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Contact categories of disks

Ko HoNDA AND YIN TIiAN

In the first part of the paper we associate a pre-additive category
C(X) to a closed oriented surface ¥, called the contact category and
constructed from contact structures on ¥ x [0, 1]. There are also
C(X, F), where ¥ is a compact oriented surface with boundary and
F C 0% is a finite oriented set of points which bounds a subman-
ifold of 9%, and universal covers C(X) and C(X, F) of C(X) and
C(X, F). In the second part of the paper we prove that the univer-
sal cover of the contact category of a disk admits an embedding

into its “triangulated envelope.”

1__Introduction| 666
|2 The contact category| 668
|3 Contact category of a disk| 682
[4  Algebraic description of C,, | 690
I5  Definition of D,, | 694
[6 The functors F,, ¢ 699
|7 The functors an,el 731
|8 D,, . as a triangulated envelope of Cn,el 739
Index of notationl 755
[References| 758

KH supported by NSF Grants DMS-0805352, DMS-1105432, DMS-1406564, and
DMS-154914. YT supported by NSFC 11601256 and 11971256.

665



666 K. Honda and Y. Tian

1. Introduction

The goal of this paper is twofold. The first goal is to associate a pre-additive
category C(X) to a closed oriented surface X, called the contact category and
constructed from contact structures on ¥ x [0, 1]E| There are also C(3, F),
where Y is a compact oriented surface with boundary and F' C 9% is a finite
oriented set of points which bounds a submanifold of 9%, and universal
covers C(X) and C(3, F') of C(¥) and C(X, F). The contact category C(X)
admits a decomposition
cx) =[]

I€Z
into connected components, where i is the Euler class (= first Chern class)
of the contact structure evaluated on .

The contact categories, a priori, have no reason to satisfy any nontrivial
axioms of a triangulated category. In spite of such an inauspicious start, the
contact categories partially satisfy the axioms of a triangulated category,
and, in particular, have distinguished triangles that we call the bypass exact
triangles.

The second goal of this paper is to study the universal covers of contact
categories of a disk in more detail. When ¥ = D?, #F = 2n + 2, and we are
in the component where the Euler class is n — 2e, we abbreviate

Cne :=C(D? F;n — 2e).

We prove that 57%6 admits an embedding into its “triangulated envelope”;
more precisely, we have:

Theorem 1.1. There exist a family of triangulated categories an,e and ad-
ditige functors fnﬁ : C~n,e — 57176 such that fn,e are fully faz’thful and images
of Fne generate Dy . under taking iterated cones. Moreover, F, . is exact,
i.e., takes bypass exact triangles to distinguished triangles.

In this paper we take CNH,6 and 5,1,6 to be Fo-linear, where o is the field
of two elements. We believe that the analogue of Theorem holds for any
ground field, but technically difficult to keep track of signs.

!The contact category was discovered by the first author around 2007, but never
written up systematically. We hope that this is the first in a series of papers which
develops the theory of contact categories. The idea of constructing a contact cate-
gory was also pursued by Kevin Walker (unpublished) at around the same time.
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The category ﬁme is the homotopy category of bounded chain complexes
of finitely generated left projective R, .-modules, where R, . is isomorphic
to the homology of a strands algebra over a disk (cf. [LOT] and [Zal). The
contact categories and their relation to Heegaard Floer homology have been
extensively studied by Mathews in a series of papers [M1, M2, M3, [M4].

In [Co], Cooper defines the formal contact category Koy (X, F'), which
can be interpreted as an abstractly constructed “triangulated envelope” of
C(X, F). (Strictly speaking, the version in |Co] is ungraded, but it is expected
that his construction works in the graded case; we are referring to the graded
version as Ko, (3, F).) He also proves the equivalence of Ko, (D?, F) and
D, e: the functor Ko (D% F) — D, e is defined using the universal property
of Koy (D?, F) and the functor 1571,@ — Ko, (D? F) is constructed using the
work of Zarev [Za]. Combining Theorem (1.1 and (the extension of) Cooper’s

work gives:
Theorem 1.2. 5717@ embeds in the triangulated envelope Koy (D? F).

It is a very interesting problem to understand whether the contact cate-
gory for a general surface embeds in its triangulated envelope. For algebraic
applications, the contact categories of rectangles and annuli were used by
the second author to give categorifications of the quantized Lie superalgebra
s[(1]1)) and the Clifford algebras [T [T2] [T'3] [T'4].

Index of notation. We have provided an index of notation at the end of the
paper, which we hope the reader will find useful starting with Section [4]

Organization of the paper. In Section [2] we define the contact categories
and their universal covers for general surfaces ¥ and (%, F'); from Section
we restrict to contact categories C, . and C, . over disks. In Section |3[ we
introduce the Serre functors of C, . and C~n7e which provide essential simpli-
fications in the proof of Theorem In Section 4] we introduce notation to
algebraically describe C;, . and C~n76 and in Section |5| we define a family of
triangulated categories 5,1,6. In Section |§| we construct a family of functors
Fne : Cne = Dy of additive categories and in Section m we extend Fp, . to
]-zn’e : 5,176 — 5n,e and show that the J:’-:me preserve the shift functors and
distinguished triangles. Finally in Section we show that the ]?n,e are fully
faithful and the images of .7::“76 generate D, . under taking iterated cones.

Acknowledgements. The first author thanks Takashi Tsuboi and the Univer-
sity of Tokyo (in 2007), as well as MSRI and the organizers of the Symplec-
tic and Contact Geometry and Topology Program for their hospitality (in
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2009-2010). The first author also thanks Will Kazez and Gordana Mati¢ on
collaborations leading up to this work, Thomas Geisser for discussions on
category theory, and Paolo Ghiggini, Toshitake Kohno and Shigeyuki Morita
for helpful discussions. The second author thanks the Simons Center for an
excellent research environment. Finally we thank the referee for a careful
reading of the paper and a large list of comments.

2. The contact category

The goal of this section is to define the contact categories C(X) and C(X, F).
We first recall some properties of bypasses and contact structures.

2.1. Contact structures and bypasses
For more details, the reader is referred to [H1].

2.1.1. Convex surfaces. Let X be a compact oriented surface and I' C X
be an oriented, properly embedded 1-manifold (i.e., a multicurve) which
divides X — I' into alternating positive and negative regions in the sense
that the sign changes every time I is crossed once transversely. The positive
region (resp. negative region) will be denoted R, (T) (resp. R—(T')), and
the orientation of I" and the boundary orientation of R (T") agree. Such a
1-manifold T' is called a dividing set of 2.

Recall that an oriented embedded surface ¥ in a contact 3-manifold
(M,€) is -convex (or simply convez) if there is a contact vector field X
which is positively transverse to X. The dividing set of ¥ with respect to
(&, X) is the locus

F={ze¥| X() e t(a))

In this paper, our convex surfaces are either closed or compact with Leg-
endrian boundary. In such cases, I' is an oriented, properly embedded 1-
manifold and its isotopy class is independent of the choice of X. The positive
(resp. negative) region is the set of points z € ¥ for which the orientation
induced by X (z) on £(x) coincides with (resp. is opposite of ) the orientation
on {(z). A dividing set I' on ¥ will usually be viewed as the dividing set
I's,, with respect to a [—¢,¢]-invariant contact structure & on X x [—e, ],
where we write ¥; = 3 x {t}; in other words, we are locally taking X = 0;.

Let ¥ be a convex surface with dividing set I'. According to a criterion of
Giroux [GiI], ¥ has a tight neighborhood if and only if either (i) ¥ = S? and
I' = SY or (ii) ¥ # S? and I has no homotopically trivial closed component.
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2.1.2. Bypasses. An embedded Legendrian arc § C X is an arc of attach-
ment of a bypass if § is transverse to I' and has exactly three intersections
with ', two of which are points of 0§. We also write 6 = d U d_, where
0+ is the closure of 6 N R (I"). Let U C ¥ be a disk neighborhood of 4,
which transversely intersects I' along three arcs and whose boundary is Leg-
endrian. Consider an overtwisted disk ({(r,6) | » < 1},(), where (r,6) are
polar coordinates and ( is the germ of a contact structure such that its
characteristic foliation is of “wheel-and-spokes” type with leaves r = 1 and
8 = const. Then a bypass D is ({r < 1,0 <0 < 7}, (lo<p<r), i.e., one-half of
an overtwisted disk.

We now attach D to the invariant contact structure (2 x [0,&],&r) along
Y (resp. (X x [—¢,0],&r) along ¥_.) so that the diameter of D is glued to
0 x {e} (resp. 6 x {—¢}). If D is attached to X. (resp. ¥_.), then we say
the bypass is attached from the front (resp. from the back). When D is
attached from the front, a small one-sided neighborhood of (X x [0,¢]) U D
can be viewed as (X x [0, 1],&), where the dividing set I's, is I and I'y;, is
obtained from I" by performing the local operation on U as in Figure[l} More
specifically, in the rest of this paper, we:

(B1) fix a model contact structure (D? x [0,1],¢) such that D? x {0,1}
is convex with Legendrian boundary, ¢ is ds-invariant on D? x [0, €]
and a neighborhood of (D? x {1}) U (0D? x [0,1]), the dividing sets
I'p2xsors [p2xq1y and the Legendrian arc gy are as given in Figure
and ( is contactomorphic to a small one-sided neighborhood of (D? x
[0,¢]) Us, D, where the contactomorphism is the identity on D? x [0, €];

(B2) choose an identification ¢ : U = D? such that ¢(yyo1) = I pexqo}
and ¢(0) = dp; and

(B3) let &|(s—t)x[o,] be t-invariant with dividing sets 'is_pyxqy = (I' =
U) x {t} and &|yxjo1) = (¢ X idjg1])*C.

In other words, a bypass attachment depends on the choices of U D § and
¢ : U = D?. We remark that topologically I's;, is obtained from I' = I's;, by
applying two band sums in succession.

Suppose that (X x [0, 1], &) is obtained by attaching a bypass along § to
(X0,Tg) from the front. If Uy C Xg is the disk neighborhood of § and U
is the corresponding disk on ¥; (in particular, I'g|s,—, = I'i|x, -1, ), then
there is a bypass arc of attachment ¢’ C U; which gives (a contact manifold
isotopic to) (X x [0,1],£) when attached to (X1,T'1) from the back. We will
call &' the anti-bypass arc of the bypass arc 9.
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Figure 1: Effect of a bypass attachment along oy from the front. The left-
hand side is D? x {0} and the right-hand side is D? x {1}. The red arcs are
the dividing curves.

Convention 2.1.2.1. If we do not explicitly mention from which side the
bypass is attached, we always assume the bypass is attached from the front.

A bypass is overtwisted (resp. trivial) if there exists a disk neighborhood
U C X of the arc of attachment § such that:

1) I'h U and T'|y consists of two arcs;

2) if TV is the result of attaching the bypass, then I'’|y has a homotopically
trivial component (resp. I''|yy is homotopic to T'|y).

See Figure [2]

N -
1

N .

Figure 2: Overtwisted bypass (top) and trivial bypass (bottom).

2.1.3. Bypass rotation. We will now discuss bypass rotation, which was
introduced in [HKM]. Let ¥ be a convex surface with dividing set I". The
ambient contact manifold for 3 is the [—¢,¢]-invariant contact neighbor-
hood of ¥ = 3. Let dg and §; be arcs of attachment as given in Figure 3| In
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particular, dg is obtained from ¢; by rotating one endpoint in the counter-
clockwise direction. The bypasses are to be attached “from the front”. We
will call such an operation left rotation.

Figure 3: The arc §y is to the left of d;.

Lemma 2.1.3.1 (Bypass Rotation). Let (X x [0,1],&5,) be the contact
manifold obtained from (3,T) by attaching a bypass from the front along ;.
If 6y is obtained from &1 by left rotation, then there exists a bypass along dg
inside (¥ x [0,1],&s,).

The lemma is completely local, i.e., it is valid when ¥ = D? and I con-
sists of the four arcs given in Figure

2.2. The contact category C(X)

Let X be a closed, oriented surface. In this subsection we assign to each ¥ a
category C(X), called the contact category.

Definition 2.2.1. A surface X is collared if it is equipped with auxiliary
data (¥ x [—¢,¢], X), where:

(i) ¥ x [—&,¢] is a thickening of ¥ with coordinates (z,t) so that ¥ =
¥ x {0}; and

(ii) X is the nonsingular vector field 9, on ¥ x [—¢, €], i.e., the pullback of
O¢ under the projection ¥ x [—¢,¢] — [—¢,¢].

The manifold ¥ x [—¢,¢] is a collar or collar neighborhood of X.
We often write ¥; = ¥ x {t}.

2.2.1. The category Cont(X). We first define the category Cont(X),
where ¥ is a collared surface with € > 0 small.
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The objects of Cont(X) are dividing sets I' on X, where a dividing set
I' is an oriented embedded 1-manifold which is the oriented boundary of
an open 2-dimensional submanifold R, (T") of ¥. The submanifold R, (T")
has the same orientation as ¥ and R_(I') = ¥ — R4 (I') has the opposite
orientation as 3. The collection of objects of Cont(3) will be denoted by
ob(Cont(X)).

Remark 2.2.1.1. We take the objects to be 1-manifolds, not isotopy classes
of 1-manifolds. See Section 2.2.2] for more details.

Next we define Homgone(s)(I', I') to be the set of homotopy classes of
contact structures £ on X x [0, 1] such that:

1) the boundary 9(X x [0,1]) = X1 — ¥ is {-convex;

2) there exists an extension of £ to ¥ x [—¢,1 4 €] so that (X x [—¢,¢], d;)
and (X x [1 —¢,1+¢],0;) are collared neighborhoods of ¥y and ¥,
and on which 0; is a contact vector field with dividing sets I' and I"
on ZO and 21.

Two contact structures & and £’ are homotopic if there is a path {&s} s€[0,1]

of contact structures on ¥ x [0, 1] from & to & satisfying (1) and (2) above.
The identity morphism I" i (homotopy class of) the [0, 1]-invariant

contact structure £ on ¥ x [0, 1] with dividing set I' on X x {t}, t € [0, 1].
To take the composition of

€] € Homgony(sy (T, T")  and €] € Homggng(sy (I, T),

we choose representatives £ and £ so they agree on collared neighborhoods
of ¥ and then glue. The composition [¢' o £] does not depend on the choices
(see Remark [2.2.1.2)). The associativity and unit axioms are easily verified.

Remark 2.2.1.2. The set of contact structures on ¥ x [—¢,¢| which have
dividing set I with respect to the contact vector field X = 9; is contractible.
For this reason, we will suppress the collar ¥ x [—¢, €] in the rest of the paper.

Notation 2.2.1.3. In what follows we abuse notation and write £ €
Homcom(z)(F, I'") to mean the homotopy class of a contact structure &.

2.2.2. Isotopy of dividing curves and the weak identity morphism.
Suppose T'o,I'; € 0b(Cont(X)) and I'y, t € [0, 1], is an isotopy of dividing
curves from I'g to I'y.
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Definition 2.2.2.1. A contact structure £ on ¥ x [0, 1] is a weak identity
morphism from I'g to I'y if there exists a a contact vector field X for £ such
that X is transverse to all 3; =3 x {t} and the dividing set of ¥; with
respect to (£, X) is I'y.

A weak identity morphism from I'y to I'y gives an isomorphism between

'y and I'y, since one can similarly define its inverse morphism I'y i/> I'g which
is also a weak identity morphism.

The space of dividing curves of a fixed isotopy type has trivial funda-
mental group, except when 3 = S2 or T2, or when I' has a homotopically
trivial component. Consider the situation where ¥ = T? = R?/Z2. Suppose
I'g =T'; consists of two parallel, homotopically nontrivial curves of slope
oo. Let & be the [0, 1]-invariant contact structure with dividing set I' on
Y x {t} forallt € [0,1]. If ¢ : T? x [0,1] = T2 x [0, 1] is the diffeomorphism
(x,y,t) — (x +t,y,t), then let & = ¢*&p. The contact structures &y and &;
are not isotopic relative to the boundary. (However, they are isotopic when
the dividing sets are allowed to move freely.) Similarly, when I" has a homo-
topically trivial component, we can take the homotopically trivial component
and isotop it around a nontrivial loop in X.

2.2.3. Bypass attachment. The most basic nontrivial morphism comes
from a bypass attachment. When attaching a bypass along § to (3,I") we
need to Legendrian realize § and OU, where U C ¥ is a disk neighborhood
of § which transversely intersects I" along three arcs. This can be done using
the Legendrian realization principle of [HI], which states that there exists a
homotopy of contact structures {{s}cp0,1) on X X [—¢, ] such that:

1) & is a given contact structure on ¥ X [—¢, €| which is ¢-invariant with
dividing sets I x {t}, t € [0, 1],

2) 0, is a contact vector field on ¥ x [—¢, ¢] with dividing sets I' x {¢} for
all &, s €10,1], and t € [—¢,¢], and

3) § and QU are Legendrian with respect to ;.

Since we are taking homotopy classes of contact structures in the definition
of Cont (X)) in Section we may assume that the Legendrian realization
automatically takes place when attaching bypasses.

A bypass attachment of D from the front along § depends on the choices
of UDJ and ¢: U = D? by (B1)-(B3) from Section Two bypass
attachments with the same § and U are related by a weak identity morphism
which is “supported on” U.
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Every morphism ¢ € Homgong(s) (I, T') can be written as a composition
of bypass attachment morphisms (or bypass morphisms for short), followed
by a weak identity morphism; see [H2].

2.2.4. Connected components of Cont(X). Consider the following
map ¢ which partitions the set of dividing curves according to their Eu-
ler class = first Chern class (we will often refer to ¢ as the “Spin“-map”):

¢ :0b(Cont(X)) — Z,

I'= X (B (I)) = x(R-(T)).

Here R (I') is the positively oriented subsurface of ¥ whose boundary is
I'; R_(T") is the negatively oriented subsurface which is the complement of
R, (T') in ¥; and x is the Euler characteristic.

We leave it to the reader to verify that the set ¢~1(i) is connected, i.e.,
for any pair I', IV with the same ¢ value, there is a sequence of bypass
morphisms from T" to I". We will write Cont (3, i) for the full subcategory
of Cont(X) whose objects are ¢p~'(i). Then we have

Cont(X) = H Cont(X, ).
i€z

We will often refer to Cont (X, i) as a connected component of Cont(X).

2.2.5. “Zero objects” and “zero morphisms”. A “zero object” in
Cont (X, 7) is a dividing set I" with an overtwisted neighborhood and a “zero
morphism” is a homotopy class of overtwisted contact structures. Recall
that, according to Giroux [Gil], I is not a “zero object” if and only if either
¥ = 5% and T is connected, or ¥ # S? and T' has no homotopically trivial
component.

Recall that, by Eliashberg’s theorem [El1], there is a unique overtwisted
contact structure in each homotopy class of 2-plane field. Hence there are
as many “zero morphisms” as there are homotopy classes of 2-plane fields
in each Homgong(s)(I',IV); this problem is remedied when we pass to the
universal cover of the contact category in Section

2.2.6. The contact category C(X). We are now in a position to define
the contact category

c(x) =[Je(=9),

1€EZL
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which is an Fa-linear (and in particular a pre-additive) category. The objects
of C(X,4) are the same as those of Cont (%, 4) and Home(s 5 (', T') is the Fa-
vector space generated by the homotopy classes of tight contact structures
of HomCont(E,i) (Fv F/)

We are identifying all the “zero morphisms” in Homgeng(s,s) (I, I”) into
the unique zero morphism of Homgs; ;) (I, I'). Moreover, the “zero objects”
in Cont (X, i) become genuine zero objects in C(X,4). They are isomorphic
to each other; we choose one zero object and denote it by O.

3

2.2.7. The categories Cont(X, F') and C(X, F). Let ¥ be a compact
oriented surface with boundary and let F' C 0¥ be a finite set of points
which divides 0% into alternating positive and negative regions R (F') and
R_(F), i.e., the signs on both sides of any point in F' are opposite. (In other
words, F'is a set of oriented points which is the boundary of a 1-dimensional
submanifold of 0X.)

The objects of Cont(3, F') are dividing sets I' with endpoints on F,
subject to the condition that the signs on 0¥ — F and the signs on ¥ — T’

agree. The morphisms I' ﬁ) I" are homotopy classes of contact structures
on ¥ x [0,1] so that the dividing set on X x {0} is I, the dividing set on
¥ x {1} is I, and the dividing set on 9% x [0,1] is F' x [0, 1], where F is
the set consisting of one point on each component of 0% — F'.

The contact category

c(z, F) =]]eE Fi)

1€Z

is defined in the same way as in Section the objects of C(3, %) are the
same as those of Cont (X, F, i) and Homg (s, ;) (T, T') is the Fa-vector space
generated by the tight contact structures of Homgong(s, i) (T, TV).

Notation 2.2.7.1. From now on, Hom without subscripts will always mean
Home(sy or Home(s, ).

2.2.8. Generators and relations. We now give a description of the
generators and relations in C(X) or C(X,F). Recall that every £ e
Homcont(x) (T',I") can be written as a composition of bypass morphisms
and vi%sak identity morphisms. The description of the relations is due to Bin
Tian

2Not to be confused with the second author.
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Theorem 2.2.8.1 (Bin Tian). Given { € Homgong(s) (I, T"), any two se-
quences of bypass attachments and weak identity morphisms from T' to T’
which compose to give & can be taken to one another via the following two
types of operations:

(R1) Far commutativity — given two disjoint bypass arcs of attachment, we
can reverse the order in which the bypasses are attached.

(R2) Adding a weak identity morphism.

Theorem [2.2.871] is straightforward to prove for the contact category of
a disk when ¢ is tight and the proof will be sketched in Section [3]
It is easy to see that relations (R;) and (Rg) imply (RS):

(RY) Bypass rotation — referring to Figure |3 if we attach bypasses along
do and then along d1, then the resulting contact structure is homotopic
to the one obtained from attaching a bypass along d; and followed by
a weak identity morphism.

2.2.9. Opposite category. The opposite category C(X) of C(X) is ob-
tained by reversing the arrows. It is not hard to see that C(X)° is equivalent
to C(—X) via the contravariant functor which sends I' to —I" and the mor-

phism T' 51V to —I' & —TI". Observe that when we switch from ¥ to -3,
the positive and negative regions of > — I' get switched, i.e., I' gets sent to
—T.

2.3. Bypass exact triangles

A sequence of bypass attachments gives a triangle, called the bypass exact
triangle, as follows: Suppose the initial configuration is I'y. Pick an arc of
attachment § C ¥ and its neighborhood U. Apply a bypass attachment from
the front along § to obtain I's. Now, inside U, there is a unique arc of
attachment ¢’ which intersects all three arcs of I's N U. A bypass attachment
from the front along ¢’ yields I'3. Similarly, a third bypass attachment from
the front along ¢” yields I'y. This is summarized in Figure For convenience,
we say that the above bypass exact triangle starts at (X,T'1,0).

We claim that attaching two bypasses in succession inside U creates an
overtwisted contact structure. Indeed, ¢’ is the anti-bypass arc of the bypass
arc . Hence the bypass along ¢’ from the back and the bypass along ¢’ from
the front glue to give an overtwisted disk. Therefore, the bypass triangle will
have the property that the composition of any two successive edges is the
zero morphism.
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SON
‘/

Figure 4: The top is I'y, the bottom right is I's, and the bottom left is I's.

Examples of bypass triangles.

(i) (Identity triangle) Consider the morphism I'y =T 4 T =T, which is
equivalently obtained by attaching a trivial bypass. Now, attaching the next
bypass yields I's which has a homotopically trivial component. Hence I's = 0.

=T i s Ty =T

320

(i) (Fold-unfold triangle) Consider the morphism I'y =T' — I” = T’y corre-
sponding to a bypass of fold type (i.e., a bypass such that I'y is the disjoint
union of I'y and two parallel homotopically nontrivial curves). The next
bypass attachment is an unfold type and the third bypass attachment is

unfold
overtwisted. (The map I’ 5T factors into T %' T —— T which glues into

an overtwisted contact structure.)
2.4. Octahedral axiom

One of the primary motivations for introducing the contact category was
that the bypass triangles often satisfy the octahedral axiom. In other words,
there was evidence that the contact category could be embedded inside some
sort of “triangulated envelope” while still preserving the bypass triangles.
Theorem realizes this for the contact category of the disk.

We briefly review the octahedral axiom. Refer to Figure [6 If there are
three exact triangles (A4, B,C"), (B,C,A’), (A,C, B'), so that the face ABC
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Figure 5: Fold-unfold triangle.

commutes, then there is a fourth exact triangle (C’, B, A") (i) which makes
the other three faces A'BC’, A'CB’, AB'C" commute and (ii) such that

the compositions B - A % B, B' % A’ ™ B agree and the compositions
B£>C£>B’,B£>C”i>B' agree.

Figure 6.

We present some evidence for the octahedral axiom where ¥ = D? and
#F = 8. The six dividing sets I' with ¢(I") = 1, where ¢ is the Spin®-map,
form the octahedron given in Figure m where all the arrows are nontrivial
bypass morphisms.

Using the labeling from Figure Iél, let us consider the compositions B’ L
AL B and B'% A’ 3 B in Figure |7l Both correspond to the same two
bypass moves along disjoint arcs of attachment, and differ only in the order
in which the attachment takes place. Hence both compositions give the same
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Figure 7.

contact structure up to isotopy, and agree as morphisms B’ — B. Similarly,
the compositions sn and pk agree.

Let us also discuss the commutativity of the triangle A’C'B’, for example.
For this we use bypass rotation [HKM, Lemma 4.2]. The arc of attachment
§ that gives rise to the morphism C' - A’ can be rotated to the left to give
an arc of attachment & for the morphism C 2 B’. More precisely, inside a
small neighborhood of the union of ¥ = D? and the bypass half-disk along 6,
there exists a bypass half-disk along §’. Moreover, the image of the arc § on
B’ (after the bypass attachment along ') is precisely the arc of attachment
for B' % A’. Therefore, C % A’ can be factored into

CEB L A5 A

By Eliashberg’s uniqueness theorem for tight contact structures on the 3-
ball, = id and it follows that o = gp.

2.5. The universal cover of the contact category

In this subsection we describe the universal covers of the contact categories
C(X) and C(X, F).

2.5.1. The universal cover. Let C(X,7) be a connected component of
C(X) and let I'g € ob(C(X,4)). The universal cover of C(X,) with basepoint
[y is the category C(X,4,T), together with the covering functor

m:C(%,1,Tg) — C(X2,1),

defined as follows:
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The objects are given by (I'y Q I'), where [(] is a homotopy class of 2-
plane fields which are contact near ¥ x {0, 1} and have dividing sets I'y and
I'. The objects are also denoted by (T, [(]).

We define Homg g, ; FU)((F [€]), (I, [¢'])) to be the Fa-vector space gen-
erated by homotopy classes of tight contact structures £ € Hom(T',I”) such
that [£ o (] =[], where [£ o (] is the homotopy class of 2-plane fields on
Y x [0, 1] obtained by concatenating ¢ and &.

The functor 7 takes (I'g 9 I') to I" and takes
41 [Cl=leec] ;o
110 F 0 —— T ) € Homc(z i)l"o)((ru [d)’ (F ’ [C ]))7

to T 5T’ € Home s 5 (T, T).
The universal cover C(X, F,i,Ig) of C(X, F,i) is defined similarly. Since

Iy determines the integer i, we will sometimes suppress the i and write
C(E,Fo) or C(Z, F, FO)

2.5.2. 2-plane fields. Suppose that ¥ is a closed surface. The preimage
7 1(T) of I € 0b(C(X,4)) is isomorphic to the Z-module Z & H;(¥;Z), albeit
not naturally. Fix a trivialization of the tangent bundle of ¥ x [0,1] and a

reference 2-plane field (I'g 1] r).
We explain how to define the map

O:7" ( )—)Z@H1<ZZ)

ro 1) ¢),02(0));

see |GH, [Hu| for more details: Usmg a relative version of the Pontryagin-
Thom construction, we can assign a framed tangle in ¥ x [0, 1] to any (. Here
the framed tangle is properly embedded and has endpoints on ¥ x {0,1}.
To the difference ¢ — {y we can assign a framed link £ in (the interior of)
¥ % [0,1].

Any framed link £ in ¥ x [0, 1] is the union of the following two types of
links, up to framed cobordism: (i) a (not necessarily connected) 1-manifold
C on ¥ x {1/2}, with framing coming from the surface, and (ii) a framed
unknot. The proof is a slight generalization of the usual Pontryagin-Thom
proof of 73(S?) ~ Z, whose elements are classified by framed unknots: Let
75 ¢ 2 X [0,1] — X be the projection to ¥.. Without loss of generality assume
that mx(£) is an immersion with transverse crossings, and we resolve the
crossings to obtain a 1-manifold C' which we can view to be on ¥ x {1/2}.
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Adjusting the framing on C' and resolving the crossings are both equivalent
in the framed cobordism category to adding a framed unknot. Finally a
union of framed unknots is framed cobordant to a single framed unknot.

The framing of the unknot is ©;(¢) and is equal to the Hopf invariant and
the homology class of C' C ¥ x {1/2} is O2((). The class ©3(¢) € H1(X;Z)
is dual to one-half of the first Chern class of the difference { — (.

Suppose that X #0, O is connected, and #F >0. Let b={by, ..., by}
be a basis for X, i.e., it is a collection of disjoint, properly embedded, ori-
ented arcs which cut ¥ up into a single polygon; in particular, b can be
viewed as a basis for H;(3,0%). Let us also assume that b is transverse
to I'p and T'. Given the basis b, we can take disks D; = b; x [0, 1], whose
orientation agrees with the boundary orientation given by that of b; x {1}.
We can compute (c1(¢), D;) to be x(R+(I'p,)) — x(R—(I'p,)) with respect
to ¢. (Without loss of generality we may assume that ¢ is an overtwisted
contact structure by Eliashberg’s classification of overtwisted contact struc-
tures [ElI].) Then e1(¢ — (o) assigns an integer to the disks D, ..., Dy,
and is dual to ©2(().

2.5.3. Change of basepoint. Let I'g,I'{; € 0b(C(X, %)) be two basepoints.
If ¢ is a homotopy class of 2-plane fields which is contact near ¥ x {0,1} and
has dividing sets I'g and I';, that lie on ¥ x {0} and ¥ x {1}, respectively,
then ¢ induces a change-of-basepoint functor

Fe: C(2,T)) — C(%,Ty),
which is given by:

i¢'o€] . , [¢'otoc]
FOLEr) & ) = (T 291 & (0 ———— Ty).

The functor F; gives an equivalence of the two categories. Also, if ( is a
homotopy class from I'g to I'y =T, then the functor F¢ is a deck transfor-
mation of C(X,T).

2.5.4. Bypass exact triangles. A bypass exact triangle
..—>F13>F2é>1“331“1—>...

lifts to a bypass exact triangle

& flod & [Ezoflod
FO *l Fl FO e FQ) — (FO _— Fg)
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[£30820810(]
g Ty ——T1) — ...

For convenience, let us write (' = {30808 0(.

Let T': C(X,T0) — C(X,T) be the deck transformation which, for each
fiber 773(T") and identification © : 7=1(T') & Z @ H1(X;Z), sends (m,x) €
7 ® Hy(X;Z) to (m —1,z). In other words, the shift functor is a grading
shift which drops the Hopf invariant (i.e., the linking number of the framed
unknot) by one without changing the relative Spin®-structure.

The following theorem, due to Huang [Hu|, shows that the functor T is

the shift functor for the bypass exact triangles in C(X, ).

Theorem 2.5.4.1 (Huang [Hul). The homotopy classes of (I'y S Iy)

and (I L1 I'1) have the same relative Spin®-structure, and the Hopf invari-
ant of ¢ is one higher than that of .

3. Contact category of a disk

In the rest of this paper we restrict attention to contact categories of the
disk. Letting ¥ = D?, #F = 2n+ 2,0 < e < n, we consider C(D?, F,n — 2e)

and C(D?, F,n — 2¢). The basepoint T is arbitrary at this point. If T' €
ob(C(D? F,n — 2e¢)), then

(D) = (R (D) =n—e+1, x(T) = x(R_(I)) = e + 1.

We also write x4+ if I' is understood.

The n+ 1 arcs of Ry (F) (called “positive arcs”) are labeled 0,1,...,n
in clockwise order around 0D?. The arc 0 is the “based arc”, analogous to
a basepoint. We will often write D2 for (D? F) with #F =2n +2 and a
fixed labeling of R4 (F'). We also assume that the arcs of Ry (F') are evenly
spaced around 0D?.

Notation 3.1. The labels of the arcs of R (F") will be underlined through-
out the paper. We will write s < ¢ when we mean s < t.

3.1. Skeletal subcategory C,

The category C(D?, F,n — 2¢) has an uncountable number of objects since
isotopic dividing sets are treated as different objects (cf. Remark [2.2.1.1)).

However,
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e any two isotopic dividing sets are isomorphic in C(D?, F,n — 2¢) via a
weak identity morphism and

e any dividing set with a contractible component is isomorphic to a zero

object by Sections and

Hence C(D?, F,n — 2¢) has only finitely many isomorphism classes of ob-
jects. In particular, the set of isomorphism classes of nonzero objects in
C(D?, F,n — 2¢) is in bijection with the set of isotopy classes of dividing
sets without closed components, which in turn is in bijection with the set of
crossingless matchings with x4 =n —e+1and x—- = e+ 1.

Let Cy,.e be a skeletal subcategory of C(D?, F,n — 2¢), obtained by choos-
ing one representative from each isomorphism class of objects of C(D?, F,n —
2e) and taking the full subcategory of C(D?, F,n — 2¢) with these objects.
Let Cp, . be a skeletal subcategory of C(D?, F,n — 2e).

We now shift our perspective slightly and work with C, . and (Zw in the
rest of the paper. At this point it would be convenient to slightly change the
definition of a bypass from T’ to I so that:

new bypass = old bypass, followed by a weak identity morphism.

Given nonzero objects I',I” of Cp, . with a (new) bypass from I' to I, the
(new) bypass does not depend on the choices of U and ¢ that appear in
the definition of the old bypass as well as the weak identity morphism. In
particular, the relation (Rg) in Theorerncan be rephrased as “adding
a trivial bypass” in the case of a disk.

3.2. Compositions in Cy, ¢

Given I',T" € 0b(Cp.c), Y1 denotes the dividing set on d(D? x [0,1]) ob-
tained by edge rounding T' on D? x {0}, I” on D? x {1}, and the vertical
dividing set on 9D? x [0, 1]. See [HI, Lemma 3.11] for the definition of edge
rounding of two dividing sets along a common boundary Legendrian curve.
We write #7r r for the number of components of yp . If #~yr > 1, then
Hom(I',T") = 0; if #yr v = 1, then Hom(I",I") ~ Fy and we denote its gen-
erator by &p .

Convention 3.2.1. For the rest of the paper, if I',T” € 0b(C,), then
Hom(I',I") is always understood to be Home, (I',I").
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We study the composition Hom(IV,T") x Hom(T',I) — Hom(T',I""")
when all three spaces are nonzero. The following lemma is similar to [MI),
Lemma 3.12]:

Lemma 3.2.2. Suppose that Hom(T',T”), Hom (I, "), Hom(I", ') are non-
zero and IV # I',T”. Then the following are equivalent:

1) The composition Hom(I,T") x Hom(I',I") — Hom(T", ") is nontriv-
ial.

2) There exists a sequence of dividing sets T for 0 <1i < k,k > 1 satis-
fying:
a) I9=T,T* =T1;
b) each Hom(T'!, T*H), 0 <i < k — 1, is nonzero and is generated by
a bypass;
c¢) Hom(T",T") # 0 for 0 <i < k.

3) There exists a sequence of dividing sets I for 0 <i < k,k > 1 satis-
fying:
a) 1‘\0 — F/, Fk — Iw,'
b) each Hom(T'", T*H), 0 <i < k — 1, is nonzero and is generated by
a bypass;
c¢) Hom(T',T%) # 0 for 0 <i < k.

Proof. We prove the equivalence of (1) and (2). The proof of the equivalence
of (1) and (3) is similar.

(1) = (2): The tight contact structure {1 can be written as a composition
of bypasses ru—1pr 0+ 0&po1, where T% =T and T* =T". For 0 <i <k,
the contact structure &r» pv 0 §rr-1 px 0 -+ 0 & pivr is tight because it can
be embedded in &pv pv o &p v = Ep v which is tight. Hence Hom(I', T") % 0
for 0 <i<k.

(2) = (1): Suppose k =1, i.e., Hom(T',T") is generated by a nontrivial by-
pass &r and Hom(I',T”) and Hom(I",T") are nonzero. The dividing sets
I' and I only differ on a neighborhood of the bypass arc of attachment.
Since Hom(I',I') and Hom(I",I'") are nonzero, #vyr 1 = #7r,r» = 1 and
the portion of yr r» which is outside a neighborhood of the arc of attach-
ment is given by the three black arcs in Figure |8 (There are a priori three
possibilities for the black arcs by Euler class considerations and only one of
them satisfies #~vr/ r» = #yr v = 1.) The tight contact structure {p - is
obtained from {p/ v by attaching a bypass which is trivial when viewed as
a bypass on 9(D? x [0,1]). Hence (1) follows when k = 1.
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F//
N

Figure 8: Peeling off the bypass {r 1 inside & .

When k > 1, one can show by induction on k& — i that the compositions
Hom (I, T") x Hom(I', ") — Hom(I'*,T'") are nontrivial for all 0 < i < k —
1. This implies (1) in general. O

Lemma 3.2.3. Let I',T',T" be nonzero dividing sets. Suppose & €
Hom(T',I) is nonzero, 8’ € Hom(I",T") is a nontrivial bypass, and ' o & €
Hom(T',T") is zero. Then & can be factored into B o (, where 3, are two
consecutive bypasses of a bypass triangle.

Proof. Since § € Hom(I',I) # 0, we have #7p = 1. Since attaching /5
to O(D? x I) yields an overtwisted contact structure, there exists an anti-
bypass along the same arc of attachment inside (D? x I,¢). This implies
that £ can be factored into 3o ¢, where 3, 3 are two consecutive bypasses
of a bypass triangle. O

Using the same line of argument (details left to the reader), one can also
prove the following;:

Lemma 3.2.4. Let T' be a nonzero dividing set. Then Hom(L',—) is an
exzact functor from Cy . to the the category of Fa-vector spaces, i.e., it takes
bypass exact triangles to short exact sequences. Similarly, Hom(—,f‘) s an
exzact functor from Cy . to Fa-vector spaces.

We also sketch the proof of Theorem [2.2.8.1{for D2 and a nonzero §r €

Hom(I',I"). This will be used later in Section
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Sketch of proof of Theorem for D2 and nonzero &pp € Hom(I, TY).
Let &r v be a tight contact structure on D? x [0, k]. Suppose we are given
a sequence of bypasses {ro 1, ...,&r+—1 px which compose to give {r . Here
=1, T* =T’ and I is a dividing set on D? x {i}. Let &; C D? x {i} be
the arc of attachment for &pi piv1.

Let k1 be a boundary parallel component of IV and let ¢; be a component
of (D? x {k}) — I'" which is bounded by k1 and an arc d; of d(D? x {k}).
(This is unique if n > 1, which we assume.) Extend d; in the clockwise
direction along 9(D? x {k}) until it reaches the next endpoint of I, and
call it d}. Let 0] be an arc of attachment obtained by slightly pushing d}
into D? x {k} and let 8; be the corresponding trivial bypass. Now

fpk—le O---0 €I‘0,I‘1 = /81 e} él‘k—l}l‘k o---0 51‘*071"1,

where = means equality as morphisms. Since ] is close to 9D?, 1 commutes
with all the &pi pi+1, and

Bl (@] fr‘k—l’r‘k O---0 fFO’Fl = é‘l"k—l’l"k O---0 51—‘0,1—“ @] ﬂl-

Here we are abusing notation: there are analogous arcs d} and 0] on each
D? x {i} and we also refer to a bypass attached along 07 C D? x {i} by f3.

When we attach f; first along D? x {0}, we obtain a boundary parallel
component of the dividing set which is unchanged through the attachments
of all other bypasses. Hence this boundary parallel component can be re-
moved from consideration, and the same construction can be applied to a
dividing set with fewer components. We can iteratively write down a se-
quence of bypasses (1, ..., ; so that

(325) 5{‘7[‘/ = gl“k—l’l"k ©---0 éFO,Fl = 61 O:--0 61 o é.r‘k—l,l“k O:--0 gF",Fl
=&re-1rr0--0porio ooy,

and {p = Bo---0B1. This means that the bypasses corresponding to
&ri it in Equation (3.2.6) are all trivial. The theorem then follows. O

3.3. Serre functors

In this subsection we define endofunctors § of C, . and Sz of C~n7e which we
call the Serre functors of C, . and gme by analogy with the Serre functors
of triangulated categories introduced by Bondal and Kapranov [BK]. The
reader is referred to [Ke] for more details on Serre functors.
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3.3.1. Serre functor of C,, .

Definition 3.3.1.1 (Serre functor S). The Serre functor S is an end-
ofunctor of C, . which rotates dividing sets and contact structures by a
counterclockwise angle of nZT7-T1 (Recall that we are assuming that Ry (F) is
evenly spaced around 9D?.)

See Figure [] for an example of S acting on a dividing set I'.

ST) (>

A
s ‘ SN
- 1‘\/
T~
e .
r S(T)
r il

Figure 9: An example of S(T') on the left; dividing sets yr - and 4 gy on
the right, used in the proof of Lemma [3.3.1.3

Remark 3.3.1.2. This rotation operation was first studied in [M1], [M2].

Lemma 3.3.1.3. Hom(I',T”) # 0 if and only if Hom(IV,S(T")) # 0. Hence,
Hom(T',S(T")) # 0.

We denote the generator of Hom(I', S(I")) by ¢(I").

Proof. Consider the dividing sets yr v and yp s(r). For any boundary paral-
lel component I'y of I', there is a corresponding boundary parallel component
S(To) of S(I'). The results of edge rounding I in yr 1 and S(To) in v 51
are the same; see Figure [9] By iterating the above procedure, we obtain
#7017 = #71r,5(r), which implies the lemma. 0

Lemma 3.3.1.4. If Hom(T',T”) # 0, then the composition
Hom(I'",S(T")) x Hom(T,T”) — Hom(T, S(T"))

18 nontrivial.
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Proof. We decompose {1 into a composition of bypasses {re-1pxo---o0
érirz, where I'' =T and T* = I". Then Hom(T,I'%) # 0 for 1 <i < k. By
Lemma [3.3.1.3, Hom(I',S(T")) # 0. The lemma then follows from Lemma
3.2.2] O

3.3.2. Serre functor of 5n,e.

Definition 3.3.2.1 (Serre functor S;). The Serre functor Sg is an end-
ofunctor of C,, . which is defined on objects by Sz(T', [§]) = (S(T'), [¢(I") 0 &])
and on morphisms by rotating contact structures by a counterclockwise an-

2
gle of 2.

Claim 3.3.2.2. The Serre functor Sz is well-defined.

Proof. It suffices to show the following diagram commutes:

(1, o)) —=(S(T), [((T) 0 &o))
si T s
(I, [€ 0 &o]) 7 (S, [¢(T) 0 € o))

e, [((I")o&o&]=[Sz(§)o((I) o). Here we are assuming that
Hom(T',I") # 0. By Lemma 3.3.1.3), Hom(IV,S(I")) # 0 and is generated by

&rv,s(r)- By applying Lemma to the lower and upper triangles in the
diagram, we obtain

[C(T") 0 €0 & = [S5(E) 0 & s(ry © & 0 &o] = [Sz(€) o ¢(T') 0 &)

This proves the claim. U

3.3.3. Calabi-Yau property. According to [Kel, a triangulated category
T is weakly d-Calabi-Yau if it admits a Serre functor &’ and there is an
isomorphism of functors T¢ = &', where d is an integer and T is the shift
functor on 7. The analogous result for Sz on C,, ¢ is the following:

Lemma 3.3.3.1. The endofunctor Séf'H 18 1somorphic to Te(n=¢) o 571,67

i.e., C~me is “d-Calabi-Yau” for a fraction d = e(:;le).




Contact categories of disks 689

Proof. For any dividing set I', S"*1(I') =T since S(I') rotates I' by nQTT_rl
Also

SENT,[E]) = (T, [6n(T) 0 - 0 &o(T) 0 €)),

where &;(T') = &si(rysi+1(r) for 0 <i <n. Let k(I') be minus the Hopf in-
variant of &,(I") o --- 0 &(T"). The proof of Claim implies that k(T")
is independent of T'. Hence SZ* is isomorphic to some T*, where k = k(I)
for any I' € 0b(Cp, ().

We compute k by choosing a special I' € 0b(Cy, ) which has n boundary
parallel components; such a I' is unique in 0b(Cy, ) up to rotation. The case
of n = 5,e = 3 is depicted in Figure We can write &y(I") as a composition
of n — e bypasses, illustrated as in the upper left diagram of Figure The
bypasses of & (') are obtained from those of &_1(T") by a n2T7-r1 rotation,
followed by an isotopy in the radial direction so that they are closer to
OD2_ ; the (n —e)(n+ 1) bypasses are then mutually disjoint. The (n —
e)(n + 1) bypasses can be grouped into n — e copies of n + 1 bypasses which

are arranged in a circle; see the upper right diagram of Figure

r S(I)

@ Q- WD~

Figure 10: & is written as a composition of n — e = 2 bypasses on the upper
left. The (n —e)(n + 1) = 2(5 + 1) bypasses for &,(I') o - - - 0 £ (I") are drawn
on the upper right, where the black arcs with label ¢ denote the bypasses of
& (I) for 0 <i <n =>5. The computation of the Hopf invariant is given on
the bottom row for e = 1.

It suffices to show that the Hopf invariant of the composition of the n + 1
bypasses is —e. Among the n + 1 bypasses, n — e of them are trivial. After
attaching the trivial bypasses we are left with e + 1 overtwisted bypasses
arranged in a pinwheel [HKM, Section 1]; see the upper right diagram of
Figure When e = 1 the bottom row of Figure shows that attaching
the e + 1 = 2 overtwisted bypasses in pinwheel position is equivalent to the
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composition of the three bypasses in a bypass triangle. Hence the Hopf
invariant of the composition is —1 by Theorem We can inductively
write the pinwheel with e + 1 bypasses into two pinwheels, one with two
bypasses and another with e bypasses (left to the reader). Hence the Hopf
invariant of &,(I') o--- 0 &(T") is —e. g

Remark 3.3.3.2. Fractional Calabi-Yau categories have recently been
studied by Kuznetsov [Ku].

In Secﬁonﬁwe will show that C~n76 can be embedded into a triangulated
category D . which admits a Serre functor. Moreover, the Serre functors
commute with the embedding as proved in Proposition

4. Algebraic description of C,, .

The contact category Cp.e is defined over a disk D2 with 2(n + 1) marked
points on the boundary, and the Euler number equal to n — 2e. In particular,
X+ =n—e+1,and y_ =e+ 1.

4.1. Notation for dividing sets

In this subsection let I' € 0b(Cy,¢) be a nonzero dividing set. Such I is a
crossingless matching of 2(n + 1) marked points on dD2. We introduce no-
tation to algebraically encode I'.

A dividing set I' is determined by its positive region R, (I'). Let
mo(R4 (")) be the set of components of R, (I'). Each component ¢ of R, (I")
is a (partially open) disk which intersects 9D? at one or more positive arcs
and the labels of ¢ N 9D2 form the set of labels of ¢. Observe that a compo-
nent ¢ is determined by its set of labels. A component which has only one
label is said to be boundary parallel.

The relative positions of the components of R, (I") are described by the
following nesting and adjacency relations:

Definition 4.1.1 (Nesting and adjacency). Let ¢ and ¢’ be components
of Ry (T"). Then:

1) ¢ nests inside ¢’ if any path [0,1] — D2 from ¢ to the component of
R4 (F) corresponding to the label 0 nontrivially intersects ¢

2) ¢ and ¢ are adjacent if there is a path in D2 between ¢ and ¢’ which
does not intersect any other component of R4 (T').
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3) ¢ directly nests inside ¢’ if ¢ nests inside ¢’ and ¢ and ¢’ are adjacent.

In particular, the component containing 0 does not nest inside any other
component and there is no component which nests inside a boundary parallel
component.

Let Z4 be the set of positive integers. Define

V= |_| AR
E>0

where Z9 = {*} is a set of one special element. The dimension dim(v) of
v = (v1,...,v) € Z¥ is k and the dimension of * is 0.

Definition 4.1.2 (Direct nesting of vectors). Forv € V¢t € Z, define
vUt eV by dim(vUt) =dim(v) + 1 and

f vy if1<j <dim(v),
(VUt)J_{ t ifj = dim(v) + L.

The vector v Ut is said to directly nest inside v.

The assignment ®p. We label regions of Ry (I') by some vectors in V.
More precisely, we inductively define an injective map

Pr: 7T0(R+(F)) — V.

We use the notation I'y = ®;'(v) for v € Im(®r). The component which
contains 0 is defined to be I'y and is called the based component. Next,
given a component I'y, suppose there are & components which directly nest
inside I'y, arranged in clockwise order with respect to the label 0. The ¢-
th component is then defined to be I'y; for 1 <t < k. Note that the two
notions of direct nesting — for vectors in V and for regions of Ry (I") —
agree under the map ®r. We also sometimes mix up the notation and say
that a region directly nests inside a vector.

We now define
V() =Im(®r), VII)=V(O\{*}, V(D)= {veV D) |[v>1}.

By abuse of notation, we are using I'y to denote its set of labels (a subset of
{0,...,n}) and |I'y| to denote its cardinality. Observe that the component
Iy is not boundary parallel for any v € V1(I'). The cardinality |V(I')| is
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the number of components of R, (T"), which is equal to x+(I') =n—e+1
for I' in Cp, .

Definition 4.1.3. A (nonzero) dividing set I is basic if V1 (I') =0, i..,
every component I'y # T, is boundary parallel.

The set of all basic dividing sets in C,, ¢ is denoted by B,, .. For 0 < 51 <
- <8¢ <, let I'(sq,...,s.) denote the basic dividing set I' € B,, . such
that I'y = {0, s1,...,5¢}. Any I' € B, . is determined by its based component
I, which is a subset of {0,...,n} containing 0. Moreover, (n+ 1 — |T'\|) +
1=x4()=n—e+1. Hence I'y| =e+1 and |By.| = (7).

Let Ip, = [I'y| — 1. We order the elements of T'y so that

Ty = {Ty(0),...,Ty(r,)} and Ty(0) < --- < Ty(ir,).

Example 4.1.4. Let I" be the dividing set in C,, . for n = 7, e = 4 as shown
in Figure [11] There are 4 components of R4 (I'):

L. ={0,4}; Tny={L3}), T =1{5675 Taq=1{2}

The elements of I'(y) satisfy I'(9)(0) =5, ['2)(1) =6, and ['(5)(2) = 7.

4

0

Figure 11: The four components of R (T").

To summarize, we describe a dividing set I' by a partition {I'y | v €
V()} of {0,...,n}, where each Iy is a component of R, (I"). We will write
I' = {T'y} for simplicity. The collection {I'y} satisfies the following:

1) V(T) is a finite subset of V such that |[V(T')| =n —e+ 1.
2) x € V(I) for any I and 0 € T',.

3) If v,v Ut € V(T'), then there exists unique i € {0,1,...,Ip,} such that
Iy ¢ is a subset of an open interval (I'y(¢), v (i + 1)). Here I'y (I, + 1)
is understood to be n 4 1.
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4) Ifv,vUtpeV(T), then viite V() for 1 <t < tg, and Ty (Ip
I'vl t/(O) for 1 <t< t/ < tp.

5 || I'v=A{0,...,n}.

veV(T)

)<

vu t

Remark 4.1.5. Properties (3) and (4) follow from the fact that a dividing
set I' is properly embedded in D?.

4.2. Notation for bypasses

In this subsection we introduce notation to describe bypasses.

Let I', T be nonzero objects of Cy ¢, let 5 € Hom(I',I') be a nontrivial
bypass, and let § = d+ U d_ be the arc of attachment for 3. Since g is non-
trivial, § intersects three distinct components of I". We position § and the
three components of I" as in Figure [12|so that ¢ is vertical, int(d1) C Ry (T)
is the lower subarc, and int(6_) C R_(I') is the upper subarc.

Notation 4.2.1.

1) b(5) is the vector in V(T') such that int(d,) is contained in the com-
ponent I'pg).

2) b() is the vector in V(T) such that int(§_) connects the components

3) x(8),y(B) are elements of {0,...,Ir, . } such that labels I'y(g)(z(3))
and I'y,(3)(y()) appear at the bottom left and top left corners of I'yg),
respectively.

4) z(p) is the element of {0,...,Iry  } such that the label T'g g (2(5))

appears at the bottom left corner of FB( 8-

Refer to the left-hand side of Figure 12| for an illustration.

Observe that b(3) # b(f) since 3 is nontrivial. We will omit the variable
$ and write b, b, x,y, z for simplicity when 3 is understood.

Depending on the position of the label 0, both x <y and z > y are
possible. We use the notation [[z,y]] for the generalized interval between
x,y € Z given by:

o [z, y] ifz <wy;
[[$,y]] = { (—oo,y] Uy[x’_|_oo) otherwzése.
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Notation 4.2.2. The component I'y, is cut into two parts Flh and Iy, by
d4, where:

1) TL :={Tp(i) | i € [[x,y]]} is the subset of I', which consists of labels
to the left of §,.

2) Tj, == p\I'},-

Fb(z) +
6_ -
I | 1p

I'p(z) +

Figure 12: Definitions of b, b, z,v, z, and the change of components of R
under a bypass .

The map . Given a nontrivial 8 € Hom(T',I”), by abuse of notation we
write

(4.2.3) B: V() — V(I)

for the map which satisfies

ry, ifv=b,
g(v) =3 TyuTy ifv=h,
Iy otherwise,

as subsets of {0,...,n} for v.€ V(I'). The map S is a bijection.

Remark 4.2.4. We have S(x) =+ € V(I') unless 0 € I'}; in that case
B(b) = * € V(I').

5. Definition of ﬁn,e

Recall from Definition that By, 0 < e < n, is the set of basic dividing
sets I' in C, . and that each basic dividing set is determined by I'i. Let
(') and (T'|T”) denote the generators of End(I") and Hom(I',T") which are
1-dimensional when Hom(T",I") # 0.
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For 0 < e < n, define the Fs-algebra

Rne= € Home, (I.I),
I,IeB,..

where the multiplication a - b is given by the composition boa in C, . for
a,b e {(T), (I'|T")} if they are composable and zero otherwise.

Proposition 5.1 (Tightness criterion for basic dividing sets). For
I'I" € B,.,I' #1", the following are equivalent:
1) Hom(T',T) # 0.

2) There exists a sequence of labels 0 < s1 < s} < -+ < s < s} such that
TN [si,s;] = {si} for1<i<k

and

We will refer to (2) as the tightness condition.

Proof. (2) = (1): The dividing set I'" can be obtained from I" by attaching
k disjoint bypasses corresponding to k disjoint closed intervals [s;, s}] for
1 < < k; see the left-hand side of Figure[I3] The resulting contact structure
is tight by [HKM), Theorem 1.2].

. $1
$1 s 2
S1 §k S Y. Ek [ ’
- ' §|:< S §II< §1 §1 —
or 0 0 p

Figure 13: The k disjoint bypasses in the proof of (2) = (1) on the left. The
case of s1 > s} in the proof of (1) = (2) on the right. The components of T'
and I with markings form a closed loop after edge rounding.

(1) = (2): Let 51 = min(T',\I',), 8§ = min(I,\I'y).

We first prove that s; < 57’1 . Arguing by contradiction, suppose that s; >
s1. (Note that s; = 57 is not possible by definition.) Let s3 = I'«(ro), s =
I (rg), and Tx(r) =T, (r) for » < 1. The case of ro =1 is depicted on the

right-hand side of Figure [13| The dividing curve on 9(D? x [0, 1]) obtained
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by edge rounding (i) the boundary parallel components ',y = {t} for 1 < ¢ <
s}, (ii) the boundary parallel components I‘(t, = {t'} for 1 § t' <s)—1,and
(iii) the arc of I' joining the labels 0 and s, forms a closed loop. Hence ~p
has more than one component and Hom(T,T”) = 0, which is a contradiction.
The case of ry in general is no more difficult and is left to the reader.

Next we prove that I'. N [s1, s1] = {s1} and I', N [s1, s1] = {s]}. Suppose
that T N [s1, 5] # {s1}. Let t; = min(Tx N (51, 81)). The dividing curve on
d(D? x [0,1]) obtained by edge rounding (i) the components of T with both
endpoints on arcs of R (F') labeled s; to t; and (ii) the boundary parallel
components of I'' with both endpoints on arcs labeled s; to t; — 1 forms a
closed loop. Hence Hom(T',I") = 0 and we have a contradiction. This implies
that T N [s1, 1] = {s1}. The proof of I, N [s1, s1] = {s}} is similar.

Let I'* € B, . such that T'! = T',\{s1} U {51} We claim that Hom(I', TV)
# 0. From the proof of (2) = (1) above, Hom(I',I'!) # 0 and is generated
by a bypass that we denote by (I'|T'!). By an argument similar to the proof
of (2) = (1) in Lemma the bypass (T|T'!) is a trivial bypass when
viewed as a bypass on d(D? x [0, 1]) with dividing set yr . By peeling off
the bypass (I'|T'!) from the contact structure which generates Hom(T', "), we
obtain a tight contact structure which generates Hom(I'!, ). In particular,
this implies the claim.

If T' =T', then we are done. Otherwise, we inductively define 8 =
min(T'1\IY), s = min(T,\I'."1), and I'* € By, ¢ such that I'Y = T 1\ {s;} U
{si}. After finitely many steps, we have I'* = I" for some k, which implies
(2). O

Corollary 5.2. For I''T".T” € B, ., if Hom(I',I”),Hom(I",T""), and
Hom(T,T") are all nonzero, then (T|T)(I'|T") = (T|T”).

Corollary 5.3. Suppose Hom(T',T") and Hom(I",T") are both nonzero for
I I",T" € By.. If there exists s such that s € Do NI but s ¢ I, then
Hom(I',T) = 0.

Given I € By, let us define #(T',s) = [{t € T | t > s}|.

Proof. Suppose that s € I', NT7, s ¢ I, and Hom(T',T") # 0. Let 0 < 81 <
s < -+ < sp < s be the sequence of labels in Proposition qwhich corre-
%ond to Hom(I',I”). Since s € . NI, s & [s4,s s;] for all 4
diately have #(T',s) = #(I'", s).

On the other hand, #(I",s) = #(T, s) + 1 since Hom(I',TV) # 0 and s €
Ty,s ¢ T and #(I7, s) > #(I7, s) since Hom (I, T") # 0. Hence #(I'”, s) >
#(T, s), a contradiction. O

en we imme-
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Notation 5.4. We write I' 5 IV for I',TV € By, ¢, s € {1,...,n— 1} if s €
Iy,s+1¢T, and I, = T\{s} U {s + 1}. In this case Hom(T',T") # 0.

The bypasses I' = I are the elementary blocks of tight contact struc-
tures between basic dividing sets.

Lemma 5.5. The algebra R,, . has idempotents (I"), generators (U|T”) where
I''T" € By, T 2T for some s, and relations:

(T)(I) = or,r;
(D)) = (L)([T) = (Tr);
Oy =0 T ST, 1 =517
(DT)('") = (T|r”)r" ;")

S

ST, ST L1710 5T for|s—t| > 1.

© 00 N O

(5.6)
(5.7)
(5.8)
(5.9)

Proof. Suppose that Hom(I',T") #0 and T #T’. Let s; = min([\I7,).
Define T € Bpe such that T 2% I'. By Proposition EHom(F, ') and
Hom(f,z’ ) are nonzero. By Lemma the compositionNHom(f,F’ ) X
Hom(T',T') — Hom(T",T”) is nontrivial since the generator (I'|T") is a bypass.
By an iterated peeling off of bypasses, one can prove that {(I'), (D|T”) | T 3
IV for some s} generate R, . as an algebra.

The first two relations of R,, . are immediate from the definition of R, .

For a composition of two bypasses I' = I, T L ', there are 3 possibil-
ities:
1) Ift=s—1,then T, N[s—1,s+1]={s—1,s}and T N[s— 1,5+ 1]
= {s,s + 1}. Hence Hom(I',T"") =0 by Corollary implying the
third relation of R, ..

2) If t = s+ 1, then Hom([',T”) # 0 and the product (T'|I")(I”|T") is
the generator of Hom(I', ). ', N [s,s + 2] = {s} and I/ N [s,s + 2] =
{s + 2} and there is no relation in this case.

3) If |s—t| > 1, then I L I induces a bypass I' & I'” on T’ which is
disjoint from the bypass I' = TV. We have T, N [s,s + 1] = {s}, T, N
tt+1]={t}, T{N[s,s+1] ={s+ 1}, and I N[t,t +1] = {t +1}.
The last relation of R, . follows from the commutativity of a pair of
disjoint bypasses.

Now let Rf{{% denote the algebra with the generators and defining re-
lations as in the lemma. The discussion above gives a homomorphism of
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algebras ¢ : R%{% — Ry.¢, which is obviously surjective. To prove the injec-
tivity, it suffices to show that

(1) RYE (1) 22 (I) - Ry - (I') VI, T,

By Proposition (') - Ry e - (I'Y) is one-dimensional if the tightness con-
dition (Proposition [5.1(2)) holds; otherwise, it is zero. If the tightness con-
dition does not hold, then either

(i) there is no path from I' to I, i.e., a sequence I' =T'y,...,T,, = I" such
that (I';|T;41) is a generator (this is the case if and only if there exists
ro such that Ty(r) < T (r) for r =0,...,79 — 1 and Tx(r) > I',(r0))
or

(ii) there exist I'; N Tiv1, T i FH_Q such that

(5.10) () Ry () = (1) RyE (1)) - (1) - R2% - (D))
((Tise) - R3E - (1)),

But then (5.10) is zero since (I';) - 2{% - (I'i42) = 0 by (5.8). If the tightness
condition holds, then no factorization of (T') - R3S - (I') contains (T;) - RS -
(Tiy0) satisfying T; = Ty 1, Ty s, [;4o. Hence (T) - %1% - (I'") is nonzero

and one-dimensional. O

Remark 5.11. The algebra R, . is isomorphic to the homology of a strands
algebra of a disk which is a differential graded algebra. Relationships between
the contact category and bordered/sutured Heegaard Floer homology have
been studied in [Zal, M1), M2, M3| M4} [Co].

The quiver Q.. Let @), be the oriented quiver whose set of vertices is
V(Qne) = Bn.e and whose set of arrows is 1(Qn ) = {I' = I for some s}.
A path in @, from I' to I is said to be nonzero if Hom(I',I") # 0 and a
nonzero path is denoted by I' — I"V. We define a partial order “<” on the set
of all nonzero paths: (I'y — ') < (I'y — I'}) if 'y — I"} can be extended to
I'y — T in @y . The partial order motivates the constructions in Section@;

see Remarks [6.2.15] and [6.3.2.7]

The finite dimensional algebra R, . is isomorphic to a quotient of the
path algebra FaQy, ¢ of @y . We refer to [ASS] for an introduction to the rep-
resentation theory of finite dimensional algebras and quivers. In particular,
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by [ASS| Section 4], {(T") | " € By, .} is a complete set of primitive orthog-
onal idempotents in R, . and {P(I') = R, .(I") | T € B, } forms a complete
set of non-isomorphic indecomposable projective left R, .-modules. A nice
property of the finite quiver @, . is that it has no oriented cycles. It implies
that any simple module has a finite projective resolution. Hence the algebra
R, ¢ has finite global dimension.

Define 757%6 as the homotopy category of bounded cochain complexes
of finitely generated projective left R, .-modules. By a standard result in
homological algebra 157176 is equivalent to the bounded derived category
D’(R,.¢) of finitely generated left R, .-modules as triangulated categories.
The Grothendieck group Ky (7571,@) is isomorphic to 79(2).

Let D,, . be the ungraded version of 757%6, whose objects are the same as
5,%6 and whose morphisms are given by

Homp, (M, N) := @@ Homg (M, N(n]).
nez

6. The functors F, .

In this section, we define a family of functors F, ¢ : Cp e — Dy for 0 <e <
n. We write F for F;, . when n, e are understood. Since the definition of F
is highly technical, we first give some motivating examples in Section
In Section we define a complex F(I') in Dy, for each dividing set I' in
Cn.e- In Section[6.3] we define a chain map F(8) € Hom(F(I'), F(I")) for any
nontrivial bypass morphism 8 € Hom(T',T”) and then define F(§) in general
as a composition of chain maps corresponding to bypasses. In Section [6.4]
we show that the functor F is well-defined.

6.1. Motivation from C,, ¢

The goal of this subsection is to give some motivating examples.

We say that I is represented by IV, I'" if there exists a bypass triangle I' —
IY - T” in Cp . The idea for constructing F(I') is to iteratively represent
I' by basic dividing sets using iterated bypass triangles, and then form a
complex of (left) projective R,, .-modules corresponding to the basic dividing
sets.

Recall that the indecomposable projective R,, .-modules are of the form
R, .(T') for I € By, ¢. Using the notation I'(sy,. .., s.) for the basic dividing
set in By, . satisfying I'(s1, ..., Se)« = {0,51,..., 5}, we write P(s1,...,5e)
for the projective module corresponding to I'(sy,. .., s¢).
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Example 6.1.1. There are three dividing sets I', I'(1),I'(2) in 0b(C2,1) as
shown in Figure Among them T is not basic since 'y = {0} and Iy =
{1,2}. There is a bypass triangle I' — I'(1) — I'(2) in C2; which is induced
by a bypass S(I') € Hom(I',I'(1)). Here 5(I') is the unique nontrivial bypass
on I' whose arc of attachment § intersects I'y at one point and d4 C F(l).
Hence I' is represented by the basic dividing sets I'(1),I'(2). The bypass
in Hom(I'(1),I'(2)) gives a generator of Ry ;. We define F(I') € D21 as the
cochain complex P(1) — P(2), where the differential is the multiplication
by the generator of Ry and P(2) is at degree 0.

Figure 14: F(I") for a non-basic I' in Ca ;.

Representing non-basic dividing sets. Before proceeding to the next
examples, we describe the bypass triangles we choose to iteratively represent
a non-basic dividing set by basic ones. Given a non-basic I', the set {i €
Zy | (i) € V1(T)} is nonempty. Let 4o be the smallest element of this set. Let
By(T") denote the set of nontrivial bypasses on I' whose arcs of attachment
¢ intersect the closure of I at one point and satisfy 6, C int(T'(;,)). The set
By(T') is nonempty since the component I'; y is not boundary parallel. We
make the following choice:

Definition 6.1.2 (Choice of 5(I')). Given a non-basic I', let 5(I') be
the first bypass in the clockwise direction starting from 0 in By(I"). As the
based arc 0 is usually put at the bottom, 5(I") is called the leftmost bypass
in By(T).

Let T 2% 17 55 T be the triangle induced by 8(T'). One immediately
sees that I'x can be viewed as a proper subset of I, and I'/ (in fact this
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holds for any bypass in By(T')). In other words, IV and I are “closer” to
being basic. If IV or I'” is not basic, we can further represent it using a trian-
gle induced by B(I') or B(I'”). After finitely many steps we can iteratively
represent I' by basic dividing sets.

In Example I is not basic, V*(T') = {(1)}, and Ip,, = 1. In the
next example we have V(') = {(1)} and I, = 2.

Example 6.1.3. Let I' € 0b(Cy3) such that I'x = {0,4},T'(y = {1,2,3}; see
Figure [15| The bypasses S(I') and 3(I"”) induce two triangles:
2 srese, a2 - 1),

where IV is not basic: T”, = {0, 1, 4},1“/(1) = {2,3}. The non-basic dividing
set I' is iteratively represented by basic dividing sets I'(1,2,4),1'(1, 3,4),
and I'(2, 3,4).

Each of Hom(r(la 27 4)7 F(la 37 4)) and Hom(r(l7 37 4)) P(z) §) 4)) is gen-
erated by a nontrivial bypass and their composition is zero by the tightness
criterion (Proposition [5.1). We define F(I') € Dy 3 as the cochain complex

P(1,2,4) — P(L,3,4) — P(2,3,4),

where the differentials are given by the bypasses and P(2, 3,4) is at degree 0.

o T(234)

Figure 15: Two triangles to represent a non-basic I' in C4 3.

In Examples and |[VH(T)| = 1. In the following two examples,
we consider the case |V(T)| = 2.
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Example 6.1.4. Consider I' € 0b(Cy2) such that T, = {0}, I'¢y = {1,2},

L) = {3,4}; see Figure The bypass 5(I") induces a triangle T’ LN VN

I'”, where

F{k = {Qv l}>F/(1) = {2}’ 1—\/(2) = {37 4}7 F:: = {Qv 2}>F/(1) = {l}a Fl(z) = {37 4}

Since I and I'” are not basic, there are two more triangles induced by S(I")
and S(I"):

P2 ras) -, e s) TR ).

Each of the nontrivial morphisms I'(1,3) — I'(1,4), I'(1,3) — I'(2, 3),
I'(1,4) —» T'(2,4), I'(2,3) — T'(2,4) is given by a nontrivial bypass and the
two ways of composing the bypasses in Hom(I'(1, 3),1'(2,4)) commute. We
define F(I') € D42 as the cochain complex

P(1,3) = (P(1,4) ® P(2,3)) — P(2,4),

where the differentials are induced by the bypasses and P(2,4) is at degree 0.

2 3 2 3 2 3 2 3 2 3 2/7—1\3
B(T) B(I) B(I")
Q‘ a1 a 1 S/ 4 il B 4

N /gr

2 3 2 2
1 4 1 4 1 4
9 9

" I'(1,4) o T(249

w

1=
3
10|
/
Tw \
[=]
=
=
\\83/
3
o
/
lw \
(=
=
®
\\0_3

-
=

Figure 16: Three triangles to represent a non-basic I' in Cy 2.

Example 6.1.5. Consider I' € 0b(Cy2) such that I'. = {0}, 'y = {1,4},

L1,1y) = {2,3}; see Figure The bypass (') induces a triangle T ﬂ

I — I, where

Since I and T are not basic, there are two more triangles induced by (')

and B(I'):

M2 r2) 5 1), A4 - 1E, ).
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There is a tight contact structure in Hom(I'(1,3),I'(2,4)) which is a
composition of two bypasses. The spaces Hom(T'(1,2),I'(2,4)) and
Hom(T'(1,3),I'(3,4)) are zero. We then define F(I') € D42 as the cochain
complex

(6.1.6) N :=(P(L,2) = P(1,3) — P(2,4) — P(3,4)),

where the differentials are induced by the tight contact structures and P(3, 4)
is at degree 0.

2,7 3 2 3 2 N3 2 3
B(I) B(I")
1 4 1 4 1 4 1 4

/ I 0 \\ /Q F(lZ) N4 0 \ / QF(;é)
3

@

=
-

=N
Io@
= il
I"Iii N
Il

o I I'(1,3) 0 I(3,4)

Figure 17: Three triangles to represent a non-basic I' in Cy 2.

In Example V(T') = {*,(1),(2)}, where I'(jy and I'(9) directly nest
inside I'y. In Example V(L) = {*,(1),(1,1)} and ['(; ;) directly nests
inside I'(;y which in turn directly nests inside I'y. As we will see in Equa-
tion , the differentials in F(I') are defined differently for the two
examples.

6.2. Definition of F(T)
In this subsection we define F(I') for I € 0b(Cy). If T € By, ¢, then we set
(6.2.1) F([):=P(T) € 0b(Dye),

viewed as a complex centered at degree 0, and if I is a zero object, then we
set F(I') =

In the rest of this subsection suppose I' is nonzero. We use bypass trian-
gles in C,, . and construct F(I') € ob(D,, ) in 3 steps:

Step 1. Make a list of projective R, .-modules that appear in F(T').
Step 2. Define the cohomological degree for each term in Step 1.
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Step 3. Define the differential using Steps 1 and 2.

The following definition generalizes the ad hoc definitions in Exam-

ples[6.1.1] [6-1.3], [6.1.4] [6.1.5]

Step 1. The list of projective R, .-modules that appear in F(I') is given by
{I'(i) € Bpe | i€ OI(I")}, which we describe now.

In the examples from Section every I" was represented by an iterated
cone of certain basic dividing sets. The key observation is that the based
component of each of these basic dividing sets was obtained from the total
set {0,...,n} by omitting one label from each component in V*(T).

Definition 6.2.2 (Omitting index). Let

= 11 ..

veV+(T)

An element i = (iy) € OI(T) is called an omitting index of I" and iy is called
the entry of i corresponding to v (or the “v-entry of i”, for short). Also, the
set {I'v(iv)}vev+r) is called the set of omitting labels for i.

We define 0 € OI(T") to be the omitting index such that 0, = 0 for any
veVHD).

Remark 6.2.3. Any i € OI(T) is determined by {iy | v € V.}(T')} since
iy =0 for all v € VF(D)\VE(D).

Given i € OI(T'), define I'(i) € B, ¢ such that

(6.24) I'(i)s =T U |_| Io\{Iv(iv)}) = {0, ... vﬂ}\{FV(iV)}veVﬂF)

veV+(T)

Since [V(I)|=n—e+ L, [VH()|=n—e, and | J,cyrTv ={0,...,n}, it
follows that |I'(i)«] = e+ 1. Observe that (i) if I' € B, ¢, then we have
OI(T') = {0} and I'(0) =T, since Ip, =0 for all v V(T'), and (ii) if " ¢
B . and i € OI(T"), then I'(i). always contains I', as a proper subset.

Remark 6.2.5. We have two ways of describing basic dividing sets; they
are complementary in some sense. The first one I'(s1, ..., s.) describes the
labels that are contained in the based component and is mainly used in
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examples. The second one I'(i) emphasizes the labels that are omitted (i.e.,
the set i € OI(T")) and is our choice for most of the paperﬂ

Step 2. We define the cohomological degree h(i) for each i € OI(T).

Definition 6.2.6.

(i) Given v € V(T') and 0 <i <lp,, a vector w € V*(I') nests inside v
up to 1 if I'y, C (I'v(0), Iy ().

(ii) Given v € V(') and 0 < i <Ir,, a vector w € V.1 (T') is a direct nest-
ing vector of (v,i) if I'y, directly nests inside I'y and T'y, C (I'y(i —

1), L (d))-

Let NV (v,i) denote the set of vectors in V1 (I') that nest inside v up
to ¢ and let DNV (v,) denote the set of direct nesting vectors of (v, ).

Definition 6.2.7 (Nesting degree). Givenv € V(I')and 0 < i <lr_, the
nesting degree cy (1) is given by

a@)= Y .= Y (Twl-1)

weNV (v,3) weNV (v,i)

if NV (v,i) # () and is zero otherwise.

Definition 6.2.8 (Cohomological degree). The cohomological degree
h(i) of i € OI(T") is given by

hi)= Y h(,v), A, v) =iy +ev(iv).

vev+(I)

Remark 6.2.9. Since NV (v,0) = (), we have ¢,(0) = 0 and h(0) = 0.

The nesting degree is trivial in Examples [6.1.1] [6.1.3] and [6.1.4. Hence
h(i) is simply the sum of all the entries of i.

Ezample revisited. We have V1 (T') = {(1),(1,1)} and Ip, = 1 for v €
V*+(T'). The only nonzero nesting degree is ¢(1y(1) = 1 since I'( 1) nests inside

3The notations are similar, but we note that the former has entries that are
underlined.
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I'(1) up to I:

Ly =12,3} € (1L, 4) = (T'(1)(0), T'g)(1)).
Writing i = (i(1),i(1,1)) for i € OI(T"), we have:

h<1,1> =1+1 +C(1)(1) = 3, h<1,0> =1 +O+C(1)(1) =2,
RO,1)=0+1=1, h{0,0)=0,

which agree with the negatives of the degrees in the complex A from ([6.1.6]).

Step 3. We define the differential, which is induced by the morphisms be-
tween basic dividing sets in Cp, e.

Ezxample revisited. We have
F<1’ 1> = F(L 2)7 F<1’ 0> = F(L 3)? F<07 1> = F(Z,é), F<070> = F(;,é)

There are two types of morphisms between the I'(i)’s for i = (i(1),i(1,1)) €
OI(I):

(SL) Hom(T'(i,1),T(4,0)) for i = 0, 1;
(SH) Hom(T'(1,0),T(0,1)).

For Type (SL), only the (1, 1)-entry of i = (i, 1) decreases by 1 and the
other entry is left unchanged. In Definition the vector (1,1) is called
an sliding vector of i.

For Type (SH), the (1)-entry of i = (1,0) decreases from 1 to 0 and the
(1,1)-entry increases from 0 to 1 =, . In this case (1,1) directly nests
inside (1). In Definition the vector (1) is called a shuffling vector of
i=(1,0).

Definition 6.2.10 (Sliding and shuffling vectors).

1) A vector v € VH(T') is a sliding vector of i € OI(T) if iy >0 and
DNV (v,iy) = 0.

2) A vector v e VH(T) is a shuffling vector of i€ OI(T') if iy >0,
DNV (v,iy) # 0 and iy = 0 for all w € DNV (v, iy).

Let SLV (i) denote the set of sliding vectors of i, let SHV (i) denote the
set of shuffling vectors of i, and let SV (i) = SLV (i) U SHV(i). Note that
not every vector in V(") is a sliding vector or a shuffling vector.
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Definition 6.2.11 (Modified omitting index). Given i € OI(T") and
v € SV (i), the v-modified omitting index v|i € OI(T") satisfies

. iy —1 ifw=vw,
<v|1>w={

iw otherwise,
if ve SLV(i);

iv—1 ifw=wv,
(Vli)w = Ir, ifweDNV(v,iy),
iw otherwise,

if v.e SHV(i).

Vectors in DNV(v,iy) C V4(I') must be indices of non-boundary-
parallel regions, so that the Ir  are positive for all w € DNV (v, iy).

Remark 6.2.12. As we change from i to v|i,

(i) the v-entry of i is the only entry which decreases;

(ii) a w-entry of iincreases if and only if v € SHV (i) and w € DNV (v, iy );
and

(iii) all other entries of i are left unchanged.
Lemma 6.2.13. Ifv € SV (i), then Hom(I'(i),I'(v|i)) # 0.
Givenv € SV (i), let 7(i,v) € Ry, ¢ be the generator of Hom(I'(i), I'(v|i)).
Proof. If v.€ SLV (i), then I'(i). N [y (iv — 1),y (iv)] = {Tv(iv — 1)} and
I(v]i)s = L) \{Tv(iv = 1)} U{Tv(iv)}-

Then Hom(I'(i), I'(v]i)) # 0 by Proposition
If v.€ SHV (i), then we can write DNV (v,i,) = {u',...,u*} so that

1-‘v(iv - 1) <TIw (O); Cyi (lFuj) < Fuj“(o)a 1<75< k—1;
I_‘u’“ (lruk) < FV<iV)

If [a, b] is any of the corresponding k + 1 closed disjoint intervals:

(6214)  [Dy(iy—1),Tar(0)]; [Fws(lr,,), T (0)], 1< <k —1;
[]:‘u’C (lFuk )7 FV(iV)]ﬂ
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the intersections I'(i). N [a,b] = {a}. We have
P(vli) = D) (i = D}U AT (r, )Y )
O ({Pw (0} U {De(iv)})
Hence Hom(I'(i), I'(v]i)) # 0 by Proposition O
Remark 6.2.15. With a little more work one can show that {I'(i) —
I'(v]i) | ve SV(i)} coincides with the set of minimal elements of {nonzero

path I'(i) — I'(j) | i,j € OI(I")} with respect to the partial order < from Sec-
tion [bl This is actually the motivation behind Definitions [6.2.10| and [6.2.11]

We now define F(I') for I' in general:

(6.216)  FO)=[ @ PTORE), do= > > div) |,

icoI(I) icoI(l) v

where the second summation is taken over v € SV (i) and d(i,v) : P(I'(i)) —
P(I'(v|i)) is given by right multiplication by r(i,v).

Remark 6.2.17.
1) If ' € B, ¢, then OI(I') = {0},T'(0) =T, and ~(0) = 0. Hence F(I') =
(P(T'),dr = 0), which agrees with F(I') from Equation (6.2.1]).

2) By the usual grading shift convention, P(I'(i))[h(i)] is at degree —h(i).
Since h(i) is nonnegative, the highest degree term of F(I") has degree 0.

We will write d for dp when I' is understood. By definition d : F(I') —
F(T) is a map of R, c-modules. It remains to verify that d? =0 and d is
homogeneous of degree 1; they are proved in Lemmas [6.2.20] and [6.4.1.3]

Interpretation in terms of negative regions. We now give a slightly
more unified way of describing d = dr in terms of the negative region R_(T").
Let i € OI(T') and let ¢ be a component of R_(I") such that:

(*) if the component 'y, of R (I") has (nonempty) boundary =, in common
with ¢, then v # x.

Then we say i is c-admissible if
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(**) the omitting label of v satisfying (*) is the label of the interval of D>
which is adjacent to the initial point of . (Recall that I' is oriented
as the boundary of R, (T").)

If i is c-admissible, then c¢|i is obtained from i by replacing the label of
each v satisfying (*) by the label which is adjacent to the terminal point
of ~y; see Figure Observe that if i € OI(I") and v € SV(i), then there
is a unique ¢ such that i is c-admissible and v|i = c|i. In such a case we
write r(i,¢) = r(i,v) and d(i, ¢) = d(i, v). Hence d(i, ¢) can be viewed as a
refinement of d(i, v).

NG

- . —> _
i cli NN

¢
A%

Figure 18: The picture on the left describes d(i, ¢), where dividing sets are
v, and black boxes are locations of omitting labels for i and ¢|i. The pictures
on the right are c-admissible omitting indices i such that v|i = ¢|i, where
v € SLV (i) and SHV (i), respectively.

Given ¢ € mo(R_(I")), let us define

(6.2.18) de =Y _d(i,c),

where the summation in the first equation is taken over i € OI(T") such that
i is c-admissible. We immediately see that d =) cemo(R_ (1)) e Let us also
write

(6.2.19) dy = d,
C

where ¢ has a boundary component in common with v and v is closer to the
based component.

Lemma 6.2.20.
1) If ¢ € mo(R_(T)), then d? = 0.
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2) If ¢,c € mo(R_(T')) and ¢ # ¢, then dcde = dcde.
3) d®> =0.

Proof. (1) This is immediate from observing that c|i is not c-admissible.

(2) Suppose ¢ and ¢’ are adjacent, i.e., there is a component of R, (I") labeled
by v which has boundary in common with both ¢ and ¢’. If i is not ¢- or ¢/-
admissible, then d(i, ¢) = d(i,¢’) = 0. If i is c-admissible, then i cannot be ¢’-
admissible and d(i, ¢’) = 0. If ¢|i is ¢’-admissible, then there are components
of 9D? N ¢ and dD? N ¢/ that are adjacent to a label of v; however, d(c|i, ¢’) o
d(i, ¢) = 0 by Corollary In any case d.dy = ded. = 0.

Suppose ¢ and ¢’ are not adjacent. Then clearly c|(¢'|i) = /|(c|i) (if either
side exists) and d.d. = dd,.

(3) It follows from (1), (2), and d =) d.. O

Lemma 6.2.21. Ifve V(') and 0 <i <lp,, then the following holds as
subsets of V.1 (T):

NV(v,i)=NV(v,i—1)UDNV(v,i)u || NV(w,ir,).
weDNV (v,i)

Proof. By Definition [6.2.6]
NV(v,i)=NV(v,i—1)U{ue V()| Iy C (Iyv(i—1),Iv(2))}.

For any u satisfying I'y C (I'v(i — 1),I'v (7)), either I'y directly nests inside
Iy, ie.,u € DNV(v,i); or I'y nests inside I'y, for a unique w € DNV (v, i),
ie,ue NV(w,lp,). O

Lemma 6.2.22. The degree of d is 1.

Proof. Since the term P(I'(i))[h(i)] is at cohomological degree —h(i), it suf-
fices to show that h(v|i) = k(i) — 1 for v € SV (i).

If ve SLV(i), then i~ v|i leaves all the entries of i unchanged ex-
cept for the v-entry. In particular, h(v|i,w) = h(i,w) for w # v. Since
DNV (v,iy) =0, NV(v,iy —1) = NV(v,iy) by Lemma Hence
cv(iy — 1) = ¢y (iy) and h(vl|i,v) = h(i,v) — 1. This implies that h(v|i) =
h(i) — 1.

If ve SHV (i), then the entries of i that are unchanged by i vl|i are
those of w ¢ {v} UDNV (v,iy). Hence h(v|i,w)=h(i,w) for w ¢ {v} U
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DNV (v,iy). It remains to show that

> h(vi,w) | +h(vliv) = > h,w) | +hG,v) - L

wWEDNV (v,iy) wEDNV (v,iy)

By Definitions [6.2.7] and this can be rewritten as

Z (Cw(le)+le)+Cv(iv_1)+iv_1
wEDNV (v,iy)

= > (ewl(0)+0) +ev(iv) +iv — 1,
weDNV (v,iy)

Z (Cw(ll"w) + ll"w) + Cv(iv - 1) = Cv(iv)-

weDNV (v,iy)

The last equation follows from Lemma [6.2.21 O
6.3. Definition of F(3)

In this subsection we define F(8) € Hom(F(T'), F(I")) for any nontrivial
bypass € Hom(T',I"). Recall from Notation and Notation [4.2.2] (see

also Figure that a bypass [ is described by two vectors b,b € V(I'),
three integers x,y, 2, and a partition I'y, = F{) ury.

6.3.1. Identity and shuffling indices. Givenie OI(T') and j € OI(I),
the restriction of F(8) to P(I'(i)) — P(I'(j)) will be the zero map or one of
two types:

(Id) the identity map P(I'(i)) — P(I'(j)) for a unique j € OI(I");
(Sh) a nonzero map P(I'(i)) — P(I"(j)) for a unique j € OI(T).

For each i € OI(T'), the unique j € OI(I”), if it exists, satisfies the condition
that the path from I'(i) to I"(j) (possibly the identity path) is the shortest
nonzero path in @,  starting from I'(i). The main distinction between Types
(Id) and (Sh) is whether there exists j € OI(I") such that I"(j) = I'(i). In
each type there are two subcases b = * or b # *; see Figures [19] and

Type (Id).

Definition 6.3.1.1 (Identity index). An omitting index i € OI(T) is
called an identity index of 5 if either
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(a) 0eTL; or

(b) 0¢ T and iy € [[25]] (ie., To(in) € T}).
Let 11(5) C OI(T") denote the set of identity indices of .

If i € II(3), then there exists a unique j € OI(I) such that I'(j) = I'(i).

iy + Js(m) i+

o

+ 1p +

Figure 19: Type (Id). The case 0 € T} is on the left and the case 0 ¢ T}, and
ip, € [[z,y]] is on the right. Here iy, jw denote entries of i € OI(T),j € OI(IV)
and 0 is the label on 9D2.

Type (Sh). We first require that i € OI(I") satisfies: (1) either 0 € I'}; or
0¢ 'y andip ¢ [[z,9]]; and (2A) b € V(T'). Additional conditions are more
involved and will be motivated in the following several paragraphs; the full
description will then be given in Definition

We first observe that if i € OI(T") satisfies (1), then there isno j € OI(I)

such that I(j) = T'(i): this is because there is no F%(h) (am)) if () = T({).

zZ=1g + 2=l +

Lsv(g) |- B _ Lsv(g) |- R <
Y + 0 o JBB 0 Y + ip - Jﬁ@ Jam)
x x

Figure 20: Type (Sh). The case 0 € '} is on the left and the case 0 ¢ I'yp,

and ip ¢ [[x,]] is on the right. In both cases b # . See Definition
for LSV (B).

If i € OI(T) satisfies (1) and (2A), the most efficient way to move omit-
ting labels of i to omitting labels of j is to send I';(2) to I'p(y) and leave the
other labels intact. In particular, this means that i = 2 and F’ﬁ@) §] /B(Q)) =
I'b(y); at the same time the omitting labels in I'y, may be moved for I'y
lying between I'y(y) and I'5(2).
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Definition 6.3.1.2. A vector w € VT (I") is called a left shuffling vector
of 8 if Ip, >0, the component I'y, is adjacent to I'p, and I'y;, and I'y, C
[Tb(y), [5(2)]]. Let LSV (B3) denote the set of left shuffling vectors of 3.

The condition I'y C [[['b(y), [5(2)]] implies that the component Iy, is
to the left to the arc of attachment 9, assuming that J is positioned as in
Figure

Definition 6.3.1.3 (Shuffling types).
(Y) A bypass 8 € Hom(I',IV) is of shuffling type (Y) if I'p(y) < I'g(2).

(Z) A bypass 8 € Hom(I',I") is of shuffling type (Z) if T'p(y) > I';(2) and
there exist w(3) € LSV () and 0 < k(83) < Ir,,,, such that 'y, UT'; C
(Cw(s) (k(B) = 1), Tw(g) (k(B)))-

For type (Y), neither I'y, nor I'y; directly nests inside any w € LSV (3).
For type (Z), T'p and I'y; directly nest inside a unique w(8) € LSV(5).

Remark 6.3.1.4.

1) The two shuffling types (Y) and (Z) are mutually exclusive but some
bypasses do not belong to either type when the conditions w € V1 (T")
and I, > 0 in the definition of a left shuffling vector are not met. This
happens when T’ is adjacent to I'y, and I'y and T'x C [[T'p(y), T (2)]]-

2) If B is of shuffling type (Z), then the pair (w(3), k(53)) is unique. We
use (w(5),k(B)) to denote this pair.

Definition 6.3.1.5 (Shuffling index). An omitting index i € OI(T') is a
shuffling index of B if the following conditions hold:

1) either
a) 0 € Fg; or
b) 0¢ Ty and ip ¢ [[2,9]] (i-e., Tp(ib) € T});

2) b€ VH(I) and ig = ;
3) iw = 0 for all w € LSV(p) if 3 is of shuffling type (Y);

4) iy = k(B) and iy = 0 for all w € LSV (B)\{w(8)} if 3 is of shuffling
type (Z).

Let SI(B) € OI(T') denote the set of shuffling indices of 3.
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. ig=z2

e T _ e BN
) 5\ P, > >\
‘l// // \ - :’;"’/
: - .y ““ > \ K(B)—1 \
~ o ) )|
B 1) > ) \ 1; ,j, “
o/ I ~ =
— — \ > WE > / ‘\\
Yy + iy /a(i)ﬁ(g)) B() s o g — \

| N , \ Y + i B g (b) /> \5(i)ﬁ®
(i) I'(B(1)) - .
I'(i) I'((1))

Figure 21: Examples of SI(53), where (i) is defined in Definition
A bypass of shuffling type (Y), I'p(y) <IT'g(2), is on the left, where
LSV (B)={w!,...,w*} and I’ =Ip_,. A bypass of shuffling type (Z),
I'y(y) > I'y(2), with the pair (w(f), k(3)) is on the right, where LSV () =
{w(B),w!,...,w* ..., w1} and I’ = Ir,,.- The entries iy and B(i)g(v) are
drawn for v € LSV (B) U {b, b} for both types of shuffling.

In the special case where 0 € I'p, or I', the following descriptions of
I1(53) and SI(B) are straightforward.

Lemma 6.3.1.6.
1) Ifoe Flh then II(3) = OI(T') and S1(B) = 0.
2) If0 € T, then I1(B) = 0.
3) If 0 € T, then SI(B) = 0.

By Definitions [6.3.1.1] and [6.3.1.5(1), II(8) N SI(B) = 0. The disjoint
union [I(5) U SI(B) is always nonempty, but is not equal to OI(I') in gen-
eral.

6.3.2. Definition of the chain map. The bypass § changes omitting
indices in I1(3) U SI(B) € OI(T') to those in OI(IV).

Notation 6.3.2.1. We abuse notation and use 8 to denote three related
things:

1) a bypass;

2) the map V(I') — V(I") from Equation (4.2.3); and

3) the map II(5) U SI(B) — OI(I"), defined below.



Contact categories of disks 715

Definition 6.3.2.2. For f€Hom(T',I”), define 5 : I1(8)USI(3)—OI(I")
by:

(C1). If i € I1(B), then define B(i) € OI(I") by B(i)g(v) € Z+ for B(v) # x
such that
Ty (B(1)(v) = T (iv).

(C2). If i € SI(B) and S is of shuffling type (Y), then define (i) € OI(I)
by B(i)g(v) € Z+ for B(v) # * such that

I'h(y) ifv=h,
/ . _ ) if v=">band B(b) # x
T (B0)s)) = I'y(lp,) ifv e LSV(B),
iy) otherwise.

(C3). If i € SI(B) and 3 is of shuffling type (Z), then define (i) € OI(I)
by B(i)g() € Zy for B(v) # * such that

Ib(y) ifv=b,

Fb(lh) if v = B and ﬁ(E) 75 *,
Iha(BAsw) = Twip(k(B) —1) ifv=w(3),

PV(ZFV) ifve LSV(ﬂ),V#W(ﬂ),

Iy (iy) otherwise.

See Figure 21] for examples. We verify that Definition is well-
defined, i.e., iy exists (equivalently v # %) on the right-hand side of the
equations. For (C1),0 ¢ I'} sincei € I1(3). Hence 3(x) = * by Remark
Then ((v) # % implies that v # . For the second rows of (C2) and (C3
0 ¢ I}, since B(b) # ; and 0 ¢ I' since i € SI(3). Hence b # x.

Remark 6.3.2.3.

(i) An effective way to understand f is to track the movement of the
omitting labels from T'(i) to I(B(i)).

(ii) Since B :V(T') — V(I") only changes the two components I'y, I'; by
definition, we have

B(i)prv) = iv
for v ¢ {b,b} ifi € I1(B), and for v ¢ {b,b} U LSV () if i € SI(3).
(iii) The map g : I1(B8) USI(B) — OI(I") is injective.
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Interpretation in terms of negative regions. For i € SI() we give a
description of (i) in terms of the component ¢ of R_(I") that lies between b
and b. Let ¢ be the left-hand side of ¢ cut along the arc of attachment for 3,
i.e., the region that lies between I'}, and I'; as in Figure Let i € OI(I).
Then i € SI(B) if and only if the following hold:

(N1) if I'y # I'p is a component of R (I') which has boundary 7, in common
with ¢, then v # *;

(N2) the omitting label of any v satisfying (N1) is the label of the interval
of 0D? which is adjacent to the initial point of 7y ;

(N3) neither 0 nor the omitting label of b is on the left-hand side of b.

If i € OI(T'), then B(i) is obtained from i by removing the label of each v
satisfying (N1) and, for each v # b which has boundary ~y, in common with
¢, adding the label which is adjacent to the terminal point of ~y.

A closer look at SI(f). The conditions iy = 0 in Definitions|6.2.10(2) and
6.3.1.5(3),(4) are similar, and there is a good reason for this. Let I be the
third dividing set in the bypass triangle

A AN o1

induced by 3. For each i € SI() there exists a unique k € OI(T") such that
I'(k) =T'(i); see Lemma We will see in the proof of Lemma
that there exists u € SVpv(k) such that I''(ulk) =T"(3(i)). As a result,
the restriction F(8)|pq) : P(T'(i)) — P(I'(B(i))) coincides with part of the
differential dp~(k,u) : P(I'(k)) — P(I'’(ulk)). This is the key to proving
that

) F(8)

F(T Fry 29, F

is a distinguished triangle in Proposition [7.3.1} see Examples [6.3.3.1] and
0.0.5.2)

Lemma 6.3.2.4.
1) Ifie I11(B), then T'(B(i)) = T'(i).
2) Ifie SI(B), then Hom(T'(i),TV(5(i))) # 0.

Proof. (1) is immediate from Definition [6.3.2.2(C1).
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(2) Suppose that 3 is of shuffling type (Y). Let LSV (B) = {w!,...,wF}
such that

Fh(y) < I'w1(0); FWj(lej) <Twit(0), 1< <k—1;
(- (lek) < FB(Z)’

There are k + 1 disjoint closed intervals:

(6'3'2'5) [Fh(y)v FWI(O)]; [ij (lrwj )? Dyt (0)]7 1<j<k-1
[Fw"' (lek )a FE(Z)]

The intersections I'(i), N [a, b] = {a}, where [a,b] is any of the k + 1 inter-
vals. We have

P(B(0)e = T\ ({Tu)} U {Tws (e, )iy ) U ({Tws (00}, U {T5(2)})

and Hom(T'(i), T'(8(i)) # 0 by Proposition

Suppose that 3 is of shuffling type (Z). Let LSV (B) = {w(B),w!,...,
w®, ..., Wi} such that Iy (Ir_,) <Dy (0) for 1<j<k — 2, Ty (Ir,.) <
[5(2), and Tp(y) < Twe1(0). Moreover, Ty(g)(k(8) —1) < Tw1(0),
and Tyr-1(lr,, ;) < Tywg)(k(B)). Then there are k + 1 disjoint closed in-
tervals:

(6326) [Fw( ( ( ) - 1)’Fw1 (0)]7 [Fwﬂ' (ZFWj)vof“(O)]v 1<7j<s—1
Tw: (. ), T5(2)]; - Tb(y), Twsr1(0)];
[Fw( ) Fwit1(0)], s+1<j<k—2;
[ l(lr 1) Dw(a) (E(B))].

Again Hom(I'(i),IV(3(i)) # 0 follows from Proposition O

Remark 6.3.2.7. With a little more work one can show that the nonzero
path T'(i) — I'V(5(i)) is the unique minimal element of {nonzero path T'(i) —
I'(j) | i€ OI(T'),j € OI(I")}. This is actually the motivation behind Defi-
nitions [6.3.1.5] and [6.3.2.2]

The k + 1 closed intervals in Equation (6.3.2.5) or (6.3.2.6) are called
the chain intervals of 5.

Let t(8,1) € Ry denote the idempotent of I'(i) if i € I1(f3), or the gen-
erator of Hom(I'(i),IV(4(i))) if i € SI(B).
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Definition 6.3.2.8. For a nontrivial bypass morphism 3 € Hom(T',TV), de-
fine a map of R,, .-modules F(3) : F(I') — F(I') by

FB)= Y.  FBi),
iel1(B)USI(B)

where F(,1) : P(I'(i)) — P(I'(5(i))) is the right multiplication by ¢(/3,1)
forie II(B)USI(B).

6.3.3. Some examples. Before proving that F(f) is a chain map, we
look at some examples.

Example 6.3.3.1. Consider the bypass triangle T" S B B i
Figure 22| By definition,

F(T): P(1,2) — P(1,3) — P(2,4) — P(3,4)
F(I): 2) — P(1,4) — P(2,4)
F(@) l (B) l (A).c l
F(I7) P(1,3) —= P(1,4) —= P(3,4)
F(B") l (A).c l (B)E l
F(I) - P(1,2) — P(1,3) — P(2,4) —= P(3,4)

The labels (e.g., (A), ¢) above correspond to the cases (e.g., Case (A),
¢ = ¢) in the proof of Lemma All the squares are commutative by the
commutativity relation of R, .. Therefore, F(3), F(f'), and F(B") are all
chain maps and the sum of their degrees is 1. Moreover, F(I') — F(I'') —
F(I') is a distinguished triangle in D,, . up to grading shift.

We now check the definition of F(3) in more detail. We have I't =
{3}, T} = {2},T5 = {1,4}, and z = y = 2z = 1. By definition $ is of shuffling
type (Y) since T'p(1) < I'x(1).

1) For P(1,2), P(2,4) € F(T'), the corresponding i € I1(3) since I'p(ip) =

3el}.

2) For P(1,3) € F(I'), the corresponding i € SI(5) since I'p(ip) =2 €
I, Tplip) = 4 = T'g(2) and LSV(B) = (. The restriction F(3)|p( lé)
P(1, 3) — P(1,4) corresponds to dr~(k,u), where I''(k) =T'(i) an

U-ZBH 1( )



Contact categories of disks 719

= 3
B
4 1 4
0
°
2 3 /5'
4
1
F” Q
Figure 22.

3) For P(3,4) € F(TI'), the corresponding i ¢ I1(3) since I'p(ip) =2 €
I}, and i ¢ SI(B) since I'5(ip) = 1 # I'g(2). Hence i ¢ 11(8) L SI(B).

All the three bypasses in Example [6.3.3.1| are of shuffling type (Y). We
consider a bypass of shuffling type (Z) in the next example.

Example 6.3.3.2. Consider the bypass triangle T’ Bop By P in
Figure 23] By definition,

F(I):  P(L3)—= P(L4) —= P(3,5) — P(4,5)
F(B) \ \ \
F):  P(L2)—>P(L3)— P(2,5) —= P(3,5)
S
F (") P(1,2) —= P(L,4) — P(2,5) —= P(4,5)
SRR ST SO
FO):  PL3)—>P(L4) —> P35 — P(L5)

The maps F(3), F(8), F(B") are chain maps, the sum of their degrees
is 1, and F(I') — F(I'') — F(I'") is a distinguished triangle in D,, . up to
grading shift.
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4
N

5
179 o
ﬁk\ 3 /ﬁ
2 4
5
1 0 T
Figure 23.

For the bypass § € Hom(I',I”), we have F{) = {4}, T} = {3}, Ty, = {2},
and z =y =1,2=0. Also I'p, I’y C (1,5) = (F'wg)(0), Fﬁ 3)(1)). Hence
is of shuffling type (Z), where I'y,(5) = {1,5} and k(ﬂ) =

1) For P(1,3), P(3,5) € F(I'), the corresponding i € 11(3) since I'p(ip) =
4¢ Fl )

2) For P(1,

4) € the correspondlng 165’](5) since I'p(ip) =
3Ty, Ti(ip)

F(T )
LSV( )\w( ) . The restrlctlon F(B )|p(lé) : P(1,4) — P(2,5) cor-
responds to dr~(k,u), where I'(k) = I'(i) and u = g"~1(w(B)).
r

3) For P(4,5) € F(I'), the corresponding i ¢ I1(3) since I'p(ip) =3 €
Fﬁ, and i¢ SI(B) since I'y(g)(iw(s) = 1 # Lw(p)(k(B)). Hence i ¢
11(B) U SI(B).

6.3.4. Proof that F(3) is a chain map.

Proposition 6.3.4.1. If § € Hom(T',T") is a nontrivial bypass morphism,
then dr o F(5) = F(B) o dp.

Proof. Observe that (:I1I(8)USI(B) — OI(I") is injective by Remark
(iii) and any two paths with the same endpoints in @, . give the
same element of R, .. Hence the proposition is a consequence of the follow-
ing lemma. O

Lemma 6.3.4.2. Letic OI(T).
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1) If i is c-admissible for ¢ € mo(R—_(T")), c|i € [I(B) U SI(B), and the
path T'(i) — T'(c|i) — IV(B(c|i)) is nonzero, theni € I1(B) U SI(B) and
there exists a unique ¢ € wo(R—(I")) such that B(i) is ¢'-admissible and
<1B(1) = B(cli).

2) Ifie II(B)USI(B), there exists ¢’ € mo(R_(I")) such that B(i) is ¢'-
admissible, and the path T'(1) — I"(B(i)) — I'(¢'|B(1)) is nonzero, then
there exists ¢ € mo(R_(I")) such that i is c-admissible, c|i € I1(3) U
SI(B), and B(cfi) = ¢/|B(1).

Proof. (1) We assume that b, b # *. The proofs of other cases are similar.
The main idea is to track the movements of the omitting labels under F(53)
and the differentials. Note that the uniqueness of ¢’ € mo(R_(T")) follows
immediately from the existence by Remark [6.2.12(1).

Let ¢(3) be the component of R_(f3) that lies between b(3) and b(3)
and let ¢(3) be the component of R_(T") that lies directly below b(g8). If we

omit (3, it is understood that ¢ = ¢(f), etc. Let T’ B By 1 be the bypass
triangle starting with 3.
Suppose ¢ satisfies the assumptions of (1).

Case (A). Suppose that iy € [[z,y]], i.e., the label is on the left-hand side
of b. Then i € I1(B) and I''(8(i)) = I'(i).

If ¢ # ¢, ¢, then (c|i)p € [[z,y]] and c|i € TI(). We can take ¢’ = ¢, viewed
as an element of mo(R_(I")), and it is immediate that |3(i) = B(ci). See
Figure [24] for two possible locations for c.

If ¢ = ¢ and i is c-admissible, then i, =« and (c|i)p, & [[x,y]]. Since we
are assuming that c|i € SI(3), (N1)~(N3) from Section 4.2 must hold. If we
take ¢/ =¢(/’) (this is ¢ with respect to 8'), then (i) is ¢’-admissible and
¢|66) = A(cli).

If ¢ =, then i is not c-admissible.

Case (B). Suppose that iy, ¢ [[z,y]]. Then i € SI(5).

If ¢ = ¢, then i is not c-admissible.

If ¢ = ¢ and i is c-admissible, then ii; = z and (¢|i)p, = y € [[x, y]]. Hence
cie II(B). If we take ¢’ =¢(f3'), then B(i) is ¢-admissible and |3(i) =
B(c|i); see Figure In this case, we say that ¢ = ¢ lies below and shares a
common boundary with b. This convention on the relative positions of the
different regions (i.e., the positioning as in Figure will be used for the
rest of the proof.

If ¢ # ¢, ¢, then (c|i)p & [[z,y]] and c|i € SI(B). Suppose ¢ lies above and
shares a common boundary with b, or ¢ is to the left of ¢ and shares a
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Figure 24: ¢ is to the left of b in the left-hand figure and is above b in the
right-hand figure.

common boundary with some w € LSV (3). Since i is c-admissible, we have
i ¢ SI(3) by (N1)~(N3), a contradiction; on the other hand, by Corollary[5.3]
(i) — I'(c]i) = I'(B(c|i)) is zero, which is consistent. If ¢ is to the left of
and shares a common boundary with b, then i is not c-admissible since
ip ¢ [[z,y]]. In the remaining cases of i-admissible ¢ # ¢, ¢, we can take ¢/ = c,
viewed as an element of mo(R_(T")), and it is immediate that ¢/|3(1) = B(c|i).

- (cli)s

I(<[B(1))

Figure 25.
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(2) The proof is similar to that of (1) and is left to the reader. O

Remark 6.3.4.3. Observe that we set ¢/ = ¢ except in Case (A) when
¢ = ¢ and Case (B) when ¢ =¢; see the labels of the commuting squares in

Example [6.3.3.1] for example.

We now complete the definition of 7 :C, o — Dpe. If T’ i) I is a zero
morphism, then F(§) is defined to be the zero morphism; in particular this
is the case when T" or I is the zero object and F(I') or F(I'') = 0. Any
nonzero morphism & in C,, . can be written as a composition 3 0 ---o 31 of
nontrivial bypass morphisms and we define F (&) as the composition F(5) o
-0 F(p1). If £ is an identity morphism (i.e., induced by a trivial bypass),
then we set F (&) = id. In Section [6.4] we will show that F is well-defined.

6.4. Well-definition of the composition

In order to prove that F : C, . — D, is well-defined it suffices to show the
following:

1) F(§) is independent of the choice of decomposition of any nonzero
morphism ¢ into a sequence of nontrivial bypass morphisms.

2) If the composition of a sequence f, ..., B of nontrivial bypasses is a
zero morphism, then the composition F(fg) o--- o F(B1) =0 in Dy, .

By Theorem (1) can be reduced to the case where £ is a compo-
sition of two disjoint bypasses. Here the bypasses may be trivial.

By Lemma (2) can be reduced to the case where the composi-
tion is 8’ o 8 for two consecutive (nonzero, non-identity) bypasses 3,8’ in
any bypass triangle: Let 3’ = 8 and £ = Bx_10---0 3. If £ is a zero mor-
phism, then we can replace S1,..., 8 by b1, ..., Bk_1. If £ is nonzero, then
Lemma implies that £ can be factored into 3 o (, where 3, 3 are two
consecutive bypasses of a bypass triangle.

6.4.1. Composition in bypass triangles. We fix the notation I" i

27 LT for a bypass triangle throughout this section. We also use
the notation b(3) and ¢(/) to mean b and ¢ for 5.

In Examples |6.3.3.1| and [6.3.3.2 each projective R, -module in F(I")
appears either in F(I') or in F(I'"). This observation can be generalized as
follows.

Lemma 6.4.1.1. For any i € OI(T"), one of the following holds:
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1) ifi e II(B), then j:= (i) is not in II1(B") and satisfies I"(j) = T'(i);

2) ifi¢ II(B), then there exists a unique k € II1(B") such that T" (k) =
ra).

Proof. First observe that I' ;) = F’g(ﬁ/) = F”lb(ﬁ/,).

If i € II(pB), then j := B(i) satisfies I"(j) = I'(i) by definition of I1(/3). If
b(B) # *, then

Ph(a () = Tigs) (tos)) € Tos) = T'bio):
and, if b(8) = *, then 0 € I"},5y. In both cases j ¢ I1(5').

If i ¢ I1(53), then each label which is omitted in I'(i), appears exactly
once in I'y, for some w # . Hence there exists k € OI(I'") such that I'"(k) =
I'(i). If b(B) # *, then

P (& b(37) = Do) (i5(5)) € Pos) = Ib(a):
and, if b(8) = *, then 0 € F”lh(ﬁ,,). In both cases k € IT(5"). O
In view of Lemma [6.4.1.1|(2), there exists a map
v(B") : OI(D)\II(B) — II(B")  OI(T")
such that I'"(v(8”)(i)) = I'(i) for i ¢ II(3). Then define the map
(6.4.1.2) F(y(B") : F(T') — F(T")
of R, -modules as the direct sum of identity morphisms
P(I({)) — PT"(v(8")(1)) forig I1(B).
The following lemma implies that
F(B") o F(B) = 0 € Homp, (F(T), F(I'")),

i.e., in the (ungraded) homotopy category.

Lemma 6.4.1.3. dF(y(8")) = F(p') o F(B) as Ry,-module maps from F(T')
to F(I).
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Proof. We write ~ for v(3”) during the proof. By definition dF(y) = dp» o
F(v) + F(y) odr. We assume that b(3),b() # x; the proofs of the other
cases are easier.

We will show that

(6.4.1.4) (F(B') o F(B) +drv o F(v) + F(v) o dr)|prgy) =0

for any i € OI(T).

Case A. Suppose ie II(B), ie., ip € [[z(8),y(B)]]. Then F(v)|pra) =0
and Equation (6 becomes F(B') o F(B) + F(v) odr)|pray = 0. Also
p() ¢ I11(5) by Lemma 1).

We first consider .7-"(6) B)lpray- I F(B") o F(B)pray) # 0, then
B(i) € SI(B') since B(i) ¢ I1(B’). This forces ipz) = z(B) and i to be ¢(3)-
admissible, and we have I'(8(8(i))) = T'(¢(8)|i). Note that, by Remark
6.3.1.4(1), ¢() cannot share a common boundary with .

Recall that dp = ) _d., where the summation is over mo(R_(I")). Hence
F(v) odrlpray) is the sum of F(v) o dc|pr)), where i is c-admissible. If
¢ # ¢(B),¢(B), then c¢|]i € IT(B) and F(v )od lp(r@)) = 0. If ¢ =¢(8), then
i is not c-admissible. If ¢ = ¢(f), then the c- admlssmlhty of i implies that

ipg) = =(B) and T""(B'(B(i))) = T'(c[i). See Figure

\//—\/\/.\

+ +
o ot - B8
— i b)) |, %
z(B) + z(8") + T o
- - v o+ o w(g) + k(B
DNV (b(8),in(s)) LSV (B') — _—

Figure 26: Two subcases of ¢ =¢(3): b(8) =v on the left and b(S) €
DNV (v,ig) on the right.

Case B. Suppose i ¢ I1(f), i.e., ipb & [[z(B),y(B)]].

We first consider F(8') o F(8)|pr))- Note that F(8) o F(B)|pray) # 0
if and only if i € SI(f), since 3(i) € II(’) is automatic.

Next let ¢ € mo(R_(T)). If ¢ # ¢(3), (), then there exists ¢’ = ¢, viewed
as an element of mo(R—(T")), such that dev o F()|prgy) = F(7) © del pray)-
(This takes care of all ¢ # ¢(8"),¢(8”).) If ¢ = ¢(8) and i is not c-admissible,
then F(v) o dc|pr()) = 0. If ¢ = ¢(3) and i is c-admissible, then c|i € 11(3)
and F(y) odc|prg)) = 0. If ¢ = ¢(B), then i is not c-admissible and F(v) o
de|pry) = 0. If c” =¢(B"), then v(8")(i) is not ¢”-admissible and d.» o
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F()lpray) = 0. Finally, if ¢ = ¢(8"), then der o F ()| prg)) # 0 if and only
if i € SI(B). Moreover, when this happens,

B) € I1(B') and der o F(V)lpray = F(B) o F(B)lparay- O

Lemma [6.4.1.3] will be the key to proving that F is exact, i.e., maps
bypass triangles to distinguished triangles; see Proposition |7.3.1

6.4.2. Disjoint pairs. For s =0,1, let 5° € Hom(I',I'*) be a pair of by-

pass morphisms whose arcs of attachment are disjoint. Let T be the resulting

dividing set after attaching both bypasses to I'. We assume that the compo-

sition of the two bypass morphisms is nonzero; in particular we are assuming

that I’ does not contain contractible components. Let 5% € Hom(F1 5 I‘)

s = 0,1, be bypass morphisms such that 3! o 8 = 390 81 € Hom(T, I).
The goal of this subsection is to prove:

Lemma 6.4.2.1. Given a pair of disjoint bypasses 3°, s = 0,1, on I', and
I', 3%, s=0,1, as above, we have

F(BY) o F(B%) = F(B°) o F(B') € Homp, (F(I), F(I)).

Since_the reduction to disjoint pairs of bypasses at the beginning of
Sectionallows for any of 3%, 3% to be trivial, we first consider the situation
where at least one of 8% 8¢ is trivial. We can enumerate all the possible
relative positions of 8% and B!, assuming £° is a fixed trivial bypass. The
enumeration is left to the reader, but we almost always have B9 and B9
trivial and 8! = B'. The only (nontrivial, nonzero) exception is given in
Figure , which is equivalent to a bypass rotation relation (R}) right below

Theorem 2.2.811

EO
61
Figure 27.

Next we enumerate all the cases where all of 8%, 55 are nontrivial and
nonzero. For any nontrivial morphism 3, F(/3) is determined by the maps
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B II(B)USI(B) — OI(T). Let

BV (B) = {b(8),b(8)} U LSV (B).

Then $(i)g(v) = iv for v ¢ BV () by Remark[6.3.2.3(ii). Our proof is based
on a case-by-case analysis of the relative positlons of BV (8°) and BV (B').
The following cases cover all the possibilities, after possibly switching /3°
and £
1) BV(8°)nBV (') = 0
2) b(8%) =b(8");

) _

)

(8%) =Db(BY);

(8°) = b(8h);
5) LSV(8%) N BV (8Y) £ 0.

See Figure 28| for a full list of Cases (2)-(5). Each red arc is assumed to be a
distinct arc of the dividing set, except for Case (4) where it is only required
that the two positive regions belong to the same component. The list for
Case (5) does not include cases that were already listed (e.g., Case (2-1)).
Note that the various cases may have overlaps.

3

b(3
4) b(s

1 + 1|+ + 1 1 1 T -
_ + + x4 + 1
= o 0" o~ ol -lo % -lo
[+ + + + + + +
(2-1) (2-2) (2-3) (2-4) (2-5) (2-6) (2-7)
1‘ + 1 ‘ + -lo ol-
‘ ; ‘ ; ~ -0 1) - 4+ <— |+ +| = |+
= —o L 4E %
0‘ + 0‘ ha same co‘mponenl same component same component
(3-1) (3-2) (4-1) (4-2) (4-3)
- = > > =
= e > o > o - )
+ + + + +

(5-1) (5-2) (5-3) (5-4) (5-5)

Figure 28: Black arcs with labels s = 0, 1 are the arcs where bypasses 8° are
attached.
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Before we discuss the general case, we look at an example in Case (2-
1) where F(BY) o F(B°) # F(B°) o F(B) as Ry, c-linear maps from F(I') to
F(T'). This illustrates the necessity of working in the homotopy category
Die.

Example 6.4.2.2. Consider the bypasses in Figure where b(3°) =
b(51).

Figure 29: A pair of disjoint bypasses in Case (2-1).

By definition, the two compositions are:

F(I): P(1,3) —=P(1,4) P(3,5) P(4,5)
#o)| l i l

F(r0): )
f(El)l \ \

F(I) : P(3,4) ® P(2,5)) — P(3,5)

F(I) P(3,5) —— P(4,5)

N
ol [N

F(I): P(2,4) — (P(3,4) ® P(2,5)) — P(3,5)

3,5)
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For P(3,5), the corresponding index i is in I7(3°) N I1(B'). Hence both
compositions are identity morphisms when restricted to P(3,5).
Let F(h) be the following map:

F(I) - P(1,3) — P(1,4) P(3,5) P(4,5)
f(h)i J{
F(T): P(2,4) — (P(3,4) ® P(2,5)) — P(3,5)

We can easily verify that ]:Lgl) o F(8%) 4+ F(B°) o F(BY) = dF(h) as maps.
Hence F(5') o F(8°) = F(B°) o F(B!) € Homp, ,(F(T), F(T)).

Proof of Lemmal6.4.2.1 The following claims imply Lemma

Claim A. With the exception of Cases (2-1), (2-2), and (5-4), in Cases
(1)-(5),

F(BY) o F(8%) = F(5°) o F(B")
as maps from F(T) to F(T).

Claim B. In Cases (2-1), (2-2), and (5-4), there exists F(h): F(I') —
F(T') such that

(H) (F(BY) 0 F(B°) + F(B) o F(BY) + dF ()| p(riy) = O,
for any i€ OI(T).

Claim C. Referring to Figure @ if B and B' are bypass morphisms cor-
responding to 0y and d1, then

F(BY) o F(8°) = F(BY).

We only prove Claim A for Case (1) and Claim B for Case (2-2). The
proofs of the other cases are similar and are left to the reader.

Case (1). Since BV (%) N BV (B') = 0, the maps F(3°) and F(5') do not
affect each other. More precisely, for i € XI(3) N YI(8') where X1,Y1 €
{II,ST}, wehave 8°(i) € YI(B'),8(i) € XI(BY),and B1(B°(1)) = B°(B(i)).
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For i ¢ (11(5°) L SI(8%)) N (II(8') L SI(BY)),

F(BY) o F(B)pray = F(B) o F(BY) pray = 0.

Case (2-2). Suppose that b(3%) = b(5'7%). Assume that b, b # x for sim-
plicity. Let b®, b®, ¢, ¢ denote b, b, ¢, ¢ for 5%, where s = 0, 1. In this case
@ =¢l. Wesay i € OI(D) is of type (a°,at) for a® € {I,r} if Tp+ (ips) € T¢.;
see Figure [30] N N ;

For i of type (r,r), there exists j € OI(I') such that I'(j) = I'(i). We
denote j by h(i) for i of type (r,7). Define F(h) : F(I') — F(T') as the sum
of identity morphisms P(I'(i)) — P(I'(h(i))) for i of type (r,r).

B (B8°(bY))

B (8°(b"))

Figure 30: The letters [®, r® on r mdlcate types of i € OI(T'); 15,71~ on T'*
indicate °(i) for i € II(,BS) 0, rL on T indicate h(i) for i of type (r,r).

Case (2-2-A). Suppose i is of type (I,1). Then i€ I1(8°)NII(3") and
50 € H(ﬁl ) and B1(8%(1)) = B°(81(1))- Hence (F(B") o F(8°) + F(B°) o
F(B8Y))|prg)) = 0 by the commutativity.

We have ]-"(h)|p(p(i)) =0 by the definition of F(h); hence dzoF (h)|pray)
= 0.

It remains to show that F(h) o dr|p(r()) = 0. This follows from observ-
ing that there is no ¢ € mo(R_(I")) such that i is c-admissible and c|i is of
type (r,r): This is clear if ¢ # @, ¢0, ¢! since the labels in b and b’ are not
moved. If ¢ = ¢ = ¢!, then i is not c-admissible. If ¢ = ¢?, then the label of
b’ is not moved, and if ¢ = ¢!, then the label of b® is not moved.



Contact categories of disks 731

Summing all the above terms gives (H) for i of type (I,1).

Case (2-2-B) Suppose i is of type (I,r). Then i € I1(B%), i ¢ I1(B') and
BO(i) ¢ T1(B"). Since No(iy0) € Fbo, we have i ¢ SI(B') and ]:(Bl)|p(p(i)) =
0.

We have F(h)|p(r)) =0 by the definition of F(h); hence droF (h)|p(r))
=0.

Let ¢ € mo(R_(I")). If ¢ # ¢, ¢ ¢!, then c|i cannot be of type (r,7) even
if it exists. If c=¢" =¢! or gl then i is not c-admissible. Hence F(h) o
dC’PF(i =0 for C7é C

Finally, if ¢ = (0 then iis c-admissible if and only if ¢|i is of type (r,7).
ThlS holds premsely when °(i) € SI(B'). Hence (F(B') o F(8°) + F(h) o

c )‘P(F i) — 0.
Summing all the above terms gives (H) for i of type (I,r).

Case (2-2-C). Suppose i is of type (r,l). The proof is the same as that of
type (I,r), with [ and r reversed.

Case (2-2-D). Suppose i is of type (r,7). Then i ¢ I1(5%) U II(3).

Let ¢ € mo(R_(I)). If ¢ #¢°, ¢V, ¢!, then the labels in b® and BE are not
moved and there exists ¢ = ¢, viewed as an element of 7T0(R (I')), such
that F(h)od, +dy o F(h) =0 on P(T'(i)). If ¢ =¢° or ¢!, then i is not
c-admissible. If ¢ =¢” and i is c-admissible, then cli is of type (I,1) and
F(h)od. =0 on P(I'(i)).

There are three components ¢ of mo(R_(T)) that are not of the form
¢ = ¢; they will be denoted by ¢, c), 5, in order from left to right in the
right-hand diagram of Figure [30| (i) is not c)-admissible. One easily checks
that

(dey 0 F(h) + F(BY) o F(8) poay = 0,
(dey o F(h) + F(B°) 0 F(BY))l Py = 0-
Summing all the above terms gives (H) for i of type (r,7). O

The well-definition of the functor F : Cp, . — D, follows from Lemmas

6413 and 64211

7. The functors ]N-n,e

In this section we extend F : C, e — Dy e to F: gn’e — 7571,6 by relating the
homotopy gradings on both sides.
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7.1. Degree of F(3)

Let € Hom(I',I”) be a nontrivial, nonzero bypass. If h(i) — h(8(i)) is the
same for all i € 11(B) U SI(B), then we say that F(/5) is homogeneous and
define the degree of F(3) to be deg(F(5)) = h(i) — h(B(i)) for any i. The
goal of this subsection is to show that F(f) is homogeneous and to compute
deg(F(5)).

The arc of attachment of a nontrivial bypass 0 # 5 € Hom(T[',T"), to-
gether with the three components of I' that it intersects, cuts the disk D?
into 6 components. The components are labeled P;(53), i =1,...,6, where
Py (pB) is the bottom component and 4 increases as we go clockwise around
OD?; see the top left diagram of Figure P;i(8') and P;(B") are defined
analogously; see the top right and bottom diagrams of Figure P;(B) will
be abbreviated as P; if § is understood. We write 0 € P; if the boundary arc
with label 0 is contained in P;.

P4 + P6+
Ps TR f Ps .\ - P
P + B P, + P
P, - Py
BII\ / ’
Py Z
P1 - / P3
Ps + P,
~
Figure 31.

For convenience we will write

(7.1.1) In(A)= > Ir,,

I'yCA

where A is a subset of R.

Lemma 7.1.2.
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1) If B € Hom(T',I”) is a nontrivial bypass, then F(B) is homogeneous
and

0 if 0 € Pr, Py;
(7.1.3)  deg(F(B)) = ITE| +i((Tp(0),I'n(x)))  if0 € P3, Py
1—[T| = Ie((Tp (@), T5(2)))  if0 € P, Ps.

2) The sum of degrees of the three bypasses in a bypass triangle is 1.

Proof. (1) Suppose 0 € P;. The other cases are similar and are left to the
reader.

Ifi € I1(B3), then §(i)g(v) = iy for any v € V(). Moreover, the nesting
degree is unchanged: cg(y)(8(1)(v)) = cv(iv) for any v since 0 € Py. Hence

h(B(i)) = h(i) and deg(F(B)) = 0.
Ifi € SI(B), then the bypass is of shuffling type (Y); see Figure [32| Note
that

(7.1.4)
h(B(1)) — h(i) = (h(B(i), B(b)) — (i, b)) + (R(B(i), B(b)) — h(i,b))
+ > (R(B(), B(w)) = h(i,w)),

weLSV(B)

since the only regions that are modified are b, b, and w € LSV (). We have
r=2z=0 y—\I‘ | — 1, and

(a) 5(05(3) —ip = Iy — |F [+ 1

(b) iy =0 and B(i)gw |I‘ | —

(¢) iw =0 and B(i)ﬁ (w) = Ir,, for w € LSV (5).

Using (a)—(c) we compute each of the three terms on the right-hand side of
Equation ([7.1.4):

R(B(3), B(B)) — h(i,b) = (B(i) ) — ib) + Ir((T5(0), Tn(in)))
— Ir((T(0), Ty (iv)))
= (I, — [Th| + 1) — (I ((Tp(0), T5(0)) + Iry)
— 1 [Th| — I ((Tp(0), T (0))),

h(B(i), B(b)) — A(i,b) = || — 1+ Ir((T'n(0), T (y))),
Y (W(B(), B(w)) = h(i,w)) = Ir((Tb(y), T(0)))-

weLSV(B)
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Summing the three terms gives:

S— — e
B(H)sw) 1

?,‘Y// ) B o / \\

Yy T B(i)s @)\\ \

\\\ﬁ(i)ﬁ(E)

8
[
\

o
1

Figure 32: A shuffling index i € SI(j3), where 0 € P;.

(2) For a bypass triangle I' 5 7 25 17 25 1 p(8) = Piyo(8) = Piva(B")
where the subscripts are viewed mod 6. Since any triangle is invariant under
rotation, we may assume that 0 € P;(3) or P»(3). By Equation , we
may further assume that 0 € P;(8). Then 0 € P3(3') = P5(8"”). Note that
the terms b, b, z,y, z that appear in Equation are those for 5. We
can verify that:

Ths) = Ih(aryr To(a)(0) = Tigan (@(8"), Ti(an (@(8") = T(g0) (2(8"));
I (T (0) T (£(8)))) = I (T (208D Tigm ((8")))-

Hence deg(F(8)) + deg(F(B')) + deg(F(5")) =1 by Equation (7.1.3). O
7.2. Definition of F

Each indecomposable object of C~n76 is a pair (I, [£]) consisting of a dividing
set I' in C,, . and a homotopy grading. From now on the source ILO € By of
the quiver Qp.e, i.e., 1% ={0,1,... e}, will be the basepoint of Cp.c.

7.2.1. Definition of [£(I')]. We first choose a “canonical” homotopy
grading [¢(I")] for each I € C,, . It is defined by induction on m(I') = e +
1 — |Ix|. Note that m(I') = 0 if and only if " € B,, . is basic.
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For any T'® € B, ¢, choose a path from I'% to T in Qn,e and let £ de-
note the composition of bypasses corresponding to the path. The homotopy
grading [¢%] is independent of the choice of path and we define [¢(T'?)] = [¢?].
(Note that £€” may not be a tight contact structure.)

Next suppose that m(I") > 0. Recall 3(I') from Definition for any
non-basic I'. There is a bypass triangle

r 20 B(T)

(7.2.1.1) —= T -1 —5T.
By the construction of 3(T'), we have m(I'), m(I'") < m(T). Let B(I') denote

the bypass from I to I'. We then define [¢(T")] = [B(T") o £(I'")].

7.2.2. Definition of F. We deﬁne F: Cn6 — Dne as follows: We set
F(L,[¢@)]) = F(T) and extend F to any object so that it commutes with
the shift functors on both sides, i.e., F((I',[£])[i]) = F(T,[£])[i]. Here

(T, [€D]e] :~Ti(I‘, [€]), where T is the shift functor on C, .. Next, suppose
f € Hom(T',T") is nonzero, where (3 is not necessarily a bypass. Let ¢(3) be
the integer encoding minus the Hopf invariant and satisfying

(7.22.1) [50&(0)] = [Ne(B)).
where [¢(3)] refers to shifting by ¢(3). Then we define

g - - F@e®)
F(T, M) = (T, [B o £M)) = (FI) ———— F@O)[e(B))),

where F(8)[c(8)] is F(B) postcomposed with the shift [¢(5)].

7.2.3. Well-definition. In this subsection we will ab~llse notation and not
distinguish between 8 € Hom(T',I') and 8 € Homs ((T', [¢]), (T, [B 2 £])).

Proposition 7.2.3.1. The functor F is well-defined, i.e., deg(F(B)) =0
for any nonzero 5 € Hom(T',T').

Proof. Tt suffices to prove that

(7.2.3.2) 80 ()] = [£(I)][deg(F(B))]

for a nontrivial bypass 3. Comparing with Equation (7.2.2.1), ¢(8) =
deg(F(B)) and deg(F(B)) = deg(F(8)) — ¢(B) = 0. N

We first prove Equation (7.2.3.2) for g = (I') € Hom(I',T'). By Defi-
nition 0€e Flh, where b = b(3). Hence 0 € P»(3), which implies that
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deg(F(83)) = 0 by Lemma|7.1.2(1). Equation (7.2.3.2)) is immediate from the
definition of [§(I")] as [{(T')] = [B(I') 0 &(I')] = [Bo &(I)]. _
For a general nontrivial bypass 3, we use §(I') and B(T"), defined as in

Equation (7.2.1.1)), to simplify .
Case 1. 0 € Pi(B) U Py(B). Equation ([7.2.3.2)) will be proved by induction

K(B) := dimb(B) + Ix((0, g 4, (0)))-

If kK(8) > 1, then there exists a commutative diagram:

(7.2.3.3) r—2-r

where £(8") < k() and 0 € Py(8") U Py(8"). (In some cases, e.g., Figure[33]
there may be degeneracies.) Since we have already shown that Equation

(7.2.3.2) holds for 5(T") and B(f), it suffices to prove Equation (7.2.3.2) for
B"”. We then reduce to the case where x(8) =0, i.e., lf((O,FB(B) (0))) =0,

dimb(8) =0, and 0 € T} .

Figure 33: The case 0 € P;(f) and dimb(3) = 1.

Let T 5T be a bypass satisfying x(5) = 0. If ll:*w) =0, then 3 = B(I)
and Equation (|7.2.3.2]) holds. If lff( ) > 0, then we apply the same commuta-
b(8
tive diagram ([7.2.3.3]) with 8" trivial to iteratively reduce to the case where
8= B(T).
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Case 2. 0 € P5(8) UPs(8). Then deg(F(8)) <0 by Lemma [7.1.2(1). We
use bypass triangles to reduce to the case where deg(F(5)) = 0.

Suppose that deg(F(8)) < 0 for 3 € Hom(I,T). Then by Lemma -
there exists a nontrivial bypass a € Hom(I',I”) such that b(a) = 3(b(8))
and I'p(q) C [Fb( ) (), T4 (2)]; see Figure 34/ for an example. There exists

a nontrivial bypass a € Hom(I‘ r’ ) whose arc of attachment is disjoint from
that of 3; attaching the bypasses in different orders, we obtain a bypass
3" € Hom(I",T") such that 8 o0& = a0 € Hom(I',I"). Note that 3’ is a
trivial bypass if b(a)) = 5(b(3)). We also use the bypass triangle I' % I <,
T 2T,

N
D)
Sl e oa o
s _ B
L+ +
r I’
‘ B g
~ / ~
: + ( Q & \ o 12 - ( Q
- \ o . -
, \ - / \\ %\>\\
,, \\ \\\ ~ \\\
) \ > \. > N
F” F F//

Figure 34: The case 0 € P5(3) and deg(F(8)) < 0.

By the definition of a, we have 0 € Py(«r), which implies that 0 € Pa(a)
and 0 € Ps(a ) Note that 0 € Ps(a) U Ps(a) and 0 € P5(8") U Ps(8’). By

Lemma [7.1.2) m

deg(F(B)) = deg(F(a)) + deg(F(8)) — deg(F
= deg(F(a)) + deg(F(8)) + deg(f
= deg(F(a)) + deg(F(B')) + deg(F

()
(') + deg(F(a")) — 1
() — 1.

Suppose by induction Equation ([7.2.3.2) holds for any E such that
deg(F(B)) > deg(F(B)) and 0 € P5(B) U Ps(B). In particular, it holds for
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Be {a, ', a’}. Then

[woBo&(l)] =B odo&(l)] = [¢(I')][deg(F(B') + deg(F(@))]
= [¢(I)][deg(F(a)) + deg(F(8))].

By composing with o o o/, we obtain

1] = a”oa'oaoﬁof(f)]

= [a" 0/ 0 §(I")][deg(F(a)) + deg(F(B))]
(I")][deg(F(a”)) + deg(F () + deg(F(a)) + deg(F(5))]
(I + deg(F(8))],

where the third line uses Equation for o” and /. Equation ([7.2.3.2))
holds for o, since 0 € Po(a") was treated in Case 1, and for o’ by the
inductive hypothesis. This proves Equation for 5.

By induction on deg(F(f)), we reduce to the case where deg(F(5)) =
0. Then, by the procedure used in Case 1, we reduce to the case where
lf((O,Fg(ﬂ) (0))) =0 and dimb(8) = 0. A further reduction (details left to
the reader) gets us to the case where [ € Hom(f,I‘) and f,F are basic

dividing sets. Hence Equation (7.2.3.2) holds since [¢(I)] = [B0&(T)] b
definition.

Case 3. 0 € P5(8) U Py(8). We have a bypass triangle T LAY N F' L f

such that 0 € P5(8') U Ps(8’) and 0 € P1(8") U Py(8"). Equation
follows from Lemma [7.1.2(2) and Cases 1 and 2. D

7.3. Bypass triangles

In this subsection we show that F takes bypass triangles in CNn,e to distin-
guished triangles in D,, .

Proposition  7.3.1. Let (T,[g) 5 (I",[Bog]) 55 (I, [8 0 Bog]) 25
(T, [€][1]) be a bypass Ntm’angle in Cpe. Then its image under F is a dis-
tinguished triangle in D, ..

Proof. We will omit the gradings in the objects and write F (T), etc. for

simplicity. Let F(v”) denote F(v(8”)) from Equation (6.4.1.2)). Similarly,
let F(v) and F(v') denote F(v(8)) and F(v(5')), respectively.
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In order to show that cone(F(8)) and F(I"') are homotopy equivalent,
we define the following two maps

Fln) = ") @ F(5) : conel F(3) = F(0) & F(I') = F(1),
F(e) = F(B")+F(): F(I'") — cone(F(B)) = F(I) @ F(I).

They fit into the following diagram:

Fry 2L 7o

~
3

where F(a) = F(a) up to grading shifts for a € {8, 8, 8",7,7"}. By the
method of Lemma we_can show that F(vy), F(7'), and F(v") are
homogeneous. By Lemma F(n) and F(e) are chain maps and are
therefore morphisms in 5n7e.

We now show that they are homotopy inverses. By Lemma [6.4.1.1] and

Equation ,
F(y) o F(B) + F(B") o F(Y") =idz ),
F() o F(B) + F(B) 0 F(7) =id
F(") o F(8") + F(8) 0 F(Y) =iz

We have F(n)) o F(e) = id Zny from the third equation. It follows from the
first two equations and Lemma that

f(e) o ‘%(77) = idcone(]f‘(ﬁ)) +dﬁ(7)v

where F(v) : F(I') — F(I). Here we are also using F (') o F(v") = 0 which
is immediate from the definition. O

8. D, as a triangulated envelope of CNn,e

The image of fn,e generates YSn,e under taking iterated cones since all the
P('), I € By, ¢, are in the image. The goal of this section is to show that
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Fne is faithful, i.e.,

(F)  Fue:Homg (T, [€)). (I',[€]) = Homy (F(T.[€)), F(I". ).

We first prove in the following three basic cases: (i) I' =T"; (ii) there

exists a bypass I’ LA I'’; and (iii) there exists a bypass I S, Using the
calculations for the basic cases we show in Proposition [8.2.3] that the Serre
functors Sz of Cn e and S5 of Dn e commute with 7, .. We finally prove the
falthfulness in general by combining the results for the basic cases and the
Serre functors.

8.1. Basic cases

8.1.1. The case I' =T'. The goal is to prove for T'=T". Since
Ende, ,(I') = Fa(idr), it suffices to prove the following.

Proposition 8.1.1.1. For any I' in Cp ., Endp, (F(I')) = Fa(idz(r))-

Before proving Proposition [8.1.1.1] we introduce some definitions. Re-
call that dr = Evev+(r) dv, where dy is given in Equation (6.2.19]). Lemma
6.2.20 implies that:

(D) d2 =0, drdy+dydr =0,
for any v € V*(I).
For I',T" in C,, ¢, let Map(F(T'), F(I")) denote the space of R, .-module

maps, where F(T'), F(I") are viewed as Ry, .-modules by ignoring the differ-
entials. We then define maps

(8.1.12)  dwy,dyy, dy g, dr r : Map(F(T), F(I')) = Map(F(I), F(I")),
where f € Map(F(T"), F(I)), ve OI(T'),w € OI(I"), and

dw,vf:dwof+fodV7
dovf = fody,
dwpf =dwo f,
drrf =dr o f+ fodr.

The lemma below follows from @
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Lemma 8.1.1.3. [f do,d; € {dw,w dq)’v, dwﬂ), dF’,F}7 then

di =0,  dody = drdp,

in End(Map(F (L), F(I'))).

Note that Hom(F(I"), F(I")) is the cohomology Hg,, .(Map(F(I'), F(I")))
by definition.

Recall that to compute Endc,  (I') on the topological side, we observe
that #yrr = #vr.1, where I' is obtained from I' by removing a bound-
ary parallel component. By repeating this reduction, we eventually obtain
#r,r = #7roro = 1, where I'V is the unique dividing set in Co,0- To com-
pute Endp,  (F(I')) on the algebraic side we consider a similar reduction
on

VoD = v e V() | I, > 0}].

The following example illustrates the idea of the reduction.

Example 8.1.1.4. We compute End(F(I")) for I" from Example Re-
call that V.1 (T') ={(1),(1,1)}, where I'( 1) ={2,3} directly nests inside
Ly ={L,4} and no vector in V£ (I) nests inside I'q 7). Let w = (1) and
v = (1,1). Let I'V denote a dividing set which is obtained from I' by re-
placing the component I'y with Ip, + 1 boundary parallel components cor-
responding to the Ip, + 1 elements of I'y. In particular, VETY) ={(1)} and
I‘2,1) = {lv 4}
The complex N (given by (6.1.6)) for F(T') is

P(1,2) & P(1,3) 2 P(2,4) & P(3,4),

where dy is given in (6.2.19)). As an [Fa-vector space Map(F(I'), F(I")) is
7-dimensional. The differential dy , acts on Map(F(I'), F(I')) by:

dv,v : Map(f(F),F(F)) - Map(f(F),f(P))
idp(12) = dyoidpqg),
idp(13) = dyoidpqg),
idp(2,4) = dyoidppu),
idp(3,4) = dyoidpa),

dw ] idP(L§)7 dv o idP(Lz)? dv ¢} idp(zé) — 0.
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There is a double complex (Map(F(T'), F(I')); dv,v,drr — dv,v). Its first
page (Hg, ,;drr — dy,y) is given by:

dl",l" - dv,v : Hd\,,‘, — Hdv,v
idpo) +idpag) = ldwoidpug),
[idp(gé) + idp(;é)] — [dw o idp(lé)]‘

It is easy to see that (Hy, ,; drr—dy,v) is isomorphic to (Map(LV,TV); dp, )
whose cohomology is End(f"). By the spectral sequence associated to the
double complex, End(I'V) converges to End(T).

Returning to the discussion of End(F(I')) in general, suppose I' ¢ B,, .
and v € V1 (T') such that NV (v,Ip,) = 0, i.e., no vector in V} (T') directly
nests inside v. (If I' ¢ B,, , then such a vector always exists.) We define IV as
the dividing set in 0b(Cp, ¢, ) obtained from I' by replacing the component
I'y with Ir, + 1 boundary parallel components corresponding to the I + 1
elements of I'y,. We will write T for TV and [ for Ir, when v is understood.

There is a bijection

Vi VROV = V()
satisfying f@(w) =TIy for w € V1 (I')\{v}. There is also an induced map
v:0I() — 0I(I)
given by V(i)g(w) = iw for w € V2 (I')\{v}. (It is also called ¥ by abuse of
notation.) The map v : OI(I') — OI(I') is surjective and is an (I + 1)-to-1
map. Given i € OI(') and 0 < s <[, define i* € v=(i) such that (i), = s.
The following lemma relates End(F(I')) and End(F(I")).

Lemma 8.1.1.5. Suppose that v € V1 (T') such that NV (v,lp,) = 0. Then
there is a finite double complex (Map(F (L), 7(I)); dv,v,dr,r — dv,v) whose
first page (Hg, ,;drr —dy,y) is isomorphic to the complex (Map(F ('),
F(O)sdnp).

Proof. Since dy ~ and dr 1 are two commuting differentials by Lemma(8.1.1.3

(Map(f(F),]—"(F)), dv,Va dF,F - dv7v)

is a finite double complex.
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Since dy = 0 for u ¢ V1 (I), the space Map(F(T'), F(I')) has an Fy-basis

k
{ H dut e} ldp(l)
t=1

where ngl dyt 0 1dp) is understood to be idpj). In this basis

icOIT),u' e Vi), k> 0} ,

e the composition is independent of the order of the dy: since they pair-
wise commute; and

e cach dy: appears at most once since d?lt = 0 by Lemma [6.2.20

Let w € V(I') such that v directly nests inside w. We consider the case
w # *. (When w = %, there is no dy and the same proof holds by setting
dw = 0 and dg(w) = 0 below.)

We say that a generator f is of Type (1) if it has the form:

f= H dy: 0idpgy or H dyt o dy oidp(;), where ul £ w,v.
t t
For each [, dut, u! # w, v, there is a subcomplex of (Map(F(T'), F(I")); dy v):

Type (1) : Hdut o idp(is)
t

H dut o dv o idl"(il) s = O,
t
d"_"'> [[dut o dy oidpgsy + [[dut 0 dy oidpesy 0<s <1,
t t
Hduf o) dv e} idp(iz) s=1.
t

Such a subcomplex is said to be of Type (1). As an Fae-vector space, this
subcomplex has dimension 2! + 1 and any two subcomplexes of Type (1) are
either equal or intersect trivially.

We say that a generator f is of Type (2) if it has the form:

f= Hdut o dyw o idp(j), where u' #w,v.
t

If f #0, theni, =0, i.e.,i=1i for some i € OI(f). Each nonzero f of Type
(2) generates a 1-dimensional subcomplex:

Type (2): f aN)
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The complex (Map(F(T'"), F(I')); dy v) is a direct sum of its subcomplexes
of Types (1) and (2); note that there are no generators of type [[, du: o dw o
dy o idp(j) since dy o dy = 0.

We compute the cohomology Hy, . For a subcomplex of Type (1), dv v
is a surjective map from Fljl to F 12 and a generator of Hy, _ is given by
le:o [1; dut ©idr(s). For a subcomplex of Type (2), a generator of Hy, , is
given by Ht dut o dw @) idr(io).

Define an Fa-linear map:

~

G : H, — Map(F(T), F(I))

v,V

!
z—:o 1:[ dyt © idl“(is) — 1:[ dQ(ut) o idf@,
H Clut 0 dw © idp(io) — H d@(uf,) o dc,(w) o ldfG) .
¢ ¢
It is an isomorphism of Fa-vector spaces since v : V.1 (T')\{v} = an)(f ) is
a bijection and v : OI(T') — OI(T") is surjective.
For any u € V1 (I)\{v}, we have G(dyo f) = dgu) © G(f) and G(f o
du) = G(f) o dg(y) for f € Hg, . Since

dp—dy= > dy, dp= Y da,

ueVf (O\{v} aev;(T)

it follows that G commutes with drr — dy v and dp . Hence the two com-
plexes are isomorphic. O

Proof of Proposition[8.1.1.1]. Since F(T) is not isomorphic to the zero object
of Dye, it follows that idzr) € End(F(T")) is nonzero. It then remains to
prove that dim(End(F(T))) < 1, which is proved by induction on |V} (I)|.

If V£ (I')| = 0, then T € B,, .. Hence F(I') = P(T") and dim(End(P(I)))
<1
If [V} (T)| > 0, there exists v € V1(I') such that NV (v,ir,) = 0. By
definition \V;g(f")\ = |V (T)| — 1. By Lemma the cohomology of
(Map(F(T), F(I)); dp 1) converges to the cohomology of (Map(F(I'), 7(I'));
drr). Hence

dim(End(F(T))) < dim(End(F(T)))
and dim(End(F(T'))) < 1 by induction. O

8.1.2. The case of a bypass. Let 8 € Hom(I',I") be a nontrivial bypass.
Then Hom(T',I) = Fy(8) and Hom(I",T") = 0.
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Proposition 8.1.2.1. For any nontrivial bypass f € Hom(T',T"), we have
1) Hom(F(T, [€]), F(I', [€])) = Fo(F(B)), if [€'] = [B o &]; otherwise, it is

ZETO0.

2) Hom(F(I"), F(I")) = 0.

Proof. Consider a bypass triangle (T, [¢]) LN (€ LN (T, €M AN
(I, [¢][1]) in Cye. By Proposition it is mapped to a distinguished
triangle in 5,“6. By applying the exact functor Homz (f (T, [¢]), —) to the
distinguished triangle, we obtain a long exact sequence:

Hom(F (T, [8), (T, [¢])) 22 Hom (F(T, €]), F(T',[¢])

O, Hom(E(T, [§), F(T", [€)),

where the subscripts 7571,6 are omitted. Hence (1) is equivalent to
Hom(F(T'), F(I'")) = 0. L

Similarly, by applying the exact functor Homz (—, F(I",[¢])), one can
see that (1) is equivalent to Hom(F(I'), F(I")) = 0. By rotating the by-
pass triangle, the proposition is equivalent to any one of the following three
statements:

(i) Hom(F (1), F(T')) = 0;  (44) Hom(F ("), F(I')) = 0;
(#44) Hom(F(T), F(I'")) = 0.

Without loss of generality we can assume that 0 € P;(5) U Py(3). Proposi-
tion [8.1.2.1]is a consequence of the following lemma. H

Lemma 8.1.2.2. We have Hom(F(I"), F(I')) = 0 if Hom(T',I") is gener-
ated by a bypass f and 0 € Pi(5) U Pa(p).

Proof. There is a bypass triangle I ﬁ> I B—> I'” starting with 3. Let us write

b, z,y,w for b(8"),z(8"), y(8'),b(B), as in Notation m see Figure
Since 0 € Pl(,B) @] Pg(,@) = Pg(ﬂ/) U P4(ﬂ,), wehave 0 <z <y = ZFL and b #
*, W # x. We write -

Map(F ("), F(I")) = P Hom(P(I'(j))[1(3)], P(T(1)[R(1)])-
JEOI(I) i€OI(T)

We prove the lemma by induction on I ((I',(0),T}(y))), defined in
Equation (7.1.1]). B B
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Py(5) P3(B)

Nad = N
P(8) - Pl(/a’i> g A _J b
sty s - + - ‘
b + + w b — \-I\-W
sta ste—1 o A — _ — 7
/V’ \\ / V\
r/ r r/inY  r /A

Figure 35: The left-hand side describes Case 1 after removing boundary par-
allel components nesting inside (I',(0),T'},(y)); the right-hand side depicts
v, v’ in Case 2. B B

Case 1. If I ((T',(0), T, (y))) = 0, then no vector in V*(I') nests inside b.

(
We view Map(F(I"”), F(T')) as a finite double complex
(Map(F(I'), F(I')); dp,p, dr,r — dyp),

whose first page (Hy, ,; dr,r — dyp) converges to Hg,. ., = Hom(F(I"), F(T')).
Here dyy, f := f o dyp for f € Map(F(I'), F(I')). The following claim implies
the lemma for Case 1.

Claim. The cohomology of the complex (Map(F(I'), P(I'(i))); dpp) is zero
for any i€ OI(T).

Proof of Claim. We can ignore boundary parallel components I, C
(I',(0), I, (y)) in the computation since those labels do not appear in either
P(T’(j)) or P(I'(i)) for any j € OI(I"),i € OI(T'). Since we are assuming
that Ir (T, (0), T (y))) = 0,

I,0) =5, Th(x)=s+z, TL(y) =s+y;

Iw(0)=s, Twr,)=s+z-1.
Let f € Map(P(I''(j)), P(I'(i))) be a generator such that fody =0. If
jb <y, then fody is a map P(I"(j’)) — P(I'(i)), where j = b|j’. We have

s+jb.
-

Hom(I"(j),I'(3)) #0, Hom(I'(j),I'@)=0;  I'(j) I'(j).

By the tightness criterion (Proposition [5.1)), in order for Hom(I"(j'), I'(i)) =
0, Hom(T”(j), T'(i)) must factor through Hom(I"(j),T"(j”)), where j” = blj €

OI(I") such that I"(j) sHel I'(j”). Hence Hom(IV(j”),T'(i)) # 0 is gener-
ated by g such that f = godp.
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If jb = y and Hom(I"(blj),T'(i)) # 0 is generated by g, then f = g o dp.
If jb =y and Hom(I"(b|j),I'(i)) =0, then {s,s +1,...,s +y — 1} C I'(i)s.
In particular I'y, C I'(i)« which is not possible since w # *. This proves the
claim. 0

Case 2. If I ((I',(0), T, (y))) > 0, then there exists v’ € V*(I') such that
I, C (T,(0),T'(y)) and no vector in V' (I) nests inside v/ (i.e., v/ is “out-
ermost”). There is a corresponding vector v € V.F(T') such that I'y = I,

and no vector in V¥ (I') nests inside v; see the right-hand side of Figure

Let f, T denote f", f"i\ There is a bypass triangle T 51 217 Let E, z,y
denote b(5’),z(8"),y(8’). Then

~

I (75 (0), T/ () < I (T (0), Th(1))).

The following claim implies the lemma for Case 2.

Claim. There is a finite double complex (Map(F(I"),F(I'));dy v/, dr —
dy '), where dy v f = dy oj + fg dy:, whose first page with respect to dy v
is isomorphic to (Map(F(I'), F(I'));dp 5)-

Proof of Claim. If ji, < x, then there exists i’ € OI(I') such that I'(i') =
IV(j). Such j € OI(I”) is said to be of Type (1). Any f € Hom(P(I'(j)),
P(T'(i))) can be written as [], dy: o idpj) for u’ € V1 (T').

If jb >« and Hom(P(I"(j)), P(I'(i))) # 0 for some i, then j, = z and
b € SV (j) such that (blj)p =z — 1. Such j € OI(I") is said to be of Type
(2). Then there exists i’ € OI(T") such that I'(i") =I"(b|j) and any f €
Hom(P(I"(j)), P(I'(i))) can be written as [ ], du: o idpj) odp for u’ € V.1 (I').

Summarizing, Map(F(I'), F(I')) has an Fo-basis:

{ H dut (¢] ldF’(J)
t
U { H dut o ldF’(J) Odh
t

The rest of the proof is similar to that of Lemma [8.1.1.5] and is left to the
reader. O

j € OI(I) of Type (1),u’ € Vn'Z(F)}

j € OI(I") of Type (2),u’ € Vn'z(F)} )

This completes the proof of Lemma [8.1.2.2 O
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8.2. Serre functors of ﬁn,e

In this subsection we write R = R,, . for simplicity. According to [Kel, The-
orem 3.1], D?(R) admits a Serre functor since R has finite global dimension
and the Serre functor is the left derived functor

M — DR &% M,

where M is a left R-module and DR denotes the R-bimodule Homp, (R, Fs).
Note that this means that if ry,72,7 € R and ¢ € Homp,(R,Fz), then
r1¢ra(r) = ¢(rarry). Since Dy, . is equivalent to D®(R), it admits an induced
Serre functor which we denote by Sz. For any projective R-module P(T'),
I' € Bye, S5(P(I')) is isomorphic to a projective resolution of the tensor
product DR ®@p P(T).

By definition, DR has a dual Fy-basis {[I”|T'] | Hom(I',T") # 0,I',T" €
By}, where the linear map [IV|T'] : R — F5 sends the generator of Hom(T', ")
to 1 and other generators to zero. As an R-bimodule, DR has the defining
relations:

(M) = |T)(T) = [I|T].

_ I'|T]  if Hom(T',T") # 0;
Py = 4| ’ ’
(1) [T T] { 0 otherwise.

rrriEy = { [T i Hom(@,T) #0;
0 otherwise.

Hence DR ®p P(T') has an Fa-basis {[IV|I'] | Hom(I',I") # 0,I" € By, ¢ }.

For I € By, ¢, we compute S5(P(I')) =2 DR ®r P(I') in terms of S(I'). If
1T, then V3 (S(T)) =0.1f 1 € T, then V1 (S(T')) = {w}, sy, = e and
ST)w ={Tx(1) —1,...,Tx(e) — 1,n}, and we write

(8.2.1) ST =S(I)(i) € Bye for 0<i<e,
where i € OI(S(I')) such that iy = 1.

Lemma 8.2.2. For anyl' € By, 5,5(.7?(1“)) = S5(P()) is isomorphic to
F(ST)) in Dye.

Proof. The tensor product DR ®p P(T') has an Fa-basis {[I"|I'] | Hom(I",I")
#0,I" € By}
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If 1 €T, then S(I') € B, .. By Lemma Hom(T',I) # 0 if and
only if Hom(I",S(T)) # 0. Hence DR ®pr P(T') is isomorphic to P(S(T)),
i.e., S5(F(I')) is isomorphic to F(S(T)).

Assume 1 ¢ I'y from now on. Our proof makes repeated use of Proposi-
tion [5.1] and Corollary Consider the complex F(S(T')):

P(ST)%) s o B2 ps(m)h) 25 p(s(D)0).

We have S(I')?=1{0,T.(2)—1,...,T\(e) —1,n}. By Proposition
Hom(T, S(T")%) # 0 so that [S(T |F] € DR®p P(I') exists. Define a map
of left R-modules

prg : P(S(I)%) — DR @R P(T)

by pro(S(I')?) = [S(T)°|T]. Moreover, the path from T to S(T')" is the longest
nonzero path starting from T. In other words, Hom(IV,S(T')°) # 0 if
Hom(T,T") # 0 for I € By . Then pry(IV|S(T')?) = [IV|T] for any genera-
tor [I'|T'] € DR ®p P(T"). Hence pr is a surjection.

Claim. Ker(pry) = Im(pr;).
Proof of Claim. Since
SI) ={0,Tw(1) = LTw(3) = 1,..., Tu(e) — Ln},

it follows that Hom(T', S(I')!) = 0 and Im(pr;) C Ker(pry).

To prove Ker(pry) C Im(pr;), it suffices to show that if Hom(T',T”) =
0 and Hom(IV,S(I')%) #0 for IV € B, ., then Hom(I",S(T')!) # 0. Since
Hom(T”,S(I")?) # 0 we have

Da(i) = 1= SI)%i — 1) < T4(5) < S = Tui+1) —

for 1 < i < e. This implies that I, (1) < I'x(1) since Hom(T",I") = 0. We have

(1) <T.(1) - 1,
SO —1) < SI)%i — 1) < T,(0) < SI)2) = SI)L(0),

for 1 < i < e. Hence Hom(I”,S(I')!) # 0. O

The proofs of Ker(pr;) = Im(pr;,;) for 0 <i <e are similar, where
Im(pr, ;) is understood to be 0. Hence F(S(I')) is a projective resolution
of DR®p P(T'). O
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Proposition 8.2.3. The Serre functors Sz and Sz commute with F.

Proof.

Step 1. We first show that Sz and Sz commute with F on the level of
objects, i.e.,

(8.2.4) Sp(F (T, [€]) = F(Sa(T, [€]))-

We prove this by induction on m(I') = e+ 1 — |T'4].
Suppose m(I') =0, i.e., I' € By .. It suffices to prove Equation (8.2.4])
for £ = ¢(T) since both sides commute with shift functors. By Lemma

By Definition F(SHI.[ED)]) = F(SI), [C(T) 0 £(I)]), where ¢(I)

is the generator of Hom( ,S(I')). It remains to show that

(8.2.5) [C(T) 0 &(I)] = [¢(S(T))];

forT' € By, .. If S(T') € By, ¢, then ((I') corresponds to a nonzero path from I'
to S(I') in Qe and Equation (8.2.5)) follows from the definition of [{(S(I"))].
If S(T') ¢ B, then consider 3(S(T)) € Hom(S(T)?,S(I')) as defined in

Equation (7.2.1.1)). By Lemma3.3.1.4} the composition Hom(S(T")?, S(T")) x
Hom(T, S(T")?) — Hom(T, S(T")) is nontrivial. Hence

[£(S))] = [B(S(1)) 0 £(S(T)°)]
= [B(S(T)) o &p,s(ryo © £(I)] = [¢(T') 0 &(I)],

where &1 g(ryo is the generator of Hom(T", S(I")?).
Suppose m(I') > 0. Consider the bypass triangle

@, 1g-1) 25 (1) S @) - (@ 1)

in CNTL,@ which contains S(I') as defined in Definition We have
m(I"), m(I'") <m(l'). Let 8 € Homg ((I",[¢]), (I, [€"])) be the second
morphism in the triangle. By Proposfmon 8.1.2.1

Homp (F(I',[¢]), F(I", [€")) = F2(F(8)).
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Since S; is the rotation endofunctor of C~n,67 it maps bypass triangles to
bypass triangles and

Homg  (F(Sa(I", [€])), F(Se(T", [€"])) = F2(F(Se(B)))-

Also, since Sz is an auto-equivalence of Dy, ,

Homg (S5(F(I',[€1)), Sp(F (I, [€"]))) = F2{S5(F(B)))-

Finally, since

Sp(F(I', [€) = F(Se(I, [€)

and

Sp(F(I",[€")) = F(ST", [€"]))

by induction, we have Sx(F(8)) = f(Sg(B)). Hence,

Sp(F (L, [6) = Sp(Cone(F(8))) i
— Cone(S5(F(8))) = Cone(F(S¢(8) = F(S¢ (T’ [£)),

where the first and last isomorphisms follow from Proposition [7.3.1]

Step 2. Since the morphisms of (Zw are generated by bypasses, it suffices to
prove that Sz (F(8)) = F(S(8)) for any bypass f € Homg (I, [¢]), (I, [§']))-
This in turn follows from observing that both are generators of

Homg  (F(Sa(T, [€)), F(Se(T", [€)))

= Hom5n7c(85(f(lj, [€])), Sp(F(T, [€])))-
O

We prove the analogue of Lemma3.3.3.1|for the Serre functor Sz of ﬁn,e.

Proposition 8.2.6. There is an isomorphism of endofunctors of 7571,,3:
Sntl o e(n—e)
4 )

Proof. Since 25,176 is generated by the image of F (and in particular the
projectives P(I'), I' € By, ¢, and morphisms between projectives), it suffices

to show that S%H(}"(F, [€])) = F(T,[¢])[e(n — e)] for any (T, [¢]). By Lemma
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3.3.3.1] and Proposition [8.2.3

SEUFT ) = FE )

F(T, [E]le(n — e)]) = F(T, [])[e(n — e)].

8.3. General cases

Since Homg, (T, I") is at most one-dimensional, ]-"n ¢ is faithful if and only
if Freis falthful ie.,

(F") Fn,e : Home, (T, I') = Homp, (F(T), F(I)).

By Proposition holds for I', I if and only if it holds for S¥(T"),
Sk(T) for some k.

We prove Equation for I',T” in C, . by induction on n. If I" and I”
have a common boundary parallel component, then it is either a positive
region or a negative region.

Case 1. Suppose that R, (') and R4 (I") have a common boundary parallel
component, i.e., there exist v € V(I') and v/ € V(I') such that I'y =T, =
{t}. By applying the Serre functor ¢ + 1 times, we can assume that I'y =
I, = {n}. Let " and I" denote dividing sets in C,,_; . obtained from I" and
I by removing I'y and I',,, respectively.

Case 2. Suppose that R_(T") and R_(I") have a common boundary parallel
component, i.e., there exist v € V(I') and v/ € V(I) such that {t,t + 1} C
ry,I,. By applymg the Serre functor ¢+ 1 times, we can assume that
{0,n} C T, T. Let I and I’ denote dividing sets in Cp,—1 .—1 obtained from
I’ and I by removing n from I'y and I",, respectively.

Lemma 8.3.1. (F') holds for T, T" if and only if it holds for [,TV in both
Cases 1 and 2.

Proof. It suffices to prove that there exist canonical isomorphisms:

3.2) Home, (T, T") = Home, , (T, T);
(8.3.3) Homp, (F(I), F(I")) = Homp, , . (F(T), F(I")).

The first isomorphism ({8.3.2) follows from observing that yr - is iso-
morphic to V¢ -
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Consider two full sub-quivers Q and o of Qp ¢, where
V(Q/n,e) = {F € BH,C | n ¢ F*}? V( Z,e) = {F € Bn,e ‘ n S F*}

There are two subalgebras R;, . and R; . of R, . which are generated by

me and Q7 ., respectively. Let D, e and D;, . be the corresponding full
subcategories of D .. By Lemma [5 Rme is canonically isomorphic to
R, 1., and R;Le is canonically isomorphic to R,_1—1. The second isomor-
phism follows from compositions of functors: D,,_1 ¢ = D;he — Dpe

and Dn—l,e—l :> 'D;;e — Dn,e- O

Before proving in general, consider the special cases described in
Figure There are two boundary parallel components, one in R4 (I") and
the other in R+(I'"). The boundary parallel component of I is obtained by
rotatmg that of I' through a counterclockwise angle of 7. We say that the
pair ( ) is in local annihilation position.

‘ ‘ ‘ n +\

Figure 36: A pair (I, I”) in local annihilation position, normalized using the
Serre functor.

Lemma 8.3.4. If the pair (U',T") is in local annihilation position, then
Homg, , (T, F/) =0, Hompn7c(.7-"(lj),f(11’)) =0.

Proof. Since the two boundary parallel components form a loop after edge
rounding, #yr - > 1 and Home, (I',I") = 0.

By applying the Serre functor we are in one of the following two cases
as in Figure [36}

1) The boundary parallel components are in R, (T') and R_(I"): there
exists v € V(T') such that 'y = {1}; and 1 € T",.

2) The boundary parallel components are in R_(I") and Ry (I): there
exists v/ € V(I) such that I'},, = {n}; and n € ..

For any i € OI(T"),j € OI(I"), 1 ¢ T'(i) and 1 € I'(j) in the first case and
n € I'(i) and n ¢ I'(j) in the second case. In either case Hom(T'(i),I"(j)) = 0
by Proposition Hence Homp, (F(T'), F(I")) = 0. O
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We are finally in a position to complete the proof of Theorem

Proof of Theorem[1.1. We show that holds for any I", I by induction on
n. For any boundary parallel component of I, consider the neighborhood
of the component in IV as on the right-hand side of Figure there are
three endpoints 7, s,t of I in clockwise order around 9D? and I" connects
r and s. We may assume that I' does not connect r and s since if I' and
I'” have a common boundary parallel component then we can reduce n by
Lemma[8.3.1} and that I' does not connect s and ¢ since if (I',I”) is in local
annihilation position then we are done by Lemma [8.3.4] Hence there exists
a nontrivial bypass triangle T" BT 510 55 T such that (T° 1) is in local
annihilation position; see Figure

By applying exact functors Hom(—,T") (this is exact by Lemma
and Hom(—, F(I")), we have two isomorphisms:

Hom(T,I") 2% Hom(T, '), Hom(f(f), F(')) 2L Hom(F(T), F(I')),
since Hom(I'", T") = 0 and Hom(F = 0 by Lemma 8
Figure 37.

Since I' and I” have a common boundary parallel component we can
reduce n by Lemmal[8.3.1] In the case where n = 2, there are 5 dividing sets in
Ca, and I" and I are either the same or in the unique bypass triangle in Ca ;.
The first part of Theorem follows from Propositions [8.1.1.1] and [8.1.2.1]
The assertion about exact triangles was the content of Proposition[7.3.1 [J
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Index of notation

Section [4

I' : a dividing set

R (T') : the positive region of a convex surface ¥ with dividing set I"

R, (F) : the positive region of 90X with respect to the marked points F' C 0%
0 =04 Ud_ : the arc of a bypass attachment as a union of its positive and
negative parts

Section

Cp.c : the (skeletal version of the) contact category of a disk

571,6 : the universal cover of the (skeletal version of the) contact category of
a disk

X+ = X+(I'), x— = x—(T) : the Euler characteristics of Ry (I') and R_(T").
s : the label s of a positive arc in QDQ

S, 8z : Serre functors of Cp e and Cp e

Section

mo(R4(T)), mo(R-(T)) : the set of components of Ry (I') and R_(T")

V : the set of vectors of positive integers

x : the special element of V

Op : (R4 (T)) — V the assignment of components of R4 (I") by vectors in
Im(®r) : the set of vectors of I'

\%
( ) =
VHI) = VI)\{+}
V.1 (T') : the subset of non-boundary-parallel components of V(T
B, : the set of basic dividing sets
['(s1,...,Se) : the basic dividing set I' € By, . such that 'y = {0, s1,. .., s¢}.
v : the v-component of R, (I'), where v € V(I') = Im(®r); the set of labels
contained in the
v-component of R (I")
', : the based component of R, (I') containing the label 0
[y (i) : the ith element of T'y
Ir, =Ty| -1
[ : a bypass attachment; later 8 will also be a map V(I') — V(I) (cf. Equa-
tion and a

map [1(B) USI(B) — OI(I") (cf. Definition |6.3.2.2)
b(5),b(p) : elements of V(I'), cf. Notation
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z(8),y(B) : elements of {0,...,Ir, }, cf. Notation m
z(B) : element of {0,...,Ir; , }, cf. Notation 4.2.1

Flh(ﬁ)’rg(ﬁ) : left and right subsets of I'y (), cf. Notation (4.2.2
Section

Qn.e : the quiver

R, : the Fo-algebra

I' 5 I’ : an arrow in the quiver Q.

(T), (T'|T”) : generators of the algebra Ry, .

P(T) : left projective R, .-module corresponding to I' € B,,

5,1,8 : the homotopy category of bounded complexes of finitely projective
R, .-modules

D,, ¢ : ungraded version of ﬁn,e
Section

Fne:Cne — Dy and .7-~'n,e : 57176 — 15n,e functors

B(T) : the leftmost bypass on I’

i = (iy) : an omitting index with its v-entries

OI(T) : the set of omitting indices of T

I'(i) : the basic dividing set corresponding to i € OI(T")

cv(7) @ the nesting degree of i for v e V(I

h(i) : the cohomological degree of i € OI(T")

NV (v,i) : the set of nesting vectors inside v up to ¢

DNV (v,i) : the set of direct nesting vectors inside v between ¢ — 1 and 4
SLV (i) : the set of sliding vectors of i

SHYV (i) : the set of shuffling vectors of i

SV (i) : SLV(i)USHV (i)

v|i: v-modified omitting index, cf. Definition

¢/i : c-modified omitting index, where ¢ is a component of mo(R_(I"))
r(i,v) : a nonzero element of R, . corresponding to a path from I'(i) to
P(v]i) in Qu

d(i,v) : P(I'(i)) — P(I'(vl|i)) given by right multiplication by (i, v)

r(i, ), d(i, ¢) defined analogously

dy,d. : components of differential d = dr for F(I")

LSV () : the set of left shuffling vectors of

I11(p) : the set of omitting indices of type (Id) for
SI(B) : the set of omitting indices of type (Sh) for
t(8,1) : a nonzero element of R, . corresponding to a path from I'(i) to

I"(B(1)) in Qn.e
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Section [
[€(T)] : a homotopy class of T

B(T) : a nontrivial bypass to I’
Ir(A) : the sum of I, for I'y C A

P;(B) : six parts of dD? for 3
Section

IV:a dividing set associated to I' and v € VnJg (T"); also written as Tif v is
understood

v : bijection V1 (D)\{v} = V;g(f); also denotes the induced map V:
OI(T) — OI(T)

Map(F(T'), F(I")) : Ry e-module maps where F(I') and F(I") are viewed as
R,, .-modules

dwvf =dwo [+ fody, where f € Map(F(T'),F(I')) and v € OI(T),w €
oIr(I)

dyvf=[fody,dwpf=dwo f, dryrf=drof+fodr

85 : Serre functor of Dy, .

DR : R-bimodule Homg, (R, Fs)

[IV|T'] : generators of the R-bimodule DR
S(I')? : a basic dividing set representing S(T')



758 K. Honda and Y. Tian

References

[ASS] I. Assem, D. Simson and A. Skowronski, Elements of the represen-
tation theory of associative algebras. Vol. 1, London Mathematical
Society Student Texts, vol. 65, Cambridge University Press, Cam-
bridge, 2006.

[BK] A.Bondal and M. Kapranov, Representable functors, Serre functors,
and reconstructions, Izv. Akad. Nauk. SSSR Ser. Mat. 53 (1989),
1183-1205.

[Co] B. Cooper, Formal contact categories, preprint 2015. arXiv:1511.
04765.

[El1] Y. Eliashberg, Classification of overtwisted contact structures on 3-
manifolds, Invent. Math. 98 (1989), 623-637.

[Gil] E. Giroux, Structures de contact sur les variétés fibrées en cercles
au-dessus d’une surface, Comment. Math. Helv. 76 (2001), 218-262.

[Gi2] E. Giroux, Structures de contact en dimension trois et bifurcations
des feuilletages de surfaces, Invent. Math. 141 (2000), 615-689.

[H1] K. Honda, On the classification of tight contact structures I, Geom.
Topol. 4 (2000), 309-368.

[H2] K. Honda, Gluing tight contact structures, Duke Math. J. 115
(2002), 435-478.

[HKM] K. Honda, W. Kazez and G. Matié¢, Pinwheels and bypasses, Algebr.
Geom. Topol. 5 (2005), 769-784.

[Hu] Y. Huang, Bypass attachments and homotopy classes of 2-plane
fields in contact topology, J. Symplectic Geom. 12 (2014), 599-617.

[GH] V. Gripp and Y. Huang, A topological grading on bordered Heegaard
Floer homology, Quantum Topol. 6 (2015), 403-449.

[Ke] B. Keller, Calabi-Yau triangulated categories, Trends in representa-
tion theory of algebras and related topics, 467-489, EMS Ser. Congr.
Rep., Eur. Math. Soc., Ziirich, 2008.

[Ku] A. Kuznetsov, Calabi-Yau and fractional Calabi-Yau categories, J.
Reine Angew. Math. 753 (2019), 239-267.

[LOT] R. Lipshitz, P. Ozsvéath and D. Thurston, Bordered Heegaard Floer
homology, Mem. Amer. Math. Soc. 254 (2018), no. 1216.



Contact categories of disks 759

[M1] D. Mathews, Chord diagrams, contact-topological quantum field the-
ory and contact categories, Algebr. Geom. Topol. 10 (2010), 2091—
2189.

[M2] D. Mathews, Sutured Floer homology, sutured TQFT and noncom-
mutative QFT, Algebr. Geom. Topol. 11 (2011), 2681-2739.

[M3] D. Mathews, Itsy bitsy topological field theory, Ann. Henri Poincaré
15 (2014), 1801-1865.

[M4] D. Mathews, Strand algebras and contact categories, Geom. Topol.
23 (2019), 637-683.

[Ti] B. Tian, in preparation.

[T1] Y. Tian, A categorification of Urp(sl(1|1)) and its tensor product
representations, Geom. Topol. 18 (2014), 1635-1718.

[T2] Y. Tian, A diagrammatic categorification of a Clifford algebra, Int.
Math. Res. Notices (2015), 21, 10872-10928.

[T3] Y. Tian, Categorification of Clifford algebras and Ugy(sl(1]1)), J.
Symplectic Geom. (2016) 14, 541-585.

[T4] Y. Tian, Towards a categorical boson-fermion correspondence, Adv.
Math. 365 (2020), 107034.

[Za] R. Zarev, Bordered Floer homology for sutured manifolds, preprint
2009. arXiv:0908.1106.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, LOS ANGELES
Los ANGELES, CA 90095, USA
E-mail address: honda@math.ucla.edu

YAU MATHEMATICAL SCIENCES CENTER, TSINGHUA UNIVERSITY
BEUING 100084, CHINA
E-mail address: yintian@tsinghua.edu.cn

RECEIVED JUNE 6, 2017
AcCCEPTED APRIL 19, 2021






	Introduction
	The contact category
	Contact category of a disk
	Algebraic description of Cn,e
	Definition of D"0365Dn,e
	The functors Fn,e
	The functors F"0365Fn,e
	D"0365Dn,e as a triangulated envelope of C"0365Cn,e
	Index of notation
	References

