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We establish an infinitesimal version of fragility for squared Dehn
twists around even dimensional Lagrangian spheres. The precise
formulation involves twisting the Fukaya category by a closed two-
form or bulk deforming it by a half-dimensional cycle. As our main
application, we compute the twisted and bulk deformed symplectic
cohomology of the subflexible Weinstein manifolds constructed in
[27].
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1. Introduction

The classical Dehn twist is a certain self-diffeomorphism of the annulus
which is the identity near the boundary and the antipodal map on the core
circle. It is well-appreciated that Dehn twists around curves play a central
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role in the study of surfaces. Among other things they generate the map-
ping class group of any closed orientable surface and therefore form a basic
building block for their automorphisms. The Dehn twist also has a natural
generalization to higher dimensions, sometimes called the “generalized Dehn
twist” or “Dehn–Seidel twist” or “Picard–Lefschetz transformation”. It is a
self-diffeomorphism of the unit disk cotangent bundle of the sphere, D∗Sn,
which is the identity near the boundary and the antipodal map on the zero
section. In fact, it was first observed by Arnold [7] that generalized Dehn
twists are symplectomorphisms which respect to the canonical symplectic
structure on D∗Sn. Moreover, by the Weinstein neighborhood they can be
implanted into a neighborhood of any Lagrangian sphere S in a symplectic
manifold (M2n, ω). The resulting symplectomorphism τS :M →M is well-
defined up to symplectic isotopies fixing the boundary. Following in their
two-dimensional fraternal footsteps, higher dimensional Dehn twists have
recently become a major element of symplectic geometry. Besides being in-
teresting automorphisms in their own right, they provide powerful tools for
computations in Floer theory and Fukaya categories. Dehn twists also arise
as monodromy transformations around critical values of Lefschetz fibrations,
allowing for deep connections with singularity theory and algebraic geome-
try.

The classical Picard–Lefschetz formula describes the action of a gener-
alized Dehn twist on the level of singular homology. Using it, one can easily
check that the iterates of a Dehn twist around an odd-dimensional sphere
are typically distinct, even on the level of homotopy theory. On the other
hand, Dehn twisting twice around an even dimensional sphere acts trivially
on homology. If fact, at least if the sphere is two-dimensional, the squared
Dehn twist is known to be smoothy isotopic to the identity rel boundary
[34]. A similar proof seems to work for six-dimensional spheres (see the dis-
cussion in [23, §5.3]), and for general even-dimensional spheres it is known
that some finite iterate of the Dehn twist is smoothly isotopic to the iden-
tity [20], although the precise order is unknown. At any rate, Seidel realized
that τ2S is typically not symplectically isotopic to the identity rel boundary,
and this can be detected using Floer theory [33]. This is an example of a
rigidity phenomenon in symplectic geometry which goes far beyond smooth
topology.

In [33], Seidel also made the intriguing observation that, for S two-
dimensional, τ2S is typically fragile. That is, although τ2S :M →M is not
symplectically isotopic to the identity rel boundary, there exist symplec-
tic forms ωt, t ∈ [0, 1], and symplectomorphisms Φt of (M,ωt) fixing the
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boundary such that (ω0,Φ0) = (ω, τ2S) and Φt is symplectically isotopic to
the identity rel boundary for any t > 0. This observation seems to suggest
that symplectic rigidity is more delicate than one could reasonably guess.

As a step in interpreting this phenomenon, Ritter observed in [30] that
deforming a symplectic form is at least heuristically related to twisting sym-
plectic invariants by a closed two-form. Roughly, for Ω a sufficiently small
closed two-form, the symplectic geometry of (M,ω +Ω) ought to be reflected
in the Ω-twisted symplectic invariants of (M,ω). As a manifestation of this,
in §2 we construct the Fukaya category of a Liouville domain twisted by a
closed two-form Ω, denoted by FukΩ(M, θ), and in §6 we prove:

Theorem 1.1. Let L and S be Lagrangian spheres in a four-dimensional
Liouville domain (M4, θ). Assume that L and S intersect once transversely,
and let Ω be a real closed two-form on M such that

∫
LΩ = 0 and

∫
S Ω ̸=

0. Then L and τ2SL are not quasi-isomorphic in Fuk(M, θ), but are quasi-
isomorphic in FukΩ(M, θ).

This result can be interpreted as an infinitesimal analogue of the fragility
of τ2S . It roughly states that, although τ2S is not symplectically isotopic to
the identity, it behaves like the identity in the presence of the twisting two-
form Ω.

At first glance, fragility for squared Dehn twists around two-dimensional
Lagrangian spheres seems to have no analogue in higher dimensions. For ex-
ample, since T ∗Sn has trivial second cohomology for n > 2, by Moser’s the-
orem there are no nontrivial deformations of the symplectic form of T ∗Sn.
However, there is actually a higher analogue of twisting symplectic invari-
ants, namely the notion of “bulk deformations” as introduced by Fukaya–
Oh–Ohta–Ono. The Fukaya category of (M, θ) bulk deformed by a smooth
cycle i℧ : (℧, ∂℧) → (M,∂M), denoted by Fuk℧(M, θ), is defined by count-
ing pseudoholomorphic polygons with interior point constraints in the cycle.
We give a construction of Fuk℧(M, θ) in §4, and in §6 we prove the following
higher analogue of Theorem 1.1:

Theorem 1.2. Let L and S be Lagrangian spheres in a 4m-dimensional
Liouville domain (M4m, θ), for l ≥ 2. Assume that L and S intersect once
transversely, and let i℧ : (℧, ∂℧) → (M,∂M) be a smooth half-dimensional
cycle inM which is disjoint from L and intersects S once transversely. Then
L and τ2SL are not quasi-isomorphic in Fuk(M, θ), but are quasi-isomorphic
in Fuk℧(M, θ).
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Theorem 1.2 seems to have no direct interpretation in terms of deformations
of symplectic forms, but can perhaps be viewed as an abstract or noncommu-
tative generalization of fragility. It also seems plausible that both Theorem
1.1 and Theorem 1.2 could be extended to triviality statements for τ2S as an
automorphism of the full twisted or bulk deformed Fukaya category.

Our main application of Theorems 1.1 and 1.2 is to the study of sub-
flexible Weinstein domains as defined in [27]. These are examples of exotic
symplectic manifolds whose ordinary symplectic cohomology vanishes. It was
shown in [27] that many of these examples can be seen to be nonflexible,
and hence exotic, using twisted symplectic cohomology. In §4.2 we also de-
fine the bulk deformed version of symplectic cohomology, which can be used
to distinguish further subflexible examples for which no two-dimensional
cohomology class suffices.

In this paper we provide the main computational tool for these examples.
Recall that subflexibilization is defined in [27] in terms of Lefschetz fibra-
tions. Let (X2n+2, λ) be a Liouville domain admitting a Liouville Lefschetz fi-
bration over the disk with fiber (M2n, θ) and vanishing cycles V1, ..., Vk ⊂M .
The subflexibilization (X ′, λ′) of (X,λ) is defined as follows:

• For i = 1, .., k, assume there is a Lagrangian disk Ti ⊂M with Legen-
drian boundary ∂Ti ⊂ ∂M such that Ti intersects Vi once transversely.

• For i = 1, ..., k, attach a Weinstein handle Hi to (M, θ) along ∂Ti. Let
Si be the Lagrangian sphere given by the union of Ti and the core of
Hi.

• Take (X ′, λ′) to be the total space of the Liouville Lefschetz fibration
with fiber M ∪H1 ∪ ... ∪Hk and vanishing cycles τ2S1

V1, ..., τ
2
Sk
Vk.

The connection to Theorems 1.1 and 1.2 is hopefully now apparent. At
least in the case dimM = 4, τ2Si

Vi is smoothly isotopic to Vi, and conse-
quently as a smooth manifold X ′ is simply given by attaching k subcritical
handles to X.1 Moreover, by [27, Cor. 3.9] the ordinary symplectic coho-
mology of (X ′, λ′) vanishes. On the other hand, the symplectic geometry of
(X,λ) should be reflected in the twisted or bulk deformed symplectic ge-
ometry of (X ′, λ′). We make this precise in §6 and §7, culminating in the
following theorem. Take ℧ to be union of the cocores of H1, ..., Hk crossed

1This is also true for dimM = 4l ≥ 8 on the level of homology, although smoothly
there is a subtlety regarding the framings of handles; see [27, Rmk. 4.2] and specif-
ically [24] for more details.
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with the base disk, viewed as a smooth cycle (of dimension n+ 2, or codi-
mension n) in X ′ disjoint from the critical handles, and Ω to be the Poincaré
dual thereof.

Theorem 1.3. Suppose (X,λ) has a Lefschetz thimble with nontrivial
wrapped Floer cohomology. Then:

• If dimX = 6, SHΩ(X
′, λ′) is nontrivial.

• If dimX = 4m+ 2 ≥ 10, SH℧(X
′, λ′) is nontrivial.

We explain in §7 how this result can be deduced from general tools in sym-
plectic Picard–Lefschetz theory. Although the above result suffices to es-
tablish nonflexibility, it can be strengthened to the following more elegant
statement:

Theorem* 1.4. In general, we have:

• If dimX = 6, there is an isomorphism SHΩ(X
′, λ′) ∼= SH(X,λ).

• If dimX = 4m+ 2 ≥ 10, there is an isomorphism SH℧(X
′, λ′) ∼=

SH(X,λ).

The asterisk indicates that the proof relies on either transversality in sym-
plectic field theory or expected but not yet available results in symplectic
Picard–Lefschetz theory.

The rest of this paper is organized as follows. In §2 we review the main
features of Seidel’s construction of the Fukaya category and establish some
basic properties and notation. In §3 we introduce B-fields and explain how to
incorporate them into the frameworks of Fukaya categories and symplectic
cohomology. In §4 we introduce bulk deformations, construct the bulk de-
formed Fukaya category and bulk deformation symplectic cohomology, and
provide some general context. In §5 we discuss Lefschetz fibrations and some
important computational tools. In §6 we then combine these various ingre-
dients to prove Theorem 1.1 and Theorem 1.2. Finally, in §7 we discuss how
to deduce invariants of the total space of a Lefschetz fibration from those of
the fiber and use this to prove Theorem 1.3 and Theorem* 1.4.
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Conventions

• By default we assume Lagrangians are embedded, with interior disjoint
from the boundary of the ambient symplectic manifold.

• Unless stated otherwise, we will assume our symplectic manifolds have
trivial first Chern class.

• In the general context of undeformed symplectic invariants, we work
over an arbitrary field F.

• In the context of twisted invariants as in §3, we work over a field
K equipped with an injective group homomorphism R → K∗. When
applying the Picard–Lefschetz techniques in §7.2, we further assume
that K is not of characteristic two (this is inherited from [38]).

• In context of bulk deformed invariants by a cycle of even codimension
l as in §4, we work over a graded ring L of the form L = L0[ℏ, ℏ

−1],
where L0 is a field of characteristic zero and ℏ is a formal variable of
degree 2− l.

2. Fukaya categories

2.1. The Fukaya category of a Liouville domain

In this subsection we review the various ingredients that go into constructing
the Fukaya category of a symplectic manifold. We will focus on Liouville
domains, a particularly nice class of open symplectic manifolds. Recall that
a Liouville domain is a pair (M2n, θ), where:

• M is a smooth compact manifold with boundary.

• θ is a 1-form on M such that dθ is symplectic.

• The Liouville vector field Zθ, defined by (dθ)(Zθ, ·) = θ, is outwardly
transverse to ∂M .
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Roughly, the Fukaya category Fuk(M, θ) is an A∞ category with objects
given by closed exact Lagrangians in (M, θ), morphisms given by Floer
cochain complexes between Lagrangians, and higher A∞ products given
by counting pseudoholomorphic polygons with Lagrangian boundary con-
ditions. Working in the exact setting alleviates many of the analytic diffi-
culties that plague the field. Still, there are various technical issues to deal
with, related to the fact that Lagrangians might not intersect transversely
and moduli spaces of pseudoholomorphic curves might not be cut out trans-
versely. In [38], Seidel gives a careful outline for overcoming these issues
using coherent perturbations of the Cauchy–Riemann equations. This ap-
proach requires choosing the following auxiliary data in a coherent manner:

1) Floer data for every pair of Lagrangians, which is the data needed to
define Floer complexes

2) strip-like ends for boundary-punctured Riemann disks, which are
needed to formulate asymptotic conditions for pseudoholomorphic
curves near boundary punctures

3) perturbation data, which are used to perturb the Cauchy–Riemann
equations and ensure that all relevant moduli spaces of pseudoholo-
morphic curves are cut out transversely.

Since we consider pseudoholomorphic maps whose domains have arbitrary
complex structures, these choices must vary smoothly over the moduli space
of boundary-punctured Riemann disks. Moreover, in order for various curve
counts to fit together to satisfy the A∞ equations, our choices should be ap-
propriately compatible with the structure of the Deligne–Mumford–Stasheff
compactification.

We now explain each of these elements in more detail. This general
framework for handling pseudoholomorphic curve invariants will reappear
in several flavors throughout the paper.

2.1.1. The moduli space Rk+1 and its compactification. For k +
1 ≥ 3, letRk+1 denote the moduli space of Riemann disks with k + 1 ordered
boundary marked points, modulo biholomorphisms. Here and for the rest of
the paper we require marked points to be pairwise disjoint. We further re-
quire the ordering of the marked points to respect the boundary orientation.
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We declare the first marked point to be “negative” and the rest to be “pos-
itive”2. Note that Rk+1 is a smooth manifold of dimension k − 2. There is
also a universal family R̃univ

k+1 → Rk+1, where the fiber R̃univ
r over r ∈ Rk+1

is a boundary-marked Riemann disk which represents r itself. Concretely,
we can take

Rk+1 = Confk+1(∂D
2)/PSL(2,R), R̃univ

k+1 = Confk+1(∂D
2)×PSL(2,R) D

2.

Finally, let Runiv
k+1 → Rk+1 be given by puncturing the marked points in each

fiber of R̃univ
k+1 → Rk+1.

Let TRk+1
denote the set of stable planted3 ribbon trees with k leaves.

That is, an element of TRk+1
is a tree T with:

• one distinguished external vertex, called the “root”

• k remaining external vertices, called the “leaves”

• ribbon structure: a cyclic ordering of the edges incident to each vertex

• stability: each internal vertex v has valency |v| ≥ 3.

We will always endow the edges of T with the orientation pointing away
from the root. In particular, this induces an absolute ordering of the edges
incident to each vertex, starting with the incoming edge. Let Vi(T ) and
Ei(T ) denote the internal vertices and internal edges of T respectively. As
we will now recall, TRk+1

models the stratification structure of the Deligne–
Mumford–Stasheff compactification of Rk+1.

As a preliminary step, endow the family Runiv
k+1 → Rk+1 with a choice of

universal strip-like ends, for all k + 1 ≥ 3. This means, for each r ∈ Rk+1,
pairwise disjoint holomorphic embeddings

ϵ0 : (R− × [0, 1],R− × {0, 1}) →֒ (Runiv
r , ∂Runiv

r )

ϵ1, ..., ϵk : (R+ × [0, 1],R+ × {0, 1}) →֒ (Runiv
r , ∂Runiv

r )

such that lims→±∞ ϵi(s, ·) is the ith puncture of Runiv
r for i = 0, ..., k. These

should combine to give smooth fiberwise embeddings

ϵ0, ..., ϵk : Rk+1 × R± × [0, 1] →֒ Runiv
k+1 .

2In the sequel we will endow marked points and punctures of Riemann surfaces
with signs. When discussing strip-like ends and cylindrical ends we assume their
signs match those of the corresponding marked points or punctures.

3By a planted tree we mean a tree with one external vertex distinguished as the
root.
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Note that so far we have not mentioned any compatibility between these
choices for different k.

For T ∈ TRk+1
and ε > 0 small, set

RT :=
∏

v∈Vi(T )

R|v|, Rε
T := RT × (−ε, 0]Ei(T ).

We will identify RT with the subset RT × {0}Ei(T ) ⊂ Rε
T . We use ρe to de-

note the coordinate on (−ε, 0] corresponding to e ∈ Ei(T ). This will be a
gluing parameter corresponding to a gluing region having neck length ℓe :=
− log(−ρe) [38, 9e]. That is, given Riemann surfaces S+ and S− with strip-
like ends ϵ+ : R+ × [0, 1] →֒ S+ and ϵ− : R− × [0, 1] →֒ S−, we glue with pa-
rameter ℓ = − log(−ρ) ∈ (0,∞) by starting with the disjoint union S+

∐
S−,

throwing away ϵ+([ℓ,∞)× [0, 1]) and ϵ−((−∞,−ℓ]× [0, 1]), and then iden-
tifying what remains of the strip-like ends via ϵ+(s+ ℓ, t) ∼ ϵ−(s, t).

Observe that, using the absolute ordering of the edges at the internal
vertices, each e ∈ Ei(T ) corresponds to two boundary marked points of RT .
By gluing at these two marked points using our universal strip-like ends, we
get a map

ϕT,e : {r ∈ Rε
T : ρe ̸= 0} → Rε

T/e.

Here T/e is the tree obtained by contracting the internal edge e. More specif-
ically, we endow T/e with the planarly induced ribbon structure, defined as
follows. Let IV (e) and TV (e) denote the initial and terminal vertices of e in
T . Let v ∈ T/e denote the resulting vertex after contracting e, and let E(v)
denote the edges incident to it. We order E(v) by enumerating E(IV (e))
up to e, then enumerating E(TV (e)), and lastly enumerating the remaining
elements of E(IV (e)).

We can now define the Deligne–Mumford–Stasheff compactification of
Rk+1 as a topological space by

Rk+1 :=


 ∐

T∈TRk+1

Rε
T


 / ∼,

where r ∼ ϕT,e(r) for any r in the domain of ϕT,e. Note that as a set we
have Rk+1 =

∐
T∈TRk+1

RT , and the topology is such that Rε
T is a collar

neighborhood of RT . Actually, it is well known that the space Rk+1 has
much more structure than just a topological space. Among other things it
is naturally a (k − 2)-dimensional smooth manifold with corners, in fact a
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convex polytope. Elements of Rk+1 are stable broken disks. Here we think of
the limiting case of gluing for ρe = 0 as simply identifying the two marked
points, i.e. producing a boundary node. The unique tree T0 with no internal
edges corresponds to the open stratum RT0

= Rk+1, and more generally the
codimension of the stratum RT is given by the number of internal edges

of T . There is also a partially compactified universal family Runiv
k+1 → Rk+1,

where the fiber Runiv
r over r ∈ Rk+1 represents the corresponding broken

disk.

2.1.2. Lagrangian labels. Let L := (L0, ..., Lk) be a list of closed exact
Lagrangians (not necessarily pairwise distinct) in (M, θ). Let R(L) denote
the moduli space of Riemann disks with k + 1 ordered boundary marked
points, modulo biholomorphisms, such that the segments of the boundary
between the marked points are labeled in order by L0, ..., Lk. This space is
of course equivalent to Rk+1, but it will be convenient to keep track of the
Lagrangian labels.

For T ∈ TRk+1
, let γ0(T ) denote the minimal path from the root to the

first leaf, let γi(T ) denote the minimal path from the ith leaf to the (i+ 1)st
leaf for i = 1, ..., k − 1, and let γk(T ) denote the minimal path from the kth
leaf to the root. We say that T is labeled by L if the paths γ0(T ), ..., γk(T )
are labeled in order by L0, ..., Lk. More visually, if we embed T as a ribbon
graph in R2 with the external vertices at infinity, this data is equivalent to
labeling the connected components of R2 \ T in order by L0, ..., Lk. Observe
that each edge has two associated labels, corresponding to its two sides.
Also, each v ∈ Vi(T ) has an associated list Lv of Lagrangian labels, namely
those encountered (in order) in a small neighborhood of v. We set

RT (L) :=
∏

v∈Vi(T )

R(Lv), Rε
T (L) := RT (L)× (−ε, 0]Ei(T ).

For any internal edge e, the contracted tree T/e naturally inherits an L
labeling from T , and therefore as above we can define gluing maps

ϕT,e : {r ∈ Rε
T (L) : ρe ̸= 0} → Rε

T/e(L),

along with the compactification R(L), the universal family Runiv(L) →
R(L), and its partial compactification Runiv

(L) → R(L).

2.1.3. Floer data. Let H denote the space of smooth real-valued func-
tions on M (i.e. “Hamiltonians”) which vanish on Op (∂M). Let Jref be a
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fixed reference almost complex structure on M which is compatible with dθ
and makes the boundary of M weakly Jref-convex (see [11, §2.3]). For such
an almost complex structure, there is a maximum principle which prevents
pseudoholomorphic curves inM from touching the boundary unless they are
entirely contained in it. Let J denote the space of almost complex structures
on M which are dθ-compatible and coincide with Jref on Op (∂M). For a
pair (L0, L1) of Lagrangians in (M, θ), a Floer datum (H, J) consists of:

• a time-dependent family of Hamiltonians H ∈ C∞([0, 1],H) such that
the image of L0 under its time-1 flow ϕ1H is transverse to L1

• a time-dependent family of almost complex structures J ∈C∞([0, 1],J ).

Let Gen(L0, L1) denote the finite set of time-1 Hamiltonian flow trajectories
of H which start on L0 and end on L1. Note that Gen(L0, L1) is in bijection
with the set of intersection points ϕ1H(L0) ∩ L1.

For Lagrangian labels L0, L1 and x0, x1 ∈ Gen(L0, L1), let M̂(x0, x1)
denote the corresponding space of Floer strips, i.e. maps u : R× [0, 1] →M
such that:

• u satisfies Floer’s equation: ∂su+ JL0,L1
(∂tu−XH) = 0

• u(R× {0}) ⊂ L0 and u(R× {1}) ⊂ L1

• lims→−∞ u(s, ·) = x0 and lims→+∞ u(s, ·) = x1,

and let M(x0, x1) denote the quotient of M̂(x0, x1) by the free R-action
which translates in the s coordinate. We say that the Floer data (H, J) is
regular for the pair L0, L1 if the moduli spaces M(x0, x1) are regular (i.e.
their corresponding linearized Cauchy–Riemann type operators are surjec-
tive), and hence smooth manifolds, for all x0, x1 ∈ Gen(L0, L1). It is a stan-
dard fact in Floer theory that a generic4 choice of Floer data is regular. More
precisely, after choosing H such that ϕ1H(L0) intersects L1 transversely, the
moduli spaces M(x0, x1) for all x0, x1 ∈ Gen(L0, L1) are regular for generic
J ∈ C∞([0, 1],J ). In particular, if L0 and L1 already intersect transversely,
we can take H to be trivial, and furthermore we can take J = Jref if all of
the associated moduli spaces of Floer strips happen to already be regular.

Assume now that we have chosen a regular Floer datum(HL0,L1
, JL0,L1

)
for every pair of closed exact Lagrangians (L0, L1) in (M, θ).

4Here we say that a property holds “generically” if the subspace on which it holds
is comeager, i.e. it contains a countable intersection of open dense subsets.
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2.1.4. Consistent universal strip-like ends. In order for the moduli
spaces defined below to have the desired compactification structure, we need
to pick strip-like ends somewhat more carefully. At this point, for any T ∈
TRk+1

, gluing along all of the internal edges of T induces a map

ϕT : RT × (−ε, 0)Ei(T ) → Rk+1.

The image of ϕT is equipped with two a priori different families of strip-like
ends, one induced by our universal choice for Rk+1, and one induced by
gluing the universal choices for each R|v|. We say our universal choices are
consistent if these two families agree, at least sufficiently close to the stratum
RT , for all T ∈ TRk+1

. A basic fact is that by making choices inductively
we can find consistent universal strip-like ends (see [38, §9g] for details).
From now on we assume such a choice has been made, and we use this to
induce consistent universal strip-like ends on the families Runiv(L) → R(L)
for all L.

2.1.5. Consistent universal perturbation data. Let S be a fixed Rie-
mann disk with k + 1 ≥ 3 boundary punctures, equipped with Lagrangian
labels L and strip-like ends induced from the universal family. A perturbation
datum for S is a pair (K, J) consisting of:

• K ∈ Ω1(S,H)

• J ∈ C∞(S,J )

subject to the conditions:

• For any p ∈ ∂S with corresponding label L, we have K(X)|L ≡ 0 for
any X ∈ Tp∂S.

• For each boundary puncture of S with adjacent labels (L,L′) and
corresponding strip-like end ϵ, we have

(ϵ∗K, ϵ∗J) ≡ (HL,L′dt, JL,L′).

In other words, K is a Hamiltonian-valued one-form on S, J is an S-
dependent family of almost complex structures on M , and these reduce
to the already chosen Floer data along each of the strip-like ends.

A universal choice of perturbation data consists of a smoothly varying
choice of fiberwise perturbation data for the universal family Runiv(L) →
R(L), for all Lagrangian labels L. By design, the perturbation data are stan-
dard on the strip-like ends, and hence can be glued together. This means
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that the image of ϕT : RT (L)× (−ε, 0)Ei(T ) → Rk+1(L) is equipped with
two a priori different families of perturbation data, one induced by the uni-
versal choice for Rk+1(L) and one induced by gluing. Naively we would like
to require these to coincide, in parallel to the situation for strip-like ends.
However, this turns out to be too stringent, since it imposes restrictions
which make it difficult to perturb in order to achieve regularity (see [38,
Remark 9.6]). Instead, we say our perturbation data are consistent if, for all
T and L, we have:

• the two families agree on the thin parts of Runiv
r (L) for all r ∈ R(L)

sufficiently close to the boundary stratum RT (L) (see [38, Remark 9.1]
for details)

• the perturbation data on Runiv(L) → R(L) extends smoothly to

Runiv
(L) → R(L) in such a way that it agrees with the induced per-

turbation data on RT (L).

As explained in [38, §9i], consistent universal choices of perturbation data
can be found by an inductive procedure. From now on we assume such a
choice has been made.

2.1.6. The moduli space M(x). As before, let S be a fixed Riemann
disk with k + 1 ≥ 3 boundary punctures and Lagrangian labels L. We as-
sume S is equipped with the strip-like ends ϵ0, ..., ϵk and perturbation datum
(K, J) induced from our universal choices. Note that the symplectic form dθ
can be used to dualize any Hamiltonian H ∈ H to a Hamiltonian vector field
XH on M via the prescription dθ(XH ,−) = dH. Similarly, by using dθ to
dualize the outputs of K, we obtain a one-form Y on S with values in Hamil-
tonian vector fields onM . In this context, a pseudoholomorphic polygon with
domain S is a map u : S →M which sends each boundary component of S
to its corresponding Lagrangian label and satisfies the inhomogeneous pseu-
doholomorphic curve equation

(Du− Y )0,1 = 0.

Here the superscript denotes the complex anti-linear part with respect to
the complex structure on S and J on M . Let Gen(L) denote the set of
tuples x = (x0, ..., xk), where x0 ∈ Gen(L0, Lk) and xi ∈ Gen(Li−1, Li) for
i = 1, ..., k. Given x ∈ Gen(L), u is said to have asymptotics x if

lim
s→±∞

(u ◦ ϵi)(s, ·) = xi for i = 0, ..., k.
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Let MS(x) denote the space of pseudoholomorphic polygons u with domain
S and asymptotics x. We define the moduli space of pseudoholomorphic
polygons with asymptotics x and arbitrary domain by

M(x) := {(r, u) : r ∈ R(L), u ∈ MRuniv
r

(x)}.

Here the Lagrangian labels L are implicit in the notation.

Proposition 2.1. [38, §9k] For generic perturbation data, the moduli space
M(x) is regular and hence has the structure of a smooth manifold.

In the special case x = (x0, x1), we similarly define M(x) := M(x0, x1) =

M̂(x0, x1)/R to be the corresponding moduli space of Floer strips.

2.1.7. The compactification M(x). There is a natural compactifica-
tion ofM(x) by allowing pseudoholomorphic maps to acquire certain bound-
ary nodes. The domain of such a map is a tree of boundary-marked Riemann
disks as in Rk+1, but now the stability condition only applies to constant
components. This is in accordance with the general procedure of compacti-
fying moduli spaces of pseudoholomorphic curves by stable maps.

More precisely, for k + 1 ≥ 2, let T semi
Rk+1

be defined in the same way as
TRk+1

, except that we replace the stability condition with semistability, i.e.
each interval vertex must have valency at least two. Suppose we have La-
grangian labels L = (L0, ..., Lk) and x = (x0, ..., xk) ∈ Gen(L). A stable bro-
ken pseudoholomorphic polygon with asymptotics x consists of:

• T ∈ T semi
Rk+1

labeled by L

• xe ∈ Gen(Le, L
′
e) for each edge e of T , where (Le, L

′
e) denotes the La-

grangian labels on either side of e, and such that xe = xi if e is the ith
external edge of T

• uv ∈ M(xv) for each v ∈ Vi(T ), where xv ∈ Gen(Lv) denotes the or-
dered list of elements xe encountered at the edges incident to v.

Let MT (x) denote the moduli space of equivalence classes of stable bro-
ken pseudoholomorphic polygons with asymptotics x and fixed tree structure
T ∈ T semi

Rk+1
. We set

M(x) :=
∐

T∈T semi
Rk+1

MT (x),

equipped with the Gromov topology. Gromov’s compactness theorem implies
thatM(x) is compact. Moreover, for ε > 0 sufficiently small, standard gluing
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techniques produce a map

ϕT : MT (x)× (−ε, 0)Ei(T ) → M(x).

By analyzing these maps, one can show:

Proposition 2.2. [38, §9l] The space M(x) has the structure of a compact
topological manifold with corners with open stratum M(x).

For our purposes we will not need to know the precise global structure of
M(x) in general, but rather just an understanding of the zero and one
dimensional pieces.

2.1.8. Brane structures. In its most rudimentary form, the Fukaya cat-
egory of (M, θ) is an ungraded A∞ category defined over a coefficient field
of characteristic two. However, it is sometimes desirable to upgrade this to
a Z-graded A∞ category over a coefficient field of arbitrary characteristic,
and for this we need to equip Lagrangians with brane structures. This extra
structure is probably not central to the main results of this paper but we
will nevertheless assume it in order to streamline the discussion.5

From now on we assume c1(M,dθ) = 0 and fix a nonvanishing section
η ∈ Λtop

C
(T ∗M). For any Lagrangian L ⊂M , we get an associated squared

phase map α : L→ S1 of the form

α(p) =
η2(v1 ∧ ... ∧ vn)
|η2(v1 ∧ ... ∧ vn)|

,

where v1, ..., vn is any basis for TpL. A Lagrangian brane consists of a triple
(L,P#, α#), where:

• L is a Lagrangian

• P# is a Pin structure on L

• α# is a grading on L, i.e. a function L→ R such that exp(2πiα#(p)) =
α(p).

In general, the obstruction to putting a Pin structure on L is ω2(TL) ∈
H2(L;Z/2), and the set of Pin structures on L (if nonempty) is an affine
space over H1(L;Z/2). The obstruction to putting a grading on L is the

5In particular, we expect that Theorems 1.3 and 1.4 hold without the assumption
c1(X, dλ) = 0, provided we work with ungraded versions of (deformed) symplectic
cohomology.
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Maslov class µL ∈ H1(L;Z), and if it exists it is unique up to an overall
integer shift. As an important special case, note that any sphere of dimension
at least two automatically admits a unique Pin structure and a countably
infinite set of gradings.

Suppose we have L = (L0, ..., Lk) and x = (x0, ..., xk) ∈ Gen(L), and each
Li is equipped with a brane structure. Then the moduli space M(x) is ori-
ented (see [38, §11]). More precisely, for each pair of Lagrangians L,L′ and
each x ∈ Gen(L,L′), there is an associated orientation space or(x), which
is an associated real one-dimensional vector space. We choose an arbitrary6

trivialization of all orientation spaces, after which the orientation on M(x)
is uniquely determined. In particular, each u ∈ M(x)0 has an associated
sign s(u) ∈ {−1, 1}, where M(x)0 denotes the isolated (i.e. Fredholm index
zero) points of M(x). Moreover, the Maslov index endows each xi with an
integer grading |xi| ∈ Z, and we have

dimM(x) = |x0| − |x1| − ...− |xk|+ k − 2.

(see [35] and [38, §11]). From now on we will mostly suppress Pin structures
and gradings from the notation and (by slight abuse) denote a Lagrangian
brane (L,P#, α#) simply by L.

2.1.9. The Fukaya category. Let F be an arbitrary coefficient field. The
Fukaya category Fuk(M, θ) is defined to be the Z-graded A∞ category over
F with:

• objects given by closed exact Lagrangian branes in (M, θ)

• for objects L0, L1, hom(L0, L1) is the F-module generated by
Gen(L0, L1)

• for k ≥ 1, objects L0, ..., Lk ⊂M , and xi ∈ Gen(Li−1, Li) for i = 1, ..., k,
we set

µk(xk, ..., x1) :=
∑

x0∈Gen(L0,Lk)
u∈M(x0,...,xk)0

s(u)x0.

Note that the above sums are finite by §2.1.7. By the dimension formula
from §2.1.8, µk has degree 2− k. Finally, following a well-known outline,

6Alternatively, there is an equivalent but somewhat more canonical definition of
the Fukaya category which does not require choosing trivializations of orientation
spaces, at the cost of slightly more notation.
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an analysis of the boundaries of the one-dimensional components of M(x)
confirms that the terms µ1, µ2, ... satisfy a signed version of the A∞ structure
equations (see [38, 1a]).

2.2. Basic invariance properties

In this subsection we explain in what sense the Fukaya category is indepen-
dent of the various ingredients involved in its construction. Our primary mo-
tivation is to show that certain notions of quasi-isomorphism do not depend
on any of these choices. Most of the results in the section also have straight-
forward extensions to the settings of twisted and bulk deformed Fukaya
categories described in §3.1 and §4.1 respectively. As such, we sprinkle in a
few relevant remarks and leave the precise formulations to the reader.

2.2.1. Notions of equivalence. For an A∞ category C over a field F, let
HC denote the cohomology category. This is an ordinary graded linear cate-
gory, possibly without identity morphisms, with the same objects as C. The
morphism space Hhom(X0, X1) between objects X0 and X1 is by definition
the cohomology of hom(X0, X1) with respect to µ1, with composition given
by [x′] · [x] := (−1)|x|[µ2(x′, x)].

In the case of Fuk(M, θ), standard techniques (e.g. the Piunikhin–
Salamon–Schwarz isomorphism) show that the endomorphism space
Hhom(L,L) of any object L is isomorphic as a graded F-algebra to the
singular cohomology H(L;F) of L. Under this isomorphism, the multiplica-
tive unit of H(L;F) plays the role of an identity morphism in HFuk(M, θ).
In particular, since the cohomology category has an identity morphism for
every object, we say that Fuk(M, θ) is cohomologically unital.

In general, an A∞ functor C0 → C1 between two cohomologically uni-
tal A∞ categories C0 and C1 is said to be an A∞ quasi-isomorphism if the
induced cohomology level functor HC0 → HC1 is an isomorphism of cate-
gories. In this case, a useful consequence of homological perturbation theory
is that one can also find an A∞ quasi-isomorphism C1 → C0 in the reverse di-
rection (see [38, Corollary 1.14], which in fact produces a two-sided inverse
up to homotopy). Similarly, an A∞-functor C0 → C1 is said to be an A∞

quasi-equivalence if the induced cohomology level functor is an equivalence
of categories, and in this case one can find a reverse A∞ quasi-equivalence
C1 → C0 (see [38, Theorem 2.9]). For later use, we state the following case
with slightly more care. In general, we say that two objects of a cohomolog-
ically unital A∞ category are quasi-isomorphic if they are isomorphic in the
cohomology level category.
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Lemma 2.3. Let C be a cohomologically unital A∞ category over F with
objects of the form Ai and Bi for i in some indexing set I, and let A and B
denote the full A∞ subcategories with objects {Ai : i ∈ I} and {Bi : i ∈ I}
respectively. Assume that Ai and Bi are quasi-isomorphic in C for each i ∈ I.
Then there is an A∞ quasi-isomorphism A → B sending Ai to Bi for each
i ∈ I.

In the context of bulk deformations, we will also need the above lemma
to hold over L. Here a bit of care is needed, since the relevant homological
algebra over an arbitrary commutative ring is rather subtle. The proof of
[38, Corollary 1.14] is based on [38, Remark 1.13], which explains how the
transfer principle for A∞ categories (over a field) follows from the homo-
logical perturbation lemma. As recalled in [21, Prop. 2.2], the homological
perturbation lemma still holds over an arbitrary commutative ring, although
in general it implies only a weak form of the transfer principle. Upon closer
inspection of [38, Remark 1.13], we see that the necessary ingredient is that
each morphism space (homC(X0, X1), µ

1
C) can be split into a direct sum-

mand where the differential µ1C vanishes, plus a chain contractible comple-
ment. As a warning, note that not every chain complex over Z admits such
a splitting (consider the complex 0 → Z → Z → 0 with nonzero map given
by multiplication by two). However, in the case of a bulk deformed Fukaya
category each morphism space is a finite dimensional chain complex over
L with a distinguished basis of homogeneous elements. In particular, the
matrix coefficients of the differential are of the form ℏkl for k ∈ Z, l ∈ L0,
and any such element is automatically invertible if nonzero. Using this and
similar degree considerations, one can produce a splitting of L-modules of
the form homC(X0, X1) = Imµ1C ⊕H ⊕ I, where Kerµ1C = Imµ1C ⊕H. This
means that the differential vanishes on H and Imµ1C ⊕ I defines a con-
tractible subcomplex.

2.2.2. Independence of Floer data, strip-like ends, and perturba-
tion data. Following [38, 10a], a simple algebraic trick can be used to show
that the Fukaya category is, up to A∞ quasi-isomorphism, independent of
the choices of Floer data, strip-like ends, and perturbation data. Namely,
suppose that C0 and C1 are two different versions of Fuk(M, θ) constructed
using different such choices. We formally produce a bigger A∞ category Ctot
which contains both C0 and C1. The objects of Ctot are formal pairs (L, i),
where i ∈ {0, 1} and L is an object of Ci. To construct morphisms and com-
position maps for Ctot, we proceed as in §2.1 by choosing a Floer datum for
every pair of objects and choosing consistent universal strip-like ends and
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perturbation data for boundary-marked disks labeled by objects of Ctot. We
additionally require that the relevant choices for (L0, i0), ..., (Lk, ik) coincide
with the choices made for Ci in the case that i0 = ... = ik = i. The upshot
is that there are full and faithful A∞ embeddings C0 → Ctot and C1 → Ctot.
Moreover, one can check (say by arguing à la the PSS isomorphism) that
(L, 0) and (L, 1) are quasi-isomorphic in Ctot for any closed exact Lagrangian
L. Lemma 2.3 then produces an A∞ quasi-isomorphism C0 → C1 which sends
(L, 0) to (L, 1) for every L.

2.2.3. Liouville subdomains. Any fixed collection L of closed exact La-
grangians in (M, θ) defines a full A∞ subcategory Fuk(L) ⊂ Fuk(M, θ). Of
course, in principle Fuk(L) depends strongly on the ambient Liouville do-
main (M, θ). In fact, the next lemma shows that in favorable circumstances
it does not.

Lemma 2.4. Let (M, θ) be a Liouville domain and M ′ ⊂M a subdomain
such that the Liouville vector field Zθ is outwardly transverse to ∂M ′. Let
L′ be a set of closed exact Lagrangian branes in (M ′, θ′), and let L be the
same set, but viewing elements as Lagrangians in (M, θ). There is an A∞

quasi-isomorphism Fuk(L′) → Fuk(L) which is the identity on the level of
objects.

Proof. When constructing Fuk(M, θ), assume that any chosen Hamiltonian
function for Floer data or perturbation data pertaining to Fuk(L) vanishes
near M \ Int (M ′). Similarly, assume that any almost complex structure J
pertaining to the construction of Fuk(L) is contact type near ∂M ′. That is, we
have J∗θ = erdr on Op (∂M ′), where r is the collar coordinate defined using
the flow of Zθ which satisfies θ = erθ|∂M ′ . Then by the integrated maximum
principle ([4, Lemma 7.2], see also [38, Lemma 7.5]), all pseudoholomorphic
curves factoring into the construction of Fuk(L) are actually contained in
Int (M ′). This means that, for suitably correlated choices in the construction
of Fuk(M ′, θ′), we can arrange that Fuk(L) and Fuk(L′) coincide . □

As a special case, if L = {L0, L1} consists of two Lagrangians, the ques-
tion of whether L0 and L1 are quasi-isomorphic does not depend on whether
we view them in (M ′, θ′) or (M, θ). By §2.2.2, it also does not depend on
any choice of Floer data, strip-like ends, or perturbation data.

2.2.4. Liouville homotopies. Recall that a homotopy of Liouville do-
mains is simply a one-parameter family (M, θt), t ∈ [0, 1], where each (M, θt)
is a Liouville domain. In this situation, the Fukaya categories Fuk(M, θ0) and
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Fuk(M, θ1) are A∞ quasi-equivalent. As a slightly more specific statement,
we have:

Lemma 2.5. Let (M, θt), t ∈ [0, 1], be a homotopy of Liouville domains,
let Lt be a smoothly varying set of Lagrangian branes in (M, θt). There is
an A∞ quasi-isomorphism Fuk(L0) → Fuk(L1) which is the obvious isotopy-
following map on the level of objects.

Proof. By a version of Moser’s argument, we can find a smooth family of ex-
act symplectic embeddings Φ : (M, θt) →֒ (M̂, θ̂0) with Φ0 the inclusion map.

Here (M̂, θ̂0) denotes the completion of (M, θ0) which is obtained by attach-
ing the conical end (∂M × [0,∞), erθ0|∂M ). Note that each Lagrangian in

L0, viewed in (M̂, θ̂0), is Hamiltonian isotopic to a Lagrangian in Φ1(L1)
via the family Φt(Lt). Since Hamiltonian isotopy implies quasi-isomorphism
in the Fukaya category, by Lemma 2.3 it suffices to produce an A∞ quasi-
isomorphism between Fuk(Φ1(L1)) and L1. Without loss of generality, we
can assume that Φ∗

1(θ̂0) = θ1. The result then follows from Lemma 2.4. □

Remark 2.6. In the presence of a B-field or bulk deformation, it is still true
that Hamiltonian isotopic Lagrangians are quasi-isomorphic, provided that
the isotopy is disjoint from the support of the two-form Ω or smooth cycle
℧. For more general isotopies, one should more carefully take into account
certain bounding cochains, but this lies outside the scope of this paper.

2.2.5. Almost complex structures. Finally, if Jref and J
′
ref are two dif-

ferent choices of reference almost complex structure, the two resulting A∞

categories are A∞ quasi-isomorphic. Indeed, we can construct them in par-
allel as follows. Firstly, choose the same Hamiltonian terms and strip-like
ends in both constructions. Now suppose that J and J ′ are two correspond-
ing families of almost complex structures associated to some Floer datum or
perturbation datum. We require that for some sufficiently large subdomain
M ′ ⊂M we have

• Zθ is outwardly transverse along ∂M ′ and IntM ′ contains all of the
relevant Lagrangians

• J and J ′ coincide on M ′ and are contact type near ∂M ′.

By the integrated maximum principle, the corresponding pseudoholomorphic
curves cannot escape M ′. We can therefore arrange that the A∞ operations
in the two constructions coincide.

In fact, let Jctct denote the space of (dθ)-compatible almost complex
structures on M which are contact type near ∂M . The construction of the
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Fukaya category described in §2.1 works equally well if we replace J with
Jctct, and in this case there is no need to single out any one almost com-
plex structure. However, this approach seems slightly less convenient when
discussing Liouville domains with corners.

3. Turning on a B-field

In this section we discuss how to twist symplectic invariants by a closed
two-form Ω, often called a “B-field” in the physics literature. The basic
idea is to consider the same pseudoholomorphic curves as in the untwisted
case, but to count each curve with an extra weight factor determined by the
integral of Ω over that curve. The resulting twisted invariants are sensitive
to additional information about homology classes of curves and, as we will
see, can sometimes detect qualitative features which are invisible to their
untwisted cousins. In the existing literature B-fields have been applied to

• Lagrangian Floer theory in [10, 16] in the context of displaceability
questions for Lagrangians

• Hamiltonian Floer theory in [45] in the context of symplectic capacities
and quasimorphisms

• symplectic cohomology in [29, 30] in the context of obstructing La-
grangian embeddings.

Coefficients. In order to apply the twisting construction, we work over a
field K which is equipped with an injective group homomorphism H : R →
K∗ from the additive group of real numbers to the multiplicative group of
invertible elements in K. We set t := H(1) and more generally tr := H(r) for
any r ∈ R. For example, we could take K = C and H(r) = er, or take K to
be the field of rational functions in a formal variable t with real exponents
and coefficients in an auxiliary field.

Remark 3.1. Symplectic invariants with Novikov coefficients also fit into
the context of B-fields, with Ω given by the symplectic form itself. In this
case t is usually taken to be some kind of Novikov parameter with respect to
which K is complete, although this is not technically necessary when working
with exact symplectic manifolds.
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3.1. The twisted Fukaya category

In this subsection we discuss how to incorporate a B-field into the con-
struction of the Fukaya category from §2. With our intended applications
in mind, we expedite the definition by restricting to Lagrangians which are
disjoint from the support of the B-field (but see Remark 3.2 for a more
general framework). Let (M, θ) be a Liouville domain and let Ω be a closed
two-form on M . Pick Floer data, strip-like ends, and perturbation data as
in the construction of Fuk(M, θ). We define FukΩ(M, θ) as the A∞ category
over K with:

• objects given by closed exact Lagrangian branes L in (M, θ) such that
Op (L) is disjoint from the support of Ω

• for objects L0, L1, hom(L0, L1) is the K-module generated by
Gen(L0, L1)

• for k ≥ 1, objects L0, ..., Lk, and xi ∈ Gen(Li−1, Li) for i = 1, ..., k, we
set

µkΩ(xk, ..., x1) :=
∑

x0∈Gen(L0,Lk)
u∈M(x0,...,xk)0

t
∫
u∗Ωs(u)x0.

Since FukΩ(M, θ) is defined using the same pseudoholomorphic polygons
as Fuk(M, θ), to confirm the A∞ structure equations we just need to check
that the new term t

∫
u∗Ω behaves appropriately. Namely, suppose we have

L = (L0, ..., Lk) and x ∈ Gen(L), and u0 and u1 are once-broken pseudoholo-
morphic polygons which together form the boundary of a one-dimensional
component of M(x). The integral of Ω over a broken curve still makes sense
by summing over each component, and it suffices to check that

∫
u∗0Ω =

∫
u∗1Ω.

Since Ω is closed and vanishes near L0 ∪ ... ∪ Lk, this follows easily from
Stokes’ theorem.

Remark 3.2.

1) By equipping Lagrangians with additional decorations, we can enlarge
the class of objects of FukΩ(M, θ). Although we will not need this
generality for our main results, we briefly explain the idea for context.
We consider the A∞ category over K with
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• objects given by pairs (L, ν), where L is a closed exact Lagrangian
brane in (M, θ) and ν is a one-form on L with dν = Ω|L

• for objects (L0, ν0), (L1, ν1), hom((L0, ν0), (L1, ν1)) is theK-module
generated by Gen(L0, L1)

• for k ≥ 1, objects (L0, ν0),...,(Lk, νk), and xi ∈ Gen(Li−1, Li) for
i = 1, ..., k, we set

µkΩ(xk, ..., x1) :=
∑

x0∈Gen(L0,Lk)
u∈M(x0,...,xk)0

t
∫
u∗Ω−Hol(u)s(u)x0.

Here the term Hol(u) is given by

Hol(u) :=

k∑

i=0

∫

γi

u∗νi,

where γ0, ..., γk denote the (ordered) boundary components of the
domain of u.

TheA∞ structure equations again follow from an application of Stokes’
theorem. Note that we are still excluding any Lagrangian L ⊂M for
which Ω|L is not exact.

2) There is a yet further extension, considered by Cho in [10], which in-
volves arbitrary closed exact Lagrangian branes in (M, θ). Namely, we
take complex coefficients K = C, and objects of the form (L, ξ,∇),
where L is a closed exact Lagrangian brane, ξ → L is a complex
line bundle, and ∇ : C∞(ξ) → C∞(T ∗L⊗ ξ) is a complex connection
whose curvature two-form coincides with 2πiΩ|L. For two objects
(L0, ξ0,∇0),(L1, ξ1,∇1), we set

hom((L0, ξ0,∇0), (L1, ξ1,∇1)) :=
⊕

x∈Gen(L0,L1)

homC((ξ0)x(0), (ξ1)x(1)).

The A∞ operations are defined as above, except that now the term
Hol(u) is defined by composing the holonomies of the given connections
along the boundary of u. In particular, if L|Ω is exact, we can pick
ξ to be the trivial bundle L× C and use a connection of the form
∇(f) = df + fν for a one-form ν. That is, this category contains the
previous version as a full subcategory.
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3.2. Twisted symplectic cohomology

In this subsection we recall the construction of SHΩ(M, θ), the symplectic
cohomology of (M, θ) twisted by Ω. For further details and different appli-
cations we refer the reader to Ritter’s papers [29–31].

3.2.1. Symplectic cohomology formalism. We first recall the con-
struction of “ordinary” symplectic cohomology. For a more thorough treat-
ment we recommend any of the excellent surveys [2, 28, 37, 47]. Let (M̂, θ̂)
denote the completion of (M, θ), given by attaching the conical end (∂M ×
[0,∞), erθ|∂M ). Assume that the Reeb flow associated to the contact form
θ|∂M is nondegenerate. For τ > 0, let Hτ denote the space of Hamiltonians

H : M̂ → R such that H|
Op (M̂\M)

= τer. We call τ the “slope at infinity”

of H ∈ Hτ , and we only allow τ > 0 not equal to the period of any Reeb
orbit of θ|∂M . For such a τ and a nondegenerate time-dependent Hamilto-
nian H ∈ C∞(S1,Hτ ), the set of 1-periodic orbits is finite and we denote it
by PH . Let J denote the space of (dθ̂)-compatible almost complex struc-

tures on M̂ which are contact type, i.e. satisfy J∗θ = erdr, on Op (M̂ \M).
The special shapes at infinity of H ∈ C∞(S1,Hτ ) and J ∈ C∞(S1,J ) en-
sure the maximum principle needed to make sense of the Floer complex for
generic (H, J). The space of (parametrized) Floer trajectories with asymp-
totics γ−, γ+ ∈ PH is given by

M̂(γ−, γ+) :=

{
u : R× S1 → M̂ : ∂su+ J(∂tu−XH) = 0,

lim
s→±∞

u(s, ·) = γ±

}
.

Let M(γ−, γ+) denote the quotient of M̂(γ−, γ+) by the free R-action which
translates in the s coordinate. The Floer complex is generated as K-module
by PH , with differential δ given on a orbit γ+ ∈ PH by

δ(γ+) :=
∑

γ−∈PH

u∈M(γ−,γ+)0

s(u)γ−.

We denote this complex by CF (H), with the understanding that the differ-
ential also depends on an accompanying choice of J .

By standard Floer theoretic techniques, CF (H) is independent of J
up to chain homotopy equivalence. However, unlike for the case of a closed
symplectic manfiold,HF (H) does depend onH. To remove this dependence,
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one considers monotone continuation maps. Namely, there is a continuation
map Φ : CF (H+) → CF (H−) whenever the slope at infinity of H− is larger
than that of H+. The construction of Φ depends on the following choices:

• a monotone homotopy from H− to H+, i.e. an R-dependent family of
slopes τs and Hamiltonians Hs ∈ C∞(S1,Hτs), such that Hs = H± for
±s≫ 0 and ∂sτs ≤ 0 for all s

• a family of almost complex structures Js ∈ C∞(S1,J ) such that Js =
J± for ±s≫ 0.

Here the inequality for τs ensures a maximum principle for solutions of the
continuation map equation. Given generic such choices and γ± ∈ PH±

, we
set

M(γ−, γ+) :=

{
u : R× S1 → M̂ : ∂su+ J(∂tu−XHs

) = 0,

lim
s→±∞

u(s, ·) = γ±

}
.

Note that since Hs is s-dependent there is no longer a translation R-action.
The continuation map Φ : CF (H+) → CF (H−) is then given on an orbit
γ+ ∈ PH+

by

Φ(γ+) :=
∑

γ−∈PH−

u∈M(γ−,γ+)0

s(u)γ−.

Standard Floer theoretic techniques show that

• Φ is a chain map

• up to chain homotopy, Φ is independent of the choice of monotone
homotopy

• the composition of two continuation maps is chain homotopic to a
continuation map.

Finally, the symplectic cohomology of (M, θ) is defined as the direct limit

SH(M, θ) := lim
τ→∞

HF (H)

over generic H ∈ C∞(S1,Hτ ), where the connecting maps are given by
monotone continuation maps. By the direct limit formalism, the result is
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manifestly independent of any choice of Hamiltonian or almost complex
structure within the allowed class. Less obviously, it turns out to be in-
variant under arbitrary symplectomorphisms of (M̂, dθ̂) (see [3, §2c] or the
discussion in 4.3 below).

3.2.2. Adding a twist. The twisted Floer complex CFΩ(H) coincides
with CF (H) as a K-module, but with the twisted differential given on an
orbit γ+ ∈ PH by

δΩ(γ+) :=
∑

γ−∈PH

u∈M(γ−,γ+)0

t
∫
u∗Ωs(u)γ−.

Since Ω is closed, one can check using Stokes’ theorem that the new con-
tributions agree on two cancelling ends of a one-dimensional component of
M(γ−, γ+), so we again have δ2Ω = 0. Similarly, for H− ∈ Hτ− andH+ ∈ Hτ+

with τ− ≥ τ+, the twisted monotone continuation map ΦΩ : CF (H+) →
CF (H−) is given on an orbit γ+ ∈ PH+

by

ΦΩ(γ+) :=
∑

γ−∈PH−

u∈M(γ−,γ+)0

t
∫
u∗Ωs(u)γ−.

By another application of Stokes’ theorem, this satisfies ΦΩ ◦ δΩ = δΩ ◦ ΦΩ.

Remark 3.3. The two-form Ω defines a certain local system KΩ on the
free loop space LM of M . Namely:

• to each point p ∈ LM we associate a copy (KΩ)p of K

• to each smooth path η : [0, 1] → LM from p to p′ we associate the
monodromy homomorphism

(KΩ)p → (KΩ)p′ , k 7→ t
∫
u∗Ωk,

viewing η as the cylinder u : [0, 1]× S1 →M .

It is thus natural to view SHΩ(M, θ) as the symplectic cohomology of (M, θ)
with coefficients in the local system KΩ.

3.2.3. Independence of Ω. A basic fact about SHΩ(M, θ) is that it de-
pends only on the cohomology class [Ω] ∈ H2(M ;R). In particular, it agrees
with the untwisted version when Ω is exact. To see this, consider the effect
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of adding an exact two-form to Ω, say dα for α a 1-form on M . The new
twisted differential is then given by

δΩ+dα(γ+) =
∑

γ−∈PH

u∈M(γ−,γ+)0

(
t
∫
u∗Ω+

∫
u∗dα

)
γ−

=
∑

γ−∈PH

u∈M(γ−,γ+)0

(
t
∫
u∗Ω

)(
t
∫
γ+

∗α−
∫
γ−

∗α
)
γ−,

i.e.

δΩ+dα

(
t−

∫
γ+

∗αγ+

)
=

∑

γ−∈PH

u∈M(γ−,γ+)0

(
t
∫
u∗Ω

)(
t−

∫
γ−

∗αγ−

)
,

so the twisting disappears after the change of basis γ 7→ t−
∫
γ∗αγ.

4. Bulk deformations

In this section we explain how to “bulk deform” the symplectic invariants of
a Liouville domain (M, θ). This is analogous to twisting by a B-field, except
with Ω now replaced by a closed l-form for l > 2. Although formally similar
to twisting by a closed two-form, there are also some important differences
which stem from the fact that a two-form can be integrated over an isolated
curve while an l-form can only be integrated over a (l − 2)-dimensional fam-
ily of curves. Indeed, whereas twisting incorporates additional information
about homology classes of rigid curves, bulk deforming adds certain con-
tributions from non-rigid curves. As we will see, the added freedom to use
higher index classes can be used to detect qualitative features which are
invisible in the ordinary or twisted cases.

In order to probe higher index curves, we consider moduli spaces of pseu-
doholomorphic curves with interior marked points. Rather than working di-
rectly with a closed l-form, for technical reasons we find it more convenient
to take the Poincaré dual perspective and work with a smooth codimenson l
cycle ℧. More precisely, ℧ is a smooth oriented (2n− l)-dimensional mani-
fold with boundary, equipped with a smooth map i℧ : (℧, ∂℧) → (M,∂M).7

It then makes sense to count pseudoholomorphic curves inM which become
rigid after requiring some number of interior points to pass through ℧. By

7By abuse of notation, we will often suppress i℧ from the notation and speak of
℧ as if it were an embedded submanifold in M .
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appropriately combining these counts over any number of point constraints,
we produce algebraic structures which mimic the undeformed versions.

Bulk deformations were first introduced as part of a very general La-
grangian Floer theory package in the seminal work of Fukaya–Oh–Ohta–
Ono. Further applications to displaceability questions in toric manifolds are
given in [16]. Usher also implements bulk deformations for the Hamiltonian
Floer theory of closed symplectic manifolds in [45]. A different but closely re-
lated approach is taken by Barraud–Cornea in [8], where the authors design
a spectral sequence to extract information from higher index curves.

Our goal in this section is to construct the bulk deformed Fukaya cat-
egory and bulk deformed symplectic cohomology of a Liouville domain. In
this setting we can give a direct treatment of transversality via Hamiltonian
perturbations, following Seidel’s approach in [38]. Although much of our dis-
cussion is likely well-known or expected by experts, we hope to complement
the existing literature and give a self-contained treatment.

Coefficients.We assume that the codimension l of ℧ is greater than two and
even (see however Remark 4.1), and we work over a graded ring of the form
L := L0[ℏ, ℏ

−1], where L0 is a field of characteristic zero and ℏ is a formal
variable of degree 2− l. The characteristic assumption is needed because
fractional coefficients will appear. The fact that ℏ has nonzero degree will
allow us to compensate for index shifts caused by extra point constraints
and thereby produce a Z grading. Note that the presence of an element of
nonzero degree precludes L from being a field.

Remark 4.1. For our main geometric applications we only consider the
case that l is even, and we will need ℏ to be invertible (c.f. the proof of
Proposition 6.2). However, for the general construction of bulked deformed
invariants in this section we can equally well allow l to be odd, and take
L to be any graded commutative ring having an element ℏ of degree 2− l.
The main difference in this case is the behavior of signs, hence the graded
commutativity assumption, which necessitates the relation ℏ2 = 0. In par-
ticular, note that having both l odd and ℏ invertible are incompatible if L0

is a nontrivial field, since then 1 = ℏℏ−1ℏℏ−1 = −ℏ2ℏ−2 = 0.

Remark 4.2. The maps we will write down are a priori infinite power series
in ℏ, suggesting that we should complete L with respect to ℏ. However, all
but finitely many of these terms will be forced to vanish for degree reasons.
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4.1. The bulk deformed Fukaya category

In this subsection we sketch a construction of the bulk deformed Fukaya
category of (M, θ) via coherent perturbations. Our perturbation scheme is
formally similar to the one from §2, but with perturbations now depending
on the locations of the interior marked points. Similar to the case for B-fields,
we will restrict our attention to Lagrangians in (M, θ) which are disjoint from
℧. One could also consider a more general class of objects along the lines of
Remark 3.2, leading to the notion of bounding cochains from [15], but this
lies outside the scope of this paper.

4.1.1. The moduli space Nq+1 and its compactification. As a
warmup, we begin by discussing the moduli space of marked Riemann spheres
and its Deligne–Mumford compactification. For q + 1 ≥ 3, let Nq+1 denote
the moduli space of Riemann spheres with q + 1 ordered marked points,
modulo biholomorphisms. We declare the first marked point to be negative
and the rest to be positive. Note that Nq+1 is a smooth manifold of dimen-
sion 2q − 4. There is also a universal family N univ

q+1 → Nq+1 where the fiber

N univ
r over r ∈ Nq+1 represents the corresponding marked Riemann sphere.

Concretely, we can take

Nq+1 = Confq+1(CP
1)/PSL(2,C), N univ

q+1 = Confq+1(CP
1)×PSL(2,C) CP

1.

Note that we do not puncture the marked points in N univ
q+1 , and indeed they

will play a slightly different role from the boundary marked points of Runiv
k+1 .

Let TNq+1
denote the set of stable trees with q + 1 ordered external edges.

We view an element of TNq+1
as a stable tree T where:

• the first external edge is distinguished as the root

• the remaining q external vertices are equipped with an ordering.

As we will recall, TNq+1
models the stratification structure of the Deligne–

Mumford compactification of Nq+1.
We compactify Nq+1 by allowing spheres to acquire certain nodes, and

therefore any given stratum of N q+1 is modeled on a product of factors of
the form Nq′+1 for various q′ ≤ q. However, since the nodal points of each
factor are not canonically ordered, it will be more natural to consider marked
points with more general labels. Namely, we consider Riemann spheres with
marked points labeled by certain sets of tree edges. More specifically, for
T ∈ TNq+1

and v ∈ Vint(T ), let NE(v) be defined just like N|v|, except that

• the marked points are indexed by the set E(v) instead of being ordered
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• the marked point indexed by the incoming edge is declared to be neg-
ative and the rest of the marked points are positive.

Evidently NE(v) is equivalent to N|v|, although not canonically unless we
pick an ordering of E(v). However, note that the subset of marked points
of NE(v) which are indexed by external edges inherits a canonical ordering
from that of T . In particular, if T0 ∈ TNq+1

denotes the tree with a unique
internal vertex v0, we freely identify TNE(v0)

with TNq+1
. As a shorthand, let

Vint(TN ) denote the union of Vint(T ) over all T ∈ TNq+1
and q + 1 ≥ 3.

For each v ∈ Vint(TN ), we endow the universal family N univ
E(v) → NE(v)

with a choice of universal cylindrical ends, meaning pairwise disjoint fiber-
wise holomorphic embeddings

ϵ′e : NE(v) × R± × S1 →֒ N univ
E(v), e ∈ E(v),

with − for the incoming edge and + for the remaining edges, such that
lims→±∞ ϵ′e(s, ·) is the marked point indexed by e. The situation closely
parallels the case of strip-like ends for Runiv

k+1 → Rk+1, except for an addi-
tional S1 ambiguity coming from rotations of R± × S1. To remove the S1

ambiguity, we pick an asymptotic marker8 at the negative marked point p−
of N univ

r which smoothly varies over r ∈ NE(v). The asymptotic marker at
p− then naturally induces asymptotic markers at each the remaining marked
points of N univ

r . Namely, identify N univ
r \ {p−, pe} with the cylinder R× S1

and take the asymptotic marker at pe which lies on the same line R× {const}
as the asymptotic marker at p−. Finally, for each cylindrical end, we require
that 1 ∈ S1 matches up with the relevant asymptotic marker in the limit as
s→ ±∞.

For T ∈ TNq+1
and ε > 0 small, set

N T :=
∏

v∈Vint(T )

NE(v), N ε
T := N T ×

(
D
2
ε

)Eint(T )
,

where D2
ε denotes the open disk of radius ε. We again use ρe ∈ D2

ε to denote
the gluing parameter corresponding to e ∈ Eint(T ), viewing D2

ε as (−ε, 0]×
S1 with {0} × S1 collapsed to a point. Using our universal cylindrical ends,

8Recall that an asymptotic marker at a marked point is a choice of half line at
the tangent space to that point.
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for each e ∈ Vint(T ) we have a gluing map

ϕT,e : {r ∈ N ε
T : ρe ̸= 0} → N ε

T/e,

where we glue at the two marked points which are indexed by e. The gluing
procedure parallels the case of strip-like ends, except that the extra S1 factor
of ρe corresponds to relative rotations of the cylindrical ends. We then define
the Deligne–Mumford compactification of Nq+1 as a topological space by

N q+1 :=


 ∐

T∈TNq+1

N ε
T


 / ∼,

where r ∼ ϕT,e(r) for any r in the domain of ϕT,e. Elements of N q+1 are
stable broken spheres. The tree T0 corresponds to the open stratum N T0

=
Nq+1, and in general the (real) codimension of the stratum N T is twice the
number of internal edges of T .

4.1.2. The moduli space Rk+1,q and its compactification. Next, for
k + 1 + 2q ≥ 3, let Rk+1,q denote the moduli space of Riemann disks with
k + 1 ordered boundary marked points and q ordered interior marked points,
modulo biholomorphisms. As before, we ask that the order of the boundary
marked points respects the boundary orientation. Note that Rk+1,q is a
smooth manifold of dimension k + 2q − 2, and for q = 0 this agrees with
Rk+1 from §2.1.1. We declare the first boundary marked point to be negative
and all other marked points to be positive. Let Runiv

k+1,q → Rk+1,q denote

the universal family where the fiber Runiv
r over r ∈ Rk+1,q represents the

Riemann disk r with its boundary marked points punctured and its interior
marked points intact.

Let TRk+1,q
denote the set of planted trees T with

• a partition of the edges into two types, called “plain” and “round”,
such that the root edge is plain and there are precisely k plain leaves
and q ordered round leaves

• the plain edges form a subtree Tpl which is further equipped with a
ribbon structure, and we require each of its leaves to be also external
vertices for T

• stability: for every internal vertex v, we have:
– if v ∈ Vint,pl(T ), then |v|pl + 2|v|rd ≥ 3
– if v ∈ Vint,rd(T ), then |v|rd ≥ 3.
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Here we utilize the following notation:

• Vint,pl(T ) denotes the internal vertices of the subtree Tpl and Vint,rd(T )
denotes the remaining internal vertices of T

• Epl(v) and Erd(v) denote the plain and round edges respectively which
are incident to v (note that Epl(v) is empty unless v is plain, i.e. lies
in the subtree Tpl)

• |v|pl := |Epl(v)| and |v|rd := |Erd(v)|.

As usual we orient the edges of T away from the root, and this induces
an absolute ordering of the plain edges incident to each vertex. As we will
explain, TRk+1,q

models the stratification structure of the compactification
of Rk+1,q, with plain edges indexing boundary nodes (if the edge is internal)
and boundary marked points (if external) and round edges indexing interior
nodes (if internal) and interior marked points (if external). In particular,
Vint,pl(T ) and Vint,rd(T ) will index disk and sphere components respectively,
hence the two different stability conditions.

As a shorthand, let Vint,pl(TR) denote the union of Vint,pl(T ) over all
T ∈ TRk+1,q

and k + 1 + 2q ≥ 3, and define Vint,rd(TR) similarly. For v ∈
Vint,rd(TR), we define NE(v) as in §4.1.1, and we equip each family N univ

E(v) →
NE(v) with fiberwise cylindrical ends. Similarly, for v ∈ Vint,pl(TR), let
R|v|pl,Erd(v) be defined just like R|v|pl,|v|rd except that the interior marked
points are indexed by the set Erd(v) instead of being ordered. We pick uni-
versal strip-like ends

ϵ0 : R|v|pl,Erd(v) × R− × [0, 1] →֒ Runiv
|v|pl,Erd(v)

ϵ1, ..., ϵk : R|v|pl,Erd(v) × R+ × [0, 1] →֒ Runiv
|v|pl,Erd(v)

and cylindrical ends

ϵ′e : R|v|pl,Erd(v) × R+ × S1 →֒ Runiv
|v|pl,Erd(v)

, e ∈ Erd(v)

which are asymptotic to the corresponding boundary punctures and inte-
rior marked points. Regarding the S1 ambiguity for the cylindrical ends,
observe that there are naturally induced asymptotic markers at the interior
marked points of Runiv

r for all r ∈ R|v|pl,Erd(v). Namely, identify the interior
of Runiv

r \ {pe} with D2
1 \ {0}, and then take the asymptotic marker at pe

which points towards the negative boundary puncture. As before, we require
the cylindrical ends to align with these asymptotic markers.
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For T ∈ TRk+1,q
and ε > 0 small, set

RT :=


 ∏

v∈Vint,pl(T )

R|v|pl,Erd(v)


×


 ∏

v∈Vint,rd(T )

NE(v)


 ,

Rε
T := RT × (−ε, 0]Eint,pl(T ) ×

(
D
2
ε

)Eint,rd(T )
.

Using our universal strip-like and cylindrical ends, for each e ∈ Vint(T ) we
have a gluing map

ϕT,e : {r ∈ Rε
T : ρe ̸= 0} → Rε

T/e.

We then define the compactification of Rk+1,q as a topological space by

Rk+1,q :=


 ∐

T∈TRk+1,q

Rε
T


 / ∼,

where r ∼ ϕT,e(r) for any r in the domain of ϕT,e. Observe that the codi-
mension of the stratum RT is given by |Eint,pl(T )|+ 2|Eint,rd(T )|.

Remark 4.3. Informally, Rk+1,q has two new sources of noncompactness
compared with Rk+1:

1) an interior marked point can drift to the boundary (this is a codimen-
sion one phenomenon)

2) two interior marked points can collide (this is a codimension two phe-
nomenon).

The compactification Rk+1,q “solves” the first issue by blowing a disk bubble
with a single interior marked point, and the second issue by blowing a sphere
bubble with two interior marked points.

Remark 4.4. For each T ∈ TRk+1,q
, the stratum RT is equivalent to a

product of factors of the formRk′+1,q′ andNq′ , for various k
′, q′. Even though

the sphere moduli spaces Nq′ are part of the compactification structure of
Rk+1,q, they will not make a direct appearance in the definition of the bulk
deformed Fukaya category. This is because they appear with codimension at
least two, and hence do not generically occur in the curve counts of interest.
Nevertheless, since ruling out sphere bubbles is based on transversality, the
spaces Nq′ must be incorporated into our general perturbation scheme.
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4.1.3. Lagrangian labels. Let L = (L0, ..., Lk) be a tuple of closed ex-
act Lagrangians in (M, θ). We say that T ∈ TRk+1,q

is labeled by L if the
underlying plain tree Tpl ∈ TRk+1

is. For any v ∈ Vint,pl(T ), let Lv denote
the labels encountered in order as we go around the plain edges incident to
v. The definition of Rq(L) is the same as Rk+1,q except that for each disk
the boundary segments are labeled in order by L. We similarly define the
compactificationRq(L), universal familyRuniv

q (L) → Rq(L), the set-indexed
version RE(v)(L) for v ∈ Vint,pl(TR), and so on.

4.1.4. Consistent universal strip-like ends and disk-like neighbor-
hoods. As in §2.1.4, we will need our universal strip-like ends to be con-
sistent. Namely, for T ∈ TRk+1,q

, strip-like ends can be glued via the map

ϕT : RT × (−ε, 0)Eint,pl(T ) ×
(
D
2
ε \ {0}

)Eint,rd(T ) → Rk+1,q.

The image of ϕT is therefore equipped with two a priori different families of
strip-like ends, one coming from the universal choice forRk+1,q and one com-
ing from gluing the universal choices for each R|v|pl,Erd(v) for v ∈ Vint,pl(T )
and RE(v) for v ∈ Vint,rd(T ). We require that these coincide in a neighbor-

hood of RT , for all T ∈ TRk+1,q
.

Regarding the cylindrical ends, we now ignore their parametrizations
and consider only their images. More specifically, for a Riemann surface
S and a cylindrical end ϵ′ : R± × S1 →֒ S, there is a neighborhood of the
corresponding interior marked point p ∈ S of the form U = Im(ϵ′) ∪ {p}.
We say that U is the induced “disk-like neighborhood” for p. Note that our
universal cylindrical ends induce disk-like neighborhoods U1, ..., Uq ⊂ Runiv

r

which vary smoothly for r ∈ R|v|pl,Erd(v) and v ∈ Vint,pl(TR). Again, we have
two a priori different families of disk-like neighborhoods on the image of
each gluing map ϕT , and we require these to coincide in a neighborhood of
RT , for all T ∈ TRk+1,q

.
As already pointed out, for any T ∈ TRk+1,q

and v ∈ Vi(T ), the subset
of external edges in Erd(v) inherits an ordering from T . In particular, when
all of the round edges incident to a plain vertex v are external, we get a
canonical identification of R|v|pl,Erd(v) with R|v|pl,|v|rd . In this case we will
always assume that the universal choices for R|v|pl,Erd(v) are preserved under
this identification. This assumption will be implicitly used when verifying
the A∞ equations for Fuk℧(M, θ), allowing us to conclude that certain curve
counts defined by a priori different perturbation data indeed coincide.

4.1.5. Consistent universal perturbation data. Finally, we need con-
sistent universal perturbation data. Similar to §2.1.3, assume we have chosen
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a Floer datum for every pair of closed exact Lagrangians in (M, θ) which are
disjoint from ℧. Let S represent an element of Rk+1,q(L). A perturbation
datum for S is a pair (K, J) with K ∈ Ω1(S,H) and J ∈ C∞(S,J ) satis-
fying the same conditions as in §2.1.5. We also impose an extra condition
regarding the interior marked points:

• on each disk-like neighborhood of S we have K ≡ 0 and J ≡ Jref .

Similarly, for S representing an element of Nq, a perturbation datum for S
consists of K ∈ Ω1(S,H) and J ∈ C∞(S,J ) such that:

• on each disk-like neighborhood of S we have K ≡ 0 and J ≡ Jref .

We choose fiberwise perturbation data on:

• N univ
E(v) → NE(v) for all v ∈ Vint,rd(TR)

• Runiv
|v|pl,Erd(v)

(L) → R|v|pl,Erd(v)(L) for all L and v ∈ Vint,pl(TR).

As before, gluing via the map ϕT for T ∈ TRk+1,q
results in a priori distinct

families of perturbation data, and we say our choices are consistent if they
satisfy the analogues of the two conditions stated at the end of §2.1.5. We
also require our choices to be invariant under the identifications mentioned
at the end of §4.1.4.

4.1.6. The moduli spaces Mq;℧ and Mq;℧(x). Let S be a fixed Rie-
mann sphere with q ≥ 3 ordered marked points. Assume that S is equipped
with the perturbation datum (K, J) induced from our universal choices. Let
Y denote the (dθ)-dual of K as in §2.1.6. By a pseudoholomorphic sphere
with domain S we mean a map u : S →M which satisfies (Du− Y )0,1 = 0.
Let MS denote the space of pseudoholomorphic spheres with domain S, and
set

Mq := {(r, u) : r ∈ Nq, u ∈ MN univ
r

}.

Evaluating at the marked points gives a map

evq : Mq →M×q,

and we set

Mq;℧ := Mq ×
evq,i

×q

℧

℧
×q,
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where the right hand sides denote the fiber product with respect to the maps
evq and i×q

℧
.

Similarly, now suppose that k + 1 + 2q ≥ 3, and let S be a fixed Riemann
disk with k + 1 boundary punctures, q ordered interior marked points, and
Lagrangian labels L. Assume S is equipped with the strip-like ends ϵ0, ..., ϵk
and perturbation datum (K, J) induced from our universal choices. By a
pseudoholomorphic polygon with domain S we mean a map u : S →M which
sends each boundary component of S to its corresponding Lagrangian label
and satisfies (Du− Y )0,1 = 0. For x ∈ Gen(L), we say that u has asymptotics
x if

lim
s→±∞

(u ◦ ϵi)(s, ·) = xi for i = 0, ..., k.

Let MS(x) denote the space of pseudoholomorphic polygons with domain
S and asymptotics x, and set

Mq(x) := {(r, u) : r ∈ Rq(L), u ∈ MRuniv
r

(x)}.

Evaluating at the interior marked points gives a map

evq : Mq(x) →M×q,

and we set

Mq;℧(x) := Mq(x) ×
evq,i

×q

℧

℧
×q.

The analogue of Proposition 2.1 in this setting is:

Proposition 4.5. For generic perturbation data, the moduli spaces Mq;℧

and Mq;℧(x) are regular and hence smooth manifolds.

The dimension formula for Mq;℧(x) is

dimMq;℧(x) = |x0| − |x1| − ...− |xk|+ k − 2− q(l − 2)

(recall that l is the codimension of ℧ in M). We also define ME(v);℧ for
v ∈ Vint,rd(TR) and MErd(v);℧(x) for v ∈ Vint,pl(TR) in the same manner by
using the relevant moduli spaces with set-indexed interior marked points
and the corresponding induced strip-like ends and perturbation data.

Proof sketch of Proposition 4.5. This is closely analogous to Proposition 2.1
and follows standard (“classical”) transversality techniques in Floer theory,
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so we give only a sketch, focusing on the role played by the point constraints
in ℧. We discuss regularity for Mq;℧(x), the case Mq;℧ being similar and
in fact simpler since there are no strip-like ends to worry about.

We begin by recalling the proof scheme of Proposition 2.1, which requires
setting up some Fredholm theory. Fix a collection of Lagrangian labels L =
(L0, . . . , Lk) and corresponding asympotics x = (x0, . . . , xk) as in §2.1.6. We
wish to show that M(x) is regular for generic perturbation data (K, J),
with K ∈ Ω1(S,H) and J ∈ C∞(S,J ). With respect to some fixed reference
choice (K0, J0), consider a curve (r0, u0) ∈ M(x), where r0 ∈ Rk+1 and u0 ∈
MRuniv

r0
(x). Let S0 := Runiv

r0 denote the domain of u0, which is a Riemann
disk with k + 1 boundary punctures, and let j0 denote its associated almost
complex structure.

Let B denote the Banach space of maps u : S0 →M of Sobolev classW 1,p

for some p > 2 (so in particular these maps are continuous) which satisfy
the Lagrangian boundary conditions corresponding to L and converge to the
corresponding Hamiltonian chords x at the punctures. Let ES0

→ B denote
the Banach vector bundle whose fiber (ES0

)u over u ∈ B is Lp(Ω0,1(u∗TM)),
i.e. the space of complex anti-linear (with respect to (j0, J0)) one-forms on S0
with values in u∗M , of class Lp. As in §2.1.6, let Y0 denote the one-form on
S with values in Hamiltonian vectors fields on M which is associated to K0.
Then the perturbed nonlinear Cauchy–Riemann operator u 7→ (du− Y0)

0,1

defines a smooth section σS0
: B → ES0

whose vanishing locus is MS0
(x).

Let

Du0
σS0

: TuB → (ES0
)u0

denote the corresponding linearized operator at u0, which is a real Cauchy–
Riemann type operator, and in particular Fredholm.

Next, we extend the base of ES0
by allowing the conformal structure

on S0 to vary. Let U be a small neighborhood of r0 in Rk+1. We denote
by EU → U × B the Banach vector bundle whose fiber (EU )(r,u) over (r, u) ∈
U × B is Lp(Ω0,1(u∗TM)), i.e. the space of complex anti-linear (with respect
to (j, J0), where j is the almost complex structure on S0 corresponding to
r) one-forms on S with values in u∗TM , of class Lp. Again, the perturbed
nonlinear Cauchy–Riemann operator defines a smooth section σU : U × B →
EU whose vanishing locus describes M(x) locally near (r0, u0). In particular,
(r0, u0) ∈ M(x) is regular if and only if the linearization

D(r0,u0)σU : Tr0U × Tu0
B → (EU )(r0,u0)

is surjective.
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In order to modify (K0, J0) so as to achieve regularity, the idea is to
consider a “universally-perturbed” analogue of σU , denoted by σP×U , where
the base is now P × U × B, with P the space of all allowable perturba-
tion data near (K0, J0). There is an analogous Banach vector, denoted by
EP×U → P × U × B, with fiber over (K, J, r, u) given by Lp(Ω0,1(u∗TM)),
where complex anti-linearity is now with respect to (j, J). The vanishing
locus of σP×U describes the “universally-perturbed moduli space” locally
near (K0, J0, r0, u0); this fibers over P, with fiber over (K, J) the mod-
uli space M(x) constructed with perturbation data (K, J). There is also a
universally-perturbed linearized operator

D(K0,J0,r0,u0)σP×U : T(K0,J0)P × Tr0U × Tu0
B → (EP×U )(K0,J0,r0,u0),

where T(K0,J0)P is the space of all allowable infinitesimal variations in pertur-
bation data near (K0, J0). To first approximation we can view T(K0,J0)P as
simply the space of pairs (δK, δJ) ∈ Ω1(S0,H)× C∞(S0, TJ0

J ), but tech-
nically we must impose some additional constraints (e.g. (δK, δJ) should
vanish on the thin parts of the domain Riemann surface) in order to not
jeopardize the consistency conditions from §2.1.5; see [38, 9k] more details.9

The main point is then to show thatD(K0,J0,r0,u0)σP×U is surjective, since

then the universally-perturbed moduli space σ−1
P×U (0) is a smooth Banach

manifold, and an argument using the Sard–Smale theorem gives regularity
for generic perturbation data in P. As in [38, Eq. 9.2.6], the universally-
perturbed linearized operator can be written explicitly as follows:

D(K0,J0,r0,u0)σP×U (δK, δJ, ρ, V ) = (δY )0,1 + 1
2δJ ◦ (du− Y ) ◦ j(4.1)

+D(r0,u0)σU (ρ, V ),

for V ∈W 1,p(Γ(u∗TM)). Here the first two terms measure infinitesimal vari-
ations in the perturbation data, while the last term measures infinitesimal
variations in the conformal structure r0 on S0 and the map u0 : S0 →M .

To prove surjectivity, suppose by contradiction that the cokernel is non-
trivial. SinceD(K0,J0,r0,u0)σP×U is Fredholm and hence has closed image, this

means we can find a nonzero element α ∈ Lq(Ω0,1(u∗TM)), 1
p + 1

q = 1, with

trivial L2 pairing with every element in the image of D(K0,J0,r0,u0)σP×U . In
particular, by looking at the last term in (4.1) and restricting to variations
of the form (0, 0, 0, V ), this implies that α is a weak solution of the formal

9Another technical issue that arises is that one must restrict to a suitable subspace
(e.g. Floer’s Cϵ space - see e.g. [48, §4.4.1]) in order to have a Banach rather than
Fréchet space.
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adjoint D∗
u0
σS0

. Since the latter is conjugate to a real Cauchy–Riemann type
operator, elliptic regularity implies that α is smooth, and unique continua-
tion implies that it cannot vanish in an open set in S. On the other hand,
using the first term in (4.1) and the fact that δK takes arbitrary values in
some neighborhood of a point z ∈ S, we can arrange that (δY )0,1 looks like
a delta function near z, and then ⟨D(K0,J0,r0,u0)σP×U (δK, 0, 0, 0), α⟩L2 = 0
forces α to vanish in a neighborhood of z, a contradiction.

We now consider the analogous setup for Mq;℧(x). As before we con-
sider a curve (r0, u0) ∈ Mq(x), where now we have r0 ∈ Rk+1,q and u0 ∈
MRuniv

r
(x). We let S0 denote the domain of u0, which is a Riemann disk

with k + 1 boundary punctures and q interior marked points, and we de-
note its almost complex structure by j0. Let U be a small neighborhood of
r0 in Rk+1,q. Similar to before, we have a universally-perturbed linearized
operator

D(K0,J0,r0,u0)σP×U : T(K0,J0)P × Tr0U × Tu0
B → (EP×U )(K0,J0,r0,u0),

given by

D(K0,J0,r0,u0)σP×U (δK, δJ, ρ, V ) = (δY )0,1 + 1
2δJ ◦ (du− Y ) ◦ j(4.2)

+D(r0,u0)σU (ρ, V ),

for V ∈W 1,p(Γ(u∗TM)). Here as before P is the space of allowable infinites-
imal variations (δK, δJ) in the perturbation data, subject to the same con-
ditions as before, and we now additionally require that δK and δJ vanish
near the interior marked points. Note that ρ now measures variations in the
larger moduli space Rk+1,q, rather than Rk+1.

Surjectivity of D(K0,J0,r0,u0)σP×U follows essentially by the previous ar-
gument. Indeed, although (δK, δJ) must vanish near the interior marked
points of S0, we can arrange that δK is arbitrary in some neighborhood
of a point z ∈ S which lies away from the marked points. It follows that
the universally-perturbed moduli space is a smooth Banach manifold near
(K0, J0, r0, u0). Furthermore, it is useful to observe that the same surjectivity
argument based on elliptic regularity and unique continuation applies even
if we restrict to variations of the form (δK, 0, 0, V ), where V is constrained
to vanish at the interior marked points.

Observe that evaluating at the interior marked points z1, . . . , zq ∈ S0
gives a natural map

evq : σ
−1
P×U (0) →M×q.
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The main point is to show that this is submersion, since then a Sard–Smale
argument proves that the preimage of ℧×q is regular when specialized to a
generic choice of perturbation data (K, J). It therefore suffices to show that
the linearized evaluation map

devq : T(K0,J0)P × Tr0U × Tu0
B → Tu(z1)M × · · · × Tu(zq)M

given by

(δK, δJ, ρ, V ) 7→ (V (z1), . . . , V (zq))

is surjective when restricted to KerD(K0,J0,r0,u0)σP×U . To see this, pick ar-
bitrary (ξ1, . . . , ξq) ∈ Tu(z1)M × · · · × Tu(zq)M . Let ξ be any smooth section
of u∗TM such that ξ(zi) = ξi for i = 1, . . . , q. As observed in the previous
paragraph, we can find (δK, 0, 0, V ) with V (z1) = · · · = V (zq) = 0 such that

D(K0,J0,r0,u0)σP×U (K, 0, 0, V ) = −Du0
σS0

(ξ).

Then it follows that we have D(K0,J0,r0,u0)(K, 0, 0, V + ξ) = 0 and
(V + ξ)(zi) = ξi for i = 1, . . . , k. Since ξ1, . . . , ξq were arbitrary, this proves
that evq is a submersion. □

Remark 4.6. Observe that Mq is just a perturbed version of the q-point
Gromov–Witten moduli space of (M, θ), which is not very interesting since
(M, θ) is exact. At any rate, the perturbation data (K, J) is in general
necessary to make the fiber products above transverse.

4.1.7. The compactification Mq;℧(x). Let T semi
Rk+1,q

be defined just like
TRk+1,q

except with the stability condition replaced by the semistability con-
dition that for every internal vertex v we have:

• if v ∈ Vint,pl(T ), then |v|pl + 2|v|rd ≥ 2

• if v ∈ Vint,rd(T ), then |v| ≥ 3.

In other words we allow plain vertices with valency two. Suppose we have
Lagrangian labels L = (L0, ..., Lk) and x = (x0, ..., xk) ∈ Gen(L). A stable
broken pseudoholomorphic polygon with asymptotics x and q interior marked
points consists of:

• T ∈ T semi
Rk+1,q

labeled by L

• xe ∈ Gen(Le, L
′
e) for each e ∈ Epl(T ), where (Le, L

′
e) denotes the La-

grangian labels on either side of e, and such that xe = xi if e is the ith
plain external edge of T
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• uv ∈ MErd(v)(xv) for each v ∈ Vint,pl(T )

• uv ∈ ME(v) for each v ∈ Vint,rd(T )

• for each e ∈ Eint,rd(T ), say with endpoints corresponding to the marked
points p and p′ of uIV (e) and uTV (e) respectively, we have uIV (e)(p) =
uTV (e)(p

′).

Let MT (x) denote the space of stable broken pseudoholomorphic polygons
with asymptotics x and q interior marked points which are modeled on
T ∈ T semi

Rk+1,q
. Evaluating at the marked points indexed by round leaves, we

get a map

evq : MT (x) →M×q.

We set

MT ;℧(x) := MT (x) ×
evq,i

×q

℧

℧
×q

and

Mq;℧(x) :=
∐

T∈T semi
Rk+1,q

MT ;℧(x),

equipped with the Gromov topology. Let Mq;℧(x)
1 denote the one-

dimensional part ofMq;℧(x) and letMq;℧(x)
1 denote its closure inMq;℧(x).

As a restricted analogue of Proposition 2.2 in this setting, we have:

Proposition 4.7. Mq;℧(x)
0 is a finite set of points, and Mq;℧(x)

1 is a
compact one-dimensional topological manifold with boundary given by

∂Mq;℧(x)
1 =

∐

T

MT ;℧(x)
0,

where the disjoint union is over all T ∈ TRk+1,q
having one plain internal

edge and no round internal edges.

Proof. The compactness statements follow directly from Gromov’s compact-
ness theorem. As for the description of ∂Mq;℧(x)

1, this requires gluing,
which describes a neighborhood of the moduli space Mq;℧(x)

1 near a given
boundary stratum in terms of gluing coordinates in (−ε, 0) for each bound-
ary node and in D2

ε for each interior node, for ε > 0 sufficiently small. The
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gluing analysis along boundary nodes as the same as for Proposition 2.2,
which plays a fundamental role in defining Lagrangian Floer homology [13].
As for gluing along interior nodes, since our Hamiltonian perturbations are
trivial near the interior marked points this is precisely the variety encoun-
tered in Gromov–Witten theory; see e.g. [25, §10]. □

Remark 4.8. Consider a Lagrangian L which is disjoint from ℧. By picking
suitable Floer data and perturbation data, we can arrange thatMq;℧(x) = ∅
for all q ≥ 1 and x = (x0, . . . , xk) with x0, . . . , xk ∈ Gen(L,L) for k ≥ 0. In
particular, the case k = 0 says that we have Mq;℧(x0) = ∅, i.e. there are
nontrivial operations involving only one boundary puncture. From now on
we will assume this is the case.

Indeed, by the Weinstein neighborhood theorem we can find a Liouville
subdomainM ′ ⊂M which contains L and is disjoint from ℧, and is identified
with the ϵ disk cotangent bundle of L for some Riemannian metric on L
and ϵ > 0 sufficiently small. We can choose Floer data and perturbation
data such that all Hamiltonians vanish near ∂M ′, and all almost complex
structures are contact type near ∂M ′. Then, as in the proof of Lemma 2.4,
the integrated maximum principle guarantees that all of the Floer solutions
comprising Mq;℧(x) are entirely contained in M ′.

4.1.8. The bulk deformed Fukaya category. The bulk deformed
Fukaya category Fuk℧(M, θ) is the A∞ category over L with:

• objects given by closed exact Lagrangian branes in (M, θ) which are
disjoint from ℧

• for objects L0, L1, hom(L0, L1) is the free L-module generated by
Gen(L0, L1)

• for k ≥ 1, objects L0, ..., Lk, and xi ∈ Gen(Li−1, Li) for i = 1, ..., k, we
set

µk℧(xk, ..., x1) :=

∞∑

q=0

ℏ
qµkq;℧(xk, ..., x1),

where

µkq;℧(xk, ..., x1) :=
1

q!

∑

x0∈Gen(L0,Lk)
u∈Mq;℧(x0,...,xk)0

s(u)x0.
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By Proposition 4.7, the sum defining µkq;℧(xk, ..., x1) is finite and hence well-

defined. In fact, the sum defining µk
℧
(xk, ..., x1) is also finite by index con-

siderations. Namely, if Mq;℧(x0, ..., xk)
0 is nonempty, we must have

|x0| = |x1|+ ...+ |xk|+ 2− k + q(l − 2).

In particular, the index of x0 is a strictly increasing function of q. Since
Gen(L0, Lk) is finite, this means that µkq;℧(xk, ..., x1) must vanish for q suf-
ficiently large.

Using Proposition 4.7, a straightforward analysis of the boundary of
Mq;℧(x)

1 shows that Fuk℧(M, θ) satisfies the A∞ structure equations. In-
deed, notice that an element T ∈ TRk+1,q

having one plain internal edge and
no round internal edges is specified by the following data:

• an arbitrary subset of {1, ..., q}, say with a elements for 0 ≤ a ≤ q

• a subset of {1, ..., k} of the form {b+ 1, ..., b+ c} for 0 ≤ b ≤ k and
1 ≤ c ≤ k − b.

Note that there are q!
a!(q−a)! choices for the former subset. We then find

∂Mq;℧(x0, ..., xk)
1 =

⋃

T,y

Mq−a;℧(x0, ..., xb, y, xb+c+1, ..., xk)
0

×Ma;℧(y, xb+1, ..., xb+c)
0,

and this translates to an equation of the form
∑

a,b,c

± q!
(q−a)!a!(q − a)!(4.3)

× µk−c+1
q−a;℧ (xk, ..., xb+c+1, a!µ

c
a;℧(xb+c, ..., xb+1), xb, ..., x1) = 0

which is precisely the A∞ structure equation after dividing both sides by q!.

Remark 4.9 (on signs). Following the orientation conventions of [38, §11],
the sign in (4.3) is (−1)|x1|+···+|xb|+n. Indeed, from the theory of determinant
lines for Fredholm operators, we have, for each (r, u) ∈ Mq;℧(x0, . . . , xk), a
canonical isomorphism (modulo scaling) [38, §12.8]

λtopT(r,u)Mq(x) ∼= λtopTrRk+1,q ⊗ or(xo)⊗ or(x1)
∨ ⊗ · · · ⊗ or(xk)

∨,(4.4)

where or(x0), . . . , or(xk) are the orientation spaces as in §2.1.8 (and we are of
course assuming regularity). After choosing a trivialization of each orienta-
tion space and orientations of the moduli spaces Rk+1,q, this determines an
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orientation on Mq(x), and hence on Mq;℧(x) = Mq(x) ×
evq,i

×q

℧

℧×q via the

orientation on ℧. In turn, this gives rise to a sign whenever u ∈ Mq;℧(x)
0

has index zero. This is (up to an unpleasant but necessary additional com-
binatorial factor [38, (12.24)]), the sign s(u) ∈ {−1, 1}.

Since the isomorphism (4.4) behaves naturally with respect to gluing,
the main nontrivial bookkeeping issue arises from the orientations on Rk+1,q

for varying k, q. Indeed, recall that in the case of the ordinary Fukaya cate-
gory, i.e. q = 0, there is a natural orientation on Rk+1 induced by the bound-
ary orientation on the disk via the description Confk+1(∂D

2)/PSL(2,R).
Under the identifications of codimension one boundary strata with products
of open strata of lower dimensions, the boundary orientation differs from
the product orientation by an additional sign [38, §12.22]. Similarly, in the
presence of interior marked points, there are natural orientations on the
moduli spaces Mk+1,q, induced by the boundary orientation for points in
∂D2 and the complex orientation for points in IntD2. In the unconstrained
case, the same sign discrepancy holds, essentially because the orientations
coming from the interior marked points are independent of their ordering.
In the constrained case, the same is true if the codimension of ℧ is even,
whereas if ℧ is odd transpositions flip the sign.

Remark 4.10. Note that we are counting curves with q ordered marked
points and then dividing by q!, which heuristically is the same as counting
curves with q unordered marked points. However, our approach allows more
freedom in choosing perturbation data and avoids working with orbifolds.

Remark 4.11. If l = 2, the index argument given above fails to establish
convergence of the sum defining µk. However, see §4.4.2 below.

The argument in §2.2.2 applies mutatis mutandis to show that Fuk℧(M, θ)
is independent of the choice of Floer data, strip-like ends, and perturbation
data up to A∞ quasi-isomorphism. Indeed, we just need to check that (L, 0)
and (L, 1) are still quasi-isomorphic objects, and by Remark 4.8 this reduces
to the argument for the undeformed case. Similarly, the bulk deformed ana-
logue of Lemma 2.4 immediately holds, provided that the cycle we take in
M ′ is the restriction of ℧. It is also natural to expect that Fuk℧(M, θ) de-
pends only on the homology class ℧ ∈ H2n−l(M,∂M), but this is somewhat
more subtle since our definition only allows Lagrangians in the complement
of ℧. At any rate we do not directly need this for our intended applications;
see however §4.2.8 for the analogous discussion for bulk deformed symplectic
cohomology.
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4.2. Bulk deformed symplectic cohomology

As before, let (M, θ) be a Liouville domain and let i℧ : (℧, ∂℧) → (M,∂M)
be a smooth codimension l cycle with l ≥ 4 even. In this subsection we
construct SH℧(M, θ), the symplectic cohomology of (M, θ) bulk deformed
by ℧. Our construction follows the same direct limit formalism described in
§3.2.1. In fact, essentially every part of the standard symplectic cohomology
package has a close analogue in the context of bulk deformations, although
some additional care is need to setup up the relevant moduli spaces. We
define SH℧ as a direct limit

SH℧(M, θ) := lim
τ→∞

HF℧(H)

over generic H ∈ C∞(S1,Hτ ). Here HF℧(H) is the bulk deformed analogue
ofHF (H) and we have a bulk deformed continuation map Φ℧ : HF℧(H+) →
HF℧(H−) whenever the slope at infinity of H− is larger than that of H+.
More specifically, HF℧(H) is the cohomology of a cochain complex CF℧(H)
over L where:

• the underlying L-module L⟨PH⟩ is freely generated by PH

• the differential is of the form

δ℧ = δ0;℧ + ℏδ1;℧ + ℏ
2δ2;℧ + ...,

where δ0;℧ is just the usual Floer differential and each δq;℧ is a linear
map L0⟨PH⟩ → L0⟨PH⟩ of degree 1 + q(l − 2).

In particular, since PH is finite, index considerations show that δq;℧ vanishes
for q sufficiently large. Note that δ℧ has degree one since ℏ has degree 2− l.
Similarly, the bulk deformed continuation maps are of the form

Φ℧ = Φ0;℧ + ℏΦ1;℧ + ℏ
2Φ2;℧ + ...,

where Φ0;℧ is a usual continuation map and each Φq;℧ is a linear map
L0⟨PH⟩ → L0⟨PH⟩ of degree q(l − 2). In particular, Φq;℧ vanishes for q suf-
ficiently large and Φ℧ has degree zero.

As in §3.2.1, the map δ0;℧ implicitly depends on a choice of J ∈C∞(S1,J )
and the map Φ0;℧ implicitly depends on a choice of monotone homotopy
from (H−, J−) to (H+, J+). Naively, δq;℧ and Φq;℧ are defined by counting
solutions of the Floer equation and continuation map equation respectively
for curves with q point constraints in ℧. More precisely, as for Fuk℧, we
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make domain-dependent perturbations of these equations, and these pertur-
bations should be suitably compatible with various gluing maps in order to
achieve the desired structure equations. We next describe this perturbation
scheme in detail.

4.2.1. The moduli space Cq+2 and its compactification. We begin
by introducing the moduli spaces which are relevant to the maps δq;℧. For
q ≥ 1, let Cq+2 denote the moduli space of Riemann spheres with q + 2 or-
dered marked points, the first of which is equipped with an asymptotic
marker, modulo biholomorphisms. We declare the first marked point, called
the “output”, to be negative, the second marked point, called the “input”,
to be positive, and the rest of the marked points also to be positive. Note
that Cq+2 is a smooth manifold of dimension 2q − 1 and that the definition
of Cq+2 is almost the same as Nq+2 apart from the asymptotic markers. How-
ever, we will prefer to view Cq+2 as a certain moduli space of cylinders. Let
Cuniv
q+2 → Cq+2 denote the universal family where the fiber Cuniv

r over r ∈ Cq+2

is the corresponding Riemann cylinder given by puncturing the input and
output marked points. Concretely, we can take

Cq+2 = Confq(R× S1)/R, Cuniv
q+2 = Confq(R× S1)×R (R× S1),

where R acts diagonally by translating each copy of R× S1. Here the output
and input correspond to s = −∞ and s = +∞ respectively and the asymp-
totic marker corresponds to 1 ∈ S1.

Let TCq+2
denote the set of stable trees with q + 2 ordered external edges.

This is of course the same as TNq+2
, but we prefer to view an element of TCq+2

as a stable tree T where:

• the first external edge is called the “output”, the second external
edge is called the “input”, and the remaining q external vertices are
equipped with an ordering

• the edges of T are oriented away from the output

• the edges lying on the path between the output and input are “plain”
and the remaining edges are “round”

As in §4.1.2, let Eint,pl(T ) and Eint,rd(T ) denote the internal edges of T
which are plain and round respectively, and define Vint,pl(T ) and Vint,rd(T )
similarly. Following the usual shorthand, let Vint,pl(TC) denote the union of
Vint,pl(T ) for all T ∈ TCq+2

and q + 2 ≥ 3, and define Vint,rd(TC) similarly.
For v ∈ Vint,rd(TC), define NE(v) as in §4.1.1 and equip N univ

E(v) → NE(v) with
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fiberwise cylindrical ends. For v ∈ Vint,pl(TC), we define CE(v) just like C|v|
except that instead of ordering the marked points we:

• index the output by the incoming plain edge at v

• index the input by the outgoing plain edge at v

• index the remaining |v|rd marked points by the set Erd(v).

For each v ∈ Vint(TC), we endow the universal family Cuniv
E(v) → CE(v) with

fiberwise cylindrical ends

ϵ′0 : CE(v) × R− × S1 →֒ Cuniv
E(v)

ϵ′1 : CE(v) × R+ × S1 →֒ Cuniv
E(v)

and

ϵe : CE(v) × R+ × S1 →֒ Cuniv
E(v), e ∈ Erd(v),

where ϵ′0 is asymptotic to the output puncture, ϵ′1 is asymptotic to the
input puncture, and ϵ′e is asymptotic to the marked point indexed by e. As
in §4.1.1, the asymptotic marker at the output puncture naturally induces
asymptotic markers at the input puncture and the remaining marked points
and we require the cylindrical ends to align with these.

For T ∈ TCq+2
and ε > 0 small, set

CT :=


 ∏

v∈Vint,pl(T )

CE(v)


×


 ∏

v∈Vint,rd(T )

NE(v)




Cε
T := RT × (−ε, 0]Eint,pl(T ) ×

(
D
2
ε

)Eint,rd(T )
.

Using the universal cylindrical ends, for each e ∈ Vint(T ) we have a gluing
map

ϕT,e : {r ∈ Cε
T : ρe ̸= 0} → Cε

T/e.

Here for e ∈ Epl(T ) we have ρe ∈ (−ε, 0) and we glue by aligning the asymp-
totic markers at either end, whereas for e ∈ Erd(T ) we have ρe ∈ D2

ε \ {0}
and the S1 factor corresponds to the angle between the asymptotic markers.
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We define the compactification of Cq+2 as a topological space by

Cq+2 :=


 ∐

T∈TCq+2

Rε
T


 / ∼,

where r ∼ ϕT,e(r) for any r in the domain of ϕT,e.
From now on assume that, for each q ≥ 1, the cylindrical ends at the

output and input and the disk-like neighborhoods at the remaining marked
points of Cuniv

q+2 → Cq+2 are consistent in the usual sense.

4.2.2. The moduli space Dq+2 and its compactification. Next, we
introduce the moduli spaces relevant to the maps Φq;℧. For q ≥ 0, let Dq+2

denote the moduli space of Riemann spheres with q + 2 ordered marked
points, the first of which is equipped with an asymptotic marker, and a
sprinkle, modulo biholomorphisms. Before explaining what we mean by a
sprinkle, some preliminary comments are in order. Let S be a Riemann
cylinder representing an element of Cq+2, equipped with the cylindrical ends
ϵ′0, ..., ϵ

′
q+1 induced from the universal family. Observe that there is well-

defined line R ∼= L ⊂ S which aligns with the asymptotic markers at the
output and input punctures. Namely, we take the preimage of R× {1} under
any biholomorphism ψ : S ∼= R× S1 which sends the asymptotic marker at
the output puncture to 1 ∈ S1 at s = −∞. Naively, a sprinkle is just a point
p ⊂ L, the role being to break the translational symmetry of S. Indeed, in
order to define continuation maps of degree zero we need some mechanism
for increasing the dimension of Cq+2 by one.

Unfortunately, this definition of sprinkle does not quite play well with
gluing, so we will need to slightly bend the definition. We adapt the following
concept and terminology from [4]. Define a popsicle stick for S to be a line
R ∼= L ⊂ S such that:

• (ϵ′0)
−1(L) agrees with {1} × R− near s = −∞

• (ϵ′1)
−1(L) agrees with {1} × R+ near s = +∞

• ψ(L) is of the form {t = β(s)} for some function β : R → Op (1) ⊂ S1.

Given a popsicle stick L ⊂ S, we define a sprinkle to be simply a point p ∈ L.
We pick, for each v ∈ Vint,pl(TC), fiberwise popsicle sticks for the universal
family Cuniv

E(v) → CE(v), and we assume that these are consistent with respect
to gluing. We use these universal popsicle sticks to make sense of sprinkles
and hence the preceding definition of Dq+2 for q ≥ 1. Regarding the case
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q = 0, we similarly define D2 by endowing the cylinder R× S1 with the
standard popsicle stick R× {1}.

Before we can define Dq+2, we need to discuss popsicle sticks for the
set-indexed versions of Cq+2, and this in turn requires slightly more care
with cylindrical ends. Let TDq+2

be defined in the same way as TCq+2
, except

that one plain internal vertex vspr ∈ Vint,pl is designated as the “sprinkle
vertex”, and vspr is allowed to have valency two. As the usual shorthand, let
Vint,pl(TD) denote the union of Eint,pl(T ) over all T ∈ TDq+2

and q ≥ 0, with
Vint,rd(TD) defined similarly. For v ∈ Vint,pl(TD) with |v| ≥ 3, we define CE(v)

as in §4.2.1, and we equip Cuniv
E(v) → CE(v) with fiberwise cylindrical ends and

popsicle sticks as follows:

• If v is a vertex of the tree T ∈ TDq+2
and T has a sprinkle vertex

of valency at least three, then we forget the sprinkle, viewing T as an
element of TCq+2

, and we take the induced cylindrical ends and popsicle
sticks from Cuniv

E(v) → CE(v) with v viewed as an element of Vint(TC).
• Otherwise, if T has a sprinkle vertex of valency two (necessarily dis-
tinct from v), then we contract the edge preceding the sprinkle, view
the result as an element of TCq+2

, and take the corresponding induced
cylindrical ends and popsicle sticks.

Similarly, for v ∈ Vint,rd(TD) we define NE(v) as before and we use the above
prescription to induce cylindrical ends on each family N univ

E(v) → NE(v). Now

for a sprinkle vertex vspr ∈ Vint(TD) with |vspr| ≥ 3, we denote by DE(vspr)

the set-indexed analogue of D|vspr|, defined using the above universal popsicle
sticks. We endow the family Duniv

E(vspr)
→ DE(vspr) with the cylindrical ends

induced from Cuniv
E(vspr)

→ CE(vspr). Finally, in the case that vspr has valency

two, we define DE(vspr) via the standard popsicle stick R× {1} ⊂ R× S1.
For T ∈ TDq+2

and ε > 0 small, set

DT := DE(vspr) ×




∏

v∈Vint,pl(T )
v ̸=vspr

CE(v)


×


 ∏

v∈Vint,rd(T )

NE(v)




Dε
T := RT × (−ε, 0]Eint,pl(T ) ×

(
D
2
ε

)Eint,rd(T )
.

By design, we can easily incorporate sprinkles into the gluing construction,
at least for gluing parameters sufficiently close to 0. For each e ∈ Vint(T ) we



✐

✐

“5-Siegel” — 2022/5/5 — 2:32 — page 1238 — #50
✐

✐

✐

✐

✐

✐

1238 Kyler Siegel

therefore have a gluing map

ϕT,e : Op (DT ) ⊂ {r ∈ Dε
T : ρe ̸= 0} → DT/e.

Adapting the usual outline, we use these to define Dq+2 as a topological
space.

Remark 4.12. The conditions in the definition of a popsicle stick for s near
±∞ mean that when we glue two Riemann surfaces with popsicle sticks, the
two popsicle sticks overlap in the glued surface and hence combine to give a
well-defined popsicle stick. Naively, given a Riemann cylinder with marked
points, we could try to take the popsicle stick for a cylinder with marked
points to be simply the “standard popsicle stick” R× {1}, but a priori this
would not have suitable compatibility with our previously chosen cylindrical
ends, and these dictate how to glue.

Alternatively, we could insist on using the lines R× {1}, and then retroac-
tively choose our cylindrical ends more restrictively so as to make these le-
gitimate popsicle sticks. This approach is reasonable since we only need to
achieve compatibility with the cylindrical ends at the input and output punc-
tures, but this does not generalize to settings with multiple input punctures,
in which case different input punctures place competing requirements on the
popsicle stick at the output puncture. Apart from swapping cylindrical ends
with strip-like ends, this is precisely the setting in [4, §2d].

4.2.3. Consistent universal perturbation data. In order to ensure
a maximum principle, we need to pick perturbation data for Cq+2 and
Dq+2 with slightly more care than in the case of Fuk℧. Consider a nonde-
generate H0 ∈ C∞(S1,Hτ ) for τ > 0, along with an accompanying generic
J0 ∈ C∞(S1,J ). Suppose S represents an element of Cq+2, and let ϵ′−, ϵ

′
+

denote the induced cylindrical ends at the output and input punctures
respectively. A perturbation datum for S consists of a pair (K, J) with
K ∈ Ω1(S,H) and J ∈ C∞(S,J ) such that

• (ϵ′±)
∗K ≡ H0 ⊗ dt and (ϵ′±)

∗J ≡ J0

• on each disk-like neighborhood of S we have K ≡ 0 and J ≡ Jref

• K is of the form H ⊗ γ, where H ∈ C∞(S,Hτ ) and γ is a closed one-
form.

Given (H0, J0), we pick fiberwise perturbation data for each of the families

• Cuniv
E(v) → CE(v) for each v ∈ Vint,pl(TC)
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• N univ
E(v) → NE(v) for each v ∈ Vint,rd(TC).

We assume these satisfy the analogues of the consistency conditions de-
scribed in §4.1.5 and are also invariant under the identifications mentioned
at the end of §4.1.4.

Similarly, consider nondegenerate H− ∈ Hτ− and H+ ∈ Hτ+ for τ− ≥ τ+,
along with accompanying generic J

−
, J

+
∈ C∞(S1,J ). Suppose S represents

an element of Dq+2, and let ϵ′−, ϵ
′
+ denote the induced cylindrical ends at

the output and input punctures respectively. A perturbation datum for S
consists of a pair (K, J) with K ∈ Ω1(S,H) and J ∈ C∞(S,J ) such that

• (ϵ′±)
∗K ≡ H±dt and (ϵ′±)

∗J ≡ J±

• on each disk-like neighborhood of S we have K ≡ 0 and J ≡ Jref

• K is of the form H ⊗ γ, where H ∈ C∞(S,Hτ ) for a function τ : S →
R+ and γ is a one-form satisfying d(τγ) ≤ 0.

We assume that we have (ϵ′±)
∗H ≡ H± and (ϵ′±)

∗γ ≡ dt, and we can also
take γ to be of the form γ = η/τ , in which case the conditions on η are

• (ϵ′±)
∗η ≡ τ±dt

• dη ≤ 0.

Such an η exists since τ− ≥ τ+. Notice that K satisfies the condition for a
maximum principle described in [2, Remark 1.6.14].

Remark 4.13. In the case that γ ≡ dt, the condition d(τγ) ≤ 0 becomes
the familiar inequality ∂sτ ≤ 0 for monotone continuation maps.

Now suppose we have already chosen perturbation data relevant to both
(H−, J−) and (H+, J+). We follow the rule from §4.2.2 to induce fiberwise
perturbation data for each of the families

• N univ
E(v) → NE(v) for each v ∈ Vint,rd(TC)

• Cuniv
E(v) → CE(v) for each non-sprinkle vertex v ∈ Vint,pl(TC),

where the data relevant to v is induced from our choices for either (H−, J−)
or (H+, J+), depending on whether v comes before or after the sprinkle
vertex. We also pick fiberwise perturbation data for the family Duniv

E(vspr)
→

DE(vspr) for each sprinkle vertex vspr ∈ Vint,pl(TD). Together these should
satisfy the usual consistency conditions for perturbation data and be invari-
ant under the usual identifications.
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4.2.4. The moduli spaces Mq;℧(γ−, γ+). Now suppose we have H0

and J0 as in §4.2.3, and assume that have made corresponding choices of
perturbation data. For q ≥ 1, suppose that S represents an element of Cq+2,
and assume that S is equipped with the cylindrical ends ϵ′−, ϵ

′
+ and pertur-

bation datum (K, J) induced from our universal choices. As usual, let Y
denote the (dθ)-dual of K. For γ−, γ+ ∈ PH0

, we denote by MS(γ−, γ+) the

space of maps u : S → M̂ which satisfy

• (Du− Y )0,1 = 0

• lims→−∞(u ◦ ϵ′0)(s, ·) = γ−

• lims→+∞(u ◦ ϵ′1)(s, ·) = γ+.

Set

Mq(γ−, γ+) := {(r, u) : r ∈ Cq+2, u ∈ MCuniv
r

(γ−, γ+)}.

We also set M0(γ−, γ+) := M(γ−, γ+), the moduli space of unparametrized
Floer trajectories as defined in §3.2.1.

Similarly, suppose we have H± and J± as in §4.2.3, together with the
corresponding choices of perturbation data. For γ− ∈ PH−

and γ+ ∈ PH+
,

we defineMq(γ−, γ+) for q ≥ 0 in the same way by replacing Cq+2 with Dq+2.
In particular, the space M0(γ−, γ+) can be viewed as a slight generalization
of the space of continuation map trajectories from γ− and γ+.

In either of the two cases above, evaluating at the marked points gives
a map

evq : Mq(γ−, γ+) →M×q

and we set

Mq;℧(γ−, γ+) := Mq(γ−, γ+) ×
evq,i

×q

℧

℧
×q.

The analogue of Proposition 4.5 is:

Proposition 4.14. For generic perturbation data, the moduli spaces
Mq;℧(γ−, γ+) are regular and hence smooth manifolds.

We also define the set-indexed analogues of Mq and Mq(γ−, γ+) in a similar
fashion.
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4.2.5. The compactification Mq;℧(γ−, γ+). For γ−, γ+ ∈ PH0
, a sta-

ble broken pseudoholomorphic cylinder with asymptotics (γ−, γ+) and q in-
terior marked points consists of:

• T ∈ T semi
Cq+2

• γe ∈ PH0
for each e ∈ Epl(T ), such that γe = γ− if e is the output edge

and γe = γ+ is e is the input edge

• uv ∈ MErd(v)(γe−(v), γe+(v)) for each v ∈ Vint,pl(T ), where e−(v) and
e+(v) denote the edges directly preceding and following v respectively

• uv ∈ ME(v) for each v ∈ Vint,rd(T )

• for each e ∈ Eint,rd(T ), say with endpoints corresponding to the marked
points p and p′ of uIV (e) and uTV (e) respectively, we have uIV (e)(p) =
uTV (e)(p

′).

Let MT (γ−, γ+) denote the space of stable broken pseudoholomorphic
cylinders with asymptotics (γ−, γ+) and q interior marked points which are
modeled on T ∈ T semi

Cq+2
. Evaluating at the marked points indexed by round

leaves, we get a map

evq : MT (γ−, γ+) →M×q.

We set

MT ;℧(γ−.γ+) := MT (γ−, γ+) ×
evq,i

×q

℧

℧
×q

and

Mq;℧(γ−, γ+) :=
∐

T∈T semi
Cq+2

MT ;℧(γ−, γ+),

equipped with the Gromov topology. In this context, the basic gluing result
is:

Proposition 4.15. Mq;℧(γ−, γ+)
0 is a finite set of points, and

Mq;℧(γ−, γ+)
1 is a compact one-dimensional topological manifold with bound-

ary given by

∂Mq;℧(γ−, γ+)
1 =

∐

T

MT ;℧(γ−, γ+)
0,
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where the disjoint union is over all T ∈ TCq+2
having one plain internal edge

and no round internal edges.

Similarly, we define T semi
Dq+2

in the same way as TDq+2
except that we

allow non-sprinkle plain vertices of valency two (note that a sprinkle vertex
of valency two is already stable). For γ− ∈ PH−

and γ+ ∈ PH+
, we define

Mq;℧(γ−, γ+) following the same pattern as in the previous paragraph, and
the basic gluing result is:

Proposition 4.16. Mq;℧(γ−, γ+)
0 is a finite set of points, and

Mq;℧(γ−, γ+)
1 is a compact one-dimensional topological manifold with

boundary given by

∂Mq;℧(γ−, γ+)
1 =

∐

T

MT ;℧(γ−, γ+)
0,

where the disjoint union is over all T ∈ TDq+2
having one plain internal edge

and no round internal edges.

4.2.6. The bulk deformed differential and continuation map. We
now define the promised map δq;℧ : L0⟨PH⟩ → L0⟨PH⟩ on an orbit γ+ ∈ PH

by

δq;℧(γ+) =
1

q!

∑

γ−∈PH

u∈Mq(γ−,γ+)0

s(u)γ−.

A simple analysis of ∂Mq;℧(γ−, γ+)
1 shows that the resulting δ℧ satisfies

δ2
℧
= 0. Indeed, algebraically this corresponds to special case of our argument

in §4.1.8 showing that the differential on the Fuki℧ squares to zero.
Similarly, we define the map Φq;℧ : L0⟨PH+

⟩ → L0⟨PH−
⟩ on an orbit

γ+ ∈ PH−
by

Φq;℧(γ+) =
1

q!

∑

γ−∈PH−

u∈Mq(γ−,γ+)0

s(u)γ−.

In this case a similar analysis of ∂Mq;℧(γ−, γ+)
1 shows that Φ℧ ◦ δ℧ =

δ℧ ◦ Φ℧, i.e. Φ℧ is a chain map. Intuitively, we view elements in the one-
dimensional moduli space as cylinders with several marked points (unordered,
thanks to the factorial) and a sprinkle. These degenerate into pairs of rigid
cylinders, with the marked points distributed between them and the sparkle
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landing on one of them; the fact the total signed count of boundary points
in the moduli space is zero translates into the chain map relation.

4.2.7. Invariance properties. By adapting the same outline we have
been following to other standard pieces of Floer theory, one can prove the
following facts:

• The monotone continuation map ΦΩ is independent of the various
choices involved in its construction up to chain homotopy.

• The composition of two monotone continuation maps is again a mono-
tone continuation map up to chain homotopy.

In the first case, given two different constructions of ΦΩ, one picks data which
now depends on an additional parameter r ∈ [0, 1] and interpolates between
the two corresponding families of choices. After setting up the compacti-
fied moduli spaces appropriately, the count of solutions of the parametrized
problem gives precisely a chain homotopy between the two constructions of
ΦΩ. In the second case, one considers a moduli space similar to D except
with two sprinkles. By requiring the sprinkles to be distinct and with the
first one closer to the input puncture, we get a compactification which in-
cludes (a) cylinders where the two sprinkles coincide, which is just a copy
of D, and (b) broken cylinders with the two sprinkles separated into differ-
ent components. In this case counting solutions induces a chain homotopy
between a continuation map and a composition of two continuation maps.

In particular, the monotone continuation maps form a directed system.
It then follows from the direct limit formalism that SH℧(M, θ) is indepen-
dent of all choices of cylindrical ends and perturbation data. To see that it
also does not depend on the choice of reference almost complex structure
Jref , we can similarly incorporate varying Jref into the direct limit formal-
ism. Namely, we can use different reference almost complex structures for
different HamiltoniansH− andH+, and then generically interpolate between
these two when constructing the continuation map CF℧(H+) → CF℧(H−).

4.2.8. Independence of ℧. The type of argument discussed in §4.2.7 can
also be used to show that SH℧(M, θ) is invariant under smooth homotopies
of the cycle ℧. In fact, one can also show that SH℧(M, θ) depends only on
the homology class of ℧ via a change of coordinates which resembles the
argument in §3.2.3 for the twisted case. Namely, suppose that B is a smooth
oriented manifold with corners whose boundary is of the form ∂B = ℧ ∪ C,
where C is a smooth manifold with boundary ∂C = ∂℧ and ℧ and C are
otherwise disjoint. Let iB : B →M be a smooth map such that (iB)|℧ = i℧
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and iB(C) ⊂ ∂M . In this situation we argue that SH℧(M, θ) reduces to
SH(M, θ), the undeformed version of symplectic cohomology (defined over
L).

Remark 4.17 (aside on pseudocycles). Strictly speaking, our argu-
ment will only show that SH℧(M, θ) is independent of the bordism class
of ℧. In order to get to the level of ordinary homology, one can make use
of pseudocycles and bordisms thereof, as discussed in [25, §6.5]. Namely, by
[32], pseudocycles up to bordism are equivalent to integral homology classes.
Moreover, one can easily adapt [25, Definition 6.5.1] to define a smooth pseu-
docycle i℧ : (℧, ∂℧) → (M,∂M). Basically, we allow ℧ to be noncompact,
but each noncompact end has image of codimension at least two. For such
an ℧ we can proceed exactly as in the case of a smooth cycle, with the ad-
ditional ends effectively invisible to all of our curve counts because of their
high codimension.

Fix a nondegenerate Hamiltonian H ∈ Hτ for some τ > 0, along with all
the auxiliary data needed to define CF℧(H). We consider a certain moduli
space of pseudoholomorphic cylinders with one point constraint in B and
q − 1 point constraints in ℧, defined by

Mq;B(γ−, γ+) := Mq(γ−, γ+) ×
evq,iB×i

×(q−1)

℧

(B × ℧
×(q−1))

where the fiber product is with respect to the maps

evq : Mq(γ−, γ+) →M×q and iB × i
×(q−1)
℧

: B × ℧
×(q−1) →M×q.

Now for each q ≥ 1 we define a linear map Fq : L0⟨PH⟩ → L0⟨PH⟩ as follows.
For γ+ ∈ PH , set

Fq(γ+) :=
1

(q − 1)!

∑

γ−∈PH

u∈Mq;B(γ−,γ+)0

s(u)γ−.

Following the usual pattern we can construct Mq;B(γ−γ+)
1 as a compact

oriented topological one-manifold with boundary. In essence the boundary
consists of once-broken cylinders, with the q point constraints distributed
arbitrarily between the two components, as well as unbroken cylinders with q
point constraints in ℧. After accounting for the orientations and orderings of
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marked points, this can be summarized by the following structure equation:

δq;℧ =
1

q

∑

1≤i≤q

(−Fi ◦ δq−i;℧ + δq−i;℧ ◦ Fi) .(4.5)

Using the maps Fq, one can define a chain isomorphism CF℧(H) →
CF (H) for each H ∈ C∞(S1,Hτ ). This induces an isomorphism HF℧(H) ∼=
HF (H), which in turn naturally commutes with continuation maps to induce
an isomorphism SH℧(M, θ) ∼= SH(M, θ). The map CF℧(H) → CF (H) can
be made explicit, but the combinatorics are significantly more complicated
than the analogous situation for twisted symplectic cohomology discussed
in §3.2.3. This is most naturally understood from the point of deformation
theory via differential graded Lie algebras, as we now explain.

Recall that the differential on CF℧(H) is of the form ∂ +
∑∞

q=1 ℏ
qδq;℧,

where ∂ := δ0;℧ denotes the undeformed differential on CF (H). Let
End(CF (H)) denote the space of linear endomorphisms of CF (H). This
is naturally a differential graded Lie algebra (DGLA), with differential

δ(A) = ∂ ◦A− (−1)|A|A ◦ ∂

and Lie bracket

[A,B] = A ◦B − (−1)|A||B|B ◦A

for A,B ∈ End(CF (H)). This DGLA controls deformations of the chain
complex CF (H), one consequence of which is that m :=

∑∞
q=1 ℏ

qδq;℧ is a
Maurer–Cartan element in End(CF (H)), i.e. it satisfies

δ(m) + 1
2 [m,m] = 0,

or equivalently

∂ ◦m+m ◦ ∂ +m ◦m = 0.

Now let L[t, dt] denote the graded commutative algebra freely generated
by formal variables t, dt with |t| = 0 and |dt| = 1. Following e.g. [22], we
equip the tensor product End(CF (H))⊗L L[t, dt] with the structure of a
DGLA, with differential

δ(A(t) +B(t)dt) = δA(t) + (−1)|A(t)|Ȧ(t)dt+ δB(t)dt
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and Lie bracket

[A(t) +B(t)dt, P (t) +Q(t)dt] = [A(t), B(t)] + [A(t), Q(t)]dt

+ (−1)|P (t)|[B(t), P (t)]dt

for A(t) +B(t)dt, P (t) +Q(t)dt ∈ End(CF (H))⊗ L[t, dt]. In particular, an
element A(t) +B(t)dt is Maurer–Cartan if and only

1) A(t) ∈ End(CF (H)) is Maurer–Cartan for each t ∈ [0, 1]

2) we have

Ȧ(t) = δB(t) + [A(t), B(t)].(4.6)

Put

M :=

∞∑

q=1

tqℏqδq;℧ +




∞∑

q=1

tq−1
ℏ
qFq


 dt.

We claim thatM is a Maurer–Cartan element in End(CF (H)). Indeed, (4.5)
gives precisely the tq−1 term of (4.6). The above shows thatM |t=1 = m and
M |t=0 = 0 are homotopic in End(CF (H)). According to [22, Thm. 5.5], this
implies that they are gauge equivalent, i.e. we have

ea ∗m := m+
e[a,−] − Id

[a,−]
([a,m]− δm) = 0

for some a ∈ End(CF (H)). This is equivalent to ea(∂ +m)e−a = ∂ (see
[22]), and hence ea gives the desired chain isomorphism CF℧(H) → CF (H).

4.3. Some functoriality properties

We describe here some additional context which is helpful for interpreting
the results in this paper. We first discuss the transfer map for twisted and
bulk deformed symplectic cohomology. Among other things, this is used to
prove that these are invariant under symplectomorphisms which preserve
the (co)homology class of Ω or ℧. We then briefly discuss twisted and bulk
deformed wrapped Floer cohomology and their module structures over sym-
plectic cohomology. Since the computational techniques in this paper apply
most directly to wrapped Floer cohomology, this will allow us conclude that
symplectic cohomology is nontrivial whenever wrapped Floer cohomology is
nontrivial.
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4.3.1. The transfer map. Let (M, θ) be a Liouville domain and let
(W,λ) ⊂ (M, θ) be a Liouville subdomain. In particular this means that
(M, θ) is itself a Liouville domain, and we assume for simplicity that λ =
θ|W . In this case there is a transfer map, first constructed by Viterbo in
[46], which is a unital F-algebra map SH(M, θ) → SH(W,λ). One basic
consequence is that SH(M, θ) is an exact symplectomorphism invariant

of (M̂, dθ̂). Namely, using the transfer map we can alternatively define
SH(M, θ) as the inverse limit of the symplectic cohomologies over all Li-

ouville subdomains in (M̂, θ̂). This alternative definition of symplectic co-
homology is straightforwardly equivalent to the standard definition, and
moreover it manifestly only depends on the exact symplectomorphism type
of (M̂, θ̂). In fact, by [11, Lemma 11.2], if two finite type Liouville manifolds
are symplectomorphic then they are actually exact symplectomorphic, so
this means that SH(M, θ) is invariant under general symplectomorphisms

of (M̂, dθ̂).
To construct the transfer map, the basic idea is to utilize the action fil-

tration on the symplectic cochain complex. One proceeds by considering a
special class of “step-shaped” Hamiltonians on M̂ which are approximately
zero in Int (W ), linear with some slope τa > 0 near ∂W , approximately con-

stant in Int (M) \W , and linear with some slope τb > 0 on M̂ \ Int (M).
Such a Hamiltonian belongs to the class Hτb , and therefore we can compute
SH(M, θ) via a sequence of such Hamiltonians with τb → ∞. Moreover, the
actions of orbits of H are essentially controlled by the slopes τa and τb, and
with some care we find a sequence of such Hamiltonians such that τa, τb → ∞
and any orbit in Int (W ) has negative action while any orbit in M̂ \ Int (W )

has positive action. This means that the orbits in M̂ \ Int (W ) form a sub-

complex, and hence the orbits in Ŵ form a quotient complex. In fact, by
further picking almost complex structures on M̂ which are contact type near
∂W , the integrated maximum implies that Floer trajectories between orbits
in W are entirely contained in W . That is, the quotient complex is indistin-
guishable from the Floer complex of a certain Hamiltonian in Hτa . Finally,
after passing to cohomology, arguing similarly for monotone continuation
maps and taking a direct limit, the quotient map induces the transfer map
SH(M, θ) → SH(W,λ).

Now suppose the Ω is a closed two-form on M . Ritter shows in [31] that
there is also a twisted transfer map of the form SHΩ(M, θ) → SHΩ|W (W,λ).
Since the relevant Hamiltonian orbits, pseudoholomorphic cylinders, and
action values are the same as in the untwisted case, one just needs to think
a little bit about the role of Ω and Ω|W to see that the same proof outlined
above still holds.
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In fact, if i℧ : (℧, ∂℧) → (M,∂M) is a smooth cycle of codimension
l > 2, say transverse to ∂W , we can apply essentially the same proof to
construct a transfer map SH℧(M, θ) → SH℧|W (W,λ). Indeed, the bulk de-
formed symplectic cochain complexes of M and W are generated by the
same types of Hamiltonian orbits, and we can take all Hamiltonian terms
in the constructions of δ℧ and Φ℧ to be of the same step-shaped form. In
order to arrange that the action filtration also behaves as expected, we need
to pick perturbation data with slightly more care. Recall that the action of
a loop γ : S1 → M̂ with respect to the time-dependent Hamiltonian H is
given with our conventions by

AH(γ) := −
∫

S1

γ∗θ +

∫ 1

0
H(γ(t))dt.

If u : S → M̂ is a pseudoholomorphic marked cylinder as in the construction
of δ℧ or Φ℧ with asymptotic orbits γ±, we need AH−

(γ−) ≥ AH+
(γ+). The

conditions described in §4.2.3 suffice for a maximum principle, but they do
not guarantee that the differential and continuation maps increase action
since they only apply on the cylindrical end M̂ \M . The stronger condition
needed for an action filtration is

dK(·, p) ≤ 0 for all p ∈ M̂,

where K(·, p) denotes the one-form on M̂ obtained by evaluating Hamilto-
nian functions at p. Note that the condition d(τγ) ≤ 0 from §4.2.3 is essen-
tially equivalent to the above condition holding on the cylindrical end. For
example, when K = Hdt for H a family of Hamiltonians depending only on
the s coordinate, this condition becomes ∂sH ≤ 0.

To see that such a condition can be satisfied, suppose that we have
functions H± : M̂ → R with H− ≥ H+. It will suffice to arrange that our
perturbation term K ∈ Ω1(S,H) satisfies:

• (ϵ′±)
∗K ≡ H±dt

• on each disk-like neighborhood of S we have K ≡ 0

• dK(−, p) ≤ 0 for all p ∈ M̂ .

Let ϵ̃′− be an extension of the negative cylindrical ϵ′− end to (−∞, δ)× [0, 1]
for some small δ > 0. Let γ be a closed one-form on S satisfying (ϵ′+)

∗γ = dt
and (ϵ̃′−)

∗γ = dt. Then it suffices to take K of the form H ⊗ γ, such that
H ∈ C∞(S,H) is equal to H+ outside of the image of ϵ̃′−, while near the
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negative cylindrical end we have ∂s(H− ◦ ϵ̃′−) ≤ 0. Note that the space of all
such K satisfying the above conditions is convex and hence contractible, so
as before we can also find allowable perturbation data in families.

4.3.2. Wrapped Floer cohomology as a module over symplectic
cohomology. Let L be an exact Lagrangian in a Liouville domain (M, θ)
with Legendrian boundary ∂L in (∂M, θ|∂M ). We further assume that θ|L
vanishes near ∂L (this can always be a achieved by a suitable Hamiltonian
isotopy - see [4, Lemma 4.1] and also [31]), and that the Reeb chords of
θ|∂M with endpoints on L are nondegenerate. In this case, near ∂M we
have that L is a cylinder over ∂L with respect to the Liouville flow, and
therefore we can naturally complete L to a noncompact Lagrangian L̂ ⊂ M̂ .
The self wrapped Floer cohomology of L, denoted by HW (L,L), is the open
string analogue of SH(M, θ). It is defined in close analogy with symplectic
cohomology by taking a direct limit over linear Hamiltonians H ∈ Hτ of the
Floer cohomology F-modules HF (L,L;H).

Slightly more generally, if Ω is a closed two-form on M with support
disjoint from Op (L), we can define the twisted wrapped Floer cohomology
HWΩ(L,L) by using K coefficients and weighting counts of Floer strips u by
t
∫
u∗Ω. Similarly, if i℧ : (℧, ∂℧) → (M,∂M) is a smooth cycle of codimension

l > 2, we define HW℧(L,L) as an L-module by following a similar outline
to the one we used for SH℧(M, θ) in §4.2. In this case the domains of the
relevant curves are Riemann disks with one output boundary puncture, one
input boundary puncture, and some number q ≥ 0 of interior marked points,
and the corresponding moduli space is modeled on R2,q.

As explained for example in [31], HW (L,L) admits the structure of a
unital F-module over SH(M, θ). Namely, by counting pseudoholomorphic

maps of the form D2 \ {−1, 1, 0} → M̂ which are asymptotic to a Hamilto-
nian orbit at 0 and to Hamiltonian chords with endpoints on L at −1 and
1, after passing to cohomology and taking a direct limit we get a map of the
form

SH(M, θ)⊗HW (L,L) → HW (L,L).

Note that we are using a fixed conformal structure on the domain disk and
therefore this is a map a degree zero (compare this to the closed-open map
as in [17]). One can also check that it behaves as expected with respect to
produce structures and units.
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Similarly, in the twisted or bulk deformed settings we can construct maps
unital algebra maps of the form

SHΩ(M, θ)⊗HWΩ(L,L) → HWΩ(L,L)

and

SH℧(M, θ)⊗HW℧(L,L) → HW℧(L,L).

In any of these contexts, a standard consequence of unitality is that van-
ishing symplectic cohomology implies vanishes wrapped Floer cohomology.
Contrapositively, the existence of a Lagrangian as above with nontrivial self
wrapped Floer cohomology implies that the ambient Liouville domain has
nontrivial symplectic cohomology.

4.4. Some broad view remarks and conjectures

4.4.1. Derived local systems. As an extension of Remark 3.3, bulk
deformed symplectic cohomology can viewed as symplectic cohomology with
coefficients in a certain derived local system. Just as local systems on a
topological space X correspond to modules over the fundamental group,
derived local systems correspond to chain complexes over C∗(ΩX), where
ΩX denotes the based loop space of X. Roughly, a derived local system
associates to every point of X a chain complex over C∗(ΩX) and to every
p-dimensional family of paths from p to p′ a degree p map between the
associated chain complexes. In the case of bulk deforming by a cycle ℧ in
X, the associated derived local system on ΩX is given by viewing a family
of paths in ΩX as a family of cylinders in X and then considering the
intersection number with ℧.

4.4.2. Twisting versus bulk deforming. Suppose that we try to apply
the above the construction of SH℧(M, θ) in the case where ℧ is of codi-
mension l = 2. In this case we do not have a priori convergence of the sums
defining δ℧. In fact, suppose that u : R× S1 → M̂ is an isolated pseudoholo-
morphic curve which is transverse to ℧. If we imagine taking perturbation
data which is independent of the location of the marked points, we see that
each intersection point of u with ℧ contributes an infinite sum to δ℧ of the
form

1 + ℏ+ ℏ
2/2! + ... = eℏ.
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Therefore heuristically we have

δ℧(γ+) =
∑

γ−

u∈M(γ−,γ+)0

eℏ[u]·[℧]γ−.

In particular, if there is an element t ∈ L such that et = ℏ, then this becomes

δ℧(γ+) =
∑

γ−

u∈M(γ−,γ+)0

t[u]·[℧]γ−.

Modulo replacing ℧ with a Poincaré dual two-form Ω, this looks just like
the twisted differential for SHΩ(M, θ).

4.4.3. The L∞ structure on symplectic cohomology. By work of
Fabert [12] and ongoing work of Borman–Sheridan, there is an L∞ struc-
ture underlying symplectic cohomology. In particular, there is a standard
procedure to deform the differential of this L∞ algebra via any element
which satisfies the Maurer–Cartan equation. It seems plausible that any co-
homology class c in (M, θ) can be represented by such a Maurer–Cartan
element (say as a linear combination of Morse critical points), and that the
resulting deformed symplectic cohomology is isomorphic to our construction
of the symplectic cohomology bulk deformed by c.

Furthermore, recall that there is a closed-open map [1, 17] from the sym-
plectic cohomology of (M, θ) to the Hochschild cohomology of the wrapped
Fukaya category of (M, θ). It also seems plausible that this map could be
upgraded to chain level homomorphism of L∞ algebras, and hence that the
Maurer–Cartan element corresponding to c pushes forward to a Maurer–
Cartan in the Hochschild cochains of the wrapped Fukaya category. In this
case it seems natural to ask whether the Fukaya category of (M, θ) bulk
deformed by (the Poincaré dual to) c can be viewed as the deformed A∞

category with respect to this Maurer–Cartan element.

5. Lefschetz fibrations

The main goal of this section is to understand pseudoholomorphic sections of
certain Lefschetz fibrations with boundary conditions specified by matching
cycles. The material is mostly minor variations of facts from the literature,
except for §5.5, where we make a seemingly new observation about sections
of the model Lefschetz fibration. We will subsequently rehash these results
into statements about Fukaya categories in §6.
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5.1. The basics

We begin with the basic notions of Lefschetz fibrations insofar as they will
be used in this paper. Roughly, a Lefschetz fibration is a map E → D2 whose
singularities look like those of a complex Morse function. Here D2 denotes
the closed unit disk, the total space E will generally be a compact manifold
with corners, and we will call the Lefschetz fibration “exact” if every regular
fiber is endowed with the structure of a Liouville domain. We next give a
formal definition, with the caveat that the precise nuances will not play an
essential role. To first establish some notation, let:

• πstd : Cn → C denote the model Lefschetz map, given by πstd(z1, ..., zn)
= z21 + ...+ z2n

• Θstd := i
4

∑n
i=1 (zidzi − zidzi) denote the standard Kähler potential on

Cn.

Definition 5.1. An exact Lefschetz fibration over D2 is a triple (E2n,Θ, π),
where:

1) E2n is a compact manifold with corners, Θ is a one-form on E2n, and
π : E2n → D2 is a smooth map

2) Compatibility with Θ: dΘ is nondegenerate on the vertical tangent
space Ker(Dpπ) for all nonsingular points p ∈ E of π. Also, for each z ∈
D2, Θz := Θ|Ez

restricts to a positive contact form along the boundary
of the fiber Ez := π−1(z).

3) Lefschetz type singularities: π has finitely many critical points p1, ..., pk
which lie in the interior of E and map to pairwise distinct critical
values. Each critical point pi and its critical value qi := π(pi) have
neighborhoods which are oriented diffeomorphic to neighborhoods of
the origin in Cn and C respectively, such that π is identified with πstd
and Θ is identified with Θstd.

4) Triviality of the horizontal boundary: For any p ∈ ∂hE, the horizontal
tangent space, consisting of all vectors in TpE which are dΘ-orthogonal
to Ker(Dpπ), is tangent to ∂hE. Here the vertical boundary of E is
∂vE := π−1(∂P) and the horizontal boundary is ∂hE := ∂E \ Int (∂vE).

In the case that (E,Θ) is in fact a Liouville domain with corners, mean-
ing that dΘ is nondegenerate and the Liouville vector field ZΘ is outwardly
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transverse along each boundary face of E, we call (E,Θ, π) a Liouville Lef-
schetz fibration. For any exact Lefschetz fibration (E,Θ, π) over D2, one
can check that dΘ+ Cdθstd is nondegenerate for all C > 0 sufficiently large,
where θstd denotes the standard Liouville one-form on D2. In particular, this
makes (E,Θ+ Cθstd) into a Liouville domain with corners. After smoothing
the corners we get a Liouville domain which is determined up to Liouville
deformation equivalence by (E,Θ, π).

Let (E,Θ, π) be an exact Lefschetz fibration over D2 with critical values
q1, ..., qk ∈ Int (D2) as in Definition 5.1. Away from the critical points of π,
there is a symplectic connection which associates to each p ∈ E the hori-
zontal tangent space in TpE. Using this connection, we can associate to any
immersed path γ : [0, 1] → D2 a parallel transport map Φγ : Eγ(0) → Eγ(1)

which is well-defined away from the critical points of π. In particular, if γ is
disjoint from {q1, ..., qk}, Φγ is an exact symplectomorphism (Eγ(0),Θγ(0)) ∼=
(Eγ(1),Θγ(1)).

Now assume there is a distinguished base point ∗ ∈ ∂D2. A path η :
[0, 1] → D2 is called a vanishing path if η(0) = ∗, η(1) is a critical value of
π, and η|(0,1) is an embedding into Int (D2) \ {q1, ..., qk}. To any vanishing
path we can associate:

• the thimble Tη, which is the Lagrangian disk in E consisting of all
points which lie over η and get parallel transported along η to the
unique critical point of π in Eη(1)

10

• the vanishing cycle Vη, which is the exact Lagrangian sphere Tη ∩ E∗

in (E∗,Θ∗).

Each vanishing cycle is naturally equipped with a framing, meaning a

parametrization Sn
∼=→ Vη, defined up to precomposing with an orthogonal

diffeomorphism of Sn (see [38, §16a]). We define a basis of vanishing paths to
be a collection of vanishing paths η1, ..., ηk which intersect pairwise only at ∗,
and such that ηi(1) = qi for i = 1, ..., k. Here η1, ..., ηk are ordered clockwise
according to the local orientation at ∗. We get a corresponding collection
of vanishing cycles Vη1

, ..., Vηk
in (E∗,Θ∗), which we call a basis of vanish-

ing cycles. Conversely, given any list of framed exact Lagrangians spheres
V1, .., Vk in a Liouville domain (M, θ), we can construct a Liouville Lefschetz
fibration over D2 such that a regular fiber is identified with (M, θ) and a
basis of vanishing cycles is identified with Vη1

, ..., Vηk
.

10Strictly speaking, this should be interpreted using parallel transport away from
Eη(1) and then taking the limit as we approach Eη(1).
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5.2. Matching cycles

The matching cycle construction provides a rather combinatorial approach
to producing Lagrangian spheres in the total space of a Liouville Lefschetz
fibration (E,Θ, π). Namely, let γ be an embedded path in the base which in-
tersects the critical values of π at precisely γ(0) and γ(1). As in the vanishing
cycle construction, we get Lagrangian disks T0 and T1 by considering those
points in E which lie above γ[0,1/2] and γ[1/2,1] respectively and are parallel
transported to the corresponding critical point. The boundaries V0 = ∂T0
and V1 = ∂T1 are framed exact Lagrangian spheres in (Eγ(1/2),Θγ(1/2)). If
V0 and V1 coincide (including their framings), we call γ a naive matching
path. In this case the union Lγ := T0 ∪ T1 is a (framed) exact Lagrangian
sphere in (E,Θ), which we call the naive matching cycle associated to γ.

More generally, suppose that V0 and V1 are isotopic through framed ex-
act Lagrangians in (Eγ(1/2), dθ|γ(1/2)). Let I denote such an isotopy, called
a matching isotopy. In this case γ is called a matching path, and we can still
construct a matching cycle after suitably deforming (E,Θ, π). More pre-
cisely, as explained in [38, §16g], we can find a deformation (E,Θt, πt), con-
stant outside of Op (Eγ(1/2)), after which γ becomes a naive matching path.
In fact, fixing the homotopy class of the matching isotopy I rel endpoints,
the resulting Lγ is well-defined up to a further deformation and simultane-
ous isotopy of Lγ through framed exact Lagrangians. Alternatively, we can
pull back Lγ to the original (E,Θ) after applying a Moser-type isotopy, and
the result is well-defined up to isotopy through framed exact Lagrangians.

A particularly nice situation is when a Liouville Lefschetz fibration
(E,Θ, π) has a fiber which itself admits an auxiliary Liouville Lefschetz
fibration, and the vanishing cycles of the former are matching cycles in the
latter. In this case we say that (E,Θ, π) is a matching type Lefschetz fibra-
tion. Note that this is just a slightly less sophisticated analogue of a Lefschetz
bifibration as considered in [38, 15e]. Our main interest in matching type Lef-
schetz fibrations is that questions about Floer theory of the vanishing cycles
can sometimes be converted to questions about pseudoholomorphic sections
of the auxiliary Lefschetz fibration.

Finally, it will be important for us to understand the effect of Dehn
twisting one matching cycle about another, at least in the following special
case. Consider two matching paths γ0 and γ1 which satisfy γ0(1) = γ1(0)
and are otherwise disjoint. Let γ denote the path obtained by concatenating
γ0 and γ1 and then taking a small right-handed pushoff to disjoin it from
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γ0(1). It is easy to check that γ is again a matching path, and after taking
care with framings and matching isotopies, we have

Proposition 5.2. [38, Lemma 16.13] The matching cycle Lγ is, up to
Hamiltonian isotopy, given by Dehn twisting Lγ0

about Lγ1
.

Remark 5.3. More generally, half-twisting about a matching path in the
base of a Lefschetz fibration induces a Dehn twist about the corresponding
matching cycle in the total space.

5.3. Boundary conditions and pseudoholomorphic sections

Let (E,Θ, π) be a Lefschetz fibration over D2. In order to discuss pseudo-
holomorphic sections, we first need to explain what types of boundary con-
ditions we wish to allow. By a polygon in D2 we mean a simply-connected
closed subset P ⊂ D2 whose boundary is smooth apart from d ≥ 0 (con-
vex) corners v1, ..., vd ∈ ∂P, each of which is a critical value of π. In the
sequel we will sometimes focus our attention on the part of the Lefschetz
fibration lying above P, and we refer to any restricted triple of the form
(EP := π−1(P),Θ|EP

, π|EP
) as a Lefschetz fibration over P.

Definition 5.4. An exact Lefschetz boundary condition over P is an im-
mersed submanifold Q ⊂ π−1(∂P) such that:

• for each z ∈ ∂P \ {v1, ..., vd}, the fiber Qz := Q ∩ Ez is a connected
exact Lagrangian submanifold of (Ez,Θz)

• for each vertex vi ∈ ∂P, Qvi
is the unique critical point of π in Evi

• if γ : [0, 1] →֒ ∂P is an embedded path which is disjoint from {v1, ..., vd}
except for possibly γ(1), then Qγ(0) is mapped to Qγ(1) under parallel
transport.

In particular, if P has no vertices, for example if it is the entire disk
D2, then π|Q : Q→ ∂D2 is a smooth fiber bundle and Q is precisely a “La-
grangian boundary condition” as in [38, §17a]. On the other hand, if P has
at least two vertices then Q is simply a union of naive matching cycles. In
general, if (E,Θ, π) is a Liouville Lefschetz fibration the parallel transport
condition implies that Q is an immersed exact Lagrangian submanifold of
(E,Θ).

We also need to take some care in picking almost complex structures.
Let (E,Θ, π) be an exact Lefschetz fibration over D2, and let Jstd and istd
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denote the standard almost complex structures on Cn and C respectively.
We also denote the standard almost complex structure on D2 again by istd.
Let Jπ denote the space of almost complex structures J on E such that:

1) Dπ ◦ J = istd ◦Dπ.
2) for any p ∈ E, (dΘ)(·, J ·) is symmetric and positive definite when re-

stricted to the vertical tangent space Ker(Dpπ)

3) on Op (∂hE), we have Θ ◦ J = d(er), where r is the fiberwise collar
coordinate as in §2.2.3

4) each critical point p of π and its critical value q = π(p) have model
neighborhoods as in Definition 5.1(3),(4) such that J and i are identi-
fied with the restrictions of Jstd and istd respectively.

Note in particular that J restricts to a contact type compatible almost
complex structure on each regular fiber of π. A basic fact is that Jπ is
contractible. By restricting this data, in particular replacing istd with its
restriction iP to P, we similarly define Jπ when (E,Θ, π) is a Lefschetz
fibration over a polygon P ⊂ D2.

Now suppose that Q is an exact Lefschetz boundary condition over P

and we have J ∈ Jπ. The space MQ,J of pseudoholomorphic sections with
boundary condition Q is by definition the space of maps u : P → E such that:

1) π(u(z)) = z for all z ∈ P.

2) Du ◦ iP = J ◦Du.
3) u(∂P) ⊂ Q.

The conditions on Jπ ensure a maximum principle for the elements of MQ,J

and the exactness assumptions rule out bubbling, so MQ,J is compact by a
version of Gromov’s compactness theorem. Moreover, MQ,J is regular and
hence a smooth manifold for generic J . More precisely, let J reg

π ⊂ Jπ denote
the subspace of those J for which MQ,J is regular. Then for any J ∈ Jπ

and any nonempty open set U ⊂ Int (P), there is a J ′ ∈ J reg
π which is C∞-

close to J and coincides with J outside of π−1(U). In fact, after a small
local deformation of (E,Θ, π), we can further assume that J ′ is horizontal,
meaning that dΘ(·, J ·) is symmetric (see [36, Lemma 2.4] and [38, §17a]).
In particular, if (E,Θ, π) is a Liouville Lefschetz fibration, such an almost
complex structure is compatible with dΘ. From now on we will assume that
chosen elements of J reg

π are horizontal unless stated otherwise.
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For each regular value p ∈ ∂P, evaluating sections at p gives a map
evp : MQ,J → Ep. By a standard homotopy argument, the cobordism class
of evp (and in particular its homology class) is invariant under suitable de-
formations of (E,Θ, π), Q, and J . Moreover, we can arrange that evp is
transverse to any fixed smooth cycle in Ep after performing a C∞-small de-
formation of J supported in π−1(U), for any given open subset U ⊂ Int (P)
(see [36, Lemma 2.5]).

5.4. Gluing pseudoholomorphic sections

We will make use of a gluing theorem for pseudoholomorphic sections of
Lefschetz fibrations. This was introduced by Seidel in [36] to establish a long
exact sequence in Floer cohomology. Although we will only need to apply it
in a special case, we state the result in somewhat greater generality. Strictly
speaking our stated version is more general than the setup in [36] since
we allow immersed boundary conditions, but there is no essential difference
since the gluing and perturbations take place away from the corner points
of P and P′. Let (E,Θ, π), (E′,Θ′, π′) be exact Lefschetz fibrations over P,P′

with exact Lefschetz boundary conditions Q,Q′ respectively. Fix non-vertex
points p ∈ ∂P and p′ ∈ ∂P′ and strip-like ends

ϵp : R+ × [0, 1] →֒ P, ϵp′ : R− × [0, 1] →֒ P
′(5.1)

at p and p′ respectively. The glued polygon P♮P′ is formed by removing
ϵp([ℓ,+∞)× [0, 1]) and ϵp′((−∞,−ℓ]× [0, 1]) from P \ {p} and P′ \ {p′}, and
then identifying the remaining surfaces via ϵp(s, t) ∼ ϵp′(s− ℓ, t). As usual,
this construction involves a choice of gluing parameter ℓ ∈ (0,∞).

Now suppose there is an exact symplectomorphism Φ from (Ep,Θp) to
(Ep′ ,Θ′

p′) which satisfies Φ(Qp) = Q′
p′ . In this case we can form the fiber

connect sum E♮E′, which is equipped with an exact Lefschetz fibration
π♮π′ : E♮E′ → P♮P′ and an exact Lefschetz boundary condition Q♮Q′. The
construction is straightforward if we assume that there exists a neighborhood
U of p and a diffeomorphism F : Ep × U → π−1(U) such that F ∗Θ = Θp and
F−1(Q) = Qp × (U ∩ ∂P), and similarly near p′. In general, we can reduce
to this situation by suitable deformations (see [36, §2.1]).

Take J ∈ J reg
π and J ′ ∈ J reg

π′ . Assume F ∗J is a split almost complex
structure on Ep × U , and similarly for J ′ near p′. Assume also that Φ∗J |Ep

=
J ′|Ep′

. In this case, J and J ′ can be naturally glued to form J♮J ′ ∈ Jπ♮π′ . As
mentioned at the end of §5.3, we can further arrange that Φ ◦ evp : MQ,J →
Ep and evp′ : MQ′,J ′ → E′

p′ are mutually transverse.
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Proposition 5.5. [36, §2] For ℓ sufficiently large, we have J♮J ′ ∈ J reg
π♮π′,

and there is a diffeomorphism

MQ♮Q′,J♮J ′
∼= MQ,J ×

Φ◦evp,evp′
MQ′,J ′ ,

where the right hand side denotes the fiber product with respect to Φ ◦ evp
and evp′.

As a basic further observation, suppose q ∈ ∂P is a regular value which is
disjoint from the gluing region. Then the evaluation map evq : MQ♮Q′,J♮J ′ →
(E♮E′)q = Eq is identified with the composition of the projection
MQ,J ×

Φ◦evp,evp′

MQ′,J ′ → MQ,J and the evaluation map evq : MQ,J → Eq.

5.5. The model computation

We conclude this section by discussing sections of the model Lefschetz fibra-
tion πstd : E2n

std → D2, where

E2n
std := {x ∈ C

n : |πstd(x)| ≤ 1, ||x||4 − |πstd(x)|2 ≤ 4}

and Estd is equipped with the restriction of the standard Kähler potential
Θstd. For z ∈ C, let

Σn−1
z := {±√

zx : x ∈ Sn−1 ⊂ R
n ⊂ C

n}.

Note that πstd(Σz) = z. In fact, for any z ̸= 0, Σz is an exact Lagrangian
sphere in the fiber (π−1

std(z),Θstd|π−1
std(z)

) of the model Lefschetz map. We
consider the model exact Lefschetz boundary condition Qstd, given by

Qstd :=
⋃

z∈∂D2

Σz.

In this special case, the space MQstd,Jstd
of (istd, Jstd)-pseudoholomorphic

sections with boundary condition Qstd can be explicitly computed:

Lemma 5.6. [36, Lemma 2.16] MQstd,Jstd
consists of the maps ua(z) =

za+ a, for a ∈ Cn such that πstd(a) = 0 and ||a||2 = 1/2. Moreover, each ua
is regular.

Let ev1 : MQstd,Jstd
→ Σ1 denote the evaluation map at 1 ∈ ∂D2. We

point out that ev1 can be identified with the projection S(T ∗Sn−1) → Sn−1,
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where S(T ∗Sn−1) denotes the unit sphere cotangent bundle of Sn−1. In
particular, ev1 is null-cobordant. Slightly more generally, let (E,Θ, π) be
any exact Lefschetz fibration over D2 with a single critical point, and let Q
be an exact Lefschetz boundary condition which is “standard”, meaning that
Q∗ is Hamiltonian isotopic to the vanishing cycle in (E∗, dΘ∗). In this case,
by deforming (E,Θ, π) and Q to the preimage of a small disk around the
critical value and applying a maximum principle, we are essentially reduced
to the situation of the model Lefschetz fibration. Using this, Seidel proves:

Proposition 5.7. [36, Proposition 2.13] For any J ∈ J reg
π and p ∈ ∂D2,

the evaluation map evp : MQ,J → Ep is null-cobordant.

Proposition 5.7 can be interpreted as a triviality statement for sections
of Lefschetz fibrations with standard boundary conditions. In contrast, we
will show that the space of sections becomes nontrivial after turning on a
suitable B-field or bulk deformation. Assume now that n is even, say n = 2m.
Let ηstd : [0, 1] → D2 be the vanishing path for (Estd,Θstd, πstd) which lies
on the real line, say given by ηstd(t) = 1− t, and let Tηstd

= ∪z∈[0,1]Σz be
the associated thimble. Although Tηstd

is Lagrangian, we view it as just a
smooth cycle. As defined it intersects Qstd in the entire sphere Σ1, but we
can disjoin it from Qstd by a small perturbation. Explicitly, consider the
perturbation Tε ⊂ Estd given by:

Tε :=

{
r(εcs1 − iεt1, εct1 + iεs1, ..., εcsm − iεtm, εctm + iεsm) ∈ C

n :

m∑

i=1

(s2i + t2i ) = 1, 0 ≤ r ≤ 1

}
,

where s1, ..., sm, t1, ..., tm, r are real variables, ε > 0 is a small fixed number
and εc :=

√
1 + ε2. Note that Tε coincides with Tηstd

in the limiting case
ε = 0. One can easily check that πstd(Tε) = [0, 1] and that Tε is disjoint
from Qstd.

Lemma 5.8. There is a unique (a, z) ∈ Cn × D2 satisfying the system:

1) πstd(a) = 0

2) ||a||2 = 1/2

3) ua(1) = (1, 0, ..., 0)

4) ua(z) ∈ Tε.
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Moreover, this solution is regular: the space of pairs (a, z) satisfying (1), (2),
(3), equipped with the map to Cn sending (a, z) to ua(z), is tranverse to Tε.

Note that the first two conditions are equivalent to ua being an element of
MQstd,Jstd

.

Proof. For a = (a1, ..., an), the condition ua(1) = (1, 0, ..., 0) amounts to the
equations

Re(a1) = 1/2, Re(a2) = ... = Re(an) = 0,

so we can write a = (1/2 + ic1, ic2, ..., icn) for c1, ..., cn ∈ R. Now consider the
condition ua(z) ∈ Tε. Since πstd(Tε) = [0, 1] and Tε ∩ Σ1 = ∅, we can write
z = R for some R ∈ [0, 1). We then have

ua(R) = (R/2 + ic1R+ 1/2− ic1, ic2R− ic2, ..., icnR− icn),

and this must be of the form

√
R(εcs1 − iεt1, εct1 + iεs1, ..., εcsm − iεtm, εctm + iεsm)

for some s1, t1, ..., sm, tm ∈ R satisfying
∑m

i=1(s
2
i + t2i ) = 1. In particular,

comparing real and imaginary parts, we have:

R/2 + 1/2 =
√
Rεcs1 c1R− c1 = −

√
Rεt1

0 =
√
Rεct1 c2R− c2 =

√
Rεs1

0 =
√
Rεcs2 c3R− c3 = −

√
Rεt2

0 =
√
Rεct2 c4R− c4 =

√
Rεs2

... ...

0 =
√
Rεctm cnR− cn =

√
Rεsm.

This forces s2, ..., sm, t1, ..., tm, c1, c3, ..., cn to vanish. Combining the remain-
ing nontrivial equations with the conditions πstd(a) = 0 and ||a|| = 1/2, the
system reduces to:

c22 = 1/4

R/2 + 1/2 =
√
Rεcs1

c2R− c2 =
√
Rεs1

s21 = 1

0 ≤ R < 1.
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Substituting c2 = ±1/2 into the second and third equation yields R =
±εc + ε

±εc − ε
. The condition R < 1 forces the bottom sign, and also s1 = 1. This

determines all of the variables, and we just need to check that the remain-

ing equation −R/2 + 1/2 =
√
Rε is consistent with R =

εc − ε

εc + ε
. This follows

using ε2c − ε2 = 1.

As for the regularity statement, put

S :=
{
(a, z) ∈ C

n × D
2 : πstd(a) = 0, ||a||2 = 1/2, ua(1) = (1, 0, ..., 0)

}
.

Note that this can be identified with a fiber of the projection map S(T ∗Sn−1)
→ Sn−1, and in fact we have

S =

{
(1/2, ic2, ..., icn, z) ∈ C

n × D
2 :

n∑

i=2

c2i = 1/4

}
.

Let u : S → Cn denote the map sending (a, z) to ua(z) = za+ a =
( z+1

2 , ic2(z − 1), ..., icn(z − 1)). Put

T :=

{
(r, s1, t1, . . . , sm, tm) :

m∑

i=1

(s2i + ti)
2 = 1, 0 ≤ r ≤ 1

}
,

and let v : T → Cn be the map defined by

v(r, s1, t1, . . . , sm, tm)

= r(εcs1 − iεt1, εct1 + iεs1, ..., εcsm − iεtm, εctm + iεsm).

By the above, the images of u and v intersect uniquely at the point p0 =√
εc−ε
εc+ε(εc, iε, 0, ..., 0) ∈ Cn, and we have u(a0, z0) = p0 for a0 := (1/2,−i/2,

0, ..., 0) ∈ Cn and z0 = εc−ε
εc+ε , and we have v(r0, s01, t

0
1, ..., s

0
m, t

0
m) = p0 for r0 =√

εc−ε
εc+ε , s

0
1 = 1, and s02 = ... = s0m = t1 = ... = tm = 0. We need to show that

the linearized images u∗(T(a0,z0)S), v∗(T(r0,s01,t01,...,s0m,t0m)T ) ⊂ Tp0Cn intersect
transversely.

Let z = x+ iy denote the coordinates on D2, and let (z1, ..., zn) = (x1 +
iy1, ..., xn + iyn) denote the coordinates on Cn. The tangent space T(a0,z0)T
is naturally identified with the span of ∂x, ∂y, ∂c3 , ..., ∂cn , and at the point
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(a0, z0) we have

u∗∂x = 1
2∂x1

− 1
2∂y2

u∗∂y = 1
2∂y1

+ 1
2∂x2

u∗∂c3 =
−2ε
εc+ε∂y3

...

u∗∂cn = −2ε
εc+ε∂yn

.

Similarly, the tangent space T(r0,s01,t01,...,s0m,t0m)T is naturally identified with
the span of ∂r, ∂s2 , ..., ∂sm , ∂t1 , ..., ∂tm , and at the point (r0, s01, t

0
1, ..., s

0
m, t

0
m)

we have

v∗∂r = εc∂x1
+ ε∂y2

v∗∂t1 = −r0ε∂y1
+ r0εc∂x2

v∗∂s2 = r0εc∂x3
+ r0ε∂y4

...

v∗∂sm = r0εc∂xn−1
+ r0ε∂yn

v∗∂tm = −r0ε∂yn−1
+ r0εc∂xn

.

By inspection, these two tangent spaces span Tp0Cn, and hence by dimension
considerations they intersect transversely. □

Specializing to the case 2n = 4, MQstd,Jstd
is a disjoint union of two

circles, say C0 and C1, and ev1 : MQstd,Jstd
→ Σ1 is a two-fold covering map.

Let Ωε be a closed two-form representing the Poincaré dual of Tε as an
element of H2(Estd, Qstd;R). Lemma 5.8 shows that, up to switching the
roles of C0 and C1, we have

∫
u∗Ωε = 0 for u ∈ C0

∫
u∗Ωε ̸= 0 for u ∈ C1.

6. Squared Dehn twists, B-fields, and bulk deformations

6.1. A quasi-isomorphism criterion

In this subsection we give a simple quasi-isomorphism criterion for two La-
grangians. The premise is roughly that we can check quasi-isomorphism
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of two Lagrangians by counting certain pseudoholomorphic strips with a
boundary marked point, rather than counting pseudoholomorphic triangles.
In more detail, let L0 and L1 be Lagrangian spheres in a Liouville domain
with trivial first Chern class, and let J be a (dθ)-compatible almost com-
plex structure which is contact type near ∂M . Assume L0 and L1 intersect
transversely in precisely two points a and b, and set M(a, b) to be the space
of maps u : R× [0, 1] →M such that:

• u is (istd, J)-holomorphic

• u(R× {0}) ⊂ L0 and u(R× {1}) ⊂ L1

• lim
s→−∞

u(s, ·) = a and lim
s→+∞

u(s, ·) = b.

Assume thatM(a, b) is regular. Note that a and b define Floer cochains a, b ∈
CF (L0, L1) after choosing Floer data such that HL0,L1

≡ 0 and JL0,L1
≡ J .

Reversing the order of L0 and L1, we also have dual cochains a∨, b∨ ∈
CF (L1, L0) with respect to the Floer data HL1,L0

≡ 0 and JL1,L0
≡ J . In

particular, choosing gradings on L0 and L1, we have associated degrees
|a|, |b|, |a∨|, |b∨| ∈ Z, with |a∨| = n− |a| and |b∨| = n− |b|. After a shift of
gradings, we can further assume that |b| = 0.

Proposition 6.1. Let ev(0,0) : M(a, b) → L0 denote the evaluation map at
the point (0, 0) ∈ R× [0, 1], let p ∈ L0 \ {a.b} be a regular value of ev(0,0),

and set Mp(a, b) := ev−1
(0,0)(p). Let Ω be a closed two-form on M with sup-

port disjoint from Op (L0 ∪ L1). Then L0 and L1 are quasi-isomorphic in
FukΩ(M, θ) if the quantity

∑

u∈Mp(a,b)0

tu
∗Ωs(u) ∈ K(∗)

is nonzero.

Proof. Since Mp(a, b) is zero-dimensional, we must have |a| = n. In partic-
ular, for index reasons there are no rigid (up to translation) Floer strips
for CF (L0, L1) and CF (L1, L0), so a, b, a

∨, b∨ are actually Floer cocycles.
We can construct FukΩ({L0, L1}) using the Floer data for (L0, L1) and
(L1, L0) mentioned above. Regarding the Floer datum for (L0, L0), we take
JL0,L0

≡ J , and construct HL0,L0
as follows. Let h : L0 → R be a Morse func-

tion with a unique local minimum at p. Let h̃ : T ∗L0 → R be the pullback
of h under the projection T ∗L0 → L0, cut off to zero outside of a small
neighborhood of L0. Now let HL0,L0

:= εh̃ for ε > 0 sufficiently small, where
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we implant h̃ into M using a Weinstein neighborhood of L0. Assuming h is
Morse–Smale with respect to the metric gJ0

:= (dθ)(·, J0·), an argument orig-
inating with Floer [14, Thm 2] identifies hom(L0, L0) with the Morse cochain
complex of (h, gJ0

). In particular, p represents the unit eL0
in Hhom(L0, L0).

Now consider the Riemann disk with three boundary marked points
and Lagrangian labels (L0, L1, L0), and let (K∆, J∆) denote the associated
choice perturbation data for FukΩ(M, θ). By a standard gluing argument, for
suitable K sufficiently small and J∆ sufficiently close to J0, we can arrange
that M(p, b, a∨) is in bijective correspondence with Mp(a, b), and in fact
(∗) is precisely the coefficient of p in µ2Ω(a

∨, b).
Observe that Hhom(L0, L0) ∼= H(L0;K) is the K-algebra generated by

eL0
and an element fL0

of degree n, subject to the relations e2L0
= eL0

,
eL0

fL0
= fL0

eL0
= fL0

and f2L0
= 0. In particular, (∗) nonzero implies that

[a∨] · [b] is invertible, and hence x · [b] = eL0
for some x ∈ Hhom(L1, L0).

Namely, we have [a∨] · [b] = CeL0
for some nonzero C ∈ K, and we put

x := C−1[a∨]. Following an argument from [19, §4.4], it follows that [b] · x is
nonzero and idempotent, and this forces [b] · x = eL0

. It follows that [b] and
x are inverses. □

There is also the following parallel version in the context of bulk defor-
mations.

Proposition 6.2. Let p∈L0\{a, b} be a regular value of ev(0,0) : M(a, b) →
L0, set Mp

1(a, b) := ev−1
(0,0)(p)× R× [0, 1], and let ev : Mp

1(a, b) →M denote

the associated evaluation map. Let i℧ : (℧, ∂℧) → (M \ Op (L0 ∪ L1), ∂M)
be a smooth half-dimensional cycle. Assume ev and ℧ are transverse, and
set Mp

1;℧(a, b) := Mp
1(a, b) ×

ev,i℧
℧. Then L0 and L1 are quasi-isomorphic in

Fuk℧(M, θ) if the quantity

∑

u∈Mp

1;℧(a,b)0

s(u) ∈ Z(**)

is nonzero.

Note that we are implicitly assuming n > 2, since we are bulk deforming by
a cycle of codimension n.

Proof. We can again assume |b| = 0, and sinceMp
1;℧(a, b) is zero-dimensional

we must have |a| = 2n− 2, and therefore a, b, a∨, b∨ define Floer cocycles.
Similar to the proof of Proposition 6.1, we can construct Fuk℧(M, θ) such
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that the quantity (∗∗) is the coefficient of p in µ21;℧(a
∨/ℏ, b). We have

[a∨] · [b] = ℏCeL0
+DfL0

for nonzero C ∈ L0 and some D ∈ L. Since |a∨| = n− |a| = 2− n and |ℏ| =
2− n, by degree considerations we must have |D| = 2− 2n, and hence D
vanishes unless 2− 2n is divisible by 2− n, in which case we have D = ℏkC ′

for k = 2−2n
2−n and some C ′ ∈ L0. In any case, [a∨] · [b] is invertible, with in-

verse C−2ℏ−1(CeL0
− ℏk−1C ′fL0

). Putting x := ([a∨] · [b])−1 · [a∨], we have
x · [b] = eL0

and [b] · x ∈ Hhom(L1, L1) is a nonzero idempotent of degree
zero. Note that [b] · x must be of the form AeL1

+BfL1
for some A ∈ L0 and

B ∈ L with |B| = −n, and the idempotence condition then forces B = 0 and
A = 1. It follows that [b] and x and inverses. □

Remark 6.3. A similar analysis shows that the converses of Proposition 6.1
and Proposition 6.2 also hold (provided we specify |a| = n).

Remark 6.4. There is a Morse–Bott version of the Fukaya category, con-
structed in detail by Sheridan in [42, §4], for which the endomorphism space
of any Lagrangian is by definition the Morse complex of a chosen Morse
function. One can also adapt twistings and bulk deformations to this Morse–
Bott setup. From this point of view the two propositions above become even
simpler.

6.2. Completing the proofs of Theorem 1.1 and Theorem 1.2

In this subsection we complete the proofs of Theorem 1.1 and Theorem 1.2
from the introduction. We begin by discussing a special case, namely the
example studied by Maydanskiy in [23] (see also [18, 27]). This turns out to
be in some sense our universal example.

For n ≥ 2 even, let A2n
2 denote the (2n)-dimensional A2 Milnor fiber, i.e.

the Liouville domain given by plumbing together two copies of the unit disk
cotangent bundle D∗Sn of Sn. There is a Liouville Lefschetz fibration π :
A2n

2 → D2 with fiber D∗Sn−1 and three vanishing cycles, each Hamiltonian
isotopic to the zero section. With respect to this auxiliary Lefschetz fibration,
the two core Lagrangian spheres in A2n

2 , which we will denote by L and S, are
matching cycles. The associated matching paths γL and γS intersect exactly
once at a critical value of π, as in Figure 1. Let γL′ denote a small pushoff of
γL which has the same endpoints and is otherwise disjoint from γL, and let
L′ denote the associated matching cycle. After a suitable deformation, we
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Figure 1: Some matching paths.

can assume that γL, γ
′
L, γS are naive matching paths. In particular, L and

L′ intersect transversely in precisely two points.
Note that γL and γ′L cobound a bigon B ⊂ D2. Restricting π to EB :=

π−1(B), we get an exact Lefschetz fibration over B with exact Lefschetz
boundary condition L ∪ L′. Applying Proposition 5.2 twice, we see that τ2SL
is a matching cycle with matching path γτ2

SL
. In particular, γτ2

SL
and γL

cobound a bigon B′ ⊂ D2, and by restricting π to EB′ := π−1(B′) we get an
exact Lefschetz fibration over B′ with exact Lefschetz boundary condition
L ∪ τ2SL. As suggested by Figure 1, πB′ is, up to deformation, the fiber
connect sum of πB with the model Lefschetz fibration πstd : Estd → D2, and
the boundary condition L ∪ τ2SL is the fiber connect sum of L ∪ L′ with Qstd.

Consider the case 2n = 4. We can combine Proposition 5.5 with Lemma
5.8 to understand sections of πB′ with boundary condition L ∪ τ2SL, at least
for sufficiently large gluing parameter and suitable J ∈ J reg

πB♮πstd
. Indeed, let

J ′ denote the almost complex structure on EB induced by J in the glu-
ing limit. Consider q ∈ Int (γL) and p ∈ π−1

B′ (q), and let evq : ML∪τ2
SL,J

→
π−1
B′ (q) and evq : ML∪L′,J ′ → π−1

B (q) denote the natural evaluation maps.
Since L′ is a small Hamiltonian pushoff of L, the moduli space Mp

L∪L′,J ′

of pseudoholomorphic sections of πB passing through p consists of a single
regular rigid curve, and hence the fiber product in Proposition 5.5 reduces
Mp

L∪τ2
SL,J

to the model situation of Lemma 5.8. The upshot is that the

moduli space Mp
L∪τ2

SL,J
:= ev−1

q (p) consists of two points u0 and u1, with∫
u∗0Ωε = 0 and

∫
u∗1Ωε ̸= 0. Here Ωε is a closed two-form on A4

2 with sup-
port disjoint from Op (L ∪ τ2SL), implanted from the one on Estd described
at the end of §5.5. In other words, there are precisely two sections of the Lef-
schetz fibration πB′ with the given boundary conditions which pass through
the generic point p, and these are distinguished by Ωε. Proposition 6.1 now
shows that L and τ2SL are quasi-isomorphic in FukΩε

(A4
2).
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Similarly, for 2n > 4, Proposition 5.5 and Lemma 5.8 together show
that Mp

L∪τ2
SL,J

has dimension l − 2, and is cut down to a single point after
adding an interior point constraint in Tε. It then follows from Proposition 6.2
that L and τ2SL are quasi-isomorphic in FukTε

(A4
2), where iTε

: (Tε, ∂Tε) →
(A4

2, ∂A
4
2) is given by the natural extension of Tε ⊂ Estd from §5.5.

In any dimension, a similar analysis using Remark 6.3 shows that L
and τ2SL are not quasi-isomorphic in Fuk(A2n

2 ). This can also be seen more
directly by considering a test thimble Tη with vanishing path η as in Figure 1
(see the proof of [23, Lemma 7.3]).

Finally, consider the more general situations of Theorem 1.1 and Theo-
rem 1.2. By a version of the Weinstein neighborhood theorem (see [44] for
the case n = 2), a neighborhood U of L ∪ S is symplectomorphic to a neigh-
borhood of the core spheres in A2n

2 . After a deformation we can assume that
U is (exact) symplectomorphic to A2n

2 , and we can also arrange that τ2SL is
contained in U . As in Lemma 2.4, the quasi-isomorphism question for L and
τS2L is unchanged if we restrict the ambient space from M to U . Identify-
ing U with A2n

2 , the assumptions on Ω and ℧ imply that their restrictions
to U are, up to a scaling factor, (co)homologous to Ωε and Tε respectively.
This reduces the quasi-isomorphism question for L and τ2SL to the universal
example already considered.

7. From the fiber to the total space

7.1. The general setup

Consider a Liouville Lefschetz fibration with a fixed basis of vanishing paths.
As mentioned at the end of §5.1, the total space is determined up to Liouville
deformation equivalence by the ordered list of vanishing cycles in the fiber. In
light of this observation, it is natural to ask precisely how pseudoholomorphic
curve counts in the fiber and total space are related. For example, is it true
that the Fukaya category with the vanishing cycles as objects determines the
wrapped Fukaya category and symplectic cohomology of the total space?

In fact, at least as early as [40], Seidel gave explicit conjectural for-
mulas for these two invariants in terms of the directed Fukaya category
Fuk→(V1, ..., Vk) and full Fukaya category Fuk(V1, ..., Vk) of the vanishing
cycles (see §7.2 for definitions). Namely, Seidel cooks up an auxiliary curved
A∞ category D which is explicitly defined in terms of Fuk→(V1, ..., Vk) and
Fuk(V1, ..., Vk) and involves a formal variable t. By its construction, the ob-
jects of Fuk→(V1, ..., Vk) can be pulled back to modules Π(V1), ...,Π(Vk) over
D. The conjectures are then:
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1) the full subcategory WFuk(T1, ..., Tk) of the wrapped Fukaya category
of the total space with objects the thimbles is quasi-isomorphic to the
full subcategory of D-modules with objects Π(V1), ...,Π(Vk)

2) the symplectic cohomology of the total space is isomorphic to the
Hochschild homology of D

(here D-modules and Hochschild homology are defined by taking into ac-
count the t-adic topology of D; see [39, §6]).

Using the Legendrian surgery formulas from [9] and techniques from
symplectic field theory, proofs of both statements are given in the appendix
of [9]. As a byproduct of the proof, one gets a rather explicit geometric
understanding of D in terms of Morse–Bott configurations of curves. An
alternative approach to the first statement has also been announced in the
manuscript [5]. The precise formulations of these statements will not be
relevant for us, but an immediate corollary is the following meta-principle,
which is also stated as Property 2.6 from [3]:

Theorem 7.1. The wrapped Floer cohomology F-modules HW (Ti, Ti) de-
pend only on Fuk(V1, ..., Vk) up to order-preserving quasi-isomorphism.

Here by order-preserving quasi-isomorphism we mean an A∞ quasi-
isomorphism between two A∞ categories, each with k ordered objects, which
sends the ith object to the ith object for i = 1, ..., k. In §7.2 we explain how
to deduce Theorem 7.1 using Lefschetz fibration tools already available in
the literature. In §7.3 we then discuss extensions of Thereom 7.1 in the
presence of twistings and bulk deformations.

We point out that the statement (2) is closely related to (1) by general
principles. Indeed, much is already known or conjecturally known about the
relationship between the wrapped Fukaya category of a Lefschetz fibration
and the symplectic cohomology of the total space. For one thing, as described
in §4.3.2 it is a standard observation that the self wrapped Floer cohomol-
ogy of any object in the wrapped Fukaya category admits the structure of
a unital module over symplectic cohomology, and by considering units we
immediately have:

Proposition 7.2. Nontriviality of the wrapped Fukaya category implies
nontriviality of symplectic cohomology.

In the converse direction, work of Ganatra [17] shows that the symplec-
tic cohomology of any Liouville manifold is isomorphic to the Hochschild
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(co)homology of its wrapped Fukaya category, provided a certain nondegen-
eracy condition holds. Moreover, it is expected that the Lefschetz thimbles
of any Liouville Lefschetz fibration split-generate the wrapped Fukaya cat-
egory and satisfy this nondegeneracy condition (this is the subject of work
in progress of Abouzaid–Ganatra). In particular, these statements combined
would allow us to deduce (2) from (1).

7.2. A Picard–Lefschetz approach

In this subsection we sketch a proof of Theorem 7.1 using techniques from
symplectic Picard–Lefschetz theory. The main ingredient is [41], and the
proof will essential follow from suitably interpreting the main result of that
paper. For completeness we also recall the definitions and main properties
of the various players in this story. We make use of various notions from A∞

algebra, such as A∞ bimodules over A∞ categories and functor categories
between A∞ categories.

7.2.1. The full Fukaya category of vanishing cycles B. Let (E2n,Θ, π)
be a Liouville Lefschetz fibration over D2. Among other things, this means
that (E2n,Θ) is a Liouville domain with corners and Θ restricts to a Liou-
ville form on the nonsingular fibers of π : E → D2. Let η1, ..., ηk ⊂ D2 be a
basis of vanishing paths, with corresponding vanishing cycles V1, ..., Vk ⊂ E∗

and thimbles T1, ..., Tk ⊂ E.
The first important algebraic object associated to a Lefschetz fibra-

tion is the full Fukaya category of vanishing cycles, which we denote by
Fuk(V1, ..., Vk) or simply B. Namely, Fuk(V1, ..., Vk) is the full A∞ subcate-
gory of Fuk(E∗,Θ∗) with objects V1, ..., Vk. This of course depends on the
ambient symplectic manifold (E∗,Θ∗) but we suppress it from the notation.

7.2.2. The directed Fukaya category of vanishing cycles A. Next,
there is the directed Fukaya category of vanishing cycles, denoted by
Fuk→(V1, ..., Vk) or simply A. It is the subcategory of Fuk(V1, ..., Vk) with
objects V1, ..., Vk and morphisms

• homA(Vi, Vj) := homB(Vi, Vj) if i < j

• homA(Vi, Vj) := {0} if i > j

• homA(Vi, Vi) is generated by a chosen cocycle representative of the
cohomological unit in homB(Vi, Vi).

Equivalently, one can define the reduced version A by omitting the unit
morphisms in hom(Vi, Vi), and then reproduce A up to quasi-isomorphism
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by formally adjoining strict units (see [41, §2]). This latter approach has
the advantage that, assuming the vanishing cycles V1, ..., Vk are in general
position11, we can define A without using any Hamiltonian perturbations.
That is, we can construct A following the general perturbation strategy
for Fuk, but picking the Hamiltonians in Floer data and the Hamiltonian-
valued one-forms in perturbation data to vanish identically. This perspective
is exploited in [41]. We will assume from now on that V1, ..., Vk are indeed
in general position.

7.2.3. The boundary map δ of the inclusion A → B. It turns out
that a lot of the interesting symplectic geometry of (E, θ) is not contained in
either of the abstract categories A,B individually, but rather in their interac-
tion via the inclusion map A → B. More precisely, restricting A∞ operations
makes B into an A-bimodule, and we also have the diagonal A-bimodule,
which we denote simply by A. We can thus view A → B as a homomorphism
of A-bimodules, and for general reasons there is a quotient A-bimodule B/A
and a boundary homomorphism δ : B/A → A (well-defined up to homo-
topy). By a version of Poincaré duality for Floer theory, B/A is naturally
identified with the dual diagonal bimodule A∨, and therefore we can also
view δ as a bimodule homomorphism A∨ → A. Our goal is to show that δ
contains the information needed to produce the wrapped Floer cohomology
F-modules HW (Ti, Ti) up to isomorphism. In particular, this will imply that
they only depend on B up to order-preserving A∞ quasi-isomorphism.

Remark 7.3. As a side note, the relationship between δ and D is explained
in [39]. We observe that δ induces a natural transformation between the two
convolution functors · ⊗B/A and · ⊗A from bimod(A) to itself. Since the
latter convolution functor is quasi-equivalent to the identity functor, we get
a natural transformation N from · ⊗B/A to the identity. There is a notion
of localizing bimod(A) along the natural transformation N. The main result
of [39] states a precise sense in which D gives a model for this localization.
In particular, this could be used to reformulate statements (1) and (2) above
by replacing D with the abstract localization of A.

7.2.4. The Fukaya category of thimbles Atot. So far we have dis-
cussed A and B as algebraic objects associated entirely to the fiber and
the vanishing cycles contained it. We now begin to relate these to invari-
ants of the total space. When considering pseudoholomorphic curves in E

11We say that Lagrangians V1, ..., Vk are in general position if any two intersect
transversely and there are no triple intersections.
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with the thimbles T1, ..., Tk as boundary conditions, we must exercise care
in our choice of Hamiltonian terms in order to ensure the maximum prin-
ciple. Let h : D2 → R be a once-wrapping Hamiltonian, say with h being
C∞ small away from ∂D2 and linear with slope 1 near ∂D2. Let H = h ◦ π
be the pullback to E, with associated flow denoted by ϕtH . As they stand,
the projections π(T1), ..., π(Tk) intersect nongenerically at ∗, but we can
easily perturb away this issue using ϕtH . Namely, fix small real numbers
0 < c1 < ... < ck < ε, and set T ′

i := ϕciH(Ti) for i = 1, ..., k. For generic choices
of c1, ..., ck, the perturbed thimbles T ′

1, ..., T
′
k are in general position.

We can now construct a directed A∞ category, denoted by
Fuk→(T ′

1, ..., T
′
k) or simply Atot, following same approach we took for A with

trivial Hamiltonian terms. The techniques of [41, §4,§5] guarantee the needed
compactness in this setting by arguing via the projection π. Strictly speak-
ing we should first complete (E,Θ, π) to a Lefschetz fibration over C, but
we suppress this and other related technical details for ease of exposition.
Note that the pairwise intersections T ′

i ∩ T ′
j are naturally in bijection with

the pairwise intersections Vi ∩ Vj . In fact Atot and A are quasi-isomorphic
as A∞ algebras, and even coincide on the nose for suitable choices. By an
according abuse of notation, we will sometimes equate Atot with A in the
sequel.

7.2.5. The wrapped bimodules Uc. There is also a total space ana-
logue of B, viewed as an A-bimodule, but this now depends on a choice
of convention for how to handle “intersection points at infinity” between
the thimbles. Following [41], we introduce a family of Atot-bimodules Uc

depending on a real parameter c ∈ R, defined whenever c is not an integer
translate of cj − ci for some i ̸= j. In general, recall that an A∞ bimodule
P over A consists of a vector space P(Y0, X0) for any two objects X0, Y0 of

A and multi-linear maps µ
r|1|s
P

of the form

homA(Xr−1, Xr)⊗ ...⊗ homA(X0, X1)⊗ P(Y0, X0)

⊗ homA(Y1, Y0)⊗ ...⊗ homA(Ys, Ys−1) → P(Ys, Xr)

for all r, s ≥ 0 and objects Xi, Yi of A, subject to suitable A∞ relations. As
a chain complex, we define Uc(T ′

i , T
′
j) to be the Floer complex CF (T ′

i , T
′
j)

with respect to Floer data (Hi,j , Ji,j), where Hi,j = cg(t)H for g a fixed non-
decreasing function g : [0, 1] → R which vanishes near 0 and 1 and satisfies∫ 1
0 g(t) = 1. The higher bimodule terms of Uc are constructed using a slight
modification of the usual perturbation scheme for Fuk. Namely, we choose
consistent perturbation data over the universal family of Riemann disks S
where:
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• S has a+ b+ 2 punctures, with one puncture designated as the input
and one designated as the output

• the boundary segments between punctures are labeled by elements of
{1, ..., k} (or equivalently {T ′

1, ..., T
′
k}), where the labels increase as we

follow the boundary orientation from the output to the input, and also
from the input to the output.

So far this is just equivalent to a labeled version of Runiv
a+b+2. Note that we can

identify any such disk S with the infinite strip R× [0, 1] with a punctures
on R× {0} and b punctures on R× {1}. We then pick the perturbation data
on S to be of the following form:

• K = H ⊗ cg(t)dt

• J coincides with Ji±,j± for ±s≫ 0, where (i+, j+) and (i−, j−) are the
labels at the input and output punctures respectively, and J agrees
with the corresponding choices made for Atot near the remaining p+ q
punctures.

The higher bimodule structure maps are then given by counting solutions to
the inhomogeneous pseduoholomorphic curve equation with varying domain
S and perturbation data as above.

Remark 7.4. Our parameter c, which measures how much wrapping is
taking place, is comparable to the parameter appearing in [41, Def. 4.2], the
two setups being essentially equivalent after symplectically completing D2

to C.

7.2.6. The continuation homomorphisms Γc+,c
−. For c+ < c−, there

is a Atot-bimodule homomorphism Γc+,c− : Uc+ → Uc− which generalizes the
usual continuation maps in Floer cohomology. The construction is formally
similar to that of Atot, using a similar moduli space to the one in §7.2.5
except that each strip S ∼= R× [0, 1] is now also decorated with a sprinkle
p ∈ L ∼= R× {1/2} (as in §4.2.2, the effect of the sprinkle is to break the
R-translation symmetry). On such a strip S, we assume the perturbation
data is of form

• K = H ⊗ F (s)g(t)dt, where F (s) ≡ c± for ±s≫ 0, and F ′(s) ≤ 0 for
all s

• J agrees with the corresponding choices made for Uc± for ±s≫ ∞
and those made for Atot near the remaining a+ b punctures.
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The specific form of K and the inequality F ′(s) ≤ 0 effectively guarantee
that the maximum principle still holds for solutions of the inhomogenous
pseudoholomorphic curve equation.

As explained in [41, §6d], Γc,c is homotopic to the identity and Γc0,c2

is homotopic to Γc1,c2 ◦ Γc0,c1 , whenever these are defined. Moreover, Γc+,c−

is a quasi-isomorphism provided that Uc is defined for all c ∈ [c+, c−]. This
means that Uc only changes for discrete values of c, and for ε as in §7.2.4
we have natural quasi-isomorphic identifications:

• Uε with the diagonal Atot-bimodule Atot

• U−ε with the dual diagonal Atot-bimodule A∨
tot.

By (pre)composing Γ−ε,ε with these identifications, we get a A-bimodule
homomorphism A∨ → A. The main result of [41] states that this agrees
with δ from §7.2.3, at least up to homotopy and precomposing with a quasi-
isomorphism from A∨ to itself. For our purposes this result has the following
significance. In general, let us say that two morphisms f : X → Y and f ′ :
X ′ → Y ′ in a strict category are equivalent if there are isomorphisms Φ :
X → X ′ and Ψ : Y ′ → Y such that f = Ψ ◦ f ′ ◦ Φ. Similarly, let us say that
two closed morphisms f : X → Y and f ′ : X ′ → Y ′ in a cohomologically
unital A∞ category are quasi-equivalent if [f ] and [f ′] are equivalent in the
cohomology level category. Then the main result of [41] implies that Γ−ε,ε

and δ are quasi-equivalent morphisms in bimod(A)

7.2.7. The Fukaya–Seidel category and global monodromy. The
category A sits inside of a bigger A∞ category F(π), the Fukaya–Seidel
category of the Lefschetz fibration (E,Θ, π). Roughly, the objects of F(π)
are compact Lagrangians in E along with Lefschetz thimbles for any possible
choice of vanishing path. As before, the noncompactness of the thimbles
poses some additional technical difficulties, and Seidel circumvents these in
[38] using a branched double cover trick. As part of the general package, the
once-wrapping symplectomorphism ϕ1H of the total space induces a global
monodromy functor

σ : F(π) → F(π),

along with a continuation-type natural transformation N from σ to the iden-
tity functor 1 of F(π). Let fun(F(π),F(π)) denote the A∞ category whose
objects are (cohomologically unital) functors F(π) → F(π) and morphisms
are natural transformations (see [38, §2e]). The natural transformation N
extends the once-wrapping continuation map Γ−1+ε,ε : U−1+ε → Uε in the
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sense that it maps to the morphism Γ−1+ε,ε under the restriction functor

RA : fun(F(π),F(π)) → bimod(A).

Here RA is the composition of:

1) the natural functor fun(F(π),F(π)) → bimod(F(π)) which on the level
of objects is given by pulling back the diagonal F(π)-bimodule on the
left side via the functor F(π) → F(π)

2) the restriction functor bimod(F(π)) → bimod(A) which on the level of
objects restricts the bimodule operations from F(π) to A.

We also claim that RA is cohomologically full and faithful. Indeed, in the
composition above, the first functor is cohomologically full and faithful by
[6, Lemma 2.7]. The second functor is a quasi-equivalence by the fact that
the thimbles T1, ..., Tk generate F(π) (see [38, Theorem 18.24]), together
with general Morita theory for A∞ bimodules (see [43, §4.1] and specifically
the proof of [43, Lem. A.3]).

7.2.8. The wrapped Fukaya category. The connection of the above
discussion with the wrapped Fukaya category of the total space is as follows.
It is well-known that the wrapped Floer cohomology F-module HW (Ti, Ti)
can be computed as a direct limit

HW (Ti, Ti) ∼= lim
k→∞

HF (ϕk+ε
H Ti, Ti),

where the connecting maps in the directed system are continuation maps.
Compared with the general definition of wrapped Floer cohomology for La-
grangians in a Liouville manifold, the content of this statement is that it
suffices to use a Hamiltonian which wraps only in the base direction of the
Lefschetz fibration (see [26] for the symplectic cohomology version). Equiv-
alently, this means that we have

HW (Ti, Ti) ∼= lim
k→∞

HhomF(π)(σ
kTi, Ti),

where the connecting maps in the above direct limit are induced by precom-
position with N .

7.2.9. Putting it all together. By the discussion in §7.2.6, Γ−1+ε,ε fac-
tors as the composition Γ−ε,ε ◦ Γ−1+ε,−ε, and Γ−1+ε,−ε is a quasi-isomorphism.
In particular, this shows that RA(N) ≃ Γ−1+ε,ε is quasi-equivalent to Γ−ε,ε,



✐

✐

“5-Siegel” — 2022/5/5 — 2:32 — page 1275 — #87
✐

✐

✐

✐

✐

✐

Squared Dehn twists and deformed symplectic invariants 1275

and hence to δ, as a morphism in bimod(A). This has the following algebraic
consequence. Since RA is cohomologically full and faithful, δ determines N
up to quasi-equivalence. In particular, at least after passing to cohomology
level categories, N is determined as a natural transformation σ → 1 up to
replacing σ andN by σ′ andN ′ respectively, such that we have a cohomology
level commutative diagram of the form

σ′
N ′

//

F ≃

�� ��

1

G≃
��

σ
N

// 1,

where F and G are natural quasi-isomorphisms. In particular, after replacing
F by F ◦G−1, we can assume that G is the identity natural transformation.
It is then straightforward to check using the formulation from §7.2.8 that
the resulting HW (Ti, Ti) is isomorphic whether we compute it using N ′ or
N . In summary, it follows that δ determines HW (Ti, Ti) up to isomorphism.

7.3. Incorporating twistings and bulk deformations

As before, let V1, ..., Vk be the vanishing cycles of a Liouville Lefschetz fibra-
tion (E2n,Θ, π). Suppose Ω is a closed two-form on the fiber whose support
is disjoint from the vanishing cycles. In this case there is natural extension
of Ω to a closed two-form Ω̃ on E. Namely, if we view E as the result of
attaching k critical handles to E∗ × D2, then we take Ω̃ to be the pullback
of Ω under the projection E∗ × D2 → E∗, extended trivially over the crit-
ical handles. We can further arrange, at least after a suitable deformation
of (E,Θ, π), that the support of Ω̃ is disjoint from the Lefschetz thimbles
T1, ..., Tk. In this situation we have the following twisted analogue of The-
orem 7.1. It can be proved following the same outline, mutadis mutandis,
twisting fiber invariants by Ω and total space invariants by Ω̃:

Theorem 7.5. The wrapped Floer cohomology K-modules HW Ω̃(Ti, Ti) de-
pend only on FukΩ(V1, ..., Vk) up to order-preserving quasi-isomorphism.

Similarly, if i℧ : (℧, ∂℧) → (E∗∂E∗) is a smooth cycle of codimension l >
2 which is disjoint from the vanishing cycles, there is a natural extension i

℧̃
:

℧̃ → E to a codimension l cycle in E, where ℧̃ := ℧× D2 (modulo smoothing
corners). We can also assume that ℧̃ is disjoint from the thimbles T1, ..., Tk.
The bulk deformed analogue of Theorem 7.1 in this situation is:
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Theorem 7.6. The wrapped Floer cohomology L-modules HW
℧̃
(Ti, Ti) de-

pend only on Fuk℧(V1, ..., Vk) up to order-preserving quasi-isomorphism.

Using the above two theorems, we can now complete the proof of Theo-
rem 1.3 by applying either Theorem 1.1 or Theorem 1.2 iteratively k times,
which results in an order preserving quasi-isomorphism

FukΩ(τ
2
S1
V1, ..., τ

2
Sk
Vk) ≃ Fuk(V1, ..., Vk)

in the case dimX = 4, or

Fuk℧(τ
2
S1
V1, ..., τ

2
Sk
Vk) ≃ Fuk(V1, ..., Vk)

in the case dimX = 4l ≥ 8. One then appeals to §4.3.2 to bootstrap from
wrapped Floer cohomology to symplectic cohomology. Similarly, Theorem*
1.4 follows from the following stronger versions of Theorem 7.5 and Theo-
rem 7.6 (see the discussion in §7.1).

Theorem* 7.7. The twisted symplectic cohomology SHΩ̃(E,Θ) depends
only on FukΩ(V1, ..., Vk) up to order-preserving quasi-isomorphism.

Theorem* 7.8. The bulk deformed symplectic cohomology SH
℧̃
(E,Θ) de-

pends only on Fuk℧(V1, ..., Vk) up to order-preserving quasi-isomorphism.
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