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Reductive subalgebras of semisimple Lie
algebras and Poisson commutativity

DMITRI I. PANYUSHEV AND OKSANA S. YAKIMOVA

Let g be a semisimple Lie algebra, h C g a reductive subalgebra
such that the orthogonal complement h* is a complementary h-
submodule of g. In 1983, Bogoyavlenski claimed that one obtains
a Poisson commutative subalgebra of the symmetric algebra 8(g)
by taking the subalgebra Z generated by the bi-homogeneous com-
ponents of all H € §(g)? taken w.r.t. g = b @ hL. But this is false,
and we present a counterexample. We also provide a criterion for
the Poisson commutativity of such subalgebras Z. As a by-product,
we prove that Z is Poisson commutative if b is abelian and describe
Z in the special case when § is a Cartan subalgebra. In this case,
Z appears to be polynomial and has the maximal transcendence
degree b(g) = 1(dimg + rkg).

Introduction

0.1.

The ground field k is algebraically closed and char(k) = 0. For any finite-di-
mensional Lie algebra g, the dual space q* is a Poisson variety. The algebra
of polynomial functions on q*, k[q*], is isomorphic to the graded symmetric
algebra 8(q) and the Lie-Poisson bracket { , } on 8(q) is defined on the
elements of degree one by {&,n} = [£, 7] for &, n € q. There is a method for
constructing “large” Poisson commutative subalgebras of 8(q) that exploits
pairs of compatible Poisson brackets, see [4, Sect. 10], [9]. To apply this, one
needs a suitable second Poisson bracket { , }rr beside {, } ={, }q, here
suitable (=compatible) means that the sum { , } +{, };7, as well as any
linear combination of { , } and {, };s, is again a Poisson bracket. Let us
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recall some situations, where this ” general method” (= method of compatible
Poisson brackets) works.

I. The celebrated “argument shift method” goes back to [7] (if q is
semisimple). It employs an arbitrary v € q* and the Poisson bracket { , }.,
where {z,y}, = v([z,y]) for z,y € q. The brackets { , } and { , }, are com-
patible, and the general method produces the Mishchenko—Fomenko subal-
gebra (=MJ-subalgebra) (MTF), C 8(q). Let 8(q)? be the Poisson centre of

(8(a),{, 1), ie.,
8(q)? ={H €8(q) | {H,2} =0 Vz e q}.

For F € 8(q), let 0,F be the directional derivative of F' with respect to
v e qt, ie.,
Oy F(x) = %F(m +t) . for all z € q*.

By the original definition of the MF-subalgebras [7], (MF), is generated by
all OF F with k > 0 and F € 8(q)". Since then, the algebras (MJ), and their
quantum counterparts attracted a great deal of attention, see e.g. [3], 8, [15]
and references therein. If q is reductive and + is regular in q*, then (MJ),, is a
maximal Poisson commutative subalgebra in 8(q) of maximal transcendence
degree [12].

IT. Let g =qo® q1 be a Zy-grading, i.e., we have [q;, q;] C di4j (mod 2)-
Then q admits the Indnu-Wigner contraction to the semi-direct product q =
qgo X q3°, and the second bracket is the Lie-Poisson bracket of g. (Here q and
q are identified as vector spaces.) The compatibility of { , }4 and { , }5 stems
from the presence of Zy-grading, cf. Section The sum ¢q = qg B q1 de-
termines the bi-homogeneous decomposition 8(q) = €D, ;> 8(q0) ® 8% (q1).
Here the general method yields the Poisson commutative subalgebra gener-
ated by the bi-homogeneous components of all H € 8(q)9. This case has been
studied in [6] and recently in our article [14]. For substantial applications,
one has to assume, of course, that q is semisimple.

0.2.

Soon after [14] has been accepted, we came across an article of Bogoyavlen-
ski [I]. He claims that if g is semisimple, f C g is reductive and the Killing
form of g is non-degenerate on f, then the direct sum g = f ® m, where m = -+
is the orthogonal complement of f w.r.t. the Killing form, allows to construct
similarly a Poisson commutative subalgebra of 8(g). Namely, a special case
of [T, Theorem 1] (with n = k = j = 1 in the original notation) asserts that
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the bi-homogeneous components of all F' € §(g)? generate a Poisson commu-
tative subalgebra. However, this is false and we provide a counterexample to
that claim. An explanation for that error is that here one can also consider
the contraction g = f x m®® and the Poisson bracket { }5 on the vector
space g ~~ g, but the brackets { , }4 and { , }5 are not necessarily compati-
ble. One can also notice that Bogoyavlenski did not properly distinguish a
Lie algebra and its dual, and his usage of differentials of elements of 8(g) is
sloppy.

Our main motivation for writing this note was just to clarify and remedy
this situation. However, we also discovered some exciting new phenomena.
Let g = Lie(G) be semisimple and g=f®m as above. Let 245 be the
subalgebra of 8(g) generated by the bi-homogeneous components of all F’
belonging to 8(g)?. The results of this note are:

1) we provide a criterion for Z4 j) to be Poisson commutative;

2) using our criterion we prove that Z(s14,51,) 18 not Poisson commutative
for the standard embedding sly C sly;

3) a corollary of our criterion is that 24 ) is Poisson commutative when-
ever f is abelian (e.g. if § is the Lie algebra of a torus in G);

4) it is proved that if f =t is a Cartan subalgebra of g, then 2 is
polynomial, tr.degZy ) = b(g) = (dim g + rkg)/2, and Zg ) is com-
plete on every regular G-orbit in g.

5) We point out an algebraic extension Z > Z(g,t) such that Z is a max-
imal Poisson commutative subalgebra of 8(g) (w.r.t. inclusion) and is
still polynomial.

Our criterion for the equality {Z(‘Lf),Z(q,f)} =0 works also for non-
reductive Lie algebras ¢, see Theorem [2.1

1. Preliminaries on the coadjoint representation

Let @ be a connected affine algebraic group with Lie(Q) = q. The symmet-
ric algebra 8(q) over k is identified with the graded algebra of polynomial
functions on q*, and we also write k[q*] for it.

Let q¢ denote the stabiliser in q of £ € q*. The index of q, ind g, is the
minimal codimension of Q-orbits in q*. Equivalently, ind q = ming¢q- dim qc.
By Rosenlicht’s theorem [2, 1.6], one also has indq = tr.degk(q*)?. The
Lie—Poisson bracket for k[q*] is defined on the elements of degree 1 (i.e.,
on q) by {z,y} := [z,y]. Set further Y(x,y) = v([z,y]) for v € q*. For any
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F1,Fy € 8(q) and v € q*, we have
(1'1) {Fl,FQ}(")/) :’?(dWFl,d,ng),

where d,F' € q is the differential of F' € 8(q) at 7. As @ is connected, we
have 8(q)% = 8(q)% = k[q*]9. The set of Q-regular elements of q* is

(12) q;keg = {77 € q* | dim q77 = lndq}

Set ggng = 97 \ Qreg- We say that q has the codim—n property if codim ging =
n. By [5], the semisimple algebras g have the codim—3 property.

Set b(q) = (dimq +indq)/2. Since the coadjoint orbits are even-
dimensional, this number is an integer. If q is reductive, then ind q equals
the rank rkq of q and b(q) equals the dimension of a Borel subalgebra. A
subalgebra A C 8(q) is said to be Poisson commutative if {A, A} =0. If
A C 8(q) is Poisson commutative, then tr.deg A < b(q), see e.g. [15, 0.2].

Definition 1. A Poisson commutative subalgebra A C 8(q) is said to be
complete on a coadjoint orbit Qy C q* if tr.deg (Alg,) = 2 dim(Q~).

The notion of completeness originates from the theory of integrable systems.
For a subalgebra A C 8(q) and v € q*, set d,A = (d, F | F € A),.

1.1. Decompositions and compatibility

Let q=f® V be a vector space decomposition, where § is a subalgebra.
For any s € k*, define a linear map ¢,: q — q by setting ¢,|; = id, @]y =
s-id. Then @spy = pse and @3t = e, i.e., this yields a one-parameter
subgroup of GL(q). For each s, the formula

(1-3) [z, 9l(s) = @5 ([s(2), 5 (1)])

defines a modified Lie algebra structure on the vector space q. All these struc-
tures are isomorphic to the initial one. The corresponding Poisson bracket
is denoted by { , } (). We naturally extend ¢, to an automorphism of 8(q).
Then the centre of the Poisson algebra (8(q), { , }(s)) equals ¢;*(8(q)?). For
x € q, write x = z; + oy with a5 € f, 2y € V.

If g =§ & VisaZs-grading, ie., [f,V] C V and [V, V] C§, then { , }) =
lgr(l){ ; }(s) is @ Poisson bracket; furthermore { , }o) ={ , }(—sand { , }( +

{, Yoy =2{, }5 with 25% = s* 4+ (s')%. The brackets { , },) are pairwise
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compatible and together with the line k({, } —{, }()) build a two-
dimensional pencil.

Lemma 1.1. Suppose that q =§f@®V, where §f C q is a subalgebra and
[f,V] C V. For any v = x; + xv,y = y; + yv € q, we have

(14) (2,9l = =5, 93] + 2 ov] + [2v, yi] + slav, yvlv + SPlav, yvl.
Proof. The statement is verified by a straightforward computation. O

Assume that ¢ =@ V is an f-stable decomposition. One of the crucial
properties of [, ], is that if x € f and y € g, then [z,y],) = [x,y] for all
s € k. Then shows also that if [f,q] #0 and [V, V] is not contained
in either § or V, then the brackets { , }) do not build a two-dimensional
pencil.

2. A criterion for commutativity

Let f be a subalgebra of q. Suppose that there is an j-stable decomposition
q=f®m,ie., [f,m] C m. This yields a bi-homogeneous structure for 8(q):

=P s esm

1,720

For any H € 8(q), we have H =}, ;- H(; ;), where H; j) € () ® 8 (m)
are the bi-homogeneous components of H. Let Z(q ) be the subalgebra of
8(q) generated by the bi-homogeneous components of all H € 8§(q)%. Since
each bi-homogeneous component of H € §(q)% is f-invariant, we have 24 ) C
8(q)T. It is claimed in [I, Theorem 1] that if q is semisimple and the Killing
form of g is non-degenerate on f (so that an f-stable decomposition of q does
exist), then Z(q,5) 1s Poisson commutative. However, this is false! Below,
we give a criterion for the Poisson commutativity of 24y and provide a
counterexample to the assertion of [I]. On the positive side, we deduce from
our criterion that Zqy) is Poisson commutative whenever § is an abelian
subalgebra.

Given v € q*, we decompose it as ¥ = ¥ + Ym, where ¥j[;m = 0 and ym|j =
0. Let s : q— q be the same as in Section with V' =m. Set ¢s(7) =
Y5 + $Ym. It is well known and easily verified that, for any H € 8(q)9 and
€ € q*, one has d¢H € 3(q°), where 3(q%) is the centre of q°. A standard
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calculation with differentials shows that

(2-1) dy(0s(F)) = s(dp, (1) F)
for any F € 8(q).

Theorem 2.1. The subalgebra Z = Zqy) is Poisson commutative if and
only if

(g 1, (o, () H')j) = 0
for each v € q*, all nonzero s,s' €k, and all H,H' € 8(q)9.

Proof. Tt suffices to prove the assertion for homogeneous H, H' € 8§(q)9.
. d .

Note that if H € 8¢(q) and H = > im0 H(a—jj), then os(H) = > s'Hiq_j j).

Therefore, employing the standard argument with the Vandermonde deter-

minant, one shows that

(2-2) Z = alg(ps(H) | H € 8(q)%, s € k).

Hence the algebra Z is Poisson commutative if and only if for all H, H' €
8(¢)9, all nonzero s, s’ € k, and any v € g*, by (1-1)), we have

As s = As o i = 5(dyps(H), dyps (H')) = {ps(H), s (H') }(7) = 0.

Suppose that H, H' and v are fixed. Then there is no ambiguity in the use
of Ag .

Set € = d,, () H and 7 = d,,_,(,)H'. Since ¢s(H) belongs to the Poisson
centre of (8(q),{ , }(s-1)), we derive from (2-1)) that

Y(dyps(H), dyips (H)](5-1)) = 1([0s(&), 5 ()] (5-1))
= Y([& + 5Em, Mf + 5'Nm] (1)) = 0.
Similarly, ¢« (H') belongs to the Poisson centre of (8(q),{ , }((s)-1)) and
hence
V(& + 5Em, 5 + 8Nl ((51)-1))

For all § € k* and H € 8(q)7, we have 4(f, d,ps(H)
Therefore, &(@S(é')vnf) = ’?(gfv Ps’ (77)) =0. ThU.S,

(2:3) C =4 ((dp, (1) H)1, (dy,, () H')5)
= ’?(ffﬂ?f) = _S/’A}/(gfa Um) = _S:Y(gma 77f)

0.
) =0, since Z C 8(q).
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Let us substitute this into the formulas

Y([es(€), s (M (s-1)) = (& 1) + 55 (Ems15) + 5" A(E5y D)

+ Sg’}’f([fm,nm]f) + SI’Ym([fm?T]m]m) =0,
Y([es (&), w5 (M](s1y-1)) = (& mp) + 57 (Ems 15) + 87 (Efs M)
(6w Tnl) + 570 (6o ) = 0.

obtaining the equalities

C-C-C+ 8_18/"yf([§m, nm]f) + Sl')’m([gmanm]m) =0,
C-C-C+ S(S/)il')’f([gm,nm]f) + S'Ym([fmynm]m) =0.

Furthermore As ¢ = —C + s %5([€m, Mml§) + 55 Y ([Ems ) m)-
Suppose that C = 0, then

Silfyf([gmv nm]f) + 7m<[§m7nm]m> =0,
(S/)_I'Yf([fmy nm]f) + 'Ym([gmy nm]m) = 0.

Thereby (571 - (3/)71)7f([§manm]f) =0 and (s = 8" )ym([€m; Nm]m) = 0. If
s # &', then necessarily Asy = 0. Since Ay is a polynomial in s and
with constant coefficients, A5 = 0 for all nonzero s, s’. This settles the ‘if’
part.

In order to prove the ‘only if’ implication, suppose that As o = 0 for
all 5,s" € k*. Then = = 7§([ém, Mmlf) and ¥ = Y ([Em, Tm]m) satisfy s™1s'z +
s'y = s(s)lx + sy = ss'(x +y) = C. Assume that s # s’ and that s, s’ # 1.
Then

Srex 4y =0;
Staty=0,

and the only solution of this system is x = y = 0. Hence C' = 0. Since C is
a polynomial in s and s’ with constant coefficients, the equality

31 (g () H)ss (dy,, () H')5) = 0
holds for all s, s’ € k*. O

Corollary 2.2. If § is an abelian Lie algebra, then Z
mutative.

a@.f) is Poisson com-
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Proof. Since [f,f] =0, we have [(dy,, (y)H)j, (dy,()H')j] =0 for each
v € q*, all nonzero s, s’ € k, and all H, H' € 8§(q)9. Hence Zq ;) is Poisson-
commutative by Theorem O

Let g = Lie(G) be a reductive Lie algebra. Then g is identified with g*
via a G-invariant non-degenerate symmetric bilinear form ( , ) and 8(g)? is
a polynomial ring. Let {H1,..., H;} be a set of homogeneous algebraically
independent generators of 8(g)? with deg H; =: d;. By the Kostant reqularity
criterion for g [5, Theorem 9],

(2-4) (deHj |1<j <)k =g* ifand only if £ € g,
Recall that g¢ = 3(g¢) if and only if £ € Oreg [10, Theorem 3.3].

Example 2.3. If g = gl,,, then 2* € ¢* for any = € g and k € N. (Here z* is
the usual matrix power.) Moreover, if we identify g and g*, then d,8(g)? =
(%10 <k < n)y.

Consider the pair (g, f) = (gly, sl2) with sly embedded in the right lower
corner.

1 0 0 1 s 0 0 s
0 01 O 0 0 s O
Take v = 101 ol Then 5 + sy = s 01 0
01 0 -1 0 s 0 -1

Note that ~;#0. For any k>0, (ps(7))* = (v + 57m)* belongs to
ZI%(WQ)S?)(Q)Q. Hence ((75 4 s7m)"); € (d,,(4)8(9)?);- Let us do calculations for

s 0 s°—s
2
2 ] 0 s 0
(7f + SFYm) - 82+S 0 1 82 and
0 —s 2 1
k k * *
3 k k * %
(itrsm)® =1, , | &
* x 0 -1

Let e=(34), h=(§2), and f=(99) form the standard basis of sly.
Then

= h, (3 +57m)%); = s*(e+ f), and ((vj + s7m)?); = s°e + h.
Therefore, if s # 0, then ((d,, H); | H € 8(g)g>k = f{. Since (h, [f,f]) # 0,
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we conclude that
'AYf((dcps(v)H)f’ (dwsf(v)H/)f) #0

for all nonzero s, s’. Thus, by Theorem Z(g,5) is not Poisson commutative.

Remark 2.4. Example also implies that 24 41,) is not Poisson commu-
tative if g = gl, is replaced with sly. For, gl, = 3 @ sly with 3 = kl4, hence
S(gly)%% is generated by 8(sl4)*™ and 3. For any reductive f C sly, the al-
gebra Z g, 1) = alg(Z(s1,,),3) is Poisson commutative if and only if Z4, 5
is.

Example easily generalises to the pairs (gl,,gl,,) with n > m + 2.
On the other hand, one can prove that the algebra Z (g, s1,) OF Z(s1,,s1,) 18
still Poisson commutative.

Example 2.5. Let us show that, for a special choice of , the algebra Zq i
is rather close to an M F-subalgebra.

Let h € g be a semisimple element such that (h,h) # 0. Set f = (h) =
(h)k. Then m C g is the orthogonal complement of h with respect to ( , )
and the bi-homogeneous decomposition of H; € 8(g)? is

Hj = Hjoh" + Hj h% ' + ..+ Hjph% ™ 4+ 4+ Hjg,

where Hj, € 8*(m). By definition, Z(q,(ny) is generated by Hj,khdﬂ'_k with
1<j<land 0<k<dj. On the one hand, we had f = (h). On the other
hand, let v € g* be such that v(m) =0 and ~(h) = 1. Actually, v = (h},Lh)
under the identification of g and g*. Then

d;
OFH; =) r(r—1)...(r —k+ 1) "Hjq _,.
r=k

If H € 8%*(g)® is the quadratic form corresponding to (, ), then d,H = ch
for some ¢ € k*. Hence h € (MJ),. Arguing by induction on k, we obtain
Hjj € (MTJ), for k < dj. Thus

Zg, () C (MF)y = (MT)1, C alg (Z(g,ny), b ™) = alg (Zg g h ")

where the last equality holds, because h? € Z(g,(h))-
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3. Properties of the algebra Z4

Suppose that g is semisimple. Let t be a Cartan subalgebra of g and A
the root system of (g,t). By Corollary the algebra Zg () is Poisson
commutative, and our goal is to prove that this algebra has a number of
remarkable properties. Let g be the root space corresponding to v € A and
let e, € g, be a nonzero vector. Then m = tt = D.cn 9+-

Recall that {H;, ..., H;} is a set of homogeneous algebraically indepen-
dent generators of 8§(g)? and deg H; = dj. One has Zé 1d; =b(g). The
vector space decomposition g = t ® m provides the bi-homogeneous decom-
position of each Hj:

d;
HJ (¢,d;j—1)
= 0

where (Hj)(id4,—i) € 8'(t) ® 857 (m) C 8% (g). Recall that Z := Zy ) is the
algebra generated by

<

Since each Hj is g-invariant, all the bi-homogeneous components in
are t-invariant. Hence Z C 8(g)!. The total number of these functions is
Zé‘:1(dj +1) =b(g) + [, but some of them are identically equal to zero.
Indeed, (Hj)(4,—1,1) € 8% *(t) ® m and m* = {0}, hence (H;)4,_1,1) = 0 for
j=1,...,1. Therefore, the number of nonzero generators of Z is at most
b(g).

The bi-homogeneous component (H;) 4, o) € % (t) is the restriction of
Hj to t ~ t*. Therefore, by the Chevalley restriction theorem, the polynomi-
als (Hj)(a,,0, J =1,...,l, are the free generators of SV, where W is the
Weyl group of t. This means that having replaced (H1)4, 0),- - (H1)(4,,0)
with a basis of t and keeping intact all other bi-homogeneous components
(generators of Z), we obtain a larger subalgebra Z, which is an algebraic
extension of Z (i.e. tr.deg Z = tr.deg Z). Furthermore, since Z C 8(g)t, Z is
still Poisson commutative.

Once again, we use the map ¢, defined in Sectlonu 1.1} By (2-4)), if ps(y
Oregs then d,,_ ()S(g)? = g#( ; and by (2-1), we have

(3-2) dyps(8(9)°) = ps(g7 ).

As before, we identify g and g*.
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Lemma 3.1. Let h € t and x € m be such that (h +kz) N gleg # @. Then

dpy 2% = t+ dp(MTF)z). Moreover, if h € glog, then dpyp2 = dp(MTF),) =

Proof. The assumption (h & kz) N g7, # & implies that
Q:={sck” | h+s2C g}

is a nonempty open subset of k*. Since €2 is infinite, we can strengthen (2-2))
as

(3:3) 2 = alg{p.(H) | H € 8(a)%, s € Q).
Combining this with , we obtain

dpieZ = t+ > diya@s(8(9)%) = t+ > @u(g"™) =t+ ) gt
sEN SEN sEN

Set Q' =QU{0} if hegj, and Q' =Q otherwise. Then the equality
> scqy 8775 = dp(MF),) follows from [13, Lemma 1.3], see also the proof
of Lemma 2.1 in [I3} Sect. 2]. If h & g}, we are done. If h € g, then g" =t

and t + ZSEQ gh+sm - ZSEQ’ gh+sx.
Finally, we recall that d((M5),) = di((MF)},) for any z,h € g by [13]
Eq. (2-3)]. O

Theorem 3.2. For Z =24y and Z as above, we have

(i) tr.degZ = tr.deg Z = b(g) and both algebras Z and 2 are polynomial;
(i) both Z and Z are complete on each reqular orbit;
(i) Z is a mazimal Poisson commutative subalgebra of $(g).
Proof. (i) Since Z C Z is an algebraic extension, the first equality follows.
Take a principal slo-triple {e, h, f} C g such that h € t and e, f € m. Note

that any nonzero element of (e, h, f)i is regular in g ~ g*. Pick a nonzero
x € (e, f)x C m and consider the subspace

dh—l—xZ = {dh+xF | F e Z} cg.

Because ¢s(h + x) = h + s1 € g/, for all s, we have dpi2Z = dp((MF),) by
Lemma 31
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One of the properties of MF-subalgebras is that dim dj,((MF),) = b(g),
if

(kl‘ D kh) N Osing = {0},

see [12], [I3} Cor. 1.6 & Lemma 2.1]. Thus dim dj, 4,2 = b(g). It follows that
tr.deg Z > b(g), and since tr.deg A < b(g) for any Poisson commutative sub-
algebra, we actually get the equality. As both Z and Z have at most b(g)

generators, they are polynomial. Therefore, Z is freely generated by

while Z is freely generated by a basis of t and the components (H j)(i,d,-—i)7
where 1 < j<landi=0,1,...,d; — 2.

(ii) In part (i), we proved that dim dj,Z = b(g). Then [I3, Lemma1.2]
implies that Z is complete on the orbit G(h + x). For an appropriate choice
of x € (e, f), we obtain a nilpotent element h + z € (e, h, f)x ~ sly. Hence
Z is complete on the regular nilpotent orbit. Then a standard deformation
argument, see [13, Cor. 2.6], shows that Z is complete on every regular orbit.
The same line of argument applies to Z, since dj48(t)"V = d;8(g)® = t and
dhy2Z = dpizZ. 3

(iii) The maximality of Z will follow from the fact that the subvari-
ety Y = {y € g* | dimd,Z < b(g)} is of codimension >2 in g* (see below).
We identify g and g* via the Killing form and regard Y as a subvariety
of g. Write v =h'+2' with b’ € t, 2’ € m. If (W, 2")x N gsing = {0}, then
dim dp (MF) 4 ) = b(g) [12, Theorem 2.5] and dim d,yi = b(g) by Lemma

Consider the map 1 : gsing X k — g defined by 9(§, 5) = & + s&m and let
Y be the closure of Im (). Set tsing 1= t M gsing and Mgjng := M M gging. Then

Y C Y U (tsing X m) U (t X Mging)-

e Since codim gsing = 3, we have dimY < dimg — 2.

e As mgng is conical and (e, f)x N mging = {0}, we have dim mgjpg <
dimm — 2. Therefore, t x mgng C g does not contain divisors.

e We prove below that dim(Y N (ting x m)) < dim g — 2, which yields
the required estimate of codimY'.

The subset ts5ng C t is the union of all reflection hyperplanes in t. That
is, if

Hy ={z e t](y,2) =0},
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then tgng = U'yEA H,. (Of course, H, =H_,.) Suppose that h' € I, is
generic, ie., h' € 3, \ U, .y, 3y Then 1 € g is subregular and

ghl = t@gu Dy = g{z/ S <€1/7 hl/aefz/>[k = J-CV @5[27

where h, = [e,,e_,] and 3, is the centre of g". Note also that 3, =
dp8(g)? C t, cf. [14, Lemma 4.9]. Without loss of generality, we may as-
sume that v is a simple root with respect to some choice of A™ C A. Let
II C AT be the corresponding set of simple roots and m = u @ u~. We may
also assume that e = ) jcata Cuwithcy €k* and f =3 e o €u”
for a principal slo-triple {e, h, f} with h € t, cf. [5, Theorem 4]. For b = t ® u,
we have f +b C greg by [5, Lemma 10]. In particular, i’ 4+ sf € greg for any
s e k*.

Lemma 3.3. If b/ € H, is generic, then g 5/ € H, @ u™ for any s # 0.

Proof. As is well known, (g"'**/)L = [g,h/ + sf]. Hence it suffices to prove
that [g,h' +sf] D (H, @u™)t = (b)) B u™.

Since W/ + sf € t®u~ =: b~ is regular in g, we have g"’' ™5/ C b~. Hence
(9,0 +5f] D (b7)F =u". Next, [e,, M + sf] = [ey, sf] = s[e,,e_] = s-hy, €
(g, 7' + sf]. O

Now, set

Vi=di (MF)p) = Yo",
s#£0
where the last equality stems from [I3, Lemma 1.3]. On the one hand, V C
H, @ u~ by the above lemma. On the other hand, dimV = b(g) — 1 in view
of [13] proof of Theorem 2.4]. Hence V=H, G u~.

The differentials dp 47 ((Hj)(4,,0)) = dn ((Hj)(a,,0) = dnwHj with 1<
j <l are linearly dependent, because they are contained in H,, hence
dimdp 42 < b(g) — 1. Recall that b’ + sf € greg for any s € k*. Combin-
ing with , we obtain

Ve = i 2D Y u(d ™) = 0u(V) = 3G, @u
s#0

Thus Vg =XH, +u~. Next dh/ﬂci # dp 42, since tZ Vz. We obtain
dim dh,ﬂci = b(g), which means that dim dvf, = b(g) on a dense open subset
of 3, x m. Since v € A is arbitrary, this implies that dim(Y N (tsing x M)) <
dimg — 2.

Thus, we have proved that dimY < dimg — 2.
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Since Z is generated by algebraically independent homogeneous polyno-
mials and codimY > 2, it follows from [IT, Theorem 1.1] that Z is an alge-
braically closed subalgebra of 8(g) (i.e., if F' € 8(g) is algebraic over the quo-
tient field of Z, then F € Z). An inclusion Z C A C 8(g), where {A, A} =0,
is only possible if A is an algebraic extension of Z, because tr.degi =b(g)
and tr.deg A < b(g). Therefore we must have Z=A. (]

Remark 3.4. We know that Z C $(g) and tr.degZ = b(g). If h € tleg, then
these two properties are also satisfied for (MF);, [12]. One may say that Z,
as well as Z, resembles all such MF-subalgebras. However, there is no choice
of h € t* involved in the construction of Z and Z C 8(g)V¢(V unlike any of
(MT)p, with h € ti,.

Furthermore, by Lemma we have dp4.Z = dp(MF),) = do(MF)p)
for any x € m and h € t{,. It is tempting to further investigate this rela-
tionship.

Another intriguing task is to produce a quantisation of 2, i.e., a commu-
tative subalgebra of the enveloping algebra U(g) such that its graded image

in 8(g) is Z.
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