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Non-degeneracy of the Hofer norm for
Poisson structures

DUSAN JOKSIMOVIC AND IOAN MARCUT

We remark that, as in the symplectic case, the Hofer norm on the
Hamiltonian group of a Poisson manifold is non-degenerate. The
proof follows from the symplectic case after reducing the problem
to a symplectic leaf.

A Poisson structure on a smooth manifold M is given by a Lie bracket {-, -}
on the space C°°(M) which satisfies the Leibniz identity

{fg.h} = f{g.hy +g{f.h}, Vf.g,heC®(M).

A smooth map between two Poisson manifolds ¢ : (N, {-,-}n) — (M, {-, -} )
is called Poisson if the following holds

{f,g}MO@ZJ:{fol/),gOT,ZJ}N, vfagecoo(M)

Examples of Poisson manifolds include symplectic manifolds, duals of Lie
algebras, and every manifold carries the trivial Poisson structure {-,-} = 0.

Let (M,{-,-}) be a Poisson manifold and f € C2°([0,1] x M) be a com-
pactly supported time-dependent Hamiltonian function. We define the (time-
dependent) Hamiltonian vector field X} associated to f by

Xp={fe,} € X(M),

where f; := f(t,-) € C*(M), t € [0,1]. The flow {go}} of X]tc is called the
Hamiltonian flow (or the Hamiltonian isotopy) generated by f. The Hamil-
tonian group of (M, {-,-}) is

Ham(M,{-,-}) := {gojlc : feCX([0,1] x M)},

The length of the Hamiltonian isotopy generated by f is defined as

1
L(f) ::/O (sup fi(z) —xiéljf/[ft(:c)) dt.

zeM
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Notice that, in the contrary to the symplectic case, the length of the Hamilto-
nian isotopy depends on the choice of a Hamiltonian function that generates
the isotopy. Finally, define the Hofer pseudo-norm on Ham (M, {-,-}) by

v(®) :=inf {I(f) : fe€CX([0,1] x M), 4,0} =d}.

The following compatibility properties with the group structure are easily
verified

(a) V(®) = (@),
(b) V(Do W) < 1(®) + (D),
(¢) V(P oW od™!) = (W),

for &, U € Ham (M, {-,-}) (see e.g. [, Theorem 1.1]), but the non-degeneracy
of v is non-trivial:

(d) v(®) =0 if and only if & = Id.

The main result of this article is the following.

Theorem 1. Let (M,{-,-}) be a Poisson manifold. Then the Hofer pseudo-
norm v on Ham(M, {-,-}) is non-degenerate.

In the symplectic case, Hofer [2] proved non-degeneracy for the standard
symplectic structure on R?", then Polterovich [6] extended it to a larger class
of symplectic manifolds, and Lalonde and McDuff [3] completed the proof for
all symplectic manifolds. All proofs rely on hard methods from symplectic
topology.

Below, we show that the Poisson case can be reduced to the sympletic
case, by restricting to a symplectic leaf. This was first claimed by Sun and
Zhang [8], in the setting of regular Poisson manifolds. Actually, in the proof
they do not use regularity, but assume that the restriction of a compactly
supported function to a leaf is compactly supported, however, without stat-
ing this explicitly. This property is equivalent to the leaves being closed
submanifolds (which implies that they are embedded submanifolds, see e.g.
[1]). This mistake was noticed by Rybicki [7], who obtained non-degeneracy
for Poisson manifolds whose closed leaves form a dense set. Moreover, Ry-
bicki [7] proved non-degeneracy also for integrable Poisson manifolds, by
using the displacement energy techniques on the symplectic groupoid. By
adapting this proof to a sympelctic leaf, we obtain non-degeneracy in gen-
eral. For the reader’s convenience we will now briefly recall the definition
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and some properties of symplectic leaves of a Poisson manifold which are
going to be used in the proof of Theorem

Consider the standard action of the Hamiltonian group Ham(M, {-,-})
on M. The orbits of this action are called symplectic leaves. Each symplectic
leaf L carries a unique smooth structure for which the inclusion ¢ : L < M is
an immersion, and moreover L is an initial submanifold of M[ The tangent
space at each point of L is spanned by Hamiltonian vector fields. We equip
L with a canonical symplectic structure wy, defined by

(1) wr(Xg, Xg) = {/. 9}

Then the inclusion map i : (L, {-,-}1) < (M, {-,}) is a Poisson map, where
{-,-}L is the Poisson structure induced by wy. For more details, we refer the
reader to [4, Section 1.3.4, p. 26].

We are now ready for the proof.

Proof of Theorem[1 Let ® € Ham(M,{-,-}), ® #1Id, and fix zo € M such
that ®(xg) # xo. Let i : L — M be the symplectic leaf passing through z,
where 7 denoted the inclusion. Let B C L be an open ball with compact
closure such that zy € i(B) and

(2) ®(i(B)) Ni(B) = 0.

Consider f € C2°([0,1] x M) such that & = go}. Since Hamiltonian isotopies
preserve symplectic leaves, note that Lp’} (i(B)) C i(L). Choose a compactly
supported smooth function A : L — [0, 1], such that A|¢ = 1, where

C =i (Ve #4((B))) C L.
Define g € C2°([0,1] x L) by
9:(y) = Ay) - fu(i(y))-

Denote by <ptg € Ham(L,wr),t € [0,1], the Hamiltonian flow of g, where wry,
is the symplectic form on L (). We need the following two claims to finish
the proof.

Claim 1. For every t € [0,1] we have that i o pj|p = ¢} oilp.

IA submanifold N of a manifold M is called initial if for every manifold P and
every smooth map f: P — M such that f(P) C N it holds that the induced map
f: P — N is smooth.
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Proof of Claim[]. Fix y € B. Since i: L < M is an initial submanifold,
there is a (unique) smooth curve 7 : [0,1] — L such that i(y(¢)) = go?(z(y))
We need to show that 7(t) = ¢} (y). Using that the inclusion i : L < M is
a Poisson map it follows that:

(3) Xjoi(y(t) = i Xpo;(v(1), Ve [0,1].
The fact that v(¢) € C and A|c = 1 implies that

(4) Xfoi(v(1)) = Xg(v(1), ¥ te[0,1].
Combining equations and , we obtain that

(1) = 6 oily) = Xboily(1) = i(Xy(r(1)), Ve [0,1]

and since i is an immersion, we obtain that y(t) is an integral line of X}:

Lot = Xi0), viefon)

Since at t = 0, v(0) = y, Claim 1 follows. O
Claim 2. [(g) <I(f).

Proof of Claim[3. We first consider the case when M is compact. By re-
placing f; by fi — fi(xo) we may assume that f;(zo) =0, for all ¢ € [0, 1].
Note that the new function generate the same isotopy and that it has the
same length as f. Then we have that sup,c,, f:(x) > 0 and therefore

(5) sup fi(x) = sup A(y) fe(i(y)) = supgi(y), ¢ €0,1].
xeM yeL yEeL

Applying the same argument to —f, we get that

(6) xlélja ft(a:) < ;22 gt(y)7 te [07 1]'
Combining inequalities and (6) it follows that I(g) < I(f) which com-
pletes the proof of the claim in the case when M is compact.

Now consider the case when M is not compact. Then since f is com-
pactly supported we have that sup,c,, fi(x) > 0, for all ¢ € [0, 1]. The same
arguments as in the first case prove that the inequalities and @ hold
also when M is not compact. Hence I(g) < I(f) which completes the proof
of Claim 2 O
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By and Claim [1]it follows that ¢ displaces B C L. Hence E(B) <
[(g), where E(B) is the displacement energy (see for example [5, p. 469])
of the ball B inside the symplectic manifold (L,wr). Then Claim [2| implies
that E(B) <(f), and therefore

E(B) < v(®).
Since 0 < E(B) (see [3, Theorem 1.1]) we conclude that v(®) > 0. This
completes the proof of Theorem O
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