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Asymptotic behavior of exotic Lagrangian

tori Ta,b,c in CP 2 as a + b + c → ∞

Weonmo Lee, Yong-Geun Oh, and Renato Vianna

In this paper, we study various asymptotic behavior of the infinite
family of monotone Lagrangian tori Ta,b,c in CP 2 associated to
Markov triples (a, b, c) described in [Via16]. We first prove that the
Gromov capacity of the complement CP 2 \ Ta,b,c is greater than
or equal to 1

3
of the area of the complex line for all Markov triple

(a, b, c). We then prove that there is a representative of the family
{Ta,b,c} whose loci completely miss a metric ball of nonzero size
and in particular the loci of the union of the family is not dense in
CP 2.

1. Introduction

In [Via14, Via16], the third named author constructed an interesting family
of infinitely many monotone Lagrangian tori T 2 →֒ CP 2 by constructing a
monotone Lagrangian torus associated to each of the Markov triples (a, b, c),
i.e., positive integers satisfying the equation

(1.1) a2 + b2 + c2 = 3abc.

For the construction, he utilized various constructions from the theory
of almost toric fibrations such as Symington’s nodal surgery operation
[Sym03] or the rational blow down applied to the weighted projective planes
CP (a2, b2, c2), which gives rise to CP 2. Denote by Ta,b,c any realization of
the torus associated to the triple (a, b, c) in its Hamiltonian isotopy class
in CP 2. More precisely, we denote by Ta,b,c the image of any Lagrangian
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embedding

ιa,b,c : T
2 → CP 2

that represents the Hamiltonian isotopy class of Ta,b,c. To show that this
family of Ta,b,c are not pairwise Hamiltonian isotopic to one another, he used
the disc-counting invariants which are known to be well-defined for monotone
Lagrangian tori [EP93, Oh95].

The starting point of our research in the present article lies in our attempt
to understand the tori Ta,b,c in terms of the geometry of Fubini-Study metric
on CP 2. (We refer to Section 9 for more discussion on the related questions.)
As a first step towards this goal, we ask the following question

Question 1.1. Let {Ta,b,c} be a fixed family of tori in CP 2. What is the
geometric behavior of these tori as a, b, c → ∞? For example, will the tori
densely spread out CP 2 as a+ b+ c → ∞?

We denote by M the set of Markov triples. We remark that a specific
construction of the {Ta,b,c} tori depends on various unspecified parameters.
Because of the way how they are constructed, it is not easy to visualize the
tori in the Fubini-Study metric of CP 2 although they are well-defined up to
Hamiltonian isotopy on (CP 2, ωFS).

Fix any smooth metric on CP 2, e.g., take the Fubini-Study metric of CP 2.

Question 1.2. Let {Ta,b,c} be any realization of the family of monotone
Lagrangian tori in (CP 2, ωFS). Consider the following asymptotic quantity

(1.2) δ := inf
(a,b,c)∈M

sup
x∈CP 2\Ta,b,c

d(x, Ta,b,c)

where d(x, Ta,b,c) is the distance from x to Ta,b,c. Is δ > 0? If so, estimate
this δ.

More intuitively and equivalently, the question asks if for any given point
x ∈ CP 2 and a positive constant δ > 0, there exists a Markov triple (a, b, c)
such that Bδ(x) ∩ Ta,b,c ̸= ∅ for the given family {Ta,b,c}.

This number δ is not a priori a symplectic invariant. More precisely if
T ′
a,b,c is another realization of these tori, this quantity may vary. Because of

this, we consider the following quantity

(1.3) inf
(a,b,c)∈M

cG(CP
2;Ta,b,c)
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where cG(CP
2;Ta,b,c) is the relative Gromov area

cG(CP
2;Ta,b,c) := sup

e
{πr2 | e : B4(r) → CP 2 \ Ta,b,c(1.4)

is a symplectic embedding}

Relative Gromov area is a symplectic invariant and has been systematically
studied by Biran and Biran-Cornea [Bir01, Bir06, BC09] for general pair of
symplectic manifold (M,ω) and its Lagrangian submanifold L.

Remark 1.3. We warn the readers that this definition of relative Gromov
area is not the one used by Biran and Cornea in [BC09]: In their definition,
they considered a restricted class of symplectic embeddings e : (B2n(r), ω0) →
(M,ω) of the closed standard ball of B2n(r) ⊂ Cn of radius r that satisfies

(1.5) e−1(L) = B2n(r) ∩ R
n

in addition. We decide to use the intuitive terminology relative Gromov area
for the Gromov area of the complement, even though it is quite different
from Biran-Cornea’s definition.

The first theorem we prove in the present paper is the following presum-
ably optimal lower bound. (See the construction given in Section 4.)

Theorem 1.4 (Theorem 4.1). Assume CP 2 is equipped with the Fubini-
Study form ωFS with normalization that the area of complex line is 2π. Then

1) we have

inf
(a,b,c)∈M

cG(CP
2;Ta,b,c) ≥

2π

3
,

2) for any individual (a, b, c) ∈ M,

cG(CP
2;Ta,b,c) >

2π

3
.

Motivated by the nature of our construction given in Section 4, we
conjecture that the equality holds in the above theorem (1).

Remark 1.5. The explicit meaning of the statement of the above conjecture
is as follows: For any given ϵ > 0, there exists some (a, b, c) ∈ M with a+ b+ c
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sufficiently large such that

cG(CP
2;Ta,b,c) ≤

2π

3
+ ϵ

i.e., there exists no symplectic embedding ea,b,c : B
4(r′) → CP 2 \ Ta,b,c such

that π(r′)2 > 2π
3 + ϵ. This conjecture explains the phrase ‘asymptotic be-

havior’ in the title of the present paper. See also Theorem 1.10 below and
Section 9.

For the case of Clifford torus corresponding to (a, b, c) = (1, 1, 1), it is easy
to see cG(CP

2;T1,1,1)≥
4π
3 and Biran-Cornea [BC09] proved cG(CP

2;T1,1,1)≤
4π
3 , and hence

(1.6) cG(CP
2;T1,1,1) =

4π

3
.

This leads us to a very interesting open problem

Problem 1.6. Find the precise estimate of cG(CP
2;Ta,b,c) as done for the

Clifford torus.

The above theorem still does not prevent the loci of the union of the
family {Ta,b,c} being dense in CP 2. A priori, we may not be able to choose
the symplectic ball simultaneously for all (a, b, c), and it may happen that
there exists a family of symplectic balls of nonzero size associated to Markov
triples (a, b, c) which are stretched thin and wildly spread around the ambient
space CP 2 without touching the corresponding Ta,b,c torus respectively.

In this regard, we prove the following existence result.

Theorem 1.7. There exists a family {Ta,b,c} of tori that miss some closed
metric ball of non-zero size in CP 2. In fact, the supremum of the Gromov
areas of such metric balls is 2π

3 . In particular, the loci of the family is not
dense in CP 2.

The proof of this theorem will be given in Section 5 using the geometric
mutation theorem of the Lagrangian seeds studied in in [STW16] and [Ton19,
PT17]. But one only needs to look at Figure 4 to see how it goes.

In the rest of the paper, we will provide various estimates relevant to the
ball packing problem in CP 2 \ Ta,b,c or in (CP 2 \ E) \ Ta,b,c where E ⊂ CP 2

is a smooth cubic curve, which corresponds to a Donaldson divisor of CP 2.
One of the outcomes is the following result
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Theorem 1.8. Any Ta,b,c tori, in particular the Chekanov torus, can be

embedded into the monotone CP 2#kCP 2 for k ≤ 5.

This in particular affirmatively answers to a question posed by Chekanov
and Schlenk [CS10, Section 7] which asks whether Chekanov torus can be
embedded into CP 2#3CP 2.

Another quantity that measures extrinsic complexity of the embedding
Ta,b,c ⊂ CP 2 is the size of a Weinstein neighborhood.

Definition 1.9. Let L ⊂ M be a compact Lagrangian submanifold equipped
with a metric g. Consider the Darboux-Weinstein chart Φ : U → V. Define

wDW(Φ; g) := inf
q∈L

(

inf
x∈π−1(q)∩∂U

∥x∥g,Φ

)

and

wDW(L;M) = sup
Φ

wDW(Φ; g)

over all Darboux-Weinstein chart of L. We call wDW(L;M) the Weinstein
width of L (relative to the metric g).

Obviously wDW(L;M) > 0 since wDW(Φ; g) > 0 for any Darboux-
Weinstein chart Φ for compact Lagrangian submanifold L.

With this preparation, we prove the following theorem which indeed
shows some wild behavior of the family Ta,b,c as a+ b+ c → ∞.

Theorem 1.10 (Theorem 8.2). Let a Riemannian metric g on the torus
L = T 2 be given. Consider any collection of representatives {Ta,b,c} of the
exotic tori in CP 2. Then

inf
(a,b,c)∈M

wDW(Ta,b,c;CP
2) = 0.

For the proof, we will estimate the size wDW(Ta,b,c;CP
2) in terms of the

star-flux from [STV18].
In Section 9, we make further discussion and propose several open ques-

tions related to the geometry of the tori Ta,b,c.
We thank the referee for many valuable comments which greatly improves

exposition of the paper.
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2. Review of the exotic tori Ta,b,c

The third named author [Via14, Via16] constructed a family of infinitely
many non-Hamiltonian isotopic monotone Lagrangian tori in CP 2 as the
transfers to CP 2 of the fibers T (a2, b2, c2) at the (labeled) barycenter of
the moment polytope of the weighted projective plane CP (a2, b2, c2) or its
relevant almost toric fibration. He utilized Symington’s symplectic rational
blow-down operations [Sym01] on each neighborhood of orbifold points
thereof and Moser’s deformation of the glued symplectic forms on the resulting
blow-down to the Fubini-Study form on CP 2 for his construction. For the
simplicity of notation, we denote by

Ta,b,c ⊂ CP 2

any realization of the family of these tori in their Hamiltonian isotopy class
in CP 2. We exclusively reserve T (a2, b2, c2) for the fiber at the barycenter of
the moment polytope of CP (a2, b2, c2). The torus Ta,b,c can be also realized
as the fiber of a base point of an almost toric fibration of CP 2 [Via16].

A Lagrangian fibration induces an integral affine structure Λ on the base
B with singularity. Such pair (B,Λ) is called an almost toric base [Sym03].

It is shown by Symington [Sym03] that these almost toric operations do
not change the diffeomorphism type they represent and keep the symplectic
structure up to isotopy and so Moser’s argument shows that the two almost
toric manifolds before and after the operations are symplectomorphic.

As described in [Via16], the moment polytope of CP (a2, b2, c2) under the
residual torus action as a toric orbifold is the triangle with edges parallel to
the vectors a2u1, b

2u2, c
2u3 where they satisfy the balancing condition

a2u1 + b2u2 + c2u3 = (0, 0)

and have the form

(2.1) u1 = (b2,−(bl2 − 1)), u2 = −(a2, al1 − 1), u3 = (0, 1).

Here each of l1, l2, is a positive integer coprime to a, b, respectively. From
a2u1 + b2u2 + c2u3 = (0, 0), we obtain a relation

(2.2) al2 + bl1 = 3c.

Lerman and Tolman [LT97] describe an orbifold moment map ϕP and
the symplectic form ωP in terms of the labeled polytope.
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Definition 2.1. We call the polytope P a labeled polytope if it is a rational
simple convex polytope the interior of each facet of which is labelled by a
positive integer.

The following lemma computes the labels of the facets of the moment
polytope of CP (a2, b2, c2), which plays an important role in our proof.

Lemma 2.2. Denote by P the moment polytope of CP (a2, b2, c2) of the
associated residual T 2-action. Then the label mF on every facet F of P is 1.

Proof. Recall that the orbifold structure group of a point [x : y : z] in the
weighted projective plane CP (w1, w2, w3) is Z/gZ where g is the gcd of those
weights whose component is non-zero. For a point [x : y : z] with x ̸= 0 and
y ̸= 0, gcd of a2 and b2 is 1. Since a, b, c are mutually coprime (see [Via16,
Proposition 2.2]), the corresponding orbifold structure group is trivial.

This finishes the proof. □

We denote the polytope given by this equation by

(2.3) P = P (a2, b2, c2)

and the associated (orbifold) symplectic form by ω(a2, b2, c2), after a suitable
rescaling P which will be explained shortly after.

[Via16, Proposition 2.2] proved that the boundary of a small neighbor-
hood Na2 , Nb2 , Nc2 of the orbifold point projected to the vertex opposite to
a2u1, b

2u2, c
2u3 is a lens space of the form

L(a2, al1 − 1), L(b2, bl2 − 1), L(c2, cl3 − 1)

respectively.
As performed in [Via16, Corollary 2.5], the rational blow-down oper-

ation replaces Na2 , Nb2 , Nc2 by a rational homology ball Ba,l1 , Bb,l2 , Bc,l3 ,
respectively, and yields an almost toric fibration of CP 2. We name ωa,b,c

the associated symplectic form in CP 2, which depends on some choice of
parameters for the rational blowdown. It is also shown in [Via16] that this
almost toric fibration can be obtained from the standard toric fibration of
CP 2, via nodal trade and nodal slides modifications defined in [Sym03].

Corresponding to the base diagram (B,Λ), the moment polytope P ,
which is the image of a piecewise affine map of (B,Λ) into R2, has three
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nodes with the eigenrays issued at vertices along the direction

(2.4) (a, l1), (b,−l2), (−(a2 + b2), bl2 − al1)

respectively, as depicted in Figure 1. (See [Via16]) for further details.) They
meet at one point, the labeled barycenter, in the interior of P :

(abc
3
,

bcl1
3
)

(a2b2, b2(al1 − 1))

(0, 0)

(0, c2)

+

+
+

Figure 1: The polytope P .

Then the torus T (a2, b2, c2) is located at the point

(2.5)

(

abc

3
,
bcl1
3

)

∈ IntP (a2, b2, c2).

The following fact is stated in [Via16, Paragraph after Prop. 2.4] without
proof. Because this is an important element in our study of the present paper,
we give its proof for readers’ convenience.

Proposition 2.3. Consider the polytope P = P (a2, b2, c2) described around
(2.3). If we scale P by dividing by abc, then the ωa,b,c-symplectic areas of
Maslov index 2 holomorphic discs attached to Ta,b,c are the same as that of
ωFS. In particular, [ωa,b,c] = [ωFS] for all a, b, c.

Proof. We know the tori are monotone [Via16]. The scaling factor can be
found by computing in P the symplectic area of the anti-canonical divisor
at the boundary (2π times its affine length) 2π(a2 + b2 + c2) = (2π)3abc, by
the Markov equation 1.1. Since the anti-canonical divisor has degree 3, its
area with respect to ωFS is 6π. □
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Note that the scaling of Proposition 2.3 is equivalent to the (volume)
normalization condition:

∫

CP (a2,b2,c2)
ω(a2, b2, c2)2 =

∫

CP 2

ω2
FS.

3. Lower bound for the relative Gromov area

With the preparations made so far in our disposal, we are ready to inves-
tigate the behavior of relative Gromov capacity cG(CP

2;Ta,b,c) mentioned
in the introduction as max{a, b, c} → ∞. For this purpose, we first recall
two methods of finding a symplectic ball in toric manifolds in terms of the
geometry of moment polytopes.

One is the method of using the shape of triangle introduced by Karshon
[Kar94] and the other is one using the shape of diamond utilized by Mandini
and Pabiniak [MP18].

3.1. Almost toric blowup and symplectic balls

In this subsection, we follow the exposition given in [Via17, Section 2.4] on
the almost toric blowup to which the readers are referred for details. See also
[Zun03, Sym03, LS10].

In short, the picture below describes an almost toric blowup. The excep-
tional curve lies over the dashed line, consisting of one circle on each fibre
that collapses as it approaches the edge and as it approaches the node.

Figure 2: The leftmost diagrams illustrate an almost toric blowup. Hence,
a symplectic ball B of capacity smaller than πϵ2 projects into the shaded
triangle of the rightmost diagram.

More precisely, suppose we see a triangle inside a toric region of an ATF,
as illustrated in the rightmost diagram of Figure 2. Viewing the preimage of
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any small neighborhood of this triangle as a blowdown of the corresponding
neighborhood of the exceptional curve as in Figure 2, we can then infer that
there is a symplectic ball of capacity πϵ2 projecting into the preimage of this
neighborhood of the triangle.

In particular, one must be able to find a symplectic ball of Gromov
area πϵ2, in a neighbourhood of an affine triangle in an ATF (almost toric
fibration), corresponding to the missing triangle after the almost toric blowup.
In this regard, the method noticing a symplectic ball via an affine triangle in
the present subsection is the almost-toric generalization of Karshon’s method
mentioned above.

So for our purpose, every time we encounter a triangle as in the rightmost
diagram of Figure 2, we know there is a symplectic ball B of any given
capacity smaller than πϵ2 that projects into the shaded triangle. One is able
to see that we can get balls of any capacity smaller than πϵ2, projecting inside
our given triangle. In particular, we can get a symplectic ball of capacity
πϵ2, if we get this triangle inside a slightly bigger one in our ATF.

3.2. Method by Mandini and Pabiniak [MP18]

We first recall a result by Mandini and Pabiniak [MP18]. Following [MP18],
we consider the subset

♢(d) =

{

(x, y) ∈ R
2 : |x|+ |y| <

d

2

}

.

Proposition 3.1. [MP18] For each ε > 0 the 4-ball B4(
√

2(d− ε)) of capac-
ity 2π(d− ε) symplectically embeds into ♢(d)× (0, 2π)2 ⊂ R2 × R2. There-
fore, if for a toric manifold (M4, ω) with moment map ϕ,

Ψ(♢(d)) + x ⊂ Intϕ(M)

for some Ψ ∈ GL(2,Z) and x ∈ R2, then the Gromov area of (M4, ω) is at
least 2πd.

Construction of such a symplectic embedding of a 4-ball B4(
√

2(d− ε))
into ♢(d)× (0, 2π)2 ⊂ R2 × R2 is given in the proof of [LMS13, Lemma 4.1]
using [Sch05, Lemma 3.1.8] which is irrelevant to the toric structure of a
symplectic manifold.

If an affine transformation maps a diamond ♢(d) into the interior of
ϕ(M), then some subset of ϕ−1(♢(d)) is symplectomorphic to ♢(d)× (0, 2π)2.
This gives a symplectic embedding of B4(

√

2(d− ε)) into (M4, ω).
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The same argument, as long as a diamond does not touch any node, gives
the same embedding result for almost toric manifold as follows.

Proposition 3.2. Let (M,ω) be an almost toric manifold with almost toric
fibration π : (M,ω) → B. If Ψ(♢(d)) + x ⊂ Intπ(M) \ {nodes} for some Ψ ∈
GL(2,Z) and x ∈ R2, then the Gromov area of (M4, ω) is at least 2πd.

Remark 3.3. Recall that a nodal slide produces another symplectomorphic
4-manifold. Performing nodal slide along each eigenray of a node either
towards the vertex or towards the barycenter of the base diagram allows us
to enlarge the size “d” of a diamond ♢(d) while avoiding all nodes inside the
base diagram. Since Gromov area is invariant under a symplectomorphism,
we may enlarge the lower bound for cG(CP

2;Ta,b,c).

4. Symplectic balls in the complement of Ta,b,c in CP
2

By the discussion given in Subsection 3.1, in order to see a symplectic ball
in the complement of Ta,b,c, it is enough to identify a corresponding triangle
with one side in the edge of the ATF base diagram, or a diamond in the
interior of the base avoiding Ta,b,c.

For the simplicity of the constants appearing in this section, we scale
the symplectic form so that the area of the Maslov index 2 disk is 1 or the
area of the line is 3. Therefore, each side of the toric diagram has length
3, corresponding to the area of the line and the area of the anti-canonical
divisor is 9, since it has degree 3. Therefore, the total area of the boundary
of any ATF base diagram is 9. Moreover looking at the orbifold limit the
largest edge has length ≥ 3.

We call a monotone triangle, a triangle with one edge at the boundary of
the base diagram of the ATF, with all the affine lengths of the edges being 1,
and the associated symplectic ball a monotone ball. Inside a neighbourhood
of this triangle projects a ball of capacity one that endows the monotone
symplectic form in CP 2#CP 2 after blown down.

Theorem 4.1. Assume CP 2 is equipped with the Fubini-Study form ωFS

with normalization that the area of complex line is 2π. Then

1)

inf
(a,b,c)∈M

cG(CP
2;Ta,b,c) ≥

2π

3
,
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Figure 3: A symplectic ball in the complement of the monotone fibre in an
ATF of CP 2 projects into a arbitrarily small neighbourhood of the monotone
triangle (shaded).

2) For any individual (a, b, c) ∈ M,

cG(CP
2;Ta,b,c) >

2π

3
.

Proof. Applying an action of g ∈ SL(2,Z) on the polytope and its symplectic
lifting to CP 2, we can always take the largest edge of ATF base diagram
associated to each Markov triple (a, b, c) to be horizontal, with the cut oppo-
site to the edge of length b2 with inclination: (l, b) with l < b, as illustrated
in Figure 3. (This figure corresponds to the one obtained from a rotation
of Figure 1 by π

2 , possibly followed by some multiple shearing by (−1, 0) to
ensure 0 ≤ l < b. See (2.4) for the inclination of the cut.) It follows from our
rescaling that the monotone fibre Ta,b,c is at height 1. Therefore we can find
an isosceles right triangle so that one of the vertices thereof is put right at the
point. Because the affine length of the horizontal edge is ≥ 3 (in particular
the length to the right of the monotone fibre is at least 3− l2/b which is
greater than 1), we can always find a neighbourhood of a monotone triangle
in the complement of the monotone fibre Ta,b,c. This finishes the proof of
Statement (1).

Next, for each fixed a, b, c, it is immediate to see that we can embed an
isosceles right triangle with base on the horizontal edge and height strictly
bigger than 1. From this we readily deduce Statement (2). □

Even though our construction indicates the lower bound given in the
above theorem may be optimal, it is not clear whether it is indeed the case. As
we mentioned in the introduction, Biran-Cornea showed cG(CP

2;TCl) =
4π
3

for the Clifford torus TCl
∼= T1,1,1 in [BC09].

However we conjecture the above lower bound is indeed optimal.
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Conjecture 4.2. There is no monotone ball in the complement of Ta,b,c,
and

inf
(a,b,c)∈M

cG(CP
2;Ta,b,c) =

2π

3

with the convention of 2π
3 being the capacity of the monotone ball.

We note that the ball presented in this theorem intersects the ‘boundary
divisor’ by construction. Denote by E the preimage of the boundary of the
base diagram. So we consider CP 2 \ E, the complement of E (still endowed
with the finite volume form coming from CP 2, i. e., without completing it).

Looking again back at Figure 3, we can readly find a diamond ♢(1/6)
in the complement of E. A small neighbourhood thereof contains a ball of
capacity π

3 . An application of Proposition 3.2 gives rise to the following initial
estimate

(4.1) inf
(a,b,c)∈M

cG(CP
2 \ E;Ta,b,c) ≥

π

3
.

We will give a better improved estimate later in Section 7 after a finer study
of the base diagram associated to (a, b, c).

5. Geometry of the locus of the union of Ta,b,c

In this section, we construct a representative of the family {Ta,b,c} of monotone
Lagrangian tori such that the loci of the tori Ta,b,c is not dense in CP 2.

5.1. Construction of a non-spreading family {Ta,b,c}

It is shown by Symington [Sym03, Lemma 6.3] that the nodal trade and
nodal slides can be realised as modifications of Lagrangian fibrations in a
arbitrarily thin neighbourhood of the cuts, as illustrated in the second diagram
of Figure 4. This shows us the existence of realisations of a non-spreading
family of monotone Lagrangian tori {Ta,b,c}. For a better understanding, we
recall the construction, as first exposed in [STW16], realising these tori in a
neighbourhood of the configuration formed by the union of the monotone
Clifford torus TCl and three Lagrangian disks with boundaries on TCl. (See
also [Ton19, PT17].) We will construct a family such that all tori Ta,b,c reside
in an arbitrarily small neighbourhood of the locus of this configuration. We
denote LSk for this configuration, which can also be thought as a Lagrangian
skeleton of the Liouville domain M = CP 2 \ E.
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To make our construction in perspective, we recall the notion of La-
grangian seeds from [PT17].

Definition 5.1 ([PT17]). A Lagrangian seed (L, {Di}) in a symplectic 4-
manifold X consists of a monotone torus L ⊂ X, and a collection of disjointly
embedded Lagrangian disks Di ⊂ X with boundary on L, which satisfies
some extra conditions (for precise definition, see [PT17, Definition 4.7]).

With this definition, the above mentioned configuration

(TCl, {D1, D2, D3})

as drawn in Figure 4 is nothing but an example of Lagrangian seed.
The following is the precise statement on which we will be based for this

inductive procedure starting from (1, 1, 1) to arbitrarily given (a, b, c). We
recall that the mutation operation on a Markov triples (a, b, c) is defined by

(a, b, c) 7→ (a, b, 3ab− c)

and produces another Markov triple. By switching around a, b, c, one
gets 3 different Markov operations one can make as long as (a, b, c) ̸=
(1, 1, 1), (1, 1, 2). We refer to [PT17, Section 4] for the detailed explana-
tion on the relationship between Markov mutations and the Lagrangian
mutations.

Lemma 5.2 (Compare with Lemma 4.16 [PT17]). Denote M = CP 2 \
E. Consider the Clifford torus L0 and a Lagrangian disk D0 so that (L0, D0) ⊂
M is a mutation configuration. Denote by θM the Liouville one-form of the
exact symplectic form (ωFS)|M . Then

1) any neighborhood of L0 ∪D0 contains another mutation configuration
(L1, D1),

2) there is an arbitrarily small neighborhood U0 of L0 ∪D0 such that
(θM )|U0

is Liouville, and such that the completion of U0 is isomorphic
to the completion of M .

The easiest way to see that we can make another mutation configuration
as close to the given one as we want is to slide all the nodes of an ATF very
close to the monotone fibre – see Figure 4. Say that all the nodes are now
inside a small disk D in the base. All mutations can then be achieved by
sliding the nodes inside D, so that the fibration remains unchanged in the
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Figure 4: For any given capacity c smaller than the capacity of the monotone
ball, we can find 9 balls in the complement of LSk, and hence in the comple-
ment of representatives of all Ta,b,c tori. The rightmost diagram represents
an ATF of CP 2, with nodes very close to the monotone fibre. In fact, all
mutations can be made in D, the inside of the dashed circle, i. e., there are
representatives of all Ta,b,c tori living inside D. The dashed circle can be
infinitesimally small.

complement of D. In other words, all the monotone fibre live in the pre-image
of D – see Figure 4.

We would like to emphasize that this mutation operation is done in a way
that the ambient symplectic form, say, the Fubini-Study form unchanged. In
particular the union of all these tori is not dense in CP 2 with respect to the
Fubini-Study metric. In fact, our construction shows that the whole family
{Ta,b,c} can be put into an open set of arbitrarily small volume by taking
the above mentioned neighborhood as small as we want.

5.2. Ball packing in the complement of all these tori

Inside the standard toric diagram of CP 2, LSk projects into the union of the
three segments from the barycentre to the vertices, illustrated as dashed lines
in left picture of Figure 4. It follows from the work of Symington [Sym03]
that the change on the fibrations due to nodal trades and nodal slides can be
made in a neighbourhood of the cuts. Therefore, we can find representatives
of all the Lagrangian tori Ta,b,c that live in the domain given by the preimage
of the ATF, illustrated in the second picture of Figure 4. Since this can
be taken to be arbitrarily close to the dashed lines in the first picture of
Figure 4.

So, as Figure 4 also illustrates, we can find 9 symplectic balls of the
same size in the complement of LSk, hence in the complement of all Ta,b,c

Lagrangian tori, for any capacity smaller than the capacity of the monotone
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ball. In particular this proves Theorem 1.7. This is the maximum we can get
for a ball-packing of balls of capacities close to 2π/3, for the volume reason.

Remark 5.3. We proved Theorem 1.7 only using the techniques of almost-
toric fibrations. However, as hinted by Shende-Treumann-Williams [STW16]
and essentially proven in [PT17, Sections 4.4, 4.5], all the mutated Ta,b,c

Lagrangian tori have representatives contained in a neighbourhood of the
union of Clifford torus and a collection of three Lagrangian disks living over
the three dashed lines in the left diagram of Figure 4. The latter disks can
also be viewed as the analogous three Lagrangian disks living in the small
region enclosed by the dashed circle in the third diagram of Figure 4. So the
result also follows from this observation, together with Figure 4.

6. Ball packing in the complement of individual torus Ta,b,c

We can easily see three monotone balls of the same size in the complement
of the Clifford torus in CP 2 from the base diagram as before. By definition
of symplectic blowup, this implies that the Clifford torus can be embedded
into CP 2#3CP 2.

In [CS10, Section 7], Chekanov-Schlenk ask if one can embed the Chekanov
torus into the monotone CP 2#3CP 2. We can indeed easily find two extra
monotone balls in the complement of the Chekanov torus inside CP 2#2CP 2

– see Figure 5. In this section, we will prove that the same holds for all tori
Ta,b,c even adding one more additional monotone ball, i.e., that we can in
fact embed 5 monotone balls.

Figure 5: Two extra monotone balls in the complement of the Chekanov
torus in CP 2#2CP 2. The Chekanov torus projects over the red segment –
see [CS10, Section 7].

Theorem 6.1. Any Ta,b,c tori, in particular the Chekanov torus, can be

embedded into the monotone CP 2#kCP 2 for k ≤ 5.

This affirmatively answers to a question asked by Chekanov and Schlenk
[CS10, Section 7]. (See Theorem 1.8 and the discussion around it.)
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Figure 6: 5 monotone balls in the complement of the monotone Ta,b,c fibre
in an ATF of CP 2, for c ≥ 2.

We start with the monotone ball provided in Figure 3. We will align
monotone balls next to the ball in order as depicted in Figure 6 and confirm
that such an alignment is possible. Each of these monotone balls are obtained
by applying a suitable shearing operation to the given starting monotone
ball.

To proceed further, we need to make some computations regarding
Markov triples (a, b, c),

a2 + b2 + c2 = 3abc.

The following is well-known

Lemma 6.2. If c ≥ a then a′ = 3bc− a > c.

Proof. c ≥ a ⇒ bc ≥ a ⇐⇒ a′ = 3bc− a ≥ 2bc ⇒ a′ > c since 2b ≥ 2. □

In particular, if a ≤ b ≤ c, then a′ = 3bc− a > c and b′ = 3ac− b > c.

Lemma 6.3 (Section 3.7 of [KN98]). Two out of the three possible
mutations of the Markov triple (a, b, c) increase the sum a+ b+ c and the
other reduces it.

(In fact, we can indeed deduce from this that if a ≤ b < c then c′ ≤ b,
but we won’t need that.)

Proposition 6.4. Suppose c > b ≥ a. Then

(6.1)
c2

a2 + b2 + c2
≥

2

3
.
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Proof. We first transform (6.1) as follows:

c2

a2 + b2 + c2
≥

2

3
⇐⇒ c2 ≥ 2(a2 + b2) ⇐⇒ c2 ≥ 2(3ab− c)c

⇐⇒ 6ab− 2c ≤ c ⇐⇒ 2ab ≤ c.

We will prove, by induction on the biggest Markov number, that if c ≥ 2
then 2ab ≤ c. This holds for our base (a, b, c) = (1, 1, 2).

Suppose that 2ab ≤ c for a ≤ b < c and consider mutations that increase
the biggest Markov number in the triple. We derive from Propositions 6.2
and 6.3 that the mutations that increase the biggest Markov number in the
triple are a ↔ a′ = 3bc− a and b ↔ b′ = 3ac− b being a′ the biggest number
in the triple (b, c, a′) and b′ the biggest number in the triple (a, c, b′).

So we need to show that

2bc ≤ a′ 2ac ≤ b′

But we already saw that in the proof of Proposition 6.2:

c ≥ a ⇒ bc ≥ a ⇐⇒ a′ = 3bc− a ≥ 2bc

c ≥ b ⇒ ac ≥ b ⇐⇒ b′ = 3ac− b ≥ 2ac

This finishes the proof. □

Wrap-up of the Proof of Theorem 6.1. The inequality (6.1) means that, if
the affine lengths of the edges are a2, b2, c2, then the longest edge c2 has at
least 2/3 of the sum of the affine lengths a2 + b2 + c2.

The sum of lengths of the edges is 9 times the size of the base of the
monotone triangle. This means that the longest edge has at least 92

3 = 6
times the length of the base of the monotone triangle. In the setup as in the
proof of Theorem 4.1, the length to the right of the monotone torus is at least
6− l/b > 5, hence we can see at least 5 monotone balls in the complement
of Ta,b,c, for c ≥ 2, i.e., provided (a, b, c) ̸= (1, 1, 1). See Figure 6.

This finishes the proof of Theorem 6.1, except for the fifth ball in the
complement of the Clifford torus T1,1,1, which we show in the following
section. □

6.1. Visualization of 5 monotone balls missing T1,b,c

We have shown that the Clifford and Chekanov tori miss 4 monotone balls
in Figure 5. In this subsection, we visualize the process of constructing the 5
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monotone balls given in Theorem 6.1 for the case where a = 1, i.e., for the
tori T1,b,c, which of course includes the cases of the Clifford and Chekanov
tori.

We first recall that in an almost toric fibration, we do have the fibres over
the cuts, only the affine structure of the base diagram is not corresponding
to the standard affine structure of R2. In particular, we can have a triangular
region passing through the cut – see Figure 7. The monodromy may distort
the edges of the triangle as it crosses the cut. This ‘sliding across the cuts’
allows us to get the following even better results for the ball packing.

Figure 7: In the first two diagrams we have triangles of the same size in
a ATF diagram of CP 2. The second can be thought to be obtained from
the first by “sliding it through the cut”. The second diagram shows five
monotone balls in the complement of representatives of T1,b,c tori.

Start with a configuration of 5 consecutive balls, similar to the ones in
Figure 4. Consider an ATF with two cuts very close to the monotone Cliford
torus. Slide these 5 balls through the cuts as illustrated in Figure 7. We can
then “inflate the triangles”, so all of them become monotone triangles.

Of course, when we want to embed the monotone balls, we need a tiny
neighbourhood of the monotone triangle. So all these triangles need to be
spaced out by a tiny amount, which is not drawn on the rightmost diagram
of Figure 7 for visual purposes.

These 5 monotone balls are indeed in the complement of tori of the
form T1,b,c (1 + b2 + c2 = 3bc), all together, in particular of both Clifford and
Chekanov tori. This is because all these tori are obtained by changing the
ATF in the pre-image of a small region containing the monotone fiber and
the two singular fibres – recall the analogous discussion given in Figure 4.

Remark 6.5. We cannot use this trick in the ATF illustrated in Figure 4,
to get a monotone ball in the complement of LSk and, hence, of all tori Ta,b,c

simultaneously. If you try to “slide one triangle of Figure 4 through a cut”,
with a triangle of size close to the monotone one, it will be forced to cross all
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the three cuts several times, in a spiral fashion, before eventually entering
the dashed neighbourhood in Figure 4.

7. In the complement of an elliptic curve

By [Sym03, Proposition 8.2], we know that the preimage E of the edges of a
almost toric fibration diagram, with no rank 0 singularities (i.e., all nodes
pushed inside) is a smooth symplectic torus representing the anticanonical
divisor. By a result of Sikorav [Sik03, Theorem 3] (see also [ST05]), we can
assume that this boundary is indeed an elliptic curve. In this section we
improve the estimate (4.1) further combining the results from the previous
section.

It follows from Proposition 6.4 that if c ≥ 2 we can embed triangles
as close as we need to the triangle of height equal to the height of the
monotone triangle and base equal 6 times the base of the monotone triangle
(see Figure 8). Such triangles correspond to symplectic balls embedded into
the complement of Ta,b,c of CP

2 \ E.

Figure 8: First diagram: for c ≥ 2 we can get balls of capacities converging
to 4π

7 in the complement of any Ta,b,c monotone fibre in an ATF of CP 2 \ E
projecting into diamonds converging to ♢(2/7) (shaded). Second diagram:
balls of capacities converging to 2π

3 in the complement of the monotone
Clifford torus fibre in an ATF of CP 2 \ E.

Inscribed inside one of these triangles we can embed a square of sides
with length as close to 6/7 the height of the monotone triangle as we want,
i.e., a diamond ♢(67

1
3) = ♢(27) – see Figure 8. Hence we can embed a ball of

capacity as close to 4π
7 as we want.

We summarize the above discussion into the following improved estimate
of (4.1).

Theorem 7.1.

inf
(a,b,c)∈M

cG(CP
2 \ E;Ta,b,c) ≥

4π

7
>

π

3
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For the complement of the Clifford torus TCl
∼= T1,1,1 in CP 2 \ E, we

can in fact get diamonds as close to ♢(13) as we want, hence with capacities
converging to 2π

3 – see the second diagram in Figure 8. We remark that this
bound is the same lower bound as that of Theorem 4.1 and strictly bigger
than the above universal lower bound 4π

7 given in Theorem 7.1. We suspect
that this is the optimal lower bound for the Clifford torus.

8. Size of Weinstein neighborhood of Ta,b,c

In this section, we study an asymptotic behavior of another quantity associ-
ated to the tori Ta,b,c. This is related to the size of the maximal Darboux-
Weinstein neighborhood of Ta,b,c.

We start with some general discussion on Darboux-Weinstein chart.
Let L ⊂ M be a compact Lagrangian submanifold. Consider the Darboux-
Weinstein chart Φ : U → V where U is a neighborhood of L in M and V is a
neighborhood of the zero section oL ⊂ T ∗L. Then by definition, we have

ω = Φ∗ω0, ω0 = −dθ

for the Liouville one-form θ on T ∗L and Φ|L = idL under the identification
of L with oL.

Fix any Riemannian metric g on L. For x ∈ U, we define

∥x∥g,Φ = ∥Φ(x)∥g(π(Φ(x))

where Φ(x) ∈ T ∗
π(Φ(x))L and π : T ∗L → L is the canonical projection, and

∥ · ∥g(q) is the norm on T ∗
q L induced by the inner product g(q).

Definition 8.1. Let L ⊂ M be a compact Lagrangian submanifold equipped
with a metric g. Consider the Darboux-Weinstein chart Φ : U → V. Define

wDW(Φ; g) := inf
q∈L

(

inf
x∈π−1(q)∩∂U

∥x∥g,Φ

)

and

(8.1) wDW(L;M) = sup
Φ

wDW(Φ; g)

over all Darboux-Weinstein chart of L. We call wDW(L;M) the Weinstein
width of L (relative to the metric g).
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Obviously wDW(L;M) > 0 since wDW(Φ; g) > 0 for any Darboux-
Weinstein chart Φ for compact Lagrangian submanifold L.

With this preparation, we prove the following theorem which indeed
shows some wild behavior of the family Ta,b,c as a+ b+ c → ∞.

Theorem 8.2. Let a Riemannian metric g on L = T 2 be given. Consider
any collection of representatives ιa,b,c : T

2 → CP 2 with Ta,b,c = Image ιa,b,c
of the exotic tori. Then

inf
(a,b,c)∈M

wDW(Ta,b,c;CP
2) = 0.

Proof. Suppose to the contrary that

inf
(a,b,c)∈M

wDW(Ta,b,c;CP
2) ≥ ϵ

for some ϵ > 0. Then all Lagrangian tori have Weinstein neighbourhoods
containing an embedding of the tubular neighbourhood Nϵ of g-radius ϵ in
T ∗T 2. This neighbourhood has a non-trivial star-flux [STV18, Example 6.1.1]
in all directions, in other words, Sh⋆T 2(Nϵ) which is a subset of H1(T

2,R) ∼=
R2, contains a disk of radius δ around 0.

Consider now the sub-family of the form T1,b,c for (1, b, c) ∈ M. It can be
shown that (b, c) are consecutive odd Fibonacci numbers, and the iterative
polytope mutation converges to a right triangle with base/height equals
to (1 + φ)2 [CV20, Section 3.2]. We claim that in this limit, the monotone
fibre converges to the boundary. Because the cuts are in the direction that
connects the monotone fibre to the vertex of the triangle representing the base
diagram, it suffices to show that in the limit, the direction of the cuts tend
to be parallel. By [Via16, Remark 2.3], the vectors w1, w2, w3 representing
the cuts satisfy

w1 + bw2 + cw3 = 0

assuming we are always relabelling so that b < c, and dividing the above by
b, we see that in the limit, as b, c → ∞, we have that w2 → −(1 + φ)w3, as
desired.

Combining this result with [STV18, Theorem B, Remark 6.1], which
states that the star-shape of the monotone fibre is the interior of the triangle
representing the ATF that it resides in, we get a contradiction. Indeed,
the fact that the monotone fibre approaches the boundary in the limit,
implies that Sh⋆T1,b,c

(CP 2) does not contain a disk of radius δ around 0, for

b, c large enough, hence Nϵ cannot be embedded into CP 2 as a Weinstein
neighbourhood of T1,b,c. □
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Remark 8.3. A similar proof follows if we fix a Markov number a0 and
instead restrict to the sequence of solutions of the form (a0, b, c) ∈ M. We
would have that w2 → −xw3, for x a solution of x2 − 3a0x+ 1 = 0. So,
limb,c→∞wDW(Ta0,b,c;CP

2) = 0.

Conjecture 8.4. Consider a triple of sequences (an, bn, cn) ∈ M, ordered
so that an ≤ bn ≤ cn, with cn → ∞. Then,

lim
n→∞

wDW(Tan,bn,cn ;CP
2) = 0.

Conjecture 8.4 would follow from similar arguments if we had that
an/cn → 0. We did not find such an asymptotic result regarding the Markov
triples in the literature and do not know whether an/cn → 0 or not.

Finally we can also get the following lower bound for the relative Gromov
capacity of T1,b,c as a corollary of the proof of Theorem 8.2:

Theorem 8.5. Consider the Markov triples of the form (1, b, c) ∈ M. Then

inf
(1,b,c)∈M

cG(CP
2;T1,b,c) ≥ [(1 + φ)−2 + 1]

2π

3

where φ = 1+
√
5

2 is the golden ratio and (1 + φ)−2 ∼ 0.146.

Proof. Again we assume the largest edge of the ATBD is horizontal and
renormalise it so that the monotone fibre T1,b,c is at height 1. Since a = 1, we
may realise T1,b,c by applying nodal trades and nodal slides only to two of the
corners of the standard toric fibration of CP 2. So, we get ATFs represented
by a triangle with right angle on a toric vertices, and the other vertex having
associated cuts.

In the proof of Theorem 8.2, we mentioned that the quotient base/height
limits to (1 + φ)2 [CV20, Section 3.2], as we increase b, c → ∞. Moreover,
the edge of this limiting triangle contains (1, 1). This means that the height
of this limiting triangle is (1 + φ)−2 + 1. This in turn implies that we can
embed a toric ball of capacity bigger than (1 + φ)−2 + 1− ϵ for all ϵ > 0 so
that its moment image is contained in a neighbourhood of the corner.

Now the theorem follows from renormalising the symplectic form to the
standard Fubini-Study form. □

9. Discussions and open questions

In this section, we would like to propose a few interesting open questions in
relation to the geometry of Ta,b,c in addition to what we have proved so far.
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As mentioned in the introduction, the starting point of our research in
the present article lies in our attempt to visualize the Ta,b,c tori in terms
of the geometry of Fubini-Study metric on CP 2. One interesting question
is to find a geometric realization of the tori Ta,b,c with special Riemannian
geometric properties in the spirit of [Oh90, Oh93, Oh94].

Question 9.1. 1) Construct a Hamiltonian-minimal representative in
each Hamiltonian isotopy class of Ta,b,c with respect to the Fubini-Study
metric and visualize the representative.

2) Viterbo [Vit00] proved that there is a lower bound of the volume inside
the Hamiltonian isotopy class. Prove that there exists a Hamiltonian-
minimal representative of Ta,b,c in its Hamiltonian isotopy class and
study its asymptotic behavior.

3) Is there any alternative group theoretic construction of Ta,b,c?

Existence of a positive lower bound of the volume inside each given
Hamiltonian isotopy class can be proved via the Crofton’s formula (see
[Oh90, Introduction]), provided the following question is affirmative

Question 9.2. Consider the set {g · RP 2 | g ∈ Iso(CP 2)}, i.e., the set of
totally geodesic RP 2. Is is true that Ta,b,c ∩ (g · RP 2) ̸= ∅ for all g ∈ Iso(CP 2).
Here Iso(CP 2) denotes the isometry group of the Fubini-Study metric.

Since Iso(CP 2) ⊂ Ham(CP 2), the above mentioned non-intersection re-
sult follows from the Floer theoretic question whether or not Ta,b,c ∩ ϕ(RP 2) ̸=
∅ for all ϕ ∈ Ham(CP 2). It turns out that this intersection result depends
on the types of Markov triples (a, b, c). For example, Alston-Amorim [AA12]
proved that the Clifford torus TCl

∼= T1,1,1 intersects ϕ(RP 2) for all ϕ: They
proved that a version of Floer cohomology between the product TCl × TCl

and RP 2 × RP 2 in CP 2 × CP 2 is defined and is non-zero even though the
Floer cohomology between RP 2 and TCl is not defined.

On the other hand, the case (a2, b2, c2) = (1, 1, 4) i.e., T1,1,2 was studied
by Wei-Wei Wu [Wu15] for which the fiber at the singular vertex of the
moment polytope is symplectomorphic to RP 2 and so it does not intersect
the semi-toric fiber T (1, 1, 4) ∼= T1,1,2. (It is also shown in [OU16] that T1,1,2

is the Chekanov torus.) In fact, such a non-intersection result can be proved
for any triple (a, b, c) one of whose element is 2. This can be seen by mutating
the smooth vertices in Wu’s semi-toric picture [Wu15], for instance.

These observations lead us to proposing the following conjecture which
is an interesting subject of future investigation.
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Conjecture 9.3. There exists a Hamiltonian diffeomorphism ϕ on CP 2

such that Ta,b,c ∩ ϕ(RP 2) = ∅ if and only if (a, b, c) = (2, b, c). In other words,
Ta,b,c is displaceable from RP 2 if and only if (a, b, c) = (2, b, c).
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