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Monopoles and foliations without

holonomy-invariant transverse measure

Boyu ZHANG

This article proves a uniform exponential decay estimate for
Seiberg-Witten equations on non-compact 4-manifolds with exact
symplectic ends of bounded geometry. This is an extension of the
analysis for asymptotically flat almost Kéhler (AFAK) structures
by Kronheimer and Mrowka [I7]. As an application, we construct
an invariant for smooth foliations without holonomy-invariant
transverse measure, which takes value in the boundary-stable ver-
sion of the monopole Floer homology group introduced by Kron-
heimer and Mrowka [I§], without invoking the Eliashberg-Thurston
perturbation.
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1. Introduction
1.1. Seiberg-Witten equations

Let (M, g) be an oriented Riemannian 4-manifold possibly with boundary.
The manifold M is allowed to be empty. We say that M is cylindrical, if M
is isometric to (—o0o,0] x Y for a closed, oriented Riemannian 3-manifold Y.
We say that M is endowed with an exact symplectic structure with bounded
geometry (or an ESBG structure), if there is an exact symplectic form w = df
on M, such that the following conditions hold:

1) w is compatible with g. In other words, w is a self-dual 2-form with
norm /2 under the metric g;

2) OM is compact, (M, g) is complete as a metric space;

3) The injectivity radius of M has a positive lower bound on M — N(0M),
where N(0M) is a tubular neighborhood of M with compact closure;

4) Let R be the Riemann curvature tensor of M, let V be the Levi-Civita
connection, then sup,,; |[V¥R| < 4oc for every k > 0;

5) supy; |V*0| < +oo for every k > 0.

If M is empty, then by definition, M is both cylindrical and has an (empty)
ESBG structure.

Suppose (M, g) is endowed with an ESBG structure by the symplectic
form w = df, then (w,g) induces an almost complex structure on M, and
there is a canonical spin® structure over M such that

S+ — T0,0 M D TO’2 ]\4’7
ST =1%"M.

We will denote the canonical spin® structure by sys,. Let ®g be the section
of ST given by 1 € I'(M,T%° M), let D be the Dirac operator, then there
exists a unique spin® connection Ag on sy, such that D4, ®g = 0. We call Ag
the canonical spin® connection on sys,,. For more details on the canonical
spin® structure and the canonical spin® connection, see, for example, [14,
Sections 4.2-4.3].

Definition 1.1. Suppose X is a complete oriented Riemannian 4-manifold.
We say that X has cylindrical and ESBG ends, if there are two 4-dimensional
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submanifolds with boundary M., Ms C X and an exact symplectic form w =
df on My, such that the following holds.

1) Mg and M, are disjoint closed subsets of X, and the closure of X —
M, — My is compact. M. and My are allowed to be empty.

2) M. is cylindrical, and w = df is an ESBG structure on Ms;.

3) If My is nonempty, then the ESBG structure on My can be extended
to a neighborhood of M.

4) If M. is nonempty, then the cylindrical structure on M. can be extended
to a neighborhood of M.. Namely, there exists a neighborhood N (M.) of
M. and a closed oriented Riemannian 3-manifold Y, such that N(M.)
is isometric to (—oo, €] X Y for e >0, where M. C N(M.) is mapped
to (—o0,0] x Y.

Definition 1.2. Let X be a Riemannian 4-manifold with cylindrical and
ESBG ends, where M, is the cylindrical end, and (Ms,w = d) is the ESBG
end. We say that a spin® structure s on X is admissible, if there is an
isomorphism from s|yr, to the canonical spin® structure syy, .

Remark 1.3. To simplify notation, if § is an admissible spin® structure on
X, we will always assume that there is a fixed isomorphism from s|ys, to
$M. w, and we will identify the positive and negative spinor bundles of s/,
with T9M, @ T%2M, and T'! M, respectively.

Let 5 be an admissible spin® structure on X, let S=ST &S~ be the
corresponding spinor bundle, and let p be the Clifford multiplications. Let
r > 0 be a constant; later we will require r to be sufficiently large. This
article studies a system of perturbed Seiberg-Witten equations on X given
by

(1.1) Di@ =1,
Fy = (6¢")o + m2,

where (n1,m2) = (0, —irw/4 + FXO) on My, and (n1,72) is given by a tame
perturbation introduced by [18, Section 10] on M.. The precise definition of
will be given in Section

Let A be spin® connection of s, and let ¢ be a section of ST. Recall
that we have chosen a fixed isomorphism from s[5z, to sy, ., and use it to
identify their spinor bundles, so we have S|y, = TY"OM, ® T2 M, where
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the almost complex structure on Mj is induced by w. Decompose ¢|ys, as

¢lu, = Vr(a+B),

where a € TOOM,, T2 M,. Let V', be the projection of V 4]z, to T2 M.
More precisely, V'; is a connection of T' 02 M, such that for every section s €
I'(M,, T2 M), the section V’4s is equal to the projection of V 45 to T92 M.
Let Ag be the canonical spin® connection on |z, , then there exists a unique
function a on My which takes values in iR such that Ay, — Ap = @ - idg+gs--
To simplify notation, we will write a = A|y;. — Ap for the rest of the article.
Notice that a defines a unitary connection on the trivial bundle 7% M. We
define the energy density function of (A, ¢) on M as:

(12)  Er(A,¢) =1 =|af = [BPP + |81 + |Vaal* + VB + |Fal*.

Define a function d on M, as follows. For each connected component
Ms(k) of My, if 8Ms(k) is nonempty, let d on Ms(k) be the distance function to
8M§k). Otherwise, fix a point z*) € Ms(k)7 and let d on Ms(k) be the distance
function to #(*). The main analytic result of this article is the following
estimate.

Theorem 1.4. Let X be a Riemannian 4-manifold with cylindrical and
ESBG ends, where M. is the cylindrical end, and (Ms,w = df) is the ESBG
end. Then there exists a constant rg >0 and a constant z, such that for
every admissible spin® structure s and every r > rg, there exists a constant
C' depending on r, with the following significance. If (A, @) is a solution to

(1.1) on X such that
| B0 < o0,
M,

then
(1.3) E.(A,¢) < Ce V=
pointwise on Ms.

Theorem [T.4] will be re-stated and proved in Section [£.7} The theorem is
an extension of the analysis on asymptotically flat almost Kahler (AFAK)
structures by Kronheimer and Mrowka [I7, Section 3(iii)]. This estimate
implies that the zero-dimensional component of a relevant moduli space
of solutions to Seiberg-Witten equations on X is compact, therefore one
can define topological invariants for X by counting the solutions of the
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Seiberg-Witten equations. In Section [5| we will follow the strategies of [20]
and construct an invariant for X which takes value in the monopole Floer
homology group.

1.2. Taut foliations

Theorem and the construction in Section [5| can be applied to the study
of taut foliations.

Let Y be a smooth, closed, oriented three-manifold, let F be an oriented
foliation on Y. By definition, F is called taut if the following condition is
satisfied: for every point p € Y, there exists an embedded circle in Y that
contains p and is transverse to F.

One of the fundamental problems in the study of taut foliations is their
existence on a given 3-manifold. By the Roussarie-Thurston theorem, if Y
supports a taut foliation, then every embedded sphere in Y is either nullho-
motopic or is isotopic to a leaf. Reeb’s stability theorem then implies that
if Y supports a taut foliation, then Y is either irreducible, or is homeo-
morphic to S? x S with the product foliation. Gabai [I2] proved that every
irreducible, closed, oriented three-manifold with b; > 1 supports a taut folia-
tion. The existence problem for taut foliations on irreducible manifolds with
by = 0 is still unsolved. It was proved in [20] that if Y is a rational homol-
ogy sphere supporting a smooth taut foliation, then the reduced monopole
Floer homology group HM 4(Y) must be nontrivial. This implies, for exam-
ple, that the lens spaces do not support any smooth taut foliations except
for S x S2. The theorem was generalized to C°-taut foliations by Bowden
3.

The flexibility of taut foliations has also been studied for years. Eynard-
Bontemps [11] proved that if two taut foliations can be homotoped to each
other via plane fields, then they can be homotoped to each other via fo-
liations. On the other hand, Vogel [28] and Bowden [5] have constructed
examples of taut foliations that are homotopic as plane fields but cannot be
homotoped to each other via taut foliations.

The proofs of the non-vanishing and non-flexibility results above rely on
the following perturbation theorem, which is due to Eliashberg and Thurston
for C? foliations and is generalized by Bowden to the C? case:

Theorem (Eliashberg-Thurston [10], Bowden [3]). Let F be an ori-
entable C° foliation on an oriented S-manifold Y, and assume (Y, F) is not
homeomorphic to the product foliation on S? x S*. Then F can be C° ap-
prozimated both by a sequence of positive contact structures and a sequence
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of negative contact structures. If F is taut, then the positive contact approx-
imations are weakly semi-fillable.

If Y supports taut foliations, then the non-vanishing of HM4(Y) was
proved by the theorem above and the non-vanishing property of semi-fillable
contact structures [20, Section 6.4]. The examples in [5], 28] were proved by
first showing that the perturbed contact structures are unique up to isotopy,
and then showing that the isotopy classes of the corresponding contact struc-
tures are different.

As an application of Theorem if F is a smooth foliation on Y that
does not admit holonomy-invariant transverse measures, we will construct
two invariants ci (F) € HM¢(Y) and c_(F) € HMo(—Y) without invoking
the Eliashberg-Thurston perturbation. Here, HM 4(-) is the boundary-stable
version of the monopole Floer homology introduced by [I8]. We will then
apply the invariants to the study of the existence and flexibility of taut
foliations.

Notice that F is taut if and only if there exists a closed 2-form @ on
Y, such that @ is everywhere positive on the tangent plane field of F [7,
Proposition 10.4.1]. On the other hand, F has no holonomy-invariant trans-
verse measure if and only if there exists an exact 2-form @ on Y, such that
w is everywhere positive on the tangent plane field of F [26, Theorem II.2].
Therefore, if Y is a rational homology sphere, then a foliation F is taut if
and only if it has no holonomy-invariant transverse measure.

In Section [6] we will construct the invariants c (F) and ¢ (F), and show
that the gradings of ¢4 (F) € I?]\//[(Y) and c_(F) € ﬁjl/éf(—Y) are given by
the homotopy classes of F as plane fields on Y and —Y respectively. We
will also show that ci(F) have nonzero images in the reduced monopole
Floer homology groups under the map j, defined by [I8, Proposition 22.2.1].
Therefore, the existence of ¢4 (F) gives an alternative proof for the nonvan-
ishing theorem of HM z](Y") for smooth taut foliations on rational homology
spheres [20, Theorem 2.1].

The invariants c4(F) can also be used to study the flexibility of folia-
tions. In Section [7} we will construct smooth foliations without holonomy-
invariant transverse measure that are homotopic as plane fields but have
different invariants cy. Since ¢4 (F) are invariant under smooth deforma-
tions, this gives examples of smooth foliations that are homotopic as plane
fields but cannot be smoothly deformed to each other via foliations without
holonomy-invariant transverse measure.
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It should be pointed out that if F is a smooth foliation without holonomy-
invariant transverse measure, then there exist linear deformations of F to
both positive and negative contact structures [10, Theorem 2.1.2]. Tt is
straightforward to verify that the space of all positive (negative) linear defor-
mations is convex, so the contact structures obtained by linear deformations
are unique up to isotopy. Therefore, the contact elements of the linearly
deformed contact structures also give two invariants for F in the monopole
Floer homology groups. The relation between c4(F) and the corresponding
contact invariants is not clear to the author.
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2. The Seiberg-Witten equations

This section briefly reviews the definition of Seiberg-Witten equations, and
introduces a perturbation on manifolds with cylindrical and ESBG ends. We
will follow the notations from [I8]. The reader may refer to [14} 23] for more
details.

2.1. Spin® Structures

For n>2, let Spin(n) be the connected double cover of SO(n). Let Spin®(n)=
(U(1) x Spin(n))/{#1}, where 1 € U(1) x Spin(n) is the unit element, and
the two coordinates of —1 € U(1) x Spin(n) are given by —1 € U(1) and
the non-trivial element in the preimage of 1 € SO(n). Let X be an oriented
Riemannian 4-manifold. By definition, a spin® structure s on X is a principal
Spin©(4)-bundle which is a lift of the oriented orthonormal frame bundle via
the surjection

Spin®(4) = (U(1) x Spin(4)) /{£1} — Spin(4)/{=1} = SO(4).
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The group Spin®(4) has a standard unitary representation on C*. Sup-
pose s is a spin® structure on X, then the spinor bundle of s is defined as
S =5 Xgpinc(a) C*. There is a Clifford multiplication p : T*X — Hom(S,S)
which satisfies p(v)? = —||v||? for all v € T*X, and the action p extends to
A*T*M. Let d Vol be the volume form of X, then p(d Vol)? = id|s. Let ST
and S~ be the eigenspaces of p(d Vol) with eigenvalues —1 and 1 respec-
tively, then both ST and S~ have rank 2. Let AT (X) be the vector bundle
of self-dual 2-forms on X, and let Endg(S™) be the traceless endomorphisms
of S, then p maps A*(X) ® C isomorphically to Endy(S™).

A unitary connection A on S is called a spin® connection if Vp =0,
where V 4 is the coupled connection of A and the Levi-Civita connection on
TX ® Hom(S,S). Every spin® connection decomposes as two unitary con-
nections on ST and S~, and the connection on ST induces a connection on
det(ST). We use A? to denote the connection on det(ST) induced by A, and
use D4 to denote the Dirac operator defined by A.

The definition of spin® structures on 3-manifolds is similar. A spin®
structure on an oriented Riemannian 3-manifold Y is a principal Spin®(3)—
bundle which is a lift of the oriented orthonormal frame bundle. Notice
that Spin®(3) = SU(2) x U(1)/{£1} = U(2). If t is a Spin® structure on a
3-manifold Y, then the spinor bundle of t is defined as S =t Xy 9 C?, and
there is a Clifford multiplication p : T*M — Hom(S,S). A unitary connec-
tion B on the spinor bundle S is called a spin® connection if Vgp = 0.

2.2. Configuration spaces

For a smooth vector bundle V over a smooth manifold M, we say that a
section s of V is locally LY, if for every p € M there exists a neighborhood
U of p and a (smooth) trivialization of Vi, such that s| is L} under this
trivialization. We say that a connection A of V is locally L%, if there exists a
smooth connection A, such that A — A is a locally LY section of T*"M @ V.
We recall the following definitions of configuration spaces from [I§].

Definition 2.1. Let t be a spin® structure on a closed 3-manifold Y, let S
be the spinor bundle. Define Ci(Y,t) to be the set of pairs (B,), where B is
a locally L% spin® connection of t, and ¥ is a locally L% section of S. Define
C(Y,t) = Miz1Cr (Y5 1),

Definition 2.2. Let s be a spin® structure on a compact 4-manifold X
possibly with boundary, letS = ST @® S~ be the spinor bundle. Define Cr(X,s)



Monopoles and foliations 199

to be the set of pairs (A, @) such that A is a locally Lz spin® connection of
s, and ¢ is a locally L3 section of ST. Define C(X,s) = Ng>1Ck(X,5).

Now let X be a Riemannian 4-manifold with cylindrical and ESBG ends
as given by Definition Suppose M, is the cylindrical end, and (M, w =
df) is the ESBG end. Let s be an admissible spin® structure on X as in
Deﬁnition We define the configuration space for (X, s) as follows. Recall
that for an oriented closed 3-manifold Y, the spin® structures on Y are in
one-to-one correspondence with the spin® structures on (—oo,0] x Y (I8
Section 4.3]).

Definition 2.3. Let X, M., Ms,w = df,s be as above, let r > 0 be a con-
stant. For k > 1, define Cr(X,s) to be the set of pairs (A, ¢) such that:

1) A is a locally L% Spin®-connection of s, and ¢ is a locally Li section
of St;

2) / E,(A,¢) < +oo, where E,(A, ) is defined by (1.2));
M,

3) On the cylindrical end M. = (—o00,0] X Y, let t be the spin® structure
on'Y induced by s|pr,. Then the restriction of (A, ¢) on M, gives a path
(—00,0] = Cx—1(Y,t) that is convergent at —oo, in the L} | topology
of Ck-1(Y, 1).

Define C(X,S) = ﬂkzlck(X,ﬁ).
2.3. Strongly tame perturbations

Let Y be an oriented closed three-manifold, let t be a spin® structure on Y,
and let By be a smooth spin® connection of t. Let £ be the Chern-Simons-
Dirac functional on C(Y,t) defined by [I8 Definition 4.1.1] with respect
to Bg. A Banach space of “tame” perturbations of £ was introduced and
studied in [I8, Sections 10, 11]. For the purpose of this article, we need to
introduce a stronger condition on the perturbations.

Recall that if q is a perturbation of the Chern-Simons-Dirac functional,
then the formal gradient of q defines a perturbation (§°, §') for the Seiberg-
Witten equations on the cylinder [0,1] x Y [18, Secion 10.1].

Definition 2.4. Let s be the spin® structure on [0,1] X Y induced by t. A
perturbation q of L is called strongly tame if

1) It is a tame perturbation as defined by [18, Definition 10.5.1].
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2) There is a constant mo such that

16°(A, ¢)llco < mo(l|gllce +1)

for all (A, ¢) € C([0,1] X Y,s).

3) There is a constant my such that

16" (A, @)l co < m
for all (A,¢) € C([0,1] xY,s).

Using the calculations in [I8, p. 176], it is straight forward to verify that
the cylindrical functions constructed in [I8, Section 11.1] are strongly tame.
The proof of [I8, Theorem 11.6.1] defined a norm || - || on the linear space
generated by a seqeuence cylindrical functions, and proved that the comple-
tion with respect to || - ||p gives a Banach space of tame perturbations. We
consider a modified norm defined by

16°(A, @)l co

e +1 Hdl(A,@uco).

1) lalp=lale+  sw
(A,0)eC([0,1]xY,s)

By the same argument as in [I8, Theorem 11.6.1], the completion with re-
spect to || - || gives a Banach space of strongly tame perturbations that
contains the given sequence of cylindrical functions. As a consequence, the
transversality property [I8, Theorem 15.1.1] still holds with respect to
strongly tame perturbations.

2.4. Perturbed Seiberg-Witten equations

Let X be a Riemannian 4-manifold with cylindrical and ESBG ends, where
the cylindrical end is M, and the ESBG end is (Ms,w = df). Let s be an
admissible spin¢ structure on X, let S = ST @ S~ be the spinor bundle. Let
r >0 be a constant. This section introduces a family of perturbations of
Seiberg-Witten equations on (X, s) parametrized by the constant r. Similar
perturbations were used in [I7, 27] and many other related works.

For (A, ¢) € Cr(X,s) with k > 2, define

§(A,0) = (p(FL.) — (6¢7)o, Da®),

where (¢p¢*)¢ is the traceless part of ¢p¢*. By definition, F(A, @) is a section
of isu(ST) & S™.
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By Conditions (3), (4) of Definition[L.1] the cylindrical and ESBG struc-
tures extend to neighborhoods of M, and M. Let M/ and (M],w" = df’) be
the respective neighborhoods of M. and M on which the cylindrical and
ESBG structures extend. If M, = (), then we take M/ = (). By shrinking the
neighborhoods, we may assume that the closures of M/ and M| are disjoint.
We also assume that M. deformation retracts to Mj, therefore the isomor-
phism from s|az, to sp7. extends to an isomorphism from s|y; to saz ..
In the following, we will fix such an isomorphism from s| M to sy . To
simplify notation, we will use the fixed isomorphism to identify the spinor
bundles of s|y;; and sps ..

Suppose M, is isometric to (—oo,0] x Y, let t be the spin® structure on
Y induced by s|as.. Let q be a strongly tame perturbation on (Y, t), then the
flow line equation of the perturbed Chern-Simons-Dirac functional £ + q
can be written as §(A4, ¢) = q(A, ¢), where q is the formal gradient of .
For the rest of this article, we will assume q is strongly tame in the sense
of Definition and is admissible in the sense of [I8, Definition 22.1.1].
Moreover, assume that [|q||5 < 1, where || - || is the norm defined by (2.1).

Recall that we have fixed an isomorphism from s My Yo sy and use
it to identify the spinor bundles of s[5, and sps .. There is a canonical
section ®g of S|y, given by 1 € (M}, T"°M]), and a canonical spin®
connection Ag on s|y; characterized by Dy ,®g = 0. Define a section 4 €
C>°(M!,isu(ST) ®S™) on M. by

= (=r(Pe®h)o + p(Fy;),0)

(2.2) (- %p(w/) +p(F},),0).

Let 7€ C§°(Z — M, — M/ isu(S*)). Let >0 be a smooth cut-off
function on X such that suppn C M. U M, and n = 1 on M, U M. Define

(2.3) f=nq+nu+(7,0).

The Seiberg-Witten equation that will be studied in this article is the equa-
tion for (A4, ¢) € Cr(X,s) given by:

(2.4) 5(A4,0) = (A, ¢).
2.5. Convergence on different manifolds

This subsection defines a version of convergence for a sequence of connections
and spinors on different manifolds, and gives a sufficient condition for the
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existence of a convergent subsequence. For a Riemannian manifold X, a
point p € X, and d > 0, we use B,,(d) to denote the set of points x € X such
that the distance from x to p is no greater than d.

Definition 2.5. A sequence of pointed Riemannian manifolds possibly with
boundary

{(Xngnvpn)}nZl

is said to have uniformly bounded geometry, if there exists a sequence of
positive real numbers {rp}n>1 such that the following conditions hold:

1) lim 7, = 4o0;
n—oo

2) The exponential map of X,, at p, is defined on the closed ball of radius
ryn, for each n;

3) There exists €y > 0, such that for all n, the injectivity radius of X,, is
greater than € for every point in By, (1);

4) For every integer n > 0, let R™ be the Riemann curvature tensor of
X,, then the sequence

{Bsup \VkR(”)\}nZI

o ()

is bounded for each k.

Remark 2.6. Suppose {(Xp, gn, Pn)}n>1 is a sequence of pointed Rieman-
nian manifolds with uniformly bounded geometry, then for each N > 0, there
exists a constant Cy > 0 with the following property. For every n, sup-
pose x € By, (ry,), let ¢ : B(ep) = X, be the normal coordinate of (X, g)
centered at x with radius €. Then [|¢} gnllcv(B(e,)) < Cn- As a conse-
quence, for each k € ZT, v € (0,1),7 > 0, there exists a constant @ such that
|(Bp, (Tn)s gn)lk+ar < Q for all n, where || - ||g4q,r is the norm defined in
[25, Section 2]. This observation will be used in the proof of Proposition

Definition 2.7. Suppose {(Xy, gn, Pn) }n>1 is a sequence of oriented pointed
Riemannian 4-manifolds with uniformly bounded geometry. For each n, let
s, be a spin® structure on Xy, let S, =S} @S, be the corresponding spinor
bundle, and let p, : T*X,, — Hom(S,, S,) the Clifford multiplications. Let
Ay, be a locally L% spin® connection of s,, let ¢, be a locally Li section of S} .
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The sequence {(Xn, gnsPn,Sn, An, On) }n>1 is said to be convergent to

(thupus)Av(b)

up to gauge transformations, if there exists a sequence

{(dna Un, Vo, ©ny @n, un)}nZl

such that the following conditions hold:

1) (X, g) is a connected complete Riemannian 4-manifold, and p € X.
{dn}n>1 is a sequence of positive real numbers such that lim, o d,, =
400. The element V,, is an open meighborhood of p, in X,, and U,
is an open neighborhood of p in X. Both V, and U, have compact
closures in X, and X respectively.

2) The exponential map of X,, at p, is defined on the closed ball of ra-
dius dy, for each n, and By, (dy,) C V, in Xy, Bp(dn) C Uy, in X. The
element py, is a diffeomorphism from Uy, to V,, mapping p to p,. More-
over, for every compact subset K of X, we have

Jim{lgr(9n) = 9llom kv, =0, for allm € N.

3) Let S be the spinor bundle of s and let p: T*X — Hom(S,S) be the
Clifford multiplication. The element @, is a smooth unitary isomor-
phism from Sy |y, to S|y, lifting ¢n. Let @) (py) : T*X — Hom(S,S) be
the pull-back of py via @ and the tangent map of p,. For every compact
subset K of X, we have

Jim {|@7(pn) = pllomknv,) = 0, for allm € N.

4) The element u, is a gauge transformation of s, on V,, such that for
every compact subset K of X, we have

i (|85 (tun(An. 60) — (A.6)lem(scrvs) = 0, for all m € N.

Remark 2.8. By our definition, when X,,’s are not connected, the conver-
gence of

{(Xn’gnapn,ﬁnv Ana an)}nzl

only depends on the connected components containing p,,.
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Proposition 2.9. Let {(Xy, gn,Pn)}n>1 be a sequence of pointed oriented
Riemannian 4-manifolds with uniformly bounded geometry, let ey, {rn}n>1 be
the constants given by Definition|2.5 For each n, let s, be a spin® structure
on Xy, let S, be the spinor bundle, let A, be a locally L? Spin°-connection
for s, and let ¢, be a locally L} section of S;. Assume that there exists a
constant C > 0 such that for every n and every point x € By, (ry),

2.5 Fy ?<C,
(2.5) /B PR

(2.6) |fn(z)] < C,
and

(2.7) Dy, (¢n) = 0.

Moreover, assume that §(An, ¢n) is smooth for each n, and

(2.8) sup [|F(An, ¢n)llor < +o0, for all k> 1.
n>1

Then there exists a subsequence of {(Xn, gn,Pn,5n, An, ¢n)In>1 and a con-
figuration (X, g,p,s, A, ), such that the subsequence converges to (X, g,p, s,

A, ¢) in the sense of Definition .

Proof. Since {(X, gn,Pn) tn>1 have uniformly bounded geometry, it follows
from [25] Theorem 2.2] and Remark that after taking a subsequence,
there exists a complete, connected, pointed Riemannian manifold (X, g,p)
and a sequence {(dp, Uy, Vi, ¢n) }n>1, such that Conditions (1), (2) of Defi-
nition are satisfied. Although [25, Theorem 2.2] requires (X, gn, pn) to
be complete, the proof also works for non-complete manifolds as long as
Conditions (1), (2) of Definition [2.5| holds. By taking a further subsequence,
we may assume that U, C U,, C X for all n < m.
Now we construct a spin® structure s on X. By , the sequence

lon (Fa) 2w, nK)

is bounded for every compact subset K of X. Take an embedded closed
oriented surface ¥ in X, let N(X) be a tubular neighborhood of ¥. Then

sup / 95 (Fa,)| < +oo,
{n|N(2)CU,.} JN(X)
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As a consequence,

sup — [(gp(ci(sn)), (X[ < +o0
{nIN(®)cU,}

Let Spin®(U,) be the set of isomorphism classes of spin® structures on
U,. Since the first Chern class determines the spin® structure up to tor-
sion, there exists a finite set A, C Spin®(U,), such that ¢, (s.)|v, € Ay,
for all m > n. Therefore, after taking a further subsequence, we may as-
sume that ¢ (s,,)|y, is isomorphic to ¢} (sy,) for all m > n. For each n, let
Cn @5 (5n) = @5 1(Sns1)|u, be an isomorphism of spin® structures on Up,
let ¢y, : Uy, — Uy be the inclusion map, then {(¢} (s,), Un, G, tn) }n>1 gen-
erates a direct system. Taking the limit of this direct system yields a spin®
structure s on X and isomorphisms @, : s|y, — s, that are lifts of ¢,,.

The only thing remaining to prove is the existence of (A, ¢) and the gauge
transformations w,, satisfying Condition (4) of Definition Without loss
of generality, we may assume that the closures of V,, C X,, and U,, C X are
compact manifolds with boundary. For a pair of positive integers n > m, let
E(Anlv,,, ¢nlv,,) be the analytic energy of (A, ¢y) on V,, as defined by
[18, Definition 4.5.4]. We will show that for every m,

sup E(A,
n>m+1

‘/1717 ¢n‘vnz) < +OO'

Since the closure of U, in X is compact for every m, by taking a fur-
ther subsequence if necessary, we may assume that U,,_1 C U, for all m.
Moreover, since X is complete, we may take a further subsequence, such
that for each m > 1, there is a cut-off function x,, > 0 on X such that
supp Xm C Um+1, Xmlu,, = 1, and |Vxp,| < 1 for all m.

For n > m+1, let QS%m) = (Xm © ¢p') - ¢n be a spinor on V,. By (2.6),
(2-8), and Condition (2) of Definition we have

I3 (Ans 85221, 0) < Ct (I8 (Ans )l 22(v,000) + I 0nllco + [[dnllo)
(2.9) <y

for constants Cy, Cy depending on m.

Let EtOP(An]Vm,H,(l)nm)WmH) be the topological energy of (A,, ¢£{”)) on
Vint1 as defined by [I8, Definition 4.5.4]. Since gf)?(lm) is compactly supported
on V41, we have

1
(210) gtop(An|Vm+17¢$1m)|vm+1) = 1 / FAZ A FAZa

‘/rn«# 1
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which is bounded by a constant depending on m because of ([2.5)).
By [I8, (4.16)],

EM(AnlVprs 05 V) = EP(Anlvis 05 Vi) + I8 (Ans 97N 72,0

therefore by (Z9) and @.10), £ (An|v., ., 6% |v,..,) is bounded by a con-
stant depending on m. Since

E (AnlVps O Vi) = E(Anlv,.s dnlv,,) — C,
for a constant C3 depending on m, we conclude that

sup gan (An ‘ Vs ¢n
n>m+1

Vm) < +00.

By Condition (2) of Definition the statement above implies that

{E (" (An)lu,,., &7 (dn) U, ) Fnzmtr

is bounded for every m. Therefore, by a diagonal argument, the existence
of (A, ¢) and u,, satisfying Condition (4) of Definition follows from [18,
Theorem 5.2.1]. O

3. Exponential decay of E,. (A, ¢)

This section proves a weak version of Theorem which will be stated as
Proposition |3.3

Let X be a Riemannian 4-manifold with cylindrical and ESBG ends,
and suppose the cylindrical end is M, and the ESBG end is (M, w = df).
Let s be an admissible spin® structure on X, let S = ST @ S~ be the spinor
bundle of s, let @5 be the canonical section of S*T|My, and let Ay be the
spin® connection on s|ps, such that Dy, ®g = 0.

Let (A, ) € Cx(X,s) be a solution to (2.4). By the standard elliptic
regularity arguments, (A, ¢) is locally C* on X after suitable gauge trans-
formations. Since the perturbation q in is assumed to be admissible,
it follows from [I8, Proposition 13.4.1] that Condition (3) of Defintion
implies the CY convergence of (A, ¢) on M, after gauge transformations. As
a consequence,

(3.1) [6llcoar,) < 400
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Let inj(X) be the injectivity radius of X. By Definition inj(X) > 0.
Let

(3.2) €0 = min{inj(zX) 1}

The following convention will be adopted for the rest of this article unless
otherwise stated: the notations z or z; will denote positive real numbers that
only depend on X, M, M., 0, and the terms 7 and 7 in . The notation
ro will denote a positive real number that depends only on the same set of
data, and we will assume that r > rg for the constant r in . The value
of g may increase as the proof proceeds.

3.1. C° bound

This subsection proves the following C? estimate. Recall that A is the
canonical connection on sy, and let a = Ay, — Ao

Proposition 3.1. There exist constants z, rg, such that for all r > rg

and (A, ¢) € Cp(X,s) satisfying (2.4), we have |¢llcox) < z-+/r, and
1ES leoxy < 2

The proof starts with the following C° estimate on M, which is adapted
from [I7, Lemma 3.23]. Recall that €y is the constant defined by (3.2)).

Lemma 3.2. Let N(OMjy) be the eg-neighborhood of OMs. There exist con-
stants z,rg, such that if r > ro and (A, ¢) € Cr(X,s) solves (2.4)), we have

16l coar,—N(arzyy < 2 - V.

Proof. By (2.2) of [27], the following inequality holds on Mj for a constant
Z1-.

1, 1
§d d|o]* + |Vl + Z|¢\2(\¢|2 —r)—z o> <O0.
Take rg > 4z;. For r > ry, we have
Loz L Y22
(3.3) 2@ dlgl” + 1" (¢l — 2r) < 0.
For x € My — N(9Mj), let p be the distance function to x on By(eg). Let f

be the function on the interior of B, (e) defined by f = 1/(e3 — p?)2. Since
€o is less than the injectivity radius of X, let (g;j)1<ij<4 be the metric
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matrix of the normal coordinates of B, (€p) centered at x, and let g be the
determinant of (g;;)1<; j<a. We have

1 0

of
EENCET )

d*df = — (" V5 5)

Notice that since X has bounded geometry, ||g|[co and ||[Vg||co are both
bounded by constants independent of z, and g is bounded away from 0 on
B (€0). A straightforward calculation shows that for some large constant
z9 > 0,

(3.4) 7d* d((z2) rf) ((22)27‘f) ((22)2T‘f —2r) > 0.

Let 2’ be a point in B,(eg) where the function (22)%rf — |¢|? achieves the
minimum value. Since the limit of f on 9B, (ep) is +00, such a point 2’ exists
in the interior of By (ep). By (3.3)) and (3.4), we have

(@) (16(2")]* = 2r) < ((22)*rf(2)) ((22)°r f (') = 2r),

therefore |p(x")|? < max{2r, (z2)%rf(2')} < 2r + (22)%rf(2'). This implies
|9|? < 2r + (22)%rf, hence |¢(z)| < z- /1 for z = /2 + (22)2. O

Now we prove Proposition

Proof of Proposition[3.1l Let ro be the constant given by Lemma In-
crease the value of rq if necessary such that ro > 1, and assume r > rg.

By and Lemma we have supy |¢| < +oo. Let zp € X be a
point such that |¢(zo)| > 4 supx [#|. Let € < €y be a positive constant that
will be determined later. Notice that (A, ¢) satisfies the following equations
on By, (e€):

(3.5) p(FL) = (66 )0+ (A, ¢),
3.6 Da¢ = [i'(A, ¢),

where [i is given by (2.3). Since the perturbation q is strongly tame and
|¢(z0)| > & supx ||, there exists a constant zy such that the following holds
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on By, ()
(3.7) 12°(A, ¢)llco < 20 (1 + |¢(z0)]) + 207,
(3.8) 121 (A, §)llco < =o.

In the following, we will write i°(A, ¢) as 4%, and '(A, ¢) as i'. Applying
D 4 to both sides of (3.6]) yields

D3¢ = Da(i).
By the Weitzenbock formula, this implies
* 1 + 1 ~1
(3.9) VAV ad+ 5p(FL)0 + ;56 = Dalil),

where s is the scalar curvature of X. Plug in (3.5 to (3.9), and take the
inner product with ¢, we obtain

1, 1 1 1. N
@l +[Vas* + J|o]" + 1 (s, 0) + 5 ("0, 6) = (Da(ir}), 9)-
Recall that » > rg > 1, hence by (3.7]), there exists a constant z; such that
1, 1 .
@ Ao + [Vadl* + 216" < (Da(h), 6) + 217[6f* + 21]6(x0)| 6],
By the arithmetic-geometric mean inequality,

1
_T6|¢|4 —42%7”2 < —217"¢|2,

1
—1gl0l" — 422 (o) < =21 [6(xo)] |6,
Adding the above three inequalities, we obtain
1, 1 .
5@ Ao + [Vagl® + 2ol = 421 (r* + |o(wo)[*) < (Dalir'), 6)-

Let h >0 be a smooth function on By, (€) such that h =1 on By, (€e/4)
and supp h C By, (e/2). Let x = h. Let G, > 0 be the Green’s function on
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B, (€) that has a pole at zp and equals zero on 9By, (¢). Then:

1, 1
[ (Gardof + 190 + gloft — 4222 +10(a0))) - Gay - x
Bmo(e) 2 8
<[ Dal)0- G,
By, (€)

which gives

1 1
310 [ (= 3AU6P) + 5lePAx+ VIoP V) - G,
Ba,(e) 2 2
1
+ IV adl? G, X + 101" Gy x = 453 (1 + [6(w0) ) G, X)

1t Da(¢ Gay X))
< /Bm(e)w A(6 Gy X))

Therefore

1 2 1 2 2 2
1) gl < [ ((=3l0PAx= V167 V) oy = Va0 Gy X

2o (€)

— 101" Gy x + 42072 4 [6(20)) Gay x + (3, Da(6 Gy X)) ).

Recall that x = h*, hence |Ax| < 4h®|Ah| + 12h%|Vh|%. By the arithmetic-
geometric mean inequality, there exists a constant zo such that

~Sl0PAX <IOPIAR] + 61| VAP)
<ea(|ARPH2 + [VAIY) + ool e
== ARPR2 + VALY + o]0l x.
Similarly, there exists a constant zs such that
V16| [V] <219] - [V g - (48 V)
<32 |02 VhP? + 5[V agPh!
<z | VA + ool W+ 5 VAo’

1 1
=23|Vh|* + §’VA¢’2X + E\Wl X-
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By (3.8)), there exists a constant z4 such that

/ RERIULRE / 20| Dad| Gy
B, (e

2 (€)

1
S/ §\VA¢!2Gxox +z4/ Gz, X-
Bmo(e) -’”0(6)

Therefore (3.11)) and the three estimates above yield

1
L) < / (221 8R2N7 + [VR*) + 25| Vh*) G + 2 / G X
2
Bg, (€) Bay (€)
(312) o+ / BNV (G 2| + 422(r2 + |8(a0) ) / G X.
B$0(€) Bzo(e)

Recall that |¢(z0)| > 3 supy |¢|, therefore by (3.8),

/ ROV (G, 01 < 2 a0) /B I (G0

zq

<

oo +8( [ 19 01)

zo

ool +858 ([

By, (€)

(3.13) <

| = 0ol

V(G l) -

Notice that the constants z; do not depend on the choice of ¢, and there
exist constants zs, zg such that

z5 e < / Gz < 26 €.
B., (€)
Take € = 1/(2z7+/r), with z7 sufficiently large such that

1 1
(3.14) / Gz, < 26€% < min {7,72}.
Buy(€) r 3227

Plug in (3.13)) and (3.14) to (3.12)), and rearrange, we have

1
Lola)? < / (=21 8RR 4 VA1) + 25| VAY) G,

w0 (€)

+Z4/ G%X—FSZ%(/
B.,(¢) B

2
ViGa) it [ G

20 (€)
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Since € = 1/(z7 4/r), one can choose the function A such that the right-hand
side of the above inequality is bounded by zg - r for some constant zg, hence

the estimate on |[¢||co(x) is proved. The upper bound on || F; ||co(x) then
follows from (3.5)) and (3.7). O

3.2. Exponential decay on M,

Recall that the spinor ¢|y;. decomposes as ¢ = +/r(a+ (), with a €
(M, TOOMy), B € T'(Ms, T%?My). The spinor bundle ST has a canonical
section ®¢ on M, given by 1 € I'(M,, T%°M,), and there is a unique spin®
connection Ag on s/, such that D, ®o = 0. Take a = A|yr, — Ao, and take
V', to be the projection of V|, to T92M,. The energy density function
E,(A,¢) is defined on M, by (L.2). If (A, ¢) € Ci(X,s), then we have

/ E (A, ¢) < +oo.
M

Recall that the function d on M is defined as follows. For each connected
component M, S(k) of M, if OM, S(k) is nonempty, then d is the distance function
to 8Ms(k) on Ms(k). Otherwise, fix a point z(¥) € M§k), and d is the distance
function to z®) on M§k). The main result of this section is the following
proposition.

Proposition 3.3. There exist constants z,z',rg such that the following
holds. Suppose r > 1o and (A, ¢) € Cp(X,s) solves (2.4)), then there is a con-
stant dy, which may depend on r and (A, ¢), such that

(3.15) E.(A,¢)(z) < e~ VT(d(@)—do)/2’
for every x € My with d(x) > dy.

We start the proof with the following lemma, which is adapted from [17,
Lemma 3.21].

Lemma 3.4. Let (A, ) be as in Proposition then given § > 0, there
exists d(0) > 0 depending on (A, @), r and 0, such that for all x € My with
d(x) > d(6), we have

E.(A, ¢)(x) <.

Proof. Assume the contrary, then there is a sequence {zp}n>1 C M, and
a constant 6 > 0, such that d(z,) — +oo and E,(A, ¢)(z,) > d for all n.
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Let €9 > 0 be given by (B.2). After taking a subsequence of {,} if nec-
essary, we may assume that the balls B, (ey) are pairwise disjoint and
are all included in My. Let g be the metric of X. Consider the sequence
(Mg, g, 2,5, A, @). By Prop051t10n and Lemma |3.2} u a subsequence con-
verges to a limit (MS, §,%,5, A, ¢) Recall that V*w is bounded for all k. By
a diagonal argument and the Arzela-Ascoli theorem, after taking a further
subsequence, the symplectic form w converges to a limit symplectic form @
on M,, in the C™ topology on compact subsets. The symplectic form w is
compatible with g, and hence it defines an energy density function E, (A, q~5)
on M,. By the assumptions on z,,, we have E,(A, ¢)(Z) > 6, thus

/ B (4,8) > 0.
B (eo)

Therefore, there exists a positive constant ¢’ > 0, such that

/ E.(A, ¢) > ¢
B.,, (€0)

for sufficiently large n. This contradicts the assumption that

E,(A, .
/MS (A, ¢) < 400 0

The following lemma is an extension of [I7, Lemma 3.24]. Recall that
for a point p in a complete Riemannian manifold M, we use B,(r) to denote
the set of points in M whose distance to p is no greater than r, and r is
allowed to be greater than the injectivity radius of M at p.

Lemma 3.5. Let K,vg,R>0, r>1 be constants. Let M be an n-
dimensional complete Riemannian manifold with Ric > —K, let xg € M.
Let s be a C? function on By, (R). Suppose s satisfies:

1
§d*ds +1rVs < h,
where h,V are C° functions, and V > vy on By,(R). Then there exists a

positive constant € depending only onn, K, R, and vy, such that the following
inequality holds:

h
s(eo) < (s || sup_|[s])e VT
B.y(R) TV) (aB%(R)

If 0By, (R) = @, then suppp, () |s| in the above inequality is defined to be 0.
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Proof. Let p be the distance function to xg, let k = \/K/(n —1). By the
distributional Laplacian comparison theorem, the following inequality holds
on X in the sense of distributions:

(3.16) n-l

(1+Ep).

In other words, for every non-negative function ¢ € C5°(X), we have

n—1
/pAcpS/(lJrkp)sO-
X p

The reader may refer to [22, Corollary 2.12] for the proof of (see also
[15] and [6, Theorem 3]).

Let f(u) be a smooth, non-decreasing function on R such that f(u) =0
when u < R/4 and f(u) = u when u > R/2. Let g = e“V"f(¥) be a function
on M, where € is a small positive constant that will be determined later.
Notice that in the sense of distributions,

d'dg = ~Ag = ~(eV/rf"(p) + (£ (0)* + VT () Ap) g
(V") + (1) + VT () (== + k(= 1) ) g

Therefore, there exists a constant € depending only on n, K, R, and vg, such
that

1
gd*dg +rVg>0

in the sense of distributrions. Let

g = sup

h ‘ /TR
— |+ sup [s]|)-g/e ,
BmO(R) T‘V ( )| |> /

9B.,(R

then éd*ds +1rVs < %d*dé +rVg in the sense of distributions, and
sloB,, (r) < 9lop., (r)- By the maximum principle for weak solutions [13, The-
orem 8 1] we have s < g on the ball By, (R), hence the lemma is proved. O

Proof of Proposition[3.3 Recall that we use the notation z; to denote con-
stants that only depend on X, My, M., 0, and the terms 7 and 7 in . In
the following we will require ro > 1. The proof follows the strategy of [17
Section 3], and is divided into 7 steps:
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Step 1. By Lemma there exists d; > 0 depending on (4, ¢) and r,
such that if = € M, satisfies d(x) > d; then

(3.17) la(z)| > % Eo (A, ¢)(x) < 1.

Step 2: Pointwise estimates of a and 8. By [27, Lemma 2.2], there
exist constants z1, z9, z3 > 1, such that if ¢ € (0 ), r > 21, and & > z3,
let

’222

0
(3.18) u=(1—la]*) =¢8P +
(r
then the following inequality holds:
1 T o9
ZJ* — > 0.
2d du + 4|oz\ u>0

Notice that the C° norm of u is bounded by (3.17), hence by Lemma
and (3.17)), there are constants zs5, zg such that

(3.19) 0> e Vrd=d)/z

on {x € M|d(x) > dy 4+ 1}. Therefore there exists a constant z7 such that
(3.20) |2
(3.21) Ll

IN

z7
]_ —
+ 2

(1ol +35).

IN

on {x € M|d(x) > dy + 1}.
Step 3: Pointwise estimates of F,. On Mg, the curvature part of ([2.4)
can be rewritten as (cf. [16} (8),(9)])

1

r

(3.22) Fl = —5" (1—]al*+ |ﬁ|2)w+1(a*ﬁ—aﬁ*).

By (3.20) and (3.21)), there exists a constant z1; such that
211

[Ff| < \[(14‘*)(1—’04 ) + 211

Now we estimate |F;|. By [27, Lemma 2.5], there exist constants 212, 213,
z14, 215 such that if r > 25, then for

T 2’12 2
1—lal) —z13-7 + 214,
w0 =50+ 70— 1) = 213 - 78] + 214

3_|Fa |7
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we have )
" r
S (s = q0) + Tlal*(s — a0) < [Rls,

where R is a curvature term that is uniformly bounded on Mj.
Therefore, if > 8sup |R|, we have

1., T
(s = q0) + g!a\z(s —q) < |R| " |qol-

By Lemma and (3.17)), there exists a constant zjg such that on {z €
M;|d(z) > di + 1}, we have
”

42

In conclusion, there is a constant z17 such that on {z € M,|d(z) > d; + 1},

— 216
Frl < 20+ 2901 = jaf) + 216

r zZ17
R 1+ "
4\@( r

Step 4: Pointwise estimates of |V,a| and |V/,3|. Let

F < (1= laf?) + 217

y = |Vaal* + V5%

Recall that the function w is defined by (3.18). By [27, (2.43)], there exists
a constant z1g such that

1 r
id*d(y — 2187 u) + 1|a|2(y —z18-7-u) <0.
By (3.20)), (3.21]), and Lemma therer exists a constant z1g such that

Vaal* +7|VUBPP =y < z19-7- (1= |af’) + z10.
Step 5: Exponential decay of |V,a|, |[V/,3|, and |B|. Let

’1“2

16 299

\
v = Vool + o[ VUBI* + 1181

By [27, (4.15)], one can choose zg9 sufficiently large, such that there exists
a constant zs91, such thatE|

1 T r
(3.23) id*dy1 + Z|Oé|2y1 < (2217 (1= af?) + g)yl‘

!The derivation of [27, (4.15)] only used the pointwise estimates of a, 3, Fy,, V,«
and V48 from [27, Section 2], and it does not depend on the refined pointwise
estimate of F; developed in [27 Section 3d]. Therefore, the inequalities obtained
from Step 2 to Step 4 are sufficient for deriving .
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By Lemma [3.4] there exists a constant dy such that on {z € M|d(z) > da},

1 1
Lo <min {1 1Y
1 —|a]”] < min 6291 8

Then (3.23) implies that on {x € M;|d(z) > da},

1 r
—d*d —y1 < 0.
5@ Ay + 32y1 <

By Lemma there are constants zg2, 223 such that on {z € M;|d(z) >
do + 1},

(3.24) Y1 < 292 - 6\/;'(01*612)/2237
Step 6: Exponential decay of |1 — |a|?|. By [27, (2.3)],
1
sddlal? + [Vaal? + Za(la]? = 1+ [87) + a B V)6 +aR B =0,

where X are pointwise bilinear operators defined by the metric and the
symplectic form. A straight forward calculation shows

1, 1, 1
Ll = [a P =(5d"d(1 ~ |a)) - (1 = |af*) = 5 |Valal
r
=~ a1 = a2l + [Vaal? - (1 Jaf)

+ ZlalIB(1 — o) + (1 = |a’) - (@B VB +a B 3).

The equation above and (3.24) imply there are constants za4, 225, such that
on {z € M|d(z) > dy + 1},

T~ o + TlaPL — a2 < 2y - eV
By Lemma there exist constants z9g, z97 such that
(3.25) 1= |02 < 296 - eld VI 2,
on {x € M|d(x) > dg + 1}.

Step 7: Exponential decay of |F,|. The exponential decay for |F,f|
follows from ([3.22]), (3.24]) and (3.25). Recall that s = |F,|. By [27, (2.19)],
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there exists a constant zo9g such that
Latds + 2 (laf2 +[81%)s < [Rls + —=(IVaal? + [V452)
2 4 44/2

+ 208 - (|| B] + [l [ V48] + 18] Vacd| + B]%).

Therefore (3.24)) shows that there exist constants za9, 230, such that if |a| >
7/8, r > 16sup |R|, and d(z) > da + 1, then

1
§d*d8 + %‘0423 < 299 - e(d7d2)\/;/2307

By Lemma this implies there are constants z31, 232, and a positive real
number d3 which may depend on (A4, ¢), such that

(3.26) s < 231 - eld=ds)Vr/ 25

on {x € Mg|d(x) > ds}.
The proposition then follows from (3.24)), (3.25)), and ([3.26]). O

4. Uniform exponential decay of E, (A, ¢)

This section shows that the constant dy in Proposition [3.3| can be chosen to
depend only on 7, not on the solution (A, ¢). Let X, Z, My, M.,s,S,w,0, A,
¢, Ao be as in Section [3] Recall that z; denotes constants that only depend
on X, My, M., 0, and the terms 7 and 7 in . The constant rg is a positive
real number that depends on the same set of data, and the value of ry may
increase as the proof proceeds. We will require r > rq in .

4.1. An energy identity on M

Recall that ¢|s, decomposes as ¢ = \/r(a + (), and a = A|p, — Ag. For F €
A’T*M, ® C, define F¥ = %(w, F) € C. The following lemma is a rescaled
version of [I7, Equation (18)].

Lemma 4.1. Let x be a smooth cut-off function on Mg such that supp x
is contained in the interior of My, and x =1 for all x € My with d(x) > 1.
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Then we have

T = = cw T
@0 [ (Floue) + 0B + 2iFs - 51 = ol + AP+
21797 = Z(x@) () + GiFy — 20iF | — 2 F02P)
r r T
— [ (Va4 IV aC) P + ) AP
Ms
2

2
+ 55 (1= [xal? = [XB)? + TIxBI — rRe(N 09, (xa), xB) ).

Where Ay is the unique unitary connection on T%2M, such that VL’? =0,
and N : TYOM, — TY2M, is the Nijenhuis tensor.

Remark 4.2. If M, = (), we may take x = 1 on M.

Proof. The identity follows from and integration by parts Weitzenbock for-
mulas.

For a constant dp > 1, let x4, be a smooth function on M, such that
Xd, = 1 for all x with d(z) < dp, and x4, = 0 for all x with d(z) > dy + 2,
and |Vxq,| <1, |x4,| < 1. Then integration by parts yields

/ (xdyPa(00), B3 (xB)) = / (B (B (x2)) , XB)-
M

s s

On the other hand, there exists a constant z; such that

| / O a(x@2), 85 (xB)) — / (Ba(x2), 8 (xB))
M,

{zeM;|d(z)<do+2}

<

/ Ba(x)] - 3 (xB)
{zeM;|do<d(z)<do+2}

< / E.(4,9),
{xeM,|do<d(x)<do+2}
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and a constant zo such that

<5a5a(X0‘)a xB)

‘ / o (Xdy Oa(x0)), XB) —

/{xEMS ld(z)<do+2}

</ Vx| (@) b8l + (Bada(xe0), 5)
{zeM,|do<d(x)<do+2}

<z / Er(A,6) + Ev(A, )2 - |8u8a(x)|-
{zEM,|do<d(z)<do+2}

Let €y be the constant defined by (3.2)). By elliptic bootstrapping, there
exist constants zs, z4 such that for all x with d(x) > e,

Z4

.0 @) < 2 [

B (A,6) +7+1)
By (€o)

Let dy — 400, and suppose 1 is sufficiently large. It then follows from
Proposition 3.3 the Bishop-Gromov volume comparison theorem, and the
estimates above that

(1.2) /Ms (Ba(x0), B3(xB)) = /MS (BuBa(x0), XB).
Similarly, for rg sufficiently large, we have the following identities:
| @t 0:08) = | (0,0u0x0) 1),
M, M,
| @t a0 = [ (0:0,xa). xa),
M, M,
| 065000 = [ @8;00).x8)
M, M
/ (Va(x0), Va(xa)) = / (ViVa(xa), x0),
M, M,
| a0l Vs = [ (F5,407 409, 8).
M, M,
On the other hand, by the Weitzenbock formulas [16] (12), (13)],
920u(x00) = 5(VaVa(xa) — 2 (xa))

BuB(XB) = 5(Vi, 0Vt ralX8) + 2F5, (X))
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The lemma is then proved by a straightforward computation using the
identities above and 92(ya) = Fo?(xa) — N o d,(x). O

4.2. Uniform energy bound

Proposition 4.3. There exists a constant ro, such that for all v > rg, there
exists a constant C' which may depend on r with the following property. For
all (A, ¢) € Cr(X,s) that solves (2.4), we have

(4.3) /M E.(4,6) < C.

Remark 4.4. A similar energy estimate was proved by [17, Lemma 3.17]
for AFAK ends. The last paragraph of the proof of [I7, Lemma 3.17] claimed

that
/ a\w
OK3

has a uniform bound without detailed explanation, and the detailed proof
of this estimate was given by [24] after the proof of Lemma 2.2.7. However,
the constant C' in the argument of [24] depends on the volume of the com-
plement of the AFAK end. If one applies the same argument from [24] to
Proposition (4.3 above, then the constant C' would be given by the volume
of the complement of M,, which is infinity when M. # (). Therefore, the
arguments in [I7] and [24] do not suffice in the context of this article.

If M, is non-empty, suppose M, = (—00,0] x Y, let ¢ be the function on
X which is equal to the projection to (—oo,0] on M., and is equal to zero
on M — M,. Let t be the spin® structure on Y induced by s|az, .

Suppose a € C(Y,t) is a critical point of the perturbed Chern-Simons-
Dirac functional £=L+q on C(Y,t), let 74 = (Aq,¢a) € C([—1,0] x
Y, s[[_1,0)xy) be the configuration on [~1,0] x Y which is in temporal gauge
and represents the constant path at a. Recall that in Section the per-
turbation q on M, is required to satisfy |[q||s < 1, where || - || 5 is defined by
(2.1). By [18, Section 10.7], there is a constant z such that

(4.4) 1Fas 32 < 20

for all critical points a.

Choose a gauge representative of (A4, ¢) that is in temporal gauge on
the cylindrical end M,.. Recall that Ag is the canonical spin® connection on
M. Extend Ap to a smooth spin® connection on (X, s), such that Ag is in



222 Boyu Zhang

temporal gauge and is translation invariant on M.. Let a = A — Ap, then
F, = %(FAt — Fy). By (4.4)), there exists Ry > 1 depending on (A, ¢), such
that

1
(4'5) / |Fa(ZL‘)|2 < 5 (ZO—I—/ |FA6|2+1)‘
t(z)€[—Ro—1,—Ro] t(z)€[—Ro—1,—Ro]

Lemma 4.5. There are constants z,79 > 0 and a function T : (RT)? — R+
which depends on X, M., Ms,0 and the terms 7 and n in , with the
following property. Suppose r > rg, and suppose there are constants R >
0,k > 0 such that

(4.6) / |F,|? < &,
t(z)€e[-R—1,—R]

then the following inequalities hold:

(@7) /M By (A ¢) < T(r,r)+ 212 R,

(4.8) / |Fu|* < T(k,7) + 27 R.
[-R,0]xXY

Proof. We use T; to denote the constants that may depend on x,r but are
independent of (A, ¢).
Recall that FY = %(w,Fa) € iR. On My, equation (2.4)) decomposes as

Do+ 053 =0
i

Fe = =201~ | +|5P),
r

F£’2 = ZO[*B

By Proposition Lemma [£.1] and the equations above, there exists a
constant 77 depending on r such that

(4.9)
r., . T T
T +/ (ingd —2iF¥|? — 2|22 ) > / <Z\Vaal2 n Z\meﬁlz
M, M,

’1“2

2
25 (1=l = 8122 + |81 = rRe(N 0 0,0,6) ).

r,.
+ LGRS, I +
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Suppose ¢ is sufficiently large, then for all > ry, we have

(4.10) " [ual? + 213 2 [rRe(N o 0,01 B,

@1)  ITaraBl+ I > VAAR + 15GF) - B

Therefore by , for r¢ sufficiently large, we have

(4.12)

/M 11— | = B2 + B> + |Vaa> + V4B + |ES P < Ty + /M %z‘Fg.

By (4.6), [18, Lemma 5.1.2], and Coulomb gauge fixing, there exists a
unitary connection a’ of the trivial C-bundle on {z|t(z) € [-R — 1, —R]},
such that:

1) lla = a'||r2((—r—1,—R)xy) < T2, for some constant T, depending on &,

2) o’ =awhente[-R— 31 —R],

3) Fy =0, whent e [-R—1,-R — %]

Extend a’ to {z|t(x) > —R} by taking o’ = a when t > —R.

Recall that by Lemma([3.4] there exists a constant dp, which may depend
on (A,¢), such that |a(z)| > 1 when d(z) > dy. Also recall that ®g is the
canonical section of S|y, given by 1 € I'(Mg, T%°M,). Therefore we can
take a gauge representative of (A, ¢) such that a € R- ®y when d(z) > dp.
Without loss of generality, assume (A, ¢) satisfies the above property. Notice
that |a(z)| > § and a € R ®g imply |V,a| > 1|a|. Therefore by Proposi-
tion , there exist constants z1, z2, di > 0, where d; may depend on (A, ¢),
such that

(413) ‘al‘ = ’a‘ S 2‘vaa’ S Zle_\/’;.(d_dl)/ZQ

for all x € M, with d(z) > d;.

Recall that by Condition (3) of Definition the ESBG structure can
be extended to a neighborhood of Mj, therefore we can smoothly extend 6
to a smooth 1-form on X such that § = 0 outside an open neighborhood of
M. Extend w to X by taking w = df. The extensions of § and w do not
depend on r or (A4, ¢).

The region {z|t(x) > —R — 1} is the union of the cylinder [-R — 1,0] x
Y and X — M.. For r sufficiently large, implies the following identities
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via the same argument as the proof of (4.2)).

(4.14) / Fa//\w:/ Fa//\dez—/ dFy N0 =0,
t>—R—1 t>—R—1 t>—R—1

(415) / Fa/ VAN Fa/ = / Faf VAN da' = —/ dFa/ VAN a’ = 0.
t>—R—1 t>—R—1 t>—R—-1

Let Zr ={z € X|t(xr) > —R — 1} — M,. Then there exists a constant z3
such that

(4.16) VOI(ZR) <z3+R- VO](Y).
By (4.14),
/ Fa//\w—k/ Fy Aw =0,
M, Zr
by (4.15)),
JL s o
MSUZR MSUZR
and by (4.12)),

| E@o-1mrp<ni | [ R ne|=niat] [ R e
M, 41, 41/,

Therefore, there exists a constant z4, and constants T3, T4 that may depend
on r, such that

/MS<ET<A, 6~ 1Er ) <1+ - | /Ms Fu Al

=T + Fa//\w’

il
a1 /7.

2

r2 9 1
T+ [ WPy [ 1R
16 Zn 4 Zn

1
§T3+4/ ’Fa’2
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where the last inequality follows from Proposition and (4.16)). Hence
(4.17) / (Er(A,¢) — |F|*) < 2Ty + 2247 R.
Ms

Recall that by the definition of o/, we have |la — a/||2 < T, where T3 is a
constant depending on x. Therefore, there is a constant z5, and a constant
Ts that depends on r, such that

/ Wsm/ Ful?
ZrUM, ZrUM,

=T2+2/ Ik
ZrUM,

< T2+2/Z |FJ|2+2/ (E,(A,6) — |Fr )

s

(4.18) < Ts + 2572 - R,

where the last inequality follows from Proposition (4.16]), and (4.17).
The lemma then follows immediately from (4.17) and(4.18). O

We also have the following estimate on M,:
Lemma 4.6. There are constants z1, z2, and a function
Ro: (RT)? = {z e Rjz > 1}

which depends only on'Y , such that the following holds. If A, B, R > 0 satisfy

(4.19) / |F.|> < A+ B-R,
[-R,0]xY
(4.20) |FF|2 < B pointwise on [~ R,0] x Y,
and
R > RQ(A, B),
then
(4.21) / |Fu> < 21+ B+ 2.
[~ 8- 4 B+Elxy
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Proof. Put a in temporal gauge on [—R,0] x Y, and write a as a function
a(t) of t which takes value in I'(Y,i7*Y"). Then

(4.22) |Ft| = ? |a(t) + *da(t)],
(4.23) |F| = *f |a(t) — xda(t)].

Since Y is closed, it follows from standard Hodge theory that the op-
erator *d is a closed, self-adjoint operator with a discrete spectrum on
L2(Y,iT*Y). Let

e <A< A <AL < A =0< A< A< A3 <

be the eigenvalues of xd. Let

1 1
(424) kozmaX{m,m,l}.

Decompose a as

at) = Y an(t),
where *da, (t) = A\ya,(t). Let
(4.25) b (t) = an(t) + Apan(t).

By (4.20), for all t € [-R, 0] we have

| IEE < Bvely),
{t}xY

hence by (4.22]),
(4.26) > ba(®)7: < 2B - Vol(Y).
By (4.19),

0 1 0
[ I daolade< g [ (a0 + <o)l + late) - da®):)
R —R

:/ F2<A+B-R.
[-R,0]xY
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For R > 1, the above inequality implies
—R+1
/ | *da(t)||3. < A+ B-R,
-R

hence there exits t; € [-R, —R + 1] such that

(4.27) STX lla(t) |3 = || * da(t)[3> < A+ B-R.

It follows from (4.25)) that

by () = — (e tay (1)),

therefore
t
Anan(t) = an(ty) - ehi=DAn 4 / etn(s=t) L)\ by (s) ds.
t1

Recall that kg is the constant defined by (4.24])). If t > ko + t1, we have
[Anan ()72 < 3(Xa(8) + Y (t) + Z5(1)),
where

Xn(t) = llan(t1) 6(tl_tp\n)‘n||L2(Y)a
t—k

Yo (t) bn(s) e\, ds| 12y,

= |
t1

Zn(t) bu(s) 5N, ds]| 12y

t
= ||
t—k
: A
=1ttt hdsl
If n > 0, then A\, > 1/kg, hence
Xn(t) S H)\nan(tl)HL2 . e(tl_t)/ko_

If R> 2ko+ 3, then —R/2—1/2 > ko + 1, hence (4.27) and the above in-
equality imply
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By the Minkowski inequality, when t > kg + 1,
t*ko
Yo(t) < / 1br(3)|| 2 €~ Or N, ds.
t1

Notice that if t — s > ko, then e(*~9*. X is decreasing with respect to A for
all A > 1/kg, hence

<§ Yn(t)2>1/2 < (Z (/t—kO 16 ()| 22 €C~D* A, d8)2>1/2
n>1 o1 t
< (Z (/tko 1bn(5)] 12 €M A d8)2)1/2
n>1 ty

By the Minkowski inequality again and (4.26[), we have

(S Itotas e )
n>1 “Jh
t—ko

S/tl (;nb I3) etz as

t*k‘o
<\/2B - Vol(Y) / esmDM N ds
t1
0
S\/2B-V01(Y)/ eM A ds = /2B - Vol(Y).

Therefore when R > 2kg + 3, we have

[

/ ()2 dt < 2B - Vol(Y).

2 2n>1



Monopoles and foliations 229

As for Z,, the Minkowski inequality gives the following estimates when
R > 2ky + 3:

L T 1/2
(/ Zn(t)? dt)1/2 < (/ (/ lon(t — 8)]|z2 - efsk")\nds)th) /
i 3 0

koo
S/ (/ 16, ( — 5)||2 dt) 1/26—5,\")\” ds

0 _=&

2

Therefore, when R > 2ky + 3,

S n
/ ()2 dt < / S lba(t) 22 dt

2 2 n>1 T2 2 Min>1

< (ko + 1)2B - Vol(Y).

Combining the estimates above, when R > 2ky + 3, we have

/R S a0 |]L2dt</R 1 Z 3(X2(1) + Y2() + 22(0))

1
2 2 n>1 2 2 n>1

< 6(ko+2)B Vol(Y) + 3(A+ B-R) - e~ E=3/ko,
On the other hand, there exists a ty € [—1, 0] such that
> Allan(ta)ll7: <A+ B-R.
If n < 0, we have the identity

ta
)\nan(t) = a’I’L(tZ) . e(titQ)(f)‘") . )\n — / e(fAn)(tfs) . )\n . bn(s) dS.
t
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When R > 2kg + 3, a similar argument gives

/ _ Z H)‘nan(tw%z dt

1
2 2 n<l-—1

<6(ko+2)B Vol(Y)+3(A+B-R)- e~ (R=3)/ko_

Therefore, when R > 2kg + 3

R

Lk, +1 +oo
/R |+ dallZ. dt = /R > Anan(®)]7- dt

2 n=—oo

w\»—A

<12(ko +2)B Vol(Y)+6(A+ B-R) - e~ (R=3)/ko_
Notice that by (4.22]), (4.23)),

— 2
/ |1Ee | = 1FS| dté/ 2|| * daf(t)||7- dt.
AT NI 43— By

Hence

/ Pl
[E_1_ R iy

2

gz/ |2Fa+|2+2/ \F7| - [EF))
i N

2

<8BVol(Y) + 48(kg + 2)BVol(Y) + 24(A+ B - R) - e~ (F=3)/ko_

and the lemma follows from the inequality above by taking Ry(A, B) suffi-

ciently large such that Ry(A, B) > 2kg + 3, and

24(A+ B-R)- o~ (Ro(A,B)=3)/ko <1

Proof of Proposition[{.3 Pick ro sufficiently large such that Lemma is
valid for all » > rg. Let the function 7" : R? — R* and the constant z be as
in Lemma Let 2’ be the right-hand side of . Let zp be the constant
z in Proposition Let the function Ry and the constants z1, zo be as in

Lemma
Let C1 = max{zr?, 23 7%}, let k = max{2’, 21 - C1 + 22}.
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Let

Rpin = inf{R > 1|/
te|

\Fa\2 < K}.
€[~R,—R+1]

Since x > 2/, it follows from (4.5)) that Ruy, exists and is finite. By (4.8)),
/ |F,)? < T(k,r)+ 2r’ - R
[—R,0]xY
<T(k,r)+Ci-R.
By the definitions of zg and C7, we have the following pointwise estimate
|F; 12 < 25r° < O

If Rpin > Ro(T(k,7),C1) and Ry > 1, take R’ = (Rpin +1)/2, then
Lemma [£.6] gives

/ ‘Fa‘2<2’1-01+22§/€.
te[~R',—R/+1]

Since R’ < R, this contradicts the definition of R,i,. Therefore,
(4.28) Runin < max{Ro(T(x,7),Ch),1},
hence by ,
| B4 < Tlsr) + 21 B
. < T(k,r)+ zr* - max{Ro(T(k,7),C1),1},

and Proposition is proved. O

4.3. Uniform exponential decay of E,.(A, ¢)

We can now prove the uniform exponential decay of E,.(A, ¢). Recall that
the function d is defined on Mj as follows. For each connected component
M. S(k) of My, if OM. S(k) is nonempty, then d is the distance function to OM. S(k)
on Mégk). Otherwise, fix a point z¥) € Mgk), and d is the distance function
to ) on M, gk). The following is a re-statement of Theorem
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Theorem 4.7. There exist constants rg,z > 0 with the following signifi-
cance. For every r > rq, there is a constant C' depending on r, such that if
r>rg and (A, ¢) € Ck(X,s) solves (2.4)), then the inequality

(4.29) E.(A,¢) < Ce V=
holds on M. O

Proof. First, we prove that the constant d(§) given by Lemma is uniform
for all (A, ¢). More precisely, for all » > g and § > 0, there exists a constant
d(0) depending on r and 4, such that for all x € M, with d(z) > d() and

(A, ¢) € Cr(X, 5) solving (2.4), we have

Assume the contrary, then there exist dg > 0, a sequence of solutions
(An, ¢n), and a sequence of points x,, € My with lim,,_,~ d(z,) = +o0, such
that

Er(Ap, én)(n) > 6o

for all n.

Let g be the metric on M,. By Proposition and the C? bound of |¢y,|
given by Lemma (3.2] m a subsequence of {(Ms, g,5, %y, An, ¢n) fn>1 converges
to a limit (M §,8,@, A gi)) The limit manifold (M g) is complete and has
bounded geometry. Since V¥ is bounded for all k, by a diagonal argument
and the Arzela—Ascoli theorem, after taking a further subsequence, we may
assume that § converges to a 1-form 0 on M, in the C'*° topology on compact
subsets. Therefore, W = df is a compatible symplectic structure on M, and
§ is the canonical spin® structure on M induced by w. In conclusion, M s
an ESBG end with empty boundary, and (A qb) is a solution to on M.

Let E.(A,¢) be the energy density function of (A,¢) on M. By the
previous assumptions, we have E,.(A4, $)(&) > 8. The uniform energy bound
given by Proposition 4.3 implies

(4.30) / By(A,3) < +o0.

Apply Lemma to M. A, . Since 1 M is a symplectic end itself with
empty boundary, we can take y = 1 on M. Therefore when rg is sufficiently
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large and r > 7o, we have

@) [ (Gl + 67 + 2R - 50— 16 + AP

+2[FY? - f~*m? szw 2\@F§\2—21Fg’2\2>

_ r ~12 -1 I - N-1D)
= | (I + 519 4 o + 56 1A
2

(= Jaf? = B+ B — rRe(N 0 006 3))
32 8 a b )

where A; is the unique unitary connection on 7T 0.277 such that VIIZ{O =0,

and N : TVO0M — TO 2M is the Nijenhuis tensor.
Since (A, ¢) solves on M, we have

daci+ D23 =0,
- r B ~
g = -2 (-laP+13P),
0,2 T x5

F& = za*/B

Therefore (4.31)) gives

as2) [ (GiEs - 2iFEP - AR P) = [ (§19a6l 4+ 519,00

F9 2, r? 2 Ao
+ SGFF)IBP + 55 (=16l — |37 + 1B — rRe(N 04, 6) ).

When ry is sufficiently large, by (4.30]) and the same proof of (4.2]), we have,

- 1 1 ~
(4.33) /NFg;:l/ P /\w-/ P /\dé?——/Nd(FgL)/\H:O,
M 2 ) 2
(4.34) /|F+|2 /|F~ ? = /F~/\Fa—0

Therefore equation (4.32) gives

e T - T ~ ro. -~ ~
(435) 0= /M (21FE 2 + 2P + 7IVacl + 71V 4,408 + S GF3 IBP

7"2

~ 2 ~ ~ ~
+ 5 (L= [a? = |BP)? + T3P — rRe(N o 0: 3)).
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When rq is sufficiently large, by (4.9) and (4.11)), and (4.35)), we have
@36) 0> [ Vaa + [VBR + (1= 16 — 572 + 157 + |F TP

As a consequence, the integrand of the right-hand side of (4.36)) is Iidentically
0 on M. By (4.34), |F, | is also identically zero on M hence E. (A, ¢) is
identically zero. This contradicts the assumption that E,.(A, ¢)(Z) > do. In
conclusion, the constant d(§) given by Lemma [3.4]is uniform for all (4, ¢).

Now we finish the proof of Theorem[4.7] Since the constant d(8) given by
Lemma [3.4] is uniform for all (A4, @), the constants d1, da, ds in the proof of
Proposition depend only on r but not on (A, ¢). Therefore the constant
dp in the statement of Proposition depends only on r but not on (A4, ¢).
This proves when d > dy. By standard elliptic bootstrapping, there
exists a constant Cy depending on 7 such that E, (A, ¢) < Cj pointwise. This
proves the estimate for when d < dy. Hence the theorem is proved. [

4.4. Uniform decay with neck stretching

For i = 1,2, suppose X® is a manifold with cylindrical and ESBG ends,
where the cylindrical end is Mc(i), and the ESBG end is given by (M. s(i), w@ =
de(i)). Let 20 = x(0) — Mc(i) - M S(i). Moreover, suppose there exists a non-
empty oriented closed Riemannian 3-manifold Y, such that Mél)
(—00,0] x Y, and M is given by (—o00,0] x (=Y).

For each constant R > 0, we can define a Riemannian manifold X as
follows. Let Xg) be the subset of X() given by Z(M) U Ms(l) U[-R,0] XY,
let X}(%Q) be the subset of X given by Z( U MP U [—R,0] x (=Y). Let
Xg be the manifold obtained from Xg) L Xg) by gluing [—R,0] x Y with
[—R,0] x (—Y? via (t,x) ~ (=R —t,x). Then X is a manifold with ESBG
end M 8(1) UM 52 . This subsection proves that the exponential decay estimate
on Xpg given by Theorem is uniform for all R.

Let M = Mél) U ]\45(2 , let 0 be the union of ) and #® on M,, and
extend # to a smooth 1-form on Xpg such that the support of 6 is contained
in Mg U ZWUZ@ . Let w = db be a 2-form on Xg.

Let s be an admissible spin® structure on Xp, and let (A, ¢) € Cx(Xgr,s)
be a solution to . Let A be the canonical connection of s/, , and extend
Ap to a smooth connection of s that is translation-invariant on the glued
image of [-R,0] x Y ¢ MY and [~R,0] x (=Y) ¢ M

is given by
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Let a =A— Ap. Decompose ¢ =+/r(a+ ) on Mg such that a€
(Mg, TOPMy), B € T(M,, T%2M;) as before, and let E,.(A,¢) be defined

by .

In this subsection, we will use ry z, and z; to denote the constants that
depend on X(l),Mc(l),Ms(l),G(l),X@),MC(2),MS(2),9(2) ,5, and the perturba-
tion terms of the Seiberg-Witten equations. We will use C; to denote the
constants that depend on the same set of data above and also r, but are
independent of R.

Lemma 4.8. There is a constant z, such that |¢p| < z- /7, |F/| < z-r.
Proof. The proof is the same as Proposition [3.1 0

Lemma 4.9. There exist constants ro and z with the following property.
Suppose r > rg, R>1, then there is a constant Cy depending on v, such
that

(4.37) / E.(A,¢) < Co+2r* R,
M

(4.38) / |F,|*> < Co+21*- R.
Xr—M;

Proof. By the same argument as in (4.12), there is a constant C; depending
on r, such that

(4.39) /M (Br(A,¢) — |F1P) <O+ g /M iFY.

Similar to (4.14) and (4.15]), we have

co = — Fa/\F:—/ F;|2+/ |E |
XR XR XR

is a topological invariant that only depends on s, and

/ F,Aw=0.
Xr
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Therefore, there exists a constant z;, and Cy, Cs depending on r, such that
_ r .
| E@o -1 <a | [ i
M, M

:Cl+r/ Fa/\w‘
41 Jur

1
s@+/\&ﬁ
4XR

—+ 2 [ Er
2+4+2/XR|CL’
1

c 1 +12 / +12
— D2 Fre+- [ |F
2+4+2/XR—MS‘CL|+2 Ms|a|

1
<Citar Ry [ (B0 - IR,

where the last inequality follows from Lemma [4.8] Therefore
(4.40) / (E.(A, ¢) — |F;|?) <2034 22,72 R.
M,

On the other hand, by Lemma again and (4.40]), there exist a constant
z2, and a constant Cy depending on r, such that

/ |Fa|2S|cO|+2/ F P2
XR XR
<|Co|+2/ \FJI2+2/ (B~ |F;?)
Xr—M, Mg

< Cy+ 29 r? . R.
The lemma is then proved by combining the two inequalities above. O

Lemma 4.10. There exists a constant rq > 0, such that for every r > rg
there is a constant C > 0 depending on r but independent of R, such that if
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(A, ¢) € Cp(XRg,s) solves , then we have
(4.41) / B (A,0) < C.
M

Proof. The proof follows from Lemma [£.9] and an argument similar to the
proof of Proposition 4.3

Let the constants z1, zo and the function Ry be as in Lemma Let Cy
and z be the constants in Lemma Let 2’ be the constant given by Lemma
Let C; = max{zr?, 2/r?}, let k = 2101 + 22 + 1. If R < Ry(Cy, C1) then
by Lemma [4.9

/ E.(A,¢) < Cy+ 2r* Ro(Cy, C1),
Ms

hence (4.41)) holds when C' > Cy + 212 Ro(Cp, C1).
If R > Ry(Cp,Ch), recall that [-R,0] x Y C Mél) is a subset of Xg. By
Lemma

/ |Fa|2§00+ZT‘2R§CO+Cl'R,
[~ R,0]xY

by Lemma [4.8]

|F;‘| <Jr2< C1,

hence Lemma [4.6] gives

(4.42) |Fu? < 2101 + 22 < k.

/[—R/2—1/27—R/2+1/2]><Y
Take

Ruin = inf{R|R > 0,/ |F, |2 < K},
[-R—1,—R]xY

then (#.42)) implies that R, exists. Let (1) > 0 and T : (RT)2 = R be
the constant and the function given by Lemma when applied to X,
let C’fl) = max{z(72, 2/r2}. Then by the same proof of ([#.28), we have

Runin < max { Ro(TM (x, 7), C\V), 1}.
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Now apply Lemma to X1, we obtain

/ o E’I‘(A7 ¢) < T(l) (K],’I”) + 2(1)7"2 : Rmin
M

< T(l) (K, ’I“) + 2(1)7-2 . max {RO (T(l)(li, T), Cfl))a ]-}7

which yields a uniform upper bound for the integration of E,.(A, ¢) on M, &gl).
The upper bound for M, §2) follows from a similar argument. O

Theorem 4.11. There exist constants ro,z > 0 with the following signifi-
cance. For every r > rq, there is a constant C' > 0 depending on r but inde-

pendent of R, such that if (A, ¢) € Cr(XRr,s) solves (2.4) on Xg, then the
followsing inequality holds on Ms:

E. (A, ¢) < Ce VT2,

Proof. This follows from Lemma and the same argument as the proof
of Theorem 0

5. Floer chains from ESBG structures

Let X be a Riemannian 4-manifold with cylindrical and ESBG ends, such
that M. = (—o0, 0] x Y is the cylindrical end, and (M;,w = df) is the ESBG
end. If M is compact and b3 (X) > 2, after removing a small ball from X,
we can view X — B* as a cobordism from S3 to —Y . By the construction of
[18, Section 25], the cobordism X — B* induces a map

HM(X — BYY : HM(S%) — HM(-Y).

e
The map HM (X — B*) is only well-defined up to a sign, which can be fixed
by a choice of the homology orientation of X. The construction above defines
an element

HM(X — BY(1) € HM(~Y)/{%1},

where 1 € HM(S%) is the generator of HM(S%) as a Z[U;]-module. The
condition b;r (X) > 2 is necessary to gurantee that under a generic perturba-
tion, the solutions of the Seiberg-Witten equations on X are all irreducible,
namely the spinor part is not identically zero.

In this section, we will show that when M, is not compact, it is still
possible to define an element in HM(—Y)/{%1} by counting solutions of
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on X. This is a straightforward generalization of [20, Section 6.3].
Theorem implies that the moduli space analogous to the space M (Z™", a)
in [20, Section 6.3] compact. Since My is non-compact, Condition (2) of
Definition implies that every element in Cj(X,s) is irreducible. The
sign ambiguity of HM (—=Y)/{£1} is essential and cannot be resolved by a
choice of homology orientation. This will be explained in Remark

For each spin® structure t on Y, fix a stongly tame perturbation ¢ that
is admissible in the sense of [18, Definition 22.1.1] and satisfies |q¢[|s < 1,
where | - || 5 is the norm defined by (2.1). Let q be the set of all q¢. Let €
be set of isomorphism classes of critical points of the Chern-Simons-Dirac
functional perturbed by g in the blown-up configuration space B?(—Y,t) as
defined in 20, Section 4.1] for all t (see also [I8], Section 6]).

Definition 5.1. Suppose [a] € €, and s is an admissible spin® structure
on X. Let M(X,a],s) be the moduli space of (A,¢) € C(X,s) that solves
and is asymptotic to [a] on the cylindrical end M, after lifting to the
blown-up configuration space.

Remark 5.2. For the definition of asymptoticity in the blown-up configu-
ration space, see [I8, Definition 13.1.1] and the paragraph above it.

For a generic choice of 7 in (2.3), the moduli space M(X, [a],s) is regular
for all a and s. By the construction of [I8, Sections 20, 25.2|, there are two
systems of compatible orientations for the moduli spaces M(X, [a],s) that
are different by an overall sign. Let 0 and —o be the two systems of compat-
ible orientations. Let Mq(X, [a],s) be the zero-dimensional components of
M(X, [a],s). By Theorem [4.7]and the compactness results of Seiberg-Witten
equations [I8, Lemma 25.3.1], there are only finitely many [a] and s such
that Mo(X, [a],s) is nonempty.

Definition 5.3. Let

Po(X) =D ) #Mo(X, [a],s) - [a] € Z[€],
[ale€

S

where the elements of Mo(X,[a],s) are counted with signs using the ori-
entation o, and the summation of s goes over the isomorphism classes of
admassible spin® structures over X relative to M.

If M, is non-compact, by Condition (2) of Definition (2.3)), all the ele-
ments of My (X, [a],s) are irreducible. Therefore, in order for My(X, [a],s)
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to be non-empty, the critical point a has to be either irreducible or boundary-
stable. As a consequence, ¥,(X) is an element of the boundary-stable mono-
pole Floer chain group C.(—Y') defined by [18, (22.3)], and we have the

following lemma.
Lemma 5.4. The element 1,(X) € C.(=Y) satisfies (po(X)) = 0.

Proof. This follows from the same proof as [20, Lemma 6.6]. O

Therefore, the homology class of ho(X) defines an element in the mono-
pole Floer homology group HM ¢(—Y"). Define

(5.1) e(X) = [o(X)] € HM(-Y)/{1},
then ¢(X) does not depend on the choice of the orientation o.

Proposition 5.5. ¢(X) € ﬁ]\/L(—Y)/{:l:l} does not depend on the choices
of r > rg, the perturbations q, 7, n in , or the metric on X — M. More-
over, ¢(X) is invariant under smooth deformations of the ESBG structures
on Mg with uniformly bounded geometry.

Proof. Fori = 1,2, let g; be a metric on X that is cylindrical on M., let w; =
df; be an exact symplectic form on M, suppose (X, g;) is a manifold with
cylindrical end M, and ESBG end (M;,w; = db;). Assume (X, go,wo = dby)
can be smoothly deformed to (X, g;,w; = df;) via manifolds with cylindri-
cal end M. and ESBG end M, such that the deformation has uniformly
bounded geometry.

For i = 0,1, let 7;, n; be a choice of perturbation terms in . Let r; be a
sufficiently large constact such that Theoremholds for (g1,w; = db;, 7, 7).
Let le be the metric on Y induced by the restriction of g; to M.. Let q;
be a collection of strongly tame, admissible perturbations on (Y, g)) for
all isomorphism classes of spin® structures, and let C,(-Y, gZY ,q;) be the
corresponding boundary-stable Floer chain.

Let o be a choice of the orientation, let 1, (X)(i) € Ci(—Y, gY, q;) be the
element defined by Definition [5.3| with respect to g;, w; = db;, q;, T, Mi, ;- Let
M(X,[a],s)(7) be the moduli space given by Definition 5.1 with respect to
the same choice of geometric data, and let M(X,[a],5)(¢) be the zero-
dimensional components of M (X, [a],5)(i).

Let g be a metric on R x (=Y'), and q be a collection of perturbations of
the Seiberg-Witten equations on (R x (=Y'), g) for all isomorphism classes
of spin® structures, such that
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1) § is the cylindrical metric given by g} on (—o0,1] x (=Y, and is the
cylindrical metric given by g3 on [2, +00) x (=Y);

2) qis given by the formal gradient of q; with respect to g}/ on (—oo, 1] x
(—=Y), and is given by the formal gradient of qo with respect to g%/ on
[2,400) X (=Y).

For a generic choice of q[; 9)x(—y), the Seiberg-Witten equations on (R x
(=Y, g) with perturbation q defines a chain map

O* (R X (—Y),EI) : é*(_}/a g%/a ‘h) — O*(_Ya 9§/>q2)-
We only need to prove that

[C (R x (=Y),0) (Vo(X)(1))] = [t (X)(2)]

in the homology of (C.(—Y, Y, q2),0).

For t > 1, consider the Seiberg-Witten equations on X where the metric
and the perturbation are given by g¢i1,w1,71,m1,91 on X — M., are given
by g1 and q1 on [0,t] x (=Y, are given by g3 and g2 on [t + 1,+00) x
(=Y), and are given by (§,d)[ 2x(—y) on [t,t+ 1] x (=Y). Concatenate
this family of equations with a smooth family of equations parametrized by
t € [0, 1], such that at t = 1 the two equations coincide, at ¢ = 0 the equation
coincides with the equation defined by g2, w2, q2, 72,72, 72 on X. The family
of equations can be chosen to be independent of ¢ on [2,+00) x (=Y for
t € [0,1]. Moreover, by the assumptions on the ESBG structures, we may
choose the family such that for each t € [0,1], the ESBG end of X is Mj,
and the family of metrics on X for ¢ > 0 has uniformly bounded geometry.

For t > 0, let g(t), w(t), q(t), 7(t), n(t), r(t) be the corresponding geo-
metric data as given above. Let €(qq, g7 ) be the set of critical points in the
blown-up configuration space give by (q1, g7 ). For a € € and s an admissible
spin® structure on X, define M (X, [a],5)(t) to be the moduli space given by
Definition [5.1] with respect to g(t), w(t), q(t), #(t), n(t), 7(t). Define

Mv(Xv [a]75) = U M(X, [a],s)(t).

t>—1

For a generic choice of 7(t), the moduli space M(X, [a],5) is regular. Let
Mo(X, [a],5) be the zero-dimensional components of M(X,[a],s), and let
Mi(X, [a],5) be the one-dimensional components of M(X, [a],s). Then by
increasing r(t) if necessary, we have that Mo(X, [a],s) is compact, and so
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we can define an element

ho = > #Mo(X,[a],5) - a € Cu(=Y, 97, q),
lee

5 [u

where the elements of Mo (X, [a],s) are counted with signs using the ori-
entation o0, and the summation of s goes over the isomorphism classes of
admissible spin® structures over X relative to M;.

The boundary of the compactification of M;(X, [a],s) consists of three
parts: (i) elements of M (X, [a],5)(2), (ii) broken trajectories given by an
element of M (X, [a],)(1) and a solution of the blown-up Seiberg-Witten
equations on (R x (-Y),§) with respect to the perturbation g, (iii) bro-
ken trajectories given by an element of My(X, [a],s) and a solution of the
blown-up Seiberg-Witten equations on R x (—Y') with respect to g3 , q2. This
implies

Ci(R x (=Y), ) (¢ (X)(1)) % ¥o(X)(2) £ Oho =0,

and the proposition is proved. [l

Remark 5.6. Suppose Y is endowed with a contact structure &, let X =
R x Y. Let My = [1,+00) X Y be given by the symplectization of £ (cf. [I7,
(1)]), and let M, = (—o00,0] x Y be endowed with a cylindrical metric. Then
the invariant

o(X) € HM(-Y)/{*1}
coincides with the contact element of £ defined by [20), Section 6.3]. In this

case, it was proved by [21, Theorem H] that it is impossible to lift the contact
class to HM (—Y') such that it is still an isotopy invariant.

If Y =, then for each admissible s, counting the elements of zero-
dimensional moduli space of solutions (A4, ¢) € C(X,s) to as in [17,
Definition 2.5] gives a numerical invariant SW(X,s) € Z/{£1}. The sign of
SW (X, s) can be fixed by a choice of homology orientation of X following the
same argument as in [17, Appendix]. By the compactness properties, there
are only finitely many isomorphism classes of s such that SW(X,s) # 0. If
OMj is a contact manifold and (Mj, w) is the symplectization, then SW (X, s)
coincides with the monopole invariant defined by [17].

Lemma 5.7. Suppose (X,w = df) is an ESBG end without boundarﬁ let
Z C X be a 4-dimensional compact submanifold with boundary, let My =

°In other words, X is a complete manifold without boundary that satisfies all
the conditions in the definition of ESBG ends (with M = ).
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X — Z. View X as a manifold with an ESBG end (Ms,w|pr,). Then there
exists rg > 0 with the following property. Suppose r > rg, 5 is an admissilble
spin® structure relative to My, and

(A, 9) € C(X,s)

is a solution to (2.4). Then s is isomorhphic to sx ., and (A, @) is gauge
equivalent to (Ao, /r®g) over X. Moreover, the moduli space of solutions,
which is a point, is reqular.

Proof. Recall that by our convention, not only s is isomorphic to sx ., on
M, but there is also a fixed isomorphism from s|ys, to sx . |n,. Therefore,
there is a complex line bundle F over X with a hermitian metric and a fixed
isomorphism from £ to C on My, such that s = sy, ® E. To simplify the
notation, we will identify s with sx ., over M, and identify E with C over
My, using the fixed isomorphisms.

There is a unitary connection a on F, which is equal to the trivial connec-
tion of C on Mg, such that A is equal to the coupling of Ay and a. Decompose
¢ as \/r(a+ B) such that « € TO°X ® B, B € T"?X ® E, where T**X is
defined with respect to the almost complex structure induced by (X, w). The
same integration by parts as Lemma [4.1]| gives

T = - r a
(5.2) /X (glaaa + LB+ 20iFy = S(1=[al® + 8% + 2 — @B
T
2
r r r, .
= [ (§I7aal + {19 a20BP + 57, ) 8P
X

+ iFy — 20iFy P - 2 FOP)

2

(1= Jof? = 18P + |8 = rRe(V o 040, 5)).
32 8 ’

For ry sufficiently large, the same argument as in (4.12) then gives
r.
J I laP = 8PP+ 182 + Va4 V4872 + | P < [ Zir,

On the other hand, by the same argument that leads to (4.2)),

/F;;:l/Fa/\w:/Fa/\dez—/dFaAezo.
X 2 Jx X X
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Therefore
11— [al? = 1B + B + | Vaal® + V4B + [F[? =0
on X, hence F is the trivial bundle, a is the trivial connection, and (A, ¢) is

gauge equivalent to (Ao, /7 Pg) over X. The regularity of the moduli space
follows from a straightforward generalization of [I7, Lemma 3.11]. O

Corollary 5.8. Suppose (X,w = df) is an ESBG end without boundary,
let Z C X be a 4-dimensional compact submanifold with boundary, let My =
X — Z. View X as a manifold with an ESBG end (Mg, w|rr,). Then

> SW(X,s) = +1,

where the summation of s goes over the isomorphism classes of admissible
spin€ structures over X relative to Ms. O

Now let (XM, 20 MY M 90y and (X@, 2@, M, MP, 62)) be
as in Section Assume that both Ms(l) and M 3(2) are non-compact, and
that M is given by (—o0,0] x Y, and MP is given by (—o00,0] x (=Y).
For each constant R > 0, define X as in Section Let

o(XW) e HMo(=Y) {1}, ¢(XP) € HMJ(Y)/{%1}
be given by (/5.1]). Then we have the following gluing result.
Proposition 5.9. Let j, : E]\?,(Y) — @.(Y}/ﬁe the map defined by [18,
Proposition 22.2.1], let (-,-) be the pairing of HM¢(=Y) and HM4(Y) as

given by [18, Corollary 22.5.11]. Then

(c(XM), e X)) = £ SW(Xg,9),

where the summation of s goes over the isomorgohism classes of admissible
2

(

spin® structures over Xgr relative to Ms(l) U Mg,

Proof. The proposition follows from Theorem and the gluing argument
of [18, Section 27]. O
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6. Monopoles Floer invariants of foliations

This section defines the invariants c (F) for a smooth oriented foliation F on
a closed oriented 3-manifold Y, where F does not admit holonomy-invariant
transverse measure.

6.1. Symplectizations of smooth taut foliations

Let Y be a smooth closed oriented 3-manifold, let F be a smooth oriented
foliation on Y. The orientations of Y and F induce a co-orientation of F.
Take a smooth non-zero 1-form A such that F =ker A and \ is positive
on the positive side of F. By Frobenius theorem, AAdX = 0. Since F has
no holonomy-invariant transverse measure, by Sullivan [26], there exists an
exact 2-form & such that @ A X > 0 everywhere on Y. Take a smooth 1-form
6 such that df = &.

Consider the cylinder R x Y, let ¢ be the coordinate of the R-component.

Let my : R x Y — Y be the projection onto Y. Let w = 75, (@) + d(tmy-(A)),
let § = 7% (0) + tm¥ (X, then w is a symplectic form on R x Y, and w = df.
Let A = 75 (A).

Fix a metric gg on Y such that ||y, = 1 and A = *&. Locally & can be
written as & = e! A e? where e! and e? are orthonormal cotangent vector
fields on Y. Since A A d\ = 0, there is a unique 1-form p; such that d\ =
pn A X and (g, Ay, = 0.

We have djiy A X = d(juy A X) = d(d)\) = 0, hence there is a unique 1-form
p2 such that dpy = pg A X and (ug, 5‘>90 =0.

Now we define a Riemannian metric on R x Y that is compatible with
w as follows. Notice that locally w = e! A e? 4+ dt A X +tug A X. Take
(6.1)

g=c'®el +ez®e2+(1+t2))\®)\+“iﬂ(dtjttm)@(dtjttm).

It is easy to verify that g does not depend on the choice of e! and e?, and
that it is compatible with w. Denote R x Y by X.

Lemma 6.1. The manifold (X, g,w = df) has the following properties:

1) X is complete.
2) The injectivity radius of X is bounded from below by a positive number.

3) Let R be the curvature tensor of X, and V be the Levi-Civita connec-
tion, then supy |V¥R| < +oo for each k.
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4) supy |V*0| < 400 for each k.

Proof. Suppose x is a real number and u is a vector tangent to the Y com-
ponent of X, let v ==z - % + u be a tangent vector of X. By the definition
of g and Cauchy’s inequality:

|v] - \/t2]u1\2 +12+1

o\ it m ) VR ()

2t |pa |u|+|$+t pur (w)]
>|x|.

Therefore |v| > |z|/V/1+ z - t2, where z = sup |u1|> + 1. The length of a
curve from the slice t = —T to t = T is therefore at least

T
/ 1/V/1+ 2z t2dt.

Since

[e.e]
/ 1/V1+z-2dt = +o0
this implies the completeness of X.

To prove the boundedness of |V*R| and |V¥6|, we use the moving frame
method. Take an arbitrary point ¢ on Y, choose local chart U, of ¢, and fix
a choice of e! and e? on Uy. Let

e3=1+12. )\,

1

V1412

Then {e!, €2, e3, e} form an orthonormal basis of the cotangent bundle on
U, x R. There exist smooth functions v; on U, (i = 1,2, ...,10), such that

de! =viet Ne? +vael AN+ 13e? AN,
de? =viet Ne? +use AN+ rge? A,
n1 :I/7€1+V8€2,

M2 = Vg el + V10 e2.
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By shrinking Uy, if necessary and identifying U, with a subset of R?, we have
villemu,) < +oo for all m. A straightforward calculation shows:

1 _ 152 o3
det =uvie Ne —|—me/\ —|—We Aed,
2 _ 1A 2
(6.2) de® =uvge Ne +\/1+76 Aed —I—We A €3,
ded :\/1%26 A e3 +1+t26 Aed —I—the Aed,
det :ﬁe A(vrel +ge )—H—tze A (vg el +V10€2)-
Write
de' = Zaék el AeF,
7k
such that aé.k = —a;k, then the equations above imply that ||a§.k\|cm ®’xU,) <

400 for each m.
Suppose Vel = w ® eJ, where V is the Levi-Civita connection. Then the

connection matrix {wj } can be calculated from {a .} by the formula

i ko i 3k
w; = Z(_aji + ag; + ag e,
k

and the curvature matrix under the basis {e’} is given by dw{ — Wk A wi.
Since aék and their exterior derivatives are bounded, it follows that under
the basis {e'}, every component of V™R is bounded on R x U, for all m > 1.
This proves the boundedness of |[V™R| on R x Uy. Since Y is compact, it
can be covered by finitely many such Uy,’s, therefore |[V™R| is bounded on
X =R x U, for every m.

For the estimates on 0, write 6 as

0 = vire! 4+ vige? + i3,

then
t+v
13 3

Vit

and the same calculation proves the boundedness of |V"0)|.
For the lower bound on injectivity radius, we need the following theorem:

1 2
0 =uvie” +vige” +

Theorem ([8, Theorem 4.7(i)]). Let (M",g) be a complete Riemannian
manifold, let R be the Riemannian curvature tensor, let K > 0 be a constant
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such that |R| < K on M. Let 0 <r < Z—. Then the injectivity radius at
each point p € M satisfies the following inequality:

1

(65) ) R Vol (B, ()

N3

where V2;K is the volume of a geodesic ball of radius 2r on the hyperbolic
n—space with constant curvature —K.

Proof. This is a special case of [8, Theorem 4.7(1)] with H = —K, x = p,
and rg =s=r. O

Back to the proof of Lemma Let p = (t,q) € X. The following argu-
ment will show that Vol(B,(r)) is bounded from below by a positive constant
independent of p. Without loss of generality, assume |t| > 1.

Let K > 0 be an upper bound of |R|. For each point ¢ € Y, let L, be
the leaf of F through ¢, the metric on L, is taken to be the restriction
from go. Let € = inf,cy inj(Ly). Since Y is compact, € is positive. Let r =
£ min{ 4;», e}.

Let D(q,7/3) be the open disk of radius r/3 on L, centered at ¢, Let

r

3V1+t?

Then the distance from each point in U to D(g, r/3) under the metric gly {1
is less than r/3, thus the distance from each point of U to ¢ is less than 2r/3.
Therefore,

U = {z € Y|disty,(z,D(q,7/3)) < }.

By(r) 2 (e3¢, "3 t) x U.

The volume of U under the metric go is bounded from below by a constant
multiple of r/(3v1+ t?), where the constant depends only on gy and F.
Therefore the volume of U x (e~"/3t,e"/3t) under the product metric R x
(Y, go) is bounded from below by a positive constant. Notice that the volume
form of the product metric on R x (Y, go) is the same as the volume form of
g. Therefore

(6.4) Vol(B,(r)) > 212

for some positive constant zo depending on F and gg. The lower bound of
injectivity radius of X then follows immediately from (6.3]). O
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Remark 6.2. The fact that the injectivity radius of X is bounded from
below could be counter intuitive because of the factor ﬁlﬁ in the definition
of g. In fact, by the proof of Lemma [6.1} one can visualize the geometry of
X as follows. First consider the three manifold Y with the metric go. For
any x € Y, r,e > 0, let L, be the leaf of F containing x with the induced
metric from go, let D, be the r-neighborhood of = in L,, and let D,(¢) be
the € neighborhood of D, in Y. When r is fixed and € is small, D,(¢) is a
thin slice near D,.. Now let rg > 0 be a lower bound of the injectivity radius,
then a normal neighborhood of X centering at (¢, q) with radius ro contains
the set DTO/3(3’iﬁ) x (e770/3t,em0/3t). When t is large, this is (a much
thinner slice near D, /3) X (a long interval).

6.2. The definition of c4 (F)

This subsection defines the monopole Floer invariants c4 (F) for the smooth
foliation F.

Let X =R x Y, and let g be the metric on X defined by . Let
w = df be the compatible symplectic form on X as defined in Section 6.1

Let g7 be a Riemannian metric on X that is equal to g on (—oo, —1] x Y,
and is cylindrical on [1,400) X Y. Let g~ be a Riemannian metric on X
that is equal to g on [1,+00) X Y, and is cylindrical on (—oo, —1] x Y. Let
X4+ be the Riemannian manifold (X, ¢g"), and let X4~ be the Riemannian
manifold (X, ¢7). By Lemma X4+ is a manifold with cylindrical and
ESBG ends, where the ESBG structure is given by w = df on (—oo, —1] x Y.
Similarly, X,- is a manifold with cylindrical and ESBG ends, where the
ESBG structure is given by w = df on [1,+00) x Y.

Definition 6.3. Define

e (F) = e(Xge) € HMo(Y)/{£1},
(X,-) € HMo(-Y)/{1},

K
—
)
~—

Il
o

where c(-) is given by (5.1)).

By Proposition c(X4+) are invariant under deformations of the
ESBG structures, it follows that ci(F) are independent of the choice of
go and ;\, and are invariant under smooth deformations of F via foliations
without holonomy-invariant transverse measure.
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Let j, : I?]\/L(Y) — ﬁ]\\/[.(Y) be the map in the long exact sequence of
monopole Floer homologies introduced by [18], Proposition 22.2.1]. The next
theorem proves the nonvanishing of j.ci (F).

Theorem 6.4. Let F be a smooth foliation on'Y with no holonomy-invariant
transverse measure, then

Jecs(F) #0 € HMo(Y)/{1},
jee—(F) #£0 € HM(=Y)/{+£1}.

Proof. By Proposition [5.9] and Corollary we have

(6.5) (cx(F), jacs(F)) =+ > SW(X,s) = +1.

Hence jici(F) # 0. O

Theorem 6.5. The grading of cy(F) € E]\/I.(:I:Y) is represented by the
homotopy class of the tangent plane field of F.

Proof. The grading of ¢4 (F) is represented by a nowhere vanishing section
€ T(Y x {0},ST) such that it extends to a nowhere vanishing section of
S+|(_OO70]><Y that is asymptotic to the canonical section ¥y at ¢t — —oc.
Therefore, we can take 1 to be (I)0|Yx{0}- A straightforward calculation
then shows that the plane field corresponding to (ST,) is homotopic to
kera = F. O

7. Topological applications

Corollary 7.1 (|20, Theorem 2.1], [18, Theorem 41.4.1]). LetY be an
oriented three-manifold. If F is a smooth foliation on'Y without holonomy-
invariant transverse measure, let [F| be the homotopy class of the tangent
plane field of F, let HM[;}(Y) be the reduced monopole Floer homology at
the degree represented by [F|. Then HMz(Y) # 0.

Proof. This is an immediate consequence of Theorem [6.4] and Theorem
]

Corollary 7.2 ([17, Corollary 1.5]). There are only finitely many ho-
motopy classes of plane fields on'Y that can be realized by the tangent plane
field of a smooth foliation without holonomy-invariant transverse measure.
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Proof. By [18, Proposition 22.2.3], HM 4(Y") has finite rank, hence the result
follows from Corollary O

Since every foliation without holonomy-invariant transverse measure is
a taut foliation, the corollaries above are special cases of the non-vanishing
and finiteness results in [I7, 20]. On the other hand, by the discussions in
Section|[L.2] on a rational homology sphere every foliation without holonomy-
invariant transverse measure is a taut foliation. Therefore, Corollary [7.1] and
Corollary [7.2] yield alternative proofs for the non-vanishing and finiteness re-
sults of smooth taut foliations on rational homology spheres, without making
reference to the Eliashberg-Thurston perturbation.

We can improve Corollary to a more general class of three-manifolds.
The following lemma shows that in many cases, smooth folaitions without
holonomy-invariant transverse measure are “generic” among smooth taut
foliations. The result was explained to the author by Jonathan Bowden.

Lemma 7.3 ([4]). LetY be an atoroidal manifold and F a smooth taut
foliation on Y. Then either F can be C° isotoped to smooth folaition F'
without holonomy-invariant transverse measure, or Y is diffeomorphic to a
surface bundle over S*.

Proof. By [2], the foliation F can be C° approximated by a smooth taut
folaition JFj, such that every closed leaf of F; has genus 0 or 1. If YV &
S? x St then F is homeomorphic to the product foliation, and the statement
of the lemma is verified. If Y 2¢ 52 x S, by Reeb’s stability theorem the
foliation /7 has no closed leaf with genus 0. Since every closed leaf of a taut
foliation is incompressible and Y is assumed to be atoroidal, the foliation
JF1 has no torus leaf. This proves that /7 has no closed leaf.

If 71 has a holonomy-invariant transverse measure u, let A be a mini-
mal set contained in the support of p. The existence of A follows from [7,
Corollary 4.1.13]. Since F; has no closed leaf, the minimal set A is either
equal to Y or is exceptional as defined in [7, Definition 4.1.4]. If A is excep-
tional, by Sacksteder’s theorem [7, Theorem 8.2.1], there exists a leaf L in A
containing a curve of contracting linear holonomy. Since L is in the support
of u, on a neighborhood of L the measure pu has to be a constant multiple
of the delta measure of L. This implies that L is a closed leaf, which is a
contradiction. Therefore A =Y. By [7, Proposition 9.5.8], in this case Y is
diffeomorphic to a surface bundle over S*. O

Corollary 7.4 ([20, Theorem 2.1]). Suppose Y # S' x S2,Y is atoroidal,
and Y supports a smooth taut foliation, then HM ¢(Y) # 0.
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Proof. If F can be CY approximated by a smooth taut folaition 7’ such that
F' has no holonomy-invariant transverse measure, then the result follows
from Corollary Otherwise, by Lemma F can be C° approximated
by a smooth taut folaition 7’ such that (Y, F’) is homeomorphic to a surface
bundle over S! foliated by the fibers. Since Y is atoroidal and Y # S' x 2,
the genus of the fiber is at least 2. In this case, the desired result follows
from [19, Theorem 3.1] and [19, Lemma 2.2]. O

Recall that by Theorem and Theorem c+(F) are non-zero and
are graded by the homotopy class of F. It turns out that the invariants
c4(F) are stronger than the homotopy class itself. The rest of this section
constructs examples of foliations F; and F» such that they are homotopic
as plane fields but cy (F1) # c(Fa), c4(F1) # c+(Fa). Since c4(F) are in-
variant under smooth deformations, this gives examples of smooth foliations
without holonomy-invariant transverse measure that are homotopic as plane
fields, but cannot be smoothly deformed to each other via foliations without
holonomy-invariant transverse measure.

Proposition 7.5. Suppose M is a compact oriented 4-manifold with bound-
ary, and let Y = OM , where Y is oriented such that there is an orientation-
preserving diffeomorphim from [0,1) X Y to a neighborhood of Y in M. Let
F be a smooth co-oriented foliation on Y that has no holonomy-invariant
transverse measure. Assume there is an exact symplectic form w on M such
that w|y is positive on F. Assume further that 2 c1(w) # 0. Let —F be the
same foliation as F but with reversed orientation. Then c4(F) and c4(—F)
are linearly independent in HM+(Y) ® Q, and c_(F) and c_(—F) are lin-
early independent in HM o(—Y) ® Q.

Proof. Remove a small ball in M, the remaining part of M forms a cobordism
from Y to S3. For any Spin‘ structure s on M, it induces a map M (M —
B3,5): HM,(S?) — HM, (V). Let 1 € HM, (5’3) Z[U;] be a generator as
Z[U;] module, then HM (M — B3,s)(1) € HM (=Y.

Write F = ker /\ where ) is a 1-form on Y such that \ is positive on the
positive side ot F. Let A be the pull-back of AtoRxY.

Let M = (—00,0] x Y Ugar M. We can define an exact symplectic form
on M as follows. Let Let My = [—1,0] X Y Ugpas M. Let n : (—o0,0] — [—1,0]
be a smooth non-decreasing function such that 7(¢) = —1 when t < —1,
n(t) =t when ¢t > —1/2. Let x : (—00,0] = (—00,0] be a non-decreasing
function such that x(¢) =t when ¢ < —1/2, and x(¢) =0 when ¢t > —1/4.
Let 7 : M — M; be the map defined by m# =7 x idy on (—o00,0] x Y, and
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m=1dy on M. Let ¢ : My — M be a diffeomorphism that is maps (—1,x)
o (0,z) for all z €Y on the boundary. Let € > 0 be a constant. Define
© = (pom)*w+d(x(e\)), where x(e)) is defined to be zero on M. It is
straightforward to verify that when e is sufficiently small, @ is symplectic
on M. If we endow M with a compatible metric such that it is equal to
the metric given by on (—oo,—1], then M is a ESBG end without
boundary.
By the gluing property and Lemma [5.7]

— N +1 if 52 500,
(HM (M — B®s)(1), ¢4 (F)) = )
0 otherwise.

If we change F to —F and change the symplectic form on M from w to
—w, the canonical Spin® structure is then changed to the conjugation of sg,
hence we have,

(HM(M — B3, 5)(1), cy (—F)) = {il if 5 2 s,

0 otherwise.

Since 2 ¢1(w) # 0, the Spin® structures s/, and sy, —,, are not isomorh-
pic, therefore ¢4 (F) and ¢4 (—F) are linearly independent. The proof for c_
follows from a similar argument. Il

The next lemma provides examples that satisfy the conditions of Propo-
sition The result was explained to the author by Cheuk-Yu Mak. Recall
that a contact form « on Y is said to have a strong symplectic filling if Y
bounds a compact symplectic 4-manifold (M,w), such that there is a vector
field v near OM with (1,w)|y = «a.

Lemma 7.6. Let Y be an S bundle over a compact surface of genus g
with Euler number e < 0 and e # 2 — 2g. Then there exists a contact form «
on'Y, such that a has an exact strong symplectic filling with a non-torsion
first Chern class, and such that the Reeb vector field of « is the positive unit
tangent vector field of the S'-fibers.

Proof. Let E be a holomorphic line bundle with Euler number e over a
Riemann surface of genus g, and let J be the complex structure on E. Let h
be an Hermittian metric on £ such that its Chern connection has negative
curvature. Let Fq be the unit disk bundle of E¥ with respect to the metric h,
then Ej is a complex manifold with a J-convex boundary as defined in [9]
Section 2.3]. The circle bundle OF; is a principal U(1)-bundle and the Chern
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connection of F induces a connection on 0F;. Let ag be the connection form
on 0Fj, then kerag = TOE; N J(TOE,) is a contact structure on dF;, and
the Reeb vector field of «q is the positive unit tangent vector field of the
Sl-fibers. For more details of this computation, the reader may refer to [9,
Section 2.5]

By [1, Theorem (2’)], there exists a smooth family of integrable almost
complex structures J;, t € (0,1) on Eq, such that Jy = J and (E1, J;) is Stein
when t > 0.

Let f be a Jy-convex function defined near dE, such that 0E; = f~1(1),
the value 1 is a regular value of f, and that f < 1 in the interiori of F;. Then
there exists ¢g > 0, such that for all 0 < § < €g, the function f is Js-convex.
Let ag := df o Js be a 1-form on f~1(1) = OF4, then a;_s is a contact form
on OF1.

For sufficiently small , the contact structure ker a5 is C*° close to ker ay,
hence by Gray’s stability theorem there exists a diffeomorphism ¢ : 0F7 —
0F1 which is isotopic to the identity, and a positive function u on 9FEq,
such that ¢*(u - as) = ap. The Reeb vector field of ¢*(u - as) is therefore
the positive unit tangent vector field of the S'-fibers. Notice that for a
sufficiently large constant C', there exists a strong symplectic cobordism from
(0E1,u - as) to (0E1,a5/C). Since (0F1,as) is Stein fillable, this implies
that the contact form u - a5 is has a strong exact filling, therefore +*(u - )
has a strong exact filling. The first Chern class of the filling is equal to the
first Chern class of the complex manifold (E, J), which is not torsion when
e # 2 — 2g. Since Y = JF, this proves the lemma. O

Let Y be an S! bundle over a compact surface of genus g > 1 with Euler
number e, such that 2 — 2g < e < 0. By [29], there exists an oriented smooth
foliation F on Y which is transverse to the S! fibers. Let —F be the same
foliation as F but with the opposite orientation.

Proposition 7.7. LetY, e, F, and —F be as above, and assume e|2g — 2.
Then F, —F are foliations without holonomy-invariant transverse measure,
then F and —F are homotopic as oriented plane fields, but ¢4 (F) # c4(—F),
and c_(F) # c_(—=F).

Proof. By Lemma there exists a contact form o« on Y with a strong
exact symplectic filling (M,w), such that ¢;(w) is not torsion on M, and
the Reeb vector field of a is positively transverse to JF. Notice that the
Reeb vector field being positively transverse to F is equivalent to the form
w being positive on F. Since w is exact, this implies that F and —F have
no holonomy-invariant transverse measure. Moreover, by Proposition 7.5
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c+(F) and ¢4 (—F) are linearly independent, c_(F) and c_(—F) are linearly
independent.

It remains to prove that F and —F are homotopic as plane fields. Let
S' - Y 5 % be the bundle structure of Y, let ¢(Y) € H(X) be the Euler
class of the bundle. By the Gysin exact equence,

0D (%) I HA(Y)

H(%)
is exact. Notice that F is isomorphic to 7*(TX) as a plane bundle, therefore
the assumption e|2g — 2 implies that the Euler class of F is zero, hence F has
a global basis {e,e2}. Let es be the positively oriented normal vector field
of F, then for t € [0, 1] the family of plane fields F; = Span{el, cos(mt) eg +
sin(mt) es} defines a homotopy from F to —F. O
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