i ◦ dFn ◦ j(n) = 0

and

dF + i ◦ dF ◦ i = 0,

respectively, which in turn, are equivalent to

dbn = −dfn ◦ j(n)

and

db = −df ◦ i,
respectively. By the harmonicity of fn and f , and the application of Poincaré
lemma on D1(0), we find the solutions bn and b which are unique up to
addition with some constant. They can be make unique by requiring that
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bn(0) = 0 and b(0) = 0. In particular, we find F (x, y) = x+ iy. Then we
get dbn → db in C∞

loc(D1(0)) as n→ ∞, and from bn(0) = 0 and b(0) = 0,
we actually get bn → b in C∞

loc(D1(0)) as n→ ∞. Hence Fn → F = id in
C∞
loc(D1(0)) as n→ ∞.
For n large, Fn is bijective onto its image (maybe after shrinking the

domain). This follows from the proof of the inverse function theorem. With
F̃n = Fn − fn(0), the maps ψn and ψ are defined by ψn = c ◦ F̃n : D1(0) →
Un and ψ = c ◦ F : D1(0) → U for sufficiently large n, respectively. □
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