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Differential forms, Fukaya A., algebras,
and Gromov-Witten axioms

JAKE P. SOLOMON AND SARA B. TUKACHINSKY

Consider the differential forms A*(L) on a Lagrangian submani-
fold L C X. Following ideas of Fukaya-Oh-Ohta-Ono, we construct
a family of cyclic unital curved A, structures on A*(L), parame-
terized by the cohomology of X relative to L. The family of A,
structures satisfies properties analogous to the axioms of Gromov-
Witten theory. Our construction is canonical up to A, pseudoiso-
topy. We work in the situation that moduli spaces are regular and
boundary evaluation maps are submersions, and thus we do not
use the theory of the virtual fundamental class.
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1. Introduction

In the beautiful series of papers [4, [5, [7H9], Fukaya and Fukaya-Oh-Ohta-Ono
reworked and extended in the language of differential forms the theory of A
algebras associated to Lagrangian submanifolds from their book [6]. With
the help of this new tool, they obtained many striking results in Floer theory
and mirror symmetry. They work in a very general setting, and introduce
fundamental new ideas in the theory of the virtual fundamental class to
address the technical difficulties that arise.
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The present paper uses differential forms to construct a family of cyclic
unital curved A, algebras associated to a Lagrangian submanifold. We con-
sider Lagrangian submanifolds that satisfy an analog of the convex condition
in algebraic geometry [I0], so the construction can be made without using
virtual fundamental class techniques.

Our family of A, algebras is parameterized by the cohomology of X
relative to L, as opposed to absolute cohomology of X as found in the
literature. The family satisfies differential equations analogous to the funda-
mental class and divisor axioms of Gromov-Witten theory. Our definition of
unitality is stronger than the standard one. The use of relative cohomology
is of crucial importance for proving unitality and the divisor equation.

We use the framework developed here in |20} 21] to define open Gromov-
Witten invariants and establish their properties. For this purpose, we also
include a discussion of the operator m_; as defined in [5].

1.1. Setting

Consider a symplectic manifold (X,w) with dimg X = 2n, and a connected
Lagrangian submanifold L with relative spin structure s = sy. For the defi-
nition of relative spin structure, see [0, Definition 8.1.2] and [23, Definition
3.1.2(c)]. Let J be an w-tame [16], p.2] almost complex structure on X. De-
note by p : Hy(X, L) — Z the Maslov index as in [2, Section 2]. See also [I,
Appendix] and references therein. Let II be a quotient of Hs(X, L;7Z) by
a possibly trivial subgroup contained in the kernel of the homomorphism
w® p: Hy(X, L;Z) — R @ Z. Thus the homomorphisms w, p, descend to II.
Denote by 8y the zero element of II. We use a Novikov ring A which is a
completion of a subring of the group ring of II. The precise definition fol-
lows. Denote by T the element of the group ring corresponding to 8 € II,
so TH TP = TPtz Then,

A= {i aiTﬁi

ai € R, B; € ILw(B;) > 0, lim w(B;) = 00} :
71— 00
i=0
A grading is defined on A by declaring T to be of degree pu(f).

For k > —1, denote by My1;(8) the moduli space of genus zero J-
holomorphic open stable maps to (X, L) of degree 5 € II with one boundary
component, k4 1 boundary marked points, and [ interior marked points.
The boundary points are labeled according to their cyclic order. Denote by
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evbf : Mp114(8) = L, and evz’f : Mj41,(8) = X, the boundary and inte-
rior evaluation maps respectively, where ¢ =0,...,k, and j=1,...,[. As-
sume that My1,(5) is a smooth orbifold with corners. Then it carries
a natural orientation induced by the relative spin structure on (X, L), as
in [0, Chapter 8]. Assume in addition that evbg is a proper submersion. See
Example and Remark for a discussion and examples of when these
assumptions hold. See Section for background on orbifolds with corners
and Section for background on open stable maps.

For any manifold M, possibly with corners, denote by A*(M) the algebra
of smooth differential forms on M with coefficients in R. For m > 0, denote
by A™(X, L) the smooth differential m-forms on X that pull back to zero
on L, and denote by A°(X, L) the functions on X that are constant on L.
The exterior derivative d makes A*(X, L) into a complex.

Let tg,...,tn, be formal variables with degrees in Z. Define graded-
commutative rings

R := Al[to,...,tn]], @ :=R[to,...,tn],
thought of as differential graded algebras with trivial differential. Set
C:=A"(L)® R, and D:=A"X,L)®Q,

where ® is understood as the completed tensor product of differential
graded algebras. Write }AI*(X,L;Q) = H*(D). The gradings on C, D, and
f-\I*(X, L; @), take into account the degrees of ¢;, T?, and the degree of dif-
ferential forms.

Define a valuation

v:R—R,
by
v (Y a4 Tt | = inf (w(ﬁj) + Zliﬂ') '
=0 =0 0,240 =0

The valuation v induces a valuation on @, C, D, and their tensor products,
which we also denote by v. Define Tr := {a € R|v(a) > 0}, and similarly
Zg ={a€Q|v(a) >0}. Let R:= R/Zr =R and

C :=C/(IrC) = A*(L).
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1.2. Statement of results

Let R be a differential graded algebra over R with valuation ¢g and let C be
a graded module over R with valuation ¢-. We implicitly assume elements of
graded rings and modules are of homogeneous degree and denote the degree
by | - |. Let 6; ; denote the Kronecker delta.

Definition 1.1. An n-dimensional (curved) cyclic unital A, structure
on C is a triple ({my}r>0, <, =, ) of maps my : C¥* — C[2 — k], a pairing
<,>:C®C — R[—n], and an element e € C with |e| = 0, satisfying the
following properties. We denote by «, possibly with subscripts, an element
of C, and by a an element of R.

1) The operations my are R-multilinear in the sense that

mk(al,. 01,0 -ai,...,ak)

= (—1)'“"(”2;;11 ‘O‘j‘)a -my (o, ..., o) + 01 da- .
2) The pairing < , > is R-bilinear in the sense that
<a-ag,a0- = a<ay, ag-,  <ap,a-ag- = (=) 0FleaDgcq ) ans

3) The A relations hold:

Z (—1) i1 (lag [ 4+1)

k1+k2:k+1
1<i<k

X my, (a1, 1, Mgy (Qy o Qi 1), Qi - - -5 Q) = 0.
4) se(mg(ag,...,ax)) > E;?:l sc(ay) and g¢(mg) > 0.
5) r(=a1,a0>=) > c(ar) + sc(az).
6) <a1, 0= = (_1)(|a1\+1)(|a2\+1)+1<a27 o>
7) The pairing is cyclic:
<mg(a, ..., ap), aprp- = (—1)lesnFD Ein (a1

X <mk(ak+1, a1, ..., Oékfl), ap>= + 61,k -d=<ay, ag-.

8) mk(al,...,ai_l,e,aiﬂ,...,ak) =0 VEk 75 0,2.

9) <mg, e~ = 0.
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10) ma(e,a) = a = (—=1)%my(a, e).

Remark 1.2. The intuition behind the signs of properties , 12), (@3),
and , is that we consider the shifted degree of elements of C, and
the shifted degree of the operators my, which is 1. Thus, “passing” a € R
“through” a € C contributes (—1)le(el+1) “passing” a through my adds
(—=1)l9l, and “passing” m;, through av adds (—1)1**1. The sign in property ()
reflects the fact that the pairing is graded anti-symmetric.

Remark 1.3. Our definition differs from that of [4 [7, [§] in that mg is
required to respect the unit e.

Equip R with the trivial differential dr = 0. Consider the R-module C'.
For v € ZgD with dy =0, |y| = 2, and 3 € II, define maps

m)? C%F s ©

by
mY’ﬁO (o) = da,

and for £ > 0 when (k, 8) # (1, Bo), b

my (o, ap) = (—1)2"=1j(|a"|+1)+1
Z evbg* /\ evb’B ) o A /\ em )*).
1>0 j=1 j=1
Define also

m] : C%* — C
by
m) = Z Tﬂmg’ﬁ.
Bell

Denote by (, ) the signed Poincaré pairing,

1) (€.m) = (~1)h /L £nn.

Denote by 1 the constant function 1 € A%(L). The main results of the paper
are the following theorems.
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Theorem 1. The triple ({m]}i>0,(, ), 1) is a cyclic unital As structure
on C.

Set

R = AY([0,1; R),
(2) €= A*[0,1] x L;R), and ® = A*([0,1] x X, [0,1] x L; Q).

The valuation v induces valuations on R, €, and ®, which we still denote
by v. For ¢t € [0,1] and letting M be either L or the point, denote by

gt M —[0,1] x M
the inclusion j(p) = (¢, p).

Definition 1.4. Let S; = (m,<, =,e) and Sy = (w', <, >, €') be cyclic
unital Ay structures on C. A cyclic unital pseudoisotopy from S; to Ss is
a cyclic unital A structure (m, < , %=, €) on the R-module € such that for
all a&; € € and all k > 0,

Jomy(ar,. .., ar) = mp(jod, ..., Jodu),
jikﬁk(dla SR dk) = m;c(jfdlv oo 7]’{6%)7
and
jg%dl, Qo= = %jg&l,jg&2>-, jgé =e,
Jisan, o= = <jian, jiag>-, jie=¢€.

Theorem 2. Let v,y € ZoD be closed with |y| =|y|=2. If ] =[y] €
H*(X, L;Q), then there exists a cyclic unital pseudoisotopy from (m7,(, ), 1

to (m?',(,),1).

In Section [ we also discuss pseudoisotopies arising from varying J, under
regularity assumptions on the family moduli spaces similar to those already
assumed for My 1 (5).

By property , the maps my descend to maps on the quotient

my 16®k —C.

Theorem 3. Suppose 9,y =1 € AY(X,L)®Q and 0,y =11 € A*(X,L)®
Q. Assume the map Ho(X,L;Z) — Q given by 5 +— f/j v1 descends to II.
Then the operations m] satisfy the following properties.
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1) (Fundamental class) Oy, m] = —1- 8o .
2) (Divisor) 6t1mZ’5 = [zm -mZ’ﬁ.

3) (Energy zero) The operations m) are deformations of the usual differ-
ential graded algebra structure on differential forms. That is,

m] (a) = da, m) (a1, ag) = (—1)1*ay A ag, m; =0, k#I1,2

In Section we also construct a distinguished element mll € R fol-
lowing [5]. In the subsequent sections, we prove its properties along with
the properties of m) for k£ > 0. In Section {4 we construct m”,, the analo-
gous structure for a pseudoisotopy. In Section we reformulate the Ao
structure equations of the pseudoisotopy so that the structure equation for
m”, fits more naturally. The reformulated A structure equations are used
in [20] to prove that the superpotential is invariant under pseudoisotopy.

Example 1.5. Suppose J is integrable, and we are given a Lie group Gx
with a transitive action a: Gx x X — X such that for each g € G the dif-
feomorphism «(g, -) is J-holomorphic. Moreover, suppose cx : X — X is an
anti-holomorphic involution with L = Fiz(cx) and ¢g : G — G is an invo-
lutive homomorphism such that a(cgg, cxx) = cxa(g,x). Then it is shown
in [24] that our assumptions that My, (/) is a smooth orbifold with corners
and evbg is a submersion are satisfied. Indeed, it is well-known that the
moduli space of closed genus zero stable maps to X is a complex orbifold in
the presence of a transitive group action [10} 19]. The moduli space of open
stable maps My, ;(f) is constructed from the fixed points of the induced anti-
holomorphic involution of the moduli space of closed stable maps by cutting
along the compactification divisor. The subgroup G, = Fiz(cg) C Gx acts
on My, (B) and acts transitively on L, and evby is G, equivariant. It follows
that evbg is a submersion.

Thus, examples of (X,L) which satisfy our assumptions include
(CP™,RP™) with the standard complex and symplectic structures or, more
generally, flag varieties, Grassmannians, and products thereof.

Remark 1.6. More generally, suppose J is integrable, there exists a Lie
group Gx that acts transitively on X by J-holomorphic diffeomorphisms,
and there exists a Lie subgroup Gy C Gx that preserves L and acts tran-
sitively on L. We outline an argument showing that My (58) is a smooth
orbifold with corners and evb’g is a submersion. Indeed, [16, Proposition
7.4.3] shows that all J-holomorphic genus zero stable maps to X without
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boundary are regular. A modification of the argument there shows that J-
holomorphic genus zero stable maps to (X, L) with one boundary component
are also regular. See [3, Lemma 3.2] for the special case where the domain
of the map is a disk under weaker assumptions. For regularity of holomor-
phic disks, instead of Grothendieck’s classification [I1], one uses Oh’s work
on the Riemann-Hilbert problem [I7]. The argument applies equally well
to maps that are not somewhere injective in the sense of [16, Section 2.5].
So, the fact that a J-holomorphic map from a domain with boundary need
not factor through a somewhere injective map [14] [15] does not affect the
argument. Once all stable maps are regular, it should be possible to modify
the techniques of [19] to include Lagrangian boundary conditions, and hence
conclude that the moduli space is a smooth orbifold with corners. Since G,
acts transitively on L, it follows that evby is a submersion.

Virtual fundamental class techniques should allow the extension of our
results to general target manifolds.

1.3. Outline

In Section [2.1] we review orientation conventions and properties of the push-
forward of differential forms. Sections [2.2}2.4] formulate and prove the A
structure relations for the closed-open maps qy; for k¥ > —1. In Section @We
formulate and prove additional properties of the q operators. The section
closes with the proofs of Theorems [I] and [3] Section [ constructs pseudo-
isotopies and uses them to prove Theorem [2| Section reformulates the
A structure relations in a way that incorporates m_; more naturally.
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1.5. Notation

We write I := [0, 1] for the closed unit interval.



Differential forms, Fukaya A, algebras 935

We denote by pt the map from any space to the point or, depending on
the context, the point itself.

Use ¢ to denote the inclusion ¢ : L — X. By abuse of notation, we also
use ¢ for Id x¢: I x L — I x X. The meaning in each case should be clear
from the context.

Whenever a tensor product is written, we mean the completed tensor
product. For example, A*(L) ® R is the completion of the tensor product
A*(L) ®g R with respect to v. The tensor product of differential graded
algebras is again a differential graded algebra in the standard way. In par-
ticular,

dt; - o) = (=Dl - da, a-t;= (=1l . q
VaeX, T=A"L),A*(X,L).

Write A*(L; R) for A*(L) ® R. Similarly, A*(X;Q) and A*(X,L;Q)
stand for A*(X) ® Q and A*(X, L) ® @ respectively.

For f : M — N asmooth map between orbifolds with corners, define the
relative dimension by

rdim f := dim M — dim N.

In particular, if f is a submersion, then rdim f is the dimension of the fiber
of f.

For two lists By = (v1,...,v,), Bs = (w1,...,wy), denote by By o By
the concatenation (vi,...,vn, W1,...,Wy).

2. Structure
2.1. Orientations and integration

2.1.1. Orbifolds with corners. We use the definition of orbifolds with
corners from [22]. We also use the definitions of smooth maps, strongly
smooth maps, boundary and fiber products of orbifolds with corners given
there. In particular, for M an orbifold with corners, M is again an orb-
ifold with corners and comes with a natural map iy, : OM — M. In the
special case of manifolds with corners, our definition of boundary coincides
with [I2, Definition 2.6], our smooth maps coincide with weakly smooth
maps in [I3], Definition 2.1(a)], and our strongly smooth maps are as in [13]
Definition 2.1(e)], which coincides with smooth maps in [12] Definition 3.1].
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We say a map of orbifolds is a submersion if it is a strongly smooth sub-
mersion in the sense of [22]. In the special case of manifolds with cor-
ners, our submersions coincide with submersions in [12, Definition 3.2(iv)]
and with strongly smooth horizontal submersions in [24) Definition 19(a)].
For a strongly smooth map f: M — N, we use the notion of the verti-
cal boundary 07M C OM defined in [22, Section 2.1.1], which extends to
orbifolds with corners the definition of [I2, Section 4] for manifolds with
corners. We write 7% : 8;M — M for the restriction of iy to 8}M . When f
is a submersion, the vertical boundary is the fiberwise boundary, that is,
M =[1,en0(f~ L(y)). If ON = (), then 9fM = OM. A strongly smooth
map of orbifolds f : M — N induces a strongly smooth map f| oM = = foil IE
6”M — N, called the restriction to the vertical boundary. If f is a sub-
mersmn then the restriction f |3v M is also a submersion. As usual, diffeo-
morphisms are smooth maps With a smooth inverse. We use the notion of
transversality from [22] Section 3], which is induced from transversality of
maps of manifolds with corners as defined in [I2), Definition 6.1]. In partic-
ular, any smooth map is tranverse to a submersion. Weak fiber products of
strongly smooth transverse maps exist by [22, Lemma 5.3]. Below, we omit
the adjective ‘weak’ for brevity.

2.1.2. Orientation conventions. For a diffeomorphism f: M — N of
oriented orbifolds with corners, we define sgn(f) to be 1 if f preserves ori-
entation and —1 if it reverses orientation. We use similar notation for iso-
morphisms of oriented vector spaces. We use the definition for orientations
of orbifolds with corners given in [22], Section 3]. We use the conventions of
Sections 2.2, 3, and 5.1 of [22] for orienting boundary and fiber products of
orbifolds with corners. For a submersion of orbifolds with corners h : Q — S
and y € S, we orient the fiber h~!(y) by identifying it with the fiber product,

(3) hHy) = {y} xs Q.

For manifolds, our convention for orienting boundaries agrees with [12]
Convention 7.2(a)] and our convention for orienting fiber products agrees
with [12, Convention 7.2(b)]. For submersions of manifolds, our convention
for orienting fiber products agrees also with [6].

2.1.3. Integration properties. For a detailed discussion of differential
forms on orbifolds with corners we refer to [22]. Let f : M — N be a proper
submersion of oriented orbifolds with corners of relative dimension
rdim f = r, and let T be a graded-commutative algebra over R. Denote by
fo: A¥(M;Y) — A*(N; T)[—r] the push-forward of forms along f as defined
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in [22], Section 4.1], that is, integration over the fiber. We will need the fol-
lowing properties of f, from [22, Theorem 1], where they were formulated for
T = R. Property below allows the reduction of integrals with coefficients
in general T to integrals with coefficients in R. In the following, all orbifolds
are oriented.

Proposition 2.1.
1) Let M be compact and let f: M — pt. Let « € A™(M)® Y. Then

f Jy o, m=dim M,
o =
: 0, otherwise.

2) Letg: P— M, f: M — N, be proper submersions. Then

feoge=(fog)

3) Let f: M — N be a proper submersion, « € A*(N;Y), 5 € A*(M;Y).
Then

f*(f*a/\ﬁ) =aA fif.
4) Let
MxyP-2sp

P,k

be a pull-back diagram of smooth maps, where g is a proper submersion.
Let o € A*(P). Then

P = frg.a.

Furthermore, we have the following generalization of Stokes’ theorem,
also from [22] Theorem 1]. It uses the notion of vertical boundary from

Section 2.1.11

Proposition 2.2 (Stokes’ theorem). Let f: M — N be a proper sub-
mersion with dim M = s, and let £ € AY(M;Y). Then

d(f.8) = fu(d§) + (=1)"'(f
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Remark 2.3. Proposition applied to f: M — pt yields the classical
Stokes’ theorem up to a sign,

(4) /df ( )dlmM+|§|+l 8M§.

The sign arises from the possibly non-trivial grading of the coefficient ring.
To derive this sign, assume without loss of generality that & = tn, where
t €Y and n € A*(M). Then, the classical Stokes’ theorem gives

[ de= [ atm = [ dnz(—1>'tt/aMn=(—1>t' [ e

On the other hand, the integrals vanish unless || = dim M — 1. In this case,

it = 1€l + Inf = dim M + ([ + 1 (mod 2).
2.1.4. Currents. For a detailed discussion of currents on orbifolds with
corners we refer to [22]. We recall below some key notation. Let M be an
oriented orbifold with corners. Denote by A*(M) the space of currents of
cohomological degree k, that is, the dual space of compactly supported dif-
ferential forms AY™M=F (A1), Differential forms are identified as a subspace
of currents by

p 2 AS(M) — AR (M),

o)) = /MnAa, o € AdmM=k(pp)

Accordingly, for a general current {, we may use the notation

(5) Cl) = /Mcm, o € AZ(M).

Define
d : AR (M) — AR (M)

by d¢(a) = (—1)"*¢¢(de). Thus, if M is closed, we have dp(n) = ¢(dn).
Currents are a bimodule over differential forms with

(M ACQ)() = (=1)lHlctn ny), v e As(M), ne A(M), ¢eA (M),

and

AN =CAy), veAUM), neA (M), (cA(M).

This bimodule structure makes ¢ a bimodule homomorphism.
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Let f: M — N be a proper map of orbifolds. Define the push-forward
(6) fo 1 AF(M) — AFTrdim ()

by
(£:0)(€) = (=)™ aimI¢(f*¢), &€ A™(N).

So, when f is a submersion, f.¢o(n) = ¢(f«n). Analogs of the integration
properties of Propositions and for currents are given in Proposi-
tions 6.1 and 6.5 of [22] respectively.

2.2. Formulation
In this section, we construct a family of A, structures following [4] (6], [9].

2.2.1. Open stable maps. A J-holomorphic genus-0 open stable map
to (X, L) of degree 8 € II with one boundary component, k + 1 boundary
marked points, and [ interior marked points, is a quadruple (X, u, Z, @) as
follows. The domain ¥ is a genus-0 nodal Riemann surface with boundary
consisting of one connected component,

u:(2,08) - (X, L)

is a continuous map, J-holomorphic on each irreducible component of X,
with

us ([, 0%]) = B,
and
Z= (20, 2k), W= (wy,...,w),

with z; € 03, w; € int(X), distinct from one another and from the nodal
points. The labeling of the marked points z; respects the cyclic order given
by the orientation of 9% induced by the complex orientation of . Stabil-
ity means that if 3; is an irreducible component of ¥, then either uly, is
nonconstant or it satisfies the following requirement: If 3; is a sphere, the
number of marked points and nodal points on ¥3; is at least 3; if ¥J; is a disk,
the number of marked and nodal boundary points plus twice the number
of marked and nodal interior points is at least 3. An isomorphism of open

stable maps (X, u, Z, @) and (X', v/, 2, @') is a homeomorphism 6 : ¥ — ¥/,
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biholomorphic on each irreducible component, such that

u=1u 06, 25 =0(z), j=0,...,k, wi = 0(wj), j=1,...,1

Thus we obtain the category of stable maps, which has stable maps for
objects and isomorphisms of stable maps for morphisms. Since all morphisms
are isomorphisms, the category of stable maps is a groupoid.

Denote by My111(8) = Mp41,(8; J) the moduli space of J-holomorphic
genus zero open stable maps to (X, L) of degree 8 with one boundary com-
ponent, k + 1 boundary marked points, and [ internal marked points. In
particular, My1;1;(8) is a topological groupoid that is equivalent to the
category of stable maps. Here, by topological groupoid, we mean a small
groupoid along with a topology on the sets of objects and morphisms such
that the structure maps of the groupoid are continuous. Denote by

evbf t Mpy,(B) = L, 3=0,....k,

em’f t Mp1(8) = X, ji=1,...,1,

the evaluation maps given by evb?((E, u, Z,W)) = u(z;) and em’f((E, u, Z,w))
= u(w;). We may omit the superscript § when the omission does not create
ambiguity.

As mentioned above in Section Example and Remark
throughout the paper we assume that My1;(8) is a smooth orbifold with
corners and evbg is a proper submersion. In particular, the spaces of ob-
jects and morphisms of M1 ,(3) are smooth manifolds with corners and
the groupoid structure maps are local diffeomorphisms. Corners of codimen-
sion m in My1,(B) consist of open stable maps (X, u, Z,w) where ¥ has
m boundary nodes. A precise description of corners of codimension m = 1
is given in Proposition below. In the special case when k = —1 and (8
belongs to the image of the map Ha(X) — Ha(X, L) — II, an additional
boundary component arises from the collapse of the boundary of a disk to
a point. Alternatively, one can view this phenomenon as the bubbling of
a J-holomorphic sphere from a constant disk, which is unstable and thus
forgotten. The instability of the constant disk causes such bubbling to occur
in codimension 1. A precise description of this type of boundary component
is given in Proposition below.
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2.2.2. Operators. For any list a = (a1,...,ax) € Zglg, define

k

e(a) == jla;+1)+1.

J=1

To simplify notation in the following, we allow differential forms as input,
in lieu of their degrees. In particular, for a list o € C**,

k

e() = ey +1) +1.

j=1
For all g €11, k,1 > 0, (k,1,8) ¢ {(1,0, Bo), (0,0, 5p) }, define
Gy O @ AT(XQ) — ¢
by
G ® - @an @ @)

l

k
= (—1)5(a)(evbg)* /\(evi?)*vj A /\(evbf)*aj
j=1 j=1

The case ng is understood as —(evbg)*l. Furthermore, for [ >0, (I,3) #
(1, Bo), (0, Bp), define
qéu AN (X;Q)% — R

by
!
(7) 9, me-- @) —/ (emﬁ) ¥4
Mo (B) j—1
Define
qff’o(oz) = da, qg,oo =0, q€011 0, q[jol,o =0
Set

Lastly, define similar operations using spheres,

ot AT(X; Q)% — A*(X; R),
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as follows. For 8 € Ho(X;Z) let M;y1(8) be the moduli space of stable
J-holomorphic spheres with [ 4+ 1 marked points indexed from 0 to [ rep-
resenting the class [, and let evf : Myi41(8) — X be the evaluation maps.
Assume that all the moduli spaces M, 1(8) are smooth orbifolds and evy is
a submersion. Let

(8) w: Hy(X;Z) - 11

denote the projection. Recall that the relative spin structure s determines a
class wy € H?(X;7/27) such that wy(TL) = i*w,. By abuse of notation we
think of ws as acting on Ha(X;7Z).

For [ > 0, (laﬁ) # (170)7 (070)7 set

A, (115 m) = (= 1) P evg)(Ahoy (ev)) ™),
(

a0 (v = > TDqg (v, ),
BEH(X)

and define
q8,1 =0, q870 = 0.
The sign (—1)%+( is designed to compensate for the gluing sign in Propo-

sition [2.17] as in Lemma [2.12]
In Proposition [3.1] we prove that the q operators defined in this section
are R-linear in the proper sense.

2.2.3. Relations. In dealing with the next result, we will be using the
following notation conventions.

A list is a finite sequence. We write A < B if A is a sublist of B. Denote
by [k] a fundamental list of integers, namely,

An ordered 3-partition of [k] is a partition of [k] to three sublists (1 : 3), (2 :
3), and (3 : 3), such that

(1:3)0(2:3)0(3:3) = [k].

For example, a possible ordered 3-partition of [7] is {(1, 2), (3,4, 5,6), (7)}, so
in the above notation (1:3) = (1,2), (2:3) =(3,4,5,6), and (3:3) = (7).
On the other hand, {(1,2), (4,3,5,6),(7)} and {(1,3), (2,4, 5,6), (7)} are not
ordered 3-partition of [7], because the order in each is violated.
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Use | (7 : 3)| to denote the length of the corresponding sub-list, i = 1,2, 3.
So, if

(1:3)=(1,...,i1), (2:3)=(i1+1,...,i1 +12),
(3:3)= (i1 +i2+1,...,k),

then [(1:3)| =11, [(2:3)| =iz, and [(3: 3)| = k — i1 — i2. We allow a sub-
list to be empty, in which case its length is 0.

Denote the set of all ordered 3-partitions of [k] by Ss[k]. Similarly, denote
by S2[k] the set of ordered 2-partitions of [k].

For a list @« = (a1, ...,ax) and any (ordered) sub-list of indices I < [k],
write ol for the ordered sub-list of a with indices in I. Write |af| for
> ics lail. In the special case I = [k] write simply |a| := |af].

Let I UJ = [l] be a partition of [/] in the usual sense, not respecting
the order of [/]. Equip the subsets I and J with the order induced from [{].
Let v = (71,...,7) be a list of differential forms. Define sgn(c} ;) by the

equation
Nvin N\ = (=0 Ay

i€l jedJ kel
where the wedge products are taken in the order of the respective lists.
Explicitly,

sgn(oluy) = 3. |l -yl (mod 2).
iel,jed
et

Proposition 2.4. For any fivzed « = (a1,...,ax), v = (Y1,---,7),

(9) 0= Z (_1)|7(1.3)|+1qk’l(a;7(1:3) Q d’)/j Q 7(3:3))
S5l
(@2:3)={})
+ > (DD @y (@)
PES,[K]
TuJ=[i|

® Q23,0 (@FY;77) @ a3 4,
where

oo y; PN = (D Iyl +1) - Y (gl + 1)

jeJ JE(1:3)

+) il + sgnlo]y,)  (mod 2).
jel
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V3

Vi V2

L aq %)

Figure 1: The fat black dot represents a point of the chain () “Poincaré
dual” to q2,3(a1, @2;71,72,73)-

Intuitively, equation @ describes the boundary of the chain @ “Poincaré
dual” to qg(c; 7). Indeed, the term of the second summand of equation @
with (|(1:3)], ||, 5) = (1,0, By) corresponds to the boundary of (). Think of

V3

Vi V2

L C(l daz ((2

Figure 2: The fat black dot represents a point of the portion of the boundary
of @ arising from J-holomorphic disks passing through the boundary of the
constraint corresponding to as.

V3

Vi V2

L a <,

Figure 3: The fat black dot represents a point of the portion of the boundary
of @ arising from the boundary of the moduli spaces M3z 3(0).
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the chain @ as the union of the boundaries of J-holomorphic disks passing
through constraints “Poincaré dual” to a and ~. See Figure [1} One type of
contribution to the boundary of Q comes from J-holomorphic disks passing
through the boundary of the constraints corresponding to a and -, as in
the first summand of equation @ and the part of the second summand that
corresponds to (|(2:3)|,|J],3) = (1,0, o). See Figure [2 The other type of
contribution to the boundary of ) comes from the boundaries of the moduli
spaces M1 () arising from disk bubbling and is reflected in the remainder
of the second summand of equation @ See Figure

A proof of Proposition is given in Section below using Proposi-
tions and and the description of the boundary of M1 () in terms
of fiber-products.

Proposition 2.5. For any v = (71,---,7),

(10) 0= Z (_1)h<1:3>|+1q_1’l(,y(1:3) ® d’Yj ® 7(3:3))
(2:3)={s}
1 .
+ B Z (-1) (%I)<Cl0,|l|(71),Cl0,|J\(VJ)>
IUJ={1,...l}

+(—1)hh+ / d0:(7),

where

Uy 1) =Yl + sgn(o],,)  (mod 2).
jel

Intuitively, equation describes the boundary of the 1-dimensional
B

part of the chain @’ “Poincaré dual” to /\;zl(em’j )*7j, the integrand in
the definition of q_; (7). Think of @’ as the space of J-holomorphic disks
passing through constraints Poincaré dual to 7. One type of contribution
to the boundary of Q' comes from J-holomorphic disks passing through the
boundary of the constraints corresponding to -, as in the first summand of
equation . The second type of contribution to the boundary of @' comes
from the boundaries of the moduli spaces My ;(3); disk bubbling is reflected
in the second summand of equation and the collapse of the boundary
of the disk to a point is reflected in the third summand.

A proof of Proposition [2.5]is given in Section below using Proposi-
tions and and the description of the boundary of M ;(f) in terms

of fiber-products.
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Fix a closed form v € ZgD with |y| = 2. For aq,...,a; € C, define

!
ﬁ'y J 1) Zl|qkl =17 ®)’
(11)

®l)

)

mZ(®§:1aj) = l'qkl( =157
forall k > —1,1 > 0. In particular, mf”(@é?:laj) € Cand m”; € R. Observe
that this definition of my agrees with the definition in Section [1.2]for k& > 0.

Proposition 2.6 (A relations). The operations {m) }i>o define an A
structure on C. That is,

Z (_1)Zje<1;3)(|aj|+1)m7

1:3 2:3 3:3
e (@0 @ mlyg (aCY) @ aB¥) =0,
Ss[k]

1(2:3)]

Proof. Since we have assumed dy = 0 and |y| = 2, this follows from equa-
tion (|11) and Proposition O

2.3. Proof for k> 0

This section is devoted to the proof of Proposition

Lemma 2.7. The map evby : Myy1,(8) = L satisfies
rdim(evbg) =k (mod 2).

Proof. Since L is orientable, p(f) is even. Therefore,

rdim(evbg):n—3+,u(5)+k+1+2l—n
=u(B)+k+20—2=k (mod 2).

0

For a list of indices I, denote by My 1(8) the moduli space diffeo-
morphic to My |7(8) with interior marked points labeled by I. It carries
evaluation maps evb? with j € {0,...,k} and evil, with m taken from I.

Note that the diffeomorphism

Mi1,1(8) — M1 11(8)

preserves orientation, no matter how we identify I with [|I]].
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Proposition 2.8. Let k € Z>_1, | € Z>o, B €1l. Let k;, 5;, (i=1,2) be
such that k1 + ke =k+1 and p1+ P2 = . Let IUJ =[] be a partition.
Let B C OMy11,1(B) be the boundary component where a disk bubbles off
at the i-th boundary point, with ko of the boundary marked points and the
interior marked points labeled by J. See Figure[fl Then the canonical map

0 My y1,1(B1) i X e Mot o (B2) — B

is a diffeomorphism unless k= —1,1 =0 =J, and B1 = 2. In the excep-
tional case, ¥ is a 2 to 1 local diffeomorphism in the orbifold sense. In both
cases, ¥ changes orientation by the sign (—1)% with

(12) 01 := k‘Q(k‘l —’i)—Fi—?’L.

Proof. The case i = 1 is [6, Proposition 8.3.3]. The proof for other values of
i is similar. See also [23, Theorem 4.3.3(b)] for an in-depth discussion of the

sign of gluing at a boundary node. O
Zq z
Z
Z3

Figure 4: The domain of an element of B C OMy3(8), with k1 = 3, ky =1,
i=2,1={2},and J = {1,3}.

For k € Z>o and a = (a1,...,an) € Z*™, denote

k(k+1 %
'(k) ::Zj—l-lz(;)—l—l, £’ (a) ::Zj-aj.
j=1

In particular, for a list a of length k, we have
e(a) = €'(k) + £"(a).

As with e, we allow differential forms as input for €” in lieu of their degrees.
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Lemma 2.9. Let a= (a1,...,a1) € A(L; R)®* and v= (y1,...,m) €
A*(X;Q)®. Fiz an element of S3[k] and I1UJ a partition of [I], and set
ki =11:3)4+[3:3)]+1, ka=1](2:3)], andi=|(1:3)|+ 1. Then

1) 6’(/61) + El(kg) = El(k‘) + k + k1ko (mod 2).

2)
gll(a(l:?))’ ’a(2s3)‘ + ‘,YJ‘ + ko, a(3:3)) + 6//(a(2:3))
= &"(a) +iks + ko|a®?¥| + |a| + |a®| +ily7|  (mod 2).
3)
8(04(1:3), ‘04(2:3)’ + ‘,YJ‘ + ko, a(3:3)) + 6(04(2:3))
=c(a) + o] + k + |aY | + iy | + ko3| + kiko + iky  (mod 2).
Proof.

1) Recall that k; + ko = k + 1. Therefore,

&) + & () = P D) -ZF ko (ko + 1)
kAR Akt
(1 +k§>2 — 2k1ks + k+ 1
(k+ Dk + It 1)
2

k(k+1
=(2H+k:+1+k:1kz

:6,(]{) + k+ k1ko (mod 2)

+2

+ kika

2)

8//(04(1:3), ’a(2:3)‘ + ‘,YJ’ + ko, a(3:3)) + 8//(a(2:3))

i—l ]C1 k?

= gl +i([aP®P + 3+ ka) + D ekl + Y bl
j=1 j=i+1 j=1
i—1 k

=Y dlogl+i(aP®P + ko) + D (G — ko + 1)yl
j=1 j=itks
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i+ko—1
+ Y G i+ Doyl +ily]
Jj=t

k
Y dlagl + ikz = kala®P| 4+ @]+ [0 il 7|

7=1
(@) + ika + k2|aB® | + |a| + o | +i]y7|  (mod 2).

3) This is the result of summing the two first statements. O

Lemma 2.10. Let B be the boundary component of My.1,(B) described in
Proposition|2.8, and let 61 be the sign of the gluing map given there. Fix the
ordered 3-partition of [k] such thati = |(1:3)|+ 1 and ko = |(2: 3)|. Write
ll = |I|, l2 = |J‘ Then

l

k
(evbo| )« ( /\ evi;y; A /\ evb;aj)
j=1 j=1

= (-D"q (0" @ g2 (a);y7) @ a¥3);4T),
with
(13) s =61 + |77 - [«F)| + rdim(evb€2) o33 |4
+2(a), (evb?)uba, ) 4 £(al*) + sgn(o], ),
or, equivalently,

(14) s =i+n+ 7| o] +e(a) + |af
+k+ |a(1:3)| + i|’y‘]| + Sgn(G}YUJ)-

Proof. Write
l

k
&= /\ evizyj A /\ evbja.

j=1 j=1
Consider the pull-back diagram

M1, 1(B1) X1, Migy41,7(B2) R Mi,41,5(B2)

lpl levng
evbt

M 41,1(B) L.
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We use the notation evd” ‘ evil ‘ for i = 1,2, to denote the evaluation maps

on the spaces My, 1. 1(81), Mi,+1,.7(B2), respectively. Set
£ =%,
with ¢ from Proposition and

& = /\(evz )y A /\ evbﬁ1 ) o A /\ evbﬁl) Qjiky—1,

jel j=1 Jj=i+1
ko
& = /\(emﬁ )Y A /\ evbﬁ ) it
jeJ 7j=1
Note that
£ = (=1)pi&1 A pita,
with

6y := (|aP®I ]+ Y1) - [0 4 [y!| - || + sgn(o], )
By property of the push forward,

(evb")" (evby™)b2 = prop3a.
Using in addition properties —, we compute

(evbolp)+& = (—1) (6vbﬁ )«P14E

) 2(6 )*p1* (p1&1 A p5&2)
mﬁ%ww>@ﬁmmm>
—1)0H2 ey, (51 A (evbfl)*(evbgmgg)
1)61+62+|(evb52) &l (pfhy,

i—1
X (/\(emﬁ v A /\ evbﬁ1 ) oy A (evb?l)*(evbgz)*ﬁg

jel j=1
k1
B
A /\ (evbjl)*aj-i-kfz—l )
j=i+1

and since (evbg"’)*@ = (—1)e@® 3))qﬁzl (a?3):47) we continue

272

= (- )*in 11( al® g %2712( al® 3) )® al¥3); 'YI)
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with
= 01 + 09 + | (evb?)ula| - 2P| + e(a™®), (evb?).La, al¥)) 4 ().

Note that
[(evb?)Ea| = || + |47| — rdim(evby).

Therefore,

=01+ (| 4+ [y7)) - [a® | + 7] [T + sgn (o))
+ (Ja®P] + |77] + rdim(evbo))[a*?)|
+ 5(0[(1:3)7 (evbgz)*ﬁg,a(sﬁ)) +8(a(2:3))
=6+ || o] + sgn(o],;) + rdim(evbg)|a 3|
+ (o), (61)1)52)*{2, a®3)) 4 2(a®3) (mod 2).

This proves equation . By the definition of 61, Lemma and
Lemma we therefore have

* = kiky + ik + i+ n+ [y7| - [0 4 sgn(o], ) + kala®P | + £(a)
+ la| + k + [« 4 iy | + k2| a3 | + kikg + iks
=i+n+[7[ 2" +sgn(o],,) +£(a)
+lal + k4 a3 +i|y!|  (mod 2).

This proves equation . ]

Proof of Proposition[2.] Apply Propositionto the case M = My11,(8),
f = evby, and

l k

E= /\ evi;y; A /\ evbja.

j=1 j=1

Let us see how each of the elements in Stokes’ theorem looks in terms of g.
First element: d(f«&). This is

d((evbo)«&) = (—1)"@ gy (a) (a5 7))
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Second element: f.(d€). This gives

l k

(evbo)(d€) = (evbo)u | d | N\ evify; | A\ evblay

j=1 =1
+ (=1)Pl(evby), /\ evijy; Ad /\ evbiay

= > (-1 )E(Q)H'y(l3)‘qf7l(aw(1'3) ®dm®7( )
511
(2:3)={i}

+ Z 1)hltela +’+Z§:|O‘7|q£71(a(1:3)®dai®a(3:3);fy).

(2 3) { }
Further,

qg’l(a(l:s) ® doy; ® a(3:3);fy) _ qf,l(a“f’) ® le?o(a(m)) ® a(3:3); ’y).

Third element: (f|aM)*§

Let B be a boundary component as in Proposition Write [y := ||,
=|J|.

The dimension of the domain of evbg is

E+1+20+puB)+n—-3=k—2+20+pB)+n=k+n (mod 2),

and [¢] = |a| + |y|. Therefore, the contribution of (f|5)«£ to Stokes’ theorem
comes with the sign (—1)lF+5+n We claim that

— (—)lehiEEEe (g p).¢
_ ( )e(a)JrL(a,'y,PI) Bll ( (1:3) Q qgj,lg (a(2s3);7J) ® a(3:3); ’)/[)-

171

Indeed, by Lemma [2.10, we have

¥+ o)+ |y +k+n+1+e()
=i+n+ |- e +e(a) + o] + k+ || + iy | 4+ sgn(o], ;)
+lal+ |y +k+n+1+e(a)
=i+ /|- 1" + || +ily| + sgn(o] ;) + vl - 1
= [y (0" + (i = 1) + ("3 +i = 1) + |y + Y| + sgn(a],)
= (V1+1)- (12" + (i = 1) + 7| + sgn(o]y))
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=u(a;y; P,I) (mod 2).

Since there is one boundary node, ki is at least 1. Also, the stability of
each of the disk components implies that

(Blvkhll) 7é (50717())7 (627k27l2) 7£ (507 170)7 (607070)‘

So, the total contribution of the summand (—1)***1(f|, ) ¢ in Stokes’
theorem is

(0@ N (—pHerPhgl (00 @ ) (a)q7) @ aBP); 4T,
Br+B2=p
ki+ko= k+1 k1>1
L1412
(51,191, 1)7’5(5071,0)
(B27k27l2)€{(ﬁ070 0) (ﬁ07170)}

Deducing the equations. All that is left now is to plug the various ex-
pressions into Stokes’ formula. Let us rewrite it first:

= d(f+&) — fo(d&) — (=1)"(f],50,) &

We showed that

0= (—1)" (qol,o(qf,l(oc; )+ (D)) (09 05) 4 39))
+ (-1)hHEn loej|+z‘+1q5 (a3 day, a3 )

+ Z (—1)4e sz)qﬂi e a9 @ ¢ 2o (a a23); ) ®a(3:3);71))

Br+p2=p
k1+k2:k+1, klzl
l1+12:l
(Br,k1,11)#(0,1,0)
(B2,k2,12)¢{(0,0,0),(0,1,0)}

_ (_1)a(a) (( 1)|.y(1 3)|+1 (a ’)/( ),d'yi,’y(&?’))

+ Z L(a,%pz)qﬁll (o (1:3) q[ki;lz(a(zzzs)wJ) ®a(3;3);71)).

1 1
B1t+P2=0
k1+k2:k+l, klzl
l1+12:l

Dividing by (—1)5(® we get the desired equation. O
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2.4. Proof for k = —1

This section is devoted to the proof of Proposition Recall the definition
of the projection w from and recall that ws € H?(X;Z/27Z) is the class
with wa(T'L) = i*ws determined by the relative spin structure s.

Proposition 2.11. Letl € Z>o, f € 11, and Be Hy(X;7Z) with w(ﬁ) = 0.
Let B C OM(B) be the boundary component where a generic point is a
sphere of class /3’ intersecting L at a marked point. Such spheres arise when
the boundary of a disk collapses to a point. Equivalently, one can view this
as interior bubbling from a ghost disk component. Note that the ghost disk

is not stable. Then the map

19:L><XM[+1(,3)L>B

satisfies sgn(¥) = (_1)n+1+w5(6)'

Proof. This is [6, Proposition 8.10.6], but with sign (—1)"T1*%=(%) instead
of (—1)". The reason for the sign discrepancy of +1 is that in the notation of
the proof of [6l Proposition 8.10.6], we should have R,,; = —Rsg. The sign
is illustrated in Figure[f]in the case n = 0 and [ = 2. The reason for the sign
discrepancy of (—1)”“”5(6) can be seen by following the construction of the
orientation associated to a relative spin structure [6l, Theorem 8.1.1.]. O

Recall that pt is the map from any space to a point, and em’f s Mo(B) =
X is the evaluation map at the jth interior marked point.

Lemma 2.12. Let B be the boundary component of Mg () described in
Proposition and let v = (y1,...,v). Then

l ~
ot Aoty )l = (0 [ aon,

for B as in Proposition 2.11]

Proof. Consider the following pullback diagram:

L Xx Ml—i—l(/é) p42> Ml-&-l(B)

[

L ! X .
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) (+)

Figure 5: My 2, the moduli space of stable disks with two marked interior
points. Here, X and L are a point, so n = 0. Up to reparameterization, we
can fix wy and the 6 coordinate of wy. Then the orientation is given by the
positive direction of r. The boundary component of a sphere bubble has
the sign (—1)"T! = —1 in agreement with Proposition The boundary
component of two disks joined at a boundary node has the sign (—1)" =1
in agreement with Proposition [2.8]

Recall that evf : Mi11(B) = X is the evaluation map at the jth marked
point. Write £ := /\é-zl(evi?)*vj, and define £, £”, by

l

¢ =0l &= N\,

J=1

where 9 is the diffeomorphism from Proposition [2.11] The result now follows
from the fact that

pt*{’B = (_1)n+1+w5 (B)pt*€/7



956 J. Solomon and S. Tukachinsky

and

Pt = ptaphe” = pho(pr)pse” = phai” (ev])” = (—1)" ) /j*qéil(v)-
O

Lemma 2.13. Letl € Z>o, B € II. Let 1,52 € II be such that By + B2 =
B. Let ILUJ =[l] be a partition of [l]. Let B C OMg;(B) be the boundary
component where a generic point is a stable map with two disk components,
one carrying the interior marked points labeled by I and the other carrying

the points labeled by J. If B1 # B2 or I # 0 or J # (), then
/B/\ézlevi;'yj = (_1)sgn(a?w)+|'y~ |+n<qgj|1|(,yl), qgjj\(VJ»-

Ifpr=02=p3 and I =0 = J, then
ok (_1)7’L ’ ’
/ /\é'zlemj’Yj = (qg,o, q§,0>.
B

Proof. First, consider the case 31 # B2 or I # () or J # (). By Proposition [2.8
applied to the case i = k1 = ko = 0, the diffeomorphism

¥ My (B1) b X 2 M, 7(B2) B

has sgn(¥) = (—1)".
Let evifi and evbgi for i = 1,2, be the evaluation maps of M; (61),
M j(B2), respectively. Set

l
E=v(Nevipy), &= Nlevil Yy &= \(evi) ;.
j=1 jeI JjeJ

Similarly to the proof of Lemma [2.10] consider the pull-back diagram

Mi1(Br) xp Mi,j(B2) 2 My (52)

ipl ievbgz
evbS

M 1(51) L.
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By properties — and Lemma we compute

/ 1,1(51)><LM1,J(62)

(=
= (=
= (=
= (=
= (=
= (=
= (=
= (=
= (=
= (=

£=
1)*9™ 100 ptpy  (pi&1 A Do)

1)sgn olus) pte(&1 A p1.05E2)

1)8;]” orus) pte(&1 A (6Ubﬂ1) (Gvbgz)*&)

1997800 pt (et 11 (v )" (evt)o£2)

1)s97(o70, )+&x [l (evbo? pti(evby).((evby')* (evby?) o A &1)

1) s+l eti?). Ezl te(((evb?) bz A (evb)ui)

)59 H(E?). @I(l&lﬂ(evbﬁl) SDpt, ((evby )1 A (evby?)ubo)
)59I H(Eb?) Eal (116D ((evbi)u61 A (evbl?) o)

1)sgn ol pt*((evbﬂl) ISEA (evbﬁ )«&2)

_p)sn(ei, )+lag3, (7)) [+ (0)+ ()<qﬂ,11( Iy qg2;2< 7))

)

1)omeia gl (31, a3, (7).

This proves the lemma in the case 31 # B2 or I # () or J # (). In the case

p1 = B2

=" and I =0 = J, the same argument applies except we must

divide the final result by 2 because the map 1 of Proposition is 2 to

1.

g

Proof of Proposition [2.5 Stokes’ theorem, Proposition gives

(15) 0= / d(/\ézlevijvj) + (=1)ntih / /\ézlevi;fyj.
Mo, (B) 0

We have

Mo, (B)

4o) /M (ﬁ)dw:lem;”): S (=) (1 @ dyy @ 59,

(2:3)={s}

The expression |, IMo.1 (8) /\é-zlevi;fyj consists of two types of contributions.
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First type — disk bubbling. Let B C OMy () be a boundary component
of the type described in Lemma 2.13] By Lemma [2.13] we have

(—1)5"”("7“"”'7]'*”(qgfll CON:RCE)
Al o Br# Baor I #Dor J#0,
J=1€VT Y =

e ) <C|0/0a qo/0>

fr=pF=p and I =0=J,

SO

(1) (0 [ A e

_ (71)8977/(0"1YUJ)+"YI|+1<qﬁ711( I)jqu?lz(,yj» Br# Boor I#0orJ+0,
—%<q€70,q§,0>, pr=p0=p and I =0=J

Second type — sphere bubbling from a ghost disk. Let B C (9/7/1/071(@ be a
boundary component of the type described in Proposition [2.11} Lemma [2.12]

gives
[ Areviin = 0 [ a0
B L
SO
(18) (_1)n+1+|7|/ Aé’:levi;’}/j:(_l)ﬂ/i*qﬁ
B L

Substituting equations , , and into equation and divid-
ing by —1, we get

0= Z (_1)|7<1:3>\+1q€17l(7(1:3) Q d’Yj Q 7(3:3))

(2:3)={s}
1 sgn\o 2
+ 9 Z (—=1)% (@lu)+h! ‘(qo m( I)aQ§7|J|(’7J)>
Bi1+P2=p
TuJ=[i]
)l /
2,

@(B)=8

with @ as in (8). The factor of 1/2 in the formula arises as follows. Each
summand with 37 # 32 and I # () # J appears twice while the correspond-
ing boundary component appears only once. The factor of 1/2 cancels this
discrepancy. The summands with 81 = 82 = 8 and I = () = J appear only
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once, but the contribution of the corresponding boundary component in
equation comes with a factor of 1/2. g

3. Properties
3.1. Linearity

Proposition 3.1. The q operators are multilinear, in the sense that for
a € R we have

qg’l(al, ey QU1 G Qe O YTy ey VL)
_ (_1)|a\.(i+2j;§ o [+, le)a . qf,l(al’ ARV ),
and for a € QQ we have
qg’l(al,...,ak;fyl,...,a-fyi,...,'yl)
= (=)l Z= il qfil(ah ORI VL),
and
qéil(%, @ i) = (D) Pl qg,l(%, M)

In addition, the pairing (,) defined by is R-bilinear in the sense of
Definition |1.1)(2)).

Proof. For q1 ‘0 = d, we have
d(aa) = (—1)"ada.

For (k7la/8) 7é (170a60)7 we have

l i—1 k
(evbo)*(/\ evi;y; A /\ evbia; A evb; (ac;) N /\ evbja)
j=1 j=1 =it

— (— D)l S g (euby), /\em A /\evb*%

The corresponding change in € is

E(ah s (g1, A0, Oy 1, - - - ,Oék) - 8(@1, ce 7ak) =1 ‘CL|
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Together, this gives the sign of the first identity. Similarly, for the second
identity,

i—1
(evbo)« /\ evi: 37 A eviy (ay;) /\ evi; A /\ evb’ oz]
J=1 J=i+1
= (—1)'“"2;3 ila, - (evbg)s /\ evizy; A /\ evbjay),
while € is not affected. If k = —1, we use pt instead of evby, and the sign

computation is valid as before.
The third equation is immediate from definition.
To verify the linearity of the pairing, compute

Wt = (1) g .
(a-&m = (—1) /Lfm (€ m).
4 = (—1)lal+nl a.
(€a-m)=(-1) ”/Lw .
— (_1)|a\+|77\+|a|'|€\ a- / EAD = (_1)\a|(1+|€\)a. <§777>.
L

2. Unit of the algebra

We show that the constant form 1 € A*(L; R) is a unit of the A, algebra
(€ {mi}r>0).

Proposition 3.2. Fiz f€ A%(L)®R, ai,...,ap €C, and 71,...,7 €
A*(X;Q). Then

qi’l(al, 1, [y 01 O )
(df, (k, 1, 8) = (1,0, Bo),
(~)VIf - o, (k,1,8) = (2,0, Bo),
_ i=1,
S Dl D a2, 8) = (2,0, 80),
i=2,
0, otherwise.




Differential forms, Fukaya A, algebras 961

In particular, 1 € A°(L) is a strong unit for the A, operations m?:

0, k>3 ork=1,
ml(ar,. .-, 104, apm1) =< g, k=2,1=1,
(~Dllay, k=2 i=2.

Proof. The case (k,l,) = (1,0, 5p) is true by definition. We proceed with
the proof for other values of (k,1, 3).

Let 7 : Mpt1,4(8) = My (B) be the map that forgets the ith marked
boundary point, shifts the labels of the following boundary points, and sta-
bilizes the resulting map. Thus, the map 7 is defined only when stabilization
is possible, that is, when (k,[, 8) # (2,0, By). Denote by evb;?'H and evzf“
(resp. evbk and evi; ¥) the evaluation maps for My1,(8) (resp. My (B)).
Set

! k—1
/\ em )Y A /\ evbl€
7j=1 7j=1
Note that
k1 y k+1 evbfom,  j<i,
evi; " = evijom, evb = . o
evbj_l om, j>1.

Thus, writing ¢ := (evbf“)*f, we have

j:q/?;l(ala ey O, f? Qjyeeoy 013 ®£‘=17T) = (evblg+1)*(ﬂ*§ A g)

whenever 7 is defined. Using the map ¢ from forms to currents given in Sec-
tion together with the analog of the integration properties of Proposi-
tion for currents given in [22 Proposition 6.1], we obtain

(19) ¢ ((evbf™)u(x"e A g)) = (eodf™)u(m"€ A (g))
= (evb})« (me (7€ A p(9))) = (evbf)« (€ A Tap(9))-

Since dim Mj41,(8) > dim My ;(8) and ¢ has degree zero, it follows that
m«p(g) = 0, and the right-hand side of equation ([19)) vanishes. Since ¢ is
injective, the desired vanishing result for q’g ; follows. The reason for using
currents in this proof is that 7 need not be a shbmersion, so the push-forward
7, 1s not defined on differential forms.



962 J. Solomon and S. Tukachinsky

Let us see what happens when (k,[,3) = (2,0,5y). In that case, the
evaluation maps on M3 () satisfy evby = evby = evbs. So,

a5 (f, @) = (—)M 20 DHL (pho) evbl(f A a),
qgf’o(a, f) = (=)l 20D+ (i) evbi (a A f).

Denote by M1 the moduli space of stable disks, that is, genus zero open
stable maps to a point, with k + 1 boundary marked points and [ interior
marked points. Since 8 = [y, the evaluation map evby induces an identifica-
tion of My41,(Bo) with My1; x L. Since k+ 1 = 3 and [ = 0, the space of
stable disks is a point. Hence, evbg identifies M3 o(8p) diffeomorphically with
L. This diffeomorphism preserves orientation by the argument on page 714
of [6] based on their Convention 8.3.1. Thus,

qg,”o(f,a) = (—1)‘f|fa and qgfo(ajf) — (—1)|O‘|+‘al|f|fa.

O

3.3. Cyclic structure
Recall the definition of the pairing (). Note that
@) (= O [ ean= (P [y

- (_1)(In\+1)(|£\+1)+1<,7,§>.
Proposition 3.3. For any ai,...,ar41 € C and 71,...,7 € A*(X;Q),
(Ao, oy ags Y15 )5 Qkg1)
= (=)l VL lea 0 (g (apr, 0, 01371, W), )

In particular, (C,{m] };>0) is a cyclic A algebra for any .
Proof. For (k,l1, ) # (1,0, By), use Lemma [2.7] to compute

(21

~—

<q£,z(0‘17 e QRS YL - ) Qg 1)

— (—1)\ak+1\pt*(q£71(a1, e A e s PR /) WA s TR )

l k
= (—1)‘“’““HE(O‘)pt*((evbo)*(/\ eviiy; A /\ evbjay) A 1)
j=1 j=1
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_ (_1)|04k+1|+5(06)+|04k+1|'(2_}f:1 |Oéj|+|7|+k)
- pty(ags1 A (evbo)« /\ evis 3 A /\ evb: a]

— (_1)|0¢k+1|+€( )+|ak+1|'(2?=1 |%|+|’Y|+k)

! k
- pti(evbp)« (evbyog+1 A /\ eviiy; A /\ evbiay)
j=1 j=1
= (-1 )|Oék+1|+€(a)+|ak+1|'(2le lous [y ) o] (Jowra [+ 1v+5 20 Lo ])+lera ]

k—1
- (pt o evby)«(evby o A /\ evijy; A evbyagy1 A /\ evbja;)
Jj=1 7=1

— (_1)|ak+1|+€(a)+|ak+1|'( f:l |aj|+k)+|ak|'(\ak+1\+|7|+Z§;11 \Olj\) .
! k—1
- (pt o evby)«(evbray A /\ evizyj A evbyag1 A /\ evbjay)
Jj=1 Jj=1
— (_1)|04k+1|+€(06)+|04k+1|'(2?:1 las | +k ) +la |- (Jow s [+ v+ 5] ey )
! k-1
pty(ag A evbk*(/\ evijy; A evbyagy1 A /\ evbja;))
j=1 j=1
— (_1)|ak+1|+e<a)+|ak+1 (ZEoy e [k ol (Joa [ HIVHZEZY o) e |- (o [+ IV +Z521 o [+k)

k—1
- pty (evby( /\ evijy; A evbyagy1 A /\ evbja;) A ay)
J=1 j=1

= (-1 )|ak+1|+€(a)+|ak+1|'(2?=1 lats |k )+ ok |

k—1
- pty (Vb ( /\ eviiyj A evbyagy1 A /\ evbiaj) A ay).
Jj=1 j=1

Let ¢ : Myy1,(8) = Mpy1,(8) be given by
(X, u, (20,...,28), W) = (X,u,(21,..., 2k, 20), W).
So,

evij o p = evij, evb,op =evby, evbjop =-evbj;1, j=0,...,k—1,
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and sgn(yp) = k. Thus, property of integration gives

(22)
k—1
Pty (evby,( /\ evijy; A evbyagy1 A /\ evbja;) A ag)
Jj=1 7=1
l k—1
= (—1)kpt*(evbk*cp*g0*(/\ eviy; A evbyag 1 A /\ evbjay) A ag)
Jj=1 Jj=1
k—1
= (- 1) Pty (evboy( /\ eviiyj A evbjagyr A /\ evbi1ay) A ag)
J=1 J=1
= (=1 e(Qht1,Q1 5001 ) +Hht|a| 7 B .
(=1) (G (g1, an, oo k1371, - M), Q)

Combining and , we obtain

<q£,l(a1= e QUYL - V) ket 1)

= (_1)*<q£’[<ak+l7al7 ey 01571 - - - 77[)7 Oék>,

where

k k

e = Janal + D dllagl + 1) + 1+ ol (Dl + k) + k- o
j=1 j=1

k—1
Lo (lagral + 1)+ DG+ D(logl + 1) + 14k + o]

7j=1
k—1 k
= >l + 1) + kol + 1) + agsal - (Dl + )
j=1 j=1
+k-log| +1+E+ oyl
-1 k
=Z g + 1) + fasa] - Y (gl +1) + 1+ ey
: ] 1

E

= (Jagsa| +1 Z |aj| +1).
7j=1

It remains to verify that d is also cyclic. Indeed,

(dai, ag) = (— Oml/do‘l/\az
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( Dl=ld(oq A ag) + (=1)le2 e+l A da2>

ol [+1+au (el +1) / dow A
L

dOQ, Oq)

I
/\/-\ /—\ b\

)
1)|0¢2\+1+|0¢1\ |042|+1)<
)

_1)(eal+1)(Jaz|+1) (das, ar).

O
Remark 3.4. Intuitively, pairing qj; with o4 should be viewed as putting

the constraint a1 on zg. The cyclic property then translates to a symmetry
under cyclic relabeling of the boundary marked points.

3.4. Degree of structure maps

Proposition 3.5. For k>0 and v1,...,v € A*(X;Q) with |v;| =2, the
map

Q75 m) 1 CFF — C
s of degree 2 — k.

Proof. 1t is enough to check that, for any 3, the map
g0, (im,..m) 1 CF — C
is of degree 2 — k. Indeed,
TPq) (o, oy, - )]

k
B) + Z |aj| + 20 — rdim(evby)
j=1

ﬁ)+2|aj|+2l—(n—3+u(6)+k+1+2l—n)

O‘J|+2—

IIMw

The special case q1 ‘0 = d also aligns with the above formula, being of degree
1=2-1. O
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3.5. Symmetry

Proposition 3.6. Let k > —1. For any permutation o € Sy,

qk,l(alv s O Y1, e 77[) = (_1)80(7)%@,1(@17 cee 70414);70'(1)7 oo 770’(1))7

where

(23)  so(7) = Z vl - [l = Z Vo) - Vo)l (mod 2).
1<j i>j
o~ (§)>071(j) o(i)<a(j)

Proof. First note that () is independent from v and thus is not influenced
by applying o to . Besides, changing the labeling of interior marked points
does not affect the orientation of the moduli space. So, for & > 0,

l k
qgl(al, e QYL ) = (—1)E(a)(evb€)* /\(evz’f)*’yj A /\(evbf)*a
j=1 j=1
l

k
= (—l)a(a)“"(”)(evb’g)* /\(em /\ evbﬂ

Jj=1 Jj=1

= (71)86(’7)(:'/57[(0[17 s Ok Yo (1)) - - 770(l))'

The case k = —1 is similar, with pt instead of evbg and without (o). O

3.6. Fundamental class

Proposition 3.7. For k > 0,

_17 (k’7laﬁ) = (071750)7

B
aly .o Ly, e, Y21) = ]
qk’l( ! k5T 1) {0, otherwise.

Furthermore,
q€17l(17717 R 77l—1) =0.

Proof. Whenever defined, consider 7 : Myy1(8) = Mpt1,-1(8), the for-
getful map that forgets the first interior marked point, shifts the labeling of
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the rest, and stabilizes the resulting map. Similarly to the proof of Proposi-
tion using the notation ¢ from Section [2.1.4] we get

gp(q/]f,l(alv sy O ]-arYlv v 77[—1))
= :i:(evbo)*(/\é-_:llevi;'yj A /\?Zlevb;aj ATep(l)) =0

whenever 7 is defined. So, since ¢ is injective, it follows that

qg’l(al, oo Ly, y-1) = 0.

The forgetful map 7 is not defined only when forgetting the point will result
in a non-stabilizable curve. This happens exactly when g = fy and (k,l) €

{(07 1)’ (17 1)’ (_1’ 2)}
The case (k,l,3) = (1,1, By) is treated as follows. Since the stable maps
in My 1(5p) are constant, we have

evby = evby, evi] =1 o evby.
So,
97 (i m) = (=) ebo) b (i A an)
= (=Dl y Ay A (evbp).1.

But rdim(evbg) =n — 3+ u(fo) +k+ 1+ 20 —n > 0, so (evby)s1 = 0.
The case (k, 1, B) = (—1,2, Bp) corresponds to the moduli space My 2(f5o).
Again,

evi] = evig =: €.

Moreover, there is a unique map evb : Mg 2(8y) — L such that
ev =10 evb.

Thus,

qgol,z(%a Y2) =ptiev™ (1 A 2)
=pteviev™ (71 A y2)
=pt.((71 A 72) A ev,1)
=pt«((71 A ¥2) Adrevbil).

But rdim(evb) = n — 3+ pu(fo) +20 —n > 0, so evb,1 = 0.
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The only case left is (0,1, 8y), which corresponds to the moduli space
Mi1(5o). As in the proof of Proposition the evaluation map evbg iden-
tifies the moduli space of maps with L, preserving orientation. Using this
identification, we see that

qg?l(l) = —(evbp)sevbii*l = —1d, Id* 1 = —1.

3.7. Energy zero

Proposition 3.8. For k > 0,

dOél, (k,l) = (170)7
_ \011| _

8o (=D)“ay A ag, (k1) =(2,0),

q (alv"'aak’;’}/lv""’}/l):

o ~lz, (k,1) = (0,1),
0, otherwise.

Furthermore,
qéou(%, ..,m) =0.

Proof. The case qfoo = d is true by definition. Let us consider the cases where
q is defined by push-pull operations.
Since the stable maps in My ;(8o) are constant, we have

evbg = -+ - = evby =: evb, eviy = - -+ = evi; = 1 o evb.
Thus, for k > 0,

Cl}f?z(ab s, ) = (1) @evb,evb (NS_yity; A AE_ ay)
= (—1)F (AL y51L A AR o) A evb,d.

For k = —1,

q/iou(’ﬂ, -, ) = pta(i o evb) (i o evb)* (A1 ;)
= pt*((/\é»zlyj) A igevbyl).

In order for evb,1 to be nonzero, we need
0 =rdim(evb) =n — 34+ u(Bo) +k+1+20 —n=Fk+20 - 2.

Let us analyze when this equality is possible.
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If [ = 1, then k = 0, and evb : My 1(Bp) — L. This diffeomorphism pre-
serves orientation by the argument on page 739 of [6]. So, q’g?l(’yl) =-lL
by the above computation.

If | =0, then k = 2, and evb : M30(By) = L. This diffeomorphism pre-
serves orientation by the argument on page 714 of [6] based on their Con-
vention 8.3.1. So, again by the computation above,

qf?l(al, a) = (— 1)l t12(lazl D10 A g

3.8. Divisors

Proposition 3.9. Assume v € A2(X,L)®Q, dy; =0, and the map
Hy(X,L;Z) — Q given by B — fﬁ ~v1 descends to II. Then

(24) g (@500 ) = ( /B %) cdp 1 (@0 @)
for k> —1.

The proof requires the following two results, which will be proved after
the main proposition.

Lemma 3.10. Let M be a connected oriented orbifold with corners and let
a be a degree-0 current on M. Suppose there is a current f on OM such that
for any n € ALPH(M),

a(dn) = f(iym), ing: OM — M.

Then there is a constant k € R such that
a)=n- [ o wream.
M

In the following, we use the inclusion of forms in currents from Sec-

tion 2.1.41

Lemma 3.11. Suppose either 3 # By or = By and (k1) ¢ {(0,1),(1,1),
(—1,2)}. Let m: Myp1,4(B) = Mpg1,-1(8) be the map that forgets the first
interior marked point, shifts the labels of the others down by one, and sta-
bilizes the resulting map. Denote by eviy the evaluation map at the first
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interior point for Myyq1,(8). Let v € A*(X) such that |, =0, |y| =2, and
dy = 0. Assume the map Ha(X, L;Z) — R given by B — fﬂ ~ descends to II.
Then, the current m.evijy coincides with the current corresponding to the
constant fﬁ 7.

Proof of Proposition[3.9. When 8 = f3y, the proposition follows from Propo-
sition so we may assume 3 # fy. Denote by m: M1, l(ﬁ) —Mpt1-1(8)
the forgetful map as in Lemma Denote by evbl , em , the evaluation
maps for My (8), and denote by evbé-_l, em’é_l, the evaluatlon maps for

Mit1,-1(8)-
For k>0, set £ := /\J 2(em Ly /\/\ (evbé-_l)*ozj. Then, we have
the equality of currents,

(25) qg,l(alv"'70476;715"'777)

l

Similarly, for k = —1, set £ := /\2-: (evi,_

1)*y; and compute

(26) 071, (.- ) =pta(maevit) 1 A E).

By Lemma 7« (evi})*y1 is the current corresponding to the constant
/ 571 Substituting this value in , we get

qgl(ala ey Oy e 77l) = (_1)5(04) /\nyl : (evbg)_l)*g =
_ LB .
_//371 q]ﬁlfl(ala"'70%"’727"'7’70'
Similarly, substituting |, g7 in (26), we get

a1 (1s- ) 2/671-pt*£=/671-q[fl,l_l(w,--.m)-

We return to the proof of the auxiliary lemmas.



Differential forms, Fukaya A, algebras 971

Proof of Lemma[3.10. Let~,~ € AP(M). Then %,y = i%,7' = 0 for degree
reasons. Assume [y] = [y/] € HLP(M, OM). Choose ¢ € AXP~1 (M) such that
it;¢ =0and vy —+ = d(. Then

a(v) —a(y') = f(iy¢) =0,

so a(y) = a(y’). This shows «a(v) depends only on the relative cohomology
class of . On the other hand, by Poincaré duality, we have an isomorphism
HP(M,0M) — R given by integration over M.

Il

Proof of Lemma([3.11] Since m is not a submersion, the push-forward of a

differential form along 7 is not defined as a differential form. Rather, for a

differential form ¢ € A*(My41,(5)), we abbreviate 7, for the push-forward

along 7 of the current corresponding to { as explained in Section
Decompose the boundary,

OMis1,(B) = 0" Mis1,4(B) H O Myei1,1(B),

where 97" M k+1,(B) is the part of the boundary that does not require stabi-
lization after forgetting wy, and 8¥*'*My.11,(83) is the part of the boundary
that does. Generic points of 9V My 1;(8) are mapped by 7 to interior
points of My 1,-1(3), whereas 9"* M1 () is mapped to OIMy1;-1(B).
Thus, we have the following commutative diagram:

/’J’lﬁ\
" Mye11,1(B) > OIMy41.4(B) T Mi14(8)

T

OMit1,-1(8) — Mi1-1(8) -

Take v € A*(X) as in the statement of the lemma. For short, write M; :=
Mp110(B), My := Myp1,-1(B), and ¢ := (eviy)*y € A*(M1). By definition,
for arbitrary n € AP (Myy11-1(8)), since |¢| = rdim 7 = 2, we have

(meQ)(dn) = (=1l [ ¢ Ay
M,

- /Ml ¢ Ad(m*n) = /Ml d(¢ A ) = /6Ml ()" (¢ A ™).
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Note that ¢|gvertpr, = 0, because the interior marked point w; is located on
a ghost bubble that maps entirely to L, and 7|, = 0. So, the computation
continues

O = [ apreamn = [ @myrea iy
= [y e amsiam = ((ro)- ()0 i ),
amer M,

where the sign in the last equality is trivial again because rdim g = 2. Note
that if My.1,-1(B) is not connected, the same computation is valid for each
connected component separately.

By Lemma for each connected component B of My, ;_1(5) there
is a constant xp such that

(m.0) (1) = ki / N Vne Al(B).

B

To compute the value of kp, consider a point p = (3, u, Z, W) € B that is a
regular value of 7. In a neighborhood of such p, we can calculate 7,( as the
push-forward of a differential form. Indeed, using identification together
with properties and of integration, we obtain

(27) b = (mC)p = / c= /  evity
m—1(p T (p

To continue, denote by v : Y — ¥ the oriented real blowup of ¥ at zg, ..., 2.
As explained in the proof of [18, Lemma 4.5], there exists a canonical orien-
tation preserving isomorphism

vy p).
See Figure @ Moreover, evij o) =uov. Since uy[Y] = (uov).[Y] €
Hy (X, L; Z), using equation , we obtain

"GB:/ evi’{7:/~v*u*7:/'y.
(p) b B

Since the last value does not depend on the component B, this proves the
desired result. O
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Z1 Wi

Z7

Zy

Figure 6: The fiber of m over (X, u, Z, @) is the oriented real blowup of the
domain at the boundary marked points. The exceptional locus of the blowup
is shown in orange.
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3.9. Top degree

Given «, a homogeneous differential form with coefficients in R, denote by
deg?(a) the degree of the differential form, ignoring the grading of R. That
is, for o = TP - 7 o/ with o € A(L), we have deg?(a) = j.

Denote by (a); the part of o that has degree j as a differential form,
ignoring the grading of R. In particular, degd((a)j) =j.

Proposition 3.12. Suppose (k,1,3) ¢ {(1,0, 8o), (0,1, Bo), (2,0, Bo)}. Then
(a7 (@57))n = O for all lists a, .

Proof. Assume without loss of generality that g l(oz‘ ~v) is homogeneous with
k+1

i , be the evaluation maps for

respect to the grading deg?. Let evb?“,
Misi1,(B)- Set

k

l
/\ emkH )Y A /\ evkarl) aj,
7j=1 7=1

that is, 7 ,(a; ) = (—1)7(@) (evbf*1).£. Tf

deg(q) (a5 7)) =
then

n = deg?(¢) — rdim(evby) = deg?(¢) — (dim My11,(8) — n)
= deg(¢) — dim My 14(8) + n,

so deg?(€) = dim My11,4(B).
On the other hand, if 7 : My1,;(8) = My (B) is the map that forgets

zo, and evb em?, are the evaluation maps for My, ;(53), then { = 7*¢’ where

l
/\ em )5 A /\ evb 1) o € AT (Mpu(B)).
j=1 Jj=1

In particular

deg®(¢') = deg?(¢) = dim My41,4(8) > dim My (B).

Therefore, ¢ = 0 and so £ = 0. O
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3.10. Chain map

Write

D)= b

>0

This forms a complex with the inherited differential defined, for 7, =
®§':1 771] € D®la by

dPm) =P zl: =i ] (@n ® dj ® ® m)

>0 >0 i=1 j=i+1

The operators qg; extend naturally to a map
qp : T(D) — A™(X; Q)

given by

o @ m) = a0u(m)-

>0 >0

Proposition 3.13. The operator qy is a chain map on T(D). That is,
qg(dn) = dag(n), Vn €T (D).

Proof. Since the fiber of evg : M;(3) — X has no boundary, Stokes’ theorem
implies that (evp), commutes with d. O

3.11. Proofs of Theorems [1] and 3

Proof of Theorem[1. The degree of m is given by Proposition Prop-
erties . follow from Lemma 1. Property follows from Proposi-
tion Propertles and (b)) are 1mmediate from the definitions. Prop-
erties (@ and @ follow from equation and Proposition respec-
tively. Properties and follow from Proposition Property @D
follows from Proposition Proposition and because by assumption

VL, 1) = [ vlL =0. O

Proof of Theorem [3. Properties (1] , and (3] . ), follow from Proposmons.
9, and [3.8] respectively.
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4. Pseudo-isotopies
4.1. Structure

Recall from Section[L.2)that € := A*(I x L; R). We construct a family of A
structures on €. Fix a family of w-tame almost complex structures {J; }+cr.
For each (., k, [, set

Mii12(B) = {(t, ) |u € Myi10(B; Ji)}-

The moduli space //\/lkarLl(ﬁ) comes with evaluation maps

evbj : Myi1,(8) — I x L, je{0,...,k},
evby (t, (,u, Z,10)) = (t, u(z)),

and

evij s Miy1a(B) — I x X, je{l,...,1},

evij(t, (X, u, Z,%)) = (t,u(w;)).

As with the usual moduli spaces, we assume all ka+1,l(/3) are smooth orb-
ifolds with corners, and ewvbq is a proper submersion.

Example 4.1. In the special case when J; is a constant family, that is,
Jy = J for all t € I, we have

Mii10(B) = I x Myi1,4(5; J).

The evaluation maps in this case are 6/?\)?)]‘ = Id xevb; and Jij = Id xevi;.
In particular, the smoothness assumptions for .K\/l/k+1jl(6) follow from the
assumptions for My1(8).

__ Even in this special case, we will see below that the moduli space
My41,(8) allows one to prove that the A algebra (C,m)/) for a fixed J is
determined up to pseudoisotopy by the cohomology class of ~.

Remark 4.2. The assumption that efq\}/bo is a submersion presumably im-
poses strong restrictions on the possible topology of M1 ,(5). In particu-
lar, this limits significantly the possible changes in J;. The main example is
where J; = ¢;J for a one-parameter family of symplectomorphisms ¢; and
J is as in Example or Remark See Example above for a special
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case. Using virtual cycle techniques should allow the extension of the theory
to the general setting.

Let
p:IXL—>I7 pM:Mk+1,l(6)—>Iv

denote the projections.
For all /B ell, k,1 >0, (kvl’ﬁ) € {(1507B0)) (070750)}7 define

Gy CFRAI X X;Q) — ¢

ﬁgl(@?:l&j; ®§-:1’~yj) = (-1)° evbo /\ evi: A /\ evb; ;0j))

For 1 >0, (I, 8) # (1, Bo), (0, Bp), define

i, AN X X;Q)8 — AY(1;Q)

1,0

by

B R I TR

q—l,l(®j:1%) = (pM)* /\j:1 €Ulj’y].
Define also

q?oo( ) = da, qoo =0, Eléom =0, El&,o =0.
Denote by
et €F @ A1 x X;Q)% — €, G AT x X;Q)% — ;R

the sums over :

~ koo~ Lol
k1 (@7 21055 @52175) ZTB%[ = la]a®] 1%4)s
Bell

G-1(®5_1 %) == Y T3 1
Bell

Lastly, define similar operations using spheres,

dos s A (I x X;Q)% — A*(I x X; R),
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as follows. For 8 € Hy(X;7Z) let

M1 (B) = {(t,u) [u € Ma(8; i)}
For j =0,...,1, let

é@? Mg (8) = 1 x X,

& (t, (5, u,10)) = (t,u(wy)),
be the evaluation maps. Assume that all the moduli spaces /WZH(B) are
smooth orbifolds and €vg is a submersion. Recall that ws € H?(X;Z/27) is

the class with we(T'L) = i*ws determined by the relative spin structure s.
For 1 >0, (I, 8) # (1,0),(0,0), set

l
3, (A0 o= ()™ O @f). (N (@
7j=1
and
0 . _ = .
qp, =0, Ggo = 0.
Define
q@l(717 RN Z Tw CI@l’Yl,---» )
BEH(X)

Proposition 4.3. For any fired & = (a1, ...,0k), ¥ = (1, 71),

0= Z ( )|’Y(1 3>\+1qkl(a ’Y( 3) ®d'~)/j ®,3/(3:3))
Ssl]
(2:3)={s}

+ > (DTG sy (@Y
PeS;k]
TuJ=[i]

® d)(2:3) 10 (EFY;77) @ a3 37).

Proof. The proof is similar to that of Proposition[2.4l The gluing sign 47 from
Proposition [2.8] becomes d; = 81 + 1, and the contribution of s = dim M to
the sign of Proposition [2.2{ becomes dim M1 ,(8) = dim My ;(8) + 1, so
the total computation of ¢ results in the same value. [l
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Define a pairing

by
(& m) = (=1)lp(Enm)
Note that
(28) (7Y = (~D)Ip (€ A q) = (1) IHE , (77 €)

= (=)D &y

Proposition 4.4. For any fized ¥ = (1,...,%),

—diu(@) = Y OG0 @y 0 09)
(2:3)={7}

t5 >, D0, o (BN + (DT pitag,(3)-
TUJ={1,..,1}

Proof. The proof uses the generalization of Stokes’ theorem given in Propo-
sition [2.2] applied to

fr=pm: MuB) —1, &=\ evi; 7,

in a way similar to the proof of Proposition

Contribution from d(f.£). By definition,
d(£:8) = di ().
Contribution from f*(dé) Again, by definition,

fo(d€) = Z (_1)|a<1:3>|aljl7lw(1:3) ® d7; @ 769).
(2:3)={j)

Contributions from (f]aﬂ)*é — first type (disk bubbling). Let B C

a/ﬁw(ﬂ) be a boundary component of the type described in Lemma
Note that the gluing sign corresponding to in this case is 01 :=n + 1.
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Similarly to Lemma we find that

(pal)ef = (~1) I Hom @it g (51,58 (57))).

The contribution to Stokes’ theorem is therefore

(—1)s+t(f‘B)*g: (—1)|&|+n+n+sgn(a?”‘])+|’w|+1 Z <<c|o |1|( ) cIo |J|( J)>>

TuJ=[i]

= (=1L TN (G0 (7 a0, ()

10J=]]]

= (1) DN (g (7 g ()

IuJg=|l]

Contributions from (f]aM) — second type (sphere bubbling from a ghost
disk). Let B C 8./\/1071(6) be a boundary component of the type described
in Proposition Note that the gluing sign in this case is (—1)"+ws (),
Similarly to Lemma we find that

(f1B)<€ = (paa)<€ = (— )p*lq@,()

The total contribution to Stokes’ theorem is therefore

(=) ()l = (~1)THm e 752 (5)
(_1)‘%17*1'*657[('7)'

For each closed 7 € Zg® with |¥| = 2, define structure maps

m)? w) e®F e

%5 ®l
mk j 104] Zl‘ Clkl j 10[], )7

~ﬁ 2: ®l
) (®21dy) g k(@ j=10537),

and define
A 1. -
=) i q_1.(3%) € M.
l
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Denote

p— 1 .. .
(29) GW =) | 5pai®Gga (7).
1>0
Proposition 4.5. The maps ™7 define an Asy structure on €. That is,
Z (_1)23;1(\5@’\+1)
k1+k2:]€+1

k1,k2>0
1<i<k;

. ﬁlzl (dl, .. "diflaﬁ{]zz(dia .. -)&i+k2—1)7di+k2a - ,dk) =0
for all & € €.

Proof. Since dy = 0 and |y| = 2, this is a special case of Proposition O
4.2. Properties

The properties formulated for the g-operators can be equally well formulated
for the g-operators, with similar proofs. Below we discuss them explicitly,
and add a few properties that are specific to the pseudoisotopy context.

4.2.1. Linearity. Observe that € is an SR module with the action
f-a=p"fAa, fER, aec.

Similarly, let px : I x X — I be the projection. Then R acts on A*(I x
X;Q) via

[y =pxfNA7, JER ~veA(IxX;Q).

Proposition 4.6. The operations q are R-multilinear in the sense that for
fen,

qg’l(dly---ydi—lvf'&ia--w&k;ﬁ/la---v’}’l)
B ; i—1 v - l v ~ ~ -~ ~ ~ ~
_ (_1)|f‘ (lJij:l |aJ|+Zj:1 |’YJ‘)f . q’]il(al, e O YL, 7’7[) + (5Lk . df -a,
and for f € A*(I;Q),

qg,l(dlv"'adk§’71’---,f"%,...,'71)
- (_l)lf‘zz;l WJ'f ag,l(&lv"'764/6;:}/17"'7’7[))
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and
8t f T A) = (SO ).
In addition, the pairing ((, ) is R-bilinear in the sense of Definition [1.12).

Proof. For g}, = d we have

d(f.a) =d(p*f AN&) = dp*f) Aa+ (—DVp* f A da = (df).a + (—1)/1 f.da.
For E]fil with (k, 1, 8) # (1,0, By), we have

i—1 k

(evbo /\ evi; i N /\ evb; ;G A\ evb (p*f ANay) A /\ (;M);&j)
Jj=1 Jj=1 j= z'+1

evbo /\evz ’y]/\/\evb & N\ poevb f/\/\evb a;)
j=t
i—1 |~ I ~ — — ! —~ % K —~ %
= (_1)|f\~(2j:1 lé 1+325—, ‘%|) (evbo)*((po €Ubi)*f A /\ €Uij’7j A /\ C’Ubjdj)
j=1 j=1
i—1 |~ I ~ — — L —~ % K —~ %
= (_1)|f‘(21=1 ‘aj""'Zj:l "7.7‘|) (eUbo)*((pO evbo)*f A /\ evlj;yj A /\ EUbJ&j)
j=1 J=1
_ (,1)|f\-(23;1 EAES > ANEA) (" f)
— ! —~ % —~ % K —~ %
A (evbg)*(/\ evi;yj A evbydg A /\ evb;ay).
j=1 j=2

Taking into consideration the sign (&), we see that

E]kJ(dl,...,f‘di,...,dk;ﬁl,...,’;’l)
= ()M (S I )

Faei(@r, ..o 031,25 W)

The second equality for & > 0 follows from

i—1
(evbo /\ evt; ’yj A evz (px f ANAi) /\ evt,; ’y] A /\ evb; a]
7j=1 j= z+1

= (=D)VIZ55 sl (ewbg), (evis phc £ A /\ (;ji;f:yj A /\ Jb;&j)
j=1 j=1
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l k
= (—)WF=i= Pl (evbo ). (px o evig) f A\ evigd; A )\ evd;a))
j=1 J=1
i—1 x|, — L —~ % K —~ %
= (—)MT25= il (evby) 4 ((p o evbo)* f A /\ evi;Yj A /\ evb;a;)

J=1 Jj=1
l

k
= (=)W= sl (p* £y A (evbg)*(/\ evi;Yj A /\ evb;a),

J=1 Jj=1

while ¢ is not affected. For k = —1, note that ppq = px o (;)/zz So,

! k
(DW= Bl (). (px 0 evig) f A\ evigd; A\ evd;d))
j=1 j=1
o L ko
= (fl)\flijj:l m'(p/\/{)*(pj\/(f A /\ evi; 7 A /\ evb; ;)
j=1 j=1
!

k
— (_1)\f|-23;1 sl £ A (pM)*(/\ evi;; A /\ evb; ),

j=1 j=1

and again the required equality follows.
For ﬁgl, we have

El/gl(’?l)"'af"?ia'”v’?l)

1—1
= (1) (evg) (N (€0)) 3 A @)y ok f AT A\ (€6))*F))
j=1 j

= (—1)w=OHZ il (ev). (px o @02)* f A /\ ev ) ;)

] 1
:( )ws(ﬁ)+‘f| EJ 1|"/J‘(ev ) ((pXOe'Uo f/\ /\ 6'U fyj)
J=1
i—1 |~ l
= (=) OIS Eug)(evg) picf A N (€07) )
j=1

l

7j=1

_ (_1)w5(5)+\f|'z_§1 Wj\f . CI (71’ ce ).
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For the pairing, compute

1)le- p«(D*f Ny A éag)
1 “"Zlf Aps(dn Aaz) = f A (@, az)),

(p*f A, ag)) = (1)
(1)
(— 1)\f|+|a2|+|f\ |a1\ LD f N A )
= (1)
(1)

(a1, p" f A ag))
1)1 +GalHIf1 |a1\f A ps (@1 A Go)
DIFFAHaD £ A (6, d)).

O

4.2.2. Pseudoisotopy. Fort e I and M = pt, L, X, denote by j, : M —
I x M the inclusion p — (¢, p). Denote by g, the g-operators associated to
the complex structure J;.
Proposition 4.7. Fort € I, we have

Fraka (@, G A1) = g (G G G T - 3 )

Proof. Consider the pull-back diagrams

Mis1.2(8; i) L Myi14(8) Mi11(8; Jr) 2> Miyy1(B) -
ievbi lg&;l ievii ie’vml
je je
L I xL X I x X

By property of integration, we have

l k l k
jf(evbo)*(/\ evi; J; A /\ evb; &;) = (evbo)*(jt)*(/\ evi; Y A /\ evb; &;)
i=1 i=1 i=1 i=1
!

k
= (evbo)( /\ evifjiyi A [\ evbij; ).
i=1 =1
0

The next result relates the cyclic structure ((, )) on € with (, ) on C.

Proposition 4.8. Fort e I, we have

Jt (@1, aa)) = (ji au, ji Ga).
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Proof. Consider the pullback diagram

LI«

P

(11
By property of integration, we have

ji (G, @) = (—1)1%jip. (a1 A Go)
= (—D)%lpt, (jray A jran) = (ian, jias).

Lemma 4.9. For any &,7j € €,
(1)l /I AUE,T) = GIE Ji7) — URE.de.
Proof. By Proposition [£.8 and Stokes’ theorem, Proposition [2.2] we have
(i€, i)y — (G6€. 4o = JT (& a) — 45 (&, )
- / ()
ol
—(—) el [ qué 7y,
(-1) /1 (i)

4.2.3. Unit of the algebra.

Proposition 4.10. Let f € A°(I x L)® R, &1,...,0; € €, andAy,...,7 €
A*(I x X;Q). Then

qil(&la e @ity oGy g1 @A)

df7 (ka l?ﬁ) = (170750)7
(_1)|f‘f ’ dla (kalaﬁ) = (270750)7
1 =1,
B (_1)|&1|(|f‘+1)f : dla (kule) - (2707/60)7
1= 2,
L0, otherwise.
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In particular, 1 € A°(I x L) is a strong unit for the As operations m7:

0, k>3 ork=1,
(A1, ey @imty L Gy ey Gpo) = 3 @, k=2 i=1,
(-D)lnlay, k=2 i=2.

Proof. Repeat the proof of Propositionwith M ) evi i1 ef;bj, and q, instead
of M, evij, evbj, and q, respectively. In the case (k, [, 3) = (2,0, 3), the map
efi\fbo gives an orientation preserving identification of ,/\’;1/370(,80) with I x L,
and the rest of the computation is again the same. ([

4.2.4. Cyclic structure.

Proposition 4.11. The q are cyclic with respect to the inner product {( , ).
That is,

QAra(r, - rs AL, - A1)s Okg)
_ (_1)(|07k+1|+1)Zf:1(|dj|+1) {

+ (31’]f . d<<5[1, 5[2»

Qe (Ot 1,005 - ooy Ok 13715 - - -5 1) Ok))

In particular,
(dar, a)) = df(an, @) + (—~1)IMFDI%ID (day, 6, )).

Proof. For (k,l,5) # (1,0, By), the proof g{Proposition can be repeated
with g, evbj, and evij, replaced by q, evb;, and &;ij, respectively, since
rdim(evb;) = rdim(efz\)/bj). The appropriate relabeling automorphism is now
given by

o(t, X, u, (20, .-+, 2x), W) = (£, 2, u, (21, ..., 2k, 20), W),

and its sign is still sgn(p) = k.
For (k,1,8) = (1,0, 5p), we compute

(dan, Gs) = (—=1)1®Ip.(dar A ao)
= p.((=D)®ld(ay A G) — (—1)1MH1%la, A day)
= (—D)®ld(p. (@1 A dg)) + (—1)lltleiritiallaitng (da,; Aa)
= d((@n, aa)) + (=1)1M DD (day, aq)).
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4.2.5. Degree of structure maps.

Proposition 4.12. Fork >0 and %1,...,% € A*(I x X;Q) with |¥;| = 2,
the map

e (A7) €% — @
1s of degree 2 — k.
Proof. Note that rdim(evby) = rdim(Jbo). Therefore, the proof of Propo-

sition is valid verbatim in our case, with q replaced by q and evby by
evby. O

4.2.6. Symmetry.
Proposition 4.13. Let kK > —1. For any permutation o € S,

e (61, o G5, 3) = (1) DG, @i Aoy - Fo):
where s,(7y) s as in .

Proof. The proof of Proposition is valid verbatim, with q, ij, and Jij,
instead of q, evdb;, and evij, respectively. O

4.2.7. Fundamental class.
Proposition 4.14. For k > 0,

—1, (kalaﬁ) :(071750)7

~ﬁ ~ ~ ~ g
aty ..o Ly, Yo1) = .
A ki 1M 1) {0, otherwise.

Furthermore,

aglJ(lv:}/h .. 75/[—1) = 0

Proof. Since rdim evbo = rdim evby, we can repeat the proof of Proposi-
tlon 7| with /\/l evbj, evij, and q, instead of M, _evb;, evij, and g, re-
spectively. In the case (k,l,3) = (0,1, 8y) the map evby now identifies the
moduli space with I x L. O
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4.2.8. Energy zero.

Proposition 4.15. For k >0,

daz, (kal) = (1>O)a
G g Ay = d CDPaL A G2, (kD) = (2,0),
Qly ooy AR Y1y - -3 V) = ~
! _’Yl‘IXLv (kal) = (07 1)7
0, otherwise.

Furthermore,
~Bo

i (1, 3) = 0.

Proof. Note that rdim(evi;) = rdim(eNUij) and rdim(evb;) = rdim((;vvbj) for
any j. Therefore the proof of Proposition [3.8| is valid verbatim in our case,
with g replaced by g everywhere. O

4.2.9. Divisors. Note that Ho(X, L;Z) ~ Ho(I x X, I x L;Z). Therefore,
the integral fﬁfy is defined for 7 € A%2(I x X, I x L) and B € Hy(X, L; 7).

Proposition 4.16. Assume 1 € A2(I x X,I x L) ® Q, dy; = 0, and the
map Ho (X, L;Z) — Q given by B — fB 41 descends to II. Then

(30) El’/iz(®§:1dj§®§':1%) = </B ’71) 'Elil—l(@?ﬂdj;@é:z’?j)
for k> —1.

Proof. The proof or Proposition holds verbatim with M , Jij, efz\f/bj, and
q, instead of M, evij, evb;, and q, respectively. O

4.2.10. Top degree. In this section, we use the notation introduced in
Section

Proposition 4.17. Assume (k,1,3) & {(1,0, Bo), (0,1, Bo), (2,0, Bo)}. Then
(87 (@ 9))ns1 = 0 for all lists G,7.

Proof. Follow the proof of Proposition [3.12] with g replaced by q and evbg
by evby. In this case, rdim evby = dim My41,(8) — n — 1, so the assumption
degd(ﬁgl(&;ﬁ/)) = n + 1 is what implies deg?(¢) = dim Mk+1’l(ﬂ). The rest
of the oroof is then valid. O
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Proposition 4.18. For all lists ¥ = (91, ...,71), we have

0’ l# 17
—p«(Flrxr), =1

(g0 (%), 1) = {

Proof. By Proposition the only possible contribution to ({(qo:(), 1)1

is from Elg:)h but ﬁgf’l (’71) = _:}/1|I><L and <<5/1‘I><L7 1» = D« (:)/1|I><L)- It remains
to compute ((go;(7),1)))o. To do this, we evaluate at an arbitrary point t €
I. For clarity, denote by j”* :pt — I, jF: L -1 x L, and j;* : X - I x X,
the inclusions. Consider the pull-back diagram

oL

L2 oTIxL

|,k

pt — 1.
By property of integration and Proposition we have

(@00 (%), INo(t) = G (petio g (3))o = (") P+ (G0, (3))n
= [ Gy Gostia = [ (@ha(G5)).
By Proposition this can only be nonzero when [ = 1, and then
(@oa0): 10)olt) = [ ahatGi¥ ) = [ b (¥)4)
== [ G = ~o0. G (%) = =GP x0)
[l

4.2.11. Chain map. As in Section consider the complex

7(9) := PHo*

>0

with the differential inherited from . Then the operators qp; extend natu-
rally to a map

qo: T(®) - A*(I x X;Q).
Proposition 4.19. The operator qg is a chain map on T(D). That is,

do(dn) = dag(n), Vn e T(D).
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Proof. The proof is the same as for Proposition with évg instead of
evy. O

4.2.12. Proof of Theorem 2|
Proof of Theorem[9 Choose n € D with |n| = 1 such that 4/ — v = dn. Take
Fi=q+t(y —9)+dtAneD.
Then |§| = 2 and
dy=dtA(y —~)—dt Ndn =0,
6= Jiv=1"
From Propositions [£.5] @ [47 (A8 410} @11 [£12]) A.18] and equa-

tion , it follows that (€, m7) is a cyclic unital pseudoisotopy from (C, m?)
0 (C, m?"). O

4.2.13. Relaxed assumptions. Define a subcomplex of A*(X) by

AY(X,L) := {n € A*(X) ‘ /Li*n = o} .

Then Theorems I and I hold for v € A (X, L) by verbatim the same proof
as for v € A*(X, L). Specifically, for closed v € (ZQA*(X L))2, we have that
({m}}k>0, (, ), 1) is a cyclic unital A structure on C. Moreover, set

A (I x X,I x L) := {f, € A*(I x X)

pe(Id xi)*7) = 0} .

Then given closed v, € (IQA\*(X L))y with [y] = [y] € H*(A*(X, L), d),
there exists a cyclic unital pseudoisotopy m7 from m” to m?" with 5 € A*(
X,IxL).

As for Theorem 3] the fundamental class and zero properties are satisfied
for m7. Namely, if v € (IQA*(X L)) is closed and 94,y = 1, then 9y,m] =
—1- 0o and m” is a deformation of the standard differential graded algebra
structure. However, the divisor property is not necessarily satisfied.

4.3. Uniform formulation of structure equations

Using the cyclic structure ((, )), the Ay relations can be rephrased so the
case k = —1 fits more uniformly. Recall the definition of GW from .
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Proposition 4.20. For k >0,
(] (A, ..., k), Gpp))

— Z (_1)u(d;k1,kz2,i)

k1+k2:k+1

k1>1,k22>0
1<i<k
. <<ﬁlzl (&i‘f‘kz? e ,dk+1, dl, e ,di_l), 1{122 (5{2, e ,dk2+i_1)>>
with
i—1
v(&; ke, ke, i) == Z(\&j\ +1)
j=1
k+1
+ 3 (ydjy+1)< 3 (|dm|+1)+1) +1
j=itke m#j
1<m<k+1
For k= —1,
-5 1 5 5 —
ATy = 3 (5. 65) + GV

Proof. For k > 0, we use Propositions and to obtain

(@) (G, ..., &), Gprr)

= (di] (@1, ..., ax), @)

— (= 1)@ DR @@ D) (G W (@, .. ., )
- _ Z (_1)Z§;i(|5.7'|+1)
k?1+k?2:k7+1
(k1,8)#(1,80)
1<i<k,
' <<Tﬁﬁl’kylﬂ(&17 s 7di—17ﬁl,]2:2 (du s 7di+k271)7 &i+k27 SRR &k)7 dk+l>>
() DG 80D a6 (G, . )
R RSN
k1+k2:k+1
(k1,8)7#(1,80)
1<i<ks
: <<T6"71Z;B(O7i+kz, ey Oy Qg 101 e Gm1) W (G ey ity —1))

+ (_1)(I&k+1|+1)(Z?:1(\&j\+1)+1)+1<<d&k+17512(541’ ),
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with the sign v/ as follows:

/
v

k+1

= > al+D( X Ol + 1)+ (R (@ Gi, ) + 1))
j=iths m#j
1<m<k+1
mg{i,....ka+i—1}
k+1

=Y (\dﬂ—kl)( 3 (yamy+1)+1> (mod 2).
I 132%&%“

For k = —1, note that |¥| = 2, so sgn(a?uj) =0 (mod 2). This implies

that Proposition [4.4] reads

1]

-5 1, .5 5 P
—diny = (g, w) — GV,
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