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Self-crossing stable generalized
complex structures
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We extend the notion of (smooth) stable generalized complex struc-
tures to allow for an anticanonical section with normal self-crossing
singularities. This weakening not only allows for a number of nat-
ural examples in higher dimensions but also sheds some light into
the smooth case in dimension four: in this dimension there is a
natural connected sum construction for these structures as well as
a smoothing operation which changes a self-crossing stable gener-
alized complex structure into a smooth stable generalized complex
structure on the same manifold. This allows us to construct large
families of stable generalized complex manifolds.
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1. Introduction

Generalized complex structures, introduced by Hitchin [I5] and Gualtieri
[11], are a simultaneous generalization of complex and symplectic struc-
tures. Infinitesimally a generalized complex structure is equivalent to the
product of a complex and a symplectic vector space. The number of com-
plex directions a generalized complex structure has at a point is the type of
the structure, which is an upper semi-continuous function. Points where the
type vanishes form the symplectic locus while points of maximal type are
of complex type. At a region where the type is constant and equal to, say,
k, the structure is locally the product of C* with its complex structure and
R2("=k) with the standard symplectic structure [I1]. Yet a striking feature of
generalized complex structures is that complex and symplectic points may
coexist in a connected manifold.

The anticanonical bundle of every generalized complex manifold comes
equipped with a natural section which is nonzero precisely at the symplec-
tic locus. The simplest type-changing phenomenon in generalized complex
geometry happens in smooth stable generalized complex structures [5} [§]. For
those, the anticanonical section is transverse to the zero section. In spite of
only displaying the simplest type-change behaviour, smooth stable general-
ized complex manifolds have a rich geometry and there are several interesting
examples, especially in four-dimensions. Known examples include:

1) n#CP%#mCP? admits a smooth stable generalized complex structure
if and only if it admits an almost-complex structure, that is if and only
if n is odd [];

2) n#CP?#mCP24(S! x $3) admits a smooth stable generalized com-
plex structure if and only if it admits an almost-complex structure,
that is if and only if n is even [22];

3) n#(S? x S?) admits a smooth stable generalized complex structure if
and only if it admits an almost-complex structure, that is if and only
if n is odd [22];

4) n#(S? x S?)#(S' x §3) admits a smooth stable generalized complex
structure if and only if it admits an almost-complex structure, that is
if and only if n is even [22];

5) Most elliptic surfaces admit non symplectic, smooth stable generalized
complex structures [9, 23].
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The families (1) to (4) only admit symplectic structures if n = 1 and only
admit complex structures if n = 1, or, in families (2) and (4), if n = 0.

Besides the existence of many examples, the geometry of these four-
dimensional generalized complex structures is very reminiscent of symplectic
Landau—Ginzburg models from physics [16]. Precisely, our examples present
themselves in a way that seems to be closely related to the setup used by
Seidel in his study of the Fukaya category on symplectic manifolds with
Lefschetz fibrations [20] and later used by Auroux-Katzarkov-Orlov [I] in
the context of mirror symmetry of Del Pezzo surfaces.

Yet smooth stable generalized complex structures have a clear shortcom-
ing: no Poisson Fano manifold is smooth stable generalized complex in real
dimension greater than four [I3]. Another quirk of the theory is that even
though families (1) to (4) are all connected sums, until now that seemed
to happen nearly by accident. Those manifolds were obtained performing
surgeries on minimal surfaces followed by a computation to determine their
diffeomorphism type. The obvious question here is whether there is a con-
nected sum construction within the class of smooth stable generalized com-
plex structures.

The present paper aims to tackle both of these issues. We do so by
considering generalized complex structures whose anticanonical section is
transverse to zero with self-crossings, hence are more singular than the orig-
inal smooth stable case. Allowing for self-crossings is a natural weakening of
the stability condition. In algebraic geometry one often makes no distinction
between holomorphic sections transverse to zero and sections transverse to
zero with self-crossings. This is also completely analogous to the move, in
real Poisson geometry, from log-symplectic to log-symplectic with normal
self-crossings [12] [19].

We call these new structures just “stable”, without the adjective
“smooth” to indicate that the zero locus of the anticanonical section is no
longer a smooth embedded submanifold. An immediate consequence of the
definition is that CP?" is a stable generalized complex manifold and hence,
above dimension four, this is a genuine weakening of the original stable
condition.

This change in the singular behaviour of the anticanonical section is
small enough that much of the theory developed in [5] for smooth stable
structures has a direct extension: we define complex logarithmic tangent
bundle and extend the definition of elliptic tangent bundle. The existence
of a stable generalized complex structure is equivalent to the existence of a
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symplectic structure on the elliptic tangent bundle satisfying certain coho-
mological conditions. This fact allows us to study stable generalized complex
structures using symplectic techniques.

Armed with symplectic techniques, we ask whether our results have any
bearing on smooth stable generalized complex structures. Dimension four
turns out to be special:

Theorem Any four-dimensional stable generalized complex structure
can be deformed into a smooth stable generalized complex structure.

The study of symplectic structures on the elliptic tangent bundle which
fail to satisfy only some of the conditions needed to produce a stable gener-
alized complex structure turns out to be a fruitful detour. Indeed, we show
that CP?, CP2 and S* all admit symplectic structures which fail to be of
generalized complex type at 0 or 2 (CP?), 1 or 3 (CP2) and 1 (S*) points.
The existence of this structure in S* has a particularly remarkable conse-
quence, namely, that we can develop a connected sum operation for these
manifolds (c.f. Theorem and by keeping track of the number of “prob-
lem” points we can also determine when the resulting structure is stable
generalized complex. The outcome is that we can extend the families (1) to
(4) above and prove directly that:

Theorem The manifolds in the following two families admit stable
generalized complex structures:

1) #n(S? x S?)#4(S' x S3), with n,l € N;
2) #nCP?#mCP24#4(ST x S3), with n,m,l € N,

as long as 1 — by + b; is even and the FEuler characteristic s non-negative.

Notice that if 1 — b7 + 192+ is odd for a four-manifold M, then M does not
admit any generalized complex structure as it is not even almost complex by
[14] or [7, Theorem 1.4.13]. The requirement that the Euler characteristic is
positive, on the other hand, seems to be more of a limitation of our methods.

Organisation of the paper. This paper is organised as follows. In Sec-
tion [2| we introduce self-crossing complex and elliptic divisors, the basic
geometric objects that allow us to develop the theory of stable generalized
complex structures. In Section [3|we will introduce the Lie algebroids induced
by these divisors, which are the spaces where stable generalized complex
structures become the more amenable symplectic structures. In Section
we introduce self-crossing stable generalized complex structures and show
that they are equivalent to a certain class of elliptic symplectic structures.
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In Section [5| we focus on four-dimensional structures. Here we prove a nor-
mal form theorem for self-intersection points in the divisor and show that
a stable structure can be deformed into a smooth one (Theorem . In
Section [6] we show that one can perform connected sums of stable general-
ized complex structures (Theorem and in Sectionwe provide concrete
examples obtained via connected sum and prove Theorem

Acknowledgements. We thank Eduard Looijenga for useful conversa-
tions regarding complex log divisors and Ornea and Vuletescu for pointing
us towards [2] used in part of the argument in Remark RK was sup-
ported by ERC consolidator grant 646649 “SymplecticEinstein”. AW was
supported by the NWO through the Utrecht Geometry Centre Graduate
Programme.

2. Self-crossing divisors

This section covers the basic definitions and properties of the singularities
we will encounter. We start by recalling the definition of a divisor, before
introducing the complex log divisors we are mostly interested in. After dis-
cussing their zero sets in some detail, we turn to elliptic divisors. These can
be induced from complex log divisors, and will play a large role throughout
the paper. Finally we describe the relation between complex log and elliptic
divisors in detail.

2.1. Divisors

In this section we define the objects which will govern the singularities of
the geometric structures that are to come.

Definition 2.1. A complex divisor on M is a locally principal ideal I of
C°(M;C) which is locally generated by functions with nowhere dense zero
set.

Divisors can be equivalently described using line bundles with sections:

Proposition 2.2. Let I be a complex divisor on M. Then there exists
a complex line bundle L — M with section o € I'(L) with nowhere dense
zero set and o(I'(L*)) = I . Conversely, given any complex line bundle with
section with nowhere dense zero set (L, o), the ideal I, :== o(I'(L*)) defines
a complex log divisor.
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Note that the line bundle L is uniquely determined up to vector bundle
isomorphism (covering the identity), and that the section o is unique up to
multiplication by a smooth function.

Definition 2.3. Let (M, Iy) and (N,In) be manifolds with divisors. A
smooth map ¢: M — N is a morphism of divisors if ¢©*In = I, where
the left-hand side denotes the ideal generated by all pullbacks. It is called a
diffeomorphism of divisors if ¢ is a diffeomorphism.

Definition 2.4. A smooth complex log divisor is a complex divisor Ip
locally generated by transverse vanishing functions.

By transversality, the vanishing locus of a smooth complex log divisor is
an embedded submanifold D of codimension two.

Definition 2.5. A self-crossing complex log divisor is a divisor Ip,
such that for every point p € M, there exists a neighbourhood U of p such
that

IU)y=1I-...-1j,

where Iy,...,1I; are smooth complex log divisors on U with transversely
intersecting vanishing lociﬂ

Remark 2.6 (Terminology). Our definition of a smooth complex log
divisor appears in [5] without the prefix smooth attached. For brevity, we will
often write “complex log divisor”, which has to be understood to possibly
have self-crossings. Whenever we deal with a smooth complex log divisor we
will explicitly stress this.

Definition 2.7. Let Ip be a complex log divisor. For a given point p € M,
and a neighbourhood U of p let ny be the number j as in Definition
The multiplicity of p is the minimum of ny taken over all neighbourhoods
of p.

Example 2.8. Let {Ip,} fori =1,...,n be a collection of smooth complex
log divisors with transversely intersecting vanishing loci. Then their product
Ip := ®}_Ip, defines a complex log divisor. We call such a divisor a strict
normal crossing divisor.

LA collection of submanifolds {D;} is said to intersect transversely at a point
x e M if
codim([ )T, D;) = Y _ codim(T,D;).
i i
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By definition every complex log divisor is locally of this form, which will
often be used.

Definition 2.9. Given a complex log divisor Ip, we call a choice of local
smooth complex divisors near a point as in Example a local normal
crossing.

Note that up to the germ of a local isomorphism of divisors, the only
choice in a local normal crossing for a given complex log divisor is the or-
dering of the smooth divisors.

Example 2.10. Let O(k) be the holomorphic line bundle on CP" obtained
as the k-fold tensor product of the dual of the tautological line bundle. Re-
call that sections of O(k) can be identified with homogeneous polynomials of
degree k in n + 1 variables. Under this identification we can view the polyno-
mial p := 2g - ... - 2z, as asection of O(n + 1). We conclude that (O(n +1),p)
defines a complex log divisor on CP™.

Example 2.11. Let E — M be a complex line bundle. Then I'((E*?)*) C
C°(F) generates an ideal I on E. Locally, if U C M is an open neighbour-
hood on which E|;; is trivialised, there exists a corresponding fibre coordi-
nate z on U which generates I. We conclude that every complex line bundle
carries a canonical smooth complex log divisor whose vanishing locus is the
zero section M C E.

Example 2.12. Let (21,...,2;,%2j41,-.,T2j+m) be coordinates on C/ x
R™ and define smooth complex log divisors Ip, := (z;). Then the ideal Ip =
®@]_,Ip, is called the standard complex log divisor with j irreducible
components on C/ x R™,

Lemma 2.13. If Ip is a complex log divisor and p € M is a point of multi-
plicity j, then Ip is locally diffeomorphic to the standard complex log divisor
around p.

Proof. Because the representatives fi, ..., f; of the ideals of a local normal
crossing vanish transversely and their zero sets are transverse, they can be
completed to a local coordinate system on an open neighbourhood of p.
These coordinates provide the divisor diffeomorphism. U

The vanishing locus of a complex log divisor is not an embedded subman-
ifold when there are points with multiplicity larger then one, it is however
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immersed. Intuitively, the vanishing locus of a complex log divisor is the im-
mersion of a manifold, D, obtained from D by duplicating the intersection
locus and separating the strands whenever self-crossings occur. Here we need
to introduce some subtle language variation to distinguish between different
meanings of the word component: a connected component of D is just
that, a connected component of D as a subspace of M, while a irreducible
component of D is the image of a connected component of D.

The degeneracy locus is not only an immersed submanifold but it is also
stratified by embedded smooth submanifolds.

Definition 2.14. Let Ip be a complex log divisor with points of at most
multiplicity n on a manifold M. Given 1 < j <n, the set of points with
multiplicity at least j will be denoted by D(j). These sets induce a filtration
on M, namely

M =D(0)>D=D(1)D>D(2)D---D D(n).

We will call this filtration the multiplicity stratification of M induced
by Ip. The strata of this stratification are denoted by

D[i] :== D()\D(i + 1),

and consist of the points with multiplicity ezactly i, and each have codimen-
sion 21.

The following is immediate, and will be used without further mention
throughout this paper.

Lemma 2.15. Let Ip be a complex log divisor on a manifold M with
points of multiplicity at least i. Then ID‘M\D(H—I) is a complex log divisor
on M\D(i+ 1) with points of multiplicity at most .

With this in mind we can verify that the definition of the stratification
makes sense.

Lemma 2.16. The filtration from Definition[2.14) defines a smooth strati-
fication on M.

Proof. We first note that the highest codimension stratum D(n) is a
smooth submanifold by the regular value theorem. Next, the subset D[i] =
D(i)\D(i + 1) is the highest codimension stratum of the restricted divisor to
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M\D(i+ 1) and is therefore smooth. Finally the filtration induces a strat-
ification precisely because we have the local form as described in Lemma

213 O
2.2. Elliptic divisors

We now introduce self-crossing elliptic divisors. These divisors arise as the
real part of complex log divsors, but can be defined independently.

Definition 2.17 ([5, Definition 1.6]). A smooth elliptic divisor is
a real divisor I|p| locally generated by definite Morse-Bott functions with
codimension-two critical set D.

In fact, asking the existence of local generating function of I|p| as above,
implies that there exists a global generator f € I p.

Note that a given codimension-two submanifold may carry multiple
smooth elliptic divisor structures. To proceed we again consider divisors
which are local normal crossings of smooth elliptic divisors.

Definition 2.18. A self-crossing elliptic divisor on a manifold M is a
real divisor /|p| such that for every p € M there exists an open neighbour-
hood U of p such that

Here the I|p,| are smooth elliptic divisors on U whose zero loci D; intersect
transversely.

As for smooth elliptic divisors, self-crossing elliptic divisor ideals are also
generated by a single function. The above definition is equivalent to saying
that this function is locally the product of definite Morse-Bott functions
with codimension-two critical sets, which intersect transversely.

As discussed in Remark we will often omit the prefix “self-crossing”
and instead add “smooth” when referring to an elliptic divisor in the sense
of [5]. Many of the notions we defined for complex log divisors with self-
crossings can also be defined for elliptic divisors with self-crossings. In par-
ticular we can consider the multiplicities of its points and an induced strat-
ification, which will be denoted in the same manner as in the complex log
case.

An important class of elliptic divisors arises from complex log divisors:
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Example 2.19. If Ip is a complex log divisor, then Ip - Ip is invariant
under conjugation. Therefore, there exists a real ideal I|p| such that Ijp| ®
C=1Ip-Ip. By definition, locally Ip =Ip, -...-Ip,, where the Ip, are
smooth complex log divisors with transverse zero loci. Therefore we see that

I|D‘(U)®C: (IDl 'TDl) e (IDn 'TDH)7

hence I|p|(U) is given as the product of smooth elliptic divisors with trans-
verse vanishing loci. We conclude that [|p| is an elliptic divisor, and call it
the elliptic divisor induced by a complex log divisor.

The following is completely analogous to the complex log setting (Ex-

ample :

Example 2.20. Given smooth elliptic divisors I|p,| for which the vanish-
ing loci D; are transverse, we have that I|p| := ®j_,/|p,| defines an elliptic
divisor. We call this a strict normal crossing elliptic divisor.

By definition, every elliptic divisor is locally of the above form, warrant-
ing the following.

Definition 2.21. Given an elliptic divisor /|p|, we call a choice of local
smooth complex divisors near a point as in Definition [2.18 a local normal
crossing.

Example 2.22. Let (z1,v1,...,%5,Yj,2Zj+1,---,%m) be coordinates on
R?% x R™ and define smooth elliptic divisors Ip, = (x2 +y2). We call
Iip| := ®;_,1|p,| the standard elliptic divisor with j irreducible com-
ponents on R% x R™.

Using the Morse-Bott lemma we can locally put an elliptic divisor in
standard form.

Lemma 2.23. Let I|p| be an elliptic divisor on a manifold M and letp € M
have multiplicity j. Then I p is locally diffeomorphic to the standard elliptic
divisor with j irreducible components on R x R™, where dim M = 2j + m.

It follows from this lemma that, just as for complex divisors, the van-
ishing locus of an elliptic divisor, /|p|, is an immersed submanifold, D, with
transverse self crossings. Furthermore, it implies that one can define an el-
liptic divisor alternatively as the ideal generated by a function f: M — R4
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whose zeros are locally of the form
f(mbyla sy They Ykey ThA-15 - - 'awn) = (.’IJ% +y%) s (x% +y1%)

2.2.1. Examples. A class of examples of elliptic divisors arises from toric
geometry.

Example 2.24. Let p: M?" — R" be a toric manifold and let A = p(M)
be its moment polytope. Let Igan be the vanishing ideal of JA. The ideal
p*Iga is an elliptic divisor on M with vanishing locus p=1(9A).

Indeed, because M is toric, if the isotropy group of a point p in M is
isomorphic to T! C T™, then, according to the Equivariant Darboux Theo-
rem, there are coordinates in a neighbourhood of p and of u(p), in which
the action is given by

" xC*"— C",
(917---;671) . (2’1,...,Zn)
= (61912,17 .. ~7ei012l7zl+1 + 0[+17 <oy Zn + 071)7

and the moment map is given by

iz z) = (2P 4 S (), S ().

Finally, we can describe a generator, h, for Iya as follows: take h(z) =
IL;((z, A\i) — ¢i), where A\; € R™ are inward pointing vectors orthogonal to the
faces of A and the ¢; € R are constants chosen so that each factor vanishes
on the corresponding face.

In the coordinates used above, the function A is given by

Wz, - ,zn) =21...27- h,
where h is a positive function. And it follows directly that
wlon = (uh) = (... |af),
showing that it is an elliptic divisor.

An explicit case of the setting of the above example occurs on the man-
ifold CP".
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Example 2.25. Consider CP" with the moment map

(’z0|2 y |Z1|2 P |zn71|2)
[z + |21 + -+ |z

(2.1) pw:CP"—=A [20 1210+t zn)

Here A = {(x1,...,2,) € R" :2; >0, for all 4 and ), x; <1} denotes the
moment polytope. Proceeding as in Example endows CP™ with the
structure of an elliptic divisor. Note that this is the elliptic divisor induced
by the complex log divisor of Example

2.3. Elliptic versus complex log divisors

As we have seen in Example a complex log divisor Ip induces an
elliptic divisor I|p|. Using the associated line bundle with section, (L,o),
the complex log divisor also induces a complex structure on the normal
bundle of D[1] via the isomorphismP]

If we were to pick another section, which is necessarily of the form fo with
f e C>®(M), then

dy(fff)bm = f|D[1] d”(o)|ppy,

and thus the complex structure induced using d”(fo)|pp; is isomorphic to
the complex structure induced using d”(o)|ppj- In particular, the orienta-
tion on NDIJ1] is independent of the choice of section. These two pieces of
information, the elliptic divisor and the co-orientation, completely deter-
mine the complex log divisor. This statement was already mentioned in the
smooth case in [5], Section 1.2], but appeared there without proof.

Proposition 2.26. Let M be a manifold. The association
Ip — (I|D|7 0)
which sends a complex log divisor on M to its associated elliptic divisor, to-

gether with the induced co-orientation of D[1], induces a bijection of complex
log divisors and elliptic divisors with chosen co-orientation of D[1].

2Because o vanishes transversely on D[1], the normal derivative is an isomor-
phism.



Self-crossing stable generalized complex structures 773

Proof. The proof follows from the fact that it holds for smooth divisors,
combined with the fact that complex log and elliptic divisors are locally
products of, smooth complex/elliptic divisors. For a full proof (and a proof
of the statement in the smooth case) we refer to [24]. O

Motivated by this result we define the following.

Definition 2.27. An elliptic divisor I|p| is co-orientable if D[1] is co-
orientable.

3. Lie algebroids associated to self-crossing divisors

In this section we introduce the Lie algebroids associated to self-crossing
complex log and elliptic divisors. Much of this section follows along the
same lines as [0, Section 1]. The Lie algebroids will be defined by impos-
ing that their sections interact appropriately with the divisors, in that they
must preserve the divisor ideals.

Both complex log and elliptic divisor give rise to Lie algebroids using the
Serre-Swann theorem and the local normal forms obtained in Lemma 2.13]
and Lemma [2.23]

Definition 3.1. Let Ip be a complex log divisor and | p| and elliptic divisor
on a manifold M.

e Complex vector fields preserving Ip define a complex Lie algebroid
Ap, called the complex log tangent bundle.

e Real vector fields preserving I|p| define a real Lie algebroid A|p|, called
the elliptic tangent bundle.

The ideal Ijp| determines the elliptic tangent bundle. The converse is
also true. Namely, suppose we are given any Lie algebroid B — M whose
rank agrees with the dimension of M. The anchor map, p, induces a bundle
map det,: A" B — A"T'M, which can be regarded as a section of the real
line bundle A"B* ® A"T'M. That is, B determines the real divisor (A"B* ®
A"T'M, det,). Given the local expression for generators of A|p| we have:

Lemma 3.2. The elliptic tangent bundle determines its underlying ideal.

When an elliptic divisor is induced from a complex log divisor we can
relate the Lie algebroids.
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Proposition 3.3. Let Ip be a complex log divisor, and let I|p| be the in-
duced elliptic divisor. Then

Ap XT.0m Aﬁ = .A|D| ® C.

The forms of the complex log tangent bundle are particularly easy to
work with from the differential geometric point of view, as they relate on
forms defined on the complement.

Lemma 3.4. Let Ip be a complex log divisor on M, and let o € QF(M\D)
be a differential form. Then o extends to a smooth complex log form a €
QF(Ap) if and only if for any local generator f of Ip both fa and fdo
extend as smooth forms over D.

The proof is the same as in the holomorphic setting, and thus omitted.

The cohomology of the complex log tangent bundle also relates neatly
to the complement; the following result is the self-crossing analogue of [5],
Theorem 1.3], and appears in [I0, Theorem 1.2] in the algebraic context.

Theorem 3.5. Let Ip be a complex log divisor on a manifold M. Then the
inclusion v: M\D — M induces an isomorphism

H*(M, Ap) ~ H*(M\D,C).
3.1. Residue maps

Let (I)p|,0) be a co-oriented smooth elliptic divisor on a manifold M. The
restriction of the smooth elliptic tangent bundle to D fits into a sequence of
Lie algebroids

0 — kerp|p = Ajp||, = TD — 0.

In [5, Equation 1.17] it is explained that this sequence induces a cochain
map

Resg: Q°(Ajp) — Q**(T'D),

called the elliptic residue. In local Morse-Bott coordinates for the divisor,
the elliptic residue map is given by

ReSQ(a) = LE(Lrarbaea), (NS Q.(.A|D|)
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Definition 3.6. Let (I| D 0) be a co-oriented elliptic divisor, and let « €
Q°*(A|p|). Its elliptic residue is defined by

Resq () := Resq (¢ pr2y);

where the right-hand side is the elliptic residue for the smooth elliptic divisor
Iip| }M\D(Q)'

There are more residue maps associated to self-crossing elliptic divisors,
but for the purpose of the present paper we will only briefly mention the
ones we need.

Definition 3.7. Let (I|p|,0) be a co-oriented elliptic divisor and let w €
Q%(A|p|). Consider oriented coordinates around a point p € D(k) with k > 2
as in Lemma and define three types of residues:

Resrirj W(p) = wp(Tiar“Tjarj),
Res,,9, w(p) := wp(ri0y,, 0y, ),
ReSQigj w(p) = wp(agi, 89].).

These expressions do not depend on the chosen coordinates. They do
depend on the choice of co-orientation and the particular ordering of the
divisors, but only up to signs.

4. Self-crossing stable generalized complex structures

In this section we will start our discussion of generalized complex geom-
etry, and self-crossing stable generalized complex structures in particular.
We will first recall the basics of generalized complex geometry, before defin-
ing the (self-crossing) stable condition, using the divisors of Section [2 We
then show how these can be described using symplectic-like forms in the
complex log tangent bundle (Theorem [4.12)), in analogy with [5]. Next we
discuss that these are in fact symplectic structures in its associated elliptic
tangent bundle, satisfying certain additional cohomological conditions (The-
orem [£.15). From that point onwards we can proceed to study self-crossing
stable generalized complex structures using symplectic techniques.

4.1. Generalized complex structures

Generalized geometry refers to the study of geometric structures on TM :=
TM & T*M, for a manifold M. We briefly recall the notions from generalized
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complex geometry which are needed in this paper. For a more in depth
discussion see [11].

Definition 4.1. A generalized complex structure on a manifold M is
a pair (J, H), where H € Q3(M) is a closed three-form and J is an endomor-
phism of TM for which J? = —Id and the +i-eigenbundle L C (TM) ® C is
involutive with respect to the Dorfman bracket:

[[X+§,Y+77]]H = [X,Y] + Lxn—ydé+1xtyH,
X+EY +nel(TM).

Two generalized complex structures (J, H) and (J', H') are gauge equiv-
alent if there exists B € Q?(M) such that H' = H + dB and, using the
associated map B?: TM — T*M, we have

I'=(p)I( p1)

Given an element X +¢ € TM, let (X +&)-p:=txp+EAp denote the
Clifford action of TM on elements p € A*T*M, which are called spinors.
Moreover, define transposition of an element in I'(A*T* M) on decomposable
degree k-forms by

(OélA"'AOék)TZ:Oék/\"-/\Odl, aieﬁl(M).

The Chevalley pairing on spinors, (-, *)cn: A®* T*M X A®T*M — A©PT* M,
is defined as

(4.1) (v, 0)cn = (YA P tops 1, p € T(AT*M).

Generalized complex structures can be equivalently described using the fol-
lowing:

Lemma 4.2 ([11]). There is a one-to-one correspondence between gener-
alized complex structures (J, H) and complex line subbundles K C N*T{M,
satisfying the following properties:

o For all x € M the vector space K, is generated over C by spinors of
the form

(Pt AQ) . BweQ*(M), QeQFM),

where ) is a decomposable form;
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e For every nonvanishing local section peT'(K), there exists ueI'(TcM)
such that dp+ H N p =u- p;

e For all non-zero p, € K, we have (pg, p,)cn 7 0.

The line bundle K is called the canonical line bundle of J. It can be
defined in terms of the generalized complex structure by the relation

L={ueTcM:u-K =0},
where L is the +i-eigenbundle of J. Note here that TcM = TM ® C.

Definition 4.3. Let (J,H) be a generalized complex structure, and let
K be its canonical line bundle. The map s: K — A"TM = C defined by
p — po, sending a spinor to its degree-zero part, defines a section s € I'( K*)
called the anticanonical section of J.

Example 4.4. Given a complex structure, J, or a symplectic structure, w,
on a manifold M, we can endow M with a generalized complex structure
(for H = 0) given by

Iy = <_0‘] f) Ty = <£b ‘(“g)_l).

More interestingly, let (M, J, ) be a holomorphic Poisson manifold with
m = 7R+ im; and denote by 7T§2 T*M — TM the map associated to 7j.

Then
(= 471'?
n]]J,ﬂ’ = < 0 J*>

is also a generalized complex structure.
The corresponding canonical line bundles and anti-canonical sections are
given by:

K, = (%), Kj=A""T*M, Kjx=e"(N"OT*M),

Sw =1, sy =0, SJm = trn Shvol -

There is an interesting relation between generalized complex geometry
and Poisson geometry obtained in [6]. Given a generalized complex structure
J, denote by 7r§: T*M — T M the associated bundle map obtained by ’/T“ﬁ]] =
pryas © J|7ar. This map is skew-symmetric, and:
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Lemma 4.5. Let J be a generalized complex structure. Then wy € X2(M)
is a Poisson structure. Moreover, if J,J are gauge-equivalent generalized
complex structures, then my = my.

4.2. Stable generalized complex structures

In this section we will extend the notion of stable generalized complex struc-
tures to allow for the degeneracy locus to have self-crossing singularities. The
main reason to allow for normal crossing singularities is that it gives much
more flexibility: for example, this class is now closed under taking prod-
ucts. This makes it easier to provide examples (see Section , and there
are also more constructions available, such as the connect sum procedure
of Section [6] Moreover, in four dimensions these structures can be used
to construct smooth stable generalized complex structures, as explained in
Section [0l

Definition 4.6. A (self-crossing) stable generalized complex struc-
ture is a generalized complex structure such that its anticanonical divisor
D = (K*,s) defines a complex log divisor. We call it smooth stable when
D = (K*, s) defines a smooth complex log divisor.

We can immediately see that the class of such structures is closed under
products.

Example 4.7. Let (L;,0;) be two complex log divisors on two manifolds
M; for i =1,2. Then the pair (77L; ® 75La, {01 ® m502) on the product
manifold M = M; x M, with projection maps p;: M — M;, is a complex
log divisor. This shows that the product (M, Hy + 75 Ha,J1 & J2) of two
stable generalized complex manifolds (M;, H;,J;) is endowed with a stable
generalized complex structure.

Stable generalized complex structures can come about via holomorphic
Poisson structures.

Example 4.8. Let m € X2(M?";C) be a holomorphic Poisson structure
such that the pair (AT M, A"r) is a complex log divisor. Then J;, is a
stable generalized complex structure.

An important gain from allowing self-crossings is that deformations of
higher dimensional Fano manifolds by holomorphic Poisson bivectors may
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provide examples of these structures, but are never smoothly stable [13|
Theorem 26].

Example 4.9. One can readily construct a holomorphic Poisson structure
on CP?" for which (A"T'M, A\"r) is a complex log divisor, making CP?" into
a stable generalized complex manifold. Indeed, using the standard coordi-
nates (21, ..., 2z2,11) on C?" 1 let

T = legazl A 8Z2 + .- zgn_lzgnﬁzml A\ az%

be a holomorphic Poisson structure on C?"*!. This bivector is scaling in-
variant and therefore descends to a bivector 7 on CP?". By naturality of
the Schouten bracket it follows that 7 is Poisson, and by direct computation
we see that (A"TcM, A"m) is a complex log divisor.

4.3. Complex log symplectic structures

The next sections aim to prove that stable generalized complex structures
are equivalent to a certain type of symplectic structures on an associated
elliptic tangent bundle. Before we do so, we first prove, in this section, that
they are equivalent to an auxiliary structure. This will be a symplectic-like
structure for the complex log tangent bundle.

Given a complex log divisor Ip and its induced elliptic divisor I|p
we consider the Lie algebroid morphism ¢: Apj® C — Ap obtained from
Proposition If we compose the pullback ¢* with taking the imaginary
part of a form we obtain a cochain morphism 3*: Q*(Ap) — Q*(Ap)).

Definition 4.10. A form o € Q?(Ap) is called complex log symplectic
if do = H € Q3(M;R) and %o € QQ(.A|D‘) is non-degenerate. Two complex
log symplectic forms o,0’ € Q?(Ap) are said to be gauge equivalent if
there exists a two-form B € Q2(M,R) such that ¢/ = o + B.

Since the symplectic structure given by the imaginary part of a complex
log symplectic form clearly contains important information, it is useful to
give it a name as well.

Definition 4.11. Let M be a manifold with an elliptic divisor I|p|. A (self-
crossing) elliptic symplectic form is an elliptic two-form w € QQ(.A| D)
that is closed and non-degenerate.
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The following theorem is the self-crossing generalisation of [5, Theorem
3.2]. We do not generalise the proof given there, but instead resort to a more
direct approach.

Theorem 4.12. Let M be a manifold. There is a one-to-one correspon-

dence between stable gemeralized complex structures with self-crossings on

M and complex log divisors endowed with complex log symplectic forms with

self-crossings. Moreover, this correspondence preserves gauge equivalences.
Ezxplicitly, the correspondence is given by the map

(J,H):
J is a stable GCS
(Ip,o0):

— Ip is a complex log divisor and
o € Q%(Ap) is a complex log-symplectic form.

where Ip is the divisor induced by the anticanonical section, and o = pa/po
where p is any local spinor for J.

Proof. We will first consider the direct implication. Let p € Q*(M) be a
local pure spinor for the stable generalized complex structure, defined on
an open set U C M. On U\D the anticanonical section is non-vanishing,
and therefore we have that p = ce® on U\D for some ¢ € C*°(M;C) and € €
Q2(M:; C). Looking at the degree-zero part of this equation we obtain ¢ = py,
and looking at the degree-two part we obtain € = pa/pg. By continuity we
conclude that p = pger2/? on the entirety of U.

Claim. The two-form o := pa/po defines a global smooth complez log form,
with do = —H.

Proof of claim. Assume that the local form, o, defined using a local canon-
ical section is indeed a local complex log form and let o be another local
form obtained from another local canonical section, p. Then, from the pre-
vious argument we have p = ppe?/Po. In particular we see that as complex
log forms we have

o Po

where the middle equality follows from the fact that p and £ are sections
of the canonical bundle with the same degree-zero component Therefore o
is a global complex log form.
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Hence to conclude the result we must prove that o is a local log form.
By the integrability of the generalized complex structure there exist X + & €
['(TM) such that

dpo = txp2 + & A po,
dpa = txps+ &N p2 — poH.

Because py = Z—}JOpg A p2 on U\D, we find that
tx(p2 A p2)

5 + &N p2—poH.
£0

dp2 =
On U\D we thus have:

d(ﬂz) _dpa p2 Adpo
Py fP2_P2R 0RO

Po PO Po
3
_ LX 950 TEN P2 o p2 A (txp2 +E A po)
Po P
— _H.

Now we can apply Lemma to 0 = pa/po to conclude that o defines a
well-defined complex log form. O

The algebraic condition (p, p)cn # 0 results in

ool (0 = 3)" # 0.

Therefore we conclude that the elliptic form ¢ — @ is non-degenerate, and
hence o is a complex log symplectic form.

Next we consider the converse implication. Let Ip denote the complex log
divisor, and let o € Q%(Ap) be a complex log symplectic form for this ideal.
Let (7). C Q°(Ap) denote the complex line generated by e”. Then the
product Ip (e7) C Q°(Ap) is in fact smooth, that is, Ip ® (e7) C Q*(M).
We will show that this line bundle defines a stable generalized complex
structure. In local coordinates as in Lemma we have that p=21-...-
ze? is a local trivialisation of the line bundle. Now

(pap)Ch :712 : %2(‘5‘ U) ;

defines a volume form because "¢ is a nondegenerate elliptic form with

self-crossings. We are left to prove integrability of p. Since integrability is a
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closed condition, it is enough check it in M\ D, but by construction in this
region the structure is just a B-field transform of a symplectic structure. [J

4.4. Equivalence with elliptic symplectic

As we just saw, a stable generalized complex structure is closely related to
an elliptic symplectic form. Yet, the elliptic tangent bundle, A|p|, which ap-
pears in the context of generalized complex structures arises from a complex
log tangent bundle, Ap, and the elliptic symplectic form arises as imaginary
part of complex log symplectic form. Therefore our next step is to pin-
point precisely which elliptic symplectic forms arise in this way. That is
we are interested in describing the image of ‘taking the imaginary part’:
S*: Q’(AD) — Q.(A\DD-

From now on we denote this image by Q& (Ajp|) C Q°(A p|). Describ-
ing elements in Q& (A p|) of arbitrary degree for a general complex divisor
is a little involved, so we will focus on our object of interest: two-forms.
To describe elements in Q%(A| p|) we need to use the residue maps for
points in D(2) introduced in Section such as, Res;,,, and Res,g,. Re-
call that these residues depend on an ordering of the coordinates and a
choice of co-orientation, the kernels of some combinations of these residues
only depends on the co-orientation of the divisor. To be precise, given a co-
oriented elliptic divisor (/|p|,0), the spaces ker(Res,), ker(Resp,,, — Res; g,)
and ker(Res;,,, + Resg,g,) do not depend on the order of the divisors.

Lemma 4.13. Let Ip be a complex log divisor and let (I)p|,0) be its asso-
ctated co-oriented elliptic divisor. Then

Qé(A‘DQ = ker(Res,) N (ker(Resp,,, — Res,,g,)) N (ker(Res;,,, +Resg,g,))-

Proof. Choose local coordinates as in Lemma [2.23] For all pairs 7,5 and
B € QY (M;R) we have:

J*(dlog z; A dlog zj) = db; A dlogr; + dlogr; A dby,
S*(idlog z; A dlog z;) = dlogr; A dlogr; — db; A db;,
I*(dlog z; A B) = db; A B,
S*(idlog zi A\ B) = dlogri A B.

Therefore we see that Q% (A|p)) lies in the intersection of the kernels. Con-
versely, if « is in the intersection of the kernels then locally it must be a
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linear combination of the above forms together with smooth forms. There-
fore by the above computation, we see that a € Q3 (A p|) which concludes
the proof. O

Since 3 is a map of complexes, Q% (A|p|) C Q°(A|p|) is a subcomplex
and we can compute its cohomology, as we will do in Section [£.6] Next we
see that the imaginary part of a complex two-form determines it up to gauge
equivalence:

Proposition 4.14. Let M be a manifold with a complex log divisor Ip,
and let (I‘D|, 0) be its induced co-oriented elliptic divisor. Then the following
sequence of cochain complexes is exact:

0 = Q°(M;R) — Q°(Ap) > Q%(Ap|) = 0.

The proof is a straightforward generalisation of Proposition 1.11 in [5]
and thus omitted, for details see [24]. Putting Theorem Proposition [2.26]
and Proposition together we have the following.

Theorem 4.15. Let M be a manifold. There is a correspondence between
gauge equivalence classes of stable generalized complex structures with self-
crossings on M and co-oriented elliptic divisors, (I|D|, 0), endowed with an
elliptic symplectic form w € Q%(.Am‘).

Ezxplicitly, this equivalence is induced by the map

J,H):
J is a Stable GCS
(I\D|707w):

— 4§ (Iip|;0) is a co-oriented elliptic divisor and
w € Q%(A|D|) is a symplectic form.

which assigns to each stable generalized complex structure on M the co-
oriented elliptic divisor determined by its anticanonical section and the imag-
wnary part of its corresponding complex log symplectic form.

Remark 4.16. Under the equivalence above, [H] = d[w], where 0 is the
connecting morphism coming from Proposition [4.14]
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4.5. Equivalence with nondegenerate elliptic Poisson

A consequence of Theorem is that nearly all the information of a stable
generalized complex structure is already encoded in its underlying Poisson
structure.

Theorem 4.17. The gauge equivalence class of a stable generalized complex
structure (J, H) is fully determined by its underlying Poisson structure.

Proof. In the symplectic locus the Poisson structure is given by w™!. By
smooth continuation w~™! on M\D determines w on Ap|, which in turn
determines J up to gauge equivalence by Theorem The only point that
needs attention in this argument is that we extended w™! from M\D to
Ajp| but we did not argue yet that the Poisson structure itself determines
Ap|- This is indeed the case, as shown by Lemma below. (I

Lemma 4.18. Let I|p| be an elliptic divisor. Given w € Q*(Ap|) an elliptic
symplectic form, let m = p(w™') be its associate Poisson bivector on M,
where p: Ajp| — TM s the anchor map. Then (AN"T'M,N\"r) defines the
elliptic divisor I p,.

Conversely, if (\N"T'M, \"r) defines an elliptic divisor I|p|, then m ad-
mits a nondegenerate lift to Ap| and hence defines an elliptic symplectic
structure.

Proof. In local coordinates expressing I|p| as a normal crossing, w" is a
volume form, hence there is a nonvanishing function, f, for which

w" = fdlogry ANdOy A -+ Ndlogry AdOx A dxogi1 A ... dzoy,.
Hence

"t = p(win) = f717“187»1 VAN 891 VANKIERIVA Tkark A 89k A ax%H VAN 3352”,
which defines the divisor I|p).

Conversely, assume that (A"TM, ") defines an elliptic divisor I)p,.
Due to [17, Theorem A], to prove that  lifts to to A|p| it suffices to show
that A|*D| is locally generated by closed one-forms. From the local description
in Lemma [2.23] this is immediate.

Since, by Lemma the ideal defined by A|p| is I|p|, the lift above is
non-degenerate, by [I7, Theorem A]. O
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4.6. Cohomology

Due to Theorem in order to study stable generalized complex struc-
tures, we can turn our attention to symplectic forms in the associated elliptic
tangent bundle that lie in the subcomplex given by Q& (A p|). Therefore, the
cohomology that is relevant to the study of these symplectic structures is not
the elliptic cohomology but, Hé(A‘ pl), the cohomology of the subcomplex
Q%(Ap|). We study this cohomology next.

Proposition 4.19. Let M be a manifold and let I|p| be a co-oriented el-
liptic divisor. Then

H&(Ap)) ~ HY (M, M\D) & H'(M\D).
Proof. We have the following morphism of cochain complexes

0——=Q*(M,R)

Q*(Ap) Q%(Aip|)

LA\ D l \L

0——Q*(M,R) 2+ Q*(M\D,C) — = Q*(M\D, C)/Q*(M,R) — 0

where LL\ p is the natural inclusion, the middle vertical arrow corresponds
to restriction to M\ D and the rightmost vertical arrow restriction composed
with the quotient map. Let C* denote the quotient complex, then we have
the corresponding commutative diagram in cohomology:

..—H*(M)—— H*(Ap) — H&(Ap) = H*" (M) — H**}(Ap) — ...

l l l | l

..—H*(M)— H*(M\D,C) — H*(C*) — H**Y(M) — H**}(M\D,C) — ...

Here we let C'* denote the cohomology of the quotient complex. By The-
orem and the Five Lemma we conclude that H§(Ajp|) ~ H*(C*®). The
quotient complex splits:

C* = Q*(M\D,R)/Q*(M,R) @ iQ*(M\D, R).
Let E* = Q*(M\D,R)/Q*(M,R), as we have that H*(C*) = H*(M\D) ®

H*(E*). We are left to show that E*® computes the relative cohomology, for
which we will make use the relative de Rham cohomology (see for instance
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[3]). Let
Q(iypp) = QM) @ Q7Y (M\D), d(w,0) = (dw, i3y pw — db),

this cohomology computes the relative cohomology H®*(M, M\D), and fits
in the long exact sequence

coo o HYYM\D) = H (g p) — HE(M) ™5 HY(M\D) — - -

But because E*® is defined as a quotient, its cohomology is also part of a
long exact sequence

. = HY(M\D) — H*(E*) — H*'(M) "™ HF Y (M\D) = - .

Therefore we conclude that H¥(E®) ~ H**1(M, M\D), which finishes the
proof. ([l

5. Self-crossing stable structures in dimension four

In the remaining of this paper we will focus on stable generalized complex
structures in four dimensions. From a practical point of view, dimension four
is special because the way different irreducible components of the divisor in-
tersect is very restricted, and at these intersections the symplectic structure
behaves as a meromorphic volume form. In this dimension it is particularly
simple to state and prove a local normal form for a neighbourhood of a point
(Theorem . Simple as this local form is, it has interesting consequences.
Firstly, it can be used to show that every self-crossing stable generalized
complex structure can be changed into a smooth stable structure (Theo-
rem . Secondly it allows us to introduce a connected sum operation for
stable generalized complex structures (Theorem [6.9).

5.1. Normal forms

Having related stable generalized complex structures to symplectic struc-
tures on a Lie algebroid, we have a wealth of symplectic techniques available
to deal with them. One of the most basic tools from symplectic geometry,
the Moser Lemma, carries through to Lie algebroids with obvious modifica-
tions. This allows us to tackle deformations and corresponding neighbour-
hood theorems. As for regular symplectic structures, the (local) deforma-
tions are governed by the Lie algebroid cohomology in degree two. One new
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feature, however, is that the local cohomology of the elliptic tangent bundle
is non-trivial and hence the local model must depend on parameters.
The next lemma is a direct adaptation of the Moser lemma.

Lemma 5.1. Let Ijp| be an elliptic divisor on a manifold M, and let
wi,ws € Q%(.A|D|) be two elliptic symplectic forms defined on a neighbour-
hood U of an irreducible compact component of D(i). If [w1] = [wa] € H3 (A p))
and twy + (1 — t)wy is non-degenerate for all t € [0,1], then there exists
neighbourhoods Uy,Uy C U of D(i) and a Lie algebroid isomorphism @ :
A‘D|’U2 — A|D||U1 such that *w; = we.

Proof. The proof is nearly identical to the usual proof of the Moser Lemma:
let a € Q4 (Ajp|) be such that w; —ws = do and define X; € T'(A|p)) by
(tw1 + (1 — t)w2)(X¢) = . Then the time-one flow, ¢, of X; on Ajp| (over
the flow, ¢, of p(X;) on U) will satisfy ¢*wi = wa. Since X; € I'(A|p)), p(X¢)
is tangent to D(i) and hence if we take a possibly smaller neighbourhood Us
of D(i) we have ¢(Uz) C U and taking U; = ¢(Usz) we obtain the result. [

A Darboux Theorem for points in D[1], the smooth locus of the divisor, was
already obtained in [5]. In four dimensions the only extra stratum available
is D[2] and we present the version of the Darboux Theorem for those points
now.

Proposition 5.2. Let (I|D|, 0) be a co-oriented elliptic divisor on M*. Let
w € Q4 (M) be an elliptic symplectic form and let p € D[2]. Choose coordi-
nates that express I\p| as the standard elliptic divisor in a neighbourhood of
p and denote its residues by

A1 = Res; 0, w(p) = Resg,r, w(p), A2 = Resy,r, w(p) = — Resg, 0, w(p).

Then A2 + A3 # 0 and there exists coordinates (r1,01,72,02) on a neighbour-
hood of p on which I p| is the standard elliptic divisor and w is given by:

A1(dlogry A dfs + dby A dlogra) + Aa(dlogry A dlogra — dfy A dbs).

Proof. Indeed, {dlogry,df1,dlogrs,dfs} is a frame for Q! (A|p|) in a neigh-
bourhood of p. Hence we can write w in terms of wedge products of these gen-
erators with functions as coefficients. At p all these coefficients are residues
and due to Lemma [.13] we have

w(p) = A1(dlogry A dfy + doy A dlogry) + Aa(dlogry A dlogry — dfy A dbs).

Since w?(p) # 0, we have A3 + A3 # 0.
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Now consider

wo = A1(dlogry Adby + dby A dlogrs)
+ X2(dlogry A dlogry — dby A dbz) € Q5(Ap)).

Since w(p) = wo(p), the convex combination tw + (1 — ¢)wp is symplectic in a
neighbourhood of p for all ¢ € [0, 1] and Proposition implies that [w] =
[wo] € H3(Ap|). Since {p} is a connected component of D[2], the Moser
Lemma gives us the desired diffeomorphism between w and wy. O

A direct consequence is a normal form for stable generalized complex
structures.

Theorem 5.3. Let M* be a stable generalized complez manifold. Then for
every point p € DI[2] there exists complex coordinates (21, z2) around p where
the complex log divisor is the standard one and such that a local trivialisation
of the canonical line bundle is given by the pure spinor

p= eB()\zlzg +dz N dz),
for some A\ € C* and B € Q*(M;R).

Proof. By Theorem gauge equivalence classes of stable generalized
complex structures are in equivalence with elliptic symplectic forms w €
Q%(M ). By Proposition any such symplectic form is given, in appropri-
ate coordinates, by

w = Al(dlogrl A dBsy + dfy A legTQ) + )\g(dlogrl A dlogry — db /\d02)
= %*((/\1 + i)\g)(dIOgT’l + ngl) A (dlog ro + Zd@g))

Hence, up to the action of 2-forms, the stable generalized complex structure
is given by
()\1 + Z.)\Q)ilzIZQ + dz1dzs,

with z; = rjeiej and the stated normal form follows. |

5.2. Locally complex elliptic symplectic structures

Theorem [4.15|gives an equivalence between stable generalized complex struc-
tures and certain elliptic symplectic forms together with a co-orientation of
the corresponding elliptic divisor. Of course, the main use of that result is to
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work on the symplectic side to conclude properties of the generalized com-
plex structure. Here there is a minor difficulty: we must co-orient an elliptic
divisor in the hopes of getting the desired residue relations, but there is no
preferred way to do that step. That is, if we are interested in constructing a
generalized complex structure on a given manifold M with an elliptic divisor
I;p|, we must choose a co-orientation for D but must also keep in mind that
we may have started with the wrong choice. We find it fruitful to introduce
a notion that is independent of the choice of co-orientation and will allow
us to get a better grip on the problem.

Definition 5.4. Let Ijp; be an elliptic divisor, and let w € QQ(A|D‘) be
an elliptic symplectic form. We say that w is locally complex if around
every point there exists an open neighbourhood U and a complex log divisor
Ip on U inducing the restricted divisor I|p||y together with a complex log
symplectic form o € Q%(U; Ap) such that S*o = w.

Concretely, w is locally complex if and only if its elliptic residue vanishes
over D(1) and over D(2), for a choice of co-orientation of D, one of the
following two possibilities holds:

(5.1)  (Resp,r, w —Res;.p,w =0 and Res,,, w+ Resgg, w=0), or
(5.2)  (Resp,r, w+ Res,9,w =0 and Res;,, w— Resgg, w=0),

with the second possibility indicating that the chosen co-orientation for one
of the irreducible components of D is not compatible with w.

In four dimensions, the existence of a locally complex elliptic symplectic
structure forces the degeneracy locus to be of a very specific form.

Proposition 5.5. Let M* be a four-dimensional compact locally complex
elliptic symplectic manifold with respect to a co-orientable elliptic divisor
Iip|. Then the connected components of D are tori, spheres which intersect
themselves in one point, or necklaces of spheres.

Proof. 1t follows from the normal form from [5], that over D(1) the modu-
lar vector field of the underlying Poisson structure is nowhere-vanishing. In
particular, if a connected component D’ of D is smooth and co-orientable,
then it is orientable and has a nowhere vanishing vector field, hence is dif-
feomorphic to a torus.

Assume that a connected component D’ is immersed but not embed-
ded and let D’ — D’ denote the immersion. Because D'\ D(2) is a Poisson
submanifold, the modular vector field of the Poisson structure is tangent
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to D'\D(2) and is nowhere-vanishing on D’\D(2). Moreover, in local co-
ordinates as in Proposition the modular vector field takes the form
—r10r, — r20,,, which lifts to a vector field on D’ with positive zeros at
the pre-image of D(2). Therefore each irreducible component of D’ is an
orientable surface with positive Euler characteristic (equal to the number of
points in D’ that map to D(2). That is, each irreducible component of D’ is
a sphere with two points in D(2). Thus either the irreducible component of
D’ intersects itself in one point, or it intersects another irreducible compo-
nent(s) at two points. That irreducible component can in turn intersect the
previous irreducible component or some other irreducible component. By
compactness there are only finitely many irreducible components and thus
these spheres have to form a necklace. [l

Now we address the question of when a locally complex elliptic symplectic
structure is actually induced by a complex log symplectic form. To do so we
introduce the following notion.

Definition 5.6. Let M* be an oriented manifold with a co-oriented elliptic
divisor (|p|,0). For each p € D[2] let Dy, Dy be the corresponding local
normal crossing divisors.

e We say that the intersection index of p is 1 if the isomorphism
T,M ~ N,D1 ® Np,Ds is orientation-preserving;

e We say that the intersection index of p is —1 otherwise.

Since ND; and N Dy are both two-dimensional their choice of ordering
does not effect the orientation of the resulting direct sum NDy & N D.

An elliptic symplectic structure always provides a preferred orientation
for M. If the structure is also locally complex, we can verify whether an
intersection point in D[2] is positive or not by considering the values of the
residues at that point.

Lemma 5.7. Let (M4,I‘D|,0) be a manifold endowed with a co-oriented
elliptic divisor, and let w be a locally complex elliptic symplectic form. Then
p € DI2] is positive with respect to the orientation induced by w if and only

if (b.1) holds.

This can be rephrased in more global terms.

Lemma 5.8. Let M* be a manifold endowed with a co-oriented elliptic
divisor (I‘D‘, 0) and an elliptic symplectic form, w. The triple (I|D|, o,w) is
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in the image of the map in Theorem[{.15 if and only if w is locally complex
and each point in D[2] has positive inde.

Proof. By Lemma w € Q4 (M) if and only if (5.1]) holds, which by the
previous Lemma corresponds to all intersection points being positive. O

Whenever a locally complex elliptic symplectic structure has a divisor with
a few negative intersection points, we may try to fix this by flipping the co-
orientation of one of the irreducible components arriving at that point. The
problem with this is that such a change of co-orientation will also change the
sign at ‘the other’ intersection point of that irreducible component. Reflect-
ing on this for a moment we see that the parity of the number of negative
points is the relevant piece of data.

Definition 5.9. Let (M, I pj,0) be an oriented four-manifold with co-
oriented elliptic divisor. If we denote by €, the index of p € D][2], the parity
of w on a connected component D’ of D is given by

Epr = HpeD/(Q)ﬁp.

We extend the definition of parity to a smooth connected component D’
of D by declaring ep to be +1 if D’ is co-orientable, and —1 if it has not.

If D'[2] = D[2] N D' has n points, a change of orientation of M changes
the parity of D' by (—1)".

Lemma 5.10. Let (M, Ip|,0) be a four-manifold with co-oriented elliptic
divisor and let w € 92(A|D‘) be a locally complex elliptic symplectic form.
Orient M by the orientation induced by w, then:

e For each connected component D' of D, the parity, €, p/, does not
depend on the choice of co-orientation;

e We have ep = 1 for all connected components D' of D if and only if
there is a co-orientation o' of D for which (Iipy; o/, w) is in the image

of the map in Theorem [{.15

Proof. The proof relies on Proposition[5.5, which describes what a connected
component of D looks like. The case when D is smooth and co-orientable was
treated in [5] so we need to consider the cases when D has self-intersections.

If D" has only one irreducible component which intersects itself in one
point, p, if we change the co-orientation of D’ we change the co-orientation
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of both strands arriving at p and hence the index of p does not change. So
ep = 1 if and only if the index of p is 1 which, by Lemma happens
if and only if (/|p|,0,w) is in the image of the map in Theorem in a
neighbourhood of D’.

In general, since each irreducible component has two intersection points,
changing its co-orientation changes two signs and hence the parity, ep/, re-
mains unchanged by this operation. The proof that this is the only relevant
invariant can be done intuitively by breaking the necklace of spheres, D’, at
one intersection point, so that we get an array of spheres and then fixing the
co-orientation of ‘the first’ irreducible component, D1, of this array. Then we
inductively keep or change the co-orientations of the next irreducible com-
ponents one by one depending on whether the index of the next intersection
point is positive or negative until we get to the last sphere, D,,. Since D’ is
a necklace, not an array, there is one last index to be computed, namely the
one between D,, and D;. Since the parity of the number of negative indexed
points is fixed, this last index is positive if the parity is positive. Hence,
again by Lemma the parity is positive if and only if (/p|,0,w) is in the
image of the map in Theorem in a neighbourhood of D’.

It is clear that (I|p|,0,w) is in the image of the map in Theorem
if and only if for each irreducible component D" of D, (Ip|,0,w) is in the
image of the map in Theorem in a neighbourhood of D'. (]

5.3. Smoothening self-crossing stable structures

In this section we will show that if a four-dimensional manifold admits a
stable generalized complex structure, then it also admits a smooth stable
generalized complex structure.

Given € > 0 consider the following two stable generalized complex struc-
tures on C?:

(5.3) po = Az122 +dz1 Ndza, p1 = (Az122 +€) + dz1 A dzo,
which determine, respectively, the complex log divisors:
IDO = <2122> , ID1 = <A21Z2 + 8> s

and corresponding complex log symplectic forms

B dz1 N dzy and . dz1 N\ dzy

5.4 = .
(5-4) 70 AZ129 a1 Az129 + €
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Lemma 5.11. Let o9 and o1 be the complex log symplectic forms in (5.4]).
Then there is an annulus Ay C C? and a diffeomorphism ®: Ag — Ay :=
®(Ag) C C? which is a morphism of divisors between Ip, and Ip, and satis-

fies S*og = *S 0. Moreover, the map ® is ambient isotopic to the natural
inclusion 1: Ay — C2\{0}.

Proof. The proof relies on a version of the Moser argument: We will find an
annulus Ag together with a diffeomorphism, ¢: Ay — Aj, with the following
properties

e ¢ is a morphism of divisors between Ip, and Ip,,

o ©*3%gq lies in the same cohomology class of $*og and

e the line connecting ©*S*o; and $*o¢ is made of symplectic forms.

Once we have found such a ¢, it is clear that the result follows from the
Moser argument.
We start by considering A C C2, the complement of the polydisc of ra-

dius 21/e/|\| on C2, that is
A ={(z1,22): |21] > 2/¢/|A| or |z2] > 21/e/|\|}.

On A, we let

U={(z1,22) € A: |z1] < Ve/|A| or |z2| < \e/|A},
V = {(21,2) € A: |z1| < 2\/e/|\| or | 22| < 2/e/|A[}.

Notice that both U and V consist of two components, namely Uy, Vi, which
are neighbourhoods of {zo = 0} N A, and Us, Vo, which are neighbourhoods
of {z1 = 0} N A. Also, notice that the zeros of Az12z9 + € in A also lie inside U,
that is U is also a neighbourhood of the zero locus of the divisor associated
to p1 (See Figure [1).

Let : [0,00) — [0,1] be a monotone bump function which is 1 on
[0,3+/2/|A[] and zero on [24/£/|A],00), and consider the following complex

vector field:

— 7’1!1(1\2;1‘)6 822 on V17
X = _w(l\zlz\)fazl on Va,
0 otherwise.

The time-one flow of the real part of this vector field defines a diffeomorphism
p: A— A
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Figure 1: The divisor associated to pg are the coordinate axes while the
divisor associated to p; is the hyperbola. In the complement of the polydisc
of radius 2¢ /| A| both of these lie in U. The vector field X flows the coordinate
axes to the intersection of the hyperbola with A and vanishes in the grey
area.

Since in Uy, X = —Aizlazm the flow of its real part is the shear transfor-
mation
€
(55) (pt(zh 22) = (Z17 22 — t)\_)
z1

as long as the flow remains in U;. Hence the time-one flow satisfies

(5.6) 0" (Az122 +€) = Az1(20 — )\iz) +e = Az129.
1

A similar computation holds in Uy and hence ¢*Ip, = Ip,.
Since $* is a cochain map, to prove that [S*¢*o1] = [$*0y] it is enough
to prove that [p*oy] = [00] € H*(Ap,). By Theorem [3.5| we have that

H2(A7 ADO) = H2(A\D0)
Because A\ Dy deformation retracts onto a torus, for example, T? = {|z| =

R, |z2| = R} with R > 2,/¢/|\|, we see that H*(A\Dy) ~ C and we are left
to show that [, o9 = [ ¢*o1. This torus is disjoint from V', hence ¢ is the
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identity near 72 and we compute

/ cp*alz/ / dz1 N dzo
T2 |21|=R J|zs|= R)\leg—{—&‘

_/ / 1 le/\dZQ
o1 =R =R A1 22+ o

/ 1dz 472
= 2m = ——,
\z1|:R)‘ Z1 A

which coincides with the integral of g over the same torus. Therefore we
conclude that indeed [og] = [p*01] € H?(A, Ap,), and consequently that
S 00] = 6" o1] € H (A, Ajp,).

Next we will find a radius 7 such that on A\B, (the complement of the
ball of radius r) the form oy := tp*o1 + (1 — t)og is complex log symplectic
for all values of t. To find r, we will study separately the behaviour of o; in
three regions: U, A\V and V\U.

Let us start with the region U. If » > 0 is large enough, the vector field
X becomes small on A\B, and its time-one flow starting at Uj is the shear
transformation , hence we have ¢*o; = 9. The same argument holds
at Us and hence, for r large enough, on U\B,, o, = 0y is symplectic for all
t.

Next we consider A\ V. In this region, ¢ = id, and therefore

dz1 N\ dzo dz1 A dza
S e e G I et
ot Az129 + € * ) AZ129
A 1-—
z122 + ( ) dz1 A dzs.

- (Az122 + €)(Az122)

Since in this region |z1| > 24/e/|\| and |z2| > 24/¢/|)A|, the form above does
not vanish and hence its imaginary part is symplectic.

Finally, we deal with V\(U U B,). We will focus on V1\U;. Apply the
Mean Value Theorem to the map ¢ — S*(¢% )*o1(p), we obtain the estimate

S*o1(p) — S* ¢ ou(p)] < [S"Lxo1(P)].

for p’ in line segment between p and ¢(p). Using the explicit forms of X and
o1 we find

1S¥ o1 — S p*or| < O(1/r%).
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We can also estimate the difference

ok edzodz — O(1/42
> <)\z0z1()\zozl —i—s))’ O/r)-

IS o9 — S 01| =

Therefore, on V1\ (U1 U B;.) we can estimate

S*oy = Sop + (ST p o1 — SFog)
= Q%09 — t((S* % o1 — S%01) + (SF01 — $¥0y))
= 3%y — tO(1/1?)

Since $*og = O(1/r) the above is symplectic as long as r is large enough.
Therefore, by picking r as above and R >r we can apply the Moser
Lemma to the annulus Ag = Bgr\B, to find a diffeomorphism o : Ap —
®(Ag) such that *(¢0*S*01) = S*0p. Thatis, ® = o ®: Ay — (p o ®)(Ag)
is the diffeomorphism we were looking for. Since ® is the composition of flows
of vector fields it is ambient isotopic to the inclusion A4y — C?\{0}. O

Using this lemma we can now prove that every locally complex elliptic sym-
plectic structure can be changed into a smooth one by performing a surgery.

Theorem 5.12. Let (M*,1,p)) be a manifold endowed with a co-oriented
elliptic divisor, and let w € QQ(A|D‘) be elliptic symplectic. Then:

o If w is locally complex, then it can be changed into a smooth elliptic
symplectic form with zero elliptic residue w;

o The resulting structure will be induced by a stable generalized complex
structure if and only if the original structure was.

Proof. Since D[2] has codimension four and is compact, it is a finite collec-
tion of points. Because w is locally complex, given p € D[2] there is a neigh-
bourhood of p in which w is the imaginary part of some complex log sym-
plectic form o. By Lemma there exists complex coordinates (z1,z2) on
a ball, B, around p on which o is (B-field equivalent) to Adlog z1 A dlog zs.
Note that as o is scaling-invariant in both the z;- and z9-direction, we can
ensure that this ball is as large as necessary. Therefore we can apply Lemma
to find an annulus Ay C B together with its accompanying diffeomor-
phism ®: A9 — A;. We denote by B’ C B the inner ball enclosed by Aj.
Let B C C? be the subspace enclosed by the outer boundary of the annulus
Aj1. Because ® is ambient isotopic to the inclusion of Ag in D*\{0}, we have
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M ~ M\B' UA,p B. If we endow B with the smooth stable structure p1 in
Equation , we see by Lemma that the map ® is an elliptic symplec-
tomorphism. We conclude that M obtains an elliptic symplectic structure
with D[2] consisting of one point less. Moreover, as the surgery is purely
local in nature we can ensure that the structure does not change around the
remaining points in D[2]. By performing this procedure for all points in D][2]
we conclude that M admits a smooth elliptic symplectic structure with zero
elliptic residue.

For the second part of the theorem, if w was induced by a stable struc-
ture, then the local coordinates from Theorem would be orientation-
preserving. As all maps used in the surgery are orientation-reversing we
conclude that the resulting divisor is co-orientable. We conclude that M ad-
mits a smooth stable generalized complex structure. If w is not induced by a
stable structure, then there is at least one set of coordinates obtained from
Theorem which is orientation-reversing. Therefore the resulting divisor
will not be co-orientable, which finishes the proof. O

6. Connected sums

In this section we will introduce a connected sum operation for elliptic sym-
plectic structures in four dimensions. To do so we will make use of normal
form results obtained in Section |5l The operation will be phrased in terms
of locally complex symplectic forms (Definition and it will be useful for
us to keep track of the index of points as we perform the connected sum.

6.1. Glueing divisors

We will perform connected sums on elliptic symplectic four-manifolds at
points which lie in their respective sets D[2]. In arbitrary dimensions it is
possible to take connected sums of elliptic divisors at points with the same
multiplicity.

Lemma 6.1. Let (M",1Ip,,), (N",Ip,|) be two oriented manifolds en-
dowed with elliptic divisors, and let p € Dy[k] and q € Dyl[k] for k € N.
Then M#p, N admits an elliptic divisor Ijp|, for which the inclusions
M\{p}, N\{q} = (M#y,,N) are morphisms of divisors.

Proof. Using Lemma there exist coordinates around p and ¢ such that
both divisors are precisely given by the ideal I = <7“% S 7",%> To take the
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connected sum of M and N at p and ¢, we need to use an orientation-
preserving diffeomorphism, F', from an annulus around p to an annulus
around ¢, which reverses the co-orientation of the sphere and for which
F*I = I. Here we consider oriented charts defined in neighbourhoods of p
and ¢ which map to the unit ball in R™ and we will use the diffeomorphism
given in spherical coordinates by

(6.1) F:R™"™{0} - R™{0}, (r,o1,...,0n) — (7”71, Ply-ey—Pn).

To verify that F*I = I we write r? = r%;(1, . .., ¢n), where 1; is a function
which only depends on the angular coordinates and satisfies ¥;(¢1, ..., —¢n)
= Yi(p1,...,¢n). We have

1
F*(r?) = —i(¢1,- -+, ¢n), and thus rE*(r?) = r?.
r
Hence r**F*(r}-...-r2) =r?.... -7}, and as r?* is a non-zero function on
R™\ {0} we conclude that F*I = I. O

Similarly we can perform a self-connected sum, which when M™ is connected
corresponds to attaching a 1-handle and hence the diffeomorphism type of
the resulting space is M#(S! x S™1).

Lemma 6.2. Let M™ be an oriented connected manifold endowed with an
elliptic divisor I)p| and let p1,pa € D[k] be distinct points. Then M#(St x
Sm=YY admits an elliptic divisor [P for which the natural inclusion
(M\{p1,p2}, I|p)) — (M#(St x S™~ ),I‘5|) 18 a morphism of divisors.

There are a couple of points about this construction that we should
stress.

Remark 6.3. There is some freedom in the glueing of elliptic divisors.
Given a choice of local coordinates (zi,...,z2y,) around p and ¢ we can
furthermore compose the map F' by a permutation of the first £ coordinates.
Note that this does not change M#, ,V, but it could change the topology
of the zero locus of the divisor. Because of this ambiguity in ordering, there
are potentially k! different topological types for the vanishing locus of the
divisor on the connected sum M#, V.

Remark 6.4 (Connected components). Although there is some free-
dom in the choices we can still distinguish the number of connected compo-
nents of the divisor on the connected sum:
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e When p; and po lie in different connected components of the divisor,
be that either in the connected sum of two manifolds or in a self-
connected sum, the connected components containing p; and ps will
combine into a single connected component of D.

e When p; and po are in the same connected component, D, a case
that can only happen in a self-connected sum, the resulting divisor,
D C M#(S' x 8™71) may have one or two connected components
originating from D.

Remark 6.5. The reason for flipping the sign of ¢, in the map in
is that we assumed that the coordinates we chose are compatible with the
orientations of M and N. If for some reason only one of the chosen coordi-
nates was compatible with the orientations of M and N, we should not flip
the sign of ¢,,.

6.2. Glueing symplectic structures

We will introduce a connected sum operation for elliptic symplectic struc-
tures in dimension four. The existence of such an operation contrasts starkly
with ordinary symplectic geometry, where connected sums are not possible
above dimension two. We first note that F' introduced in is a local
symplectomorphism for a specific order of the coordinates.

Lemma 6.6. Let (21, 22) be complex coordinates on M = C?\{0}, and con-
sider the elliptic symplectic structure on M given by

w =" (idlogz A dlog z2).
Using polar coordinates

(21, 22) = (rcos 1 + irsin @1 cos pa,

7 8in o1 sin g €os w3 + ir sin g sin g sin @3),
the map defined in (6.1)) satisfies
Frw=—w.

Proof. The proof is a direct computation using that we can express F' in
complex coordinates as

1
F(Zl,ZQ) = ﬁ(zl,fg). 0O
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Definition 6.7. Let w € QQ(.A| py) be a locally complex elliptic symplectic
form. We say that w has imaginary parameter at a point p € D[2] if

Res; 9, w(p) = Res;,g, w(p) = 0.
Note that this definition does not depend on a choice of co-orientation.

Remark 6.8. By Proposition [5.2] an elliptic symplectic form with imagi-
nary parameter w is locally isomorphic to

(6.2) AS* (idlog z1 A dlog z2),

for an appropriate choice of complex coordinates, where A = Res,, ,, (w). This
justifies the terminology. It is also immediate that these complex coordinates
are compatible with the orientation defined by the complex structure.

Notice however that if the divisor is co-oriented, the complex coordinates
above may not be compatible with the co-orientations. If we require compat-
ibility between co-orientation and complex coordinates, w will be isomorphic
to either the form above or

AQ*(idlog z1 A dlogZa).

In the latter case, the complex coordinates and symplectic structure induce
opposite orientations.

We can now turn to the main result of this section, namely the con-
nected sum operation in dimension four for elliptic symplectic structures
with imaginary parameter at points in D[2] whose imaginary parameters
match in absolute value.

Theorem 6.9. Let (M, I p,,|) and (N, I|p,|) be four-manifolds with elliptic
divisors. Let wi,ws be locally complex elliptic symplectic forms with imagi-
nary parameters atp € Dys[2] and g € Dy[2], and denote by D', and D'y the
connected components of the divisor containing p and q. If |Res;,, w1(p)| =
|Resy,r, w2(q)|, then:

e The connected sum M+#, N admits a locally complex elliptic sym-
plectic form, w, for which the inclusions (M\{p},w1), (N\{q},w2) —
(M#,4N,w) are elliptic symplectic maps.

o If either D},[2] or Dy[2] has more than one point, the parity of Dy,
18 given by

2":Dﬁw#N = _EDﬁugD;v °
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o If D)[2] = {p} and Dn[2] = {q}, then D}, is co-orientable if and
only if p and q have opposite parities.

Proof. We will prove the claims of the theorem in turn. The tools needed
are the normal form for locally complex elliptic symplectic structures with
imaginary parameter from Remark and the local symplectomorphisms
from Lemma [6.6]

To prove the first claim we choose complex coordinates in a neighbour-
hood of p which render the symplectic structure in the form and do the
same for ¢, but reverse their order so that Res,,,, wi(p) = — Resy,r, wa(q).

For this choice of coordinates, if we use F' to perform the connected sum,
Lemma [6.6{implies that the structures on M\{p} and N\{q} agree on their
overlap on M #, ,N which therefore inherits an elliptic symplectic structure.

Now we move to the second claim. Choose co-orientations for D), and
D/. If p and ¢ have the same index and, say, D’,[2] has more than one
point, we can change the choice of co-orientation of one of the irreducible
components arriving at p which causes the index of p to change sign. So
we may assume without loss of generality that the indices of p and ¢ are
opposite. We assume that p has negative index and ¢ has positive index as
the other case is analogous.

In this case, the complex coordinates used in a neighbourhood of p in
the first claim only give the correct co-orientation of one of the irreducible
components of D, passing through p, say, the one given by [z2 = 0]. That is
the co-orientation of [z; = 0] is determined by dzz and the co-orientation of
[22 = 0] by dz;. Since ¢ has positive index, we may assume that the complex
coordinates chosen for ¢ are compatible with co-orientations. Finally we
observe that the map F from Lemma sends the line dz; over [z9 =
0] to itself and sends the line dzo over [z; = 0] to dzz. Therefore, the co-
orientations of D', and D/ are mapped to each other under F' and hence
Djs4y inherits a natural co-orientation from those of D, and Dy and we
can compute its index:

gDﬁu#N = HTGDQW 2] ,r;épETHSED}V 2] »ques

= —€pqllicpy o) rperlse Dy [2],5£4€s = —E€Dy,EDY -

Finally we prove the last claim. If the indices of p and ¢ are opposite, the
previous argument shows that a choice of co-orientation for D’ ,[2] and D'y [2]
induces a co-orientation for D/, LN which is therefore co-orientable. If the
indices of p and ¢ agree, then the argument above shows that map £’ matches
co-orientations of one of the strands arriving at p and g and reverses the



802 G. R. Cavalcanti, R. L. Klaasse, and A. Witte

other. Since D}, and Dy are both connected, this implies that D}, is
not co-orientable.

Instead of performing connected sums of two manifolds we can also perform
a connected sum of a manifold with itself. In this context, Theorem
becomes:

Corollary 6.10. Let (M4,I|D|) be a four-manifold with an elliptic divisor
and let w be a locally complex elliptic symplectic form with imaginary pa-
rameters at {p,q} € D[2] with p # q. Denote by D,, and D;, the connected
components of the divisor containing p and q, respectively. If |Res,,,, w(p)| =
|Resy,r, w(q)|, then:

o M*#(St x S3) admits a locally complex elliptic symplectic structure
for which the inclusion M*\{p,q} — (M*4#(S* x S3)) is an elliptic
symplectic map.

o If D;) #* DZI then the corresponding connected component D 0fl~) sat-
isfies:

85, = _5D1’D5D{1'

/

e If Dy, = Dy, then the corresponding connected components ]_NDP, ]5:1 of D
satisfy:

€D,fp, = TEDLED;

Remark 6.11. It might be more desirable to arrive at the conclusion of this
corollary by producing a stable generalized complex structure on S' x S2 for
which D|2] # () and then using Theorem [6.9| to perform the connected sum.
Unfortunately, presently we do not know if S x S2 has such a structure.

Remark 6.12. Assume that the manifolds M and N, in the connected sum
procedure, are singular torus fibrations. If, in the coordinates that render
the generalized complex structure into canonical form and appropriate
coordinates on the base, the projection associated to the torus fibration is
given by

(21, 22) = (7], 231D,

then the connected sum M#, N inherits a singular torus fibrations from
its two halfs, since the map used for the connected sum is compatible with
the fibration projection.
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7. Examples

In this section we will use the connected sum procedure of Theorem to
create several examples of elliptic symplectic structures and stable gener-
alized complex structures. In order to do so we will start by constructing
several building blocks, which are then combined via connect sum.

7.1. Simple examples

As we showed in Example CP? admits a stable generalized complex
structure whose divisor is given by three lines. The next few examples show
that S x S? has such a structure as well, while CP2 and S* do not, but do
have locally complex elliptic symplectic structures.

Example 7.1 (CP?). Let CP? denote the oriented manifold which is CP?
endowed with the orientation opposite to the one coming from the complex
structure. In this example we construct an elliptic symplectic form with
imaginary parameter on CP? for the elliptic divisor induced by (O(3), 202122).
This structure cannot be the imaginary part of a complex log symplectic
form, since CP? does not admit generalized complex structures. Indeed, any
generalized complex manifold is almost complex and CP? does not admit
an almost complex structure compatible with the orientation.

Let O(1) — CP? be the dual of the tautological line bundle and for
i=0,1,21et z; € I'(O(1)) be the section induced by the homogeneous poly-
nomial z; on C3. Consider the three smooth complex log divisors, D; =
(O(1), z;), let D = (O(3), z02z122) be their product and let |D| be the corre-
sponding elliptic divisor. Using the underlying affine coordinates,

21 29 20 29 A 21
uy = —, U2 = —, Vo= —, V2 = —, wo = —, wy = —,
20 20 21 21 29 29
we define the following global elliptic two-form
S*(idloguy A dlogus) if z9 # 0,
w = *(—idlogTg A dlogvsy) if 21 #0,
3*(—idlogwy A dlogwy) if 2z # 0.

It is immediate from the expression above that w is locally complex with
imaginary parameter. Moreover we see that it induces the orientation oppo-
site from the usual complex structure on CP?, hence it is a locally complex
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elliptic symplectic structure with imaginary parameter for every point in
D[2] on CP2.

Finally, if we consider the co-orientation of the elliptic divisors induced
by the complex log divisor in Example[2.10] we have that the points Dy N Dy
and Dy N D; have positive index, while the point in D; N Dy has negative
index. By Lemma we conclude that w cannot be the imaginary part
of a complex log symplectic form. Further, we observe that if we were to
choose the opposite co-orientation for Dy, all intersection indices would be
—1.

We can provide a simple picture to illustrate this and all the other exam-
ples in this section. Recall that CP? admits a singular torus fibration whose
fibers are the orbits of the standard torus action on CP2. The quotient space
CP?/T? is a triangle and the elliptic symplectic structure constructed above
is invariant under this action (with symplectic fibers). The zero locus of the
divisor is the pre-image of the edges of the triangle and points in D[2] are the
pre-images of the vertices. With this in mind, we use a triangle to represent
CP? (or CP?) and decorate each vertex of the triangle with the intersection
index of the corresponding point in D[2] (see Figure [2)).

+1

+1 -1

Figure 2: We visualise CP? as its image under the moment map and each
vertex in the triangle corresponds to a point in D[2]. We label the vertices
with £1 according to the intersection index of the corresponding point in

cpr2.

Example 7.2 (5% x S?). The manifold S? x S? admits a complex log sym-
plectic structure o for which D[2] consists of four points. The imaginary part
of ¢ is an elliptic symplectic form with imaginary parameter. Indeed, iden-
tifying S? with the extended complex plane, the vector field 20, vanishes
transversely at 0 and co and hence in S? x S? (with complex coordinates z
and w), the bivector field 7 = —izwd,0,, is Poisson and determines a com-
plex log divisor. Therefore we can use 7 to deform the complex structure of
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S? x S? into a stable generalized complex structure (as in Example [4.8)). A
direct check shows that this structure has imaginary parameter at all points
in D[2]. Since this stable generalized complex structure is obtained from a
holomorphic Poisson structure, the natural co-orientation of each irreducible
component of the divisor (induced by the complex structure) makes all in-
tersection indices positive. Yet, by changing co-orientations, we can arrange
that any pair or all four points in D[2] have negative index.

Just as for CP2, we can provide an illustration for this structure using
the toric description of S? x S? (see Figure [3)).

+1 +1

+1 +1

Figure 3: We visualise S? x S? as the image under the map given by the
two height functions. We label the vertices with £1 according to the inter-
section index of the corresponding points in S? x S2. Different choices of
co-orientations yield different sign combinations at the vertices.

Example 7.3 (S*). The manifold S* admits an elliptic symplectic form
with imaginary parameter with divisor consisting of two copies of S? inter-
secting each other at the north and south pole.

Consider two copies of D* and endow one copy with the two-form w :=
3*(idlog z1 A dlog z3) and the other copy with —w. Using the map F, as
in Lemma we can glue an annulus in one of the disks to an annulus
in the other disk while preserving the elliptic symplectic structures. The
resulting manifold is diffeomorphic to S* and the divisors intersect at the
points (21, 22) = (0,0) in both copies of D*, which correspond to the north
and south pole of the sphere. Because F' involves a complex conjugation,
a choice of co-orientations for which one point in D[2] has positive index
causes the other point to have negative index. As in the previous examples,
S4 admits a natural torus action which rotates each complex coordinate in
D* for which the hyperplanes [z; = 0] have S! isotropy and the north and
south poles are fixed points. This allows us to produce a two-dimensional
illustration of this structure (see Figure [4)).
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—1

+1

Figure 4: We visualise S* as its quotient by the standard torus action: the
edges correspond to the hyperplanes [z; = 0] and the corners to the north
and south poles.

Example 7.4. Because S* admits an elliptic symplectic form with imag-
inary parameter, by Example we can use Theorem to obtain a
smooth elliptic symplectic structure on S*. However the degeneracy locus
is non co-orientable, because the smoothing process did not preserve co-
orientations. Because S* is orientable, we conclude that the degeneracy lo-
cus has to be non-orientable. Since the modular vector field is tangent to
the degeneracy locus and nowhere zero, we see that the degeneracy locus is
diffeomorphic to a Klein bottle.

7.2. Main class of examples

In this section we will combine all of our four-dimensional results to create
new examples of elliptic symplectic and stable generalized complex struc-
tures on a large class of four-manifolds exhibited as connected sums.

Theorem 7.5. The manifolds in the following two families admit stable
generalized complex structures:

1) X0 = #n(S% x S2)#L(St x S3), with n, ¢ € N;
2) Xy = #nCP2#mCP2#L(S" x S%), with n,m,{ € N,
as long as 1 — by + b; is even and the Fuler characteristic is non-negative.

Notice that if 1 — by + b;“ is odd for a four-manifold M, then M does not
admit any generalized complex structure as it is not even almost complex by
[14] or [7, Theorem 1.4.13]. The requirement that the Euler characteristic is
positive, on the other hand, seems to be more of a limitation of our methods.

Proof. We will first prove that the manifolds in the list above admit ellip-
tic symplectic structures with imaginary parameters as long as the Euler
characteristic is non-negative and then show that these elliptic symplectic
structures come from a generalized complex one if 1 — by + b;‘ is even.
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In Examples and we produced elliptic symplectic structures
on CP% CP? and S? x S? with 3, 3 and 4 points in D[2] respectively. These
are all locally complex with imaginary parameter, so that by applying The-
orem @ inductively we obtain elliptic symplectic structures on X, o and
Xn,m,O for all values of n, m, including the case n = m = 0 by Example
The number of points in D[2] in these manifolds is, respectively, n + m + 2
and 2n + 2. By Corollary we can self-connect sum these spaces up to
L”“'mej and n + 1 times, respectively, to obtain elliptic symplectic struc-
tures with imaginary parameters on the spaces of the list with non-negative
Euler characteristic.

To prove that the elliptic symplectic structures constructed above are
induced by stable generalized complex structures, it suffices to show that
the parity is 1, by Lemma [5.10] Due to Theorem [6.9) and Corollary the
parity of the symplectic structure for both families is (—1)"~'**  which is
positive if and only if n — 1 + £ is even, that is, 1 — by + b;’ is even. O

Example 7.6 (Relation to fibrations). All the examples produced in
Theorem have as starting point CP2, CP? and S*. The structures pro-
duced in these manifolds are compatible with the natural torus action as in
Remark in a way, these three manifolds are symplectic fibrations over
manifolds with corners. Hence the manifolds from Theorem are naturally
symplectic fibrations over surfaces with corners, just as their building blocks.
The base of this torus fibration associated to #nCP%?#mCP? is a polygon
with n +m + 2 vertices while examples that include S' x S3 factors fiber

over a non simply-connected base (see Figure |5)

Remark 7.7. Several of the manifolds in Theorem [7.5] although not all,
have already appeared before. The family Xmmlo with n > 0 and m > 0 can
be found in [4]. The manifolds X, 9, Xy, 1 and Xy, ;,,1) appeared in [22]. The
examples with ¢ > 1 have not appeared before. The main advantage of our
approach is that it is direct. We construct geometric structures on manifolds
which are connected sums by showing that the connected sum operation is
compatible with the structures in question. This is in contrast with those
references, which instead construct manifolds with the desired structure via
surgeries and then determine the resulting diffeomorphism type at a later
stage.

Remark 7.8. The manifolds in both families in Theorem [7.5 do not admit
complex or symplectic structures if n > 1. Indeed, for n > 1, the manifolds
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-1 +1 +1

+1 +1 +1

Figure 5: We obtain #2CP?#(S! x $3) from #2CP? via self-connected
sum. Both spaces can be visualised as fibrations, the former over a rectangle
and the later over a topological annulus with two corners on the outer circle.

are connected sums of manifolds with b5 > 0 and by results from Seiberg—
Witten theory due to Taubes (see [21]) no such manifold admits a symplectic
structure.

To prove the non-existence of complex structures requires a slightly
longer argument. For ¢ even, if the manifolds admitted complex structures
they would be Kéahler and hence also symplectic, but we ruled out this possi-
bility already. The argument for £ odd comes from a paper by Belgun [2] and
goes as follows. It follows from the Kodaira classification of surfaces that if
one of these manifolds were complex, call it X, then its Kodaira dimension
would be 1 and X would be an elliptic surface, possibly with multiple fibers,
X — B. But in this case there is a finite cover, X of X, corresponding to a
branched cover B of B which is a genuine fibration: X — B. By a result of
Mehara [I8], any such )g is a quotient of C? by a discrete group. In partic-
ular, we conclude that X and (hence also X') would be aspherical, which is
not the case for our manifolds. We are thankful to Ornea and Vuletescu for
pointing us towards this argument.
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