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We prove that the count of Maslov index 2 J-holomorphic discs
passing through a generic point of a real Lagrangian submanifold
with minimal Maslov number at least two in a closed spherically
monotone symplectic manifold must be even. As a corollary, we
exhibit a genuine real symplectic phenomenon in terms of involu-
tions, namely that the Chekanov torus TChek in S2 × S2, which
is a monotone Lagrangian torus not Hamiltonian isotopic to the
Clifford torus TClif , can be seen as the fixed point set of a smooth
involution, but not of an antisymplectic involution.

1. Introduction and main result

An even dimensional smooth manifold M equipped with a closed non-
degenerate 2-form ω is called a symplectic manifold. An important class
of submanifolds in a symplectic manifold (M,ω) are Lagrangian submani-
folds, namely those of middle dimension along which the symplectic form ω
vanishes.

In symplectic topology, the study of Lagrangian submanifolds is a central
topic; in particular, monotone Lagrangians exhibit rigidity phenomena. A
Lagrangian L inM is called monotone if there exists K > 0 such that for all
β ∈ π2(M,L) we have µ(β) = K · ω(β), where µ : π2(M,L) → Z denotes the
Maslov class of L. The minimal Maslov number NL of a Lagrangian L is de-
fined as the non-negative integerNL satisfying µ

(
π2(M,L)

)
= NL · Z. A typ-

ical example of a monotone Lagrangian is an embedded loop in S2 dividing
the sphere into two discs of equal area. A symplectic manifold (M,ω) con-
taining a monotone Lagrangian is necessarily spherically monotone, namely
there exists C > 0 such that for all α ∈ π2(M) we have c1(M)[α] = C · ω(α).

We are interested in a special class of Lagrangians, called real Lagran-
gians. A smooth involution R on a symplectic manifold (M,ω) is called
antisymplectic if it satisfies R∗ω = −ω. Its fixed point set Fix(R) = {x ∈
M | R(x) = x} is a Lagrangian submanifold if it is nonempty. A real La-
grangian in a symplectic manifold is a Lagrangian that is the fixed point
set of an antisymplectic involution. Any real Lagrangian in a spherically
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monotone symplectic manifold is monotone. Historically, real Lagrangians
first appeared in [18, Theorem C] in the framework of the Arnold–Givental
conjecture.

In this paper, we study the following question in real symplectic topology.

Question. Is there a monotone Lagrangian submanifold in a closed sym-
plectic manifold that is the fixed point set of a smooth involution, while not
of an antisymplectic involution?

If we drop the condition that the Lagrangian is monotone, then a fa-
vorite example of symplectic topologists, namely, the sphere S2, immedi-
ately answers the above question. Indeed, consider any embedded loop L as
a Lagrangian in S2 which divides the sphere into two discs of different areas.
Since L is not monotone, it is not real. Hence, L cannot be the fixed point
set of an antisymplectic involution on S2, while L is the fixed point set of a
smooth involution, namely, the reflection interchanging the two discs. Tak-
ing the product with itself, we find a (non-monotone) Lagrangian in S2 × S2

that is the fixed point set of a smooth involution and that cannot be real.
To answer the above question in the monotone case, we need a symplec-

tic invariant that can serve as an obstruction to a monotone Lagrangian
being real. For this purpose, we employ the mod 2 count of Maslov index 2
J-holomorphic discs passing through a generic point in a monotone La-
grangian L, which is denoted by n(L) ∈ Z2. This invariant was first used by
Chekanov [7, Section 2] and Eliashberg–Polterovich [11, Proposition 4.1.A]
based on Gromov’s J-holomorphic discs [19]. This invariant is defined when
the minimal Maslov number is at least 2, see Section 2 for the precise defini-
tion. In Section 3, we show that the count of such discs must be even when
the Lagrangian is real, and hence we obtain the following main result of this
paper.

Main Theorem. Any real Lagrangian L with minimal Maslov number
NL ≥ 2 in a closed spherically monotone symplectic manifold satisfies
n(L) = 0.

As an immediate corollary, we obtain a symplectic obstruction for being
a real Lagrangian; if a monotone Lagrangian L satisfies n(L) = 1, then it is
not real. It is worth mentioning that the main theorem also holds for any
connected component of the real Lagrangian.

To find an example answering the question above, consider S2 × S2

equipped with the symplectic form ω ⊕ ω, where ω denotes a Euclidean
area form on S2. The Clifford torus TClif = S1 × S1 in S2 × S2 is the real
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Lagrangian torus defined as the product of the equators in each S2-factor.
The Chekanov torus TChek in S2 × S2 is a monotone Lagrangian torus with
minimal Maslov number NTChek

= 2, which is not Hamiltonian isotopic but
Lagrangian isotopic to the Clifford torus TClif . There are several equivalent
ways to define the Chekanov torus TChek in S2 × S2 up to Hamiltonian iso-
topy, see [2], [15, Theorem 1.1], [5, Section 3], [16, Section 4.2], and [12,
Example 1.22]. We refer to [29, Theorem 1.1] for the discussion of these
descriptions and [6, Section 3] for the original construction of the Chekanov
torus in R2n.

It is known that n(TChek) = 1, see [5, Lemmata 5.2 and 5.3]. Since TChek

is Lagrangian isotopic to the Clifford torus TClif , it is the fixed point set of a
smooth involution, see Lemma 4.1. As an application of the main theorem,
it follows that the answer to the above question is yes. This is a genuine real
symplectic phenomenon in terms of involutions.

Theorem A. The Chekanov torus TChek in S2 × S2 is the fixed point set
of a smooth involution but not of an antisymplectic involution.

This result gives rise to another question. Every (not necessarily real)
Lagrangian torus in S2 × S2 is Lagrangian isotopic to TClif , see [10, Theo-
rem A]. Since the Clifford torus TClif is real, it is natural to ask if exotic
monotone Lagrangian tori in S2 × S2 are real. Here exotic means that it is
not Hamiltonian isotopic to TClif . Theorem A tells us that the first exotic
Lagrangian torus, namely, the Chekanov torus, is not real. It is now tempt-
ing to conjecture that any real Lagrangian torus in S2 × S2 is Hamiltonian
isotopic to the Clifford torus TClif . This conjecture was recently proved in
[22]. We refer to [22, Theorem A] and [23, Proposition B] for information on
the classification of real Lagrangian submanifolds in S2 × S2.

We briefly outline the proof of the main theorem. Suppose that L =
Fix(R) is a real Lagrangian. Any ω-compatible almost complex structure J
on M which is anti-R-invariant together with the antisymplectic involu-
tion R defines an involution R0 on the moduli space of Maslov index 2
J-holomorphic discs with boundary on L. In Section 3.2, we show that the
involution R0 has no fixed points, which implies that the count of the discs
must be even. The count has to be done for an anti-R-invariant J which is
regular to guarantee that the moduli space is transversely cut out. This is not
obvious, but since R0 has no fixed points, we achieve equivariant transver-
sality in Section 3.3, following ideas of Khovanov–Seidel [21, Section 5c]. See
also [30, Section 14c].
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Recently, Brendel [4] found a different symplectic obstruction for being
a real Lagrangian in almost toric symplectic manifolds, using the so-called
versal deformations developed in [6]. This invariant is less technical and
easily computable. Nevertheless, the symplectic obstruction in terms of J-
holomorphic discs is still interesting in its own right due to its relation with
open Gromov–Witten invariants, and it is applicable to a wider class of
symplectic manifolds.

Organization of the paper

In Section 2, we define the mod 2 count of Maslov index 2 J-holomorphic
discs, as our main tool. In Section 3, we establish results that will be needed
to prove the main theorem. In Section 4, we prove the main theorem and
Theorem A. Finally, we provide an appendix in Section 5, containing (i) some
properties of J-holomorphic discs that are mainly used to prove Lemma 3.8,
(ii) a simple proof of the main theorem for S2 × S2, and (iii) an alternative
proof of equivariant transversality using the doubling construction of Hofer–
Lizan–Sikorav.

2. Mod 2 count of Maslov index 2 J-holomorphic discs

We give a quick review on the mod 2 count of Maslov index 2 J-holomorphic
discs passing through a generic point in a Lagrangian L. For more details we
refer to [7, Section 2] and also to the more recent expositions [3, Section 3.1]
and [31, Section 6.1].

Let (M,ω) be a closed spherically monotone symplectic manifold and
let L be a monotone Lagrangian inM with minimal Maslov number NL = 2.
We abbreviate by J the space of ω-compatible almost complex structures
on M endowed with the C∞-topology. Fix J ∈ J . We let

(2.1) M̂(L, J) =
{
u : (D2, ∂D2) → (M,L) | ∂̄J(u) = 0, µ(u) = 2

}

be the space of Maslov index 2 J-holomorphic discs with boundary on L.
Here ∂̄J(u) =

1
2(du+ J ◦ du ◦ i) denotes the complex antilinear part of du.

We abbreviate by

M1(L, J) = M̂(L, J)
/
Aut(D2, 1)
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the moduli space of Maslov index 2 J-holomorphic discs with boundary on L
with one boundary marked point, where Aut(D2, 1) is the group of biholo-
morphisms of the closed unit disc D2 ⊂ C (smooth up to the boundary)
fixing 1 ∈ ∂D2.

A J-holomorphic disc u : (D2, ∂D2) → (M,L) is called simple if the set
of injective points of u

Inj(u) :=
{
z ∈ D2 | du(z) ̸= 0, u−1(u(z)) = {z}

}

is dense in D2. This set is always open, see for instance [34, Proposition 2.2].
A result of Lazzarini [25, Theorem A] implies that if the homotopy class of a
J-holomorphic disc u : (D2, ∂D2) → (M,L) in π2(M,L) is indecomposable
(by means of simple J-holomorphic discs), then u is simple. See also [17,
Lemma 6] where the same argument is used. Since NL > 0 it follows that
every J-holomorphic disc u with µ(u) = NL is simple.

The classical transversality theorem [26, Section 3.2] asserts that for
generic J ∈ J the moduli space M1(L, J) is a smooth manifold of dimen-
sion n. Indeed, such a J is regular, see Section 3.3 for the definition. Since
every u ∈ M̂(L, J) satisfies µ(u) = 2 which is the smallest possible posi-
tive Maslov index and since L is monotone, no bubbling of discs or spheres
can occur a priori. By Gromov’s compactness theorem [14], M1(L, J) is a
compact smooth manifold without boundary.

For regular J ∈ J the mod 2 Brouwer degree of the evaluation map

ev : M1(L, J) → L, ev[u] = u(1)

is called the mod 2 count of Maslov index 2 J-holomorphic discs passing
through a generic point in L, and is denoted by

n(L, J) := deg2(ev) ∈ Z2.

By a standard cobordism argument as in [7, Section 2.2] or [26, Theo-
rem 6.6.1], the value n(L, J) ∈ Z2 is independent of the choice of regular J .
In the sequel we suppress J in the notation. Note that n(L) ∈ Z2 is given by
the mod 2 cardinality of the finite set ev−1(x) for any regular value x ∈ L
of ev, see [28, p. 24]. By convention, if M1(L, J) is empty (for example,
when NL ≥ 3) we set n(L) = 0.

Remark 2.1. It is worth noting that this invariant can be enumerative,
i.e., n(L) takes values in Z, if the Lagrangian L is oriented and spin. A
spin structure determines an orientation of M1(L, J) and hence we can
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use the integer degree of the evaluation map. See [8, Section 5] and [31,
Section 5.5]. Moreover, n(L) is invariant under symplectomorphisms of L,
i.e., n(L) = n(ϕ(L)) for any symplectomorphism ϕ, although this fact is not
used in the paper.

3. Symmetric count for real Lagrangians

We exhibit that the count happens symmetrically when the Lagrangian is
real. With the notation from Section 2, we assume that the Lagrangian L
is real. Hence, we write L = Fix(R) for some antisymplectic involution R
on M .

3.1. Involution on moduli spaces

Fix J ∈ J which is anti-R-invariant, i.e., J = −R∗J := −R∗JR∗. We write
JR for the space of anti-R-invariant ω-compatible almost complex structures
on M . Note that JR is nonempty and contractible, see [32, Proposition 1.1].
For a technical reason, we deal with the moduli space of Maslov index 2
J-holomorphic discs with boundary on L,

M0(L, J) = M̂(L, J)
/
Aut(D2),

where Aut(D2) is the group of biholomorphisms of the unit disc D2 ⊂ C.
Since J ∈ JR, we can consider the involution

(3.1) R̂ : M̂(L, J) → M̂(L, J), u 7→ R ◦ u ◦ ρ,

where ρ : D2 → D2 denotes complex conjugation on D2 ⊂ C.

Lemma 3.1. The involution Rj on Mj(L, J) defined by

Rj [u] :=
[
R̂(u)

]
= [R ◦ u ◦ ρ]

is well-defined for j = 0, 1.

Proof. We prove this only for R1 as the case of R0 follows easily. Recall that
every σ ∈ Aut(D2, 1) is of the form

σ(z) = eiϑ
z − z0
1− z̄0z

,

for some ϑ ∈ R and |z0| < 1 satisfying eiϑ 1−z0
1−z̄0

= 1, see [26, Exercise 4.2.5].

The map σ̃(z) = e−iϑ z−z̄0
1−z0z

∈ Aut(D2, 1) satisfies σ ◦ ρ = ρ ◦ σ̃. It follows
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that

R1[u ◦ σ] = [R ◦ u ◦ σ ◦ ρ] = [R ◦ u ◦ ρ ◦ σ̃] = R1[u].

This shows that R1 is well-defined. □

3.2. No fixed point of the involutions R0 and R1

We start with observing that for u ∈ M̂(L, J),

R0[u] = [u] ⇐⇒ R ◦ u ◦ ρ ◦ σ = u for some σ ∈ Aut(D2).

This section is devoted to prove the following.

Theorem 3.2. Let J ∈ JR. For any u ∈ M̂(L, J) there exists no σ ∈
Aut(D2) such that

R ◦ u ◦ ρ ◦ σ = u.

In particular, the fixed point set of Rj is empty for j = 0, 1.

Remark 3.3. While the fact that Fix(R1) = ∅ will be used to show that
the count of discs is even, the fact that Fix(R0) = ∅ is needed to prove
equivariant transversality.

The idea of the proof is the following. If u satisfies R ◦ u ◦ ρ ◦ σ = u
for some σ ∈ Aut(D2), then we can decompose [u] into two J-holomorphic
discs [u1] and [u2] in π2(M,L) with µ[uj ] ≥ 2. This is impossible since then
µ[u] = µ[u1] + µ[u2] ≥ 4. We first need the following lemma.

Lemma 3.4. Let u : (D2, ∂D2) → (M,L) be a simple J-holomorphic disc.
Suppose that there exists σ ∈ Aut(D2) such that

R ◦ u ◦ ρ ◦ σ = u.

Then ρ̃ := ρ ◦ σ is an involution on D2 and Fix(ρ̃) is a simple smooth arc
with ends in ∂D2.
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Proof. Suppose that there exists σ ∈ Aut(D2) such that

(3.2) R ◦ u ◦ ρ ◦ σ = u.

The diffeomorphism ρ̃ = ρ ◦ σ : D2 → D2 is antiholomorphic. Applying (3.2)
twice we obtain

(3.3) u ◦ ρ̃2 = u.

For a given z ∈ D2 choose a sequence of zν ∈ Inj(u) converging to z. From
(3.3) we have ρ̃2(zν) = zν for all ν ∈ N, and hence ρ̃2(z) = z. This proves that
ρ̃ is an involution on D2. Since ρ̃ is an antiholomorphic involution of D2,
it is conjugated to complex conjugation z 7→ z̄ and hence Fix(ρ̃) is a simple
smooth arc with ends in ∂D2. See also [9, Theorem 3.3] for a topological
result. □

The energy of a smooth disc u : (D2, ∂D2) → (M,L) is defined by

E(u) =
1

2

∫

D2

|du|2 dvol,

where dvol denotes the standard volume form on D2 and the norm | · | is
induced by the metric gJ = ω(·, J ·). If u is J-holomorphic, then

E(u) = ω(u) :=

∫

D2

u∗ω.

We observe that E(u) > 0 if and only if there exists z ∈ D2 such that u(z) ∈
M \ L. The next step is to show the following.

Lemma 3.5. Let u : (D2, ∂D2) → (M,L) be a simple J-holomorphic disc
with positive energy E(u) > 0. Suppose that there exists σ ∈ Aut(D2) such
that

(3.4) R ◦ u ◦ ρ ◦ σ = u.

Then there exist J-holomorphic discs uj : (D
2, ∂D2) → (M,L) with E(uj) >

0 for j = 1, 2, such that [u] = [u1] + [u2] ∈ π2(M,L) and E(u1) = E(u2).

Proof. We again write ρ̃ = ρ ◦ σ. By Lemma 3.4, the map ρ̃ is an involution
and Fix(ρ̃) divides D2 into two closed discs D1 and D2 with the following
properties:
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(i) D2 = D1 ∪D2,

(ii) Fix(ρ̃) = D1 ∩D2,

(iii) ρ̃(D1) = D2.

See the right drawing in Figure 1. The third property follows from the fact
that ρ̃ is orientation-reversing. We shall construct two J-holomorphic discs
uj : (D

2, ∂D2) → (M,L) for j = 1, 2 with E(uj) > 0, which are extracted
from the regions D1 and D2.

Choose a biholomorphism ϕ1 from int(D2) to int(D1) that extends to
a continuous map from D2 to D1, see for example [24, Proposition 5.3].
By (3.4), we observe that u(z) ∈ L for all z ∈ Fix(ρ̃). Consider the continu-
ous map

u1 := u ◦ ϕ1 : (D
2, ∂D2) → (M,L),

which is smooth and J-holomorphic on int(D2). Since u has a finite energy,
so does u1. By removable singularities on the boundary [24, Theorem B.1],
u1 extends to a smooth map on D2 (still denoted by u1) and hence is a J-
holomorphic disc with boundary on L. Similarly, using the biholomorphism
ϕ2 := ρ̃ ◦ ϕ1 ◦ ρ̃ from int(D2) to int(D2), we obtain the J-holomorphic disc
corresponding to D2,

u2 : (D
2, ∂D2) → (M,L)

such that u2 = u ◦ ϕ2 on int(D2). See Figure 1. By construction, we obtain
[u] = [u1] + [u2] ∈ π2(M,L) and E(u) = E(u1) + E(u2). It remains to show

that E(u1) = E(u2). Since E(uj) =

∫

D2

u∗jω <∞ and

∫

D2

u∗jω =

∫

int(D2)
u∗jω

for j = 1, 2, it suffices to show that

∫

int(D2)
u∗1ω =

∫

int(D2)
u∗2ω.

To see this, using (3.4) we observe that on int(D2),

R ◦ u1 ◦ ρ̃ = R ◦ u ◦ ϕ1 ◦ ρ̃ = u ◦ ρ̃ ◦ ϕ1 ◦ ρ̃ = u2.
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Therefore, we verify that
∫

int(D2)
u∗2ω =

∫

int(D2)
(R ◦ u1 ◦ ρ̃)

∗ω

=

∫

int(D2)
ρ̃∗u∗1R

∗ω

= −

∫

int(D2)
ρ̃∗u∗1ω

=

∫

int(D2)
u∗1ω.

The last equality follows from the fact that ρ̃ is orientation-reversing. This
proves that E(u1) = E(u2) and completes the proof. □

D2

D2

ϕ1

ϕ2

D1

D2

Fix(ρ̃)

Figure 1: The description of the maps ϕj : D
2 → Dj .

Remark 3.6. In Lemmata 3.4 and 3.5, we do not require that L is mono-
tone.

We are ready to prove Theorem 3.2.

Proof of Theorem 3.2. Suppose to the contrary that R ◦ u ◦ ρ ◦ σ = u for
some σ ∈ Aut(D2). Since µ(u) = 2, the disc u is simple. By Lemma 3.5,
there exists J-holomorphic discs u1 and u2 with E(uj) > 0 for j = 1, 2, such
that [u] = [u1] + [u2] ∈ π2(M,L) and E(u1) = E(u2). By the monotonicity
of L, we have µ[u1] = µ[u2] ≥ 2. Hence, we obtain

µ[u] = µ[u1] + µ[u2] ≥ 4,

which contradicts to the assumption that µ[u] = 2. □
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3.3. Equivariant transversality

Since the involution R0 has no fixed point by Theorem 3.2, we achieve
transversality by a local perturbation of an almost complex structure J
in JR.

We explain relevant notations that will be used in this section. Fix p > 2.
For J ∈ J and u : (D2, ∂D2) → (M,L) with ∂̄J(u) = 0, let

Du : W
1,p(u∗TM, u|∗∂D2TL) → Lp(u∗TM)

be the Cauchy–Riemann type operator given by the linearization of the holo-
morphic curve equation ∂̄J(u) = 0, whereW 1,p(u∗TM, u|∗∂D2TL) denotes the
Banach space of W 1,p-sections of u∗TM with Lagrangian boundary condi-
tion u|∗∂D2TL and Lp(u∗TM) denotes the Banach space of Lp-sections of
u∗TM . By the Riemann–Roch theorem [27, Theorem C.1.10], the operator
Du is Fredholm and its index is given by

ind(Du) = n+ µ(u),

where µ(u) is the Maslov index of the disc u. See [26, Theorem C.3.6] for
the index computation. The virtual dimension of the moduli space M1(L, J)
at [u] is given by

vir-dim[u]M1(L, J) = n+ µ[u]− 2 = n.

We say that J ∈ J is regular if the operator Du is surjective for all u ∈
M̂(L, J). If J is regular, then by the implicit function theorem M1(L, J) is
a smooth manifold and the (local) virtual dimension of M1(L, J) is the di-
mension of M1(L, J). In the sprit of equivariantly regular points introduced
in [13, Section 4] and [21, Section 5c], we denote by

InjR(u) =
{
z ∈ Inj(u) | u(z) /∈ R(u(D2))

}

=
{
z ∈ D2 | du(z) ̸= 0, u−1(u(z)) = {z}, u(z) /∈ R(u(D2))

}

the set of R-injective points of u.
Fix J ∈ JR. Recall that R̂(u) = R ◦ u ◦ ρ is defined in (3.1). We begin

with the following basic fact.

Lemma 3.7. A J-holomorphic disc u is simple if and only if R̂(u) is sim-
ple.



✐

✐

“3-Kim” — 2021/3/16 — 0:55 — page 132 — #12
✐

✐

✐

✐

✐

✐

132 Joontae Kim

Proof. This follows from the fact that R and ρ are diffeomorphisms. □

The following lemma is the crucial ingredient to prove equivariant
transversality. This is the analogue of [21, Lemma 5.12].

Lemma 3.8. Let u ∈ M̂(L, J). Then InjR(u) is open and dense in D2.

Proof. We first observe that

InjR(u) = Inj(u) ∩ S
(
u, R̂(u)

)
,

where S
(
u, R̂(u)

)
=

{
z ∈ D2 | u(z) /∈ R(u(D2))

}
is the open set defined in

(5.1). Hence, InjR(u) is open. It remains to prove that InjR(u) is dense
in D2. To show this, it suffices to show that S

(
u, R̂(u)

)
is dense. Note that

ρ(D2) = D2 and ρ(∂D2) = ∂D2. By Theorem 3.2, we know R0[u] ̸= [u] in
M0(L, J), equivalently,

R ◦ u ◦ ρ ◦ σ ̸= u for any σ ∈ Aut(D2).

Since u is simple, so is R̂(u) by Lemma 3.7. By Proposition 5.2, we have
u(D2) ̸= R(u(D2)) or u(∂D2) ̸= R(u(∂D2)). Since u(∂D2) ⊂ L = Fix(R),
we obtain

R(u(∂D2)) = u(∂D2)

and therefore u(D2) ̸= R(u(D2)). It now follows from Proposition 5.4 that
S
(
u, R̂(u)

)
is dense. □

We now prove the equivariant transversality following arguments in [21,
Proposition 5.13].

Theorem 3.9. There exists a Baire subset J reg
R ⊂ JR which has the prop-

erty that every J ∈ J reg
R is regular.

Proof. Fix a positive integer ℓ. We abbreviate by

J ℓ
R = {J ∈ JR | J is of class Cℓ}.

Its tangent space TJJ
ℓ
R at J consists of Cℓ-sections Y : M → End(TM)

satisfying

(i) Y = Y ∗ = JY J , where Y ∗ denotes the adjoint operator with respect
to the metric gJ = ω(·, J ·),

(ii) R∗Y = −Y .
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For u ∈ M̂(L, J) and J ∈ J ℓ
R we consider the operator (given by the lin-

earization of the holomorphic curve equation ∂̄J(u) = 0 regarding (u, J) as
variables)

D̃u,J : W
1,p(u∗TM, u|∗∂D2TL)⊕ TJJ

ℓ
R → Lp(u∗TM)

(ξ, Y ) 7→ Duξ + Y (u)∂tu.

Since Im(Du) ⊂ Im(D̃u,J) and Du has finite dimensional cokernel, so does

the operator D̃u,J . Hence, D̃u has closed image. To show that D̃u,J is surjec-

tive, it therefore suffices to prove that the image of D̃u,J is dense. Assume to
the contrary that there exists a nonzero Z ∈ Lq(u∗TM), with 1/p+ 1/q = 1,
which satisfies

∫

D2

ω(Duξ, J(u)Z) dvol = 0, for all ξ ∈W 1,p(u∗TM, u|∗∂D2TL),
∫

D2

ω(Y (u)∂tu, J(u)Z) dvol = 0, for all Y ∈ TJJ
ℓ
R.(3.5)

The first equation implies that Z is of class W 1,q and D∗

uZ = 0, where D∗

u

denotes the formal adjoint operator of Du. By elliptic regularity, Z is of
class Cℓ.

Claim. Z(z) = 0 for all z ∈ InjR(u).

Assume, by contradiction, that Z(z0) ̸= 0 for some z0 ∈ InjR(u). By linear
algebra (see [26, Lemma 3.2.2]), we can choose Yz0 ∈ End(Tz0M) such that
Yz0 = Y ∗

z0 = J(u(z0))Yz0J(u(z0)) and Yz0∂tu(z0) = Z(z0). Take any section
Y ∈ TJJ

ℓ such that Y (u(z0)) = Yz0 . Choose a neighborhood V ⊂ D2 of z0
such that ω(Y (u)∂tu, J(u)Z) > 0 on V . Since u(D2 \ V ) and R(u(D2)) are
compact and u(z0) /∈ u(D2 \ V ) ∪R(u(D2)) (this follows as z0 ∈ InjR(u)),
there exists a neighborhood U ⊂M of u(z0) such that

u(D2 \ V ) ∩ U = ∅ = R(u(D2)) ∩ U.

Using a bump function supported in U , we construct a nonequivariant
Y ∈ TJJ

ℓ such that ω(Y (u)∂tu, J(u)Z) > 0 on a small neighborhood V ′ ⊂
V of z0 and vanishes outside this neighborhood, yielding that the inte-
gral (3.5) with this Y is strictly positive. One directly checks that R∗Y :=
R∗Y R∗ ∈ TJJ

ℓ. We consider the averaged tangent vector Ỹ = Y −R∗Y ∈
TJJ

ℓ
R, which is now equivariant, i.e., R∗Ỹ = −Ỹ . We claim that the inte-

gral (3.5) with Ỹ is still strictly positive, which completes the above claim.
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To see this, it suffices to show that the integral (3.5) with R∗Y vanishes.
Since R(u(D2)) ∩ U = ∅, the vector R∗Y vanishes on D2. This implies that
R∗Y (u)∂tu(z) = 0 for all z ∈ D2, which proves the subclaim. Hence, this
proves the claim that Z(z) = 0 for all z ∈ InjR(u).

Since InjR(u) is dense in D2, we deduce that Z ≡ 0 so that the opera-
tor D̃u is surjective. The remaining proof is fairly standard, i.e., applying
the parametric transversality theorem and Taubes’ trick. We refer to [26,
Section 3.2]. □

4. Proofs of the main theorem and Theorem A

We are in position to prove the main theorem.

Proof of Main Theorem. By Theorem 3.9, we can choose J ∈ J reg
R . Since

the involution R1 has no fixed point by Theorem 3.2, the restriction R1 to
ev−1(x) has no fixed point either. In other words, the elements in ev−1(x)
must come in pairs. This proves the theorem. □

As we mentioned in the introduction, we show the following simple topolog-
ical result.

Lemma 4.1. Any Lagrangian torus in S2 × S2 is given by the fixed point
set of a smooth involution.

Proof. Let L be a Lagrangian torus in S2 × S2. By [10, Theorem 1.1], L is
Lagrangian isotopic to TClif , namely there is an isotopy of Lagrangian em-
beddings from L to TClif . By the smooth isotopy extension theorem, we
choose an ambient isotopy ϕt, t ∈ [0, 1] of S2 × S2 from L to TClif , i.e., ϕt are
diffeomorphisms for all t ∈ [0, 1], ϕ0 = idS2

×S2 and ϕ1(L) = TClif . We write
RClif for the obvious antisymplectic involution on S2 × S2 with fixed point
set TClif = Fix(RClif). For simplicity, we let ϕ := ϕ1. Consider the smooth
involution on S2 × S2 given by

RL := ϕ−1 ◦RClif ◦ ϕ.

We claim that Fix(RL) = L. This follows from the observation that

x ∈ Fix(RL) ⇐⇒ RClif

(
ϕ(x)

)
= ϕ(x)

⇐⇒ ϕ(x) ∈ TClif

⇐⇒ x ∈ ϕ−1(TClif) = L.

This completes the proof of the lemma. □
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Proof of Theorem A. Results of Chekanov–Schlenk [5, Lemmata 5.2 and 5.3]
say that for any x∈TChek the number of elements in ev−1(x)⊂M1(TChek, J0)
is five and they are regular with respect to the standard almost complex
structure J0. Thus we have n(TChek) = 1 ∈ Z2. By the main theorem, the
Chekanov torus TChek in S2 × S2 is not real. On the other hand, it follows
from Lemma 4.1 that TChek is the fixed point set of a smooth involution. □

5. Appendix

5.1. Some properties of J-holomorphic discs

Throughout this appendix, we assume the following setup. Let (M,ω) be
a symplectic manifold and let L be a Lagrangian in M . Fix J ∈ J . We
consider two J-holomorphic discs uj : (D

2, ∂D2) → (M,L) for j = 1, 2.
The following lemma is a typical application of the (relative) Carleman

similarity principle. See [34, Proposition 2.1] or [24, Theorem 3.5].

Lemma 5.1. Let u : U →M be a nonconstant J-holomorphic disc defined
on a connected open set U ⊂ D2. Then the following sets are finite:

• The set of critical points crit(u) := {z ∈ U | du(z) = 0} of u,

• the preimage u−1(x) for each x ∈M .

The following proposition is proved in [25, Theorem 4.13]. See also [26,
Corollary 2.5.4] for the case of J-holomorphic spheres.

Proposition 5.2. Suppose that u1 and u2 are simple. Then u1(D
2) =

u2(D
2) and u1(∂D

2) = u2(∂D
2) if and only if there exists σ ∈ Aut(D2) such

that u1 = u2 ◦ σ.

The following proposition can be regarded as the global version of the
(relative) Carleman similarity principle. For the reader’s convenience, we
reproduce [1, Proposition 5.1.3] here.

Proposition 5.3. Suppose that u1(D
2) ̸= u2(D

2). If there exist sequences
z1ν , z

2
ν ∈ D2 such that

• zjν → zj0 ∈ D2 for j = 1, 2,

• zjν ̸= zj0 for all ν ∈ N and j = 1, 2,

• u1(z
1
ν) = u2(z

2
ν) for all ν ∈ N (and hence u1(z

1
0) = u2(z

2
0)),
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that is, u1(z
1
0) = u2(z

2
0) is a limit point of intersections u1(D

2) ∩ u2(D
2),

then zj0 ∈ crit(uj) for j = 1, 2.

Motivated by the notation in [21, Lemma 5.12], we abbreviate by

(5.1) S(u1, u2) := {z ∈ D2 | u1(z) /∈ u2(D
2)} =

(
u−1
1 (u2(D

2))
)c
.

It is clear that S(u1, u2) is open. For the following, see also [26, Proposi-
tion 2.4.4] in the case of spheres.

Proposition 5.4. Suppose that u1 and u2 are simple and u1(D
2) ̸= u2(D

2).
Then S(u1, u2) is open and dense in D2.

Proof. It suffices to show that S(u1, u2) is dense. Arguing by contradiction
we assume that S(u1, u2) is not dense. Then there exists an open set U in D2

such that U ∩ S(u1, u2) = ∅. Since crit(u1) is finite, we can pick a point z0 ∈
U \ crit(u1). Choose a sequence zν ∈ U \ {z0} that converges to z0. Since
we know

u1(U) ⊂ u2(D
2)

and hence u1(zν) ∈ u2(D
2), we can choose a sequence wν ∈ D2 such that

(5.2) u1(zν) = u2(wν) for all ν ∈ N

and wν → w0 ∈ D2. By a limit argument, we obtain u1(z0) = u2(w0). Recall
that z0 is not a critical point of u1. By Proposition 5.3, we must have that
wν = w0 for all large ν ≫ 1. (Otherwise, z0 ∈ crit(u1).) From (5.2), we see
that

zν ∈ u−1
1 (u2(w0))

for all large ν ≫ 1. Hence, the set u−1
1 (u2(w0)) consists of infinitely many

points, which contradicts Lemma 5.1. This completes the proof. □

5.2. A simple proof of the Main Theorem for S
2
× S

2

In the particular case of a monotone S2 × S2, we give a short proof of the
main theorem which contains simple but interesting ideas.

Let L = Fix(R) be a real Lagrangian with NL = 2 in S2 × S2, where R is
an antisymplectic involution of S2 × S2. Fix J ∈ JR. We define the moduli
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space of Maslov index 2 J-holomorphic discs with boundary on L passing
through x ∈ L,

M(L, J ;x) = {u ∈ M̂(L, J) | u(1) = x}/Aut(D2, 1),

where M̂(L, J) is defined in (2.1). The following observation is simple, but
not obvious.

Lemma 5.5. Let J ∈ JR. Then any Maslov index 2 J-holomorphic disc in
S2 × S2 with boundary on L is embedded.

Proof. Let u be such a disc in S2 × S2. Note that S2 ∼= CP 1 is the union
of two closed discs D1 and D2 such that D1 is identified with the unit disc
D2 ⊂ C and D2 = ρ(D1), where ρ(z) = z̄−1 is the antiholomorphic involu-
tion of CP 1 = C ∪ {∞}. We define its double u♯ as the J-holomorphic sphere

u♯ : S2 → S2 × S2, u♯(z) =

{
u(z), z ∈ D1

∼= D2,

R(u(ρ(z))), z ∈ D2,

which is smooth by the Schwarz reflection principle. Recall that H1(S
2 ×

S2;Z) is generated by the homology classes A1 = [S2 × {pt}] and A2 =
[{pt} × S2]. Since c1(S

2 × S2)[u♯] = µ(u) = 2, we deduce that [u♯] = kA1 +
(1− k)A2 for some k ∈ Z. Note that the minimal Chern number of S2 × S2

is 2 and hence that u♯ is simple. It follows from the adjunction inequality,
see [26, Theorem 2.6.4] and [33, Theorem 2.51], that

(5.3) [u♯] • [u♯]− c1(S
2 × S2)[u♯] + χ(S2) = 2k(1− k) ≥ 0,

which implies that [u♯] = Ai for some i = 1, 2. Moreover, since the equality
holds in (5.3), we deduce that u♯ is embedded. As a result, the half disc u
is embedded as well. □

The automatic transversality result of Hofer–Lizan–Sikorav [20, Theorem 2
and Remark (1) on pg. 151] implies that any embedded J-holomorphic disc
of Maslov index 2 is regular, i.e., its associated operator Du defined in Sec-
tion 3.3 is surjective. Hence, we obtain the following immediate consequence
of Lemma 5.5.

Proposition 5.6. Every J ∈ JR is regular.

By Gromov’s compactness theorem, M(L, J ;x) is a compact zero di-
mensional smooth manifold for all J ∈ JR. The mod 2 cardinality of the
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finite set M(L, J ;x) defines the invariant n(L) ∈ Z2, which is independent
of the choice of J ∈ JR and x ∈ L. To show that n(L) = 0, consider the
involution R of M(L, J ;x) defined by

R[u] = [R ◦ u ◦ ρ],

where ρ is complex conjugation on D2 ⊂ C.

Proposition 5.7. The involution R has no fixed point.

Proof. Assume to the contrary that [u] ∈ M(L, J ;x) is a fixed point of R.
Then the image of u is R-invariant, i.e., Imu = R(Imu). Since u is embedded
by Lemma 5.5, we can define the antiholomorphic diffeomorphism of D2,

ψ := u−1 ◦R ◦ u.

Using the fact that u(z) ∈ L = Fix(R) for all z ∈ ∂D2, we see that ψ|∂D2 =
id. Since there is no antiholomorphic diffeomorphism on D2 which is the
identity on the boundary, this is a contradiction. □

As a result, we obtain a simplified proof of the main theorem for S2 × S2,
which is enough to prove Theorem A.

5.3. The doubling construction

Inspired by the doubling construction of Hofer–Lizan–Sikorav, we explain
an alternative proof of equivariant transversality addressed in Section 3.3.

Let (M,ω) be a closed spherically monotone symplectic manifold and
let L = Fix(R) be a real Lagrangian with NL = 2 in M . Fix J ∈ J ℓ

R ⊂ J ℓ

of class Cℓ for a large ℓ ≥ 1. A real rational curve u′ : S2 →M is a J-
holomorphic sphere u′ satisfying R ◦ u′ ◦ ρ = u′, where ρ(z) = z̄−1 is the
antiholomorphic involution on S2 ∼= CP 1. For a J-holomorphic disc u :
(D2, ∂D2) → (M,L) of Maslov index 2 we write u♯ : S2 →M for its double,
which is a real rational curve of Chern number 2. Note that the minimal
Chern number of M is 2 as NL = 2. Since J-holomorphic spheres of Chern
number 2 are necessarily simple, the corresponding universal moduli space,

M(J ℓ) = {(u′ : S2 →M,J) | ∂̄J(u
′) = 0, c1(u

′) = 2, J ∈ J ℓ}

is a Banach manifold, see [26, Proposition 3.2.1]. Consider the involution R′

of M(J ℓ) defined by

R′(u′, J) := (R ◦ u′ ◦ ρ,−R∗J).
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Its fixed point set

Fix(R′) = {(u′, J) ∈ M(J ℓ) | R ◦ u′ ◦ ρ = u′, J ∈ J ℓ
R}

defines the universal moduli space of real rational curves of Chern number 2,
which is a Banach submanifold of M(J ℓ), see [32, Proposition 1.9]. Hence,
we can consider the projection

π′ : Fix(R′) → J ℓ
R, π′(u′, J) = J,

whose linearization dπ′ at (u′, J) is a Fredholm operator with the same
index as Du′ . Here the operator Du′ : W 1,p(u′∗TM) → Lp(Λ0,1 ⊗J u

′∗TM)
is given by the linearization of the holomorphic curve equation for the case
of spheres. By the Sard–Smale theorem, the set of regular values of π′ is a
Baire subset J ℓ,reg

R of J ℓ
R.

Now suppose that u is a Maslov index 2 J-holomorphic disc with bound-
ary on L. Then the doubling construction of Hofer–Lizan–Sikorav [20, Sec-
tion 4 and Proposition on pg. 158] says that if the operator

Du♯ : W 1,p((u♯)∗TM) → Lp(Λ0,1 ⊗J (u♯)∗TM)

is surjective, then so is the operator corresponding to the disc u,

Du : W
1,p(u∗TM, u|∗∂D2TL) → Lp(Λ0,1 ⊗J u

∗TM).

This reproves Theorem 3.9 with respect to the Cℓ-topology, and Taubes’
trick completes the proof.
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