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ECH capacities were developed by Hutchings to study embedding
problems for symplectic 4-manifolds with boundary. They have
found especial success in the case of certain toric symplectic mani-
folds where many of the computations resemble calculations found
in cohomology of Q-line bundles on toric varieties, or in lattice
point counts for rational polytopes. We formalise this observation
in the case of rational convex toric domains XΩ by constructing a
natural polarised toric variety (YΣ(Ω), DΩ) containing all the infor-
mation of the ECH capacities of XΩ in purely algebro-geometric
terms. Applying the Ehrhart theory of the polytopes involved in
this construction gives some new results in the combinatorialisa-
tion and asymptotics of ECH capacities for convex toric domains.
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1. Introduction

Symplectic capacities measure obstructions to embedding one symplectic
manifold into another. Perhaps the simplest such obstruction is the vol-
ume; a symplectic manifold (X1, ω1) can be embedded in another symplec-
tic manifold (X2, ω2) only if vol(X1, ω1) ≤ vol(X2, ω2). A more sophisticated
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obstruction is the Gromov width: essentially the supremum of the radii of
balls that can symplectically embed into the given symplectic manifold. As
Gromov’s nonsqueezing theorem [9] illustrates, this is a nontrivial and in-
teresting invariant even for simple submanifolds of Rn.

There are many different capacities in past and current usage — see [3]
and the numerous references therein for an overview — that were invented in
order to answer more sophisticated embedding questions about symplectic
4-manifolds. In this paper we will focus on Embedded Contact Homology
or ECH capacities, which were developed by Hutchings in [11] and have
since been studied by many authors in, for example, [2, 4, 5, 7]. To an
exact symplectic 4-manifold X with contact-type boundary they associate
an increasing sequence of real numbers ck(X) for k ∈ Z≥0. One of their
early successes was studying embeddings of ellipsoids where the ellipsoid
with symplectic radii a, b

E(a, b) :=

{
(x, y) ∈ C2 :

|x2|π

a
+

|y|2π

b
≤ 1

}

embeds into E(c, d) iff ck(E(a, b))≤ck(E(c, d)) for all k. Moreover, ck(E(a, b))
was computed to be the kth largest number of the form am+ bn for
m,n ∈ Z≥0.

A particular type of symplectic manifold that ECH capacities provide
an attractive means of studying is toric domains. Consider the moment map

µ : C2 → R2

for the 2-torus action on C2. Given a region Ω ⊂ R2, XΩ := µ−1(Ω) is a
toric symplectic 4-manifold potentially with boundary. If the domain Ω is a
certain kind of convex polygon with two edges lying on the coordinate axes,
XΩ is called a convex toric domain. We omit mention of the symplectic
form since we will always take the induced form from C2. Such symplectic
manifolds are exact with contact-type boundary. The work of Cristofaro-
Gardiner–Choi [4] provides a somewhat combinatorial formula for the ECH
capacities of such spaces in terms of lattice paths and lattice point counts.

Define the cap function of a symplectic 4-manifold X with contact-type
boundary to be

capX(r) := #{k ∈ Z≥0 : ck(X) ≤ r}

= 1 +max{k ∈ Z≥0 : ck(X) ≤ r}
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for r ∈ Z≥0. In certain situations — such as ellipsoids with integral symplec-
tic radii — the cap function recovers all of the ECH capacities.

We will later describe a pseudonorm ℓΩ dependent on Ω called the Ω-
length, which is central to the combinatorialisation of ECH capacities. For
a polygon Λ, define its Ω-perimeter ℓΩ(∂Λ) to be the sum of the Ω-lengths
of the line segments composing its boundary ∂Λ. One can think of the Ω-
perimeter as a sort of ‘weighted perimeter’ where the weights are prescribed
by Ω.

For a polygon Ω ⊂ R2 with rational slopes we consider the inner normal
fan Σ(Ω), which is the complete fan whose rays are the (primitive) inward-
pointing normal vectors to the edges of Ω. This defines a toric variety YΣ(Ω).
We will later define a divisor DΩ on YΣ(Ω) called the balance divisor. The
key defining property of this divisor is that its associated polytope is equal
to Ω.

Recall that the function counting lattice points in dilates of a lattice
polytope P ⊂ Rn is given by a polynomial ehrP , called the Ehrhart poly-
nomial of P , such that #(nP ) ∩ Zn = ehrP (n) for n ∈ Z≥0. Similarly, recall
that the function counting global sections in integer multiples of a Cartier
divisor D on a variety X is eventually given by a polynomial hilb(X,D), called
the Hilbert polynomial of (X,D), such that h0(X,nD) := dimH0(X,nD) =
hilb(X,D)(n) for all sufficiently large n ∈ Z≥0.

When P is a rational polytope (or D is a Q-Cartier divisor), the Ehrhart
function (resp. the Hilbert function) is given (resp. eventually given) by a
quasipolynomial : there exist a number π ∈ Z≥1 and polynomials L0, . . . , Lπ−1

such that

ehrP (n) = Li(n) when n ≡ imodπ.

Alternatively, one can think of such a function as a polynomial with coeffi-
cients that are periodic functions.

The first result of this paper is to establish a purely algebro-geometric
framework in which one can recast ECH capacities for convex toric domains
XΩ where Ω has rational slopes. This also works for a different class of toric
domains called free convex toric domains that are defined in §4.7.

Theorem 1.1. (Theorem 4.14 + Theorem 4.15 + Theorem 4.18) Let Ω be
any convex lattice domain or free convex toric domain with rational slopes.
Then

ck(XΩ) = min{D ·DΩ : h0(YΣ(Ω), D) ≥ k + 1}

capXΩ
(r) = max{h0(YΣ(Ω), D) : D ·DΩ ≤ r}
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where both extrema range over all nef Q- or R-divisors on YΣ(Ω).

For the special case evaluating the cap function at rℓΩ(∂Ω) =: λr, we
have

capXΩ
(λr) = max{h0(D) : (D − rDΩ) ·DΩ ≤ 0}.

Theorem 1.1 allows the computational techniques of toric algebraic ge-
ometry to be brought to bear in studying ECH capacities. One reason this
connection is valuable is because the optimisation problems in Theorem 1.1
are quite tractable as the nef cone is convex and polyhedral for toric varieties.

We now describe the second cluster of main results in this paper. Let XΩ

be a convex toric domain. Choi–Cristofaro-Gardiner–Frenkel–Hutchings–
Ramos [2] and Cristofaro-Gardiner [4] associate a sequence of numbers to Ω
called the weight sequence denoted by w(Ω). We will later define in Defini-
tion 5.3 a class of convex toric domains called tightly constrained convex toric
domains. We conjecture (Conjecture 5.6) that being tightly constrained is
equivalent to the gcd of the numbers in the weight sequence being equal
to 1. It is not hard to verify that all ellipsoids E(a, b) with a, b ∈ Z≥0 and
gcd(a, b) = 1 are tightly constrained.

Theorem 1.2. (Lemma 5.8 + Corollary 5.9) Suppose XΩ is a tightly con-
strained convex toric domain. Let λ = ℓΩ(∂Ω). Then there is r0 ∈ Z≥0 such
that capXΩ

(r) is given by a quasipolynomial for all r ≥ r0. More precisely,
there are γ0, . . . , γλ−1 ∈ Q such that for 0 ≤ r < λ

capXΩ
(r + λx) = ehrΩ(x) + rx+ γr

= Vol(Ω)x2 +

(
1

2
L∂Ω + r

)
x+ γr

whenever r + λx ≥ r0.

We immediately obtain the following using the dictionary linking Ehrhart
functions of polytopes and Hilbert functions of divisors; [8] Prop. 4.3.3.

Theorem 1.3. (Corollary 5.9) Suppose XΩ is a tightly constrained convex
toric domain. Let λ = ℓΩ(∂Ω). Then there are γ0, . . . , γλ−1 ∈ Q and r0 ∈ Z≥0

such that for any 0 ≤ r < λ and x ∈ Z≥0

capXΩ
(r + λx) = h0(YΣ(Ω), xDΩ) + rx+ γr

whenever r + λx ≥ r0
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Comparing to Theorem 1.1 we see that Theorem 1.3 implies that large
multiples of DΩ are close to being optimisers for the algebro-geometric op-
timisation problem computing the cap function. Letting r, the residue mod
λ, be zero in the formulae above gives the following corollary.

Corollary 1.4. If XΩ is a tightly constrained convex toric lattice domain,
then for sufficiently large x ∈ Z≥0

capXΩ
(λx) = ehrΩ(x) + γ0 = h0(xDΩ, YΣ(Ω)) + γ0

for some γ0 ∈ Z.

The explicit description of the linear coefficients above give precise ex-
amples of sub-leading asymptotics for ECH capacities as studied in [7]; for
example, Prop. 16 there is an interesting comparison.

We conjecture that the following strengthening of the prior results holds.

Conjecture 1.5. Suppose that XΩ is a tightly constrained toric domain.
Then:

• there exist convex lattice domains Ω0, . . . ,Ωλ−1 such that, for any r =
0, . . . , λ− 1 and any sufficiently large x ∈ Z≥0,

capXΩ
(r + λx) = |(Ωr + xΩ) ∩ Z2|

• there exist divisors D0, . . . , Dλ−1 on YΣ(Ω) such that, for any r =
0, . . . , λ− 1 and any sufficiently large x ∈ Z≥0,

capXΩ
(r + λx) = h0(YΣ(Ω), Dr + xDΩ).

These conjectures state that capXΩ
is (eventually) given by a ‘mixed

Ehrhart quasipolynomial’ or a ‘mixed Hilbert quasipolynomial’ as studied
in [10]. They hold for ellipsoids and have been verified for many polydisks
and for some cases where Ω is a trapezoid.

We note that Cristofaro-Gardiner–Kleinman [6] have previously ap-
proached symplectic embeddings problems for ellipsoids via Ehrhart theory,
and one can view some aspects of the present paper as pursuing a related
philosophy for more general convex toric domains.

Lastly, we observe that we can also state some of the results of this paper
in purely combinatorial terms.
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Theorem 1.6. (Corollary 5.7) Suppose Ω is a tightly constrained convex
lattice domain with lower bound r0 = 0 and let λ = ℓΩ(∂Ω). Then rΩ con-
tains the most lattice points of any convex lattice domain of Ω-perimeter at
most rλ for all r ∈ Z≥0.

All of these results are numerical in nature and so it is natural to wonder
if there is some higher structure behind them. In particular, both sides of
the equality in Theorem 1.3 are defined to be dimensions of vector spaces
— of filtered embedded contact homology on the left, and of cohomology of
divisors on YΣ(Ω) on the right — and so it would be interesting to explore
whether there is a correspondence on the level of vector spaces.
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2. ECH capacities

ECH is formally defined in terms of contact geometry. It is constructed
explicitly in [11] however there is a combinatorial rephrasing of ECH in the
case of toric domains that is most applicable to the situation at hand, which
is how we will primarily present it here. This material comes from [2, 4, 11].

2.1. Combinatorial definitions

Suppose Ω ⊂ R2 is any polygon. Define the Ω-length of a vector v to be

ℓΩ(v) := v × pv

where pv is a boundary point of Ω such that Ω is contained in the right half-
plane bounded by the line spanned by v translated to contain pv. Here ×
means the cross product u× v = det(u | v). Define the Ω-length of a piece-
wise linear path Λ to be

ℓΩ(Λ) =
∑

ℓΩ(vi)
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where the sum ranges over the edge vectors vi of Λ. Notice that, from a local
calculation, one has

ℓΩ(∂Ω) = 2Vol(Ω).

Definition 2.1. A convex domain is a convex region Ω ⊂ R2 whose bound-
ary consists of

• a line segment between the origin and a point (a, 0) on the positive
horizontal axis

• a line segment between the origin and a point (0, b) on the positive
vertical axis

• the graph of a convex piecewise linear function f : [0, a] → [0, b]

We say that a convex domain is a convex lattice domain if the points (a, 0)
and (0, b) are lattice points and if the function f is piecewise linear such
that each vertex is a lattice point. In other words, a convex lattice domain
is a convex domain that is also a lattice polygon. Convex rational domains
are defined similarly.

We call the corresponding symplectic manifold XΩ = µ−1(Ω) a convex
toric domain if Ω is a convex domain, or a convex toric lattice domain if Ω is
a convex lattice domain. One can also repeat these definitions with convex
replaced by concave.

Following [4] — which built on [2, 13] — the weight sequence associated
to a convex lattice domain Ω is a sequence w(Ω) of numbers defined as
follows. Let ∆a be the convex hull of the points (0, 0), (a, 0), (0, a). Let c
be the smallest number such that Ω ⊂ ∆c. Equivalently, c is the Gromov
width of the smallest ball in C2 containing XΩ. The two components of the
complement ∆c \ Ω are affine equivalent to two concave domains Ω2 and
Ω3. There is a recursive definition weight sequences for concave domains as
follows. Consider the concave domain Ω2. Let b1 be the largest real number
such that ∆b1 ⊂ Ω2. The complement of ∆b1 in Ω2 consists of two (possibly
empty) concave domains and so one can recurse to obtain a multiset of
numbers w(Ω2) := {b1, b2, . . . }. We define

w(Ω) := (c;w(Ω2);w(Ω3)).

Example 2.2. Let Ω = Conv((0, 0), (0, 2a), (a, a), (a, 0)) for some a ∈ Z>0.
Here c = 2a, leaving a single concave region Ω3 illustrated in the third figure,
which is affine equivalent to ∆a. The weight sequence for Ω is hence (2a; ∅; a).



✐

✐

“5-Wormleighton” — 2021/5/5 — 0:46 — page 482 — #8
✐

✐

✐

✐

✐

✐

482 Ben Wormleighton

•
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• •

•

•

•

•

• •

Figure 1: Example of weight sequence.

2.2. ECH capacities

Using the constructions above, we define ECH capacities combinatorially.

Definition 2.3. A convex lattice path is a piecewise linear path starting
on the positive vertical axis and ending on the positive horizontal axis such
that its vertices are lattice points.

After adding the pieces along the coordinate axes, convex lattice paths
are exactly boundaries of convex lattice domains. For a polygon Λ we denote
by LΛ the number of lattice points enclosed by Λ, including on those its
boundary. We state a result of Cristofaro-Gardiner but using the perspective
of convex lattice domains instead of convex lattice paths.

Theorem 2.4 ([4], Cor. 8.5). Let Ω be a convex domain. Then

ck(XΩ) = min{ℓΩ(∂Λ) : LΛ = k + 1}

where the minimum is taken over convex lattice domains Λ.

Corollary 2.5. If Ω is a convex domain, then

capXΩ
(r) = max{LΛ : ℓΩ(∂Λ) ≤ r}

where the maximum ranges over convex lattice domains Λ.
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Proof. After including the zeroth capacity, one has

capXΩ
(r) = #{k : ∃Λ with ℓΩ(Λ) ≤ r and LΛ = k + 1}

= 1 +max{k : ∃Λ with ℓΩ(Λ) ≤ r and LΛ = k + 1}

= max{LΛ : ℓΩ(Λ) ≤ r}

as required. □

2.3. ECH capacities and weight sequences

The weight sequence w(Ω) contains all the information required to compute
ck(XΩ).

Lemma 2.6. Suppose w(Ω) = (c; a1, . . . , as; b1, . . . , bt). Then

ck(XΩ) = min{ck+k2+k3
(B(c))− ck2

(⨿s
i=1B(ai))

− ck3
(⨿t

j=1B(bj)) : k2, k3 ∈ Z≥0}.

This follows from [4] Corollary A.5 combined with [2] Theorem 1.4.

2.4. Key properties of ECH capacities

ECH capacities have the following properties recorded in [2], which we will
use throughout the paper:

• Monotonicity: If (X,ω) embeds into (X ′, ω′) then ck(X,ω) ≤
ck(X

′, ω′) for all k

• Disjoint union: If (X,ω) = ⨿n
i=1(Xi, ωi) then

ck(X,ω) = max∑
ki=k

n∑

i=1

cki
(Xi, ωi) for all k.

• Conformality: For each k and λ ∈ R+, ck(X,λω) = λck(X,ω).

2.5. Asymptotics of ECH capacities

Asymptotically, capacities return the volume constraint on symplectic em-
beddings.
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Theorem 2.7 ([5], Theorem 1.1). Suppose Ω is a convex domain, then

lim
k→∞

ck(X)2

k
= 4Vol(XΩ) = 4Vol(Ω).

This already allows us to calculate the constant λ in Theorems 1.2
and 1.3 assuming that it exists. Theorem 2.7 implies that ck(X) is asymp-
totic to 2

√
kVol(Ω) and so the cap function is asymptotic to

#{k : 2
√
kVol(Ω) ≤ r} = #

{
k : k ≤

1

4Vol(Ω)
r2
}

=
1

4Vol(Ω)
r2 + 1.

The leading term of the Ehrhart polynomial in Theorem 1.2 and of the
Hilbert polynomial in Theorem 1.3 is Vol(Ω)n2 and so the constant should
be

λ = 2Vol(Ω) = ℓΩ(∂Ω).

2.6. Examples

We present some suggestive examples of calculations of capacities and cap
functions for some basic convex toric domains.

Example 2.8. capE(a,b)(r) = ehrQ(r), the Ehrhart quasipolynomial of the
rational triangle

Q = Conv((0, 0), (1/a, 0), (0, 1/b)).

This is also equal to the Hilbert function of O(1) for the weighted projective
plane P(1, a, b).

Example 2.9. The cap function for the polydisk P (a, b) has

capP (a,b)(2abr) = (ar + 1)(br + 1) = hilb(P1×P1,O(a,b))(r).

Example 2.10. Let Ω(a) be the convex hull of the points (0, 0), (0, 2a),
(a, a), (a, 0). One has

capXΩ(a)
(3ar) = h0(X, rD)

where X is the first Hirzebruch surface, or P2 blown up in one point, and
where D = 3C + 2F with C the (−1)-curve and F a fibre in the P1-bundle
structure on X.
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These examples all suggest a tight relationship between computations
of symplectic capacities for convex toric domains and Hilbert functions of
divisors on toric surfaces. Establishing and exploiting such a relationship is
the subject of the remainder of this paper.

3. Toric algebraic geometry

We begin by reviewing some basic toric algebraic geometry. A toric variety
is a partial compactification of an algebraic torus (C×)n. They are described
combinatorially by cones, fans, and polytopes. This and much more is de-
tailed in [8].

3.1. Affine toric varieties arise from cones

Let N ∼= Zn be a lattice and let NR := N ⊗Z R be the associated real vector
space. A cone σ in NR is a subset of the form

Cone(S) :=

{
∑

v∈S

λvv : λv ≥ 0, all but finitely many λv are zero

}
.

Let M = N∨ := HomZ(N,Z) be the dual lattice to N , and MR =M ⊗Z R

the dual vector space to NR. Define the dual cone to a cone σ ⊂ NR to be

σ∨ := {v ∈MR : ⟨u, v⟩ ≥ 0 for all u ∈ σ}

where ⟨·, ·⟩ is the dual pairing NR ×MR → R. Suppose now that σ is a
rational polyhedral cone: that there is a finite set of lattice points S ⊂ N
such that σ = Cone(S). Such a cone σ gives an affine toric variety Uσ as
follows.

• Input: σ, a rational polyhedral cone

• Dualise to σ∨

• Take lattice points σ∨ ∩M to obtain a semigroup

• Take the semigroup algebra C[σ∨ ∩M ]; this is a finitely generated
C-algebra

• Output: Uσ := SpecC[σ∨ ∩M ].

Notice that the dense open torus arises from C[σ∨ ∩M ] ⊂ C[M ] ∼= C[Zn],
which is the ring of Laurent polynomials, or the ring of functions for the
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torus (C×)n. The cone σ (or rather σ∨) is describing which functions on the
torus extend to global functions on Uσ, which is equivalent to describing the
variety. One can describe the torus inside Uσ intrinsically as

TN := N ⊗Z C×

In this presentation, a vector m ∈M gives a function χm : TN → C via

χm(n⊗ t) = t⟨m,n⟩.

Example 3.1. Take N = Z2 and let σ = Cone(e1, e2). The dual cone is
σ∨ = Cone(e1, e2) giving

σ∨ ∩M = Z2
≥0 and C[σ∨ ∩M ] ∼= C[x, y].

Hence Uσ
∼= C2. In this case, σ∨ prescribes that the only Laurent polynomi-

als extending to all of Uσ are the polynomials.

3.2. Toric varieties arise from fans

To construct non-affine (in particular, compact) toric varieties we glue to-
gether affine toric varieties in an torus-equivariant way. The combinatorial
avatar of this process is collecting cones together in a fan. To start with, a
face of a cone σ is a subset of σ of the form σ ∩ (⟨m, ·⟩ = 0) for somem ∈ σ∨.
The cones forming the boundary of σ are examples of faces, as is the vertex
of the cone (the origin). A fan in NR is a collection of cones Σ = {σ} such
that

• if τ ⊂ σ is a face, then τ ∈ Σ

• for any two cones σ1, σ2 ∈ Σ, σ1 ∩ σ2 is a face of each

A fan Σ produces a toric variety YΣ via gluing two affine pieces Uσ1
, Uσ2

according to the (potentially zero-dimensional) face they have in common.

Example 3.2. Take N = Z2 and Σ to be the fan containing the cones

σ1 = Cone(e1, e2), σ2 = Cone(e1,−e1 − e2), σ3 = Cone(e2,−e1 − e2)

and their faces. The two-dimensional cones give three copies of C2 and the
gluing prescribed by the faces makes this into P2. For example, σ1 and σ3
share the face Cone(e2) that corresponds to the toric variety C× × C. Gluing
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C2 to C2 along C× × C is familiar from the gluing construction of projective
space.

3.3. Compact toric varieties arise from polytopes

Suppose P ⊂ NR is a lattice polytope. One can produce a fan ΣP from P
via

ΣP := {Cone(S) : S ⊂ Vert(P ) such that all u ∈ S share a face}.

This is called the face fan of P and defines a toric variety YP := YΣP
that

turns out to be compact.
A polytope Q ⊂MR also defines a toric variety VQ. Let LQ = #Q ∩

M and define a map ϕQ : TN → PLQ−1 by x 7→ (χm(x))m∈Q∩M . The toric
variety VQ is defined to be the closure of the image of ϕQ in PLQ−1. If we
define the dual polytope

P∨ := {v ∈MR : ⟨u, v⟩ ≥ −1}

then the toric variety YP is also described abstractly as the variety VkP∨ for
large enough k, from which it is readily apparent that it is compact.

Example 3.3. A polytope for P2 is the triangle with vertices e1, e2,−e1 −
e2. The dual polytope is the triangle with vertices 2e1 − e2,−e1 + 2e2,−e

1 −
e2. This has 10 lattice points and describes the third Veronese (or anticanon-
ical) embedding of P2 in P9.

In the VQ presentation, one can interpret Q as the moment polytope for
the compact torus action on VQ by composing the map ϕQ with the moment
map on PLQ−1.

This toric variety VQ as an abstract variety is equivariantly isomorphic
to the variety XΣ(Q) arising from the inner normal fan of Q.

3.4. Polytopes arise from divisors

A (Weil) divisor on a normal variety is a formal Z-linear combination of
codimension one subvarieties. Divisors on a variety X up to an equivalence
relation called rational equivalence form a group called the class group of
X. For a toric variety X containing dense open torus T , the class group
is generated by the components of the toric boundary X \ T . If X = YΣ is
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given by a fan, these boundary components correspond to the rays of Σ. The
set of rays is commonly denoted Σ(1). Thus, every divisor on YΣ is rationally
equivalent to one of the form

∑

ρ∈Σ(1)

aρDρ.

One can associate a polytope P (D) to a divisor of this form as follows. Let
uρ be the primitive lattice point lying on the ray ρ. Then set

P (D) := {v ∈MR : ⟨uρ, v⟩ ≥ −aρ for all ρ ∈ Σ(1)}.

The hyperplanes defining the facets of P (D) are given by ⟨uρ, ·⟩ = −aρ and
so this construction of P (D) taking in the data (uρ, aρ)ρ∈Σ(1) is often re-
ferred to as a ‘facet presentation’ for P (D). Denote by O(D) the line bundle
associated to a (Cartier) divisor D.

Lemma 3.4 ([8], Proposition 4.3.3). Let D =
∑

ρ aρDρ. A basis of

H0(O(D)) is in bijection with lattice points of P (D). That is,

#P (D) ∩M = LP (D) = h0(O(D)).

Notice that there can be multiple facet presentations corresponding to
the same divisor if some of the hyperplanes give redundant inequalities.

3.5. Divisors arise from support functions

Fix a fan Σ. The support |Σ| of Σ is the union of the cones it contains.
A support function on Σ is a function φ : |Σ| → R such that φ|σ is linear
for each σ ∈ Σ. An integral support function is a support function such that
φ(|Σ| ∩N) ⊂ Z. An integral support function φ produces a (Cartier) divisor
D via

D = −
∑

ρ∈Σ(1)

φ(uρ)Dρ

and this process is actually reversible (so long as D is Cartier).



✐

✐

“5-Wormleighton” — 2021/5/5 — 0:46 — page 489 — #15
✐

✐

✐

✐

✐

✐

ECH capacities, Ehrhart theory, and toric varieties 489

4. Reformulating capacities in toric algebraic geometry

4.1. Ω-stretching

Consider a convex domain Ω ⊂ R2. For a polygon Λ define SΩΛ to be the
polygon with edges parallel to the edges of Ω by placing an edge of slope vi
at the point or points at which vi is tangent to Λ, using corners if necessary.
For example,

Ω
Λ

SΩΛ

Figure 2: Example of Ω-stretching.

We call the resulting polygon SΩΛ the Ω-stretching of Λ. The following
lemma is due to Michael Hutchings.

Lemma 4.1. ℓΩ(∂Λ) = ℓΩ(∂SΩΛ).

Proof. Let p1, . . . , pk denote the vertices of Ω. Let qi be a point on ∂Λ such
that a tangent vector to ∂Λ at qi is parallel to the vector pi − pi−1. Then by
definition, the Ω-length of ∂Λ is

∑

i

pi × (qi+1 − qi).

Notice that the same points qi still satisfy the requirements for computing
the Ω-length of ∂SΩΛ, so that the nothing changes in the expression of
ℓΩ(∂SΩΛ) from that for ℓΩ(∂Λ). □

The effect of Ω-stretching is to produce a polygon of the same Ω-length
but with edges parallel to the edges of Ω.

4.2. Slope polytopes

Let Ω be a rational convex domain. Denote its set of edges by Edge(Ω).
An edge-orientation o of ∆ is an orientation of each of its edges in such a
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way that the boundary of ∆ is an oriented cycle. A polygon with an edge-
orientation is called edge-oriented. Given an edge-oriented convex lattice
domain Ω, define the slope ve of an edge e ∈ Edge(Ω) to be the primitive
lattice vector in the direction of the oriented edge. That is, e has endpoints
e− and e+ with orientation making e− the tail and e+ the head, and ve is
the primitive ray generator of the ray R≥0 · (e+ − e−).

Definition 4.2. The slope polytope of an edge-oriented convex lattice do-
main Ω is the lattice polytope

Sl(Ω) := Conv(ve : e ∈ Edge(Ω)).

This produces a compact toric variety YSl(Ω) on which the algebraic
geometry side of the story will take place. We will actually work with a
blowup of this toric variety, which we will denote by ỸSl(Ω).

This blowup is obtained by creating a new fan by inserting rays through
any slopes ve that are not vertices of Sl(Ω). For example, suppose that Ω
has slopes −e1, e2, e1, e1 − e2, e1 − 2e2. The slope polytope only has vertices
−e1, e2, e1, e1 − 2e2 and so one extra ray has to be added for e1 − e2. This
is demonstrated pictorally below.

••

•

•

•

•

••

•

•

•

•

Fan for YSl(Ω) Fan for ỸSl(Ω)

Figure 3: Blowup of YSl(Ω).

We will denote the resulting fan for the blowup by Σ̃Sl(Ω). Observe that
this fan is in some sense a rotation of the inner normal fan of Ω after picking
bases, though they naturally live in dual lattices. At the end of this section
we will provide an alternative version of the content below phrased in terms
of the inner normal fan instead of the slope polytope. It can be favourable
to use each of these perspectives at different times.
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4.3. Balance divisors

As above, let Ω be a rational convex domain oriented clockwise with slope
polytope Sl(Ω). We will subsequently always assume that Ω has this orien-
tation. Define the Ω-length of a vector v ∈ R2 to be

ℓΩ(v) := v × pv

where pv is a boundary point of Ω such that the halfplane pv + {u ∈ R2 :
u× v ≥ 0} contains Ω. Recall that the two-dimensional cross product u× v
of two vectors u and v is defined to be the determinant of the matrix with
u and v as first and second columns respectively.

Lemma 4.3. Suppose Ω is lattice (resp. rational). The Ω-length is an in-
tegral (resp. rational) support function for the fan Σ̃Sl(Ω).

Proof. Suppose v, v′ are adjacent slopes in Ω. The Ω-length applied to any
vector w ∈ Cone(v, v′) = σ is given by

ℓΩ(w) = p× w

where p is the vertex shared between the two edges of slopes v and v′ re-
spectively. This is linear on the cone σ, which features in ΣSl(Ω) by definition
and describes all full-dimensional cones in ΣSl(Ω) as v, v

′ range over adjacent
slopes. ℓΩ is clearly integral on integral vectors when the vertices of Ω are
lattice points, and similarly for the rational case. □

Definition 4.4. The balance divisor for Ω is the Q-Cartier divisor DΩ

associated with the support function −ℓΩ. Notice the change in sign.

Corollary 4.5. The coefficients of DΩ as a Weil divisor are

av = ℓΩ(v)

for a (primitive) slope vector v of Ω.

Corollary 4.6. DΩ is ample.

Proof. It is a straightforward check that −ℓΩ is a strictly convex function,
which corresponds to DΩ being ample. □
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Lemma 4.7. The polytope for DΩ is the result of rotating Ω 90◦ anticlock-
wise around the origin.

Proof. Denote by Ω⊥ the rotated version of Ω. The edges of Ω are by con-
struction orthogonal to the rays of Σ̃Sl(Ω) and so there is a facet presentation

of Ω⊥ coming from this fan or, equivalently, a divisor D on ỸSl(Ω). Order the
slopes v1, . . . , vs with corresponding toric boundary divisors D1, . . . , Ds. It
suffices that the coefficient ai of D along Di is the same as the corresponding
coefficient in DΩ. We will now compute this directly. The edge ei of P

⊥ with
slope vi is carved out by the orthogonal hyperplanes to vi−1, vi, vi+1. Sup-
pose that vi−1, vi+1 form a Z-basis for Z2. They are independent over Q and
the case when they are not a Z-basis is similar. By a change of coordinates,
suppose vi−1 = (1, 0), vi+1 = (0,−1) and vi = (α, β). Then the endpoints of
the edge in Ω⊥ corresponding to vi are

(
−ai−1,

αai−1 − ai
β

)
and

(
−
βai+1 + ai

α
, ai+1

)
.

After rotating back, the Ω-length of vi is then

ℓΩ(vi) =

∣∣∣∣
α β

ai+1
βai+1+ai

α

∣∣∣∣ = ai

which is the same as the corresponding coefficient in DΩ. □

Corollary 4.8. LrΩ = h0(rDΩ).

Notice that there are many choices of Ω with the same slope polytope
Sl(Ω) and so to reflect the choice of Ω an extra choice has to be made in
the geometry. This choice is a polarisation, where ỸSl(Ω) is polarised by the
ample divisor DΩ. The same proof actually shows:

Corollary 4.9. Let Λ be a polygon with all edges parallel to edges of Ω.
Denote by Λ⊥ the 90◦ anticlockwise rotation of Λ about the origin. The
coefficients of a divisor DΛ on ỸSl(Ω) with polygon Λ⊥ are

DΛ =
∑

ℓΛ(v)Dv

with notation as above.

When Ω is lattice, DΩ is Cartier. Cartier divisors can also be charac-
terised by their Cartier data, which has a toric version found in §4.2 of [8]. To
this end, let (a, b)⊥ := (−b, a). This has the property that −u · v⊥ = u× v.
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Corollary 4.10. The Cartier data for DΛ is mσi
= q⊥i , where qi is the

vertex in common between the edges of slopes vi, vi+1, the vertices in Σ(Ω)
bounding σi.

Proof. As seen, vi × qi = ai and so vi · q
⊥
i = −ai. □

The balance divisor also captures the Ω-length by how it intersects other
divisors. We will prove the following lemma in toric geometry to progress
towards this.

Lemma 4.11. Let XΣ be a projective toric surface. An R-divisor D on XΣ

is nef iff D ·Dρ equals the lattice length of the edge of P (D) corresponding
to ρ for each ray ρ ∈ Σ(1).

Proof. The if part is clear by the toric Kleiman condition. For the converse,
observe that if D is ample then there is a unique facet presentation of Λ⊥ :=
P (D) as every slope is represented by an edge in P (D). This means that D
must be equal to ∑

ℓΛ(uρ)Dρ

adapting notation from Corollary 4.9 and the result follows from the proof
of that corollary. If D is nef, then it must be the case that some of the
inequalities in the facet presentation are only just redundant: that is, none
of the hyperplanes have empty intersection with P (D), but some might only
intersect at a vertex. This follows as the interior of the nef cone is the ample
cone, or from the description of nef and ample divisors in [1] Theorem 2.15
or [8] Theorem 6.4.9. It suffices to show that D ·Dρ = 0 for any ρ giving a
redundant hyperplane (that is, an edge of length 0) but this follows from a
direct calculation using [8] Prop. 6.4.4. □

Suppose that Λ is a polygon with edges parallel to the edges of Ω. As
discussed above, there is a facet presentation of Λ⊥ and so there is a nef
divisor DΛ on ỸSl(Ω) with this as its polygon.

Lemma 4.12. ℓΩ(∂Λ) = DΛ ·DΩ.

Proof. From Lemma 4.11, the lattice length of the edge of slope vi in Λ is
DΛ ·Di. The Ω-length of the edge is thus (DΩ ·Di) · ℓΩ(vi). Summing all
these up gives the Ω-perimeter as

ℓΩ(∂Λ) =
∑

(DΛ ·Di) · ℓΩ(vi) = DΛ ·
∑

ℓΩ(vi)Di = DΛ ·DΩ

as required. □
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Corollary 4.13. ℓΩ(∂Λ) = ℓΛ(∂Ω).

4.4. Proof of Theorem 1.1

We are now in a position to convert the definition of ECH capacities and
cap functions into purely algebro-geometric language.

Theorem 4.14. Suppose Ω is a rational convex domain. Then

ck(XΩ) = min
D

{D ·DΩ : h0(ỸSl(Ω), D) ≥ k + 1}

capXΩ
(r) = max

D
{h0(ỸSl(Ω), D) : D ·DΩ ≤ r}

where both extrema range over all nef Q- or R-divisors D on ỸSl(Ω).

Proof. Since intersection with DΩ describes the Ω-length and the number of
lattice points enclosed equals h0, the only thing to check is that the extrema
ranging over nef Q- or R-divisors is equivalent to ranging over convex lattice
paths. We will focus on the real case from which it will be clear why the
minima are achieved by rational nef divisors. We use nef divisors to ensure
that each ‘edge length’ D ·Di is nonnegative. Note that the two equalities
in the theorem are equivalent and so we will focus only on the first. For
convenience denote

calgk (ỸSl(Ω)) = inf{D ·DΩ : h0(ỸSl(Ω), D) ≥ k + 1}.

Note that a minimum really is attained. Indeed, pick a nef R-divisor D⋆ with
at least k + 1 global sections. Then calgk (ỸSl(Ω)) ≤ D⋆ ·DΩ and the infimum

is the same if we take it over all nef R-divisors with h0(ỸSl(Ω), D) ≥ k + 1
and D ·DΩ ≤ D⋆ ·DΩ. Observe that this extra condition places an upper
bound on each of the (nonnegative) lattice lengths of edges of the polygon
P (D) for suchD. This infimum thus takes place over a compact region inside
the (closed) nef cone and is therefore realised by some divisor.

Suppose that D = DΛ realises this minimum. Its (rotated) polygon Λ
must have a lattice point on every edge as otherwise one could perturb
the coefficient in the facet presentation for an edge with no lattice point
to obtain a divisor with the same number of global sections but smaller
intersection with DΩ. Notice that this implies that D is a Q-divisor. Let Λ′

be the convex hull of all lattice points in Λ. Note that k′ + 1 = LΛ = LΛ′

for some k′ ≥ k. Then SΩΛ
′ = Λ by construction (as we assumed that Λ
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has a lattice point on each edge) and so by Lemma 4.1 and Lemma 4.12
we have ℓΩ(∂Λ

′) = ℓΩ(∂SΩΛ) = ℓΩ(∂Λ) = D ·DΩ. Now we will show that,
potentially after translation, ∂Λ′ is a convex lattice path in the sense of
Definition 2.3.

Λ has two distinguished (possible length 0) edges of slopes −e1 and e2
by construction of Sl(Ω) that meet at a point p0. For these edges to each
contain a lattice point, they must each be subsets of affine lines of the form
(y = β) and (x = α) respectively for some α, β ∈ Z. Hence p0 = (α, β) ∈ Z2

is a lattice point. We can thus use this lattice point to translate Λ back
to the origin without changing the pairing with DΩ (the Ω-length) or the
dimension of global sections. By convexity Λ′ thus also contains two adjacent
edges with slopes −e1 and e2. Since Λ has slopes parallel to the slopes of
Ω and is convex, the boundary of Λ forms a convex rational path in the
sense of Definition 2.3. It follows that the boundary of Λ′ forms a convex
lattice path and hence features in the minimum of Theorem 2.4 giving the
combinatorial formula for ck′(XΩ). Consequently,

ck(XΩ) ≤ ck′(XΩ) ≤ ℓΩ(∂Λ
′) = ℓΩ(∂Λ) = D ·DΩ = calgk (ỸSl(Ω)).

For the converse inequality, suppose that Λ is a lattice polygon whose bound-
ary ∂Λ is a convex lattice path realising the minimum of Theorem 2.4. That
is, ck(XΩ) = ℓΩ(∂Λ) and LΛ = k + 1. Then Ξ = SΩΛ is a rational polygon
with edges parallel to the edges of Ω, which hence defines a nef Q-divisor
DΞ on ỸSl(Ω). Now, using Lemma 4.1 and Lemma 4.12,

ck(XΩ) = ℓΩ(∂Λ) = ℓΩ(∂SΩΛ) = DΞ ·DΩ.

Notice that SΩΛ contains at least as many lattice points as Λ and so
h0(ỸSl(Ω), DΞ) ≥ k + 1 giving

calgk (ỸSl(Ω)) ≤ DΞ ·DΩ = ck(XΩ)

which supplies the converse inequality. □

Notice that calgk (ỸSl(Ω)) uses h0 ≥ k + 1 instead of equality (as in the
original optimisation problem for ECH capacities in Theorem 2.4) because
there might not be divisors on ỸSl(Ω) with k + 1 sections; for example, there
are no divisors D on P2 with h0(P2, D) = 2. Combinatorially, this comes
from the fact that the lattice paths in Definition 2.3 are allowed any rational
slopes whereas the paths coming from divisors in Theorem 4.14 must have
edges parallel to edges of Ω.
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4.5. A speculative digression

Observe that one can try to define for any pair of a projective surface Y and
an ample divisor A on Y

calgk (Y,A) := inf
Nef(Y )R

{D ·A : h0(Y,D) ≥ k + 1}

taking the infimum again over the nef cone. It would be interesting to ex-
plore whether some of these sequences interact with symplectic capacities for
other kinds of symplectic 4-manifold, or to study the structure of their as-
sociated cap functions. We speculate that these cap functions are eventually
quasipolynomial when Y is an orbifold.

4.6. Reformulation in terms of the inner normal fan

There is another fan one can associate to a polytope P now living in MR

called the inner normal fan Σ(P ), which consists of cones in NR. For a
polygon P ⊂ R2, this is the fan with rays generated by inward-pointing
normals to each of the faces and with all two-dimensional cones between
them included. Observe that, after picking a basis as we implicitly did above,
the fan Σ̃Sl(Ω) for the blowup ỸSl(Ω) of YSl(Ω) is the 90

◦ anticlockwise rotation
of Σ(Ω): taking slopes is dual to taking normals.

Completely analogously, we obtain a toric variety YΣ(Q) that is isomor-

phic to the previous toric variety ỸSl(Ω) with an ample divisor DΩ whose
coefficient along the divisor Dρ is ℓΩ(v), where ρ is the ray generated by a
normal to the edge of slope v. (YΣ(Ω), DΩ) has the same intersection theo-

retic and cohomological properties as the pair (ỸSl(Ω), DΩ) and so the results
of the previous subsections exactly cross over to this setting.

Theorem 4.15. Suppose XΩ is a rational convex toric domain. Then

ck(XΩ) = min{D ·DΩ : h0(YΣ(Ω), D) ≥ k + 1}

capXΩ
(r) = max{h0(YΣ(Ω), D) : D ·DΩ ≤ r}

where both extrema range over all nef Q- or R-divisors on YΣ(Ω).

We remark that the advantage of the inner normal fan in this context is
its familiarity as a standard object of toric algebraic geometry, however the
approach via slope polytopes is quite pleasing and may have better duality
properties in some contexts. For the sake of familiarity and consistency with
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the introduction, we will continue to use Σ(Ω) instead of Σ̃Sl(Ω) for the
remainder of the paper.

4.7. Free convex toric domains

One can also consider the situation when Ω ⊂ R2 is a convex body that
doesn’t intersect the coordinate axes, which is where fibres of the moment
map decrease in dimension and pick up nontrivial isotropy. We call such
XΩ free convex toric domains. This was one of the situations originally
considered in [11]. There is an analogous theorem there to Theorem 2.4.
To state it, we define for such Ω a new pseudonorm ℓv⋆

Ω depending on a
vector v⋆ ∈ Ω◦ as follows. Consider Ω′ = Ω− v⋆. This is now a polygon with
the origin in its interior. We consider the norm || · ||Ω′ whose unit ball is Ω′

and its dual norm on (R2)∗

||ϕ||∗Ω′ := max{ϕ(v) : v ∈ Ω′}.

We identify (R2)∗ with R2 via the dot product, giving

||u||∗Ω′ := max{u · v : v ∈ Ω′}.

Define the length in this pseudonorm of a polygonal path ψ consisting of
line segments v1, . . . , vr to be

ℓv⋆

Ω (ψ) :=

r∑

i=1

||vi||
∗
Ω′ .

Lemma 4.16 ([12], Exercise 4.13). The length of closed polygonal paths
measured in ℓv⋆

Ω is independent of v⋆.

We denote the restriction of ℓv⋆

Ω to closed polygonal paths by ℓ′Ω to
indicate its independence of v⋆.

Theorem 4.17 ([11], Theorem 1.11). Suppose Ω ⊂ R2 is a polygon that
does not intersect either coordinate axis so that XΩ is a free convex toric
domain. Then

ck(XΩ) = min{ℓ′Ω(∂Λ) : LΛ = k + 1}

where the minimum ranges over lattice polygons Λ.
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As discussed in [12] Exercise 4.16 it is equivalent to take the minimum
over all polygons with edges parallel to edges of Ω and with no constraints
on their vertices with the modification that LΛ ≥ k + 1.

Theorem 4.18. Suppose XΩ is a free rational convex toric domain. Then,

ck(XΩ) = min{D ·DΩ : h0(YΣ(Ω), D) ≥ k + 1}

capXΩ
(r) = max{h0(YΣ(Ω), D) : D ·DΩ ≤ r}

where DΩ is the balance divisor from Definition 4.4 and where both extrema
range over all nef Q- or R-divisors on YΣ(Ω).

Proof. As before, the two equalities are equivalent and so we will only show
the first. Let v⋆ ∈ Ω◦ and set Ω′ = Ω− v⋆. Suppose that u1, u2 are out-
ward normals to adjacent faces of Ω. The dual norm || · ||∗Ω′ is linear on
Cone(u1, u2), since the maximum of v · − will be achieved (possibly non-
uniquely) at the vertex shared between the two adjacent edges for any
v ∈ Cone(u1, u2). It is hence a support function on the outer normal fan
Σ−(Ω), which is just the negative of the inner normal fan. Notice that for
v ∈ Cone(u1, u2), the dual norm ||v||∗Ω′ = v · p where p is the vertex described
above, but this is equal to −v⊥ × p by definition. Note that p is exactly the
point of ∂Ω′ at which −v⊥ is tangent to ∂Ω′ so that p = pv as in the defini-
tion of Ω′-length in §2.1. Hence,

||v||∗Ω′ = ℓΩ′(−v⊥)

It follows that

ck(XΩ) = min{ℓ′Ω(∂Λ) : LΛ = k + 1}

= min{ℓΩ′(∂Ξ) : LΞ = k + 1}

via the correspondence Λ 7→ −Λ⊥, where both minima range over all lattice
polygons Λ or Ξ respectively. But by a similar (actually simpler) argument
to the proof of Theorem 4.14, this second minimum can be seen to be equal
to min{D ·DΩ′ : h0(YΣ(Ω), D) ≥ k + 1}. Now Ω′ is just a translate of Ω and
so D ·DΩ = D ·DΩ′ for all divisors D, which gives the result. □

We finally observe that all of the machinery developed above works
equally well when Ω is an irrational polygon with rational slopes, since
rationality is only required on the level of edges to define a fan that will
produce a toric variety. The only difference is that DΩ will no longer be a
Q-divisor.
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5. Computing cap functions

The aim of this section is to define ‘tightly constrained’ convex domain and
to prove the following theorem.

Theorem 5.1. Suppose Ω is a tightly constrained convex lattice domain.
Then, there exists x0 ∈ Z≥0 such that for all x ≥ x0 and for each r = 0, . . . ,
λ− 1,

capXΩ
(r + λx) = ehrΩ(x) + rx+ γr

for some constant γr ∈ Z depending only on r.

In order to do so, we will study the combinatorics of Ω in terms of
its weight sequence, and then use this data to compute the cap function
recursively. We will discuss the tightly constrained assumption on Ω and
how every convex toric lattice domain conjecturally reduces to this case.

5.1. Combinatorics of weight sequences

Recall that the weight sequence associated to a convex domain Ω consists of
a number and two lists that we will write as (c; ai; bi). We will assume that
the lists are finite sets of integers, which implies that Ω is rational. From the
asymptotics of capacities of convex domains,

Vol(Ω2) = Vol(⨿iB(ai)) =
1

2

∑
a2i

and so

ℓΩ(∂Ω) = 2Vol(Ω) = Vol(B(c))−Vol(⨿iB(ai))−Vol(⨿iB(bi))

= c2 −
∑

a2i −
∑

b2i .

Consider now the number of lattice points enclosed by a concave domain, ex-
cluding those on the upper boundary. Each ball B(bi) contributes

1
2bi(bi + 1)

lattice points; note that the transformation realising the inductive descrip-
tion of the weight sequence is a special affine linear map and so preserves
lattice point counts. Hence the number of lower lattice points (i.e. excluding
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the upper boundary) in Ω3 is

∑ 1

2
bi(bi + 1)

and thus the number of lattice points enclosed by Ω is

1

2
(c+ 1)(c+ 2)−

∑ 1

2
αi(αi + 1)−

∑ 1

2
bj(bj + 1).

For future reference will note that this is equal to

1 +
1

2
c(c+ 3)−

∑ 1

2
αi(αi + 1)−

∑ 1

2
bj(bj + 1).

5.2. Reducing the problem

For a convex domain Ω with weight sequence w(Ω) = (c; ai; bj), Lemma 2.6
gives that the ECH capacities of XΩ are given by

ck(XΩ) = min{ck+k2+k3
(B(c))− ck2

(⨿iB(ai))− ck3
(⨿jB(bj)) : k2, k3 ∈ Z≥0}

By the disjoint union property of capacities, this is equal to

ck(XΩ) = min{ck+
∑

i
ki+

∑
j
mj

(B(c))

−
∑

i

cki
(B(ai))−

∑

j

cmj
(B(bj)) : ki,mj ∈ Z≥0}.

It follows that the cap function of XΩ is given by

capXΩ
(r) = 1 +max

{
k : ∃ki,mj with ck+

∑
i
ki+

∑
j
mj

(B(c))

−
∑

i

cki
(B(ai))−

∑

j

cmj
(B(bj)) ≤ r

}
.

The capacities of a ball B(q) take the form

ck(B(q)) = dq when
1

2
d(d+ 1) ≤ k ≤

1

2
δ(δ + 3).

Hence, to maximise k, one may assume that ki =
1
2αi(αi + 1),mj =

1
2βj(βj +

1), and k +
∑

i ki +
∑

j mj =
1
2δ(δ + 3) for some αi, βj , δ. Therefore capXΩ

(r)
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is 1 plus the maximum of

C(δ, αi, βj) :=
1

2
δ(δ + 3)−

∑

i

1

2
αi(αi + 1)−

∑

j

1

2
βj(βj + 1)

subject to

δc−
∑

i

αiai −
∑

j

βibi ≤ r

where αi, βj , δ range over nonnegative integers.

5.3. Final calculations

Lemma 5.2. Fix a weight sequence (c; a1, . . . , as; b1, . . . , bt) and let λ =
c2 −

∑
a2i −

∑
b2i . Suppose (δ, αi, βi) maximises C(δ, αi, βj) subject to

δc−
∑

i

αiai −
∑

j

βjbj = r.

Then the sequence (δ + c, αi + ai, βi + bi) maximises C(δ′, α′
i, β

′
i) subject to

δ′c−
∑

i

α′
ibi −

∑

j

β′jbj = r + λ.

Proof. Suppose there exists (δ′, α′
i, β

′
j) with

C(δ′, α′
i, β

′
j) > C(δ + c, α+ ai, βj + bj).

We will show that C(δ′ − c, α′
i − ai, β

′
j − bj) > C(δ, αi, βj), contradicting

maximality since

(δ′ − c)c−
∑

(α′
i − ai)ai −

∑
(β′j − bj)bj = r.

For convenience, relabel the bj as as+j and βj as αs+j and write C(δ, αi) =
C(δ, αi, βj). Compute 2C(δ′ − c, α′

i − ai) to be
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(δ′ − c)(δ′ − c+ 3)−
∑

(α′
i − ai)(α

′
i − ai + 1)

= δ′(δ′ + 3)−
∑

α′
i(α

′
i + 1)− cδ′ +

∑
α′
iai − c(δ′ + 3)

+
∑

(α′
i + 1)ai + c2 −

∑
a2i

= δ′(δ′ + 3)−
∑

α′
i(α

′
i + 1)− (r + λ)− (r + λ)− 3c+

∑
ai + λ

> (δ + c)(δ + c+ 3)−
∑

(αi + ai)(αi + ai + 1)− 2r − λ− 3c+
∑

ai

= δ(δ + 3)−
∑

αi(αi + 1) + cδ −
∑

αiai + c(δ + 3)

−
∑

(αi + 1)ai + c2 −
∑

a2i − 2r − λ− 3c+
∑

ai

= C(δ, αi, βj) + r + r + 3c−
∑

ai + λ− 2r − λ− 3c+
∑

ai

= C(δ, αi, βj)

as desired. □

Definition 5.3. Say that a convex lattice domain Ω (or a convex lattice
toric domain XΩ) with weight sequence (c; ai; bi) is tightly constrained with
lower bound r0 if for all r ≥ r0 the maximum of C(δ, αi, βj) subject to

δc−
∑

i

αiai −
∑

j

βibi ≤ r

is attained by some (δ, αi, βj) with

δc−
∑

i

αiai −
∑

j

βibi = r.

Say that Ω is tightly constrained if it is tightly constrained with some lower
bound r0.

Lemma 5.4. Ω being tightly constrained with lower bound r0 is equivalent
to the statement that for every positive integer r ≥ r0 there is some k ∈ Z≥0

such that ck(XΩ) = r.

Proof. By definition the cap function of XΩ is 1 plus the largest value of k
such that ck(XΩ) ≤ r. If there is some k with ck(XΩ) = r then this largest
value of k will be achieved by some k with ck(XΩ) = r by monotonicity. The
largest value of k corresponds to a value of C(δ, αi, βj) from the reasoning
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above, for which the corresponding capacity takes the value δc−
∑
αiai −∑

βjbj = r. □

Equivalently, capXΩ
(r + 1) > capXΩ

(r) for all r ≥ r0, so that capXΩ
is

eventually strictly increasing.

Example 5.5. Suppose XΩ = E(a, b) is an ellipsoid with a prime, a < b,
and gcd(a, b) = 1. Then XΩ is tightly constrained with lower bound (a− 1)b
to cover all residues mod a.

Conjecture 5.6. Suppose that gcd{c, a1, . . . , as, b1, . . . , bt} = 1. Then Ω is
tightly constrained.

Notice that the conjecture will certainly fail for weight sequences without
the coprimality assumption. For example, the ball B(2) has capacities that
are all even numbers and so there can be no odd values of the constraint.
We will henceforth make the assumption that Ω is tightly constrained.

Corollary 5.7. For a tightly constrained convex lattice domain Ω with
lower bound r0 = 0, ∂Ω is an optimal path among lattice paths of length
at most ℓΩ(∂Ω).

Proof. Clearly capXΩ
(0) = 1 + 0 is attained by (δ, αi, βj) = (0, 0, . . . , 0).

Hence,

capXΩ
(λ) = 1 + C(c, ai, bj)

=
1

2
(c+ 1)(c+ 2)−

∑
ai(ai + 1)−

∑
bj(bj + 1) = LΩ

as required. □

Lemma 5.8. Let Ω be a tightly constrained convex lattice domain. Denote
the Ω-perimeter of Ω by λ. Then there exists x0 ∈ Z≥0 such that for all
x ≥ x0 and for each r = 0, . . . , λ− 1,

capXΩ
(λx+ r) = Vol(Ω)x2 +

(
1

2
L∂Ω + r

)
x+ γr

for some γr ∈ Z, where L∂Ω is the number of lattice points on the boundary
of Ω.
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Proof. From Lemma 5.2 and the assumption that Ω is tightly constrained
one has that the maximum value of C(δ, αi, βj) subject to δc−

∑
i αiai −∑

j βjbj ≤ r + λ is

C(δ′, α′
i, β

′
j) + r +

1

2
c(c+ 3)−

∑ 1

2
bi(bi + 1) = C(δ′, α′

i, β
′
j) + r + LΩ − 1

when (δ′, α′
i, β

′
j) is maximal subject to δ′c−

∑
i α

′
iai −

∑
j β

′
jbj ≤ r, at least

for large enough r. It follows that, for r + λx large enough,

(∗) capXΩ
(r + λ(x+ 1)) = capXΩ

(r + λx) + r + λx+ LΩ − 1.

This implies that capXΩ
(r + λx) is eventually a quadratic polynomial. Solv-

ing the difference equation (∗) gives the leading term as λ/2 and gives the
linear coefficient as LΩ −Vol(Ω)− 1 + r. By Pick’s formula the linear term
is equal to 1

2L∂Ω + r, and we have seen that λ/2 = ℓΩ(∂Λ)/2 = Vol(Ω). □

This is the desired quasipolynomial representation of capXΩ
. However,

we would also like this to have an algebro-geometric interpretation. The
Ehrhart polynomial of Ω, as a lattice polygon, is

ehrΩ(x) = Vol(Ω)x2 +
1

2
L∂Ωx+ 1.

Corollary 5.9. Let Ω be a tightly constrained convex lattice domain of Ω-
perimeter λ. Then, for any r ∈ {0, 1, . . . , λ− 1} and sufficiently large x ∈
Z≥0

capXΩ
(r + λx) = ehrΩ(x) + rx+ γr

= hilb(YΣ(Ω),DΩ)(x) + rx+ γr

for some γr ∈ Z. In particular, for all sufficiently large x ∈ Z≥0

capXΩ
(λx) = ehrΩ(x) + γ0 = hilb(YΣ(Ω),DΩ)(x) + γ0.

SupposeXΩ is not tightly constrained. Assuming Conjecture 5.6, one can
scale Ω to obtain a convex lattice domain Ω′ that is tightly constrained. Let
qΩ′ = Ω. Then, using the scaling axiom from §2.4, for any r = 0, . . . , q − 1
one has

capXΩ
(r + qx) = capXΩ

(qx) = capXΩ′
(x).

Thus, knowing Theorem 5.1 for tightly constrained convex toric lattice do-
mains is sufficient to completely describe the long term behaviour of the cap
function for all convex toric lattice domains.
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Example 5.10. For XΩ = B(2), one has

capXΩ
(r) =

{
capB(1)(

r
2) r ≡ 0mod 2

capB(1)(
r−1
2 ) r ≡ 1mod 2

=

{
1
8(r + 2)(r + 4) r ≡ 0mod 2
1
8(r + 1)(r + 3) r ≡ 1mod 2
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