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Polyfold regularization of constrained
moduli spaces

BENJAMIN FILIPPENKO

We introduce tame sc-Fredholm sections and slices of sc-Fredholm
sections. A slice is a notion of subpolyfold that is compatible with
the sc-Fredholm section and has finite locally constant codimen-
sion. We prove that the subspace of a tame polyfold that satisfies
a transverse sc-smooth constraint in a finite dimensional smooth
manifold is a slice of any tame sc-Fredholm section compatible with
the constraint. Moreover, we prove that a sc-Fredholm section re-
stricted to a slice is a tame sc-Fredholm section with a drop in
Fredholm index given by the codimension of the slice. As a corol-
lary, we obtain fiber products of tame sc-Fredholm sections. We
describe applications to Gromov-Witten invariants, constructing
the Piunikhin-Salamon-Schwarz maps for general closed symplec-
tic manifolds, and avoiding sphere bubbles in moduli spaces of
expected dimension 0 and 1.
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1. Introduction

Polyfold theory, developed by Hofer-Wysocki-Zehnder [10] [11] [12] [13] [14]
[15] [16], is an analog of classical nonlinear Fredholm theory designed to re-
alize compact moduli spaces, e.g. Gromov-Witten moduli spaces and Floer
trajectory spaces, as zero sets of sc-Fredholm sections of polyfold bundles.
See the polyfold survey [2] for an overview and a discussion of applications.
The abstract polyfold machinery provides perturbations such that the per-
turbed sc-Fredholm section is transverse to zero, and hence the perturbed
solution space has smooth structure by a polyfold implicit function theorem.
Crucially, the perturbations can be chosen so that the perturbed solution
space remains compact. This process, beginning with the description of the
compact moduli space as the zero set of a sc-Fredholm section and ending
with the smooth compact perturbed solution space, is colloquially referred
to as “polyfold regularization” of a moduli space.

Often in symplectic topology we wish to constrain moduli spaces of pseu-
doholomorphic curves to consist of those curves satisfying intersection con-
ditions with submanifolds. For example, Gromov-Witten invariants can be
defined as counts of curves whose marked points evaluate to submanifolds.
Any fiber product of moduli spaces over evaluation maps is another example
of such a constraint. The evaluation maps are usually not transverse on the
moduli space, however they extend to the ambient polyfold and here they
are submersive. Using this transversality, we construct in this paper the con-
strained polyfold and the constrained sc-Fredholm section. This provides an
abstract tool to regularize constrained moduli spaces, whenever the original
moduli space is given as the zero set of a sc-Fredholm section.

We state our theorems and outline the structure of the paper in Sec-
tion Then in Section [1.2] we explain applications to Gromov-Witten in-
variants (Section [1.2.1)), constructing the Piunikhin-Salamon-Schwarz maps
(Section to prove the weak Arnold conjecture for general closed sym-
plectic manifolds (see [3] for details), and avoiding sphere bubbles in per-
turbed moduli spaces of expected dimension 0 and 1 (Section 1.2.3).
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1.1. Results and outline

The main goal of this paper is to prove the M-polyfold and ep-groupoid
(with boundary and corners) versions of the following classical Facts
from non-linear Fredholm theory over Banach manifolds.

Fact 1.1. (Restrictions of Fredholm sections to sub-Banach mani-
folds) Consider a Banach manifold B, a smooth Banach bundlep : E — B,
and a Fredholm section s: B — E with Fredholm index ind.(s) for x €
B. If B C B is a codimension-n sub-Banach manifold, then the restric-
tionp: E := p*}(B) — B is a smooth Banach bundle and the restricted sec-

tion §:=s|5: B — E is a Fredholm section with Fredholm index satisfying
ind;(3) = ind,(s) —n for x € 51(0) C B.

Proof. Let x € B and consider an open neighborhood U C B of z and local
trivialization U x F — U of p. Then U := U N B is an open neighborhood of
zin B and U x F — U is a local trivialization of p. Smooth compatibility
of local trivializations of p constructed in this way follows from smooth
compatibility of the local trivializations of p. Hence p is a smooth Banach
bundle. Suppose s(z) = 0. The differential of the section s at x projected to
the fiber is a bounded linear map D,s : T,U — F satisfying dim ker(D,s) —
dim coker(Dys) = ind,(s) by definition of Fredholm index. Since ¢ : T,U —
T, U is a linear codimension-n embedding and D,§ = D so ¢ : TxU — F, an
exercise in linear algebra shows that ind,(5) = ind;(s) — n. O

Fact below follows from Fact together with the codimension-n
Banach manifold charts provided by the normal form of a C! local submer-
sion to R™, for which we provide a proof (in the context of boundary and
corners) in Lemma [2.1| for later use.

Fact 1.2. (Transverse preimages are sub-Banach manifolds) Con-
sider a Banach manifold B, a finite dimensional smooth manifold Y together
with a codimension-n submanifold N CY, and a smooth map f: B — Y.
Assume that f is transverse to N.

Then, B := f~Y(N) is a codimension-n sub-Banach manifold of B. In
particular, if s : B — E is a Fredholm section of a smooth Banach bundle
p: E — B, then the restriction p: E := p‘l(B) — B is a smooth Banach
bundle and the restricted section 5:= s|g : B — E is a Fredholm section
with Fredholm index satisfying ind,(8) = ind,(s) —n for x € 1(0) C B.
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The M-polyfold versions (with boundary and corners) of the above facts
are our main theorems, Theorem [5.8/and Theorem [5.10} proved in Section [5|
The generalizations of these theorems to the ep-groupoid case, which are re-
quired in applications to handle nontrivial isotropy groups, are Corollary[6.7]
and Corollary [6.8] proved in Section[6] In Section[7] we obtain fiber products
of tame sc-Fredholm sections as Corollary See the end of this section
for a further description of the ep-groupoid situation and how to use it to
perform these constructions on polyfolds.

The sections preceding Sections 5-7 are concerned with the local M-
polyfold constructions required to prove the theorems. These are the tech-
nical heart of the paper. In Section [2) the main result (Lemma is a
normal form of a local sc-smooth submersion from a sc-Banach space to R”,
obtained by a change of coordinates in the domain. This can be viewed as
an implicit function theorem in sc-calculus in the case of a finite dimensional
target. Note that implicit function theorems of this type do not hold in gen-
eral in sc-calculus; see [4]. In Section 3] we introduce sliced sc-retracts, sliced
bundle retracts, and sliced sc-Fredholm germs, and establish their proper-
ties. Most importantly, these objects induce codimension-n sub-objects that
are the local models for the constrained polyfolds and sc-Fredholm sections
constructed in this paper; see Lemmas We also introduce tame
sc-Fredholm germs, which are a special class of sc-Fredholm germ in which
the change of coordinates to basic germ form is linear. It is necessary for our
constructions that all sc-Fredholm sections are locally modeled on tame sc-
Fredholm germs, which holds in applications; see Section for a discussion
of examples. In Section [} we prove the technical Lemma [£.2] which states
that the sliced objects introduced in Section [3| are obtained from tame sc-
retracts, tame bundle retracts, and tame sc-Fredholm germs, via the change
of coordinates in the domain obtained from a submersion to R™ described
in Section 2

We proceed to describe the global objects used in our constructions,
introduce notation, and then state our main theorems.

Throughout, we denote M-polyfolds B, strong M-polyfold bundles p :
& — B, and sc-Fredholm sections ¢ : B — £. The central objects developed
in this paper are tame sc-Fredholm sections o : B — £ (Definition and
slices B C B (Definition of sc-Fredholm sections. They are locally mod-
eled on tame sc-Fredholm germs (Definition and sliced sc-Fredholm
germs (Definition , respectively. A slice is a new notion of a finite codi-
mension M-polyfold B embedded in B that is compatible with o. These no-
tions are related by our main Theorems|5.8] Roughly, the theorems are
as follows, with precise statements given below. Given a tame sc-Fredholm
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section ¢ : B — £ and a sc-smooth map f: B — Y to a finite dimensional
manifold Y that is o- compatlbly transverse (Definition |5.9 n ) to a submani-
fold N C Y, then f~'(N) is a slice of 0. Moreover, given a slice B C B of
a sc-Fredholm section o : B — &£, the restriction 0|z is tame sc-Fredholm.
In Section we explain why the Cauchy-Riemann section d;: B — & is
tame sc-Fredholm and why evaluation maps ev: B — Y at marked points
are 0 j-compatibly transverse to every submanifold N C Y.

Before we state the theorems, we briefly recall some more polyfold no-
tation. See Section [5| for more detail. Given an M-polyfold B, there is a
filtration B = By D By D --- induced by the sc-structures in local charts.
Each filtration level B,, has its own topology which is not the subspace
topology, but the inclusions are continuous and dense. The smooth points
of B are the subset By := My,>0B8,, which is also dense in B. For x € B, the
degeneracy index dg(x) is the number of distinct local boundary faces of B
intersecting at x.

The following result is the M-polyfold analog of Fact [I.I} See Corol-
lary for the generalization to ep-groupoids.

Theorem (Restrictions of sc-Fredholm sections to slices)

(I) Consider a tame M-polyfold B and a slice B C B (Deﬁnitian.} Then,
B is a tame M -polyfold with atlas induced by the sliced charts with re-
spect to B C B. Forz € Bl, the codimension cod@mx(B C B) is well- deﬁned
and locally constant in B, i.e. it equals codzmm/(B C B) for every z' in an
open neighborhood of x in B. For x € Bu, the degeneracy index satisfies

dg(x) = dp(x).

(IT) Consider, in addition, a tame strong bundle p : & — B. IfBCBisa
slice of p, then the restriction p:= p|z : € :== p~'(B) — B is a tame strong
bundle with atlas induced by the sliced bundle charts for p with respect to
B CB.

(IIT) Consider, in addition, a sc-Fredholm section o : B — E. If BC B is
a slice of o, then the restriction ¢ = oz : B — & is a tame sc-Fredholm
section (Deﬁnition of p with tame sc-Fredholm charts induced by the
sliced sc-Fredholm charts for o with respect to BCB. For z € [;’OO, the
index satisfies ind,(5) = ind, (o) — codimy(B C B). If 0=*(0) is compact
and Bo, C Bo is closed, then 6= (0) is compact.
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Remark 1.3. There are three notions of a slice B C B (Definition
appearing in Theorem [5.8t (I) a slice B C B of a tame M-polyfold, (II) a
slice B C B of a tame strong bundle p: € — B, and (III) a slice B € B of
a sc-Fredholm section o : B — £. Each successive notion requires further
compatibility of the subset B C B with the additional structure. This is
in contrast to the Banach manifold situation in Fact .1 where bundles
and Fredholm sections automatically restrict to any finite codimension sub-
Banach manifold B C B.

The required compatibilities are roughly as follows. (I) There are charts
on B to R"-sliced sc-retracts O (Definition that locally identify B C B
with the induced tame sc-retract O C O from Lemma (IT) There are
bundle charts on p to R™-sliced bundle retracts K (Definition covering
R"-sliced sc-retracts O. In this case, p~!(B) is locally identified with the
induced tame bundle retract K C K from Lemma and the restriction
p~Y(B) — B is locally identified with the induced tame local bundle model
K — O. (III) There are sc-Fredholm charts for ¢ at every z € Bo to R"-
sliced sc-Fredholm germs O — K (Deﬁnition. In this case, the restriction
U~| B l’;i — € is locally identified with the induced tame sc-Fredholm germ
O — K from Lemma

The reason for the further requirements in the M-polyfold setting is the
non-trivial sc-retractions and sc-Fredholm fillings: compatibility of B with
the sc-retractions on B does not imply compatibility of B with the bundle
retractions on & or with the local fillings of o.

We now state our main theorem, which is the M-polyfold analog of the
classical Fact See Corollary for the generalization to ep-groupoids.
See the following Remark for a discussion of the technicalities in the
statement. Given an M-polyfold B, there is an m-shifted M-polyfold B™
for each m > 1 which is obtained by forgetting about the filtration levels
Bo, ..., Bn_1 of B discussed above.

Theorem (Transverse preimages are slices of sc-Fredholm
sections)

(I) Consider a tame M-polyfold B, a smooth manifold Y together with a
codimension-n submanifold N CY, and a sc-smooth map

f:B—=>Y.

Assume that f is transverse to N (Definition .
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Then, there exists an open neighborhood
Bc fFYN)NnB,

of f7HN) N By such that B is a slice of B! with codim,(B c BY) =n for
every x € By = BN By. In particular, B is a tame M -polyfold with degen-
eracy index satisfying dg(z) = dg(z) for all x € By.

(IT) Consider, in addition, a tame strong bundle p: £ — B. Then, there
exists a possibly smaller neighborhood B in (I) that is a slice of the bundle
pler : Y — BL. In particular, the restriction

pi=plg: €:=(pler) ' (B) = B

is a tame strong bundle.

(ITII) Consider, in addition, a tame sc-Fredholm section o : B — £ (Defi-
nition of p. Assume that f is o-compatibly transverse to N (Defini-
tion Then, there exists a possibly smaller neighborhood B in (II) that
is a slice of the tame sc-Fredholm section o|g : Bt — EL. In particular, the
restriction

G=olg:B—¢E

is a tame sc-Fredholm section of p with index satisfying
ind,(6) =indy (o) —n

for all x € Bao. If N is closed as a subset of Y and o~1(0) is compact, then

571(0) is compact.

Remark 1.4.

(i) The notion of o-compatibly transverse (Definition requires com-
patibility between the tangent map D, f at x € f~1(N) N By with the
change of coordinates on the base of the local sc-Fredholm filling of
o at x that brings the filling into basic germ form. See Section [5.1
for an explanation why evaluation maps f = ev at marked points are
compatible with the Cauchy-Riemann section ¢ = 0 in applications.

(ii) The reason Theorem holds only in some neighborhood B of the
smooth points of the preimage fH(N) N By is as follows. The tame
sc-retracts modeling B are built from the subspace of the tangent space
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T,.B at x € f~1(N) that is mapped by the tangent map D, f : T, B —
T'y(z)Y onto Ty(,)N, and this tangent space 7,5 has the structure of a
sc-Banach space only at smooth points z € By,. So we can only hope to
construct a sc-retract modeling a neighborhood of z in f~!(N) around
smooth points x.

(iii) The neighborhood B is open only in the 1-level of the preimage
f7Y(N) N By because, in the proof of the local submersion normal form
in sc-calculus (Lemma , we must 1-shift the sc-Banach space to
obtain C' regularity in order to use the classical C'! local submersion
normal form (Lemma [2.1]).

Remark 1.5. All manifolds Y and submanifolds N C Y in this paper are
smooth, finite dimensional, and without boundary:

ON =0 and 0Y = 0.

This suffices for our initial intended applications to evaluation maps with
target a closed symplectic manifold Y.

It is possible to generalize our theorems to the case where both N and
Y are smooth finite dimensional orbifolds with boundary and corners. This
generalization will be useful in applications. For example, polyfolds B con-
structed for regularization of moduli spaces of pseudoholomorphic curves in
symplectic topology come with an everywhere submersive sc-smooth forget-
ful map B — Y to the Deligne-Mumford space Y consisting of all domains
of curves in B. The Deligne-Mumford space Y usually has an orbifold struc-
ture with non-trivial isotropy, and when the domains have boundary, ¥ has
boundary and corners.

In Section [0} we address the finite isotropy groups arising in applications
to pseudoholomorphic curves by extending our theorems from M -polyfolds
to ep-groupoids. An ep-groupoid is the “orbifold version” of an M-polyfold.
The theory of sc-Fredholm sections over ep-groupoids is the generalization
of sc-Fredholm sections over M-polyfolds that incorporates finite isotropy;
see [16] for a detailed treatment. We review the necessary facts in Section 6]

All of the ep-groupoid results in Section [6] follow from our M-polyfold
results plus additional bookkeeping. In fact, this is a general polyfold phi-
losophy: the M-polyfold situation is where all of the analytic data (e.g. the
sc-structures on base and bundle and the sc-Fredholm properties) is stored.
So, if an application of polyfold theory works assuming that everything in
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sight is an M-polyfold, we expect that there is a suitable upgrade to ep-
groupoids obtained by keeping track of the isotropy using the ep-groupoid
machinery in [I6]. This is the case in this paper.

This polyfold philosophy goes further. When performing any polyfold
construction, one thinks through the details first assuming that everything
is a finite dimensional smooth manifold with boundary and corners. In par-
ticular, sc-Fredholm sections in the finite dimensional setting are the same
as ordinary smooth sections. We expect that any construction that is moti-
vated by regularization of some moduli space of pseudoholomorphic curves,
and that works assuming everything is finite dimensional, will go through
for M-polyfolds and ep-groupoids.

To perform these constructions on polyfolds, it suffices to take repre-
sentative ep-groupoids and then perform the constructions to obtain a rep-
resentative ep-groupoid of a new polyfold. A polyfold [16, Def. 16.3] is a
topological space Z together with an equivalence class of polyfold struc-
tures [16, Def. 16.1]. A polyfold structure for Z is an ep-groupoid together
with a homeomorphism of its orbit space with Z. Polyfold structures are
equivalent [16, Def. 16.2] if they are related by a generalized isomorphism
[16, Def. 10.8] compatible with the homeomorphisms with Z. In particular,
every ep-groupoid defines a canonical polyfold structure on its orbit space.

1.2. Applications

We discuss applications of our polyfold results to pseudoholomorphic curves
in symplectic manifolds.

First, we describe an expected alternative interpretation of Gromov-
Witten invariants, defined using polyfold theory in [15] as integrals of dif-
ferential forms over a perturbed moduli space, as counts of points in a 0-
dimensional constrained moduli space, where the constraints are evaluation
maps at marked points that are required to evaluate to submanifolds. Then
we describe the construction of the Hamiltonian Piunikhin-Salamon-Schwarz
maps for general closed symplectic manifolds, which is carried out in detail in
[3] using our theorems to construct the fiber product of Morse moduli spaces
and Symplectic Field Theory polyfolds [5][6][7][8][9], providing a proof of the
weak Arnold conjecture. Last, we describe a method for perturbing expected
dimension 0 and 1 moduli spaces so that the perturbed moduli space does
not contain any curves with a sphere bubble.

The applicable polyfold results in this paper are the ep-groupoid gener-
alizations of the theorems presented above, because in applications there will
be nontrivial isotropy groups. The ep-groupoid results are in Sections [6][7]
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Throughout, let (Y, w) be a closed symplectic manifold of dimension 2n.

1.2.1. Gromov-Witten invariants. The Gromov-Witten invariants are
defined in [I5] for general closed symplectic manifolds as integrals of differ-
ential forms over the solution set of a perturbed sc-Fredholm section. The
results in this paper provide an expected alternative interpretation as counts
of 0-dimensional perturbed moduli spaces of curves satisfying intersection
conditions with submanifolds. These definitions can be shown to agree by
results in [21].

For a given homology class A € Ho(Y) and integers g, m > 0 satisfying
2g + m > 3, the Gromov-Witten invariant with respect to the fundamental
class [M, ] of the Deligne-Mumford space M, of closed genus g curves
with m marked points is a multilinear map

Upgm: H(V;R)®™ — R.

This map is defined for ay, ..., a, € H*(Y;R) with degrees satisfying |o;| +
-+ o] = 2¢1(A) + (2n — 6)(1 — g) + 2m as follows, and for other choices
of a; it is defined to be 0. For an w-compatible almost complex structure J
on Y, a sc-Fredholm section

0y Xagm— FE
of a polyfold bundle E — X 4 4, with Fredholm index
ind(0y) = 2¢1(A) + (2n — 6)(1 — g) +2m

is constructed in [I5] such that the solution set

7_1 J—

05 (0)=Mgnm(Y,A,J)

is the Gromov compactified moduli space of J-holomorphic curves in Y of
genus g with m marked points that represent the class A. Then the abstract
perturbation theory in [16] provides a scT-multisection A of the bundle so
that the perturbed solution space S(0;,A) is a smooth compact oriented
weighted branched orbifold of dimension

dim S(g], /1) = an(gj)

over which we can integrate differential forms using the integration theory
from [13]. For |a1| + -+ + |am| = ind(9dy), the Gromov-Witten invariant is
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defined by

Upgm(on @ - @ o) = / evi(ar) A ANevy, (o),
S(0,4)

where

evg : Xagm — Y

is evaluation at the k-th marked point.

We now explain how to use the results in this paper to construct the
Gromov-Witten invariant as a count of points in a 0O-dimensional moduli
space of curves evaluating to submanifoldsof Y. Fork =1,... mlet Ly C Y
be an oriented submanifold such that

[Li] = PD(ax) € Hi(Y;R),

where PD denotes the Poincaré dual. Then the codimension of L irL Y
is equal to the degree ||, and so Ly X - -+ X L, is a codimension-ind(0 )
submanifold of Y. The total evaluation map

evy X -+ X €Uyt Xagm = Y™

u s (evi(u),...,evn,(u))

records the positions of all the marked points. Consider the subspace

le---uLnL
A,g,m

= (evy X -+ X evy) (L1 X -+ X Lyy,)
of X 4,g,m, which consists of those curves whose k-th marked point evaluates
to L for every k= 1,...,m. Then

7L17---7L7n

Mg,m (Y, A, J) — 5;1«)) N qu,...,Lm

gym

is the compactified moduli space of J-holomorphic curves u in the moduli
space M, (Y, A, J) satisfying the point constraints evg(u) € Ly for all k =
1,...,m.

To perturb this constrained moduli space M?mL (Y, A,J) so that it
is cut out transversely, we first apply Corollary [6.8 to obtain a description
of ﬂgL,;’l'"’Lm(K A, J) as the zero set of a sc-Fredholm section of a polyfold
bundle, as follows. The hypotheses of Corollary [6.8] are satisfied because the
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total evaluation map
evy X -+ X €Uy Xagm = Y

is submersive, and moreover it is 0 -compatibly transverse to the subman-
ifold Ly X - -+ X Ly, CY™ as explained in Section 5.1l Hence, applying the
corollary, there exists an open neighborhood X C X Alg";'r; ™ of the con-

. : —— L1yl . .
strained moduli space M, """ (Y, A, J) such that the restricted section

yl% - X - E| 5 is sc-Fredholm and has Fredholm index 0. Moreover, the
solution space

(Y, A, J)

is the constrained moduli space. The perturbation theory in [16] then pro-
vides a scT-multisection A of the restricted bundle E| 5= X so that the per-
turbed solution space S(0 J‘;(l (0), A) is a smooth compact oriented weighted
branched orbifold of dimension 0.

Notice that, even after perturbation by /I, all curves

Dl 0) =My

g7m

ue S5 0), 4)
are guaranteed to satisfy the constraints
evi(u) € Ly,

for k=1,...,m since S(5J|;21(0),A~) is contained in Xﬁlg";;’f"‘.
Morally, the weighted count #5(0 J|;~(1(0), A) is the Gromov-Witten in-

variant. To prove the equality
#8015 (0), A) = Vagm(an @ @ ),

one needs perturbations satisfying A = Al 5. It is possible to construct such
perturbations by the result [21, Thm. 1.7, 4.5], which provides a more general
construction of transverse perturbations that are compatible with respect to
pullbacks satisfying suitable properties.

1.2.2. The Piunikhin-Salamon-Schwarz morphism. Let
H:S'xY =R

be a nondegenerate Hamiltonian and (f,g) a Morse-Smale pair with Morse
function

f:Y—=R
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and Riemannian metric g. The original application that motivates this
project is the construction of the Piunikhin-Salamon-Schwarz (PSS) mor-
phism

PSS : Hyorse(y;f’ g) N Hfloer(Y;H),

where HMors¢(Y'; . g) is the Morse homology of (f,g) and HIe (Y H) is
the Floer homology of H. This was originally done under the assumption
that (Y,w) is semi-positive in [20], where it is proved that this map is an
isomorphism, proving the weak Arnold conjecture; see also [19] for a proof. In
[3], we carry out a version of this construction, joint with Katrin Wehrheim,
for general closed symplectic manifolds, proving the Arnold conjecture in
full generality. In this section, we describe the general method of [3] and
how it uses the results of this paper.

The moduli spaces from which the PSS morphism is constructed are as
follows. Consider a critical point p of f, a contractible 1-periodic orbit ~
of the Hamiltonian vector field associated to H, and a singular homology
class A € Ho(Y). Let M(p,Y) denote the compactified moduli space of half-
infinite gradient flow lines 7 : (—o0,0] — Y that limit to p on their infinite
end and evaluate to ev(7) := 7(0) in the unstable manifold of p. The com-
pactification includes broken flow lines that start at p, break at finitely many
other critical points, and end in a half-infinite flow line originating from the
final critical point at which breaking occurs and evaluating to its unstable
manifold. Then M(p,Y) can be given the structure of a smooth compact
manifold with boundary and corners (see for example [23]) equipped with a
smooth evaluation map

evy : M(p,Y) =Y.

Fix smooth capping discs on each periodic orbit of H and an w-compatible
almost complex structure J on Y. Then let M(v, A) denote the moduli space
appearing in Symplectic Field Theory [1] consisting of smooth maps C — X
satisfying the Cauchy-Riemann equation 0 near 0 and the Floer equation
near oo (with a fixed interpolation in between given by a cutoff function that
turns off the Hamiltonian term in Floer’s equation near 0), and such that
the map glued to the capping disc on 7 represents the homology class A.
The compactified moduli space M(~y, A) also includes configurations with
broken Floer trajectories and sphere bubble trees. There is an evaluation
map

evy : M(v,A) =Y
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Figure 1: An element (7,u) in the moduli space M(p,v, A). The red lines
represent 7 € M(p,Y) consisting of a Morse trajectory from p to p’ and a
half-infinite Morse trajectory starting at p’ and evaluating to evy(7) in the
unstable manifold of p’. The green near ev(u) represents the neighborhood
of 0 € C on which the map C — Y satisfies the J-holomorphic curve equa-
tion. As the map limits to the Hamiltonian orbit 4/, the J-curve equation
interpolates in the blue region to Floer’s equation represented in magenta.
A Floer trajectory from ~' to v has broken off. The green circles represent
bubbled off J-holomorphic spheres. The evaluations ev,(7) = ev,(u) agree
since M(p,~, A) is a fiber product.

given by evaluating at 0 € C. The PSS moduli spaces are then the fiber
products

M(p, v, A) == M(p,Y) ev, X ev,, M, A).

See Figure 1 for a diagram of an element of M(p,~, A).

If all choices can be made so that M(p,~, A) is smooth (and of the
expected dimension), then the coefficient of PSS(p) on the generator (v, A)
is defined to be the count #M(p,~, A) if the expected dimension is 0, and
the coefficient is 0 otherwise. Now, for general Y, the compact moduli space
M(~y, A) will not be cut out transversely for any .J, and hence has no reason
to be smooth. Moreover, even if M(7y, A) is cut out transversely, there is no
reason to expect that the fiber product with M(p,Y) is transverse.

In [3], these transversality issues are overcome using the results in this
paper as follows. The Symplectic Field Theory polyfolds in [5][6][7][8][9]
include polyfold bundles

E(v,A) = X(v, A)
and sc-Fredholm sections

o(v,A): X(v, A) = E(v, A)
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with solution set the SFT moduli space
(v, A)7H0) = M(v, A).

Here X (v, A) is the polyfold of broken and nodal maps of the same form
as those in M(v, A) but not necessarily satisfying any equation, and the
section (v, A) is the equation that maps in M(7, A) are required to satisfy.
Moreover there is a sc-smooth evaluation map

evy : X(v,A) =Y

which evaluates at 0 € C. This evaluation map is a submersion on the am-
bient space X (v, A), and it restricts to the evaluation map on the moduli
space evy : M(y,A) =Y.

Applying the fiber product result Corollary [7.3]to the zero section of the
rank-0 bundle over the Morse moduli space M(p,Y) and the sc-Fredholm
section o (v, A), we obtain an open neighborhood X (p,~, A) of the zero set

of the fiber product section

MP,Y) ep, X ew, X(7,4) = E(7, 4)

(1, u) = o (7, A)(u)

evp

such that the restricted section
o(p,v,A) : X(p,7,4) = E(p,v,A) == E(v, A)l x(pr,4)
is sc-Fredholm with index
ind(o(p,v,A)) = dim M(p,Y) + ind(o (v, A)) — 2n.
Its zero set is compact and equal to the PSS moduli space

a(p,7, A)~1(0) = M(p, v, A).

The perturbation theory in [16] then provides a sc™-multisection A of the
polyfold bundle E(p,vy, A) — X (p,, A) so that the perturbed solution space
S(o(p,7,A),A) is a smooth compact weighted branched orbifold; see Fig-
ure 2 for a diagram of an element in S(o(p,~, A), A). The weighted count of
points in this perturbed moduli space provides the definition of the PSS map.
That is, the coefficient of PSS(p) on (v, A) is given by (PSS(p), (v, A)) :=
#S(o(p,v, A), A).
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,7/

evp () = evny (u)

Figure 2: An element (7, u) in the perturbed moduli space S(o(p,~, 4), A) C
M(p,Y) ev, Xev, X (7, A). The red lines represent the broken Morse trajec-
tory 7 € M(p,Y) with finite end evaluating to ev,(7). The region from
evy(u) to 7/ is a map C — Y limiting to the Hamiltonian orbit 4" at oco.
The region in between ' and v represents a cylinder limiting to these orbits
on its two ends, and the circles represent attached sphere bubbles. Together
the white regions represent the element u € X (v, A). They are colored white,
in contrast to Figure 1, to indicate that they do not necessarily satisfy any

equation due to the perturbation A. The evaluations ev,(7) = evy(u) still
agree since S(o(p,~, A), A) is contained in the fiber product.

1.2.3. Avoiding sphere bubbles in expected dimension 0 and 1.
A common mantra in symplectic topology is that “sphere bubbling is a
codimension-2 phenomenon” and hence sphere bubbles do not appear in
regularized moduli spaces of dimension 0 and 1. The notions of a sliced
sc-retract (Definition and a sliced sc-Fredholm germ (Definition
introduced in this paper provide a method for making this precise in the
context of polyfold theory.

For simplicity, we consider the case of a curve with 1 interior node, for
example a curve with a single sphere bubble. This curve naturally sits in-
side a R2-sliced sc-retract (O, R? x C,R? x E) which locally models a neigh-
borhood of the curve in an ambient polyfold. The R2-sliced sc-retraction
r: U — U with image the sc-retract r(U) = O is (roughly) the splicing [16),
Def. 2.18] obtained from pregluing at the node. In particular, O is home-
omorphic to the image of the pregluing map, so conceptually we identify
them. Since pregluing with gluing parameter 0 € R? preserves the node,
the induced tame sc-retract defined in Lemma by O =0n ({0} x C)
consists of the curves in O that have 1 interior node. This formalizes the
notion that a curve with 1 interior node sits inside a codimension-2 stratum
consisting of nearby nodal curves.

Moreover, the Cauchy-Riemann section 8 : @ — K of the local bundle
model K — O is a R2-sliced sc-Fredholm germ, and hence by Lemma 3.10]its
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restriction to O is sc-Fredholm with index satisfying ind(d Jlp) =ind(0s) —
2. If the original section has index satisfying ind(0d;) < 1, i.e. the expected
dimension of the moduli space is < 1, then its restriction to the nodal curves
in O satisfies ’md(a]]@) < 0. So, after perturbing the restricted section, the
transversely cut out zero set must be empty as a smooth object with negative
dimension. Extending this perturbation over all of O, the perturbed zero set
will not intersect O, meaning that the perturbed zero set will not contain
any nodal curves.

This perturbation extension result will be part of a future work, which to
be applied must include an inductive procedure that perturbs and extends
starting with the highest codimension strata corresponding to solutions with
the most nodes. Indeed, a curve with & > 1 nodes sits inside the intersection
of k distinct codimension-2 strata, and this intersection is a codimension-2k
stratum. One must perform the local perturbations and extensions coher-
ently with respect to the intersections of these nodal strata.
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2. Sc-calculus: the normal form of a local sc-smooth
submersion to R"

The purpose of this section is to establish the normal form of a sc-smooth
local submersion f:[0,00)° x E — R™, where E is a sc-Banach space; see
Lemma This is a sc-calculus analog of the classical local submersion
normal form (Lemma in the case where E is an ordinary Banach space
E. In the Banach case, the normal form follows from the inverse function
theorem for C'! maps between open subsets of quadrants [0,00)% x E. The
inverse function theorem does not hold in sc-calculus [4], however, using
relationships between classical differentiability and sc-differentiability, we
leverage the classical normal form to prove the normal form in sc-calculus.
The key ingredient is that the target of these submersions is finite dimen-
sional R™, on which all sc-structures are trivial (i.e. all levels are isomorphic
to the infinity level).
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For completeness, we now provide a proof of the normal form in the
classical Banach case. We view a quadrant [0,00)® x E as a Banach space
with boundary and corners. It suffices to consider neighborhoods in [0, 00)* x
E of a point z that sits in the maximally degenerate corner z € {0} x E.

Lemma 2.1. (Normal form of a C! local submersion to R") Con-
sider a Banach space E, an open subset U C [0,00)® x E for some s € Z>g,
and a C' map f:U — R™. Suppose that, for some point x € U N ({0}* x
E), the tangent map dx(f|0y-xE) : £ — R™ of the restriction to the corner

flunoysx ) is surjective.
Then, for any complement L of K :=ker(d.f)|(0y-xr in E, there exist

open neighborhoods x € U C U and U’ C R™ x [0,00)° x K such that, writ-
ing v € [0,00)° and e € E, the map

g: U—U
(v,e) = (f(v,e),v,pr(e))
is a C'-diffeomorphism, where pr : E=K®L — K is the projection along L.

Proof. Denote the restriction of f to the corner by

i = f‘Uﬂ({O}SXE) :UnN ({O}S X E) — R™.

Then d,f : E — R" is surjective by hypothesis. Let L be any complement
of K =kerd,f in E. In particular, note that this means the restriction

(1) dflp: L — R"
is an isomorphism. Writing v € [0,00)® and e € E, define the map

g:U—=R"x[0,00)° x K
(v,e) = (f(v,€), v, pr(e)),
where pr: E = K ® L — K is the projection along L. Note that g is C!
since f is C! and pr is C.
We claim that the tangent map
dryg:REx E—5R" xR’ x K
(v,€) = (def(v,€),v,pr(e))
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is an isomorphism. To verify injectivity, suppose

(07070) = (d:rf(v7 6),11,]97“(6)).

Then e € ker(pr) = L, and moreover 0 = d,f(0,e) = d, f(e) means e € K,
hence e = 0. To verify surjectivity, let (p, v, k) € R” x R® x K. Since the map
is an isomorphism, there exists | € L such that d,f(l) = p — do f(v, k).
It follows that B

drf(”? k+ l) = dwf(vv k) + dmi(l) =D

and hence dyg(v, k +1) = (dx f(v,k +1),v,pr(k +1)) = (p,v, k). So d,g is an
isomorphism, as claimed.

Since ¢ is a C' map whose tangent map d,g at x is an isomorphism,
the inverse function theoremﬂ for C!' maps between quadrants of Banach
spaces applies: There exists an open neighborhood U C U of z and an open
set U' C R™ x [0,00)° x K such that the restriction g|y : U—U'isaCl-
diffeomorphism, as claimed. O

We briefly review basics about sc-calculus on sc-Banach spaces from [16],
Sec. 1.1] to prepare for Lemma A sc-Banach space [16, Def. 1.1] is a
sequence of Banach spaces and continuous linear injections

E:=(Ey« E1+ )

such that the map E,,+1 < Fy, is a compact operator for every m > 0 and
the intersection
Fy = mmZOEm

is dense in every E,,. We call E, the smooth points of E. By a subset S of
a sc-Banach space E we mean a subset Sy of Ey, which then induces subsets

Sm =SSNk, C E, forall m>0,

In particular, if U is open in Ey then U,, C E,, is open for all m > 0, so we
say that U is open in the sc-Banach space E.

1See, for example, [I8, Thm. 2.2.4].
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A sc-subspace F C E [16] Def. 1.4] is a closed subspace F' C Ej such that
the induced subsets

F,:=FnNE,

define a sc-Banach space
FZ(FQ(-’Fl <—")

Given sc-subspaces F,F’ C E such that, for every m > 0, the Banach space
E,, splits as a direct sum E,,, = F,,, ® F] | we say that there is a sc-splitting
E=F&TF and that F,F" are sc-complements in E. Given a sc-subspace
F C E, the quotient space E/F has the structure of a sc-Banach space with
m-level E,,/Fy,; see [16, Prop. 1.2]. The following fact is established in the
proof of [16, Prop. 1.4]. We reproduce the proof here for completeness.

Lemma 2.2. Consider a sc-Banach space E and a sc-subspace F C E
such that the quotient E/F is finite dimensional. Then, there exists a sc-
complement F & L = E and moreover L C E.

Proof. Consider the sc-continuous quotient map p : E — E/F. Since Ey, C
E) is a dense linear subspace and p : Ey — Ey/Fy is surjective, it follows that
p(Ex) is a dense linear subspace of the finite dimensional space Ey/Fp, and
so we have p(F) = Ey/Fy. Hence, choosing any basis of Ey/Fy, there are
preimages of the basis elements in F,, and these preimages span a subspace
L C Ey. We claim that L is sc-complementary to IF in E. Indeed, for every
m > 0 the subspace E,, C Eyis dense and so p,, : E,,, — Ey/F} is surjective.
Moreover, we have F,,, = ker(p,,) and the restriction p,, : L — Ey/Fp is an
isomorphism, so F,,, & L = E,, holds. U

For every [ > 0 there is a [-shifted sc-Banach space defined by
El = (B« Ejq <),

that is,
(EYy = Epyy for all m > 0.

Conceptually, we are forgetting about finitely many levels. Note that I-
shifting does not change the oo-level. Analogously, for any subset S C E,
we define S! ¢ E! by (S'),,, := Sp4s. In particular, if U C E is open, then
U' ¢ E! is open for all I > 0.

A Cartesian product E x FF of sc-Banach spaces has a natural sc-structure
with m-level given by (E x F),, := E,,, x F,, equipped with any standard
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Banach norm on a Cartesian product. In this paper, we use the convention
that all norms on Cartesian products are the sum norm ||(-,-)| g, xF, =
|- lle,, + 1 - |7, , which is equivalent to all standard choices.

The finite dimensional space [E = R™ has a canonical sc-structure given
by E,, = R" equipped with the standard Euclidean norm for every m > 0,
and where every inclusion Fp,11 — Ep, is the identity map.

The tangent space [16, Def. 1.8] of a sc-Banach space E is the sc-Banach
space

TE :=E' x E,

with sc-structure given by (TE),, = Epnt1 X Ep, for m > 0. Given an open
subset U C [0,00)* x E for some s > 0, its tangent space is

TU :=U" x (R® x E).

Consider sc-Banach spaces E,F, and open subsets U C [0,00)° x E and
V C[0,00)* x F. Then a map

FiUSV

is called s or sc-continuous [16], Def. 1.7] if, for all m > 0, we have f(U,,) C
V,, and the map f : U,, — V,, is continuous. A sc’ map f : U — V is called
sc! with tangent map [16, Def. 1.9]

(2) Tf:TU —-TV
defined by
Tf:U' x (R*xE) = V! x (R xF)
(x,8) = (f(x), Do f(£))
if, for every x € U', there exists a bounded linear operator
D,f :R*x Ey —» R® x Fy

such that, for & € E; satisfying x + ¢ € Uy,

i @8 = f@) = Daf(©o _
€10 €)1

0,

holds, and moreover such that Tf is sc®. Iterating the definition of sc! yields
the notions of sc¥ for k£ > 0 and sc-smooth (denoted sc™); see the discussion
after [16], Def. 1.9].
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An important note is that, for a sc! map f:U — V and € U!, the
bounded linear operator D, f : R® x Eg — R® x Fy is not necessarily sc-
continuous when considered as a map between sc-Banach spaces D, f : R® x
E — R* x F; that is, continuity on levels higher than 0 can fail. However,
if x € Uy is a smooth point, then by [16, Prop. 1.5] the map D, f is indeed
a sc-operator [16, Def. 1.2], i.e. a sc-continuous linear map. For this reason,
we consider only smooth points = in the following lemma so that the kernel
of D, f is a sc-Banach space as the kernel of a sc-operator.

Lemma 2.3. (Normal form of a sc-smooth local submersion to R")
Consider a sc-Banach space E, an open subset U C [0,00)° x E for some
s >0, and a sc-smooth map f:U — R™. Suppose that, for some smooth
point © € Uso N ({0} X E), the tangent map (Dyf)|{oyxe : E — R™ of the re-
striction to the corner f|Um({0}X]E 1S surjective.

Then, for any sc-complement’| L of K := ker(D. f)|(oyx in E, there ex-
ist open neighborhoods x € U c U' and U’ C R™ x [0,00)* x K such that,
writing v € [0,00)° and e € E', the map

g: U—Uu
(v,€) = (f(v,€),v,pr(e))

18 a sc-diffeomorphism, where pr : E = K & L — K s the projection along L.
Moreover, for allm>0, the map gl : Upn—U), is a C™*L_diffeomorphism.
In particular, the following statements hold:

1

e The composition fo g~ ' : U — R" is projection onto the R™-coordinate.

e g preserves the [0, 00)®-coordinate.

Proof. We claim that the Banach space Ej (the 1-level of the sc-Banach
space ), the open subset U; C [0,00)% x Ej, and the C'-map

f1 = f|U1 : U1 — R™
satisfy the hypotheses of Lemma (the local submersion normal form in

the classical Banach case) at the given point x. First of all, the map f is
indeed C! by [16], Prop. 1.7]. By [16], Prop. 1.5], we have d,, f; = (Dyf)

Rs XEl .

2A sc-complement L of K exists by Lemma since the surjection (D f)|{0}xE :
E — R” induces an isomorphism E/K = R".
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We now deduce the surjectivity of the tangent map

(3) (defO)l{oyxE, = (Daf)l{oyxe, + E1 — R™

By hypothesis, the map (D.f)|{oyx, i surjective. Then since £y C Ej is
dense, it follows that (Dy f)|{0yx £, (1) is a dense linear subspace of R™ and
hence is equal to R™, proving the claimed surjectivity of the map .

Let L C Ey be any sc-complement of K = ker(D, f)|{0}xg in E, which
exists by Lemma since the surjection (D, f )‘{O}XE : E — R” induces an
isomorphism E/K = R". In particular, on the 1-level, we have K1 & L = Ej.
Notice that K7 is the kernel of the map .

We have shown that the map f; satisfies the hypotheses of the classical
local submersion normal form (Lemma. ), yielding an open neighbhorhood
U C Uy of z and an open subset U’ C R” x [0,00)® x K such that, writing
v € [0,00)® and e € Ey, the map

g: U—u'
( ) (fl(v,e),v,pr(e))
is a C!-diffeomorphism, where pr: Ey = K| ® L — K; is the projection
along L.

We may view U and U’ as open neighborhoods in the sc-calculus sense,
i.e.

U C[0,00)° xE' and U’ € R" x [0,00)% x K.

We claim that g is a sc-diffeomorphism. First of all, it is sc-smooth since f;
is sc-smooth by hypothesis and since the projection

pr:E'=K'a L - K!

is sc-smooth.

To show that ¢! is sc-smooth, we show that it satisfies the conditions
of [16, Prop. 1.8]. Let m,l > 0. We must show that ¢g~! induces a map
g_l Ul U7/71+l — Um that is C*+1.

It suffices to show that, for all m >0, g~' restricts to a Cm+1—map

-1

*1|U/ U, — Um, because then given m,! > 0 the comp051t10n U
Umir < Up is C™TH1 gince the inclusion Uy,yy < Uy, is contlnuous and
linear hence C'°°. So, to complete the proof of the lemma, it suffices to show
that
g:Up — U,

is a C™*1-diffeomorphism for all m > 0.
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By [16, Prop. 1.7], the restriction

Um:Um:Uﬂ(RSXEmJ,_l)—)Rn

f

is C™*tL Tt follows that the restriction

g o, " 0m — Urln
is L

To see that g|; : U — U/, is a bijection, note first that injectivity
holds since it is a restriction of the bijection g. To see surjectivity, note first
that, since g is surjective onto all of U’, it suffices to show that g(v,e) €
U,, = (v,e) € Uy,. Note that U], C R" x [0,00)* X Kp+1. So, from the
definition of g, we have the implication

g(v,e) € Uy, = pr(e) € K1 C By

Since e — pr(e) € L C Es, we conclude that e € E,,, 1. Hence indeed (v, e) €
Un =UN(R® X Epy1) holds, proving surjectivity of g[; onto Uy,. The
same reasoning shows that the classical tangent map

A

d(gly ) Un x (R® X Eppyq) = Uy x (R" x R® x Kppiq)

U

is bijective.
The inverse

(g7

is C™*! because it is the inverse of a C™*! map with invertible derivative.
We have shown that g|;, : Uy, — Uy, is a C™*1_diffeomorphism, completing
the proof of the lemma. O

U;n = (g Um)il : U1/7L — Um

We briefly review general partial quadrants, which up to a linear change
of coordinates are the same as the standard quadrants , i.e. of the form
[0,00)® x E for some sc-Banach space E. This level of generality makes con-
structions more convenient and is equivalent to working with standard par-
tial quadrants only.

A partial quadrant [16], Def. 1.6] in a sc-Banach space E is a closed convex
subset C' C E such that there exists another sc-Banach space E’ and a linear
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sc-isomorphism
(4) W:E — R° x E satisfying ¥(C) = [0,00)° x E’ for some s > 0.

That is, all partial quadrants come from applying a linear change of coordi-
nates to a partial quadrant in the standard form:

(5) C =[0,00)° x E' C R* x E' = E.
The degeneracy index |16, Def. 1.10] d¢ : C — Ny is defined for z € C' by
do(z) == #{i € {1,..., s} | the i-th coordinate of ¥(x) is 0},

which is independent of the choice of ¥ by [16, Lem. 1.1]. Conceptually,
the degeneracy index of a point in a partial quadrant is the local notion of
boundary and corner index in an M-polyfold.

Later, we need the following properties of the degeneracy index. Let C
be a partial quadrant of a sc-Banach space E and n > 0. Then R" x C' is a
partial quadrant of R" x E and

(6) drnxc(p,z) = do(z) for all (p,z) € R x C.

Let C; be a partial quadrant of E; for ¢ = 1,2. Then C x Cy is a partial
quadrant of E; x Eg and

(7) d01X02 (1‘1,1‘2) = dcl (wl) + d02 (CL‘Q) for all (561,562) € C1 x Cs.

We recall from [I6, Def. 2.16] the following linear sc-subspace E, C E
associated to a point z in a partial quadrant C' C E. First assume that C
is in the standard form and write z = (x1,...,2s,€;) € C. Then, the
sc-subspace

(8) E: :={(vi,...,v5,6) ER*XE' | v; =0if z; =0} CE
conceptually is the tangent space of the intersection of all of the faces of
C' that contain z. For a general partial quadrant C C E and z € C, the
subspace E, C E is given by

(9) E; == 7 ((R* x E)y(r)),

where ¥ is any linear isomorphism of the form .
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3. Slices: the local picture
3.1. Sliced sc-retracts

In this section, we introduce the new notion of R"-sliced sc-retracts (Defini-
tion , which we use later as the local models in our definition of a slice
BcB (Deﬁnition of a tame M-polyfold B (Deﬁnition. We prove in
Lemma that a R"-sliced sc-retract @ induces a tame sc-retract O C O
which has codimension-n tangent spaces T$(’§ C T,O at every z € O;. The
global definition of a slice B C B is then a subspace such that around every
point 2 € B there is an M -polyfold chart to a R™ -sliced sc-retract O that
locally identifies B with the induced tame sc-retract O.

We first recall the local structure of tame M-polyfolds: tame sc-retracts
(Definition . Consider a relatively open subset U of a partial quadrant
C in a sc-Banach space E. A sc-smooth map

r:U—U

satisfying
ror=r

is called a sc-smooth retraction (or sc-retraction) [16, Def. 2.1] on U, and the
image O :=r(U) of such a map is called a sc-smooth retract (or sc-retract).
The triple (O, C,E) is also called a sc-retract [16, Def. 2.2].

We note that the notion of a smooth retract makes sense in the classical
Banach space setting, i.e. given an ordinary Banach space E, we can define
a smooth retract O to be any image O = r(U) of a smooth map r : U — U
that satisfies r or = r, where U C [0,00)® X E is open. However, modeling
spaces on these smooth retracts reproduces the definition of a Banach mani-
fold because, by [16, Prop. 2.1], a smooth retract © is a C°°-sub-Banach
manifold of E. The sc-retracts can have much more complicated structure,
including locally varying dimension. This is a key difference between classi-
cal differentiability and sc-differentiability which allows M-polyfolds to have
local dimension jumps and other non-manifold-like structure. Polyfolds aris-
ing in applications have these local dimension jumps near broken and nodal
curves.

A map ¢ : O — O between sc-retracts (O, C,E) and (O, C',E') is called
sc-smooth [16], Def. 2.4] if the composition por : U — O’ C E' is sc-smooth
as a map U — E/, where U C C is open and r : U — U is any sc-retraction
onto 7(U) = O. This definition is independent of the choice of open set U
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and sc-retraction r by [16, Prop. 2.3]. The chain rule holds for sc-smooth
maps between sc-retracts; see [16, Thm. 2.1].
The tangent space [16, Def. 2.3] of a sc-retract (O,C,E) is the image

(10) TO :=Tr(TU),

where r : U — U is any sc-retraction on some open subset U C C with image
r(U) =0 and Tr : TU — TU is the tangent map (see ([2)) of r. The tangent
space T'O is well-defined, i.e. independent of U and r, by [16, Prop. 2.2]. The
tangent space at x € O is defined to be

(11) T,0 := Dyr(T,U).

For a smooth point « € O, the tangent space 71,0 is a sc-Banach space;
see [16, Def. 2.10]. The reduced tangent space [16], Def. 2.15] is the subspace
of T, O defined by

(12) TEO .= T,ONE,,

where E, C E is the subspace from @ Conceptually, TR0 consists of those
tangent vectors that point in directions that preserve the degeneracy index,
i.e. they lie along the intersection of all of the local faces that contain =x.
Note that in [I6, Def. 2.15] the reduced tangent space is only defined at
smooth points x € Ou. This is because T*O can be proven to be invariant
under sc-diffeomorphisms ¢ : O — O',i.e. Dpo(TEO) =T ﬁz)(’)’ holds, only
for smooth points x; see [16, Prop. 2.8]. This invariance proves that the
reduced tangent space at a smooth point in an M-polyfold is well-defined, i.e.
independent of the chart. The invariance is proven using the characterization
[16, Lem. 2.4] of the reduced tangent space T*O at smooth points z € Ou,
as the closure of the space of derivatives of sc-smooth paths v : (—¢,e) — O
satisfying (0) = z. This only works for smooth points x € Oy since the
image of any sc-continuous map (—e¢,€) — O is contained in Oy because
(—e€,€) C R has the trivial sc-structure where all levels are equal.

As in [16], we must require sc-retractions to be well-behaved with respect
to the boundary faces of the partial quadrant C' in the following way in order
for the full polyfold machinery to work as required in applications.

Definition 3.1. [I6, Def. 2.17] Consider an open subset U of a partial
quadrant C' of a sc-Banach space E. A sc-retraction r : U — U is called a
tame sc-retraction if it satisfies the following conditions:

(1) do(r(z)) = de(z) for all z € U.
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(2) At every smooth point € Os = O N Ey, there exists a sc-subspace
A CE such that E=T,0® A and A C E; (see @ for E,)

If so, then the sc-retract O = r(U) is called a tame sc-retract (and so
is the triple (O, C,E)).

We introduce the following new notions of R"-sliced sc-retractions and
R"-sliced sc-retracts.

Definition 3.2. Consider a partial quadrant C' of a sc-Banach space E and
an open subset U C R"™ x C for some n > 0. A tame sc-retraction r : U — U
is called a R™-sliced sc-retraction if it satisfies

(13) TRn O 7 = e oD U,

i.e. r preserves the R™-coordinate.
If so, then the tame sc-retract O = r(U) and the triple

(O,R" x C,R" x E)
is called a R™-sliced sc-retract.

In the following lemma, we show that for any R"-sliced sc-retract O
in R” x C, the set O :=ON ({0} x C) is a tame sc-retract. Later, we use
the 1nclus1on O C O to define the local models for a slice B ¢ B (Defini-
tion , which is our new notion of an M-polyfold B embedded with finite
codimension in an ambient M-polyfold B5.

Lemma 3.3. Consider a partial quadrant C of a sc-Banach space E and a
R™-sliced sc-retract (O,R" x C,R™ x E).

Then, for any open subset U C R™ x C' and R"-sliced sc-retraction r :
U — U such that 7(U) = O, the set U := U N ({0} x C) is open in C and
the restriction

U —U

<
||
Qj_z

is a tame sc-retraction onto O := F(f]) We call 7 the tame sc-retraction
induced by r.
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Moreover,
(14) O=0n{0} xC)

holds, so in particular O does not depen on the choices of U and r. We
may view O as a subset of C, and we call (O,C,E) the tame sc-retract
induced by the R"-sliced sc-retract (O,R" x C,R" x E).

At every x € 01, the inclusion O C O induces an inclusion of tangent
spaces ToO C T,O satisfying

(15) 7.0 = T,0N ({0} x E),
(16) TEO =TEO N ({0} x E),
and

(17) T,0/T,0 = R,

We say that O is codimension-n in O.
If x € O is a smooth point, then the inclusion T,O — T,O induces a
linear isomorphism

(18) T,0/TEO = T,0/TEO.

Proof. The defining property ( of the R"-sliced sc-retraction r implies
r(U) € U, so indeed the map 7 := r] &+ U — U takes values in U. Moreover,
7 inherits sc-smoothness and the retraction property 7 o 7 = 7 from the cor-
responding properties of . So 7 is a sc-retraction onto the sc-retract @. We
prove the other statements in the lemma before showing that 7 is tame.
We now verify that holds. The forwards inclusion is immediate
from the definitions of the sets involved. To prove the reverse inclusion, let
z € On ({0} x C). Then since © C U we have z € U and so #(z) € O. We
claim that z = 7(x), proving . Indeed, since x € O and r is a retraction
with image O, it follows that z = r(x) = 7(z).

3The independence of O on the choice of U and r frees us from keeping track of
these choices when performing future constructions. That is, later, we are free to
assume that O is induced by any such U and 7.
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We now verify and . Let z € Oy. By definition of tangent space
of a sc-retract, we have

T,0 = D,r(R" x E) C R" x E.

Since r preserves the R™-coordinate by the sliced retraction property ,
the same is true for D,r, from which it follows that

D,r(R" xE)N ({0} x E) = D,r({0} x E).
Hence we have
(19) T.0 N ({0} x E) = D,#({0} x E) = T,.0,

proving . Moreover, the projection 7 : T,,O — R"™ to the first factor of
R™ x E is a surjection. Since ker(w) = T,,0 N ({0} x E), we conclude that 7
induces an isomorphism 7,0/ T,0 = R™, proving .

To verify , first note that by ,@, we have

(20) (R" x E)e N ({0} x E) = ({0} x E)g,
and hence we have
TEO =T,0n ({0} x E),
T.0N R" x E), N ({0} x E)
7,01 (R" x E), N ({0} x E)
)

=TEON ({0} x B),

as required.
To verify ((18)), it suffices to consider the case

z=0

and
C=[0,0)xE CR*xE =E

is in standard form , since x is assumed to be a smooth point. By ,
we have (R x R®* x E), = R™ x {0}* x E’. Since r preserves the degeneracy
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index by Definition [3.1] we claim it follows that
(21) D,r(R" x {0}° x E') c R" x {0}® x E".

Indeed, to prove (21]), consider first a smooth point & € R" x {0}* x E/_.
There exists a sc-smooth path «: (—e,e) = U N (R™ x {0}* x E') satisfying
a(0) =z and o/(0) =&, for example take a(t) = x + t£. Since r preserves
degeneracy index we have r o a(t) € R" x {0}* x E’ for all ¢, and hence we
have D,r(§) = Dy(r o «)(0) € R™ x {0}* x E’. This proves for smooth
points £. For an arbitrary point £ € R™ x {0}* x E/, the result follows by
considering a sequence { }r>0 of smooth points that converges to &, which
exists by density of the inclusion E. C E{, and applying continuity of D,r.

We now finish verifying . Since D,r preserves the R™-coordinate,
the projection 7 : T, — R™ is surjective, and its kernel is T,O by .
By definition we have TFO = D,r(R" x R* x E') N (R™ x {0}* x E),
and so it follows from that 7 restricts to a surjection T*O — R™. The
kernel of this surjection is Tf@ by . So we have a short exact sequence of
sc-Banach spaces 0 — TEO — TEO 5 R™ — 0 that includes into the short
exact sequence 0 — 1,0 — T, 5 R™. This implies (18).

To prove the lemma, it remains to show that 7 is tame. The R"-sliced
sc-retraction r is tame by definition. Hence, for all z € U, we compute, using

(6) and Definition [.1)(1),
dioyxc(F(7)) = drnxc(7(2)) = droxo(r(x)) = droxc(®) = djoyxc(),

verifying that Definition (1) holds for 7.

To verify that 7 satisfies Definition (2), let 2 € Oy. Then = € O,
and so by the corresponding property of r and by [16, Prop. 2.9], the sc-
subspace A := (idgrxg — D,7r)(R™ X E) of R” x E satisfies

(22) R" x E=T,0& A

and A C (R™ x E),. By the sliced retraction property of r and the def-
inition of A, we conclude that A C {0} x E holds. Then we have A C (R™ x
E). N ({0} x E) = ({0} x E), by ([@0). We claim that {0} xE=T,0® A
holds, completing the proof that 7 is tame. Indeed, it follows from ,
(22), and A C {0} x E that we have

{0} xE= (T, 0N ({0} xE) ® A=T,0a A.
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3.2. Sliced bundle retracts

In this section, we introduce the new notion of R"-sliced bundle retracts
(Definition . In Lemma , we prove that a R"-sliced bundle retract
K covering a R™-sliced sc-retract O induces a tame bundle retract K C K
covering the induced tame sc-retract @ C O from Lemma The global
definition of a slice B C B of a bundle p : £ — B (Definition [5.7) is then a
subspace such that around every point z € B there is a bundle chart for p to
a R™-sliced bundle retract K that locally identifies p~*(B) with the induced
tame bundle retract K.

We first recall the local structure of tame strong bundles: tame bundle
retracts. Consider a relatively open subset U of a partial quadrant C of a
sc-Banach space [E, and another sc-Banach space F. Then the trivial bundle

(23) U<F—U

has total space U <<IF = U x F as a set, and the map is projection onto U.
The triangle < signifies the extra structure of a double filtration on the set
U x F. That is, for 0 < k < m + 1, we have

(U < F)mﬁ =Up, & Fj.
Then, for i = 0,1, we define the sc-structure (U < F)[i] by
(24) (U <F)[i))m = Upm ® Frpti, m > 0.

The purpose of defining these two filtrations is that they correspond to the
two notions of smoothness of a section of a bundle that are important for
polyfold theory. Precisely, a section s : U — U <1 F is called sc-smooth if it is
sc-smooth as a map to (U < F)[0]. If, moreover, we have s(U) C (U < F)[1]
and the map s : U — (U < F)[1] is sc-smooth, then s is called a sc*-section.
See [16, Def. 2.24] for a detailed discussion. We remark that sct-sections are
the sc-analogue of compact perturbations from classical Fredholm theory; in
particular, the sc-Fredholm property is stable under sct-perturbation [16],
Thm. 3.2].
A strong bundle map [16, Def. 2.22]

& UaF U «F

is a map which preserves the double filtration and is of the form

P(z,8) = (p(2), I'(2,)),
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where the map I': U <F — F’ is linear in £. In addition, for i = 0,1, we
require that the maps @ : (U < F)[i] — (U’ <F')[i] are sc-smooth. A strong
bundle 1somorphism is an invertible strong bundle map whose inverse is also
a strong bundle map.

To extend to a notion of a local bundle model over a sc-retract, we
employ the following notion of a retraction in the fibers. A strong bundle
retraction is a strong bundle map R : U <<F — U < F satisfying Ro R = R.
As a consequence, the map R has the form

(25) R(z,§) = (r(x), I'(z,€)),

where r: U — U is a sc-smooth retraction and I'(z,-): F — F is a linear
projection for every x € U. If r is tame, then R is called a tame strong
bundle retraction. The image K := R(U <) of R is called a strong bundle
retract [16 Def. 2.23], as is the triple (K,C <F,E <F). We say that K
covers the sc-retract O = r(U). If R is tame, then K is called a tame strong
bundle retract. The projection U << F — U induces a mapping K — O, which
we call a strong local bundle model.
We now introduce the new notion of a R™-sliced bundle retract.

Definition 3.4. Consider a partial quadrant C' of a sc-Banach space E, an
open subset U C R™ x C' for some n > 0, and another sc-Banach space F.

A tame bundle retraction R : U <F — U < F is called a R™-sliced bun-
dle retraction if the tame sc-retraction r : U — U covered by R (see (25))
is a R™-sliced sc-retraction (Definition .

If so, then the tame bundle retract K = R(U <F) (and the triple
(K,R"x C <F,R" x E<F)) is called a R™-sliced bundle retract and
the tame local bundle model K — O :=r(U) is called a R™-sliced local
bundle model.

In the following lemma, we show that for any R™-sliced bundle retract
K inR" x C <F, the set K := K N ({0} x C <F) is a tame bundle retract.
Later, we use the inclusion K C K to define the local models for the restric-
tion of a bundle to a slice (Definition [5.7).

Lemma 3.5. Consider a partial quadrant C' of a sc-Banach space E, an-
other sc-Banach space F, and a R"-sliced bundle retract

(K,R" x C <F,R* x E < F)
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covering a R"-sliced sc-retract (O,R" x C,R"™ x E). Let 7 : K — O denote
the local bundle model given by restriction of the projection along the fiber
R*xC<F — R"x C.

Then, for any open subset U C R™ x C' and R"-sliced bundle retraction
R:U<F —U<F covering a R"-sliced sc-retraction r : U — U such that
r(U) = O and R(U <F) = K, the set U := U N ({0} x C) is open in C' and
the restriction

R::R\UQF:UQIF%UQIF

is a tame bundle retraction onto K = R(f] <A TF) covering the induced tame
sc-retraction 7 :U — U onto the induced tame sc-retract O defined in
Lemma . We call R the tame bundle retraction induced by R.

Moreover,
(26) K=Kn{0}xC<F) =xY0)

holds, so in particular K does not depend on the choices of U and R. We
may view K as a subset of C < F, and we call

(K,C <F,E<F)

the tame bundle retract induced by the R"-sliced bundle retract
(K,R"x C<aF,R" xE<F).

In particular, the R™-sliced local bundle model w: K — O restricted to
K is a tame local bundle model

(27) Fi=nlg: K= O,
which we call the induced tame local bundle model.

Proof. The map R is a strong bundle map and satisfies Ro R =R, by the
corresponding properties of R, so Risa strong bundle retraction. Moreover,
R is tame because it covers the tame sc-retraction 7.

We now verify that the first equality in holds. The forwards inclusion
is immediate from the definitions. To see the reverse inclusion, let (x <
§) e KN ({0} x C<F). Thenz = n(z <€) € ON ({0} x C) = O, where  :
K — O is the local bundle model given by restriction of the projection along
the fiber 7 : R" x C <F — R" x C. In particular, x <<£ is in the domain
of R= R|g e Since R is a retraction onto K, it follows that (z <¢) =
Rz <) =R(z<§) € im(R) = K, as required. The second equality in
holds from the definitions and O = O N ({0} x C). O
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3.3. Sliced sc-Fredholm germs

In this section, we review the standard notion of a local sc-Fredholm germ
(Definition and we introduce the new notions of a tame sc-Fredholm
germ (Definition [3.7) and a R"-sliced sc-Fredholm germ (Definition [3.8)). We
later use tame sc-Fredholm germs as the local models for our new notion of a
tame sc-Fredholm section o : B — &£ (Deﬁnition of a tame strong bundle
p: & — B, and we use R"-sliced sc-Fredholm germs as the local models in
our definition of a slice B C B (Definition of a sc-Fredholm section o.
We prove in Lemma that a R™-sliced sc-Fredholm germ

c:0—-K

of a R™-sliced local bundle model K — O induces a tame sc-Fredholm germ

Gi=0l5:0—=K

of the induced tame local bundle model K — O from . The sc-Fredholm
index (29) satisfies

ind(¢) = ind(o) — n.

We now briefly review sc-germ language. Let C' be a partial quadrant
of a sc-Banach space E. Then a sc-germ of neighborhoods around 0 € C' [16],
Def. 3.1], denoted

U(c,o),
is a sequence
U=U0)>U(1)DU2)D---

where U(m) is a relatively open neighborhood of 0 in C' N E,,. We often
write U = U(C,0) for brevity. A sc’-germ h:U(C,0) — F [16, Def. 3.2]
into the sc-Banach space F is a continuous map h: U(0) — F such that
h(U(m)) C Fy, and h : U(m) — F,, is continuous for all m > 0. A sc'-germ
h:U(C,0) = F is a sc’-germ which of is class sc! in the same sense as for
a usual map except that the sc-differential D, h is required to exist only
for x € U(1) (where U(1) can be smaller than U(0) N E; in the germ case);
see [16, Def. 3.2] for a precise definition. We can in turn define a tangent
map on the tangent of a germ and then iterate the notion of sc!' to define a
sc-smooth germ.
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It is convenient to denote any section of a trivial bundle by
h(z) = (z,h(z)) : U - U <F.

We refer to h : U — F as the principal part of h.
Recall the standard notion of a local sc-Fredholm germ.

Definition 3.6. [16, Defs. 3.5, 3.6, 3.7] Consider a tame strong bundle
retract (K,C <F,E <F) covering the tame sc-retract (O,C,E) and a sc-
smooth section o : O — K of the local bundle model K — O. Assume 0 € O.

Then o is called a local sc-Fredholm germ if the following conditions
hold:

(a) There exists a sc-germ of neighborhoods U(C,0) around 0 € C' and a
tame sc-retraction r : U — U onto r(U) = O covered by a tame bundle
retraction R: U <F — U <F onto R(U < F) = K.

(b) The principal part o : O — F of ¢ has the property that the composi-
tion

ocor:U(C,0) = F

possesses a filling
h:U(C,0) - U(C,0)<F,

which is a section of the trivial bundle U(C,0) < F — U(C,0) whose prin-
cipal part h:U(C,0) - F is a sc-smooth germ and such that the fol-
lowing conditions (7)—(ii¢) hold. Recall that R is of the form R(z,&) =
(r(x), ['(z,£)) where I'(x,—) : F — FF is a linear projection.

(i) o(z) = h(z) for x € O.

(ii) If x € U and h(z) = I'(r(x),h(x)), then z € O.

(iii) The linearization of the map x — (idp — I'(r(x),+)) o h(z) at the point
0, restricted to ker Dgr, defines a linear sc-isomorphism ker Dgr —
ker I'(0, -).

(c) There exists a sct-section s: U — U < F satisfying s(0) = h(0), a sc-

Banach space W, a sc-germ of neighborhoods

U =U'(C'",0) c C" =[0,00)* x RF"5 x W

centered around 0 € C’ for some k > s > 0, and a strong bundle isomor-
phism
U:U<F - U <aRY x W
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(for some k' > 0) covering a sc-diffeomorphism
U —=U
satisfying ¥ (0) = 0 and such that the principal part of the section
b:=Wo(h—s)oyp :U - U <R xW
is a basic germ. This means that the principal part
b:U — R xW

of b is a sc-smooth germ satisfying b(0) =0 and having the following
property: Letting P : R¥ x W — W denote projection onto W, the germ
Pob:U — W is of the form

Pob(a,w) =w— B(a,w),

for (a,w) € ([0,00)* x R¥=%) x W, where B is a sc-smooth germ and B(0) =
0. Also, B is required to satisfy a contraction property: For every ¢ > 0 and
integer m > 0 there exists > 0 such that

(28)  [l(a; w)llm, [[(a,w)|lm <&
= [B(a,w) = B(a,w")|lm < €llw = w'[[m.

The notation |||, means the Banach norm in the m-level of the sc-
structure. We use the conventiorﬁ that the m-norm || - [|,,, on (R¥ x W),, =
R* x W,, is the sum of the standard Euclidean norm on R* plus the W,,-

norml.

The index of the local sc-Fredholm germ o is the integer
(29) ind(o) =k — K,

where k and &’ are the dimensions of the finite dimensional spaces split off in
the domain U’ C ([0, 00)* x RF~%) x W and codomain R¥" x W, respectively,
of the basic germ b.

4This convention is equivalent to using any norm on R* and any standard norm
on a Cartesian product that is equivalent to the sum norm.
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We now introduce a new class of sc-Fredholm germs, called tame sc-
Fredholm. All currently known sc-Fredholm germs arising in applications to
symplectic topology are tame sc-Fredholm: The required linearity of 1 holds
in applications because 1 is essentially given by splitting off the kernel of a
linear map (see Section . This linearity is required in the construction
of slice coordinates in Section [l

Definition 3.7. A local sc-Fredholm germ o : O — K is called a tame
sc-Fredholm germ if the structures that exist by Definition of local
sc-Fredholm germ can be chosen such that the partial quadrant C' is in the
standard form (f]), i.e. C' = [0,00)* x E' C R® x E' = E for some sc-Banach
space E' and integer s > 0, and such that the required sc-diffeomorphism
¢ : U — U’ in Definition (c) is the restriction of a linear sc-isomorphism
of the form

Y = idjg ey X ¥ 1 [0,00)" x B = [0,00)" x R"™* x W,
(v,€) = (v, 9(e))

for some linear sc-isomorphism
P E — RFS x W,

The following new class of sc-Fredholm germs, called R™-sliced sc-
Fredholm, is defined for sections of sliced local bundle models K — O (Def-
inition . We prove in Lemma that a R"-sliced sc-Fredholm germ
0 : O — K induces a tame sc-Fredholm germ & := 0|5 : O — K of the in-
duced tame local bundle model K — O defined in .

Definition 3.8. Consider a R"-sliced bundle retract (Definition
(K,R"x C<F,R" xE<F)
covering the R™-sliced sc-retract
(O,R" x C,R" x E).

Assume 0 € O and that the partial quadrant is in the standard form , ie.
C =10,00)* x E' C R®* x E' =E for some s > 0 and sc-Banach space E'.
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Then a local sc-Fredholm germ
c:0—=K

of the R"-sliced local bundle model K — O is called a R™-sliced sc-
Fredholm germ if the structures that exist by Definition of local sc-
Fredholm germ can be chosen such that the sc-Banach space W and sc-
diffeomorphism v : U — U’ from Definition [3.6(c) have the following form:
First, we have

W =W x R"

for some other sc-Banach space W. Moreover, the sc-diffeomorphism (S
U — U’ is of the form

(30) Y :R" x[0,00)* x E' DU — U’ C [0,00)° x RF™* x W x R"
(p,v,€) = (v,9(e), Mp, v, €))

for some linear sc-isomorphism
OB SRS X W
and such that the map
(p,v,e) = A(p,v,e) € R"
is C! on all levels R" x [0,00)% x E! for m > 0.

Remark 3.9. Given a local sc-Fredholm germ o : O — K of a local bun-
dle model K — O, all essential properties of the setup are preserved after
restricting to the m-level of the sc-structure for any m > 0. Precisely, the m-
shifted map K™ — O™ is a local bundle model and o|pm : O — K™ is alo-
cal sc-Fredholm germ [16, Cor. 5.1] with the same index ind(o|om) = ind(o).

In particular, if a local sc-Fredholm germ o : O — K satisfies the prop-
erties required of a R"-sliced sc-Fredholm germ except for the C'!' regularity
of the map (p,v,e) — A(p,v,e), then the 1-shifted section o|p: : O — K*
is R"-sliced sc-Fredholm since the map A has the required C' regularity on
all levels m > 1 by [16l, Prop. 1.7].

In the following lemma, we prove that a R™-sliced sc-Fredholm germ of
a R"-sliced local bundle model K — O (Definition [3.4) restricts to a tame
sc-Fredholm germ of the induced tame local bundle model K — O from .
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Lemma 3.10. Consider a R"-sliced bundle retract
(K,R"x C<aF,R" xE<TF)

covering a R™-sliced sc-retract (O,R™ x C,R"™ x E). Recall the induced tame
local bundle model K — O from .

Let 0: O — K be a R"-sliced sc-Fredholm germ. Then, the restriction
g:=0|5: O — K is a tame sc-Fredholm germ with index satisfying ind(5) =
ind(o) —n.

We call & the tame sc-Fredholm germ induced by the R™-sliced
sc-Fredholm germ o.

Proof. Since o is a R"-sliced sc-Fredholm germ, the partial quadrant is in
the standard form C' = [0,00)® x E' C R® x E’ = E and there exists an open
U CR" x C and a R"-sliced sc-retraction r: U — U onto r(U) = O that
satisfies the conditions of Definition [3.2] and Definition [3.8, which we recall
as we use them.

Since r satisfies the properties in Definition [3.6] of local sc-Fredholm
germ, we can assume that there exists a sc-germ of neighborhoods U (R"™ x
C,0) around 0 satisfying U (0) = U (i.e. the 0-level open set in the germ is the
open set U from above) such that r is covered by a tame bundle retraction
R:U <F — U <F such that o or : U(R™ x C,0) — F posesses a filling

h:U®R" x C,0) = UR" x C,0) < F

Since r is a R"-sliced sc-retraction covered by R, it follows by Defini-
tion that R is a R™-sliced bundle retraction. As in Lemma set

U:=Un{0}"x0O)
and denote the induced tame sc-retraction and tame bundle retraction by

— U,
aF - U <F,

:Ul ‘31
sz le

and the induced tame sc-retract and tame bundle retract by

F(U)=0n ({0}" x C),
R(U <F) = Kn({0}" xC <TF).

e G
Il
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Also, let U (C,0) be the sc-germ of neighborhoods given on level-m by
U(m) :=U(m)N ({0}" x C), or more concisely

U(C,0) := UR" x C,0) N ({0}" x C).
We claim that the restriction
h:= bl U(C,0) = U(C,0) <F

is a filling for the composition & o7 : U(C,0) — F. It is a section of the
trivial bundle U(C,0) < F — U(C,0) and its principal part h is a sc-smooth
germ, because we have

= h|U(c,o)

and the corresponding properties hold for h. It remains to verify that the
filler properties in Definition (b) (i)—(iii) hold for & and h. These follow
from the corresponding propertles of o and h, as we now describe. Property
(i) is immediate since & and h are restrictions of ¢ and h, respectively. Write
R(z,£) = (r(z),['(z,£)), as in (25). Consider the restriction I= RF -
Then we have R(x, &) = (7(z), ['(x,€)). To verify (ii), let € U and assume
h(z) = I'(7(z),h(x)). Tt follows that h(z) = I'(r(x),h(x)), which implies
x € O by property (ii) for h. Hence x €e UN O = O, as required. It remains
to verify (iii) for h. We claim that

(31) ker Do = ker Dqr.

The forwards inclusion follows from 7 being the restriction of r. To see
the reverse inclusion, let £ € ker Dyr. By the defining property of a
R"™-sliced sc-retraction, we see that Dgr preserves the R"-coordinate of &
and hence ¢ € {0} x R®* x E/. In particular, £ is in the domain of Dyf,
and moreover Do7(§) = Dor(§) = 0. Hence holds. We now verify that
Definition (iii) holds for h. From the corresponding property of h, the
linearization DoL at 0 of the map

L:U—TF
x> (idp — I'(r(x),-)) o h(z)
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restricts to a linear sc-isomorphism ker Dyr — ker I'(0, -). We must show
that the linearization at 0 of the map

U STF
z — (idp — T'(7(x),-)) o h(z)

il

restricts to a linear sc-isomorphism ker Do — ker I'(0, -) = ker I'(0, ). This
follows from and since L and 7 are the restrictions of L and r, re-
spectively, to U. This completes the proof that his a filling for o o7, as
claimed.

To show that & is a local sc-Fredholm germ, it remains to verify the
properties in Definition [3.6[c). Since ¢ is a R™-sliced sc-Fredholm germ, the
corresponding properties in Definition (c) hold for o, and in addition the
stronger properties in the definition of R™-sliced sc-Fredholm germ (Defini-
tion hold: There exists a scT-section

s:U—=U<xF
satisfying s(0) = h(0), a sc-Banach space of the form

W =W x R"
for some other sc-Banach space W, a sc-germ of neighborhoods

U’ around 0 € ([0,00)* x R¥~%) x (W x R"),
and a strong bundle isomorphism
W:U<F - U aR¥ x (W xR")

covering a sc-diffeomorphism ¢ : U — U’ satisfying ¢(0) = 0 and of the form

PR % [0,00)* xE' DU — U’ C [0,00)° x RF™* x W x R"
(p,v,€) = (v,9(e), AN(p, v, €))

for some linear sc-isomorphism
¥ B 5 RFS x W
such that, on all levels R" x [0,00)® x E! for m > 0, the map

(32) (p,v,e) = A(p,v,e) € R"
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is C''. Moreover, the principal part of the section
(33) b:=Wo(h—s)oyp L :U = U <aR¥ x (W x R")

is a basic germ, which means that, for all a € [0, 00)® x RF=5 and z € W x R
such that (a,z) € U’, we have

(34) Pob(a,z) =z— B(a,z),

where P : RF x (W x R") — (W x R™) is projection onto W x R” and B :
U — W x R™ is sc-smooth, satisfies B(0) = 0, and satisfies the contraction

property .

Now, to verify that & = o5 inherits the local sc-Fredholm germ prop-
erty, consider the restricted sc™ section

5::5|U:ﬁ—>U<IF,
the linear sc-isomorphism given by

P :[0,00)° x B — [0,00)% x R¥=% x W
(v,€) = (v,9(e)),

the open set
U= 9(0),
and the strong bundle isomorphism given by
7:U<F - U <(RY xR") x W
(( e) <€) = (v, e) <n(T((v,e) D)),

where 7 : R¥ x (WxR") — (R¥ xR")x W is the reordering of factors map.
We claim that the principal part of the section

(35) b:=Wo(h—38) oy l:U - U <R xR") x W

is a basic germ, where now W plays the role of the sc-Banach space W in
Definition [3.6]c). Let the maps

P:(R¥ xR") x W — W,
leRnXW%W,
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be the projections onto the W factor in their respective domains. Notice
that we have P :wWoPon_l. 3
We write a € [0,00)® x R¥=* and w € W. Define the map

7:U = U
(a,w) = (0,9~ (a,w)),

and from the definitions observe

(36) T(aaw) = (aawa)‘(07¢_1(aa w)))
From the definitions and ,, we compute

Pob(a,w) = Ty OPOWRk’xR"xW oWo (h—5)oy a,w)
=y 0 P o g iywmn © W 0 (h —5) (0,47 (a,w))
= Ty © P o Mpur iy ymn © W © (h—s)

o (¥ o) (0,97 (a,w))

— ﬂ-W OPO b ow((),lb_l(aaw))

=mnyoPobor(a,w)

= 7 ((w, A(O, 1;_1(0,, w))) — BorT(a,w))

=w — Ty 0 BorT(a,w).

So, setting

B::WWOBOT:U"—)W,

we have P o b(a,w) = w — Ba, w). Hence to complete the proof that bisa
basic germ it remains to show that B satisfies the contraction property .
Recall from the map

N:U =R
(a,w) = A0,9 (a,w)).

For all m > 0, this map restricted to the m-level ﬁ;n — R"” is C! since
the map A from is C! on every level by definition of R™-sliced sc-
Fredholm germ, and since ¢ is a linear sc-isomorphism and hence C on
every level. So, there exist constants 4], > 0 and C,, > 0 such that, for all
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(@, w)|lm, || (@ w")||m < &, we have the Cl-estimate
(37) [IMa,w) = Aa,w')[lgn < Cr - [[(a,w) = (a,0")|l;m = Con - | = @/ [

Then by (36) and our convention that the norm on a Cartesian product is
the sum norm (which is equivalent to any standard Banach norm on the
product), we have the estimate

||T(a7w) - T(a7w/)Hm = ||(~a7w7 S‘(Ga}U)) - (aawlv S\(a,w'))Hm
= [ Ma, w) = Aa, w)|[rr + [lw = w'l|m,
(38) < (Cn+ 1) lw = w'l|n.

We now verify the contraction property for B. Let € > 0 and m > 0.
By the contraction property which is satisfied for B, there exists ¢/, > 0 such
that holds for B and

e, =¢/(Cpn+1).
Shrink ¢/, > 0 to be smaller than the 4/, for which holds. We claim that

Sm =06, /(Con + 1)
satisfies for B and e. Indeed, consider some

(@, w) I, [l (@ W)l < G-
Then by 7(0) = 4(0,~(0)) = 0 and ([38), we have
I7(a, w)lm, 17 (@, W) l[m < (Cm +1) - Om = 0,

We compute, using the contraction property for B and the estimate ,

Hé(a,w) - B(a,w’)”m = |7y o BoT(a,w) —mgzoBo 7(a,w)||m
<||[Bot(a,w)— BoTt(a,w)||m
= || B(a, w, MNa,w)) — B(a,w’, \(a, w"))||m
< €, - [[(w, Aa, w) = (W', Ma, w')) [lm
= e - (@, w, Aa, w)) = (a,w’, Xa, ")) ||m
=€ - [7(a,w) = 7(a,w)||Im
< (Cm+1) e [lw—w'|m

=c[Jw—wm-
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This completes the proof that holds for B, and hence that b is a basic
germ.

We have shown that ¢ is a local sc-Fredholm germ. Moreover, & is a
tame sc-Fredholm germ because we have @B = id[g,00)s X ¢ by definition of
1/;, where ¥ : B/ — RF—5 x W is the linear sc-isomorphism given by the R"-
sliced sc-Fredholm germ property of o.

The claimed index formula holds because, by definition of the sc-
Fredholm index and the form of the basic germs b and b ,
we have ind(o0) = k — k' and ind(5) = k — (K’ + n). O

4. Slice coordinates for local submersions to R™

The purpose of this section is to prove Lemma [£.2] which generalizes the
local submersion normal form (Lemma [2.3]) for sc-smooth maps f : U — R"
where the domain U C [0,00)® x E is open to maps

F:0 SR

where the domain is a tame sc-retract (O, [0,00)® x E,R* x E). This means
that the set O = r(U) is the image of a tame sc-retraction r : U — U (see
Definition , which can have much more complicated local structure than
the open set U, for example locally varying dimension. In this case, the
local submersion normal form is obtained by a change of coordinates around
any smooth point x € Oy at which f is submersive and satisfies f(z) =0
such that the sc-retract in the new coordinates is a R™-sliced sc-retract
(Definition with induced tame sc-retract (see Lemma identified
with a neighborhood of x in f~1(0) N O!. For this reason, we call the sc-
diffeomorphism with this R™-sliced sc-retract slice coordinates around x.

Moreover, given a tame local bundle model K — O and a tame sc-
Fredholm germ o : O — K (Definition , and assuming that f is com-
patible with o as explained in Lemma [4.2(III), we prove that o in the new
slice coordinates around x is a R™-sliced sc-Fredholm germ (Definition
and its induced tame sc-Fredholm germ is identified with the restriction of
o to f71(0) N O See Section for a discussion of why evaluation maps
f = ev at marked points are compatible with the Cauchy-Riemann section
g = 5].

For simplicity, in this section we take all partial quadrants C' to be
in standard form C' = [0,00)® x E C R® x E. There is no loss of generality
because all partial quadrants are linearly sc-isomorphic to a standard partial
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quadrant by definition (see ) and hence all sc-retracts are sc-diffeomorphic
to sc-retracts in standard partial quadrants.

The notion of submersion that we use in Lemma [4.2] as in the local
submersion normal form in sc-calculus (Lemma , requires surjectivity
of the tangent map relative to the boundary: For a point z € Oy N ({0} X
), we require that D, f(T,O N ({0} x E)) = R™. Recall that X0 = T,,0 N
({0} x E) is the reduced tangent space at x (see (12)). In the following lemma
we interpret T.2O as the tangent space at  along the corner O N ({0} x E).

Lemma 4.1. Consider a standard partial quadrant [0,00)* x E and a tame
sc-retract (O, [0,00)* x E,R* x E). Then, for any open subset U C [0,00)° X
E and tame sc-retraction r : U — U onto r(U) = O, the restriction of r to
Uy :=UnN ({0} x E) is a tame sc-retraction

ro :=r|y, : Usg — Uy

onto
Oy :=0nN ({0} xE).
In particular, the tuple
(09, E,E)

s a tame sc-retract, which we call the boundary sc-retract associated
to the tame sc-retract O.
Moreover, for all x € Oé, we have

(39) 1,05 = T,0 N ({0} x E) = TRO.
Proof. Since r is tame, for x € Uy we have

djo,00)sx(T(2)) = d[O,oo)SX]E(x) =5,

and hence r(z) € Uy. Thus ry(Us) C Uy holds. It is then immediate that
rg is a sc-smooth retraction, as the restriction of the sc-smooth retraction
r. Moreover, the domain Uy of ry is an open subset of a cornerless partial
quadrant, i.e. Uy C E, and hence r trivially satisfies the tameness hypothe-
ses.

We now prove that the image of ry is Oy. Indeed, if x € im(ry) then
z €O and z € Uy C {0} x E, hence x € Opy. For the reverse inclusion, if
z € ON ({0} x E) then x € Uy and hence z = r(x) = ry(x).

It remains to prove that holds. Let £ € T,Oy. Then £ € {0} x E
and D,r(&) = Dyrg(§) =&, so £ € T,,O. To prove the reverse inclusion, let
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€€ T,O0N ({0} x E). Then we have Dyry(§) = Dyr(§) = &, which implies
£ € T,Oy, as required. O

In the following lemma, we construct the slice coordinates around a
smooth point x in a tame sc-retract O at which a sc-smooth map f: O — R"”
is submersive on the tangent space 1,0y at x to the associated boundary
retract Oy from Lemma ie. Dy f(T;Op) = R™.

The statement of the lemma is in three parts: (I) provides slice coordi-
nates for f~1(0), (II) provides slice bundle coordinates for the restriction of
a bundle retract to f~1(0), and (IIT) provides slice sc-Fredholm coordinates
for the restriction of a sc-Fredholm section.

Lemma 4.2.

(I) Consider a tame sc-retract (O,]0,00)* x E,;R®* x E) and a sc-smooth
map f: O — R™ Let Oy = ON ({0}° x E) denote the boundary sc-retract
associated to O (see Lemmal{.1)), and fy := flo, : Og — R™ the restriction
of f. Suppose that, at some x € (Op) satisfying f(x) = 0, the tangent map
D, fy:T,05 — R™ is surjective.

Then, there exists an open subset

O c o,
a sc-Banach space K, a R"-sliced sc-retract
(40) (O',R™ x [0,00)* x K, R" x R® x K1),
and a sc-smooth diffeomorphism
g: [=ol
satisfying
(41) g(f7H0)NO) = O' N ({0} x [0,00)* x K}) =: O'.

Here, @' is the tame sc-retract induced by O’ (see Lemma .
We view g as providing slice coordinates O’ C O’ around z with
respect to (f~1(0) N Ol c O
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(IT) Consider, in addition, a tame strong bundle retract
(K,[0,00)) x E<F,R* x E <)

covering the tame sc-retract O. Let K := 7= 1(O) where w : K — O is the
1-shifted local bundle model. Set

K':= (g <idp )(K).
Then, the tuple
(42) (K',R™ x [0,00)* x K} <!, R" x R® x K! < F!)

is a R™-sliced bundle retract covering the R™-sliced sc-retract (40)). In par-
ticular, the induced tame strong bundle retract K' (see Lemm covers
the induced tame sc-retract O'.

Moreover,

A~

(43) (9 Qide)(n 1 (fH(0)NO)) = K’

holds, so we view (g <lidg1) as providing slice bundle coordinates K’ C
K' for m around x with respect to (f~1(0)n O') c O

(III) Consider, in addition, a tame sc-Fredholm germ o : O — K (Defi-
nition . Assume that x =0 and that o has the following property:
There exists a choice of sc-Banach space W and linear sc-isomorphism
B — RF5 x W satisfying the conditions in Definition of tame sc-
Fredholm germ for o such that, in addition, there exists a sc-complement
L of ker D, fg in T;Og satisfying

(44) $(L) C ({0} x W),
Then, the section

o' = (g<idp)oocogt:0 = K’

is a R™-sliced sc-Fredholm germ. In particular, the restriction to the induced
tame local bundle model

& =0|p: 0 = K

is a tame sc-Fredholm germ with index satisfying ind(c') = ind(c) — n.
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We view ¢’ as being in slice sc-Fredholm coordinates around =z
with respect to (f~1(0)nO') c OL.

Proof. Proof of (I): Consider any open subset U C [0,00)® x E, tame sc-
retraction r : U — U onto r(U) = O, and the associated retraction on the
boundary (see Lemmal[d.1]) denoted by ry : Uy — Uy where Uy = U N ({0}* x
Set
K :=ker D (fgoryg) C T,Uy = E.

Let L C E be a sc-complement of ker D, fg in T,0y, which exists by
Lemma, [2.2] since the surjection D, fy : T,,Og — R™ induces an isomorphism
T,0ps/ ker D, fg = R™. Note that the restriction

(45) Dxf8|L : L — R™

is an isomorphism.
We claim that L is a sc-complement of K in E, i.e.

(46) E=K®L.

First, note that the sc-splitting E = T,,0g ® ker D,ry holds since the map
D,ry: E — E is a linear sc-retraction with image T,Og. Hence,

E = (L ®ker D, fy) ® ker Dyrp.

From this description of E together with the definition of K, we claim
that ker D, fg @ ker D,rg = K follows, which then implies . Indeed, write
EeEasé=1l+n+viorleL,ne€kerD,fy, and v € ker D,ry. Note that
D,ra(n) =n and Dyry(l) =1 since n,l € T,Op. Then if £ € K we have 0 =
Dy (fo 010)(€) = Dy fo(l) + Dz fa(n) = Dz fa(l), which implies [ = 0 by ([45),
and hence £ =n+ v € ker D, fg @ ker D,rg. To prove the reverse inclusion,
observe that if £ = n + v then we have D;(fsorg)(&) = Dy fa(n) = 0 and so
¢ € K. Hence holds.

We now prepare to apply the normal form of a sc-smooth local submer-
sion (Lemma to the map

for:U—R".

The restriction of for to Uy =U N ({0}* x E) is equal to fy o ry. So, by the
hypothesized surjectivity of the map D, fs : T,Oy — R™ and the definition
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of tangent space 17,0y = D,r5(T,Up), it follows that the map
F = D:(f or|lynoysxe) : E— R"

is surjective with kernel K = ker F. Hence Lemma applies to the map
for and the sc-complement L of K in E. The lemma provides an open
neighborhood

UcU'cC0,00)° x E!
of z in U', an open set
U' C R" x [0,00)* x K,
and a sc-smooth diffeomorphism of the form
g:U—=U
(v,€) = (f or(v,€),v,pr(e)),

where pr:E=L &K — K is the projection along L, such that on every
level m > 0 the map g : U,, — U’ is a C™ ! diffeomorphism. In particular,

(47) forog t:U — R™is projection onto the R"-coordinate

and also g preserves the [0, 00)*-coordinate.

We shrink the open sets U and U’ in the followmg way, so that the
smaller open set U C U has the property #(U) C U, making Tlp U—U
into a sc-retraction: Set

A

U:=r'{UnoO)nT,
U= g(0).

The set U is open in U! because UNnois open in O' and r: U — O is sc-
continuous. We claim that »(U) C U, so r restricts to a tame sc-retraction
r: U — U onto the tame sc-retract

O = r(0).

Indeed, if y € U then r(r(y)) = r(y) € UN O, and so it follows that r(y) €
U. Note that

U' CR" x[0,00)% x K!
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is open since g is a sc-diffeomorphism, and moreover the restricted map

g: U—u'
is a sc-diffeomorphism.

The map
' i=gorog U - U

is a sc-smooth retraction since g is a sc-diffeomorphism and r is a sc-smooth
retraction. Indeed, 7 o r = r implies that " o7’ = r’. Set

O = (U).

Notice that

N A~

O=r(0)=rog  (U) =g or'(U) =g (0
holds, so g restricts to a bijection
g: O—0.
This restriction is a sc-smooth diffeomorphism, as required, since
gor: U—U
is sc-smooth and ¢! o7’ : U’ — U is sc-smooth. Indeed, the definition of a
map between sc-retracts being sc-smooth is that these compositions with
the sc-retractions are sc-smooth, where the domain and codomain are now
open subsets of sc-Banach spaces and sc-smoothness is defined as usual.
We now prove that 7’ is a R"-sliced sc-retraction, and so @ is the re-
quired R™-sliced sc-retract . We must show that r is tame and satisfies
the defining property of a R"-sliced retraction, i.e. that r preserves the

R"-coordinate. To prove , notice from the definitions and that we
have

(fog or'=forog™ =mun.

Since 1’ o 7’ = 1/, we have
R 07 = (fog_l)or,or/: (fog_l)o’r'/:Tar,

completing the proof of .
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We now verify that 7’ is a tame sc-retraction. Definition [3.1|(1) for
7" = g or o g ! holds because it holds for r and since g preserves the [0, 00)*-
coordinate. To verify Definition [3.1(2) for +’/, let y' € O, and set y:=
g l(y) e Os. Since r is a tame sc-retraction, there exists a sc-subspace
A C R®* x E! such that R® x E! = Ty@ ® A and A C (R* x E!),. We claim
that A’ := D,g(A) is the required sc-subspace of R" x R¥ x K'. First, since
g is the identity on [0, c0)®, the tangent map D, g is the identity on R?®, and
thus A’ C (R" x R* x K'),/ by (8). Moreover, by definition of r’ and the tan-
gent space of a retract we have T,y O’ = Dy /(T U') = Dyg(Dyr(T,U)) =
Dyg(Ty@). Hence, since Dyg is a linear sc-isomorphism, we have

R" x R® x K! = D,g(R* x E') = D,g(T,0 & A) =T, 0" & A,

as required. This completes the verification that r’ is a R"-sliced sc-retraction
and hence is indeed a R"-sliced sc-retract.

To complete the proof of (I), it remains to show that holds. First,
recall from above that g(Q) = O'. Let y € g(f~'(0) N O). Since g~ (y) € O
is in the image of the retraction r, it follows that 0 = fog=!(y) = foro

g '(y), and hence implies
y € {0}" x [0,00)% x K,

proving the forwards inclusion in . For the reverse inclusion, let y €
O’ N ({0}" x [0,00)% x K'). Then, again by (47), we have

fog l(y)=forog (y) =mrn(y) = 0.
This proves the reverse inclusion and hence the equality .

Proof of (II): After shrinking the original open set U C [0,00)° x E, we
can assume that there exists a tame bundle retraction

R.:U<F—->U«F
(Y, &) = (r(y), I'(y,€))

onto R(U < F) = K covering r. Since r restricts to a retraction
r:U—U

onto
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as discussed above, it follows that R restricts to a tame bundle retraction
R:U<F' - U<F!
with image the tame bundle retract
K =R(U < FY) = 7710),

where 7 : K1 — O! is the 1-shifted tame local bundle model.
Set,

.U <F' - F!
. &)~ I'(g~ W)€

We claim that the map

R :=U <F' - U <F
W, &) = ('), I'(y.€))

is a R™-sliced bundle retraction onto
K':= (g <idp ) (K),

proving that is a R™-sliced bundle retract covering the R"-sliced sc-
retract . It is then immediate from Lemma that the induced bundle
retract K’ covers the induced sc-retract (', as claimed. Since 7’ = gor o g™!,

we can write R’ as a composition of strong bundle maps
R' = (g <idg)oRo (g7 <idp),

and hence R’ is a strong bundle map. In addition, R’ o R’ = R’ follows
from Ro R = R. Thus R is a bundle retraction covering the R"-sliced sc-
retraction 7/, which implies that R’ is a R"-sliced bundle retraction, as de-
sired. Moreover, by definition of K’ we have

R(U' <aFY) = (g <idm)o R({U <FY) = (g <idp )(K) = K'.

Thus K’ is indeed the desired R"-sliced bundle retract .

We now prove (43). Let 7' : K’ — O’ denote the R"-sliced local bun-
dle model, which restricts to the induced tame local bundle model 7 =
|z K'— O (see [27)). Here K’ = 7'~1(0') is the tame bundle retract
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induced by the R™-sliced bundle retract K’ (see (26))). To prove , let
ye f~10)NO and let £ € 7 (y ). Then, by ([41), we have g(y) € @', and
hence (g <1idg1)(€) € 7'~1(O') = K, proving the forwards inclusion. To see
the reverse inclusion, let & € K. Set y=7'(€) € O'. Then, again by (4 ,
we have g~ (y) € f*I(O) N O and hence (g~ <idp)(€) € m~1(f~1(0) N O).
This proves , completing the proof of the statements in (II).

Proof of (III): To prove that the section

"= (g <idpm)ocogt: O - K’
is a R"-sliced sc-Fredholm germ (Definition [3.8)), we must first show that
it is a local sc-Fredholm germ (Definition [3.6). Since the given section o is
a tame sc-Fredholm germ (Definition by hypothesis, by shrinking the
original open set U C [0,00)® x E we can assume that the tame sc-retraction
r: U — U satisfies the properties guaranteed by the definition of a tame sc-
Fredholm germ. Moreover, the 1-shifted sectlon olor: O — K is also a
tame sc-Fredholm germ (see Remark [3 , and since U C U! is an open
subset of the 1-shift of U, the retractlon r:U — U onto r(U) = O and the
tame bundle retraction R covering r also satisfy the properties required in
the definition of tame sc-Fredholm germ for o| 4 : O — K. We explain these
properties as we use them.

There exists a sc-germ of neighborhoods U([o, 00)* x E!,0) around 0
such that the O-level U (0) in the germ is equal to U and such that the
composition o o7 : U([0,00)* x E!,0) — F! possesses a filling (see Defini-

tion B.6{b))
h:U([0,00)* x EL,0) — U([0,00)® x E',0) <« F*,

where o means the principal part in F! of ¢. By hypothesis and the con-
struction of O, we have x = 0 € f~1(0) N O, and so it follows from the form
of g above that

(48) g(0)=0c 0.
The sc-germ of neighborhoods around 0 given by
U'(R™ x [0,00)% x K*,0) := g(U([0,0)* x E',0))

has 0-level U’(0) equal to the set open set U’ = g(U) above. From now on,
we abbreviate the sc-germs of neighborhoods simply by their O-level, i.e. by
U and U'.
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We claim that the map
B = (g<idm)ohog t:U — U <F.

is a filling of 0’ o 7' : U’ — F!. The required properties Definition (b).(i)f
(ili) of a filling hold for A’ because they hold for h, as we explain now. To
verify (i) for I/, let o/ € O'. Then y := g~ '(3') € O, so by (i) for h we have
o(y) = h(y), which implies ¢’(y’) = h'(y’) by definition of ¢’ and I’ as re-
quired. To verify (ii), let y € U’ and assume h'(y") = I""(+'(y'), h/(y')). Then,
setting y := g~ '(y') € U, we have h(y) = h'(y/) = I'(r(y), h(y)). Hence y €
) by property (ii) for h, soy' € g(@) = (', as required. We now verify prop-
erty (iii) for h’. Property (iiz) for h says that the linearization DyA at 0 of
the map

y = (idp — I'(r(y),-)) o h(y)

restricts to a linear sc-isomorphism ker Dor — ker I'(0, -). We must show
that the map

AU — F!
y' = (idp — I'(r'(y'),-)) o W' (y/)

restricts to a linear sc-isomorphism ker Dgr’ — ker I''(0, -). Note that, by
definition of I” and by (48), we have

ker I'(0,-) = ker I'(g~*(0),-) = ker I'(0, -).
Moreover, from the definition of A’ we have
W'(y) =hog '(y),
and so by definition of " we have
A'=Aog !l U — F.

Hence DyA’ restricts to the desired isomorphism since Dyg~! restricts to
an isomorphism ker Dor’ — ker Dor by definition of 7’ and (48). Hence A’ is

indeed a filling of o’ o 7/, as claimed.
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To verify that ¢’ is a local sc-Fredholm germ, it remains to check the
properties in Definition [3.6(c). Since

c:0—-K

is a tame sc-Fredholm germ, we have the following: There exists a sc'-section
s:U—U<F!
satisfying s(0) = h(0), a sc-Banach space W, a sc-germ of neighborhoods
U’ around 0 in [0, 00)* x R¥~* x W
for some k > s, and a strong bundle isomorphism
V.U <F > U <RF x W,

for some &’ > 0, covering a linear sc-isomorphism

U —= U
of the form

¥ = idjg aoye X P 1 [0,00)° x EF — [0,00)* x R¥% x W
for some linear sc-isomorphism
¢ E' 5 RFS X W,

such that the principal part of the section
(49) b:=Wo(h—s)oyp : U - U aR¥ xW

is a basic germ.

By the hypothesis , we can assume that the subspace L C E, satis-
fies (L) C {0}F=° x W. We consider 1(L) as a sc-subspace of W and let W
be any sc-complement W @ (L) = W which exists by [16, Prop. 1.1] since
L is finite dimensional. After fixing any linear isomorphism ¥ (L) — R"™, we
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obtain a linear sc-isomorphism
T W=Wap(L) - W xR"
Define
¥ = (idg ooy e+ X T) 00 g1 1 U = [0,00)° x RF~* x W x R,
s’ = (g<idm)osog U — U <F,

A

U= ¢/(U/) = (Z.d[O,oo)SX]R’“*S X T)([A],)a
wl = ((Zd[o,oo)* «RE—s X T) < (ide/ X T))
oWo (gt Qidpm): U aF = U" <RF x W x R".

We claim that the principal part of the section
(50) V:=0o(W —s)oy/t:U" - U" <aR¥ x (W x R")
is a basic germ, where here W x R™ plays the role of the space W in Defi-
nition (c) By hypothesis, the principal part b of the map is a basic
germ, which means that, letting
P:R¥ xW W
denote projection onto W, we have, for a € [0,00)° x RF™% and w € W,

Pob(a,w) =w— B(a,w),

where B : U’ — W is a sc-smooth germ satisfying B(0) = 0 and the contrac-
tion property . Let

P RY x (WxR") - W x R?
be projection onto W x R™. Define
B’ := 70 Bo (id]y x): xri-= X )7 U - W x R™
Notice from the definitions that we have

P' =70P x (idgw x 1) ",
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Then, for a € [0,00)* x R¥=* and z € W x R™ such that (a, 2) € U”, we com-
pute

P'ob(a,z) =70 Po(idgw x 7)o Tpu iiremn
oW oW —§)o  a,z)
=ToPompwywoWo(h—s) ozpfl(a,Tfl(z))
=70Pob(a,771(2))
=7(r'(2) = B(a,771(2)))
=2z - B'(a,2),

so to prove that b’ is a basic germ, it remains to verify that B’ satisfies
the contraction property . Since 7 is a linear sc-isomorphism, for every
integer m > 0 there exist constants ¢, C,, > 0 such that, for all w € W, we
have

[7(w)llm < Crm - [[wlim,
and for all (a, z) € ([0,00)* x RF=5) x (W x R") we have

H(Zde X T)il(a,Z)Hm < ¢ ||(a7 Z)Hm

Fix € > 0 and m > 0. Then since B satisfies the contraction property ,
there exists d,, > 0 that suffices for B and €], := €/(Cyy, - ¢,). We claim that
O := 0, /cm, suffices for B’ and e. Indeed, for any elements a € [0,00)% x
RF=5 and 2,2/ € W x R™ satisfying

(@, 2)llm: [(@, 2) [l < Om,

we have [[(a, 77 2(2))|lm, [|(a, 77H(Z") lm < em - Om = 6L, So, we compute

1B (a, z) = B'(a,2")lm = |I7(B(a, 77" (2)) = B(a, 7~ ()))lIm
<Cn-|B ( (%)) - (a 7))l
<Cp HT‘I(z) =72 Im
= ¢/cn |77 (2 = &) lm

<e |z =2 m,

as required. This completes the proof that b’ is a basic germ, and hence that
o’ is a local sc-Fredholm germ.

We claim that the additional conditions required for ¢’ to be a R"-
sliced sc-Fredholm germ are satisfied by construction. We must check that
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Y U — U" is of the required form ([30). Consider the projection
T:W=Way[L)—>W

along (L) C {0}*=* x W. We have L & K! = E! by and since L C E
Hence the map

!/

@ = (id]kas X T) O@|{O}@K1 : Kl — kas X W

is a linear sc-isomorphism. Let (p,v,x) € U’ C R" x [0,00)* x K!. By the
form of the map g above, we can write

9 (P, v, k) = (v, €ppr) € [0,00)% x EL

for some e, , » € EL. Moreover, we have pr(ep, ) = k, where pr is the projec-
tion pr: E! = L @ K! — K! along L. In particular, we have ey, — K € L,
from which we obtain a map to {0} x R™ C W x R" defined by

A:U = R”
(P, v, k) = (J(epv k= K))-

This map is C' on every level (U'),, — R" for m > 0 because g is a C'-
diffeomorphism on every level and the linear sc-isomorphisms 7 and v are
C® on every level. Then we compute

wl(pa v, "i)

id[0,00)" xRF—> X o (v, epvr)

7)o
id[0,00)s xR+ X T) O (zd[o %) X ) o (v, epun)
v, (zdefs x 7)o th(epwr))
v, (idgi—s X T)(P(K) + P(epu — K)))
v, (Zdwﬂ' X T) (W (k)), T(1(ep,v,n — K)))

(
= (
= (
= (
= (
= (v, (K), \(p, v, %))

This proves that o’ is a R"-sliced sc-Fredholm germ. Hence it follows from
Lemma that the restriction 6’ = ¢'|5, : 0" = K’ is a tame sc-Fredholm
germ with sc-Fredholm index ind(¢’) = ind(c’) — n. Moreover, by definition
of index and by the forms of the basic germs and , we have
ind(c") = ind(c). Hence ind(6") = ind(c) — n. This completes the proof of
the lemma. 0
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Remark 4.3. We note some additional properties of the objects constructed
in the proof of Lemma[4.2] These properties are required for the construction
of quotients of polyfolds by group actions in [24].

The sc-Banach space K is given by

K =ker D,(fgory) CE,

where r5 : U N ({0} x E) - U N ({0} x E) is the boundary sc-retraction as-
sociated to a tame sc-retraction 7 : U — U onto r(U) = O from Lemmal[d.1]
There is a sc-complement L of ker D, fs in 17,0y, and moreover L is a
sc-complement of K in E. The change of coordinates g : [0,00)* x El —
R™ x [0,00)* x K!, which is defined in a neighborhood of z, is of the form

g(v,e) = (for(v,e),v,pr(e))

where pr: E = L & K — K is projection along L. In particular, in the case
x = 0, the sc-differential of g satisfies

Dog({0} x L) = R™ x {0} x {0}

and
Dog({0} x K') = {0} x {0} x K!.

5. Slicing tame sc-Fredholm sections with transverse
constraints

The theory of sc-Fredholm sections o : B — £ (Deﬁnition of tame strong
bundles p : & — B (Definition [5.2)) over tame M-polyfolds B (Definition [5.1])
is developed in [16]. In this section, we introduce the new stronger notion of
a tame sc-Fredholm section (Definition , which is the same as a standard
sc-Fredholm section with the stronger condition that the local sc-Fredholm
germs (Definition can be chosen to be the tame sc-Fredholm germs
introduced in Definition roughly, we require that the change of coordi-
nates that brings the local fillers into basic germ form can be chosen to be
a linear sc-isomorphism on the base. We also introduce the new notion of
slices B C B (Definition of sc-Fredholm sections o, which are subspaces
of B in which the local sc-Fredholm germs are R"-sliced (Definition [3.8):
roughly, the dependence of the change of coordinates to basic germ form on
the normal directions to B in B splits off into a R"-factor in the codomain.

Tame sc-Fredholm sections and slices are the main objects of interest in
this paper. In this section, we prove our main Theorems [5.10} Roughly,
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given a tame sc-Fredholm section ¢ : B — £ and a sc-smoothmap f: B — Y
to a finite dimensional manifold Y that is o-compatibly transverse (Defini-
tion to a submanifold N C Y, then f~(N) is a slice of o. Moreover,
given a slice B C B of a sc-Fredholm section o : B — £, the restriction o] %
is tame sc-Fredholm. The generalizations of the concepts and theorems in
this section to the ep-groupoid case, which are required to handle isotropy
in applications, are developed in Section [6]
In Section [5.1] we explain why the Cauchy-Riemann section

5 J: B— &
is tame sc-Fredholm and why evaluation maps
ev:B—=Y

at marked points are d j-compatibly transverse to every submanifold N C Y.
We begin with a review of standard M-polyfold notions.

Definition 5.1. [I6] Defs. 2.6, 2.19]

e A tame M-polyfold chart on a topological space B is a tuple
(V7 907 (07 C? E))?

where V' C Bisan open set, ¢ : V — O is a homeomorphism, and (O, C,E)
is a tame sc-retract (Definition .

e A tame M-polyfold B is a Hausdorff paracompact topological space
together with an equivalence class of tame sc-smooth atlases. A tame sc-
smooth atlas consists of a cover of B by tame M-polyfold charts whose
transition maps are sc-smooth. Atlases are equivalent if and only if their
union is an atlas.

A tame M-polyfold B carries a filtration by a sequence of topological
spaces

B = (Bo<—361<—>~--)
where the maps B,, — By,11 are continuous injections with dense image.

This filtration is provided locally by the sc-structure on the sc-retracts in
charts, and it is independent of the choice of charts due to sc-continuity of
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the transition maps. The smooth points B, of B are the subset
Bso = ﬂmzoBm.

By forgetting about the first m > 0 levels of B3, we obtain the m-shift B™ of
B, which is the M-polyfold

B™ = (B <> Bg1 <= -+ +)
with charts given by restricting charts on B to the m-shift
0 Vi =VnBy,—=0,=0nNE,.
Notice that a m-shift does not affect the smooth points, i.e.
Boo = BL..

The tangent space T, B at a point x € B is defined as the set of equiva-
lence classes of tangent vectors in all charts around x, with the equivalence
given by the tangent map of the transition map between charts, which is
a linear isomorphism on every tangent space; see [16, Def. 2.11] for a pre-
cise treatment. The result is a Banach space structure on 7,5 and, for any
chart (V, ¢, (O, C,E)) containing = € V', a tangent map Dy : T,V =T, B —
T()O which is a bounded linear isomorphism. If z € B is a smooth point
then p(z) € O is a smooth point and T8 inherits the structure of a sc-
Banach space from the sc-Banach space T, O.

The reduced tangent space T B [16], Def. 2.20] is defined only for smooth
points x € B, as the subspace of T,.B such that

R _ 7R
(51) D.o(TFB) =TX 0,

where Tf(x)(’) is the reduced tangent space to a sc-retract . Note that,
since the reduced tangent space to a sc-retract is invariant under sc-
diffeomorphisms of sc-retracts only at smooth points, this global notion of
reduced tangent space 7B is well-defined only for smooth points = € Bu.

The degeneracy index dg : B — Ny is defined for x € B as the minimum
over all charts (V,p, (O, C,E)) containing x € V of the degeneracy index
in the chart do(¢(x)); see [16, Def. 2.13]. For a smooth point x € Bs, it
is explained in [I6l Rmk. 2.4] that there is a global interpretation of this
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quantity:
(52) dp(z) = dim(T,B/TEB) for x € B
We now recall the definition of a tame strong bundle p: £ — B.

Definition 5.2. [I6] Defs. 2.25, 2.26]

e Consider a continuous surjective map p : £ — B from a topological space
& onto a topological space B such that, for every x € B, the fiber p~1(z) =
&, has the structure of a Banach space. A tame strong bundle chart
for p: & — Bis a tuple

(p~ Y (V),®,(K,C <F,E<F))

in which (K,C <F,E <F) is a tame strong bundle retract (Section [3.2))
covering a tame sc-retract (O, C,E), i.e. K — O is a tame strong local
bundle model. In addition, V' C B is the domain of a tame M-polyfold
chart (V, ¢, (O, C,E)) and

P:p (V)= K
is a homeomorphism onto K that covers ¢, i.e.
(53) TooP=¢pop

holds on p~!(V). Moreover, @ is linear on the fibers over V, i.e. for all
z € V the map @ : p~!(z) — 7, (¢(x)) is a bounded linear isomorphism
of Banach spaces.

e A tame strong bundle p : £ — B is a continuous surjective map from a
paracompact Hausdorff space £ onto a tame M-polyfold B such that every
fiber has the structure of a Banach space, together with an equivalence
class of tame bundle atlases. A tame bundle atlas consists of a cover
of B by tame strong bundle charts whose transition maps are sc-smooth.
Atlases are equivalent if and only if their union is an atlas.

The tame strong bundle charts on a tame strong bundle p: £ — B in-
duce a double filtration &, ; for m > 0 and 0 < k < m + 1 from the double
filtration on the bundle retracts in the charts. From this we distinguish
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the M-polyfolds £[i] for i = 0,1, by the filtrations
(54) Elilm = Emmsi, m > 0.

Both projections
pli] : E[i] = B

are sc-smooth maps.

There are two notions of smoothness for a section of p (see [16, Def. 2.27]),
which correspond to the two projections p[i| for i = 0,1. A section s : B — &
is called a sc-smooth section of p if s: B — £[0] is a sc-smooth section of
the bundle p[0]. The section s is called a sc™-section of p if s(B) C £[1]
and s : B — £[1] is a sc-smooth section of the bundle p[1]. The sc*t-sections
become important when perturbating sc-Fredholm sections. They are analo-
gous to compact operators in classical Fredholm theory. In particular, adding
scT-sections to sc-Fredholm sections preserves the sc-Fredholm property [16]
Thm. 3.2].

We now recall the definition of a sc-Fredholm section o : B — £.

Definition 5.3. [I16], Def. 3.8]

e Consider a section ¢ : B — £ of a tame strong bundle p: & — B. Let
x € By be a smooth point. Then a tame strong bundle chart (p~(V), @,
(K,C < F,E <F)) for p covering a tame M-polyfold chart (V, ¢, (O, C,E))
on B is called a sc-Fredholm chart for o at x if it satisfies x € V and
o(x) =0 € O, and if the section

Pocop 0K

of the local bundle model K — O is a local sc-Fredholm germ (Defini-
tion .
e A sc-Fredholm section o : B — £ of p is a section that has the follow-

ing properties:

(1) o is sc-smooth.

(2) o is regularizing: z € B, 0(x) € &y my1 implies & € By, 1.

(3) For every smooth point x € By, there exists a sc-Fredholm chart
for o at x. The index ind,(o) of o at x is the index of the local
sc-Fredholm germ in any such chart.

We now introduce the new stronger notion of a tame sc-Fredholm sec-
tion o : B — £ of a tame M-polyfold bundle p : £ — B. A tame sc-Fredholm
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section is a sc-Fredholm section that is locally tame in the sense of Defini-

tion B.71

Definition 5.4.

e Consider a section o : B — £ of a tame strong bundle p: & — B. Let
T € By be a smooth point. Then a tame sc-Fredholm chart for o at
x is a sc-Fredholm chart (Definition such that the local sc-Fredholm
germ ® o 0 0 ¢~ ! is in addition a tame sc-Fredholm germ (Definition .

e A tame sc-Fredholm section o : B — £ of p is a sc-Fredholm section
(Definition [5.3)) such that there exists a tame sc-Fredholm chart for o at
every € B.

Remark 5.5. Given a strong bundle p : £ — B and a sc-Fredholm section
o : B — &, we obtain the m-shift p : £ — B™ and similarly o : B™ — &™
by restricting domains and codomains to the m-shifts £™ and B™. Perform-
ing this shift preserves all essential features of the polyfold setup. In particu-
lar, o : B™ — £™ is a sc-Fredholm section of the strong bundle p : £™ — B™
and the sc-Fredholm index is preserved [16, Cor. 5.1].

Crucially, the zero set of a sc-Fredholm section is preserved under m-
shifts. Indeed, since 0~1(0) C By, by the regularizing property (Def. [5.3(2))
of o, it follows that

o7 1(0) = o7 1(0) N B™ = o] 5 (0).
Moreover, compactness of o ~1(0) in the topology of B,, for any fixed m > 01is
equivalent to compactness in the topology of B, (see [16, Thm. 5.3, Cor. 5.1]).
For this reason, we can unambiguously refer to compactness of ~!(0) with-
out reference to the levels, and m-shifting preserves this compactness.

We now introduce the new notions of a slice B C B of a tame M-polyfold
B, a slice of a tame strong bundle p : £ — B, and a slice of a sc-Fredholm
section o : B — £ (Definition . Roughly, a slice is a subspace B such
that for every point x € B there is a tame M-polyfold chart that identifies a
neighborhood of x in B with a R™-sliced sc-retract (Deﬁnition, and such
that the induced tame sc-retract is identified with a neighborhood of x
in B. To be a slice of the sc-Fredholm section o, we additionally require that,
at smooth points z € By =Bn Bso, we can choose the chart on B such that
it is covered by a bundle chart for p in which o is a R"-sliced sc-Fredholm
germ (Definition [3.8)). In such a chart, the induced tame sc-Fredholm germ
(see Lemma is identified with the restriction of o to B near . Globally,
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the result is that a slice of ¢ is a finite codimension M-polyfold B embedded
in B that is compatible with the local fillers for ¢ in such a way that o

restricts to a tame sc-Fredholm section over B (Theorem (IH)).
We first introduce the slice notions in charts.

Definition 5.6.

e Consider a subspace B C B of a tame M-polyfold B. A R™-sliced chart
with respect to B C B is a tame M-polyfold chart on B of the form

(55) (V,p, (O,R" x C,R"™ x E))

where (O,R" x C,R" x E) is a R"-sliced sc-retract (Definition with
induced tame sc-retract O = O N ({0} x C) (see (14)) satisfying

(56) O=p(BNV).

e Consider a tame strong bundle p: £ — B. A R™-sliced bundle chart
for p with respect to B C B is a tame strong bundle chart for p of the
form

(57) (pr(V),d,(K,R" x C <F,R" x E <F))

covering a R"-sliced chart with respect to BcCBasin . In particu-
lar, the tame bundle retract (K,R"” x C <F,R" x E <F) is a R™-sliced
bundle retract (Definition covering the sc-retract O from (5.

e Consider a section o : B — & of p and a smooth point
T € lg’oo =Bn Beo-

Then a R™-sliced sc-Fredholm chart for o at = with respect to
B C B is a R™sliced bundle chart with respect to B C B as in that
satisfies x € V and ¢(z) = 0, and such that the section

Pocop 10K
is a R™-sliced sc-Fredholm germ (Definition .

The following global notions of slices of tame M-polyfolds, tame strong
bundles, and sc-Fredholm sections require covers of B by R"-sliced charts.
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Definition 5.7.

e Consider a tame M-polyfold B. A subspace
BcB
is called a slice of B if for every = € B there exists an integer
ne = codimg(B C B) >0

and a R -sliced chart with respect to B C B that contains z. For each
& € By = BN By, the integer codim,(B C B) is called the codimension
of the slice at z (and it is well-defined at z and locally constant in 5,
by Theorem [5.8)).

e Consider a tame strong bundle p : £ — B. A slice B C Bof Bis called a
slice of the bundle p if for every = € B there exists a R"-sliced bundle
chart for p with respect to B C B that contains x.

e Consider a sc-Fredholm section o : B — & of p. A slice B C B of the
bundle p is called a slice of the sc-Fredholm section o if for every
z € Boo = BN By there exists a R -sliced sc-Fredholm chart for o at z
with respect to B C B.

We are now equipped to prove one of the main theorems (Theorem ,
which says that slices of tame M-polyfolds are tame M-polyfolds with locally
constant codimension, bundles restrict to slices, and sc-Fredholm sections
restrict to slices with a drop in Fredholm index given by the codimension.
The essential point in the proof is that sliced charts with respect to B C
B induce tame M-polyfold charts on B, sliced bundle charts induce tame
bundle charts on the restricted bundle map, and sliced sc-Fredholm charts
induce tame sc-Fredholm charts on the restricted section. This is the M-
polyfold analog of the classical Fact (restrictions of Fredholm sections to
sub-Banach manifolds).

Theorem 5.8. (Restrictions of sc-Fredholm sections to slices)

(I) Consider a tame M -polyfold B and a slice B C B (Deﬁm’tz’on.} Then,
B is a tame M -polyfold with atlas induced by the sliced charts with re-
spect to B C B. Forx € Bl, the codimension codzmm(l’)’ C B) is well- deﬁned
and locally constant in B, i.e. it equals codimy (B C B) for every x’ in an

open neighborhood of x in B. For x € Bu, the degeneracy index satisfies
dg(x) = dp(x).
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(IT) Consider, in addition, a tame strong bundle p : & — B. IfBCcBisa
slice of p, then the restriction p:= p|z : € :== p~1(B) — B is a tame strong
bundle with atlas induced by the sliced bundle charts for p with respect to
B CB.

(IT1) Consider, in addition, a sc-Fredholm section o : B — E. If B C B is
a slice of o, then the restriction ¢ = oz : B — & is a tame sc-Fredholm
section (Deﬁnition of p with tame sc-Fredholm charts induced by the
sliced sc-Fredholm charts for o with respect to BCB. For z € BOO, the
index satisfies ind, () = ind (o) — codimg(B C B). If 0=*(0) is compact
and Be, C Bo is closed, then 6= (0) is compact.

Proof. Proof of (I): By Definition of a slice, for every x € B there is an
integer ng, > 0 and a R™-sliced chart with respect to B C B that contains
x. We will show that each of these sliced charts induces a tame M-polyfold
chart on B. The transition maps between the tame charts on B constructed
in this way are sc-smooth because they are restrictions of the sc-smooth
transition maps between the sliced charts on . Hence we have a tame sc-
smooth atlas on B, providing the claimed tame M-polyfold structure.
Given a R"-sliced chart

(58) (V, 0, (O,R" x C,R" x E))

with respect to B C B, we must construct the claimed induced tame M-
polyfold chart on B. Use the notation

V;:BﬂVandgﬁ::@’V:f/_)@(v)?

and recall the induced tame sc-retract (O, C, E) from Lemma We claim
that the tuple

(59) (V,#,(0,C,E))

is a tame M-polyfold chart on B. Indeed, the set V is open in Bsince V C B
is open and B C B has the subspace topology. Since ¢ is a homeomorphism,
it follows that its restriction ¢ is a homeomorphism onto its image, which is
O by and definition of V. This completes the construction of the tame
M-polyfold structure on B.
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Let z € B;. We now verify that the codimension
Ng = codimx(lg’ c B)

of the slice B C B at z is well defined and is locally constant in B. There
exists a R™»-sliced chart as in (58)) with « € V. It suffices to show that, for all
y € Vi, we have T,B/T, B = R"” Indeed, this proves that the codimension
Ng 18 1ndependent of the sliced chart around z, hence is well-defined, and
moreover that it is constant in the open neighborhood V of z in B. For every
Y € ‘71, the tangent map

Dygp : TyV — T@(y)(’)

of the chart map ¢ at y is a linear isomorphism. Moreover, Dy restricts to
a linear isomorphism D¢ : T}, V=T oly )O Hence D,y induces an isomor-
phism
TyV/TyV = To() O/ Ty) O
Thus
T,B/T,B=T,V/T,V = R"
holds by (17)). Hence codim,(B C B) = n, holds for all y € V;.
We now prove the claimed degeneracy index formula. Let z € Bo. Since

r is a smooth point, the reduced tangent space TXB is well-defined and
D, restricts to a sc-isomorphism TEB — T R( )(9 Hence Dgp induces a

sc-isomorphism T, B/TEB = Ty O/T (9 Similarly, D, induces a sc-
isomorphism T, B/TFB = T, $)(9 / (’) Then by (18), the inclusion Oc

O induces an isomorphism
00/ Tgi)O = To) O/ Ty O
It follows that the inclusion B C B induces an isomorphism
T.B/TEB = T,B/TEB.
So by the global description~ of degeneracy index at smooth points,
we conclude dg(z) = dim(T,B/T}'B) = dim(T,B/T}'B) = d(x). This com-

pletes the proof of the statements in (I).

Proof of (II): By definition of a slice of a bundle, there is a cover of
B by sliced bundle charts with respect to B C B. We will show that each
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of these sliced bundle charts induces a tame strong bundle chart for p =

ple £ := p~1(B) — B. The transition maps between the tame charts for j

constructed in this way are sc-smooth because they are restrictions of the

transition maps between the sliced bundle charts for p. Hence we have a

bundle atlas for p, providing the claimed tame strong bundle structure.
Given a R"-sliced bundle chart

(60) (p~r(V),®,(K,R" x C <F,R" x E < F))

for p with respect to B C B that covers a R™-sliced chart with respect to
BC Basin , we must construct the claimed induced tame strong bundle
chart on p. Let (K,C <F,E < F) denote the induced tame bundle retract
from Lemma [3.5 and use the notation

Bi= 0y ()57 (V) = 9V,
We claim that the tuple
(61) (p7(V),9,(K,C <F,E<F))

is a tame strong bundle chart for ﬁ that covers the induced M-polyfold chart
. Since o 0@ = o p by (53) it follows by restriction that g o =
@op on p Y (V). It follows that Zm(di) = 15" (0) = K, where the second
equality holds by . Hence & is a homeomorphism onto its image K be-
cause it is the restriction of the homeomorphism @, and similarly @ is linear
on fibers as the restriction of @. This completes the proof of (II).

Proof of (III): The final statement about compactness of the zero sets
holds because 51(0) = 6~ (0) N By is the intersection of a compact set and
a closed subset of By,

We proceed to verify that & = 0|5 : B — £ is a tame sc-Fredholm section
of p. The section ¢ is sc-smooth and regularizing because it is the restriction
of the section o. So to prove that & is a tame sc-Fredholm section it remains
to show that there exists a tame sc-Fredholm chart (Definition E ) for 7 at
every smooth point z € Bs. Since B is a slice of the sc-Fredholm section o,
there exists a R"-sliced sc-Fredholm chart for o at z with respect to B C B.
This is a R"=-sliced bundle chart as in such that the local sc-Fredholm
germ @ o o o ! is R%-sliced and such that <p( ) =0.

We claim that the tame bundle chart (| is a tame sc-Fredholm chart
for & at . This requires that the local sectlon @ oGo@: 0 — K is atame
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sc-Fredholm germ, which follows from Lemma since
Pooop t:0O K

is a R™-sliced sc-Fredholm germ. Moreover, Lemma and Def. [5.3|(3)
provide the sc-Fredholm index formula

indy(5) =ind(@odo@ ) =ind(®ooop ) —n, =ind.(0) — n,.

This completes the proof that ¢ is a tame sc-Fredholm section satisfying the
claimed index formula. O

We now prepare for the proof of our main theorem (Theorem, which
is the M-polyfold analog of the classical Fact (transverse preimages are
sub-Banach manifolds). The result is roughly as follows. Consider a tame sc-
Fredholm section ¢ : B — £ of a tame M-polyfold bundle p : £ — B. Given a
sc-smooth map f : B — Y to a finite dimensional smooth manifold Y that is
o-compatibly transverse (Definition to a submanifold N C Y, we prove
that the restriction of o to the preimage f~!'(N) is a tame sc-Fredholm
section. The notion of o-compatible transversality requires compatibility
between the map f, the submanifold N, and the coordinate changes that
bring the local fillers of o into basic germ form.

All necessary compatibility is satisfied in applications. In particular, eval-
uation maps f = ev at marked points are 0 j-compatibly transverse to every
submanifold, where 0 is the Cauchy-Riemann section; see Section We
now introduce the precise definition of o-compatibly transverse.

Definition 5.9. Consider a tame M-polyfold B, a smooth manifold Y to-
gether with a codimension-n submanifold N C Y, and a sc-smooth map
f:B — Y. Then f is called transverse to N if

(62) Do f(TEB) + TpyN = Ty()Y

holds for all x € f~1(N) N B,

Suppose that f is transverse to N, and consider in addition a tame
sc-Fredholm section o : B — £ (Definition of a tame strong bundle p :
€ — B. Then f is called o-compatibly transverse to N if, for all points
x € f71(N) N By, there exists a tame sc-Fredholm chart (Definition [5.4)) for
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o at x, denoted
(01 (V), 8, (K,[0,00)° x E<F,R® x E <)),

covering a tame M-polyfold chart (V, ¢, (O, [0,00)* x E,R® x E)) on B such
that the tame sc-Fredholm germ (Definition

Pocop 0K

satisfies the following property: There exists a choice of sc-Banach space W
and linear sc-isomorphism

P:E—RFSxW

satisfying the conditions in Definition of tame sc-Fredholm germ such
that, in addition, there exists a sc-complement L of the subspace

(Do f) N (TyyN)NTFB C TFB
satisfying
(63) 1o Dpp(L) € {0}F% x W.
We are now equipped to prove the main theorem.

Theorem 5.10. (Transverse preimages are slices of sc-Fredholm
sections)

(I) Consider a tame M -polyfold B, a smooth manifold Y together with a
codimension-n submanifold N CY, and a sc-smooth map

f:B—=Y.

Assume that f is transverse to N (Definition .
Then, there exists an open neighborhood

Bc f YN)NB;
of f~H(N) N Boo such that B is a slice of B! with codim.(B c B') =n for

every x € By = BN By. In particular, B is a tame M-polyfold with degen-
eracy index satisfying dz(x) = dg(x) for all x € Bu.
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(IT) Consider, in addition, a tame strong bundle p: & — B. Then, there
exists a possibly smaller neighborhood B in (I) that is a slice of the bundle
pler : EY — BL. In particular, the restriction

pi=rplg: €:=(pler) " (B) = B

s a tame strong bundle.

(IIT) Consider, in addition, a tame sc-Fredholm section o : B — & (Defi-

nition of p. Assume that f is o-compatibly transverse to N (Defini-
tion . Then, there exists a possibly smaller neighborhood B in (II) that

is a slice of the tame sc-Fredholm section o|g: : BY — &1, In particular, the
restriction

o::0|l§:l§%c‘j

s a tame sc-Fredholm section of p with index satisfying
indy(6) = indy(o) —n

for all x € Boo. If N is closed as a subset of Y and o~1(0) is compact, then
571(0) is compact.

Proof. Proof of (I): For every x € f~1(IN) N By we will construct a R"-sliced
chart (Definition . with respect to f~1(N)N B! C B! that contains z.
Then we define BB to be the union of the domains of these charts intersected
with f~1(N) N B

Let 2 € f71(N)NBwx. Let Z CY be the domain of a manifold chart
Z = RHAmN on Y containing f(z) € N that identifies N N Z with {0}" x
RIMN Tet ~: Z — R™ be the smooth map given in the chart by the pro-
jection R™ x RY¥™MN s R™ Then 0 = v(f(z)) is a regular value of v and

(64) v 0)=NNZ.
In particular, we have
(65) Tf(I)N = ker Df(x)’)/'

Then f~!(Z) is an open neighborhood of = in B. Choose V C f~1(Z) so
that, in addition, there is a tame M-polyfold chart

(66) (V,0,(0,[0,00)* x E,R® x E))
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on B satisfying p(z) € {0}* x E. Set
z = ().
By definition of the reduced tangent space T.XB, we have
Do(TFB) = TFO.
So, since f is transverse to N, we conclude from that we have
(67) Dof o Dy H(TRO) + Ty N = Ty Y-
We claim that the map
fi=qofop t:0O—=R"

satisfies the hypotheses of Lemma [£.2(I) at z. Let Oy := O n ({0} x E)
denote the boundary sc-retract associated to O (see Lemma and con-
sider the restriction f, := f|o,. Recall from that we have Tf(’) =T,0p.
Then the tangent map Dgia : 1,05 — THR™ = R" is surjective by , ,
and since 0 is a regular value of 7. Hence, the hypotheses of Lemma (I)
are indeed satisfied, yielding slice coordinates around z with respect to
(f~10)n OY) c O'. Precisely, this means that we obtain a sc-Banach space
K, a R™-sliced sc-retract (Definition

(68) (O',R™ x [0,00)* x K!, R" x R® x K!),
an open set @ C O, and a sc-smooth diffeomorphism
g:0 =0
such that the induced tame sc-retract
O' =0 N ({0} x [0,00)° x K')
satisfies
(69) (N0 = 0.

Set
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Then
(70) (V, %, (O, R™ x [0,00)° x K} R" x R® x K'))

is an M-polyfold chart on B'.
At this point, for every x € f‘}(N) N Bso, we have constructed an M-
polyfold chart on B! with domain V, C B' containing € V,. Define

(71) B:= U Vensav.
z€f~1(N)NBx

We claim that B c B! is a shce We must show that the chart (70) is a
R"-sliced chart (Definition |5.6)) with respect to B C B'. The sc-retract (68)
is given as R™-sliced by Lemma [.2|1), so it remains to show that . holds,
which in the notation of this proof is the statement O’ = @(B NV). Let
pe. By and the definition of f, we have ¢~!(p) = ¢ tog l(p) €
(vo £)~H0) c f~HN). Hencewehavec,b_ (p)eVnf (N)cBnV. To
see the reverse inclusion, let p € <,0(B N V By ., we must show that
f(g71(p)) = 0. From the definitions, we compute

fog tp)=q0fop  p) ev(f(BNV)) CH(NNZ)={0},

as required. Hence . is indeed a R"-sliced chart with respect to B C B*.
This proves that B C B! is a slice (Definition [5.7). Hence B is a tame M-
polyfold with the claimed degeneracy index by Theorem [5.8] Moreover, the
existence of a R"-sliced chart around every y € B proves the claim that
codim,, (B C B') = n for every y € B;. This completes the proof of the state-
ments (I).

Proof of (II): To prove that B is a slice of the bundle plg: : E' — B!, for

every r € B we must construct a sliced bundle chart for pler with respect to
B C B'. We can choose the tame M-polyfold chart so that it is covered
by a tame strong bundle chart

(72) (p~'(V),®,(K,C <F,E<F))
for p. Note that this may require shrinking the open neighborhood V C B

of z, and so the resulting slice B of B! defined by the formula may be
smaller than in part (I).



Polyfold regularization of constrained moduli spaces 317

The tame bundle retract (K,C < F,E <) covers the tame sc-retract
O. Hence Lemma [£.2(II) yields a R™-sliced bundle retract

(K',R™ x [0,00)* x K} <! R" x R® x K! < F!)
that covers the sliced sc-retract and satisfies
(g <vide)(K) = K,
where K C K is the preimage of O in the local bundle model K* — O!. Set

@ = (g Qidp) o D| pZH D) L plei (V) — K.

Then the desired sliced bundle chart for p|e: with respect to B C B! is the
tuple

(73)  (plgt(V), @, (K',R" x [0,00)* x K <« F1,R" x R® x K' 9 F')).

This proves that B c B! is a slice of the bundle p|gi. The restriction f :
plet(B) — B is then a tame strong bundle by Theorem [5.8(IT).

Proof of (IIT): To prove that B is a slice of the tame sc-Fredholm section
ol : BY — &Y, for every z € Bo, we must construct a sliced sc-Fredholm
chart for o|p: at x with respect to B c B'. Since f is o- compatlbly transverse
to N, we can assume that the tame strong bundle chart (| is also a tame
sc-Fredholm chart for o at  such that we can choose 1), W and L ¢ TFB
satisfying (6 . Note that this may require shrinking the open neighborhood
V of z, and so the resulting slice B of p|¢1 defined by the formula (7)) may
be smaller than in parts (I) and (II).

We now show that W, ), and L’ := D,¢(L) satisfy the hypotheses of
Lemma (III). Indeed, by , L is a sc-complement of the sc-subspace

A= (Dyf)  (TyyN) N TFB
in Tf”l’)’, and so we have the sc-splitting

(74) Dyp(L) & Dyp(A) = TRO.
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Recall from that we have TJ'O = T,0p. Then from the definitions
and , we compute

DxSO(A) D, (( zf) (Tf x)N) Tf[)’)
= kerDQiﬁTQRO
=kerDyf,,

and so by the space L' = D, (L) is indeed a sc-complement of ker D f o
in T,Opy, as required. Moreover, the required condition holds for L'

by .

Hence, Lemma [£.2|III) asserts that the section

I .

= (g9 <idp)oocog t:0 — K’

is a R™-sliced sc-Fredholm germ, which means that (| . is a R"™-sliced sc-
Fredholm chart. This proves that B is a slice of o|g:. The restriction & : B —
£ is then a tame sc-Fredholm section satisfying the claimed index formula
by Theorem III).

Since N C Y is closed it follows that f~'(N) C B is closed, s0 Boo =
FH(N) N By is closed in Bs. Hence if 071(0) is compact then it follows
from the final statement of Theorem (III) that 6-1(0) is compact. [

5.1. Example: The Cauchy-Riemann section and evaluation maps
at marked points

Consider a symplectic manifold (Y, w), a codimension-n submanifold N C Y,
and an w-compatible almost complex structure J on Y.

In applications, the M-polyfold B in Theorem (or, in the presence
of isotropy, the ep-groupoid X in Corollary is a space of maps X —
Y modulo reparameterization of the domain X, where X varies in some
Deligne-Mumford space of Riemann surfaces, and

c=0;:8B—&

is the Cauchy-Riemann section associated to J.

For examples of Cauchy-Riemann sections constructed in the polyfold
setting, see the Gromov-Witten polyfolds in [15], the Symplectic Field The-
ory polyfolds in [5][6][7][8][9], the simplified model for Hamiltonian Floery
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theory polyfolds in [22], and the polyfolds for pseudoholomorphic disks with
boundary on a Lagrangian in [17].
We consider the evaluation map

f=ev:B—=Y

at a marked poimﬂ that varies in the domains X'. The purpose of this section
is to explain the following properties of this setup:

e o is a tame sc-Fredholm section (Definition [5.4)),
e f is o-compatibly transverse to N (Definition [5.9)).

To see that o is a tame sc-Fredholm section, we consider a smooth point
x € By and explain why o is a tame sc-Fredholm germ (Definition in
the chart constructed around x when building the polyfold B. The tame
sc-retract

O C0,00) xR x DxE

is homeomorphic to the image of the pregluing map near . Here the [0, 00)*-
factor is gluing parameters near the Morse-type breakings of , the Ri-factor
is gluing parameters near the nodal points of x, the space D is variations of
the complex structure on the domain X of z (i.e. tangent directions to the
Deligne-Mumford space), and the sc-Banach space E corresponds to varying
the map x while preserving the matching conditions at nodes and breaking
points. The tame bundle retract

K C0,00) xR x DxE<F

is homeomorphic to the image of the pregluing map in the fibers near z.

From this local bundle model K — O we obtain a tame M-polyfold chart

on B with domain V' C B and chart map ¢ : V' — O where x € V is identified

with ¢(z) = 0 € O. It is covered by a tame strong bundle chart @ : £|y — K.
The section

Pocop 10O K

is a local sc-Fredholm germ (Definition , and moreover the natural
change of coordinates of the filling to basic germ form satisfies the required

5The evaluation map at k marked points B — Y* can be treated similarly; we
consider a single marked point here for simplicity.
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conditions of a tame sc-Fredholm germ (Definition . Indeed, a filling

h:0,00)* xR x DxE —[0,00)° xR x DxE<F

of ®o oot is constructed as in [I5, Sec. 4.5]. The change of coordinates

1 on the domain of the filling h that brings h into basic germ form (Defini-
tion [3.6(c)) is obtained as follows; see [I5, Prop. 4.8] for details. Let

P :=ker(Doh) N ({0} x {0} x E)

denote the kernel of the linearization of A at 0 in the directions E. Note
that P is finite dimensional since Dgh is a sc-Fredholm operator. Then, the
sc-Banach space W and linear sc-isomorphism

:E :=R'xDxE—RF*xW

required in Definition are obtained by choosing any sc-splitting E =
P& W and linear isomorphism D x P = R*¥~*=% to obtain the linear sc-
isomorphism

P:E =R'xDxPdW =R x RV x W.

That is, the linear sc-isomorphism ) = idjg )s ¥ 1) is a suitable choice of
the sc-diffeomorphism in Definition [3.6{c) of local sc-Fredholm germ, so in
particular @ o o o ¢! is a tame sc-Fredholm germ. It follows that o = 9 is
a tame sc-Fredholm section.

Proposition 5.11. f is o-compatibly transverse to N.

Proof. Suppose = € f~1(N) N By. To show that f is o-compatibly trans-
verse to N at x, we now construct a sc-subspace L C T, fB which satisfies
the required conditions, in particular condition .

Let Z be any complement of TN in Ty, Y. First we claim that it
suffices to construct L C TEB satisfying

(i) Daf(
(ii) Dap(L) C {0}**" x {0} x E,
(ifi) Dyp(L) NP = {0}.

L)y=Zand D,f: L — Z is an isomorphism,

Observe that f is transverse to N at = by (i); indeed, the required spanning
property holds since D, f(L) + Ty(o)N = Ty(z)Y . Moreover, we claim
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that L is a sc-complement of A := (Dyf)™ (T N) N TEB in TEB. Note
that the linear isomorphism D, f|;, : L — Z is automatically sc-continuous
because all norms on finite dimensional spaces are equivalent. Consider
the projection 7 : Ty(,)Y = Z & T,y N — Z and the composition wo D, f :
TEB — Z. Then we have A = ker(r o D, f), and moreover 7 o D, f maps L
isomorphically onto Z. Hence the sc-splitting L @ A = TXB holds because
the coordinate projections are given by the sc-operators ITy, := (D, f )\Zl o
(moDyf): TEB — L and (idrrp — 1) : TEB — A.

Assuming properties (ii) and (iii) of L, we now explain how to choose
W and 1) so that the required property for o-compatible transversal-
ity holds. By (ii) and the definition of P, we view both D,p(L) and P as
subspaces of E. By (iii) and since both D,p(L) and P are finite dimen-
sional sc-subspaces of E, their span has a sc-splitting D,p(L) & P. Let W’
be any sc-complement of D,p(L)@® P in E. Then choose any linear iso-
morphism D x P = R*¥*=% and set W = D,¢(L) @ W’. Then, the linear sc-
isomorphism ¢ : E' = Rt x D x P @ W — Rf x RF¥"*=5 x W indeed satisfies
1o Dy(L) C {0}F=% x W, as required.

It remains to construct the sc-subspace L C T*B that satisfies the con-
ditions (i)—(iii). We begin by applying Lemma as follows. Note that
Lemma, is deferred to after this proof. The space [E consists of sections
of the pullback tangent bundle of Y along x that have matching asymptotic
conditions at nodes and breaking points. Since P C E is a finite dimensional
subspace, by Lemma (applied to the smooth component of X' on which
the marked point lies) there exists a neighborhood U of the marked point in
27 small enough such that the following holds: if £ € P is a section supported
in U, then £ = 0. Moreover, the marked point is always in the complement
of the nodes and breakings, so we can choose U disjoint from all such special
points.

Choose any basis {21, ..., 2,} of the complement Z of T,y N in T, Y.
For each i = 1,...,n, consider a sc-smooth path of the form ~; : (—¢,e) - B
through = = 7;(0) obtained by deforming x to move the image f(z) of the
marked point in the direction z;, i.e. Dy f(74(0)) = z;, while only changing
x in the neighborhood U. The result is that all special points are preserved
along the path, i.e. nodes and breakings do not get glued, and moreover the
complex structure on the domain of z is not varying along the path. Hence
we have

Dyp(7(0)) € {0} x {0} x E.
Define
L = Span({71(0), ..., 7,(0)}).
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Then it is clear from the construction that (i) and (ii) hold. Moreover (iii)
holds because every £ € D,p(L) is supported in U by construction of the
v and hence if £ € Dyp(L) N P then £ =0 by our choice of U. Note that
L C TEB holds by (ii), since the reduced tangent space T*B is defined by
Dop(TEB) = TRO N ({0}* x Rt x D x E). The proof is complete. O

The following lemma was used in the proof of Proposition [5.11]

Lemma 5.12. Consider a smooth manifold X and a finite rank vector
bundle V. — X. Let I'(V') denote smooth sections and let ¢ € X'. Then, if
P cC I'(V) is a finite dimensional subspace, there exists an open neighbor-
hood U of q in X such that, if £ € P is supported in U, then £ = 0.

Proof. We assume that U does not exist and prove that P must then be in-
finite dimensional. We will construct a countable set of linearly independent
elements of P.

Consider any open neighborhood Uy of ¢q. Then there exists some &y €
P supported in Uy such that £ # 0. Since &y # 0, there exists an open
neighborhood U of ¢ such that & is not supported in U; (because if a
smooth section is supported in every neighborhood of a point then it is
identically 0). Note that Uy D U; necessarily holds.

Inductively, assume that for some n > 0 we have constructed a nested se-
quence of open neighborhoods Uy D - -+ D U4 and sections &, .. ., &, such
that, for all 0 < ¢ < n, the section &; is supported in U; but is not supported
in U;41. Then by our assumption that the claimed open set U does not exist,
there must exist some &, 11 € P supported in U, 11 such that &,11 # 0. Then
let U, +2 be a neighborhood of ¢ on which &, is not supported. Hence the
inductive hypothesis holds for n + 1.

This inductive process constructs a section &, € P for all n > 0 with
support lying in U,, but not in U, ;. We claim that the collection {&, | n >
0} is linearly independent, proving the lemma. Indeed, suppose Y o7 ¢y -
&, = 0 for some ¢, € R. Then for every n > 1 the section &, is supported
in Uy, but & is not supported in Uy, hence ¢y = 0. Hence > 7, ¢, - &, = 0.
Inductively, we conclude that ¢, = 0 for all n > 0. U

6. Handling isotropy: the ep-groupoid case

In this section, we generalize the main theorems (Theorem and Theo-

rem [5.10)) to the case of ep-groupoids in Corollary [6.7] and Corollary All
of the results in this section follow from the results in the M-polyfold case

in the previous sections.
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We first review tame ep-groupoids (Definition |6.1]), bundles over them
(Definition [6.3]), and their sc-Fredholm section functors (Definition [6.5)), be-
fore we introduce the new notion of tame sc-Fredholm section functors (Def-

inition [6.6)) and prove Corollary and Corollary .
A groupoid X = (X,X) is a small category with object set X and mor-

phism set X such that all morphisms are invertible. Associated to any
groupoid are the following structure maps. For a detailed description, see
for example [16], Def. 7.1]. The source map

s: X=X

and the target map

t: X=X

send a morphism to its source and target, respectively. The multiplication
map

m:X %, X =X

composes any pair of morphisms such that the source of the first is the target
of the second, and hence m is defined on the fiber product X ,x,; X. The
unit map

u: X - X

sends an object to the identity morphism from that object to itself, which
exists and is unique since each self-morphism set is a group. The inverse
map

1: X=X

inverts morphisms.

Definition 6.1. [10, Defs. 7.3, 7.6] A tame ep-groupoid X = (X, X) is
a groupoid equipped with tame M-polyfold structures on the object space
X and on the morphism space X satisfying the following properties:

(i) (étale) The source s and target ¢ maps are surjective local sc-
diffeomorphisms,

(ii) The unit map u and the inverse map ¢ are sc-smooth.
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(iii) (proper) Every x € X possesses an open neighborhood
V() c X

of x such that the map

t:s L(V(z) = X

is proper.

(iv) The multiplication map m is sc-smooth, where the fiber product X ,x,
X is equipped with the M-polyfold structure given by [16, Prop. 2.15].
(See Remark to compare with the fiber product results in this

paper.)

Remark 6.2. There is an essential difference between the fiber product
results in this paper and the fiber product result in [16, Prop. 2.15] that is
used to give X ;x, X an M-polyfold structure in Definition [6.1iv).

The M-polyfold structure constructed in [16, Prop. 2.15] requires one of
the maps in the fiber product to be a local sc-diffeomorphism. In the case of
the fiber product X  x; X from Definition both the source map s and
the target map t are local sc-diffeomorphisms.

In this paper, we construct polyfold structures on fiber products over
maps to a finite dimensional smooth manifold (Corollary . In applica-
tions, these maps will never be local sc-diffeomorphisms because the M-
polyfolds have infinite dimensional tangent spaces.

For an ep-groupoid X = (X, X), the orbit space
(75) [ X| =X/~

is the quotient of the object space X by the equivalence relation defined
by = ~ y if and only if there exists ¢ € X such that s(¢) = x and t(¢) = y.
That is, to obtain the orbit space, we identify any two objects that have a
morphism between them.

The degeneracy indices dx : X — Ny and dx : X — Ny are defined as
usual on the M-polyfolds X and X. The induced degeneracy index [16),
Def 7.5]

d|X\ : |X’ — Ny

on the orbit space |X| is defined by d|x|(|z]) = dx (), and is well-defined
by [16 Prop. 2.7] as discussed above the definition [16], Def 7.5].
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Now we review the notion of a strong bundle over an ep-groupoid X =
(X,X); see [16, Sec. 8.3] for more detail. Consider a strong M-polyfold
bundle

P:EFE—X
over the object space X of X. Since the source map s is by definition a local
sc-diffeomorphism, an M-polyfold structure on the fiber product X x p E
is provided by [16l, Prop. 2.15]. Moreover, the projection onto the first factor
m:E=XxpE—-X
is a strong M-polyfold bundle.

Definition 6.3. [16, Def. 8.4] A tame strong bundle over an ep-groupoid
X = (X,X) is a pair (P, u) of a tame strong bundle

P:EF—X
over the object M-polyfold X and a strong bundle map
p:X xpE—FE
covering the target map t : X — X, i.e.
Popu=tom,

and which satisfies
(i)
(i)

1z,e) =eforall x € X and e € E,,

o
p(goh,e) = u(g,pu(h,e)) for all g,h € X and e € E satisfying s(h) =
P(e) and () = 5(g) = P(u(h,c)).

We call i the strong bundle structure map.

Remark 6.4. The standard definition [16], Def. 8.4] of a tame strong bundle
requires, in addition to the conditions in Definition [6.3] that the structure
map u is a surjective local sc-diffeomorphism. However, this condition is
automatically satisfied, as noted in [I5] on page 37.

Let (P: E — X, u) be a strong bundle over the ep-groupoid (X, X). A
sc-smooth section functor o [16, Def. 8.7] of (P, u) is a sc-smooth section
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0 : X — FE of the strong bundle P : F — X over the object M-polyfold X
satisfying the following compatibility with pu: For all morphisms ¢ € X,

(76) o(t(®)) = u(e,o(s(¢)))
holds.

Definition 6.5. [16], Def. 8.7] A sc-Fredholm section functor of a strong
bundle (P : E — X, u) over an ep-groupoid (X,X) is a sc-smooth section
functor o : X — F such that, when viewed as a section of the strong bundle
M-polyfold bundle P, it is sc-Fredholm in the M-polyfold sense (Defini-

tion 5.3)).
We introduce the following new class of sc-Fredholm section functors.

Definition 6.6. A tame sc-Fredholm section functor of a strong bun-
dle (P : E — X, u) over an ep-groupoid X = (X, X) is a sc-Fredholm section
functor such that, when viewed as a section of the strong bundle M-polyfold
bundle P, it is tame sc-Fredholm in the M-polyfold sense (Definition .

We now generalize Theorem [5.8] to the ep-groupoid case.

Corollary 6.7.

(I) Consider a tame ep-groupoid X = (X,X) and a slice X ¢ X of the
object M-polyfold X, in the sense of Definition |5.7. Assume that X is
closed under morphisms, i.e. for all p € X we have

(77) s(¢) € X < t(¢) € X,
or equivalently,
S*I(X) = til(f().
Then, denoting the subset of morphisms X that have source and target
m X by
(78) X =5 HX) =t"}X),

the tuple X = (X', 5() s a tame ep-groupoid with the tame M -polyfold atlas
on X induced by the sliced charts (Deﬁnition@ with respect to X C X.
Note that X is the full subcategory of X with object space X.

For = € Xy, the codimension codim,(X C X) (Definition is well-
defined and locally constant in X, i.e. it equals codimy (f( C X) for every
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2’ in an open neighborhood of x in X. For x € X, the degeneracy index
satisfies dg(x) = dx(x).
(IT) Consider, in addition, a tame strong bundle (P : E — X, u) over X and
suppose that X is a slice of the bundle P in the sense of Definition .
Then, the tuple (P, [i) consisting of the restrictions

E:=PYX)
P = P]E:E%X,
/1:/1”5( :XSXPE%EU

is a tame strong bundle over X, where the bundle atlas for P is induced by
the sliced bundle charts for P with respect to X C X.

(III) Consider, in addition, a sc-Fredholm section functor o : X — E of
(P, 1) and suppose that X is a slice of o in the sense of Definition .
Then, the restriction ¢ := 0|z : X — E is a tame sc-Fredholm section
functor of the bundle (P, ji) with tame sc-Fredholm charts induced by the
sliced sc-Fredholm charts for o with respect to X C X. For z € Xo, the
index satisfies ind,(5) = indy (o) — codim,(X C X). If |o~1(0)| is compact

and | Xoo| C |Xoo| is closed, then |671(0)| is compact.

Proof. Proof of (I): First we claim that X = (X,X) is a groupoid. Given
any subset A of the object set of a groupoid, say A C X, we obtain a sub-
groupoid (A, A) of (X, X) by defining the morphism set to be A =s1(A)N
t=1 (A). Hence, with the set of morphisms X as defined in , the tuple
(X,X) is a groupoid.

Since X C X is a slice of the tame M-polyfold X, Theorem . ) pro-
vides a tame M-polyfold structure on X with the claimed degeneracy index
for z € X5 and the claimed locally constant codimension codim,(X C X)
forz € X 1.

We now equip X with a tame M-polyfold structure by pulling back
the tame M-polyfold charts on X through the source and target maps s, :
X — X on X. That is, since s and ¢ are local sc-diffeomorphisms by the étale
property (Definition|6. ( )) of X, for every z € X there exists a neighborhood
V C X of zsuch that s|y : V' — V is a sc-diffeomorphism, where V' := s(V).
Then V is a neighborhood of s(z) in X. Since X C X is a slice and s(z) € X,
after shrinking V' we can assume that it is the domain of a sliced chart
with respect to XcX (Definition 5.6). This induces a tame M-polyfold
chart on X with domain V N X, as in the proof of Theorem . Pulling
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this back through s, we obtain a sliced chart with respect to X ¢ X with
domain V', and since s(V N X) =V N X, its induced tame M-polyfold chart
has domain V N X. So, we have constructed a tame M-polyfold chart with
domain an open neighborhood of z in X. The analogous construction using
the target map ¢ instead of the source map s produces another such chart.
On overlaps between any sliced charts with respect to X c X produced in
this way, the transition maps are sc-smooth because they are compositions of
the sc-smooth chart maps on X with the sc-smooth source and target maps
(and their local inverses). Hence the transitions between the induced tame
M-polyfold charts on X are also sc-smooth, as restrictions of the transitions
on X. Hence covering X with these M-polyfold charts provides the claimed
M-polyfold structure. Moreover, observe from the construction of the charts
that the source § = s|g and target ¢ = t|¢ maps on X = (X,X) are local
sc-diffeomorphisms, i.e. X satisfies the étale property (Definition (1))
Similarly, the unit map, the inverse map, and the multiplication map on X
are sc-smooth since they are restrictions of the corresponding maps on X.
This verifies properties Definition (ii) and Definition (iv) for X.

To verify that X is a tame ep-groupoid, it remains to verify properness
(Definition (iii)). Let 2 € X. By properness of X, there exists an open
neighborhood V' (z) of  in X such that the mapping ¢ : s~ (clx(V(z))) — X
is proper. Shrink V(z) so that it is the domain of a sliced chart (Defini-
tion with respect to X € X. Then V(z) N X is closed in V() because
the chart map that homeomorphically identifies V' (z) with the sliced sc-
retract (O, R" x C,R" x E) sends V() N X to the induced tame sc-retract
O N ({0} x C), which is closed in O. Let V'(z) C V(x) be a smaller open
neighborhood of 2 such that clx(V’'(x)) C V(z). Then we have

cx(V'(2) N X) = cly () (V' (2) N X) Celyy(V(z) N X) =V(z)n X.
In particular, the closure of V'(z) N X in X and in X agree, i.e.
(79) cx (V'(z) N X) :ch(V’(x)ﬂf().
We claim that the open neighborhood V/(z) N X of  in X satisfies the
required condition, i.e. the map t|x : s|;~(1(cl)~((V’(x) N X)) — X is proper.

Let K C X be compact. We must show that the set

A= t|;~(1(K) N s|;~(1(cl)~((V/(a:) NX))
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is compact. We have
A=t"YK)ns Y elx(V'(x) N X))

by and since by definition X = ¢~1(X) = s~ 1(X). Observe that A is
closed in X since K C X is closed as a compact subset of the Hausdorff
space X. By our choice of V(z), the set t1(K) N s L(clx(V(x))) is com-
pact. Hence A is compact as a closed subset of the compact set t~1(K) N
s~ (clx(V(z))). This completes the proof that X is a tame ep-groupoid.

Proof of (II): Since X is a slice of the tame strong bundle P : F — X
in the M-polyfold sense, Theorem [5.8(II) provides a tame strong bundle
structure on the restriction P. To prove that the tuple (P, /i) is a tame
strong bundle over the ep-groupoid X, we must show that the map i has
the required properties. Recall from the lemma statement that [ is the
restriction of p, i.e.

[L::,u|XSXPE:)~(sXpE—>E.

First of all, i indeed takes values in E because, since p covers ¢, for any
(p,e) € X ><PE we have P o u(p,e) =tom (¢, e) =t(p) € X and hence

(g, e) € (X ) = E. Moreover, it covers the target map on X since [ is
the restrlctlon of u which covers the target map ¢ on X. Finally, the required
properties Definition [6.3)(i)(ii) of & follow immediately from the correspond-
ing properties of y, since fi is the restriction of p. This completes the proof
that (P, i) is a tame strong bundle over X.

Proof of (IIT): Since X is a slice of the sc-Fredholm section
c: X —=F

in the M-polyfold sense, Theorem III) provides the structure of a tame
sc-Fredholm section on the restricted section

G:=olg: X = E

with the claimed sc-Fredholm index. Moreover, the section & is a section
functor because the required compatibility with [ is immediate from
the compatibility of o with u. Hence & is a tame sc-Fredholm section functor.

The final statement about compactness of the zero sets holds because
1671(0)| = |o71(0)| N | X | is the intersection of a compact set and a closed
subset of | X |- O
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The generalization of Theorem to the ep-groupoid case now easily
follows by combining Theorem with Corollary

Corollary 6.8.

(I) Consider a tame ep-groupoid X = (X, X), a smooth manifoldY together
with a codimension-n submanifold N CY, and a sc-smoothmap f : X =Y
that satisfies the compatibility with morphisms

(80) f(s(9)) = f(t(¢)) for all ¢ € X.

Assume that f is transverse to N (Definition .
Then, there exists an open neighborhood

Xcfrinnx,;

of F~Y(N) N Xoo such that X is a slice of X' in the M -polyfold sense (Defi-
nition|5.7) satisfying codimgy(X C X') = n for everyxz € X; = X N Xy. In
particular, the full subcategory X = (X X) of X1 with object space X is
a tame ep-groupoid with degeneracy index satisfying dz(x) = dx(x) for all
T € Xoo

(IT) Consider, in addition, a tame strong bundle (P : E — X, u) over X.
Then, there exists a possibly smaller neighborhood X in (1) that is a slice
of the bundle P|g: : E' — X in the M-polyfold sense (Definition . In
particular, the tuple (P,ﬂ) consisting of the restrictions

E :=P|(X)
P:=P|.:E—X,
= “|XSXPE X xpE = E,

1s a tame strong bundle over X.

(III) Consider, in addition, a tame sc-Fredholm section functor
o: X = FE

of (P, p). Assume that f is o-compatibly transverse to N (Definition [5.9).
Then, there exists a possibly smaller neighborhood X in (II) that is a
slice of the tame sc-Fredholm section o|x: : X' — E' in the M-polyfold
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sense (Definition . In particular, the restriction
Gi=o0|g: X > E

is a tame sc-Fredholm section functor of the bundle (P, i) with index sat-
isfying ind,(6) = ind, (o) —n for allx € Xo. If N is closed as a subset of
Y and |o=1(0)| is compact, then |5=1(0)| is compact.

Proof. We first prove the statements in (I). Since f is transverse to N, The-
orem ( ) provides an open neighborhood X ¢ f~1(N) N X; of f~Y(N) N
Xoo that is a slice of X' with the claimed codimension at every point
in X;. The compatlblhty . of f with the morphisms X implies that

s71(X) = t~1(X) holds. Hence applying Corollary (I) to the tame ep-
groupoid X! = (X1, Xl) and the slice X € X', we conclude that the full
subcategory X = (X X) of X! with object space X is a tame ep-groupoid
with the claimed degeneracy index.

We now prove the statements in (II). Theorem [5.10[II) provides a choice
of X in (I) that is in addition a slice of the 1-shifted bundle P|g: : E! — X!
Hence applying Corollary (II), we conclude that the tuple (P, /i) is indeed
a tame strong bundle over X', as claimed.

We now prove the statements in (III). Since f is o-compatibly transverse
to N, Theorem (HI) provides a choice of X in (II) that is in addition
a slice of the tame sc-Fredholm section o|x: : X! — E'. Hence applying
Corollary (6.7} . 7(III), we conclude that the restriction ¢ = o| ¢ is indeed a tame
sc-Fredholm sectlon functor of the bundle (P, i) with the claimed index.

It remains to prove the final statement about compactness of the orbit
spaces of the zero sets. Assume that |o~1(0)| is compact. It suffices to show
that the inclusion of orbit spaces

[ Xool C1(X o] = | Xox

is closed, because then Corollary III) implies compactness of the space
|571(0)|, as required. Notice that, by , the map f descends to a map on
the orbit space |f| : [Xoo| — Y. Then | Xoo| = |f|71(V) is closed in | Xo| by
continuity of |f|, as required. O

7. Fiber products of tame sc-Fredholm sections
The main result of this section is the construction of fiber products of tame

sc-Fredholm section functors (Corollary [7.3)). This result is used in the ap-
plication described in Section It is a corollary of the construction of
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restrictions of tame sc-Fredholm section functors to transverse preimages of
sc-smooth maps, which is the main result of this paper; see Theorem [5.10] for
the M-polyfold case and Corollary for the ep-groupoid generalization.

In this section, we index the M-polyfolds and ep-groupoids with paren-
thesis around the subscript, i.e. B(; for i = 1,2, to avoid confusion with the
standard notation By, for the m-level of an M-polyfold B.

We first describe the Cartesian product of tame sc-Fredholm sections
over M-polyfolds.

Lemma 7.1.

(I) Consider tame M -polyfolds By for i = 1,2. Then, the Cartesian prod-
uct

By x Bz

1 a tame M -polyfold with charts given by products of charts on the factors,
and with degeneracy index satisfying

dB(mXB(z) ($17$2) = dB(l) (.Tl) + dB(Z) (x2)
for all (z1,22) € (B1))so X (B2))oo-
(IT) Consider tame strong bundles p; : Euy — By over By for i=1,2.
Then, the product map p1 X pa : Eq) X Eoy — B(1) X B(ay is a tame strong

bundle over By x By with bundle charts given by products of bundle
charts on the factors.

(IIT)  Consider tame sc-Fredholm sections o; : By — Egy (Definition
of p; for i =1,2. Then, the product map

01 X 09 : B(l) X 8(2) — 5(1) X 5(2)
s a tame sc-Fredholm section of p1 X pa with tame sc-Fredholm charts given
by products of tame sc-Fredholm charts on the factors (after reordering
factors in the charts), and with index satisfying

ind(y, +,)(01 X 02) = indg, (01) + indg, (02)

for all (x1,22) € (B))so X (Be2))oo- If 0;1(0) is compact for i = 1,2, then
(o1 x 02)71(0) is compact.
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Proof. Proof of (I): We first show that products of tame M-polyfold charts
(Definition . on the factors By;,7 = 1,2, are indeed tame M-polyfold
charts on the product B(j) x Bys), as claimed. For i = 1,2, consider a tame
M-polyfold chart

(81) Vi, @i, (O3, Ci, Ey))

on B(i), an open subset U; C Cj, and a tame sc-retraction r; : U; — U; with
image O; = r;(U;). We claim that the tuple

(82) (Vi x Vo, 01 X 2, (01 x Oz,C1 x Ca,E; x Eg))

is a tame M-polyfold chart on By X B(z). We equip B(j) x B(s) with the
product topology on every level. Recall that the product sc-structure is
given by (E; X Eg2)pm, = (E1)m X (Ez2)p, for all m > 0. Then the product set
Vi x VgisopeninB(l) XB(Q) and the map @1 X o : Vi X Vo = O1 x Oz is a
homeomorphism. It remains to show that O; x O is a tame sc-retract. The
product map ry X ro : Uy x Uy — Uy x Us is a sc-smooth retraction with im-
age 07 X Oy. We now show that r; X ry is tame. To check Definition (1)
for r1 x 1o, let (x1 X x9) € Uy x Uy and then compute using the correspond-
ing property of each r; together with that the degeneracy index satisfies

doyxco, ((r1 x m2) (1, 22)) = doyxo, (r1(21), r2(22))
= dc, (r1(z1)) + de, (r2(w2))
=do, (1) + de, (z2)
=dc, xc, (71, 72),

as required. To check Definition [3.1(2) for r1 x ra, let
(71, 22) € (01 X 02)00 = (O1)00 X (O2)c0

be a smooth point. Then by the corresponding property of each r;, there exist
sc-subspaces A; C E; such that E; = T, O; ® A; and such that A; C (E;),,
where (E;),, C E; is the sc-subspace (9). From the definition (9) we have

(83) (El)ﬂfl X (E2)x2 = (El X Ez)(ﬂvl,ﬂm)‘
So we have A1 x Ay C (E1 X E2) (4, 4,)- Moreover, we have the sc-splitting

Ei x Eg = (T3, 01 @ A1) X (T5,02 ® Ay)
- T(wlmz)(ol X 02) S (Al X AQ)
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because, by definition of tangent space to a sc-retract, the tangent space
to a product satisfies

(84) T(xl,m)(ol X Og) = D(th)(?”l X Tg)(T(th)(Ul X Ug))
= ZZU1 Ol X T$202.

This completes the proof that r; X ro is a tame sc-retraction and hence
01 x Oy is a tame sc-retract.

We have shown that the product chart is indeed a tame M-polyfold
chart on By X Bs). Since product charts of this form cover B(;) x B(z) and
have sc-smooth transition maps due to the transitions on each factor being
sc-smooth, the collection of these product charts forms a tame atlas on
B(1y x B(g). Then B(y) x By equipped with this atlas is a tame M-polyfold.

We now prove the claimed degeneracy index formula. Consider any
(71, 72) € (B(1))oo X (B(2))oo- From the splitting of the tangent spaces
in the product retract, we conclude

T, 22) By X B(2)) = T, By x T, Ba).-

Furthermore, by definition of reduced tangent space in a retract together

with and , we conclude

R _ 7R R
T (@)oo an)) (O1 X O2) = T (1) O1 X T,y O2,

which implies by the global definition of reduced tangent space that

Ty By x By) = T Bay x T Bay

(z1,22)

by examining any product chart. Hence, by the global description of
degeneracy index at smooth points, we have

A1) x By (21, 02) = dim (T(z, 4y (Bry X B2))/T{, 4,y(Bay % Biy))
= dim(T%, By /T By) + dim (T, B(ay /T B(a))
= dB(1) (1'1) + dB(z) (xQ)

This completes the proof of (I).
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Proof of (II): For ¢ = 1,2, consider a tame M-polyfold chart on B;
covered by a tame strong bundle chart (Definition

(85) (p; *(V3), @4, (K;, C; < E; 9 F,))

for p;. We now construct a tame strong bundle chart for p; x py over the
open set V; x Va. For ¢ = 1, 2, consider a tame strong bundle retraction

RZ':UZ'QFZ'—)UZ'QI&'
(2,8) = (ri(z), [i(2,§))

with image K; = R;(U; < F;), where
;.U <F—F

is a linear projection Ij(z,-) for every x € U;. Denote the reordering of fac-
tors map by

l: (El X Fl) X (EQ X Fg) — (El X EQ) X (Fl X FQ),
and note that [ is a linear sc-isomorphism. We claim that the tuple

(86) ((p1xp2) (V1 x Va),lo (P x By),
(Z(Kl X KQ)a C’l X 02 < IF‘l S IF‘27H'-?‘1 X EQ < Fl X Fz))

is a tame strong bundle chart for p; X pa covering the product M-polyfold
chart . Since for i = 1,2, the map @; : pi_l(VZ-) — K; is a homeomorphism
covering ; that is linear on fibers, it follows that the map [ o (@1 x @) is a
homeomorphism from (p; x pa) =1 (Vi x Va) to [(K1 x Ka) covering 1 X @9
and is linear on fibers. Moreover, the set [(K7] x K3) is a tame strong bundle
retract because it is the image of the tame strong bundle retraction

lo(Ry x Ry)ol™b: (U x Uy) < (Fy x Fy) — (Uy x Up) < (Fy x Fy)
(21, 72,&1,82) = (r1(21),72(22), 1 (21, 61), [2(2, &2)).

We have shown that the chart is indeed a tame strong bundle chart for
p1 X p2. Sc-smoothness of bundle transitions between charts constructed in
this way follows from sc-smoothness in each factor. Hence the collection of

these charts forms a tame bundle atlas for p; X ps. This completes the proof
of (II).
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Proof of (III): To prove that o1 X o9 is a tame sc-Fredholm section (Def-
inition . of p1 X pg, first observe that it is sc-smooth and regulariz-
ing because o1 and o9 are sc-smooth and regularizing, and the double fil-
tration satisfies (B(1) X Ba))m = (B(1))m X (Be))m and (Eqy X E2y)mm+1 =
(Eay)mm+1 X (E2))mm+1 for all m >0 (see (54)).

Consider a smooth point (z1,72) € (B(1))eo X (B(2))e- Then since each
o; is tame sc-Fredholm there exist tame bundle charts as in that are
in addition tame sc-Fredholm charts for o; at xz;. First of all, this means
that the partial quadrants C; C E; are in the standard form , ie. C; =
[0,00)% x E! C R x E! = E,;. Now, we will prove that a chart similar to the
tame bundle chart is a tame sc-Fredholm chart for o1 x o9 at (1, x2).
The only issue with is that the partial quadrant C; x Cy C Eq x Eo is
not in the standard form. This is easily remedied as follows. Consider the
partial quadrant

C :=1[0,00)"** x E} x Ej
of the sc-Banach space
E :=R"** x E] x E.
Then the reordering of factors map
iR x B x R®2 x B, — R*'"%2 x B} x Ej

is a linear sc-isomorphism E; x E9 — E that restricts to an isomorphism
C1 x Cy — C. Applying f to the sc-retract O7 x Oy produces a tame sc-
retract

O:=f(O1 x O3) C C

with tame sc-retraction

ri=fo(rixr)of1:U =T,
U:=f(Uy xUy) CC,

onto 7(U) = O. Moreover, the map
p:=fol(p1xp2): VixVo—=0

is a homeomorphism, and so from the tame M-polyfold chart we obtain
another tame M-polyfold chart

(V1 x Va,,(0,C,E)).
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Similarly, applying f X idp, xp, to the tame bundle retract [(K; x K3) pro-
duces another tame bundle retract

K = (f X id[g‘lX]FQ) o l(Kl X KQ)
with tame bundle retraction

R = (f X idleFz) olo (R1 X Rg) ol to (f X Z'd]FIX]FQ)fl
U <F xFy - U <F; x Fy

onto R(U < Fy x Fy) = K. Consider the map
D= (It x D)ol ™ o (f xidr,xr,) "
and observe that, for (y,&1,&2) € U < Fy x Fy, we have
R(y, &, &) = (r(y), I'(y, &1, €2))-
The map
@ := (f xidp, xp,) 0lo (P X Pg) : (p1 X p2) (Vi x Vo) = K

is a homeomorphism that is linear on the fibers and covers ¢. Hence from
the tame bundle chart we obtain another tame bundle chart

(87) (o1 x p2) "' (Vi x V), @, (K,C < Fy x F2, E<1Fy x Fy)).

We claim that the bundle chart is a tame sc-Fredholm chart for
o1 X 03 at (x1,x2). We must show that the section

(88) Ti=0o(0 Xom)op 10O K
is a tame sc-Fredholm germ. Since for each ¢ = 1,2, the section
T ::@ioaiogoi_lz(’)i—)Ki
is a tame sc-Fredholm germ, we can assume that there is a filling
h; : Uy = U; <F;

of 7, or; : Uy — F;, where 1; : O; — IF; denotes the principal part of 7; in the
fiber F;. We claim that

h = (f % idp,xp,) 0lo (h1 x ho) o f71: U — U < (Fy x Fa)
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is a filling of 7 o7 : U — Fy x Fa. The required properties in Def. B.6|(b).(i)—
(iii) of a filling follow from the corresponding properties for each h;, as we
now verify. Given y € O, we compute

7(y) = (f X idg,xr,) 0 Lo (B1 X Py) 0 (01 X 02) 0 (p1092) "o fTH(y)
= (f X idp,xr,) 0 Lo (11 X 72) 0 f ' (y)
= (f x idp,xp,) o lo (hy X hy) o ffl(y)
= h(y),

which verifies property (i) for 7. To see property (ii), let y € U and assume

Then since the principal parts satisfy h = (h; x hy) o f~1, we compute that
(h1 x hg) o f7H(y) = I'(r(y), h(y))
= (I} xIy)ol™!
o (f x idp,xp,) " (f o(ri xrg)o f ! (y), (hy x hy) o fl(y)>
= (I x Iy) o l7H((r1 x 12) © f7H(y), (1 x ha) o f7H(y)),

which implies f~!(y) € O1 x O3 by the corresponding property of 7 and 7o.
Hence y € O, proving property (ii) for 7. We now verify (éii) for 7. By the
corresponding property for each 7;, the linearization DoL; at 0 of

yi + (idp, — Li(ri(yi),-)) o hi(y:)

restricts to a linear sc-isomorphism from ker Dor; to ker I5(0, -). We must
show that the linearization at 0 of the map

L:U— Fl X ]FQ
y = (idg,xz, — I'(r(y),-)) o h(y)

restricts to a linear sc-isomorphism from ker Dyr to ker I'(0, -). This follows
from the observations that L = (L; x L) o f~! holds, the map f~! is a
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linear sc-isomorphism that restricts to an isomorphism

ker Dor — ker Do(f o (11 X r2)) = ker(Dgry) X ker(Dqrs),
and ker I'(0,-) = ker I'1 (0, -) x ker I'5(0,-). Thus h is a filling of Tor, as
claimed.

We now verify the properties of 7 required in Definition [3.6[c) of a
local sc-Fredholm germ. We in addition show that 7 satisfies the stronger
properties of a tame sc-Fredholm germ (Definition .

Since each 7; is a tame sc-Fredholm germ, the corresponding properties
hold: There exists a sc™-section

s, :U; = U; <,
satisfying s;(0) = h;(0), a sc-Banach space W;, a sc-germ of neighborhoods
U! around 0 in [0,00)% x RF =% x W;

for some k; > s; > 0, and a strong bundle isomorphism

v, U; <TF; —>U{<1]Rk£ x W;
covering a linear sc-isomorphism

P = id[o,oo)-% X ai :U; — UZI
satisfying 1;(0) = 0, where

iy Bl — RF S W,
is a linear sc-isomorphism, and such that the principal part of the section
(89) b =W 0 (h; — 8;) onb; L - Ul — Ul <R x W,
is a basic germ. This basic germ property means that the principal part
b : Ul — RF x W,

is a sc-smooth germ satisfying b;(0) = 0 and such that, for every

a; € [O,OO)Si,di € Rkiisi,wi eWwW,,
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we have
P; o bi(a;, di,w;) = w; — Bj(ai, d;, w;)

where P; : R¥ x W; — W, is projection onto W; and B; is a sc-smooth germ
satisfying B;(0) = 0 and the contraction property (28).
The section

s:= (f X idp,xp,) 0lo (51 x s9) 0 f1: U — U < (Fy x Fy)

is sc™ because each s; is sc™ and the other maps in the composition are linear
sc-isomorphisms. Denote the linear sc-isomorphisms given by reordering the
factors by

q: ([0,00)% x RF =51 5 W) x ([0, 00)%2 x RF2752 x W)
— [0, 00)%1F52 x RE1=s1Hka=s2 » Yy« Wy,

Q: (RM x W) x (RF2 x Wy) — RF+R2 5 Wy x Wy,

U (U 9RM x W) x (U5 < RF2 x W)
— (U] x Uy) < (R* x Wy x RF2 x Wy).

Set
U’ = q(Uy x Uy),
¢::qo(¢1x¢2)of_1:U—>U/,
Wi=(g<Q)ol o (W x W) ol o (f xids,xr,) "
(U < (Fp x Fy) = U' < (R 2 5 Wy x W),
We claim that the principal part b of the section
(90) b:=Wo(h—s)otp L : U = U < (RMHF2 x W, x W)

is a basic germ. Observe that the principal parts satisfy

b= Q ) WR’“'l XWlkaéxwz o) (Wl X WQ)
o ((h1 x ha) — (51 x 82)) 0 (Y1 X o) L og™?
= Qo (by x bg) oqil.
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Let P:RFitk x W, x Wy — Wy x Wy denote the projection onto W; x
Ws. Notice that P = (P; X P,) o Q1. Then, for all

(al, ag) € [0, OO)S1 X [0, OO)SZ, (dl, dg)
€ Rkl_sl X sz_sQ, (wl,wQ) € W x W,

we compute

Pob(ay,as,dr,ds,ws,ws)
=PoQo(b; xbg)o q_l(al,ag,dl,dg,wl,wg)
= (P; X Py) o (by x ba)(a1,dy,wr,as,ds, ws)
= (wy — Bi(a1,dy,w1), wy — Ba(ag, da, w2))
= (w1, w2) — (Bi(ay,di,wr), Ba(az, d2, w2))
= (w1, ws) — (By X By) o q a1, az,dy, day, wy,ws),

so to prove that b is a basic germ, it remains to verify that the map

B:=(B; x By) o q_l
: [0, OO)SH'_S2 x RF1—sitha=s2 o Wi x Wy — Wi x Wy

satisfies the contraction property . Recall our convention that Banach
norms on Cartesian products are chosen to be the sum norm (which is equiv-
alent to choosing any standard choice of norm on a product). The contraction
property for B then follows from the contraction property for each B;,
as we now verify. Let ¢ > 0 and m > 0. Then, for ¢ = 1,2, there exists §; > 0
such that holds for B; with the same choice of €. Set ¢ := min(d, d2).
Then, given ||(a1, az, d1, da, w1, w2)||m, || (a1, a2, d1, d2, W}, wh)||m < § we have

(@i, diy wi)llms [l (@i, iy i) m < 6
for i = 1,2, from which we compute, using property for the B;,

|B(a1, az, di, dz, w1, ws) — Bla, az, di, da, wh, wh)m
= |(Bi(a1,d1,w1), Ba(az, dg, w2)) — (Bi(a1,di,wy), Ba(az, da, ws))||m
= ||(Bi1(a1,d1,w1) — Bi(ay,d1, w)), By(ag, dz, ws) — By(ag, da, wh)|m
= ||(B1(a1,dy,w1) — Bi(a1, dy, w))
+ || B2(az, d2, we) — Ba(az, d2, wh)||m

’
[lm



342 Benjamin Filippenko

(128)
< e(llwr = whllm + lwz = whllm) = € [(wr — wi, w2 — wh)|Im
= e ||(w17w2) - (w/17w/2)Hm7
as required. This completes the proof that 7 is a local sc-Fredholm germ.
We claim that, in addition, 7 is a tame sc-Fredholm germ. We must show

that ¢ is in the form required by Definition Given elements (a;,€;) €
[0,00)% x E! for i = 1,2, write ¥,(e;) = (d;, w;) € R¥~% x W; and compute

Y(a1,az,e1,e2) = qo (11 X Pa)(ay, e1, az, e2)

= q o (idjge0)r X 11 X id[g 0)e> X Po)(ar, €1, a2, €2)

= (a1,az,dy, d2, w1, w3).
So indeed ¢ = id[O,oo)SlJrsz X E is of the required form, where
E : ]El X EQ N Rk1—81+k‘2—82 % Wl % WQ

is the linear sc-isomorphism given by 1 (ey, ea) = (di, da, w1, ws).

We have verified that o1 x o2 is a tame sc-Fredholm section of p; X pa.
To verify the claimed index formula, note first that by definition of sc-
Fredholm index of a local sc-Fredholm germ and the forms of the basic

germs and we have ind(r;) = k; — k, and
ind(1) = (k1 + ko) — (k1 + ky) = ind(11) + ind(72).
Then by definition Definition [5.3|(3) of index, for
(1, 22) € (B1))oo X (B2))0
we have
iNd(y, 2,y (01 X 02) = ind(7) = ind(11) + ind(T2) = indy, (01) + indy,(02),

as claimed.

The final statement about compactness holds because the zero set (o1 X
02)71(0) = 07 1(0) x 05,1(0) C (B1y)so x (B(2))e is equipped with the prod-
uct topology in every level (B(y x B(2))m = (B1))m x (B))m, and for i =
1,2, the subspace 0;1(0) C (B(i))m is compact for all m > 0 (see Remark
for a further discussion about compactness in the different levels). O

We now generalize the above Cartesian product construction to the ep-
groupoid setting.
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Lemma 7.2.

(I) Consider tame ep-groupoids Xy = (X, X(;)) for i =1,2. Then, the
Cartesian product

Xy X Xy = (X) X X2, X1y x X(z))
is a tame ep-groupoid with degeneracy index satisfying
dX(l) XX(Q) (xl, x2) == dX(1) (.Tl) + dX(2) (x2)

for all (z1,x2) € (X(l))oo X (X(Q))OO‘

(I) Consider tame strong bundles (P; : E;) — Xy, i) over Xy for i =
1,2. Denote the reordering of factors map by

L (Xa) X X2) s,xs,X P xp, (E) X E))
= (X(1) 5, ¥p, B)) X (X2) 5, p, E2))

and set
poi= (1 x p2) ol (X)X X2)) s, xs. X P xpy (E(1) X E2y) = E(1y X Egg).
Then, the tuple
(P1x Py: Eqy x Eg) = X(1) X X(2), )
is a tame strong bundle over X1y X X(g).

(ITI)  Consider tame sc-Fredholm section functors o; : X;y — E;) (Defini-
tion[6.6) of (P;, i) for i =1,2. Then, the product map

01 X 092 : X(l) X X(Q) — E(l) X E(g)
is a tame sc-Fredholm section functor of (Py X Py, u) with index satisfying
ind(th)(al X 0'2) = indxl(ol) + indwz (0'2)

for all (w1,72) € (X(1))oo X (X(2))oo- If o 10| is compact for i =1,2,
then |(o1 x 02)"H(0)] = o7 1 (0)] x |o5 *(0)| s compact.
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Proof. We prove the statements in (I). The product X(1) X X(g) is a groupoid
with structure maps (source, target, multiplication, unit, and inverse) as we
describe below. First note that Lemma (I) provides tame M-polyfold
structures on the object space X(1) X X(2) and on the morphism space
X (1) x Xy with the claimed degeneracy index. So, to prove (I), it re-
mains to describe the structure maps on X(1) x X(9), verify that they are
sc-smooth, and verify the étale property (Definition (1)) and properness
(Definition iii)).

For i = 1,2, let (s;,;,mj,u;, ;) denote the structure maps on X{;). The
source S1 X S9 : X(l) X X(Q) — X(l) X X(Q), target t1 X to, unit u; X wue, and
inversion ¢1 X to maps on the product are products of those in each factor,
so sc-smoothness follows from sc-smoothness in each factor. Moreover, the
étale property (Definition (1)) holds because products of surjective local
sc-diffeomorphisms are surjective local sc-diffeomorphisms.

To see that the multiplication map on the product is sc-smooth, first
note that the reordering of factors map

(X(1) X X(2) x (X1) x Xz)) = (X1y x X1)) X (X(2) X X(2))
is sc-smooth. It restricts to a bijection
g (X)) X X(2)) s, x8 Xty xt, (X1) X X2))
= (X)) 5, %8, X)) X (X(2) 5, %8, X2)),

which is sc-smooth by [16, Prop. 2.15] and [16, Prop. 2.6(1)]. The multipli-
cation map on X(1) X X9 is the composition

(m1 X mg) oq: (X(l) X X(Q)) Xty Xty (X(l) X X(Q)) — X(l) X X(Q),

S1 X So

hence is sc-smooth.
We now check properness Definition [6.1](iii). Let

(1'1,56'2) S X(l) X X(z)
and let V(x;) C X(;) be open neighborhoods of z; such that
t; s;l(V(xi)) — X

are proper maps. Then V(z1) x V(z2) is an open neighborhood of (x1, z2)
in X(1) X X(2) and we have

(s1 % 82) 1 (V(21) x V(@2)) = 57 (V(21)) % 55" (V(2)).
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Hence t) Xt : (51 % s2) *(V(21) X V(22)) = X(1) X X(2) is proper, as the
product of proper maps. This completes the proof that X(;) x X9) is a tame
ep-groupoid, and so the statements in (I) are proved.

We now prove the statements in (II). For ¢ = 1,2, the map

Pyt By = X@)

is a tame strong bundle over the M-polyfold X;), so Lemma (II) provides
a tame strong bundle structure on the product map

P x Py E(l) X E(Q) — X(l) X X(Q)

The map p is a strong bundle map as the composition of the strong bundle
maps p1 X o and [, and the required properties Definition (i)(ii) of i
follow immediately from those of u; for i =1,2. Hence (P X Py, ) is a
tame strong bundle over X(;) X X{), as claimed.

We now prove the statements in (III). For ¢ = 1, 2, the tame sc-Fredholm
section functor o; : X(;) = Ej;) is in particular a tame sc-Fredholm section
of the bundle P;, in the M-polyfold sense. So Lemma III) provides the
product map o1 X o9 with the structure of a tame sc-Fredholm section of
the bundle P; x P, with the claimed sc-Fredholm index. Moreover, o1 X o9
satisfies the required property of a section functor of (P, x Py, ) by
the corresponding property of the sections functors o; of (P;, u;). Indeed, for
all morphisms (¢1 X ¢2) € X(1) X X(g), we compute

(o1 X 02) 0 (t1 X t2)(¢1,¢2) = (o1(t1(P1)), o2(t2(d2)))

= (

= (u1(¢1,01(51(91))), p2(d2, 02(s2(42))))

= (p1 X p2) o U1, dp2,01(51(01)), 02(s2(¢2)))
= (@1, 92, (01 X 02) 0 (51 X 52)(¢1, $2))-

This completes the proof that o1 x 09 is a tame sc-Fredholm section functor
of (P1 X Pz,u).

The final statement about compactness holds because the orbit space of
X(1) X X(2) is equal to the Cartesian product of the orbit spaces of the X(;
equipped with the product topology. O

We proceed to construct fiber products of tame sc-Fredholm section
functors over ep-groupoids. As usual, the result specializes to the case of
M-polyfolds by considering an M-polyfold B as an ep-groupoid with the
trivial groupoid structure: the object space is B and the morphism space



346 Benjamin Filippenko

consists of the identity morphisms {1, | x € B} which is an M-polyfold by
declaring the bijection = +— 1, with B to be a sc-diffeomorphism.

Corollary 7.3.

onsider tame ep-groupoids X = )y X(i or 1 =1,2, a smoot
I) Consid ds X Xy X)) [ 1,2 h
manifold Y, and sc-smooth maps fi: X —Y for i =1,2, that satisfy
the compatibility with morphisms

fi(si(9)) = [fi(ti(#)) for all ¢ € X;).

Assume that the product map fi1 x f2: X1y X X9y = Y XY is transverse
(Definition[5.9) to the diagonal

A={(y,y) |lyeY} CY xY,

and denote the fiber product of object spaces by

Xy g% 5, X2y = {(w1,22) € X1y X X(9) | fi(21) = fa(w2)} C X1y X X(9).

Then, there exists an open neighborhood

X C (X 1,%p X2) N (X1 x (X2))1)

of (Xq1) 1, %4, X(2)) N ((X(1))o0 X (X(2))oc) such that Xc X(ll) X X(12) is a
slice in the M -polyfold sense (Definition satisfying

codimg (X C X(ll) X X(12)) =dimY

for every z € X1 = X N (Xy)2 x (X(2))2)- In particular, the full subcate-
gory

# o (X.X)
of X(ll) X X(12) with object space X is a tame ep-groupoid with degeneracy
index satisfying

dg(r1,22) = dx,, (1) + dx, (72)

for all (x1,22) € Xoo.
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(IT) Consider, in addition, tame strong bundles (P; : Eqy — Xy, i) over
Xy for 1 =1,2. Then, there exists a possibly smaller neighborhood X in
(I) that is a slice of the bundle

FHEUXIME&:anxE&—»Xa)XXé

in the M-polyfold sense (Definition . In particular, the tuple (]5,,&)
consisting of the restrictions

E = (Pig, x Polg, )" (X)

p:: (P1 X P2)|E' : E*)X,

ii=

(ulxug)O”XSl XE:X XﬁE%E,

xs3 X P 51%82
is a tame strong bundle over X, where
l: (X(l) x X)) X (E1y X Eg)) = (Xy x E1y) X (X(g) X E(Q))
is the reordering of factors map.

(ITII) Consider, in addition, tame sc-Fredholm section functors (Def.
oi 2 Xy = By of (P, i) for i =1,2. Assume that fi x fa is (01 X 02)-
compatibly transverse to A (Definition .

Then, there exists a possibly smaller neighborhood X in (II) that is a
slice of the tame sc-Fredholm section

1 1 1 1
(01 X a2)|xp, e xp,) X1y X Xy = By * Ep)

in the M-polyfold sense (Definition . In particular, the restriction
0= (0'1 XO‘2)|X:X—>E~’

is a tame sc-Fredholm section functor of the bundle (P, i) with index sat-
isfying
ind(th)((}) = indzl (0’1) + inde (02) —dimY

for all (x1,22) € Xoo. If |0 1(0)| is compact for i = 1,2, then |5(0)| is
compact.
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Proof. We prove the statements in (I). Lemma I) provides a tame ep-
groupoid structure on X(q) x X2y with degeneracy index satisfying

dX(l)XX@) <$1, ':UQ) = dX(]) <$1) + dX(2) (l‘z)

for (z1,22) € (X(1))oo X (X(2))o0- We claim that Corollary (I) applies to
the product map

f1><f22X(1)XX(2)—>Y><Y

and the codimension-dim Y submanifold A C Y x Y. Indeed, f; x fsis trans-
verse to A by hypothesis and the required morphism compatibility (f; x

f2) o (s1 x 82)(¢1,92) = (f1 X f2) o (t1 X t2)(¢1, $2) holds by the hypothesis
fi(si(#i)) = fi(ti(¢:)). Since the fiber product is the preimage of the diagonal

Xy 1.5 X2 = (f1 X f2)71(4),

the result of Corollary [6.8(I) is exactly the assertions in (I).

Similarly, to prove (II), we note that Lemma [7.2(II) provides a tame
strong bundle structure on (P x P, (11 X p2) o 1), and then Corollary[6.8|(II)
provides the desired result.

We now prove (III). Lemma [7.2(III) shows that

o1 X 09 . X(l) X X(Q) — E(l) X E(Z)

is a tame sc-Fredholm section functor of (P; X P, (u1 X p2) ol) with index
satisfying ind g, 4,)(01 X 02) = indy, (01) + indy,(02) and with lo71(0)] x
|o5 1(0)| compact. Then by Corollary (HI), we conclude that & is a tame
sc-Fredholm section functor with index satisfying ind(, »,)(7) = ind., (01) +
indy,(02) —dimY and such that |571(0)| is compact. O
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