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Asymptotic expansion of generalized

Witten integrals
for Hamiltonian circle actions

BENJAMIN DELARUE! AND PABLO RAMACHER

We derive a complete asymptotic expansion of generalized Wit-
ten integrals for Hamiltonian circle actions on arbitrary symplec-
tic manifolds, characterizing the coefficients in the expansion as
integrals over the symplectic strata of the corresponding Marsden-
Weinstein reduced space and distributions on the Lie algebra. The
obtained coefficients involve singular contributions of the lower-
dimensional strata related to numerical invariants of the fixed-
point set.
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Let (M,w) be a 2n-dimensional connected symplectic manifold with a non-
trivial Hamiltonian action of a compact connected Lie group G and momen-
tum map J : M — g*, where g* denotes the dual of the Lie algebra g of

Formerly known as Benjamin Kiister.
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G. If ¢ € g* is a regular value of J, the corresponding Marsden- Weinstein
symplectic quotient or reduced space M := J~*({¢})/G is a symplectic orb-
ifold, and if ¢ is not a regular value, .Z¢ is a stratified space which can have
serious singularities. The geometry and topology of .#¢ have been exten-
sively studied in the last decades [9] [13] T4, [16] 24], 26] mostly for compact
M, a major tool being the Witten integral and its asymptotic expansion,
which carries important geometric and topological information.

In this paper, we study Witten-type integrals in the case where G =T :=
SO(2) = S is the circle group and ¢ € t* := g* is not necessarily a regular
value. While we do not assume M to be compact, we consider compactly
supported integrands. More precisely, we derive a complete asymptotic ex-
pansion of generalized Witten integrals of the form

(1.1) ole)i= [ [ OO0 ) b po(a) da

for arbitrary ¢ € t* in integer powers of € > 0, where t:= s0(2) is the Lie

algebra of T' for which we fix an identification t =2 R, a € C2°(M) a compactly

supported amplitude, o € S(t) a Schwartz function on t, dM = w"/n! the

symplectic volume form on M, and dx the Lebesgue measure on t = R.
We regard

(1.2) IS () =I°(e)(a® o)

as the evaluation of a distribution I¢(g) € (D(M) ® S(t)) at the test func-
tion a ® 0 € D(M) ® S(t). By complete asymptotic expansion we mean an
expansion of I¢(g) in (D(M) ® S(t))’ of the form

(13)  Ie) ~ PO eiAs A eD(M)@S'(1), o(C) €2,
j=0

that is, for each Jy € Ny and each compact set K' C M there is an Ny, k¢ €
Np and a family of differential operators {Df]0 K.CJO<ISNy, . On M such that
for all o € S(t) and all a € C°(M) with supp a C K one has

Nyo.x¢

Jo
o(e) =Y @) < X [0 wcal] oWl
J=0 k,1=0
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Here D(M) denotes the space of test functions on M, given by C°(M) with
the test function topology; its dual D'(M) is the space of distributionsﬂ on
M, and D'(M) @ S'(t) embeds into (D(M) ® S(t))’. We are specially inter-
ested in the dependence of the coefficient distributions A§ and the leading
order

0(¢) = jo(¢) +inf { j € Ng | AS # 0}

on the parameter ¢ € t*, which may be a regular or singular value of 7.
Distributions of the form I¢(¢) arise in the study of the Fourier trans-
form of Duistermaat-Heckman-type distributions. The latter are tempered
distributions L, € §’(t) associated with a compactly supported equivariant
differential form o on M, that is a polynomial map o : t — Q.(M)T, by

(1.4)  Ly(z) == /Mei(J(”c)_w)Q(m), zet, J)(p) =T (), pe M.

The connection between the integrals and the distributions is
explained in detail in Section where we also describe how the original
integral studied by Witten [26] arises as a special case of the generalized Wit-
ten integral . If M is compact and ¢ = 1, L, corresponds to the inverse
Fourier transform of the pushforward J,(dM) of the symplectic volume form
along J. As was discovered by Duistermaat and Heckman [5], J.(dM) is a
piecewise polynomial measure on t*, or equivalently, L, is exactly given by
the leading term in the stationary phase approximation. This can be seen
as a special instance of the localization formula of Berline-Vergne [2, 3] and
Atiyah-Bott [I], one of the central principles in equivariant cohomology. For
general M and o, one would expect that the coefficients A§ in the expansion
of I¢(¢) are given by piecewise polynomial measures on t* as well, and our
results show that this is indeed the case. Furthermore, as will be discussed
below, these measures have a geometric meaning in terms of the symplectic
data of .Z¢.

If ¢ € t* is a regular value of 7, the phase function ¢ (p, ) := J(p)(z) —
¢(z) in is a Morse-Bott function and the stationary phase theorem

In this paper, we shall identify distributions with distribution densities on M via
the symplectic volume form dM, which defines a strictly positive smooth density
on M.
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yields an expansion (1.3)) of I¢(g) with jo(¢) = £(¢) = 1 and

A(a o) = 270(0) //ﬂ (@) dtC,

(1.5)
AJC-(a ® o) =ol) (O)/ <D§a>T da®,
M

where D§ is a differential operator of order j defined near J1({(}), Dé is
just multiplication by 27, d.#° is the Symplectic volume form on the orbifold
M =T Y{¢Y)/T, and (f) = [, f(g-p)dg denotes the function
on M /T defined by 1ntegrat1ng f 6 C°°( ) over an orbit T'-p C M using
the Haar measure dg on T fixed by our identification t = R. Furthermore,
DJC- is transversal to 7 ~1({(}), and the coefficients in depend smoothly
on ( in the sense that if ¥ C t* is an open set consisting entirely of regular
values of J, then the function ¥ 5 { — AC( ® o) € C is smooth for each
J, a, and o, see Proposition [2.5] for more detalls

When ( is a singular value of 7, serious difficulties arise in the study
of the integrals , since then the stationary phase principle cannot be
applied. Moreover, the behavior of the coefficients in the regular expansion
as ( approaches a singular value is unclear a priori. In this paper,
we address both of these problems. In order to state our results, consider
for an arbitrary ¢ € t* the stratification of the symplectic quotient .#¢ =

~1({¢})/T by infinitesimal orbit types

(16) M= Moy UMy, M= (T N M)/ T,

where Mj, ) denotes the stratum of M of infinitesimal orbit type (hx) with
Beop = {0} and Bging = t. //ltop is an orbifold called the top stratum. It is
either dense in /// ¢ or empty, which happens iff T" acts trivially on J~1({¢}).
The orbifold //top inherits a symplectic form wgop uniquely characterized
by *w = Tr*wgop, where i : JH({¢}) N My, ) — M is the inclusion and 7 :

“{¢H N M, — %%p the orbit projection. Writing M7 for the space
of fixed-points of the T-action on M and F for the set of all connected
components of M7, each F € F is a symplectic submanifold of (M,w) on
which J is constant, and the singular values of J are {J(F) : F € F} C t*.
The space .///S(’;n can be identified with the union of all F' € F with J(F) =
(. Fach F € .7: provides certain numerical invariants of the Hamiltonian
T-space (M,w,J). The simplest is the codimension of F' in M, an even
number denoted by codim F', which is non-zero thanks to our assumptions

that the T-action on M is non-trivial and that M is connected. Moreover, the
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behavior of J near F intrinsically determines two non-negative even integers
n;E fulfilling n} + np = codim F'. Technically, n; and np, arise as the positive
and negative indices of inertia of some non-degenerate quadratic form Qg

on R assioned to F, see Section We therefore call F' definite
with sign sp € {+, —} if n}}" = codim F and indefinite otherwise. With these
preparations, we can state our first main result, proved in Section [5.1

Theorem 1.1. For each ( € t* = R, the generalized Witten integral (1.1)
has an asymptotic expansion

C(e) ~ i AS
I%(e) EZEJAj
=0

in (D(M) ® S(t)) with coefficient distributions of the form

A§ = (AE)tOp + (AE)sing

given by
(A apla @) =oD0) [ (Do) dy,
(1.7) e _ L
( j)smg(a®‘7)— Z jrla®o),
Fer:J(F)=¢,
Fnsupp a#0

where Aj p = 0 unless j > %codirnF — 1, in which case one has

UE(O)/ DjpadF, F definite, sp =+,
Ajr(a®o) = ‘ F '
UE}(O)/FDIFadF_‘_UM(O)/FDj,FadF7 F indefinite.

The objects occurring here are as follows:

(/]

e St)30+— O':i (0) € C are tempered distributions defined by

, 7 . WS ,
18 ofo)= 1 (eo) = T0 | eogiie e,

where we use our identification R =2 t* and & is the Fourier transform of
o, normalized such that

UE]<0) + a[_ﬂ(O) = o)(0);
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° DJC. is a differential operator of order j defined on a neighborhood of
JH{¢Hn My,.,) i My, ), transversal to J{¢Hn M,.,), and for
j =0 one has Dg = 2m;

e Djr (in the definite case) and D;.fF (in the indefinite case) are (-
independent differential operators of order 2j + 2 — codim F' defined on
a neighborhood of F in M, and for the lowest index j = %codimF -1
these operators equal the following constants:
DcodimF/Qfl,F = 2COdimF/2ilcF7
(ﬂ.i)codimF/2—1

1.9 Cr = (2m)? : ,
(1.9) AL o 2l (codim F/2 — 1]
D::EdimFm—l,F = NiCr, Np €Z\{0},
where A\ ... )\fodim Fr2 € 7.\ {0} are the weights of the fiber-wise T-action

on the symplectic normal bundle of F' in M, see Section and the non-
zero integers Nljﬁ are explicitly determined by the invariants n; and np,

see (5.4));
o A’ = ( ¢ )"1/(n —1)! and dF = w3™F/2 /(dim F/2)! are the sym-

top * T top
plectic volume forms.

In particular, the leading order of the asymptotic expansion is given by

wo =% Mg, #0.
inf{codim F/2: F € F, J(F)=(}, My, =0.

Furthermore, the operators DJC-, Dj r, and Dij are natural in the following
sense: if (M',w',J") is another Hamiltonian T-space and ® : M — M’ an
isomorphism of Hamiltonian T-spaces, then the above statements hold for
(M, &', J') with the operators

(DS) =@, D5,  (Djp) = 8.Dj 01 (),
(Dip) =Dy 1y, F'€F,

where we use the notation ®.D(f):= D(f o ®) for a differential operator
D defined on an open subset U C M and f € C°(®(U)), and F' = {®(F) :
F € F} is the set of connected components of M'T.

Remark. 1) If ¢ is a regular value of J, then Theorem reduces to the

usual asymptotic expansion (|1.5]) since (Ag)sing =0 and .///t%p = H°.
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The constants in (|1.9]) are non-zero, so the singular contributions (A§)Sing
do occur in general.

We emphasize that the distributions (A§)sing depend on (¢ only via the
condition J (F') = ( in the sum in ([1.7)); the individual distributions A4; ¢
are independent of (.

Note that the sum over all F € F with F Nsupp a # () in is finite
because supp a is compact. Moreover, as each compact subset of M in-
tersects only finitely many connected components F' € F non-trivially,
one has for each 5 € Ny the convergence of distributions

(Asing = >, Ajr  in D(M)@S(),
FeF:J(F)=¢

where the sum on the right hand side may be infinite because we do not
assume M to be compact.

The expressions A]C. in the expansion of I¢(¢) are given in terms of the
piecewise polynomial measures fi € §'(t*), j € Ng. This was to be ex-
pected from the Duistermaat-Heckman theorem or, more generally, from
the localization principle. But since the latter only applies to equivari-
antly closed differential forms, while we are considering general ampli-
tudes, we could not rely on localization. Also notice that the remainder
in the expansion of the generalized Witten integral does not vanish in
general — this is an exclusive phenomenon for equivariantly closed differ-
ential forms and constitutes the essence of the localization principle. In
fact, localization implies that the expansion of Theorem when ap-
plied to the original Witten integral , consists only of finitely many
terms.

Theorem [1.1|shows that the coefficients in the asymptotic expansion are

sums of two qualitatively different terms: for each ( € t* there are reqular
contributions (Ajc-)top of the same form as the coefficients in (|1.5)), and there

are singular contributions (Ag)singy which are tensor products of distribu-

tions on M supported in J~({¢}) N M7 and some mildly exotic tempered
distributions on t. In particular, there are singularly leading terms associated
with each fixed point set component F' € F fulfilling J(F') = ¢, occurring
at j = %codimF — 1. In the latter, the obtained distribution on the mani-
fold is simply integration over F', up to a constant determined uniquely by
the numerical invariants n}, np and the weights )\f yeees )\g) dim F/2° If isa
regular value, the singular contributions vanish. For general singular values
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of ¢, both regular and singular contributions appear, and in the special case
that //ltOP = (), the regular contributions vanish and the singularly leading
terms actually make up the leading term of the asymptotic expansion. Let us
also emphasize that all coefficient distributions in the asymptotic expansion
have a clear symplectic meaning given in terms of the symplectic structure
of the strata of .Z¢.

Note that Theorem[I.T] gives an asymptotic expansion for each individual
¢ € t* and makes no statement about the continuity of the obtained coeffi-
cients upon variations of (. This question is dealt with in Section where
we prove the following statement on the (dis)continuity of the coefficients,
our second main result.

Theorem 1.2. For every (p € t* =R, a € C(M), o € S(t), and j € Ny,
one has

lim AJC-((I@O') = a(j)(0)<////40 <D§-° )r d//ltop

C*)CO ““to
£(¢—C0)>0 i
+ > / DFpadF + Z / Dj ra dF)
FeF:J(F)=(o, FeF:J(F)=Co,
codim F'/2—1<j, codlmF/Z 1<y,
F' indefinite, F definite, sp=1,
FNsupp a#0 Fnsupp a#0

The previous theorem shows that for j > 0 the functions t* 5 ¢ — A§(a ®
o) € C are in general highly discontinuous at each singular value ¢ = (o,
where the discontinuities are three-fold:

1) the family of definite fixed point sets F' contributing to the limit depends
on the sign in the limit. In particular, this produces discontinuities at
j =codim F'/2 — 1 which can be quantitatively calculated in terms of
explicit scalar multiples of [ padF using ) and .,

2) the operators occurring in the contributions of the indefinite fixed point
sets F' depend on the sign in the limit. In particular, one has

_l’_ —
Dcodim F/2—-1,F # Dcodim F/2—-1,F

by (1.9) since N;f # N, see (b.4). Again, the discontinuities produced
at j = codim F'/2 — 1 can be quantitatively calculated in terms of explicit
scalar multiples of [, a dF;
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3) neither when approaching (p from above or below need the limit agree
with the value AJC-“ (a ® o). This is because AJC-“ involves the distributions
o a[i]] (0), which occur in neither of the limits, and also due to the fact
that the distributions on the manifold occurring in AJC.O are different from

those appearing in the limits in Theorem

On the other hand, if {p is a regular value of 7, then the result of Theorem[1.2]
reduces to the statement that the coefficients in the regular asymptotic ex-
pansion (1.5)) depend continuously on ¢ at (p.

Methods. To overcome the problems arising in the asymptotic expan-
sion of the generalized Witten integral at singular values of the momentum
map, we do not perform a desingularization procedure, but implement a
destratification process which consists of several steps. First, we linearize
the phase function near each F € F using the Guillemin-Sternberg-Marle
local normal form and a classical result by Whitney on smooth extensions
of even functions defined on half-spaces. This linearization is not the result
of a monomialization of the phase function, so that no desingularization of
the critical set has taken place. As a result, for each F' € F one obtains
an oscillatory integral with a clean critical set but with an integrand which
is not smooth at the singular value J(F'), so that the stationary phase
principle cannot be applied. Instead, in a second step we take the Fourier
transform on the Lie algebra and split the integral at J(F') to obtain C*°-
amplitudes. In a third step, we Taylor expand the integrand in powers of
€, resulting in a separation into singular and regular contributions and a
complete asymptotic description for the linearized integral. It is this sepa-
ration of the contributions originating from the different strata that we call
destratification. Finally, we translate the results obtained in the local model
into meaningful expressions that live on the strata of the symplectic quotient
and can be patched together to get the stated global results.

In this work we restricted ourselves to the simplest case of an S'-action
since the derivation of a complete asymptotic expansion of the Witten inte-
gral for arbitrary compact group actions or even torus actions is considerably
more involved. In fact, restricting to circle actions has the advantage that
general phenomena such as the discontinuities of the asymptotic expansion
at singular values due to the contributions by lower-dimensional strata are
clearly visible while the computational effort is reduced to a minimum. An-
other simplification (which occurs for any abelian Lie group) is that we do
not have to distinguish between orbit reduction and point reduction.
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Previous results. For compact Hamiltonian G-manifolds M arising
in geometric invariant theory, an asymptotic expansion of the Witten in-
tegral was derived by Jeffrey, Kiem, Kirwan, and Woolf [9, Theorem 34]
using Parseval’s formula on the Lie algebra g and the localization formula
of Berline-Vergne and Atiyah-Bott on the manifold M. The latter amounts
to performing an exact stationary phase analysis only in the manifold vari-
ables, the critical set in question being clean. The terms in their expansion
are given in terms of piecewise polynomial functions evaluated on a Gaus-
sian. Our approach could be regarded as a singular stationary phase analysis
performed simultaneously in the manifold and Lie algebra variables. In par-
ticular, the vanishing of the Lie algebra derivatives enforces a localization on
level sets of the momentum map, which in the case of circle actions leads to a
precise description of the coefficients of the piecewise polynomial functions
in the expansion [9, Theorem 34| in terms of integrals on the symplectic
strata of the reduced space. In case that 0 is a regular value of the mo-
mentum map, a stationary phase expansion similar to ours was given for
arbitrary G by Meinrenken [19, Theorem 3.1], generalizing a corresponding
formula of Jeffrey-Kirwan [10, Proposition 8.10]. In case that 0 is a singular
value, the main term in the Witten expansion was implicitly characterized
in [9, Theorem 18] as an integral over a desingularization of the symplectic
quotient, as well as by Lerman and Tolman [16, Theorem 5.1] in the spe-
cial case of S'-actions. As explained above, our approach is not based on a
desingularization but a destratification process, which results in an intrin-
sic symplectic characterization of all coefficients that could not be obtained
before via desingularization techniques.

For non-compact Hamiltonian G-manifolds, the generalized Witten in-
tegral was studied by the second author in [23] in the special case that
M = T*N is the cotangent bundle of a smooth manifold N, equipped with
the canonical symplectic form, and the action of G on M is the lift of a
smooth G-action on N. Performing a stationary phase analysis in the Lie
algebra and manifold variables and desingularizing partially, the leading
term of the asymptotic expansion was characterized as an integral on the
top stratum of the reduced space, together with a remainder estimate. Nev-
ertheless, the employed desingularization techniques would require further
development to consider higher order terms; in particular, the singular con-
tributions (Ag)sing occurring in our asymptotic expansion in Theorem
were not seen in [23]. Before, Prato and Wu [22] proved a Duistermaat-
Heckman type formula in the non-compact setting under a suitable proper-
ness assumption on the momentum map.
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Applications and outlook. The asymptotic behavior of the Witten
integral plays an essential role in the derivation of residue formulas in equiv-
ariant cohomology, which was the main theme of [9, 10] and [23]. These
formulas, in principle, allow to compute the (intersection) cohomology of
reduced spaces in terms of the equivariant cohomology of the underlying
Hamiltonian space and the fixed-point data of the group action. The mo-
tivation for the present work was to extend the results obtained in [23] for
basic differential forms to arbitrary equivariant differential forms. This re-
quires a complete asymptotic expansion of the Witten integral and not just
a computation of the leading term with a remainder estimate, which was
sufficient to deal with basic forms.

Residue formulas were also applied by Jeffrey and Kirwan [11] to
Riemann-Roch numbers and the Guillemin-Sternberg conjecture under the
assumption that 0 is a regular value of the momentum map. This conjecture
was proved by Meinrenken [19] under similar assumptions relying directly
on the stationary phase expansion of the Witten integral. In the case when
0 is a singular value, the Guillemin-Sternberg conjecture was first proved
by Meinrenken and Sjamaar [I8]. Another proof was given by Paradan and
Vergne [21], both approaches being based on desingularizations of the re-
duced space.

In forthcoming papers, we intend to apply the results derived in this
paper to the study of the cohomology of symplectic quotients for general
Hamiltonian circle actions via residue formulas, complementing the previ-
ous works [16] and [9]. In particular, we plan to extend their work to non-
compact manifolds and to interpret the residues in terms of the symplectic
data of the strata of the reduced space. Our destratification approach should
also yield new insights into the Guillemin-Sternberg conjecture for circle ac-
tions.

Structure of the paper. This paper is structured as follows: Section
contains a brief introduction to Hamiltonian actions and reduced spaces,
followed by the definition of the Witten integral, and gives normal forms for
the momentum map and the relevant local integrals. In Section |3, complete
asymptotic expansions are derived for the local integrals via a destratifica-
tion process. The coefficients in the local expansions are interpreted geo-
metrically in Section 4} Our main results are then proved in Section [5 A
notation index can be found at the end of this paper.
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2. Background and setup

We begin by introducing some concepts in the general setting of a Hamilto-
nian action of a general compact connected Lie group GG, and then specialize
to the circle case G =T = S

2.1. Hamiltonian actions and reduced spaces

Let M be a 2n-dimensional symplectic manifold with symplectic form w.
Assume that M carries a Hamiltonian action of a compact connected Lie
group G of dimension d with Lie algebra g, and denote the corresponding
Kostant-Souriau momentum map by

J:M—g", Jp)IX)=J(X)p),
which is characterized by the property
(2.1) dJ(X) = 1gw VX eg,

where X denotes the fundamental vector field on M associated to X , d
is the de Rham differential, and ¢ denotes contraction. Note that J is G-
equivariant in the sense that J(k~'p) = Ad*(k)J (p). Let (5 (M)., D) be
the complex of compactly supported equivariant differential forms on M.
The elements in (M), can be regarded as G-equivariant polynomial maps
g — Q5(M), where G acts on g by the adjoint action Ad(G) and on the
algebra (M) of compactly supported differential forms by the pullbacks
associated to the G-action on M. The differential D is then defined by

D(a)(X) :=d(a(X)) + tg(a(X)), a € QH(M)e,.
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We denote the cohomology of the complex (QF(M)., D), which is called the
equivariant cohomology of M, by Hf(M).. Further, let

(2.2) w=w—J

be the equivariantly closed extension @ of the symplectic form w. The ap-
proach used here is usually called the Cartan model.

Remark 2.1 (Sign convention). The sign convention in the definition
of D (and hence @) varies in the literature. We define D in coherence with
[1], while in [10] one has D(a)(X) := d(a(X)) — tg(a(X)), which leads to
w=w+ J as opposed to our definition .

From the definition of the momentum map it is clear that the kernel of
its derivative is given by

(2.3) kerdJ|, = (g-p)*, p € M,

where we denoted the symplectic complement of a subspace V' C T,M by
V@ andg-p:= {)?p : X € g}. Consequently, if ¢ € J(M) is a regular value
of J, the level set J1({¢}) is a (not necessarily connected) manifold of
codimension 1, and T,(J 1 ({¢})) = ker dJ|, = (g - p)*, which is equivalent
to

X, 70  VpeJ '({¢(}),0£ X eqg,

compare [20, Chapter 8]. The latter condition means that all stabilizers of
points p € J~1({¢}) are finite, and therefore either of exceptional or prin-
cipal type, so that J~1({¢})/G¢ is an orbifold. In addition, in view of the
exact sequence

0 — T (T '{)) S T, L Ty — 0, ped ' {,

where (¢ : J71({¢}) = M denotes the inclusion, and the corresponding dual
sequence, J 1({(}) is orientable because M is orientable, compare [15]
Chapter XV.6].

If ¢ is not a regular value, both 7 ~1({¢}) and J~1({¢})/G¢ are stratified
spaces. While usually the orbit type stratification [24] is more common, for
our purposes it will be more convenient to consider the infinitesimal orbit
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stratification

{h = LJ~7 {<H ),

see [I8], Section 3|. Its strata consist of infinitesimal orbit type orbifolds,
where an infinitesimal orbit type (h) of the G-action is an equivalence class
of isotropy algebras h C g, and two such algebras b, b’ are equivalent if there
is an element g € G¢ with h = Ad(g)h’.

Let us now restrict to the case G = T' = S'. The infinitesimal orbit type
stratification is then quite simple. In fact, the quotient .#Z¢ = 71 ({¢})/T
is stratified by infinitesimal orbit types according to

WA

(24) MO =M DMy, My = (TS N M)/ T

top

where My ) denotes the stratum of M of infinitesimal orbit type (hx) with
thP = {0} and hsing =t

Remark 2.2. It can happen that //t%p is empty. For example, if M = R?
with S1 acting by rotations around the origin, the zero level set J~({0})
consists only of the origin, which is a fixed point.

Since w is non-degenerate, we see from (12.3) that
pe M =My, , < dJ|,=0.
Since J is constant on each F we have

Lemma 2.3. The momentum map J : M — t* has no critical points in
M,y and its singular values are {J(F) : ' € F}. O

As already mentioned in the introduction, the top stratum .///top is dense
in .#¢ if non-empty and an orbifold, while .Z ¢ isasmooth manifold, each

sm
of its components being identical to some F' € .7-" Furthermore, each F'is a
Symplectlc submanifold of M, and there is also a natural symplectic form

wtop on ///top, as explained on page |1284
2.2. The Witten integral
The central objects of our study are generalized Witten integrals of the form

(1.1), and our main tools for their investigation will be Fourier analysis and
singular stationary phase expansion. Fix an identification t 2 t* = R and let
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dx and d¢ be measures on t and t* that correspond to Lebesgue measure by
the fixed identifications, respectively. Denote by

Feo: S(t) — S(b), Fo:S8(t) = S'(t)

the Fourier transform on the Schwartz space and the space of tempered
distributions, given byf]

(2.5) B(e) = (Fo) (@) = / e~ (¢) de,

t*

<Ca l‘> = C(ZL’), x €t (CNS S(t*)7

and recall that w:=w — J. Consider now the generalized Duistermaat-
Heckman integral

(26)  Lyit—C,  Ly(x) = / ITE@o(n), g QM)
M

regarded as a tempered distribution in S’(t), compare [6, 10, 26]ﬂ It M
is compact and o =1, L, is the classical Duistermaat-Heckman integral,
whose t-Fourier transform is given by the pushforward J.(w™/n!) of the
Liouville form along 7, which is a piecewise polynomial measure on t* [5].
Motivated by this, we shall examine the behavior of the Fourier transform
of L, near the origin, and for this sake consider an approximation of the
Dirac §-distribution centered at ¢ € t* given by

¢ (&) = p((€ =) /e)/e,  €>0,

where ¢ € C2°(t*) is a test function satisfying (E(O) = 1. We are then inter-
ested in the limit

(2.7)
T % — —~i(x)
Jim (Ty08) = lm [ Lo(w)of (@) do = i [ Ly()e™ I o(er) da
= lim 5_1/[/ ei(‘]_O(x)/Ee_in(x/e)} (E(x) dx,
e—0+ t M

which does not need to exist a priori in general, and its dependence on ( in
a neighbourhood of 0 € t*. Thus, we are led to the definition of the Witten

2Regarding normalization conventions, see [I2 footnotes on p. 125].
3Jeffrey and Kirwan use the notation IL,(0e~™) for our map L,, see [10, p. 299].
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integral

(2.8) WE,(e) 1= /t [ /M ei0-0@) = (1) | d(ex) d,
0€ QT (M), p€S(t), e >0, €t

and to the investigation of its asymptotic behavior as ¢ — 0" and ¢ — 0.
Note that in this notation, (L,, ¢ty = Wg »(€). Furthermore, if o is equivari-

antly closed, Wg <¢>(€) actually only depends on the cohomology class of g in
view of [23, Lemma 1].

Remark 2.4. The original Witten integral considered in [26] reads in our
setting

(2.9) (271)21 /t [/M (e7™0) (ac)] s dz, v>0, 0€Qp(M)..

Writing € := /v we see that this equals ((27)%)~! times Wg(b(a) with

22
¢(x) =e 2 and ( = 0.
To formulate (2.8]) more explicitly, write ¢ as a finite linear combination

(210)  o(x) =D ormz®,  okm € Q"(M)e,  k,meNU{0}.
k,m

For those gy, which are differential forms of odd degree, there is no appro-
priate power N € NU {0} such that w™¥ A gj, is a volume form, therefore
only the g, with m even contribute to Wg ¢(€). Thus,

LFCEND Ve

k,m, meven

n—m/2

i(J—0)(z) e (—iw) Ok | ko
/M e = m/o) x¥¢(x) dx.

We associate to each of,, a T-invariant function ay,, € C°(M) by the
relation

(_iw)n—m/Q Ok,m

(n—m/2)!

(2.11) = Qpm dM,

where dM := w™/n! is the symplectic volume form on M. In this way, we
are reduced to studying the asymptotic behavior of the generalized Witten
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integrals
(2.12) I ol // “P2)/2g(p) dM (p)o(z) da, Cet, -0t

with amplitudes a € C(M), o € S(t), where the phase function ¢ €
C>(M x t) is given by

(2.13) Y (p,2) = T (p)(2) — C(@).

Now, when trying to describe the asymptotic behavior of the integral I, g,a (e)
by means of the generalized stationary phase principle, one faces the serious
difficulty that the critical set of the phase function ¢ is in general not
smooth. Indeed, due to the linear dependence of J(x) on = we obtain

and because of the non-degeneracy of w,
dJ(z) =1zw=0 <= =0,

where 7 is the fundamental vector field on M associated to x. Hence, the
critical set reads

(2.14) Crit (¢°) := {(p, z) € M x t: dS(p,x) = o}
={(p,x) e T'({¢}) x t: T = 0} .

Let us first assume that ¢ is a regular value. As discussed in Section

~1({¢}) is an orientable manifold, and all stabilizers of points in 71 ({¢})
are finite. Consequently, Crit(¢¢) = J~1({¢}) x {0}; in particular, it is an
orientable manifold. Even further, the critical set of the phase function ¥<
is clean [23, Proof of Proposition 2], which means that the transversal Hes-
sian is non-degenerate at all points in Crit(s¢), and the generalized sta-
tionary phase theorem [23, Theorem C]| can be applied, yielding a complete
asymptotic expansion for Igvg(e). More precisely and generally, we have the
following;:

Proposition 2.5. For each € t*, there is a family {@ }ien, of differen-

tml opemtors .@C of order j defined on a neighborhood of the submanifold
L{¢hHn M,y which are transversal to it such that the following holds:



1298 B. Delarue and P. Ramacher

For each Jy € Ny and each compact set K C M with 7~ ({¢}) N K contain-
ing only regular points of J, there exists an Ny, k¢ € No and a family of
differential operators {DfJO,K,g}OélSNJO,K,c on M such that for alla € C2°(M)
with supp a C K and all 0 € S(R) one has

(2.15)
Jo Ny .x.¢

15,(6) =Y oM OTi@)] < Y (1D callJo® e ves0
Jj=0 k,l=0

with distributions I§ € D'(M) of the form

@16) Z@= [ (Fa)ddly T =2x [ (o) L,

where d.///fop is the symplectic volume form on //lt%p, and for a function f
on M and a T-orbit T -p C M, we put (f)p (T -p):= [, f(g-p)dg, where
dg is the Haar measure on T fized by our identification t = R. Moreover, if
¥ C t* is an open set such that (7)) N K contains only reqular points of
J, then the functions ¥ > ( — I]g’k(a) € C are smooth for all a € C°(M)

with supp a C K.

Proof. 1t suffices to apply [23 Proposition 2 and Proposition 7], where the
form of the coefficients as stated here follows from [23, Egs. (18), (62)], taking
into account that the function H appearing in [23, Eq. (62)] is linear with

respect to the t-variable in our case, exactly as in [23], proof of Proposition 3].
O

If ¢ is not a regular value of J, there are compact subsets K C M such
that Crit(:)¢) N K x t is not clean and the usual stationary phase theorem
cannot be applied. Instead, we shall linearize the phase function ¥¢ in suit-
able local coordinates to derive an asymptotic expansion of the generalized
Witten integral by a careful direct analysis.

2.3. Local normal forms for the momentum map
and the Witten integral

We shall now introduce suitable coordinates on M near the set of fixed-
points

MY ={peM:t-p=pVteT}.
The connected components of M ' are symplectic submanifolds of M of pos-
sibly different dimensions. Recall that we denote the set of these components



Asymptotic expansion of generalized Witten integrals 1299

by F. Let F' € F and consider the symplectic normal bundle Er :=TF“ C
TM of Fin M. Since F' is symplectic, one has TM|p =TF @& Er and Er
carries a symplectic structure. In particular, the total space of Er becomes a
symplectic manifold. Furthermore, the group 7 = S' acts on Ef fiberwise,
and we may choose an S'-invariant complex structure on Er compatible
with the symplectic one. Each fiber of the so complexified bundle Er then
splits into a direct sum of complex 1-dimensional representations of S*, so
that with dim F' = 2npg

n—mpeg

F
(2.17) Er=p €,

Jj=1

the Ef being complex line bundles over F. The Lie algebra t acts on them
by

(Ef)pav%i)\f(x)ve(gf)p, peF,:z:et,)\fet*gR,

where A{,...,\f_ € Z\ {0} are the weights of the T-action on (E),.
They do not depend on the point p € F' because F' is connected, and they can
be grouped into positive weights )\f, el /\Zt and negative weights )‘5++1’ e
)\2%;. The codimension of F' in M is given by codim F' = 2(n - ng) =
2(¢L + (7). We shall now make use of the local normal form theorem for the
momentum map J due to Guillemin-Sternberg [7] and Marle [17], which in

our situation reads as follows:

Proposition 2.6. For each component F' € F, there exist

1) a faithful unitary representation pp = S* — (S1)r e C U(l) x U(ly) C
Ul + 05) with positive weights A, ..., )\5+ € N and negative weights

F F g

)\ﬁ;_i_l, ceey )\é;—‘,—f; G _N,

2) a principal Kp-bundle Pp — F, where Kp is a subgroup of U(E;) X
U(lz) commuting with pr(S'),

such that

~ Y/
Er = Pp xg, CrTr,

where Prp X g, Cl+r 5 F s the vector bundle associated to Pr by the Kp-
action. Furthermore, there is a symplectomorphism ®r : Up — Vi from an
Sl-invariant neighborhood Ur of F in M onto an S'-invariant neighborhood
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Vi of the zero section in Ep, which is equivariant with respect to the S'-
. + - .
action on Er = Pr X, Clrttr given by pr, and

e
_ 1
(2.18) J o @5 ([pw]) = 5 D AP+ T(F),
j=1
w = (wl, ce ,w£;+zg), [p, w} € Pr XKp CZ;‘:JJ;.

In particular, 205 and QEF are the dimensions of the negative and positive
etgenspaces of the Hessian of J at a point of F, respectively.

Proof. See [16, Lemma 3.1]. O

Note that the local normal form neighborhood Ur has the property that
(2.19) UrnMT =F.

By shrinking the Up, we shall assume that each point p € M lies in only
finitely many Up. We then choose a locally finite partition of unity
{Xtops XF} ey On M subordinate to the open cover

M = M(hwp) U U Ur,
FeF

consisting of T-invariant functions such that xyr =1 in a neighborhood of
F for each F € F.

The generalized Witten integral with parameter ¢ € t* and am-
plitudes a € C°(M), o0 € S(t) can now be written as

(2.20) Igo(e) = Iy, o(€) + > Iy po(@);
FeF:Fnsupp a#0

which is a finite sum because supp a is compact and our partition of unity
is locally finite. More abstractly and conveniently, we can write the decom-
position in terms of distributions as

(2.21) ) =15, () + Y I5.(e) in (D(M)®S(t)
FeF

We shall focus our attention in the following on the localized integrals
IS+ o(€). In terms of the coordinates provided by ® we obtain with (2.13)
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and the notation

for each of the localized integrals the formula

(2.22) I / /V i(To2x ()~ @)/= (g )
r ([p,w])) dlp, wlo () dx

-/ / G (r)-2) (g 1)
PFXK ClhHE
7 ([ps w))) dlp, w]o(z) de,

where we identified t with R, d[p, w] denotes the symplectic form on Pp X .
Clrttr Ep, Which agrees on Vr with the pullback of the symplectic vol-
ume form (®5')*(dM|y,.), and we introduced on C/+r the non-degenerate
quadratic form

4l ey
(2.23) (Qrw,w) = Z )\F|w]\2 Z )\F Rew] (Imw])2).

Since J o &7 ([p, w]) = (Qrw, w) depends only on w € CH+r | we want to
lift L§XF,(, to Pr X Cl+ % in order to integrate independently over w in

(2.22)). Thus, let

dF := w3 F/2 /(dim F/2)!

be the symplectic volume form on F' and let dp be a smooth volume density
on Pr. Then, since Py is a smooth fiber bundle over F', there is a differential
form ng on Pg such that

(2.24) dp = [np A TpdP),

where 7 : Pp — F is the fiber bundle projection (cf. [15] p. 430]). Let us fix
a preferred volume density dp by demanding that the fiber volume V (p) :=
fﬂ_;l ({p}) IF is equal to 1 for each p € F. This can be simply achieved by
normalizing some chosen dp with the function 1/V. Let now dw be the
symplectic volume form on Clrttr with respect to the standard symplectic
structure on C*r. Then we claim that the product measure dgpdw on
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Pr x Clette fulfills
(2.25) dpdw = |ITpnp A Tpdp, w]|,

where 7y : Pp x Clrtle 5 Pp X K C+ir is the fiber bundle projection,
e . -
and Iy : Pp x C**fr — Pp is the projection onto the first factor. The re-

lation ([2.25)) can be proved as follows. By ([2.24)), we have
(2.26) dpdw = |lTIpnp A (p o Illp)"dF A dw|,

where we identified dw with its pullback along the projection Pr x Clrtlr —
CY+'% onto the second factor. Since is a pointwise relation, it suffices
to establish it locally. Let therefore p € F and let Y C M be a Darboux
chart around p such that ¢ N F is the vanishing locus of the last 2(¢}. + ¢7)
coordinates in . Then the symplectic normal bundle Er = Pr X, Clrttr
of F''in T'M is trivial over U4 N F' and with respect to this trivialization
Eplunr = UNF) X Cl+r one has d[p, w W] Byl = dFdw. This gives us
onU := (rp ollp) LU N F) C Pp x CHr the relation

(mpollp)*dF A dw = Trd[p, w],

proving on U. Covering all of Pp x Clr e with sets of the form U
finally proves . Thanks to and the fiber volume normalization
V = 1, we now have for any continuous function f on Pp x g, C/Tr with
compact support the equality

ey [ wDdpde= [  flp.u) dlp. .

+
PFXKFCZF+€F

Applying this to our integral IgXF,U yields with Fubini

Lixe,o (5)2//@ . el (@rww)=2r)
[ [, exn)@7 e >>>dp] dwo(x) d

=: // et ((Qrw,w)=2Cr) ap(w)dwo(x)dz,
Reodim

where we identified C/rt¢r with R2(¢r+6r) = Reodim P With respect to this
identification, denote by

n;,C = 20}, np =20y
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the real dimensions of the positive and negative eigenspaces of Qp, and

assume first that both n;; # 0 and nj # 0. Introducing polar coordinates
wt = (w,... ,wn;) =+ € R and w™ = (w URTRS  Weodim F) = 86~ €
R™r in these directions with radii 7, s > 0 and 6+ € S”F_l R"* and substi-
tuting (w;, wji1) — |)\f|_1/2(wj,wj+1) for 1 <j<codimF —1, j€2N—

1, the integral IS, () reads
(2.28) I axp o(&) =Ap / / / (r*=s*=2(r) ap(r,s) drdso(z)dx,

where the Jacobian of the substitution is given by A Lpne=lgne=1 with the
constant

codim F'/2
(2.29) Ap= J[ MleN
j=1
and we put, Wit:gl df* denoting the standard round measure on the Euclidean
unit sphere S !

(2.30)
)= sl p(r, 5),

= ’f'
/ / F(r0T, s07)dot do,
n -1 n—1
aF(w) = (a’XF) (I);‘l 7?F K% 1;]71; ) izi [ u;:(ldimFili ) ;ﬂwd‘mF 1 d@
Pr [AF]Z 7 [AT]2 [Aodim F/2‘2 [Afodim F/z'2

The function ag is a local cutoff of the original amplitude a which has been
transformed using the normal form symplectomorphism ® . Note that the
double spherical mean Sp(r, s) is symmetric in 7 and s. If n}. = 0 and ny # 0
or njg # 0 and ny = 0, the integral can be written as

ap(r,s
Sp(r, s)

oo oo )
(2.31) IS, ,(e) = A;l/ /0 2 E20) o p(r) dro(x) dz, nf =0,

where, with ar as in (2.30) and with df denoting the standard round mea-
sure on SN F=1 one has

(232)  ap(r) = rImEIlG ) () = / i (r0) db,
Geodim F—1

and the spherical mean Sp(r) is symmetric in 7.
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3. Asymptotic expansions

As before, consider a 2n-dimensional symplectic manifold (M, w) carrying a
Hamiltonian action of T = S! with momentum map J : M — t*. We are now
ready to derive an asymptotic expansion of the generalized Witten integral
Ig,g(s) introduced in (2.12)). For this sake, we shall use the decomposition
of Igyg(s) into a global regular part ngtomg(e) and a finite sum of
potentially singular localized integrals IgXF,U (¢) which are singular iff J(F) =
¢, as can be read off from their presentation . In the following, we shall
determine asymptotic expansions for each of those localized integrals, which
are at the heart of our results.

3.1. Contribution of the top stratum

By Lemma [2.3 - 3| the momentum map is regular on My, . Therefore Propo-
(€). The
coefﬁcnents Q (axtop) do have a geometric interpretation in terms of inte-

P

grals over .#,, and are smooth in (. Let us next turn to the more interesting
contributions localized in the neighborhoods Up.

sition ylelds a complete stationary phase expansion for IS

Xtop 0

3.2. Contributions of the indefinite fixed point set components

Let us start by considering an F' € F for which Q) is indefinite, so that n; #*
0 and nj # 0 holds, our departing point being the integrals . While in
a previous version of this paper we followed an approach of Brummelhuis,
Paul, and Uribe [4], we shall now follow a simpler approach kindly pointed
out to us by Michele Vergne. The starting point is the following classical
result of Whitney on extensions of even functions.

Lemma 3.1 ([25, Theorem 1 on p. 159 and Remark on p. 160]).
Givenn € N and i € {1,...,n}, let f € C°(R"™) be a function that is even
in the i-th variable, that is, one has

flrr, oo xiyoyxn) = f(@1, o0y =24y o, Tp) Vo= (x1,...,2,) € R™
Then there exists a function g € C*°(R™) such that
f(x)=glar,...,22,... z,) Vo= (x1,...,2,) € R".

This important result has a direct application to functions on R? which
are even in both variables:
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Corollary 3.2. For every function f € C(R?) which is even in both vari-
ables, there is a function g € C°(R?) such that f(z,y) = g(x?,y?) for all
z,y € R.

Proof. Given f, we apply Lemma [3.1] with ¢ =1 to get a function he
C>®(R?) with f(z,y) = h(z?,y) for all z,y € R. The function y — h(z,y)
does not need to be even when x < 0, but it suffices to put

(h(z,y) + h(z, —y)), x,y € R,

N | =

h(l‘,y) =

to obtain a function h € C*°(R?) which is even in the second variable and
satisfies h(z2,y) = f(z,y) for all 2,y € R. Applying now Lemma with
i = 2 to h gives us the desired function g € C*°(R?). O

As a consequence, we can write the spherical mean Sg(r,s), which is a
compactly supported even function in both variables r and s, in the form

(3.1) Sp(r,s) = YF(TQ, 32) r,s € R,

with a function ./ € C°(R?). Indeed, Corollary gives us a function
Yp € C*(R?) satisfying the analog of (3.1)); a function .#» as desired can
then be constructed by multiplying %F with an arbitrary cutoff function
equal to 1 on the compact set {(r,s) \/]7 V/|s]) € supp Sr} C R2. This
reduces the study of the integrals (2.28)) to the general study of integrals of
the form

Iéﬁo- // / zr —s2— x/s 2L+ -1 2L_71y( )dT‘dSO’({L‘)dl‘,
e>0, (R,

where LT, L~ > 1 are two natural numbers and .# € C°(R?), o € S(R) are
functions, S(R) denoting the space of Schwartz functions on R.
The first crude, but central asymptotics are obtained in the following
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Proposition 3.3. If £ > 0, one has for every M € Ny the asymptotics

Mo L oo pmin(k+3,L) ‘
5) =€ ( Z 630(])(0) Z Ck / |: Z Cj k|l tL_l(é?_ — 8+)J_l+k
=0 k= i<l I=k
t+ C t—¢
xS ( 2 2 ) dt
L M o
S =N () >
k=0 j=L—k+1 max(0,j—L—1)<p+q<k+j—L—-1

T (FOL) (0 = 01)27 (¢, !C!)i))

O (eM”(l Il M

2(M+1) M+L+1 )

X Z Z 1Dy || /0 |1+ |u])" du

where Dy is a differential operator of order < M +1 on R% If ( =0, one
has

min(j,L

I,%,(,(e):s(fjef o) [ [Z o1 tH(D —a>f—l]y(;,;)dt

Jj=0

M .
* Z e Z [C;ropqagz]( )02+ €500 [—]}(0)(—3+)p}

j=L+1 pt+q=j—L-1

X (0_ — 84)1.7(0, 0)>

2(M+1) M+L+1

where L := LT + L™ =2, (z,y)4 == (2,0), (z,y)- = (0,y), the expressions
O'[ij](()) are as in (1.8)), 0+. and 0_.% are the partial derivatives of . with
respect to the first and second variable, respectively, and c; ., cﬁpq € C are
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explicitly computable in terms of L, L~ . Some particular values are

000 =2"*"m,
+ 2L NL—1
C1+1,0,00 = 2 m(—1)
(33) L :|:1 L—1+1 LT 1 - —1
I+ - -
DI D DI I G | G
_|_
1=0 It 4=l
0<I*<L*—1

To begin, notice that the critical set of the phase function in , re-
garded as a function on R3, becomes singular for ¢ = 0. One could therefore
be inclined to desingularize the critical set in some way in order to be able
to apply the stationary phase theorem. This was the way followed in [23],
which was sufficient to compute the leading term and an estimate for the
remainder. Nevertheless, serious difficulties arise when trying to find a com-
plete asymptotic expansion. Instead, the proof of Proposition will be
based on a destratification process, which we shall carry out in the following.
As a first step, we linearize the phase function by means of the substitution

=T, s*> = U, yielding

1 o0 (o @] . B
[C%U(g)zi / / / T=U=Qa/epL* 1y L™ =1 (T U) dT dU o(z) da.

Performing the substitutions U — T =wu, U + T =1t we then obtain with
L:=L"+ L~ — 2 the formula

I;g — 93~ L// —i(ut+{)z/e ( )

_ L+t—1 L——1 — U t+u
x/|u| (t —u) (t+u) 5/( 5 5 )dtdxdu,

where the t-integrals correspond to integrals over the level sets {(T,U) |
U—T =u} CR%. The critical set of the linearized phase functiorﬁ now
consists of the single point (u,z) = (—¢,0), but a stationary phase analysis
is not possible since the amplitude is not smooth at u = 0 due to the integral
limit |u|. Instead, we carry out the Fourier transform on the Lie algebra, and
split the u-integral at 0 in order to obtain smooth coefficients. Expanding in

4Note that the linearization of the phase function is not the result of a monomi-
alization, so that no desingularization of the critical set as in [23] has taken place.
In particular, as a consequence of a desingularization, an exceptional divisor would
have to appear, which is not the case here.
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addition the binomial expressions (¢ F u)Li*1 and substituting u — eu — (,
we arrive at

L [e.9]
(3.4) If]a(a) = 2_3_]“5201 [/ o (u)(eu — €)'
’ 1=0 ¢/e
x/ tL_lf<t_£u+C,t+€u_C>dtdu
cu—¢ 2 2
(/e l
+/ o(u)(eu — ()
x/ tL_ljﬁ<t_5u+C,t+€u_C)dtdu
—su+¢ 2 2
with
_ AR AR N
(3.5) a= > (-1 - - ) € Ny.
U=l
0<I*<L*—1

In order to obtain an expansion in powers of ¢, it is natural to Taylor ex-
pand the t-integral at € = 0 which, by the following lemma, will result in a
separation into singular and regular contributions.

Lemma 3.4. For N € Ny, ( € R, and .¥ € C(R?), define two functions
Fy ¢z € C*(R) by

Fic,,sﬂ(v) = /

+(v—=0)

o

tNy(t_ZJFC,Hg_C) dt.

Then, for m € Ny, the m-th derivative of Fﬁg o 1s of the form

1 [ t—v+C t+v—C
+ (m) — N _ m

m—1
+ Z(:Fl)m—l-l(j:(v - C))max(O,N+1—m+i)
=0

X Y CNanpg(E07)P(0- — 02)2.7((C — v, v — {)=),
p+g=1i
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where the notation is as in Proposz'tz'on and the constants Cnmpq € R
satisfy

N
CNmm-10=1, Cnny1,00=(—=1)" N,

(3.6) i e
227" CNmpq=0 ifp+q<max(0,m—1—N).

CNm,0m—1 =

Proof. For m = 0 the claim is trivially true; there are no constants Cn 4
because the sum over ¢ is empty. For m = 1 we get

(Fr 0= [ (P e
s v

+(v—C) 2 2
1/% N t—v+( t+v—C
= tN(O_ —0,).S , dt
2 Jiwo ( +) ( 2 2 )

T (£ = OV ((C —v,v = Q)5),

so that the claim holds. Assuming now that it holds for some m > 1, we
obtain

(Fi )™ (w)
d(1 [* o (t—v+C t+v—C
= (= tN(o_ — dt
dv<2m /i(v_o (9-=04) y( 2 2 )

m—1
+ Z (qil)m—H(:l:(’U o <))max(0,N+1—m+z)
=0

< 3 Chmpal 050~ 01 (C - 00 = 0)7))

p+q=i
Y S T O e A T
_2m+y£ﬂ)ot(8_ 04 (e ) i
F o (0= QYN @~ 0" (C v, 0~ O)s)
m—1
+ (:Fl)m—i-i(j:l)(N +1—m+ i)(:l:(’l) . C))max(O,N-i-l—m-&-i)—l

i=max(0,m—N)

x> ONmpa(F0)"(0- = 0:)17((C —v,v = ()%)

+ (:Fl)erZ(:t(’U _ C))maX(O,NJrlfm«H')
=0
X 3 Chmpa(E05)PH (0 — 0,)1.7((C — 0,0 — O)s).

ptq=i
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Taking into account that max(0, N +1—m+4) > 1 in the summand of
Zm_l ) and performing the substitutions i +— i+ 1, p— p — 1 in the

i=max(0,m—N
final sums, the expression for (Fﬁ ¢ y)(m“)(v) becomes

! /OO tN(a_—c’Lr)m“Y(t_HC Hv_g)dt

27H1 [ gy 202
F om0 = OV (0 0072 (C ~ w0 = O)5)
m—1

_ Z (:Fl)erlJri(N +1—m+ z)(i(v _ C))max(O,NJrlfmflJri)

i=max(0,m—N)

X > ONmpg(£05)P(0- — 04)2.7((C — v, 0 = ¢)5)

pt+q=t
+ Z(:Fl)m+l+i(:|:(v _ C))max(O,NJrlfmflJri)
=1
X 3 Cxmpo1g(E02)P(0 — 00)17((C — 0,0 = O)s).
er;ZTi
p=

This is of the claimed form with

2= p=0,g=m

CNmp-14, PHa=m,p=1,

CNomp-19g— (N+1—=m+p+q)Cnmpg:
m—12>p+q>max(0,m—N), p>1,

CNmt1pg = —(N+1=m+q)Cnmog

m—12>¢q>max(0,m—N), p=0,

CN7m7p_17q’
1<p+qg<max(0,m—-N)—-1,p>1,
0, else.

The first two lines prove the two equations on the left in since
CN,m,m-1,¢ = 1 by the induction hypothesis. In the only case above where
p+¢q <max(0,m — N), we have Cn m+1,pq = CNmp—1,, Which is zero by
the induction hypothesis because p — 1 4 ¢ < max(0,m — 1 — N). Finally,
inspecting the case ¢ = p = 0 yields Cn m+1,00 = —(N +1 —m)Cn m 0,0 for
1<m <N, Cn,100 =1, which gives us by iteration the desired formula
CN,N-i—l,O,O = (—I)NN!, so that is fully verified. O
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As an immediate consequence, we get

Corollary 3.5. In the situation of Lemmal[3.]), there are differential oper-
ators Dﬁm of order m on R? such that

(3.7) (Fy e )™ <0+ =MDl Yv.¢eR

We are now ready to prove Proposition

Proof of Proposition[3.3. We perform in ([3.4) for each u a Taylor expansion
with Lagrange remainder of the functlons € —> Fi N, y(au) at € = 0, where
N = L — 1. With Corollary [3.5] this yields for arbltrary Taylor cutoff orders
M+ M~ €Ny

(3.8)
I»C' (e)=27"" ngcz[/ 6(u)(eu — ¢!
1=0 C/e
MY + (m™*)
(eu)™ (F )™ (0)
- < Z Lmlf'y ) du + R},U,Z,M+(Ca5>
m+=0 :
e L ()™ (i)™ (0)
5 l L—1,(,.
—l—/oo o(u)(eu — ) ( _Z_O L >du
+ R;’,J,Z,M* (gv‘g)] )
where
+
M*E41 HDL—l,Mi-HyHOO
|R5’a,l,Mi(C75)| <e D)

X / |6 (u)||lew — C|l|u|Mi+1 [1 + sup |teu — C|L_l] du
R [t|<1

= O (&‘Mi“u +EDE a7l

M=* +L+l
/\a (L + [ul)” du>
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Plugging in the derivatives at 0 from Lemma choosing M*™ = M~ =
M, and expanding the binomial expression (eu — ¢)!, we arrive after some
further basic manipulations at the formula

C M L min(j,l) I ( 1)k
—3—L j —
a@=2" S e 3 (1)
Jj= = k=0
o ) Cl*k o0 L—1 k t+¢ t—¢
J Jj—
x[/@_/ga(u)u du(gj—k/_ct (0— —04) y( 5 g )dt
j—k—1
+ (_1)m+1(_C)max(l,Lfm)fk
m=0

X EE: Cl—1j—kpq 0" (0- —’a+)qﬁp(0f—4))

p+g=j—k—-m—1

(/e ] -k oo _
+/_ &(u)ufdu<gjk/C th=lo_ —ay )~ ’“ﬂ(t;rg,t 2C) dt

j—k—1

+ Z Cmax(l,Lfm)fk Z
m=0

ptq=j—k—m—1

Crotjmkpg (00— — 017 (C, o>)]

2(M+1) M+L+1

+oM(M+21+|<| z > D4

< [ Il + fur )

with a new family {D},}, of differential operators defined by Dl M4 for
O§l§M+1andbyDl_M_1M+1 for M + 2 <1 < 2M + 2. Next, we note
that for ¢ > 0 and each j, N € NU{0} one has

¢/e [os) 00
/ 6 (u)w’ du = / o (u)w’ du — / 6 (u)u’ du
—0o0 —0o0 ¢/e

= 27(—i)Y o9 (0) — / 6 (u)u! du,
¢/e
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‘/ uJ du| = ‘/ - u”N du
¢/e (/e

/ luNe(w)u N | du < eN¢T /|a (w)u ™| du,
(/e

and similarly for ¢ < 0. This allows us to replace f /e (u)u? du by
21(—i)7 o) (0) up to an error estimated by arbitrarily hlgh powers of €,
at the cost of getting equally high negative powers of (. Together with the
above estimates for the remainder of , we get the claimed remainder
estimate.

To obtain the claimed form of the coefficients in the asymptotic ex-
pansion, we now substitute k— [ — k, swap the sums over k£ and [, re-
strict the range of m using the vanishing relation in , and substitute
m+— L — 1 —m + k. This yields for ¢ > 0

M L min(k+7,L) I o
I () =21y & (—i)Yo(0 —1)* < 7
e P T SRR o e
¢* > L itk (TG -
L—I+k
+ Z :|:1 L—I1— m+k+1|c|max(k ,m)
m=L—j+1

X Z CLtjtk—tpq (FOL)P(0- — 04)17((|C], |C’)i)>

ptg=m+j—L—1
up to the remainder term, and for ( =0

M min(j, L)

(3.9) 12,70(5)_2—2-Lmlzgf(_i)ja<j>(0) DT rem < i
= — (J—D!
- t t
X/O th o= — 0,)7 ’y<§,§> dt
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X Z CrL—1,j-1pq (—04)P(0- — 0+)°7(0,0)

p+q=j—L—1

+ (-t ) Y cL_l,j_l,p,qap(a—a+)q,5ﬂ(o,0)>]

p+q=j—L—1

up to the remainder term. The formula for +¢ > 0 immediately leads us to
define

o N ! a
i =27 LW(_Z)J(_l)k<k) 2 — T+ k)l

In particular, we find cg o0 = 272l as claimed since ¢g = 1. Similarly,
cjtk g CAN be computed explicitly from the formula for £¢ > 0 but in a
much more complicated way than c¢;j; due to the presence of max(k,m) in

the exponent of |(|. However, we can read off C;'l,:(),p, o from (3.9), obtaining

L
+ . o9=2-L_(_j 111190 1j-1pgq .
Ciopg = 2 m(=i)’ Z(:Fl) W’ j>L+1.
1=0

Finally, for the computation of cr41000 we use that Cr_;r4+1-100 =

(=D)L ~1)! by (B.6). O
3.3. Contributions of the definite fixed point set components

It remains to study the less difficult case of a fixed point set component
F € F for which Qr is definite, so that one either has n; = codim F', n, =0
or ny = codim F, n} = 0. The spherical mean Sp from is then an even
function of only one variable that we write in the form

Sp(r)=r(r®)  reR,

with .7 € C°(R) by applying again Whitney’s classical result [25]. This
reduces the study of the integrals to the general study of integrals of
the form

(3.10

)
I;’i(e) = /R/o ! F=02/e 201 (12 dr o () dix, e>0, (R,

where L > 1 is a natural number and . € C(R), o0 € S(R) are functions.
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Proposition 3.6. If £( > 0, then one has for each M € Ny, M > L — 1,
the asymptotic estimates

L—-1 M—k
I5e)=ed ¢ Y eoW(0)(F1) ey s U (1)
k=0 j=L—-1—k

+On <5M+2<1 IO fMY

M+L+1

« go (I /ya (1 + [ul)" du)>

13(e) = Ou (eM”u I MY

M+L+1

<3 (1700t [l s )

where

o L—-1 4
GEZT k) Grk+r1-D)

If (¢ =0, then one has for each M € No, M > L — 1, the asymptotic esti-
mates

M
=c Z sjam (£1)7¢; 0.7 +1=1)(0)
j—L—

J 1

M+L+1

—|—OM<5M+2 Z Hy"‘)H /|a |(1 4 Ju|)" du)>

r=0

Proof. After substituting r? = u, u — eu % ¢, we can write

I;Eﬂ:i(é‘) = % Z el (Lj_ 1) (£)E1-d l:/e ! S (eu £ ()6 (Fu) du.
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Performing a Taylor expansion of the function z — .(z + () at x = 0 yields,
similarly as in (3.8]), for every M € Ny

L+M 1

:ta
I (e) = e [ st du
qEC/E

m= 0
min(m,L—1)

_ (m
DY (Lj1><i<>L 17

j=max(0,m—M) ( B ‘7)

+ OM (€L+M+1(1 + |<|L—1)

M+L

« Z |70 /|a (1 + [ul)” du)>

We can now finish the proof analogously to the proof of Proposition O
4. Geometric interpretation of the coefficients

We shall now interpret the coefficients obtained in the previous section ge-
ometrically for ¢ = 0.

4.1. Local geometric interpretation

As a first step, we specialize to the situation that in Propositions [3.3| and
- 6| the function . = .%} is given in terms of a spherical mean value of an
arbitrary function f € C(Re4™ ) Tyrning first to the indefinite case we
thus write

(4.1)

Sy(r,s) = /S‘"’+ /n,1 f(rot, s07)dot do =: Fp(r?, s%), r,s € R.

In order to interpret the coefficients in Proposition for such functions
& = S, we first observe the following fundamental relation between deriva-
tives of Sy and .%;. For each k € N, one has

O Fp(t,u) = 68S (Vi u) Y (t,u) € (0,00) x [0, 00),

(4.2) O Fp(t,u) = 658 (Vt,Vu) Y (t,u) € [0,00) x (0,00),

where, as in Proposition 0+ and 0_.% are the partial derivatives of
S5 with respect to the first and second variable, respectively, and 5k = (6,)F,
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6% = (6,5)* are powers of the operators

198

6,Sy(r,s) == ET;(T’ s) Vr>0,5>0,
188

65 Sy(r, s) == gTJ(T, s) VYr>0,s>0.

Definition 4.1. For { € R we introduce the full, pointed, and slit quadrics

2= {we R E - Q pw, w) — 2¢ = 0},
5§ = {w € RO FN\ L0} (Qpw,w) — 2¢ =0} C ¢,
2 = {w € RIF x RIF + (Qpw,w) — 2¢ = 0} C 3§,

+
with the notation RYT := R" \ {0}.
Note that
(4.3) 2 =3 — (=0, 3§ =3¢ «— (#0.

The quadric X¢ is the local model for the level set J ¢+ T(F)) near F,
with ¢ = 0 corresponding to the level set of J(F'). Expressing the coeffi-
cients in Proposition in terms of objects living on 3¢ will be the first
step towards an intrinsic geometric interpretation of the former. The pointed
quadric ¥ corresponds to the top stratum of J~1(¢ 4+ J(F)), which is re-
flected by the second relation in . Finally, the slit quadric ECX consists
of all points in X¢ which can be described by the inertial polar coordinates
introduced in Section 2.3

There is a natural hypersurface measure on ¥§ induced by the symplectic
measure dw on R F defined by the volume form d¥¢ := © F|2£v where
the (codim F' — 1)-form ©p on R®4m £\ {0} is characterized uniquely near
I by the relations

dw=0Op A dqp,

4.4 . ) )
( ) GF‘w c ACOdlmF_lTJ}EE C AcodlmF—lT;;RcodlmF Ve EE’

where we wrote gp(w) == 3 (Qpw,w). Let Tp : ROImF _ Reodim I he the
isomorphism

(45)  w=(w1,...,WeodimF)
( w1 w2 Weodim F—1 Weodim F ) _ TF(’UJ)
r 5 e Ty F 19 F 1 —_— .
RYRERNPYRE ’)\codimF/2‘ 2 ‘)\codimF/2|2
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Pulling back both sides of (4.4) along Tr yields, with Ar as in (2.29)), the
equation

(4.6) At dw =Tjdw = TrOp A d(gr o Tr).

+ - .
We claim that, on the subset R¢” x Rg” C RdmE\ [0} the form T30 x
can be explicitly expressed in terms of the inertial polar coordinates intro-
duced in Section as follows:
rds+ sdr
r2 + 52

)

(A7) TEOply e sy = Ap'r" L™ 1 dOT A dO™ A
(0F,07) € S x grrl,

This follows from (4.6)), the equation (qp o Tr)(r6™, s67) = £(r? — s?), and

the equations

rds+ sdr rds+ sdr
e = (7“al7“—sd$)/\7742_‘_82

dw = = Lne =L qr A dOF A ds A O

d(qr o TF) A = dr A ds,

Since n; >2, np>2, and T;dZC = T;@F‘T;I(Ei)v we deduce from (4.7))
that the measure dX¢ is locally finite. Observe that Ei is of full measure in
5. Thus, we get for every f € C2°(ReodimF)

(4.8)
/deCZ / foTp TrdxS
EC

T (2%)

e s 1S tor, (1, 8) ds + rr—lgne Store(r,8) dr

— AL
F ?“2 +82

{r2—s2=2¢, r,s>0}

Note that on the integration domain in the second line we have the relation

rdr = sds. . -
Next, consider for k£ € Ny the function Wg, € COO(]R?F X ]R:LF) defined
by

49)  Wialw) = Tl e P 7 P

where we use the notation w = (w',w™) for an element in R"r x R"r =
. +
Reodim F' - Fyrthermore, we define a differential operator D}L : C®(Re" x



Asymptotic expansion of generalized Witten integrals 1319

R"r) — CO"(RCL;E x R"r) and a differential operator D7 : C®(R"r x RyF) —
C°(R"* x RYF) by

1 +

(4.10) DEw) = 3(V (W), ——— ),

? 7Rt

where V f(w) € RImF is the Euclidean gradient of f at w and (-, -) is the
standard inner product in R4™ ' The significance of these operators lies
in the following observation, which we shall in fact only use for { = 0, when
the pointed and slit quadrics agree.

Proposition 4.1. Let f € CO(R©N™FY) and let f be the restriction of f
h -

to Re" x Ry, For each k,l € Ny, the function Wg (D} — D;)lf>< is inte-

grable over Ei with respect to dX¢ and one has

/ Wer(Dp — D;)lfX d¥¢ = / th(o_ — 8+)l5’foTF <t+2§, 75_2<> dt.
= 12| 2 2

Consequently, the integrals on the right hand side have a geometric meaning
i the semse that they correspond to integrals over ECX with respect to the
natural hypersurface measure dX.S.

Proof. Let us first assume ¢ > 0 and introduce the short-hand notation

frg = Wrpr(Dp — D},t)lfx with the function W, from (4.9) and the oper-

ators Dy from (4.10). The spherical mean S fu10Tx (1, 5) is well-defined for

r,5 > 0 and can be expressed in terms of Sy.7, (7, s) according to
(r2+s2)k /10 1 0!

4.11 o ; :4A 7(77_77> o ) ’

( ) kaz TF(T 8) F 25 Os 2% Or Sf TF(T S)

Tn}i—? gMp—2

as can be seen by writing w and w® in terms of polar coordinates in the
definitions of W) and DI%E. Using on ECX the relations r = y/s? + 2¢ and
rdr = sds, we write with (4.8))

/ frg d5°
=%
1

&) + - + -
_ (2420)"F/25"F 18, or (VTR 5) dst (2420 F /27 5" S o (VTR 5) ds
- 25242

Ar /o <
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and then compute with
/E< feg dS¢ = Alp /000(32 +20)" 2 TS o (Vs 4 2€, 5) ds
- 4/0003(252 + 2<)k<%as ¥ar)lsfm(\/m, s) ds

IENEEDY

o0 1 1 l
=2 2t + 2¢)F ds — d,) Sto t+2¢,Vt) dt
| et 200 (520 = 5 7m0 Spen (VEF VD
l
:/ tk ! ds — ! O | Stors \/tJFQC,\/l”_QC dt
o \g /e 2/ 2oV

_ / (0 — 0, VS o, <t+2< ’5_2C> dt.
2 2 2

Here we substituted ¢ := s2 and applied (4.2)) in the final step. The integra-
bility claim follows since the right hand side is a finite integral. The case
¢ <0 is treated analogously by writing s = /72 — 2(. [l

A further important observation is the following
Proposition 4.2. For all k € Ng and f € CZ (R E) “one has

0L o1, (0,0) = (2n) (vl §™F 1) (vol "7~ )(AL")* £(0),
where vol(S"fi:_l) is the volume of S with respect to the standard round
measure and the second order differential operator AfﬁF : CoO(Reodim Iy
C(RNmF) s defined by

AL ()(w) == tr (QF) 'Hessw(f)(w),  w e RPIMF,

Here tr denotes the trace, (Qf)_l s the restriction of Q;l to the subspace
Rnr C ReedimF op which +Qp is positive, and Hessi (f)(w) denotes the
quadrant of the FEuclidean Hessian matrixz of f at w formed by all second
derivatives with respect to the variables in R™F .

Proof. For k = 0, the claim is true by (4.1)). Assuming that it holds for some
k € Ny and also for k£ = 0, we have

N S 4or,(0,0) = 0205 Ffor,. (0,0) = O£ ) (228 )i (o) (05 0)-
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This reduces the proof to the case k = 1. To treat this case, we first recall
that for any bilinear form B on any Euclidean space R” one has

1
(4.12) / (B,6) df = —vol S" " tr B,
Sgn—1 n

as one verifies by diagonalizing B. For arbitrary f € C° (R4 ) we now

compute using (4.2)
108 foTr

. 2 .
0+S5or, (0,0) = 51—1>I{)1+ 0+ Ffor, (€7,0) = 61;%& % o (€,0)

1
~ o + +\ g0+ 10—
= lim o / /S (Vo J(eTp0,0), Tpo") do+ do
. vol §nr—l i n
= i ([ T T d

+ 6/5"251 (Hess; f(0,0)Tr6", Tpo) do™ + 0(52)>

lsn;fl
Yoo T / . (TpHess, f(0,0)Tr67",6") dg*
SnF—l

2
because [_.+_, (v,0%) d0* =0 for each v € R and Ty is self-adjoint. Ap-

plying (4.12]) then yields
0+ S tor (0,0) = (2n}) ~*(vol S”;_l)(vol Snr—l tr(T}:;theSS+f(0, O)Tlff),

where we put T% := TF|Rn§ R — R%. To get the claimed relation, it
now suffices to use the cyclic property of the trace and to observe that
(Tﬁf)2 = (Qf)*l. The calculation for 0_.74(0,0) is completely analogous.

O

To close this section, we briefly turn to the case of a definite quadratic
form Qr and write

(4.13) Sp(r) = / f(r0)do =: S5(r?), r € R.
Scodim F'—1
Proposition 4.3. One has for all k € Ny and f € C°(RedmF)
() gy = YOS [ ey
nyTF (0) - (2 codim F)k; (A ) f(o)v

where vol(SCN™F=1) s the volume of SN F=1 with respect to the standard
round measure and the second order differential operator AQF : C>(Reodim £
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— Coo(]RcodimF) is deﬁned by
AQF (f)(w) :=tr Q;ﬂlHess(f)(w)7 w € Reodim F

Here tr denotes the trace and Hess(f)(w) denotes the Fuclidean Hessian of
f at the point w.

Proof. In view of the relations
1
S(t) = 88S;(VE) Ve (0,00), kENo,  §:5(r) = 5-55(r), >0,
the proof is completely analogous to the proof of Proposition O
4.2. Global geometric interpretation

Let us now carry out the second step of our geometric interpretation by
specializing from a general spherlcal mean Sy as in and (| - ) to the
particular spherical means Sg from and (12.32) Wthh involve our am-
plitude a, the local normal form symplectomorphism @ from Proposition
and the cutoff function xr from our partition of unity. Our goal is to
translate the expressions from Propositions and which live in
our local model of M near F, into expressions that live on subsets of the
symplectic reduction .#¢. The technical key ingredient to achieving our goal
is the following

Lemma 4.4. Fiz (Up, ®F) as in Proposition[2.6, let f € C.(Ur), and de-
fine the average

{(F)r (T p) :Z/Tf(g-p)dg, pEM,
where dg is the Haar measure on T fized by our identification t = R. Let
¢ €R and put (r = J(F) — (.

1) Let dX¢F be the hypersurface measure introduced in (&.4) on the pointed
quadric P Then, with the notation as in (2.25)), one has

[ 0wty = [ [ @R o) ase @) d

top

where d///t%p (wtcop)” 1/(n —1)! denotes the symplectic volume form

on the top stratum of #°.



Asymptotic expansion of generalized Witten integrals 1323
2) Similarly, we have with dF = w3™F/2 /(dim F/2)!

/ faF = [ f@7 Fr(p,0))) dg.
F Pr

Proof. We begin with Assertion (1). First, note that from (2.18)) and (2.23)
it is clear that

(T ({Piop NUF) = {[p 0] € Or(Ur) | w € T4\ {0} }.

By slight abuse of notation, let us write gp([p, w]) = 1 (Qrw,w) =: gr(w),
so that we deduce from (2.18)) that

(4.14) (®;:1)*dT = dgr.
Furthermore, recall from ([2.27)) that we have the equality of smooth densities
(@) (dM]y,) = dlp,w], 7], w]) Algne| = |dp A dw|

and that by (4.4]) we have dp A dw = dp AN Op A dqr. On the other hand,
the hypersurface Liouville measure dJ7 " ({¢})top on J 1 ({¢})top is charac-
terized by the condition

1
(4.15) dM|p = aw”\p = dj‘p A dj_l({g})wp‘p S A2"(T;M)

for any p € J71({¢})top- Pulling back ([@.15) along ®.' o7 and taking
(4.14]) into account yields

(@5 0 7p) (4T ™ ({¢Htop) Apnp| = | dp A OF].

Since Op|yr = d¥SF and fwgl({p}) nr = 1 for each p € F, this proves that
one has for each f € C.(Ur)

(4.16
£ AT o= [ [ 5@ Grlo,w)) dE (w) do.
T {Hion Pr J5SF
It remains to show that

¢ _ -1
wm [ radiy= [T (D

top

To this end, recall that wl,  is characterized by Tr*wgop = ifw, where i¢ :

top
T {¢D)top = M is the inclusion and 7 : T ({¢})wop — S, the orbit

top
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projection. Also notice that our identification of ¢ with R corresponds to a
choice of an element xg € t that is identified with 1, and leads to an identifi-
cation of J with J(xo). On the top stratum M,y C M, the fundamental
vector field Zg is nowhere-vanishing, so it has a dual one-form &y. One then
computes on My, )

ti,(EoNdT) = dT = dJ(z0) = tz,w,
where the first equality uses the T-invariance of J, the middle equality

is the remark above, and the last equality is the defining property of the
momentum map J. Consequently,

(4.18) (&o N dj)‘Mu,mp) + B8 = W‘Mwmp)

for some 8 € Q*(My,. ) that fulfills 13,8 = 0. Thus, on M, ) we have

1 1 1
*'wn = *'wnil A é.() A dj =+ *'wnil A /8
1 1 1
= —'w"_l AN ANdT + jw"‘Q NEoANdT A B+ jw"‘Q A B2

1/ i o | .
:n!<zw InpI 1>A§oAdJ+mB
j=1

but 8™ = 0 because [ is degenerate. Now, if we insert 5 = w — £y A dJ, then
all non-zero powers of £y A dJ get killed by the wedge product with &y A d7,
and we arrive at

Lo (e _ L e
w—n!<;w )/\goAdj_(n_l)!w Ao ANdT.

n!
Inserting this in (4.15]) gives us

dj_l({g})wp = !izwn_l A 12(50)

L
(n—1)

On the other hand, we compute

1 1
7 Ay, = 7 (wiop) ™ /(n = 1)1) = T (o) = W™
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so that we find
AT ({CHrop = 7" (duttyy) NiZ (o),
/ P a7 = [ ([ fa0) asyir .
T ({¢Heep M T-p

We are left with comparing fT.p féo with (), (T - p) for any orbit T - p,
where p € T 1({¢})top- The map ¥,:S'>grg-peT-p is an Sk
equivariant diffeomorphism, so W;& is a Haar measure on .S I and thus a con-
stant multiple of dg. To determine the constant, we note that the derivative
of ¥, at the identity fulfills DW,|,(z) = Z|,, z € t = T1S'. Consequently,

Wpéol1(wo) = Eo(DPyl1(20)) = &o(T0) = 1,

proving W3¢y = dg. This finishes the proof of (4.17) and Assertion (1). As-
sertion (2) follows along the same arguments taking into account (2.19)),
(2.24]), and the relation ®r(F) = {[p,w] € Pr(Ur) | w = 0}. O

Corollary 4.5. Consider a spherical mean Sg as in (2.30) and (2.32).
Depending on whether the bilinear form Qp is indefinite or definite, write

Sp(r,s) =: S5, (r%,s%) or Sp(r) =: L5, (r?), r,s € [0, 00),
where .5, is a smooth, compactly supported function on R? or R as in ([4.1])

or (4.13)), respectively, associated with the function ap from (2.30) which is
related to our amplitude a € C2°(M) by

ar(w) = /P (axr) (@ (7r(p, Trw))) dp, w e ReOIim F

1) Suppose that QF is indefinite. Then, for each k,l € Ny, there are differ-
ential operators

Digg : CO(Up \ F) = C¥(Up\ F), 25, : C*(Ur) = C*(Ur)

of orders k and 2k, respectively, such that

o0 t t
[ oo (g a= [ Onetxeay ai”
(4.19) 7° 22 AT

ok .75.(0,0) = / 2%, adF.
F K
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2) Suppose that Qp is definite. Then, for each k € Ny, there is a differential
operator 2py, : C*°(Up) — C®(Ur) of order 2k such that

(4.20) S8 (0) = / 2padF.

F
Proof. Applying Lemma [£.4] and Propositions yields the claim
with integrands of the form

(Prrilaxr))y, 2iglaxr), 2erlaxr),

where the operators Zr 1, 2+ F. lw and 2, are defined as follows: first, we ex-
tend the operators D&, AQr, A and the functions Wg, from V C Reodim

(here V is ReodimF op RnF X RnF) to the trivial bundle Pr x V by pulling
back along the projection Pr x V' — V. Then these extended operators and
functions induce differential operators DL, AQr, AQF and functions WF L on
Pr x g, V by identifying smooth functions on PF X i, V with Kp-invariant
smooth functions on Pr x V. By conjugating D — f) with ®p, taking
the [-th power, and multiplying with ka and approprlate constants as
prescribed by Proposition we obtain the operator gy, ;. Similarly, we
define the operators Zpj and ka using A9r and AiF. Finally, since

xF = 1 near F, we can remove Y from the integrals over F'. O
5. Proof of the main results
We are now ready to prove our main results, Theorems [I.1] and [T.2]
5.1. Proof of Theorem [1.1]
Fix a given ¢ € R = t*, and recall from the equality

(5.1) () =TIy, () + > It

FeF

which is equivalent to the statement . We shall derive the desired
asymptotic expansion of I¢(¢) by deriving an asymptotic expansion of each
summand in . Let us begin with the summands associated with fixed
point set components F' € F satisfying j(F) = (. Fix such an F, put jF =
codim F'/2 — 1, and recall the notation as well as the expression (2
Applying Corollary [4.5] to the statements of Propositions [3.3] and [3.6] takmg
S = Sap, ¢ =0, 2¢ as asymptotic parameter, and L = codim F/2 — 2 (in
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Proposition or L = codim F'/2 (in Proposition there, we obtain the
following results:

1) Suppose that F' is indefinite. Then, there are differential operators DtOp

C®(Up \ F) = C®(Up \ F), j € No, and D, : C®(Ur) — C‘X’(UF)
Jjr, of orders j and 2(j + 1) — codim F respectlvely, such that one has

Pe) ~ > edaltD, in (D)@ S(t)
=0
with Af}” Al p+ AjF given by

i to J(F
irla®o) = ) (0) ///ﬂm <D]§3(X a)> d///mp ,
0, J <JF;
Aipla®o) =
P ( ) {J[k] fF D+ adF—l-O'[k] )fF D;FadF, j>jp.

2) Suppose that F' is definite, s = +. Then, there are differential oper-
ators Dj p : C®(Up) — C®(Up), j > tcodim F — 1, of orders 2j + 2 —
codim F' such that one has

IJF) NEZEJA in (D(M)®S(),

where A}?I(;F) vanishes unless j > jp, in which case one has Af}F)(a ®
o)=Ajrla®o)= 0[¢J] 0) [ DjradF.

To prove that the operators D] 7> Dj r equal constants for j = 2codlmF -1

and to determine the constants Cingef, Caet € C such that Df Leodim F—1,7 —

Clﬁdef’ chodlm 1,7 = Cdef, we inspect the differential operators and the

constants occurring in Propositions 3:3] [3:6] -, and [£.3] and recall that
([2:28) and (2:31)) involve an overall factor of A,', Wthh gives us

C:I:

inde

-1 nf—1 np—1\gcodim F/2 +
¢ = Ap (vol §™F77)(vol S+ 77)2 Ceodim F/2—1,0,0,0
9codim F/2+2 codim F/2

o ,
AF(nF/2 - 1) (’I’LF/2 )' codim F'/2—1,0,0,0
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_ A1 codim F'—1\qcodim F'/2
Caef = AF vol(S )2 / Ccodim F/2—-1,0
2codimF/2+1ﬂ.codirnF/2

B Ap(codim F/2 — 1)! Ccodim F/2—1,0-

Here the additional factors 2¢°4mF/2 gecur because we apply Propositions

and with e replaced by 2¢. Similarly, one finds D} g = 27 by taking
mto account that the function Wgy occurring in Pr0p031t10n u is con-
stant when k = codim F/2 — 2, its value belng given by Wr codimr/2—2 =
geodim F/2 A 1 gince ||wl|? = 2 HwiH for w € T7'(%°). Plugging in the values

of the constants Coodim F/2—1,0,0,0° and Ceodim F/2—1,0, We arrive at

(27T’L)C0dlm F/2—1
Ap(codim F/2 — 1)V

codim F//2—1
o = (27)? (i) NE
Cact = (2m) Ap(codim F/2 — 1)1 F

Ciﬁdef = (277)2

and we also find that the constants N;E from (1.9)) are given by

(5.2) NE (—1)C°dimF/2(codim F/2 —1)! COdiH§2_2 (il)codimF/2—l_1
ST T 2 ) p2- )l & codmFj2—1-1
nft/2—1\ (np/2 -1
()
l+;%;=z i !

0<i*<nt/2-1

To simplify the formula for Ng, we perform a computation kindly suggested
by Tosif Pinelis [§]. One computes for arbitrary p, ¢ € Ny with the convention
that (Z) = 0 whenever a < b

69 Soratmn X 0 () ()

1>0 j+k=l
§>0,k>0

— Z/ pPta—l (_1)3' (p) <q> dr
1>0 j+k ! J)\k
§>0,k>0

_ / Y Y (- <><Z vir* do

>0 j+k=l
j>0,k>0
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and the latter expression can be further rewritten into

[e=r 3 (f)ta-co (D) [
(

q
(=17
k=0 k=0
a | klp)
k=0

— z)Pz¥ dx

1
(1
0
Kq—k)! (k+p+1)

— s (T,
l
(a+p+ 1=

Applying this to ((5.2)) gives us the resultﬂ

nf/2-1 :
~9_ codim F'/2 — 1
(5.4) N = (=170 ) < ,/ )

=0 J

In particular, we see that Nljﬁ is a non-zero integer. Let us now turn to the
remaining summands in (5.1)):

(3) Assume that F' € F is such that J(F') # (. Then ( is a regular value of
Jlu,, and by Proposition there is an asymptotic expansion

e) ~ ey &AL i (D(M)@S(t)
7=0

with

A§,F(a®a) = g<j>(0)/ . <9§(Xpa)> d///top, 95 = 2m.

top

Of course, instead of applying Proposition we could have also treated
this case as in (1) or (2) by applying Corollary [4.5]and Propositions3.3]or
respectively. By the uniqueness of the coefficients in the asymptotic
expansion, the results of the two approaches agree. However, the form of
the coefficients obtained in Proposition is much more simple.

®The appearance of ny rather than n}. in the exponent determining the overall
sign of N? is not a misprint. This subtle and seemingly peculiar asymmetry is a
consequence of the fact that interchanging n;C and nz corresponds to replacing the
momentum map J by —JF, which changes the phase function in the generalized
Witten integral .
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(4) The function J| Moo, has only regular values. In particular, ¢ is a regular
value and Proposition [2.5] gives us an asymptotic expansion

I, () ~eY &AS, in (DM)aS(H)
7=0

with

A5, (a® o) = 0(0) ///,C

top

(DS (xop) ) g dotlyy, T = 2m.
Taking (1)—(4) together we deduce with (5.1)) that
I(e)~e) A5 in (D(M)®S(t)
=0

with

Ag(a ® o) =o)(0) //{C <D§a>T d%%p + Z Ajr(a®o),

top FeF:J(F)=C,

Fnsupp a#0
where the differential operator D§ is defined on the neighborhood %j( C
M,y of 771 ({C}) N Mg,y on which the operator .@jC from Proposition
is defined and acts on a function f € COO(%]-C) by

(5.5) DS(f) == 75 (oplass )+ D D5 (xrlyef)
FeF:J(F)#¢

+ > DEROElwamnag)-

FeF.J(F)=(,
F' indefinite

The sum in (5.5 is locally finite and x g f| U\ F)N%E extends smoothly by

zero to ?/jg, so that D§ is well-defined. To see that
(5.6) /%C (DSa)r d.al, = 2 ///{C (@yrd s, ¥aeCE(M),

“““top top

we observe that for each definite fixed point ' € F one has

UrNI'({IF)}) = F
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and consequently the intersection J~'({J(F)}) N M, ) is disjoint from
Up. This implies that for each ¢ € t* the family of cutoff functions

{Xtop: XF}FEJ-':j(F):C,F indefinite

restricts to a partition of unity on the set 7 ~'({¢}) N My, ). Since _@é =27
and D[tfg = 2r for all indefinite F € F, we get (5.6)).

Finally, to prove the naturality claim, let (M’,w’, J') be another Hamil-
tonian T-space and ® : M — M’ an isomorphism of Hamiltonian T-spaces.
Then F' = {®(F): F € F} is the set of connected components of M'T,
and for each F' = ®(F) € F' the map ®p = Ppo®~1: U} = ®(Up) —
Pr serves as the local normal form symplectomorphism in Proposition [2.6
Furthermore, the partition of unity {xtop o ®71, Xo-1 () © &1} pierr is sub-
ordinate to the cover M’ = M(/hmp) UUprer Urr, and one has nlf, = nf}f,l(F,),
/\f' = )\;-pil(F/) for each F’' € F', 1 < j < codim F'/2 = codim ®~1(F’)/2.
The claim now follows from the construction of the operators in the proofs
of Theorem and Corollary which is carried out locally either us-
ing Proposition for which the naturality property holds since the phase
function on M’ is given by composition with ® in the manifold variable, or
by composing operators in a Euclidean space which are uniquely determined
by the numbers nljﬁ, and )\f " with the local normal form symplectomorphism
®r and gluing them together using the partition of unity. This concludes
the proof of Theorem 1.1 O

The construction of D§ in (b.5)) raises the question whether the coeffi-

cients (A§)top in ([1.7) depend on the choice of partition of unity when j > 0.
That this is not the case is shown in the following

Lemma 5.1. For each j € Ny, the distribution ng € D'(M) defined by

(a) = ////C (DSar dat,,

and consequently the coefficient (Ag)top in (1.7), is independent of the choice
of partition of unity.

Proof. Applying Theorem and Proposition [2.5] immediately yields that
the restriction of 1; to M, is independent of the choice of partition
of unity by the uniqueness of the coefficients in the respective asymptotic
expansions. Now, given j € Ny, ¢ € t*, and a € C°(M), choose € > 0 and a
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T-invariant cutoff function y € CZ°(M) with vol ¢ p((supp x)/T N ///t%p) <
6/(||D§a”ooV01T) and x = 1 near supp a N M7, Then we have

T (a) = I$ (xa) + I3 ((1 - x)a)

J
= [ DSy dty, + TS + T (1 - ).

top

where X§ € C°(M) is such that D?(Xa) = XDJC-a + X§a. In particular, X]C-
¢

vanishes near supp a N M7 Since xa and (1 — x)a are supported in M,

J
the terms Ijg(xga) and Ijg((l — x)a) are independent of the choice of par-

tition of unity. Finally, the integral of <XD§a>T over ¢ is bounded in

top
absolute value by €. Since € > 0 was arbitrary, I]g (a) does not depend on the
choice of partition of unity. O

5.2. Proof of Theorem [1.2]

Fix a given (p € R = t*. To determine the limit behavior of each individual
term in as ¢ — (p under the two conditions (¢ — {p) > 0, we begin
with the summands Ai r(a® o), using the same notation as in the proof of
Theorem[L.1] Thus, fix an F € F. As long as ¢ # J(F), we have two options
how to express the coefficient AE, p(a® o0): Either we can observe that ¢ is
a regular value of J|y,, and invoke the general regular stationary phase
asymptotics from Proposition as we did in (3) in the proof of Theorem
Or we can apply Proposition[3.3|(if F' is indefinite) or[3.6] (if F is definite)
and Corollary as we did in (1) and (2) in the proof of Theorem By
uniqueness of the coefficients in asymptotic expansions, the two approaches
do describe the same coefficients. However, only the latter approach is useful
when ¢ approaches the singular value J(F) of J|y, because the coefficients
featured in Propositions and do have a clearly visible limit behavior
in this case, in contrast to the less explicit but simpler terms appearing
in Proposition [2.5] where no statement on limits towards singular values is
made. We thus distinguish three cases:
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1) If J(F) = o and F is indefinite, we apply Propositionwith ¢ replaced
by 2e, { by 2(r =2(( — J(F)), & = S4,, and L = codim F/2 — 2, to-
gether with Corollary yielding

; ¢
gi{;?F) Az p(a®o)
(=T (F))>0

j t J(F) . .
00 [ (D) d . j < ir.

top

j to J(F) . .
U(j)(0)<////tf]§” <Dj7£(XFa)>Tdf/40p —i—/FDj:F’FadF>, j> .

2) If J(F) = ¢p and F is definite, we similarly get from Proposition and
Corollary [£.5] the result

0, J<Jr or sp=T,

li AS Y
C—:;I(lF) J’F(a®0) O'(])(O)/ Djra, j>jr and sp=+.
F

+((=T(F))>0

3) If J(F) # (o, then all ¢ close to {y are regular values of J|y,, and by
Proposition [2.5| one has

lm A pla@ ) = ASpaw0) =00 [ (7 (), i,
+(¢—¢0)>0

Finally, it remains to consider the limits of the contributions A§ top(@ ® 0)
of the top stratum:

(4) Since the function 7| My, has only regular values, Proposition gives

CILHCIO Aitop(a ®o)= A%top(a ®0) =00 (0) ///co <9j§0 (Xtop®)) d///t%)p‘
£(¢—0)>0 o

We are now ready to describe the limit behavior of

Aa®o)= A a@o)+ D A pawo)
FeF:Fnsupp a#0
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for each ¢ € t*. Recalling the definition (5.5 of the operators DJC-7 a combi-
nation of (1)-(4) yields for each j € Ny

: ¢
Ch—>HCl0 ANa®o) = hn<1 A],top( a® o)
£(¢—¢0)>0 +(¢—¢0)>0
+ Z ChHCl AC rla®o)
FEeF:T(F)#Co, .
Fnsupp a#0 ? £(6=60)>0
+ lim A (a®o
Fef:jZ(F):CO (—>J%F) 5 )
FNsupp a#0 (=T (F)>0
= oU)(0) ( / . (DSa) dats,+ > / DY padF
Mo FeF.J(F)=Co,
codim F/2—1<j,
F' indefinite,
FNsupp a#0
D T FadF)
FeF:J(F)=Co,
codim F/2—1<j,
F definite, sp==,
Fnsupp a#0
This concludes the proof of Theorem O

Index of Notation

In what follows we include a list with the main notation used in this paper,
explaining its meaning and specifying the place where it is used first.

M A symplectic manifold with symplectic form w p- 1281

T The circle group, acting on M in a Hamiltonian fash- p. 1281
ion

t The Lie algebra of T, identified with R by fixing a p.|1281

Lebesgue measure
J The momentum map M — t* . |128
J(x) The map M — R given by J(p)(z) = J(x)(p) Eq. (L.4)
S(V) The space of Schwartz functions on V' Eq
D(M)  The space of test functions C°(M ) with the test func- Eq.
tion topology



O (r)

Asymptotic expansion of generalized Witten integrals

The space of distributions on M, identified with the
space of distribution densities on M via the symplec-
tic volume form dM

The symplectic reduction .Z¢ = 7~ 1({¢})/T

The top stratum of .#¢

The singular stratum of .#¢

The stratum of M of infinitesimal orbit type (hy)
A connected component of the fixed point set M 7T
The set of all connected components F' of MT

The generalized Witten integral

A function in C*(M)

A function in S(f)

The generalized Witten integral evaluated on a ® o
A component of the generalized Witten integral

A component of the generalized Witten integral
The j-th coefficient in the expansion of I¢(¢)

The local model for the level set 7~ 1(¢ + J(F))

A subset of 3¢

A subset of Eg

A contribution to the coefficient AJC-

A contribution to the coefficient A§

There is a constant C' > 0 such that |a| < Cr

There is a constant C' > 0, depending on z, such that
la] < Cr

References

1335

Eq.

Eq.

Eq.

Eq.

Eq. (1.6) f.
p. 1284
p. 1284
Eq. (L.2)
Eq.
Eq.
Eq.
Eq.
Eq.
Thm.
Def.
Def.
Def.
Sec.

et | N) | N

N
[\]
=

. -
[\]
=

_ =
—

LE[E[E[E
== =

[S2
[

Ex

Sec.
Eq. [#12

Prop.

[1] M. F. Atiyah and R. Bott, The moment map and equivariant cohomol-
ogy, Topology 23 (1984), 1-28.

[2] N. Berline, Getzler E., and M. Vergne, Heat kernels and Dirac operators,
Springer-Verlag, Berlin, Heidelberg, New York, 1992.

[3] N. Berline and M. Vergne, Zéros d’un champ de vecteurs et classes
caractéristiques équivariantes, Duke Math. J. 50 (1983), no. 2, 539-

549.

[4] R. Brummelhuis, T. Paul, and A. Uribe, Spectral estimates around a
critical level, Duke Math. J. 78 (1995), no. 3, 477-530.



1336

[5]

[6]

[7]

8]

[13]
[14]
[15]

[16]

[17]

B. Delarue and P. Ramacher

J. J. Duistermaat and G. Heckman, On the variation in the cohomology
of the symplectic form of the reduced phase space, Invent. Math. 69
(1982), 259-268.

J.J. Duistermaat, Fquivariant cohomology and stationary phase, Con-
temp. Math. 179 (1994), 45-62.

V. Guillemin and S. Sternberg, A normal form for the moment map,
Differential Geometric Methods in Mathematical Physics, Reidel pub-
lishing company, 1984.

Tosif Pinelis (https://mathoverflow.net /users/36721 /iosif pinelis), A bi-
nomial coefficient identity involving two parameters, MathOverflow,
URL:https://mathoverflow.net/q/361579 (version: 2020-05-28).

L. C. Jeffrey, Y. Kiem, F. C. Kirwan, and J. Woolf, Cohomology pair-
ings on singular quotients in geometric invariant theory, Transforma-
tion Groups 8 (2003), no. 3, 217-259.

L. C. Jeffrey and F. C. Kirwan, Localization for nonabelian group ac-
tions, Topology 34 (1995), 291-327.

, Localization and the quantization conjecture, Topology 36
(1997), no. 3, 647-693.

, Intersection theory on moduli spaces of holomorphic bundles
of arbitrary rank on a riemann surface, Annals of Mathematics 148
(1998), no. 1, 109-196.

J. Kalkman, Cohomology rings of symplectic quotients., J. Reine Angew.
Math. 458 (1995), 37-52.

F. C. Kirwan, Cohomology of quotients in symplectic and algebraic ge-
ometry, Princeton University Press, 1984.

S. Lang, Fundamentals of differential geometry, Graduate Texts in
Mathematics, vol. 191, Springer Verlag, 1999.

E. Lerman and S. Tolman, Intersection cohomology of S' symplectic
quotients and small resolutions., Duke Math. J. 103 (2000), no. 1, 79—
99.

C.-M. Marle, Modeéle d’action hamiltonienne d’un groupe de Lie sur une
variété symplectique. (Model of Hamiltonian action of a Lie group on a
symplectic manifold)., Rend. Semin. Mat., Torino 43 (1985), 227-251.



Asymptotic expansion of generalized Witten integrals 1337

[18] E. Meinrenken and R. Sjamaar, Singular reduction and quantization,
Topology 38 (1999), no. 4, 699-762.

[19] Eckhard Meinrenken, On Riemann-Roch formulas for multiplicities, J.
Am. Math. Soc. 9 (1996), no. 2, 373-389.

[20] D. Mumford, J. Fogarty, and F. C. Kirwan, Geometric invariant theory,
Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 34, Springer
Verlag, 1994.

[21] P. Paradan and M. Vergne, Witten nonabelian localization for equivari-
ant K-theory and [Q, R] = 0 theorem, vol. 261, Mem. AMS, no. 1257,
American Mathematical Society, 2019.

[22] Elisa Prato and Siye Wu, Duistermaat-Heckman measures in a non-
compact setting., Compos. Math. 94 (1994), 113-128.

[23] P. Ramacher, Singular equivariant asymptotics and the momentum
map. Residue formulae in equivariant cohomology., J. Symplectic Geom.
14 (2016), no. 2, 449-539.

[24] R. Sjamaar and E. Lerman, Stratified symplectic spaces and reduction,
Ann. Math. 134 (1991), 375-422.

[25] H. Whitney, Differentiable even functions., Duke Math. J. 10 (1943),
159-160.

[26] Edward Witten, Two dimensional gauge theories revisited., J. Geom.
Phys. 9 (1992), no. 4, 303-368.

UNIVERSITAT PADERBORN, INSTITUT FUR MATHEMATIK
WARBURGER STR. 100, 33098 PADERBORN, GERMANY
E-mail address: bdelarue@math.uni-paderborn.de

PHILIPPS-UNIVERSITAT MARBURG

FACHBEREICH MATHEMATIK UND INFORMATIK
HANS-MEERWEIN-STR., 35032 MARBURG, GERMANY
E-mail address: ramacher@mathematik.uni-marburg.de

RECEIVED JuLy 2, 2020
ACCEPTED JANUARY 24, 2021



	Introduction
	Background and setup
	Asymptotic expansions
	Geometric interpretation of the coefficients
	Proof of the main results
	Index of Notation
	References

