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Let M ⊂ C
n+1 be a smooth affine hypersurface defined by the

equation xy + p(z1, · · · , zn−1) = 1, where p is a Brieskorn-Pham
polynomial and n ≥ 2. We prove that if L ⊂ M is a closed, ori-
entable, exact Lagrangian submanifold, then L cannot be aK(π, 1)
space. The key point of the proof is to establish a version of homo-
logical mirror symmetry for the wrapped Fukaya category of M ,
from which the finite-dimensionality of the symplectic cohomology
group SH 0(M) follows by a Hochschild cohomology computation.
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1. Introduction

1.1. Overview

The study of Lagrangian embedding in symplectic manifolds using holomor-
phic curves dates back to the ground-breaking work of Gromov [28], where
it is proved that for any closed Lagrangian submanifold L ⊂ Cn, it can never
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be exact. Using modern languages, Gromov’s result can be interpreted as
the vanishing of the symplectic cohomology group SH ∗(Cn). See [49] for a
good survey on related topics.

In general, let M be a Liouville manifold, one can get information
about Lagrangian embedding in M by studying the symplectic cohomology
SH ∗(M) or its twisted version. By showing the vanishing of the symplec-
tic cohomology twisted by a generic non-exact 2-form, Ritter proved the
following:

Theorem 1.1 ([46]). Let M be a 4-dimensional Milnor fiber of a simple
singularity, then M does not contain an exact Lagrangian torus.

This forces the closed, orientable exact Lagrangian submanifolds in M
to be spheres, and these Lagrangian spheres are later classified when the
singularity is type Am [61].

One can consider more delicate structures on SH ∗(M) obtained by
counting 1-parameter families of holomorphic curves, which leads to the
definition of the BV (Batalin-Vilkovisky) operator

(1) ∆ : SH ∗(M) → SH ∗−1(M).

A cohomology class b ∈ SH 1(M) is called a dilation by Seidel-Solomon [56]
if its image under the BV operator gives the identity 1 ∈ SH 0(M). The
compatibility between Viterbo functoriality and the BV operator implies
the following:

Theorem 1.2 ([56], Corollary 6.3). Let M be a Liouville manifold ad-
mitting a dilation. If L ⊂ M is a closed exact Lagrangian submanifold, then
L cannot be a K(π, 1) space.

Example 1.1. It is known, by iterating an argument using Lefschetz fi-
brations ([56], Section 7), that any Milnor fiber of an isolated hypersurface
singularity obtained by triple stabilizations, i.e. one of the form

(2) z21 + z22 + z23 + p(z4, · · · , zn+1) = 0,

where p is a polynomial with an isolated critical point in the origin of Cn−2,
admits a dilation. See [50], Example 2.13.

More generally, one can replace the identity in the definition of a dila-
tion with an arbitrary class h ∈ SH 0(M) which is invertible with respect to
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the pair-of-pants product, and define the notion of a quasi-dilation (h, b) ∈
SH 0(M)× SH 1(M) by asking ∆(hb) = h. See [51], Lecture 19. The follow-
ing generalization of Theorem 1.2 is essentially due to Davison:

Theorem 1.3 ([13]). Let M be a Liouville manifold admitting a quasi-
dilation. If L ⊂ M is a closed, orientable, exact Lagrangian submanifold,
then L cannot be a hyperbolic space.

Example 1.2. Let f : Cn−1 → C be a regular function whose zero set f−1(0)
is smooth. Define M to be the affine conic bundle over (C∗)n−1:

(3) M :=
{
(x, y, z1, · · · , zn−1) ∈ C

2 × (C∗)n−1|xy = f(z1, · · · , zn−1)
}
.

It is proved in [24] that M admits a quasi-dilation, so M does not contain hy-
perbolic Lagrangians. When dimC(M) = 3, stronger topological restrictions
on closed exact Lagrangian submanifolds in M can be established, see [24],
Theorem 1.2.

Inspired by the work of Davison [13] on the exactness of Calabi-Yau
structures on fundamental group algebras, the author introduced in [40] the
notion of a cyclic dilation. This is a class b̃ ∈ SH 1

S1(M) in the first degree
S1-equivariant symplectic cohomology, whose image under the marking map

(4) B : SH ∗
S1(M) → SH ∗−1(M)

is an invertible element h ∈ SH 0(M)×. Similar notions are studied inde-
pendently by Zhou [63]. As a more delicate piece of structure than the
BV operator, the map B is defined by counting higher-dimensional fami-
lies of holomorphic cylinders [9]. It is proved in [40] that this condition is
strictly weaker than what is required by a quasi-dilation. Thanks to an S1-
equivariant version of Viterbo functoriality due to Cohen-Ganatra [12], we
have the following improvement of Theorem 1.2:

Theorem 1.4 ([40], Corollary 5.1). Let M be a Liouville manifold ad-
mitting a cyclic dilation with h = 1. If L ⊂ M is a closed exact Lagrangian
submanifold, then L cannot be a K(π, 1) space.
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Example 1.3. Let M ⊂ Cn+1 be the Milnor fiber of the isolated singularity

(5) zk1 + · · ·+ zkn+1 = 0,

where n ≥ k ≥ 2. Using the machinery developed by Diogo-Lisi [14], it is
proved in [63] that M admits a cyclic dilation with h = 1. For the special
case when n = k = 3, see also [40], Section 6.1 for an alternative proof.

On can move on and make use of the L∞-structure on the symplectic
cochain complex SC ∗(M) to produce more delicate obstructions to exact
Lagrangian embeddings. This idea, originally due to Seidel, has been carried
out recently by Ganatra-Siegel [26] in the framework of symplectic field
theory [17].

1.2. New results

This paper attempts to narrow the gap between the known nonexistence
results for the Milnor fibers considered in Examples 1.1 and 1.3, and obtain
restrictions of exact Lagrangian embeddings for a class of Liouville manifolds
to which, due to technical difficulties, neither Theorem 1.2 nor Theorem 1.4
is applicable. More precisely, we shall consider the situation where M is the
Milnor fiber of an isolated singularity that is doubly stabilized, namely one
defined by the equation

(6) z21 + z22 + p(z3, · · · , zn+1) = 0,

where p is a polynomial which has an isolated singular point at the origin.
Note that when p is weighted homogeneous, M is an affine conic bundle
over Cn−1, whose discriminant locus is the smooth hypersurface defined by
p(z3, · · · , zn+1) = c, for some c ∈ C∗. These manifolds have been studied pre-
viously by Abouzaid-Auroux-Katzarkov in the context of SYZ (Strominger-
Yau-Zaslow) mirror symmetry [3].

In view of Theorem 1.2 and Example 1.1, it is natural to ask whether
there exists a polynomial p (with an isolated critical point at the origin)
so that the corresponding Milnor fiber M contains an exact Lagrangian
K(π, 1). Note that for isolated hypersurface singularities that are once sta-
bilized, the construction of Keating [32] shows that an exact Lagrangian
torus exists in any 4-dimensional Milnor fiber in C3 defined by the equation

(7) z21 + zk2

2 + zk3

3 = 1, where
1

k2
+

1

k3
≤

1

2
.



✐

✐

“3-Li” — 2023/4/1 — 0:45 — page 1071 — #5
✐

✐

✐

✐

✐

✐

Nonexistence of exact Lagrangian tori 1071

In fact, a genus two exact Lagrangian surface is expected to exist in the 4-
dimensional Milnor fibers above once the more strict condition 1

k2
+ 1

k3
< 1

2
is imposed.

On the other hand, it follows from [51], Corollary 19.7 that any Milnor
fiber M of (6) admits a quasi-dilation. In particular, it follows from The-
orem 1.3 that M does not contain any hyperbolic closed, orientable, exact
Lagrangian submanifold. In the case when p is a Brieskorn-Pham polyno-
mial, namely one of the form

(8) p(z3, · · · , zn+1) = zk3

3 + · · ·+ z
kn+1

n+1 ,

where k3, · · · , kn+1 are positive integers larger than 1, we prove the following
strengthened result:

Theorem 1.5. Let M be the Milnor fiber of the singularity (6), where p is
a Brieskorn-Pham polynomial (8). If L ⊂ M is a closed, orientable, exact
Lagrangian submanifold, then L cannot be a K(π, 1) space.

Remark 1.1. Note that here (and also in Theorem 1.3) we have restricted
ourselves to the situation where L is orientable, while in the statements of
Theorems 1.2 and 1.4 we do not. This is because Theorems 1.2 and 1.4
can be proved with the help of Viterbo functoriality SH ∗(M) → SH ∗(T ∗L),
which holds for non-orientable exact Lagrangian submanifolds L ⊂ M by
considering symplectic cohomologies with local coefficients [2]. However, for
the proofs of Theorems 1.3 and 1.5, considerations of open string invariants
are required, see [13], Proposition 5.2.6, and our argument in Lemma 4.1.

Corollary 1.1. Let M be as in Theorem 1.5, and n = 3. If L ⊂ M is a
closed exact Lagrangian submanifold, then L cannot be diffeomorphic to S1 ×
Σg, where Σg is a closed orientable surface with genus g ≥ 1.

This result is optimal in the sense that some of the 3-dimensional affine
conic bundles M contain exact Lagrangian S1 × S2’s. In particular, [32],
Proposition 1.2 shows that this is the case as long as 1

k3
+ 1

k4
≤ 1

2 .

Remark 1.2. In fact, we can drop the assumption that p is a Brieskorn-
Pham polynomial in dimension 3, thanks to the work of Habermann-Smith
[29]. See the discussions in Section 5.

It would be convenient to give here an outline of the idea behind the
proof. Suppose that L ⊂ M is an exact Lagrangian K(π, 1) space, then it
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follows from Theorem 1.2 that M does not admit a dilation. Since it is
known thatM admits a quasi-dilation, there must be some invertible element
h ∈ SH 0(M)× which differs from the identity. We prove in Lemma 4.1 that
there are action constraints that h has to satisfy, and as a consequence the
existence of such an element would result in the infinite-dimensionality of
SH 0(M). So in order to prove Theorem 1.5, it suffices to show that SH 0(M)
is finite-dimensional.

For M a Weinstein manifold, Ganatra proves in his thesis [22] that the
closed-open string map

(9) CO : SH ∗(M) → HH ∗(W(M))

is an isomorphism, where the right-hand side is the Hochschild cohomol-
ogy of the wrapped Fukaya category W(M), whose construction is due to
Abouzaid-Seidel [57]. This suggests that symplectic cohomology can be com-
puted algebraically.

For a weighted homogeneous polynomial w ∈ K[z1, · · · , zn+1] given by

(10) w =

n+1∑

i=1

n+1∏

j=1

z
aij

j ,

we say that it is invertible if the corresponding matrix of powers A = (aij)
is invertible. Denote by w̌ its transpose, which is the weighted homogeneous
polynomial specified by the transpose of A. Homological mirror symmetry
predicts in this case the existence of a triangulated equivalence

(11) DperfMF (Kn+2,Γw, w + z0 · · · zn+1) ∼= DperfW(w̌−1(1)),

where Γw is a finite extension of the multiplicative group Gm defined by

(12) Γw :=
{
(t0, · · · , tn+1) ∈ (Gm)n+2 |

t
a1,1

1 · · · t
a1,n+1

n+1 = · · · = t
an+1,1

1 · · · t
an+1,n+1

n+1 = t0 · · · tn+1

}
,

MF (Kn+2,Γw, w + z0 · · · zn+1) is the dg category of Γw-equivariant matrix
factorizations of w + z0 · · · zn+1 on Kn+2, and

DperfMF (Kn+2,Γw, w + z0 · · · zn+1)

is its split-closed derived category.
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This is one of the homological mirror symmetry conjectures concerning
the Berglund-Hübsch transpose of an invertible polynomial, see [37], Con-
jecture 1.4. We prove that (11) holds when w is of the form (6), and p is
given by (8). In particular, w = w̌ in these situations.

Theorem 1.6. For

(13) w(z1, · · · , zn+1) = z21 + z22 + p(z3, · · · , zn+1),

where p is a Brieskorn-Pham polynomial, we have the following equivalence
between Z-graded triangulated categories

(14) DperfMF (Kn+2,Γw, w + z0 · · · zn+1) ∼= DperfW(M),

where M is the Milnor fiber of w.

Remark 1.3. During the preparation of this paper, the author learned that
the Z/2-graded version of [37], Conjecture 1.4 has recently been proved by
Gammage [21] via microlocal sheaf calculations. Apart from the Z-grading,
which is crucial for our applications, our proof in this special case has the
advantage that the wrapped Fukaya category W(M) can be identified explic-
itly, and it is shown to be related to the Fukaya category F(M) of compact
Lagrangians via A∞-Koszul duality. This leads to interesting applications,
see Proposition 1.1 below.

Combining Theorem 1.6 and the isomorphism (9), the symplectic coho-
mology group SH ∗(M) can be computed as the Hochschild cohomology

(15) HH ∗
(
MF (Kn+2,Γw, w + z0 · · · zn+1)

)
∼= HH ∗

(
MF (Kn+2,Γw, w)

)
,

while for the latter we have very nice computational tools recorded in the
literature, see Section 3.

To prove Theorem 1.5, one needs to show that HH 0
(
MF (Kn+2,Γw, w)

)

is finite-dimensional. This is done in Proposition 3.1. In fact, combining our
computation with Koszul duality (Proposition 2.1) also yields the following
fact which seems to be of independent interest:

Proposition 1.1. Let M be as in Theorem 1.6, and assume that the powers
k3, · · · , kn+1 are distinct prime numbers, then the nth degree PSS (Piunikhin-
Salamon-Schwarz) map Hn(M ;K) → SH n(M) is an isomorphism.
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This paper is organized as follows: in Section 2, we compute the wrapped
Fukaya category W(M) using Koszul duality and compare it with the matrix
factorization category, which leads to a proof Theorem 1.6 in Section 2.3.
Section 3 is devoted to the computation of the Hochschild cohomology group
HH ∗

(
MF (Kn+2,Γw, w)

)
. Based on this computation, we give a proof of the

main Theorem 1.5 in Section 4. Possible generalizations of Theorem 1.5 are
discussed in Section 5, the final section of this paper. In Appendix A, we
prove Theorem 4.1, an algebraic fact which is used in the proof of Theo-
rem 1.5.
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2. Homological mirror symmetry

From now on, K will be a field of characteristic zero. We will be only dealing
with Liouville manifolds M with c1(M) = 0. Actually, we fix a trivialization
of their canonical bundle KM so that the Fukaya categories are Z-graded
A∞-categories over K. All the Liouville manifolds considered in this paper
are finite type, which means they are obtained by attaching a half-infinite
cylindrical end [0,∞)× ∂M to the Liouville domain M .

2.1. Koszul duality

Let M be the Milnor fiber of the Brieskorn-Pham singularity

(16) zk1

1 + · · ·+ z
kn+1

n+1 = 0,
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where k1, · · · , kn+1 > 1 are positive integers satisfying

(17)
1

k1
+ · · ·

1

kn+1
̸= 1.

Denote by F(M) its Fukaya category whose objects consist of closed, exact
Lagrangian submanifolds which are Spin and graded [53], and by W(M)
its wrapped Fukaya category, which also allows certain non-compact La-
grangians as its objects [57].

Let V1, · · · , Vµ ⊂ M be a basis of vanishing cycles, where

(18) µ := (k1 − 1)(k2 − 1) · · · (kn+1 − 1)

is the Milnor number of M . By [53], Lemmas 4.15 and 4.16, (17) implies
that there is a non-zero integer d such that

(19) (τV1
◦ · · · ◦ τVµ

)k1···kn+1 = [2d],

where τVi
is the Dehn twist along the Lagrangian sphere Vi. Applying Seidel’s

long exact sequence [54], we conclude that F(M) is split-generated by the
objects V1, · · · , Vµ. Define

(20) FM :=
⊕

1≤i,j≤µ

CF ∗(Vi, Vj)

to be the Fukaya A∞-algebra of vanishing cycles. This is a Z-graded proper
A∞-algebra over the semisimple ring k :=

⊕µ
i=1Kei. We have the quasi-

equivalence

(21) F(M)perf ∼= F
perf
M

between triangulated A∞-categories, where the left-hand side above is the
A∞-category of perfect (right) A∞-modules over F(M), while the right-hand
side is the A∞-category of perfect modules over the A∞-algebra FM .

On the other hand, as a Weinstein manifold M can be constructed by
attaching n-handles to the standard 2n-dimensional closed symplectic disc
D2n along a link of µ Legendrian (n− 1)-dimensional spheres which are
standard unknots along the boundary S2n−1. To see this, one can start with
the Lefschetz fibration f̃ : D2n → D2 defined by the Morsification of the
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Brieskorn-Pham polynomial

(22) f(z1, · · · , zn) := zk1

1 + · · ·+ zkn

n .

This Lefschetz presentation of D2n describes it as the result of attaching
µ

kn+1−1 Weinstein n-handles along the (vertical) boundary of F ×D2, where

F is the Milnor fiber of the isolated singularity {f = 0} ⊂ Cn. Starting from
f̃ , one can construct another Lefschetz fibration π : M → D2, whose smooth
fiber is symplectomorphic to F . See for example [32], Section 2.5. The Lef-
schetz fibration π has kn+1·µ

kn+1−1 critical values, which are divided into kn+1

groups, with each group containing µ
kn+1−1 critical values. Figure 1 gives

an illustration of the base of the Lefschetz fibration π in the case when
n = 3, and k1 = k2 = k3 = k4 = 3. Take any one of the groups of µ

kn+1−1

critical values, and assume (without loss of generality) that they are con-
tained in a half-disc D− ⊂ D2, with the other kn+1 − 1 groups of critical
values contained in the complement D2 \D−. The preimage π−1(D−) ⊂ M ,
with corners rounded off, is Weinstein deformation equivalent to D2n. Now
the presentation given by π describes M as the result of attaching µ critical
handles to π−1(D−) along some Legendrian link Λ ⊂ ∂π−1(D−). For each of
the µ critical values lying outside of D−, there is a matching sphere V• ⊂ M
whose matching path connects the critical value to a critical value inside
D−. Denote by ⋆ ∈ D2 the origin of the base, the intersection V• ∩ π−1(⋆) is
an unknotted Legendrian sphere Λ• ⊂ ∂π−1(D−), which defines a connected
component of Λ. In Figure 1, such a sphere is depicted, and its intersection
V • with π−1(D−) is a Lagrangian disc in D2n which fills the unknot Λ•.
The matching spheres {V•} form a basis of vanishing cycles in M , and we
will denote them by V1, · · · , Vµ, and the corresponding Legendrian spheres
by Λ1, · · · ,Λµ.

Denote by L1, · · · , Lµ ⊂ M the Lagrangian cocore discs of the Weinstein
n-handles whose attaching spheres are Λ1, · · · ,Λµ ⊂ (S2n−1, ξstd ) respec-
tively, where ξstd denotes the standard contact structure on the sphere. They
can be extended to non-compact Lagrangian submanifolds L1, · · · , Lµ ⊂ M
by adding an infinite cone [0,∞)× ∂Li, where 1 ≤ i ≤ µ, which makes them
objects of the wrapped Fukaya category. In particular, Vi ∩ Lj ̸= ∅ only when
i = j, in which case Vi intersects Li transversely at a unique point. Define
the wrapped Fukaya A∞-algebra to be

(23) WM :=
⊕

1≤i,j≤µ

CW ∗(Li, Lj),
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× × × × × × × ×

×
×

×
×

×
×

×
×

×
×
×
×
×
×
×
×

⋆

V•

V •

D−

Figure 1: Base of the Lefschetz fibration π : M → C when n = 3 and k1 =
k2 = k3 = k4 = 3.

where CW ∗ is the wrapped Floer cochain complex. It is a theorem due to
Chantraine-Dimitroglou-Rizell-Ghiggini-Golovko [11] and Ganatra-Pardon-
Shende [23] that L1, · · · , Lµ generate the wrapped Fukaya category W(M),
from which we get the quasi-equivalence

(24) W(M)perf ∼= W
perf
M .

Note that both of the A∞-algebras FM and WM are augmented. For
FM , the augmentation FM → k is the trivial projection to the idempotents in
degree 0. According to Bourgeois-Ekhlom-Eliashberg [8], Legendrian surgery
gives a quasi-isomorphism

(25) WM
∼= CE ∗(Λ),

where CE ∗(Λ) is the Chekanov-Eliashberg dg algebra of the Legendrian link
Λ ⊂ (S2n−1, ξstd ). Since Λ has µ connected components, CE ∗(Λ) possesses
the structure of a dg algebra over k. We define the augmentation on WM to
be the composition

(26) WM

∼=
−→ CE ∗(Λ) → k,
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where the augmentation on CE ∗(Λ) is induced by the Lagrangian fillings⊔
1≤i≤µ V i of Λ. Now we have the following Koszul duality result, which was

due to Lekili-Ueda [37]. For reader’s convenience, we include an argument
below, which is a slight variation of their proof.

Proposition 2.1 (Lekili-Ueda). There are quasi-isomorphisms between
augmented A∞-algebra over k:

(27) R homWM
(k, k) ∼= FM , R homFM

(k, k) ∼= WM .

Proof. A generalized version of the Eilenberg-Moore equivalence, established
in [16], Theorem 4, states that we have the following quasi-isomorphism

(28) R homCE∗(Λ)(k, k) ∼= FM .

Combining with (25), we have proved the first quasi-isomorphism in (27).
For the second quasi-isomorphism, one needs to use the assumption (17).

By [37], Proposition 6.5, the relation (19) implies that for any object K of
W(M), there is a sequence of objects {Ki}i∈N of F(M)perf , such that for
any fixed j ∈ Z, there exists an integer i ≫ 1 with

(29) homj

W(M)perf (L,K) ∼= homj

W(M)perf (L,Ki)

as K-vector spaces, where L is an arbitrary object of W(M), and we
have identified Ki with their images under the fully faithful embedding
F(M)perf →֒ W(M)perf . In particular, this implies that CW j(L,K) of any
two objects L and K of W(M) is finite-dimensional for any fixed j. By
the surgery quasi-isomorphism (25), we then conclude that the dg algebra
CE ∗(Λ) is locally finite as a module over k. Consider the filtration F • on
CE ∗(Λ) by word length, since CE ∗(Λ) is locally finite, it follows that F •

is complete and Hausdorff, so the completion map CE ∗(Λ) → yCE
∗
(Λ) is a

quasi-isomorphism. Here, yCE
∗
(Λ) is the completed Chekanov-Eliashberg dg

algebra of the Legendrian link Λ defined by

(30) yCE
∗
(Λ) := (BFM )#,

where the right-hand side is the linear dual of the bar construction of the
augmented A∞-algebra FM . Now we need the following algebraic fact.
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Lemma 2.1 ([16], Lemma 10). Let A be an augmented A∞-algebra over
k. Suppose that both A and BA are locally finite, then there is a quasi-
isomorphism

(31) Ω(A#) ∼= (BA)#

between augmented A∞-algebras, where Ω denotes the cobar construction.

We apply the above lemma to the case when A is the Fukaya A∞-algebra
FM . To see that BA is locally finite, it suffices to show that the completed
Chekanov-Eliashberg algebra yCE

∗
(Λ) is locally finite, which follows from

the completeness and locally finiteness of CE ∗(Λ). By definition, CE ∗(Λ) ∼=
Ω(F#

M ), so (31) gives a quasi-isomorphism

(32) CE ∗(Λ) ∼= R homFM
(k, k).

In view of (25), this proves the second quasi-isomorphism in (27). □

Remark 2.1. The Koszul duality between compact and wrapped Fukaya
A∞-algebras of Weinstein manifolds have been studied in many situations
since the work of Etgü-Lekili [18]. In the case when M is a smooth affine
variety which contains a set of compact Lagrangian submanifolds intersecting
the cocores in a nice way (e.g. Milnor fibers), it is expected to be true when
M is log general type or has log Kodaira dimension −∞. For the log general
type case, see [36, 37], for the case when the log Kodaira dimension of M is
−∞, see [16, 18, 39].

2.2. Fukaya categories

From now on we will work in the more restrictive case of affine conic bundles.
Let M be the Milnor fiber of the isolated hypersurface singularity defined
by

(33) w(z1, · · · , zn+1) = 0,

where w is as in (13). We compute in this subsection the compact and the
wrapped Fukaya categories of M .

For the compact Fukaya category F(M), we notice that M is by defi-
nition the smooth fiber of a Lefschetz fibration w̃ : Cn+1 → C, which is the
double suspension of the Lefschetz fibration p̃ : Cn−1 → C obtained by Mor-
sifying the polynomial p(z3, · · · , zn+1) as in (8). Denote by F(p̃) the Fukaya
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category associated to the Lefschetz fibration p̃, whose construction is due
to Seidel [48]. Notice that we have the quasi-equivalence F(p̃) ∼= F(w̃). It
follows from [52], Corollary 3.1 that there is a quasi-equivalence

(34) V(M) ∼= F(p̃)⊕ F(p̃)∨[−n],

where V(M) ⊂ F(M) is the full A∞-subcategory of the Fukaya category
which is formed by a basis of vanishing cycles, and F(p̃)∨ is the dual of its
diagonal bimodule. Passing to the endomorphism algebras on both sides, we
obtain a quasi-isomorphism

(35) FM
∼= Fp̃ ⊕ F∨

p̃ [−n]

between the compact Fukaya A∞-algebra and the trivial extension (also
known as cyclic completion, in the terminology of Segal [47]) of the endo-
morphism algebra of Lefschetz thimbles of p̃ by the dual of its diagonal
bimodule, where Fp̃ is the A∞-algebra over k defined by

(36) Fp̃ :=
⊕

1≤i,j≤µ

CF ∗(∆i,∆j),

where ∆1, · · · ,∆µ ⊂ Cn−1 is a basis of Lefschetz thimbles. The labellings

are arranged so that when we consider the lifts ∆̃1, · · · , ∆̃µ ⊂ Cn+1 of these
thimbles as the Lefschetz thimbles of w̃, their restrictions to a fiber at in-
finity are Hamiltonian isotopic to the vanishing cycles V1, · · · , Vµ, whose
endomorphism algebra defines the Fukaya A∞-algebra FM . The Floer com-
plex CF ∗(∆i,∆j) can be defined using a Hamiltonian perturbation which
is small at infinity [55], or one can regard it as a partially wrapped Floer
cochain complex [58].

In our case, the basis of Lefschetz thimbles can be chosen so that the
directed A∞-algebra Fp̃ admits a very simple description. Denote by Am

the path algebra of the Am quiver, see Figure 2, with the arrows located in
degree 1, the quasi-isomorphism

(37) Fp̃
∼= Ak3−1 ⊗k · · · ⊗k Akn+1−1

between (formal) A∞-algebras over k is proved in [20], Theorem 1.1.

To compute the wrapped Fukaya categoryW(M), we use Proposition 2.1,
which says that up to quasi-isomorphism, the wrapped Fukaya A∞-algebra
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. . .1 2 3 m

Figure 2: The Am quiver.

can be computed in terms of the compact Fukaya A∞-algebra:

(38) WM
∼= (BFM )#.

Let A be a dg algebra over k. Recall that the n-Calabi-Yau completion
of A, whose construction is due to Keller [33, 34], is the tensor dg algebra

(39) Πn(A) := TA

(
A†[n− 1]

)
,

where A† := R homAe(A,Ae) is the derived dual of the semi-free resolution
of the diagonal bimoduleA (which we still denote byA by abuse of notation),
and Ae := A⊗Aop . It is proved in [33], Theorem 4.8 (see also [34], Theorem
1.1) that if A is homologically smooth, then Πn(A) is an exact n-Calabi-Yau
algebra. Here, the exactness of a Calabi-Yau structure means that the class
in HH−n (Πn(A))1 which defines the (weak) smooth Calabi-Yau structure
admits a lift to the (positive) cyclic homology group HC−n+1 (Πn(A)).

Moreover, we have the following:

Proposition 2.2 ([30], Theorem 6). Let A be a proper dg algebra over k
which is complete, then the Koszul dual of its cyclic completion A⊕A∨[−n]
is quasi-isomorphic to the n-Calabi-Yau completion Πn(A

!), where A! is the
Koszul dual of A, which, by our assumptions, must be homologically smooth.

We now prove the main result of this subsection:

Proposition 2.3. We have the following Z-graded equivalence between tri-
angulated categories:

(40) Dperf (WM ) ∼= Dperf (Πn(Fp̃)) .

Proof. By (35) and (38), we see that WM is quasi-isomorphic to the Koszul
dual of the cyclic completion of Fp̃. In order to apply Proposition 2.2, we
only need to verify that Fp̃ is a complete dg algebra, since its properness
follows from the definition. To do this, we appeal to (37). It is clear that the

1We use the cohomological grading on the Hoshschild chain complex.
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tensor algebra Ak3−1 ⊗k · · · ⊗k Akn+1−1 with vanishing differential is com-
plete since the path length filtrations on each Aki−1, where 3 ≤ i ≤ n+ 1,
induce a filtration on Ak3−1 ⊗k · · · ⊗k Akn+1−1 which is Hausdorff and com-
plete. Proposition 2.2 then implies the quasi-isomorphism

(41) WM
∼= Πn(F

!
p̃).

The proposition now follows from the fact that the (formal) A∞-algebra
Fp̃ is self-Koszul dual in the derived sense, which is a consequence of (37).
Alternatively, this can be seen by identifying F!

p̃ with the endomorphism

algebra of a basis of dual Lefschetz thimbles ∆!
1, · · · ,∆

!
µ, where ∆i ∩∆!

j = ∅

unless i = j, in which case ∆i intersects ∆
!
i transversely at a unique point.

See [19], Section 6e for details. □

Remark 2.2. Proposition 2.3 partially proves a conjecture of Lekili-Ueda.
In [38], Remark 3.1, it is conjectured that (40) should hold in the more gen-
eral case when p is an arbitrary invertible weighted homogeneous polynomial.
They stated the conjecture after verifying that (40) holds when {p = 0} ⊂
Cn−1 is a simple singularity. Similar results were also obtained previously
for Milnor fibers M which are not necessarily associated to doubly stabilized
or weighted homogeneous singularities. See, for example [39], Theorem 1.2.

2.3. Matrix factorizations

We start with a recap of the materials in [38], because of this the exposition
here will be quite sketchy.

Let Γ be a finite extension ofGm, so its character group qΓ := hom(Γ,Gm)
is a finite extension of Z. Assume that Γ embeds in (Gm)n+1 as a subgroup,
so that it acts diagonally on the affine space Kn+1. The action of Γ induces
a qΓ-grading on the coordinate ring K[z1, · · · , zn+1]. Define χi = deg(zi) for
i = 1, · · · , n+ 1. Let w ∈ K[z1, · · · , zn+1]χ be a polynomial which is ho-

mogeneous of degree χ ∈ qΓ. Given this data, one can define a dg cate-
gory MF (Kn+1,Γ, w), the category of Γ-equivariant matrix factorizations
of w. Denote by (·) downward shift of the weight grading. The category
MF (Kn+1,Γ, w) is split-generated by the object E =

⊕
ρ∈ΞO0(ρ), where O0

is the structure sheaf of the origin, and Ξ ⊂ qΓ is a set of representatives
of the quotient group qΓ/(χ). We assume that Ξ is finite. Denote by A the
endomorphism algebra of E in MF (Kn+1,Γ, w).

Introducing an additional variable z0 with degree χ−
∑n+1

i=1 χi allows
us to define another dg category of Γ-equivariant matrix factorizations,
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MF (Kn+2,Γ, w). This dg category is split-generated by the object Ẽ :=
E ⊗K[z0]. It is proved in [38], Section 4 that the endomorphism algebra of
Ẽ is quasi-isomorphic to the n-Calabi-Yau completion Πn(A).

Now we take the group Γ to be Γw, which is defined in (12), and assume
that w is as in (13). Since w is itself a Brieskorn-Pham polynomial, it follows
from [20], Theorem 1.3 that there is an equivalence between triangulated
categories

(42) Dperf F(p̃) ∼= DperfMF (Kn+1,Γw, w),

which establishes a version of homological mirror symmetry for these singu-
larities. In fact, the original statement of [20], Theorem 1.3 uses the graded
version of the triangulated category of singularities instead of the trian-
gulated category of equivariant matrix factorizations. However, according
to [44], Theorem 3.14, these two categories are equivalent as triangulated
categories.

By Proposition 2.3, the equivalence (42) implies the derived equivalence

(43) DperfW(M) ∼= DperfMF (Kn+1,Γw, w).

In order to reach the desired equivalence (14), we use [5], Theorem 12.6.
In our case, the appearance of the two quadratic terms in the definition
of w ensures that the monomial z0 · · · zn+1 lies above the diagonal of w,
so w + z0 · · · zn+1 is right equivalent to w by a formal coordinate change.
Since this coordinate change can be chosen to be Γw-equivariant, we have
the quasi-equivalence

(44) MF (Kn+1,Γw, w) ∼= MF (Kn+1,Γw, w + z0 · · · zn+1),

which completes the proof of Theorem 1.6.

Remark 2.3. As an affine conic bundle over the affine toric variety Cn−1,
M admits another (equidimensional) Landau-Ginzburg model (Y0, w0) as its
mirror, where Y0 is the complement of a smooth hypersurface in a toric
Calabi-Yau variety, and w0 : Y0 → K is the superpotential determined by the
enumeration of Maslov index 2 holomorphic discs bounded by the fibers of a
(piecewise smooth) Lagrangian torus fibration on an open dense subset of M .
See [3], Theorem 1.5. The Berglund-Hübsch mirror of M , on the other hand,
is 2-dimensional higher than the original Milnor fiber. This phenomenon also
appears in [3], Section 7.
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3. Hochschild cohomology

This is supposed to be the most technical section of this paper, where we
compute the Hochschild cohomology of the dg category of Γw-equivariant
matrix factorizations MF (Kn+1,Γw, w). We will keep the notations as in
Section 2.3. Although we have proved homological mirror symmetry for the
dg category MF (Kn+1,Γw, w + z0 · · · zn+1), so that the statement is consis-
tent with [37], Conjecture 1.4, for the purpose of doing computations we will
use the (quasi-equivalent) dg category MF (Kn+1,Γw, w) instead.

Denote by V the vector space over K spanned by {z0, · · · , zn+1}. For
γ ∈ Γ, let Vγ ⊂ V be the γ-invariant subspace, and let Sγ := Sym(Vγ) be the
corresponding symmetric algebra. For w ∈ S, denote by wγ the restriction
of w to Spec(Sγ). Let Γ be an abelian finite extension of Gm acting linearly
on Kn+1, denote by Nγ the complement of Vγ ⊂ V so that V ∼= Vγ ⊕Nγ as
a Γ-module.

The following result have appeared a couple of times in the literature,
and the author learned it from [37].

Theorem 3.1 ([6, 10, 15, 47]). Let w ∈ K[z0, · · · , zn+1] be a non-zero el-
ement of degree χ ∈ qΓ. Assume that the singular locus of the zero set Z−w⊞w

of the Sebastiani–Thom sum −w ⊞ w is contained in the product of the zero
sets Zw × Zw. Then HH k

(
MF (Kn+1,Γ, w)

)
is isomorphic to

⊕

γ∈kerχ,l≥0,k−dimNγ=2u

(
H−2l(dwγ)⊗ ∧dimNγN∨

γ

)

(u+l)χ
⊕

⊕

γ∈kerχ,l≥0,k−dimNγ=2u+1

(
H−2l−1(dwγ)⊗ ∧dimNγN∨

γ

)

(u+l)χ
,

(45)

where H i(dwγ) is the cohomology of the Koszul complex

(46) C∗(dwγ) :=
{
· · · → ∧2V ∨

γ ⊗ Sγ(−2χ) → V ∨
γ ⊗ Sγ(−χ) → Sγ

}
,

where the rightmost term Sγ sits in cohomological degree 0, and the differ-
ential is the contraction with

(47) dwγ ∈ (Vγ ⊗ Sγ)χ.

Let us describe a few concrete situations that are relevant to our compu-
tations, in which case the expression (45) gets simplified drastically. When
wγ has an isolated critical point at the origin, the cohomology of the Koszul
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complex (46) is concentrated in degree zero, and its zeroth cohomology is
isomorphic to the Jacobi ring Jacwγ

. As a consequence, only the summand
corresponding to l = 0 in (45), namely

(48)
(
Jacwγ

⊗ ∧dimNγN∨
γ

)

uχ
,

would contribute to HH k
(
MF (Kn+1,Γ, w)

)
, where k = 2u+ dimNγ .

Moreover, if Vγ contains Kz0, then C∗(dwγ) is isomorphic to the tensor
product

(49) C∗(dw′
γ)⊗

{
Kz∨0 ⊗ χ∨ ⊗K[z0] → K[z0]

}
,

where w′
γ is the restriction of w to the complement of Kz0 ⊂ Vγ , and the lat-

ter complex is concentrated in cohomological degrees {−1, 0} with vanishing
differential. If w′

γ has an isolated critical point at the origin, then as above
the Koszul complex C∗(dw′

γ) is isomorphic to Jacw′

γ
, which is concentrated

in degree 0, so only the summands

(50)
(
Jacw′

γ
⊗K[z0]⊗ ∧dimNγN∨

γ

)

uχ

and

(51)
(
Kz∨0 ⊗ Jacw′

γ
⊗K[z0]⊗ ∧dimNγN∨

γ

)

uχ
,

which correspond to l=0 in (45), would contribute toHH k
(
MF (Kn+1,Γ, w)

)
,

where k = 2u+ dimNγ and 2u+ dimNγ + 1 respectively.

As we have remarked in the introduction, what is relevant to our ap-
plication is the Hochschild cohomology group HH 0

(
MF (Kn+2,Γw, w)

)
, and

we now show that it is finite dimensional. On the other hand, as the reader
will see, HH n

(
MF (Kn+2,Γw, w)

)
can also be computed explicitly in our

situation, which is a fact that will be explored in Section 4. For the pur-
pose of proving Theorem 1.5, we will not attempt to do computations in the
general case when w is a polynomial of the form (13). Instead, simplifying
assumptions will be imposed to minimize our computational burden.

Proposition 3.1. Let w be a polynomial as in (13), regarded as an element
of the ring K[z0, · · · , zn+1], and assume that the powers k3, · · · , kn+1 in the
Brieskorn-Pham polynomial p(zn+3, · · · , zn+1) are distinct prime numbers,
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with 3 ≤ k3 ≤ · · · ≤ kn+1. Then we have

(52) dimKHH 0
(
MF (Kn+2,Γw, w)

)
= k3 − 1,

and

(53) dimKHH n
(
MF (Kn+2,Γw, w)

)
= µ,

where µ = (k3 − 1) · · · (kn+1 − 1) is the Milnor number of the affine hyper-
surface M defined by the polynomial {w = 1} ⊂ Cn+1.

Proof. By definition,
(54)

Γw =
{
(t0, · · · , tn+1) ∈ (Gm)n+2|t21 = t22 = tk3

3 = · · · = t
kn+1

n+1 = t0 · · · tn+1

}
,

which implies that

(55) ker(χ) ∼= (Z/2)2 × Z/k3 × · · ·Z/kn.

The character group qΓ is generated by χ and χi = deg(zi) for 0 ≤ i ≤ n+ 1
with relations

(56) χ = 2χ1 = 2χ2 = k3χ3 = · · · = kn+1χn+1 = χ0 + · · ·+ χn+1.

For any γ ∈ ker(χ), one has

Jacwγ

∼=

{
K[z0] if Kz0 ⊂ Vγ

K if Kz0 ̸⊂ Vγ
⊗

{
K[z3]/(z

k3−1
3 ) if Kz3 ⊂ Vγ

K if Kz3 ̸⊂ Vγ

⊗ · · · ⊗

{
K[zn+1]/(z

kn+1−1
n+1 ) if Kzn+1 ⊂ Vγ

K if Kzn+1 ̸⊂ Vγ

(57)

Note that by our assumptions, none of the truncated polynomial rings
K[zi]/(z

ki−1
i ) for 3 ≤ i ≤ n+ 1 could be isomorphic to K. Write an element

of Jacwγ
⊗ ∧dimNγN∨

γ as

(58) za0

0 za3

3 · · · z
an+1

n+1 ⊗ z∨j1 ∧ · · · ∧ z∨js ,

where ai = 0 if Kzi ̸⊂ Vγ for i = 0, 3, · · · , n+ 1, and ai ≤ ki − 2 for i =
3, · · · , n+ 1. Its degree is

(59) a0χ0 + a3χ3 + · · ·+ an+1χn+1 − χj1 − · · · − χjs .
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By (56), (59) can be proportional to χ if Vγ ∩ (Kz1 ⊕Kz2) is either Kz1 ⊕
Kz2 or ∅.

We first look at the case when Vγ = ∅, where one must have

(60) t1 = t2 = −1, t3 ∈ (Z/k3) \ {1}, · · · , tn+1 ∈ (Z/kn+1) \ {1},

since t0 = t−1
3 · · · t−1

n+1 ̸= 1 by our assumptions that k3, · · · , kn+1 are distinct
prime numbers. There are µ such γ, and each one of them contributes a
copy of K to the Hochschild cohomology group HH n

(
MF (Kn+2,Γw, w)

)
,

since the degree of

(61) z∨0 ∧ z∨1 ∧ · · · ∧ z∨n+1 ∈ ∧n+2V ∨

is −χ.
To prove the identity (53), it remains to show that the other possibilities

of Vγ do not contribute to HH n
(
MF (Kn+2,Γw, w)

)
. To do this, we separate

our discussions into two cases, namely

(i) Kz0 ⊂ Vγ ,

(ii) Kz0 ̸⊂ Vγ and Vγ ̸= ∅.

In the first case, since t21 = t22 = 1, it follows from (54) that ti ∈ Z/ki for
i = 3, · · · , n+ 1 and t3 · · · tn+1 = 1. By our assumption that k3, · · · , kn+1 are
distinct primes, the latter is possible only when t3 = · · · = tn+1 = 1. Thus
Kz0 ⊂ Vγ if and only if

• γ = (1, · · · , 1), in which case Vγ = V ;

• γ = (1,−1,−1, 1, · · · , 1), in which case Vγ = Kz0 ⊕Kz3 ⊕ · · · ⊕Kzn+1.

When Vγ = V , wγ = w, the degree of za0

0 za3

3 · · · z
an+1

n+1 is

(62) a0χ− a0χ1 − a0χ2 − (a0 − a3)χ3 − · · · − (a0 − an+1)χn+1,

where (56) was used in the derivation of the above formula. This is propor-
tional to χ if and only if

(63) 2|a0, k3|(a0 − a3), · · · , kn+1|(a0 − an+1).

Write a0 = 2r, where r ∈ Z≥0 and ai = 2r − kim, where m is an integer
satisfying

(64)
2r + 2

ki
− 1 ≤ m ≤

2r

ki
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for i = 3, · · · , n+ 1, we have

(65) deg
(
z2r0 z2r−k3m

3 · · · z
2r−kn+1m
n+1

)
= m(1− n)χ.

It follows that each element of the form

(66) z2r0 z2r−k3m
3 · · · z

2r−kn+1m
n+1 ∈ Jacw ⊗K[z0]

contributes a copy of K to HH 2m(1−n)
(
MF (Kn+2,Γw, w)

)
. Similarly, each

element of the form

(67) z∨0 ⊗ z2r0 z2r−k3m
3 · · · z

2r−kn+1m
n+1 ∈ Kz∨0 ⊗ Jacw ⊗K[z0]

contributes a copy of K to HH 2m(1−n)+1
(
MF (Kn+2,Γw, w)

)
. It is easy to

find out that

(68) 2m(1− n) ̸= n, n− 1

for anym ∈ Z whenever n ≥ 3, and the only integer solution for the equation
2m(1− n) = n is m = −1 and n = 2. To exclude this possibility, we make
use of the condition (64), which implies in this case that 2r+2

k3
≤ 0, and

therefore contradicts with the fact that r ∈ Z≥0. We have proved that when
Vγ = V , there is no additional contributions to HH n

(
MF (Kn+2,Γw, w)

)
.

When Vγ = Kz0 ⊕Kz3 ⊕ · · · ⊕Kzn+1, using (56), we can compute the
degree of

(69) za0

0 za3

3 · · · z
an+1

n+1 ⊗ z∨1 ∧ z∨2 ∈ Jacwγ
⊗ ∧2N∨

γ ,

which is

(70) a0χ− (a0 + 1)χ1 − (a0 + 1)χ2 − (a0 − a3)χ3 − · · · − (a0 − an+1)χn+1.

This is proportional to χ is and only if

(71) 2|a0 + 1, k3|(a0 − a3), · · · , kn+1|(a0 − an+1).

Write a0 = 2r − 1 with r ∈ N, and ai = 2r − 1− kim, where m ∈ Z satisfies

(72)
2r + 1

ki
− 1 ≤ m ≤

2r − 1

ki

for i = 3, · · · , n+ 1. We have

(73) deg
(
z2r−1
0 z2r−1−k3m

3 · · · z
2r−1−kn+1m
n+1 ⊗ z∨1 ∧ z∨2

)
= − ((n− 1)m+ 1)χ.
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It follows that each element of the form

(74) z2r−1
0 z2r−1−k3m

3 · · · z
2r−1−kn+1m
n+1 ⊗ z∨1 ∧ z∨2 ∈ Jacw′

γ
⊗K[z0]⊗ ∧2N∨

γ

contributes a copy of K to HH 2m(1−n)
(
MF (Kn+2,Γw, w)

)
. Similarly, each

element of the form

(75) z∨0 ⊗ z2r−1
0 z2r−1−k3m

3 · · · z
2r−1−kn+1m
n+1 ⊗ z∨1 ∧ z∨2

∈ Kz∨0 ⊗ Jacw′

γ
⊗K[z0]⊗ ∧2N∨

γ

contributes a copy of K to HH 2m(1−n)+1
(
MF (Kn+2,Γw, w)

)
. It is easy to

see that if n ≥ 3, then the equations

(76) 2m(1− n) = n− 1 and 2m(1− n) = n

do not admit any integer solutions, and when n = 2 and m = −1, it would
contradict (72), as we have seen above. In this way, we have proved that
when Vγ = Kz0 ⊕Kz3 ⊕ · · · ⊕Kzn+1, there is no additional contributions to
HH n

(
MF (Kn+2,Γw, w)

)
.

This completes the discussion for case (i). For case (ii), we first as-
sume that Vγ ∩ (Kz1 ⊕Kz2) = ∅. Since Vγ ̸= ∅, there is a non-empty subset
{j1, · · · , js} ⊂ {3, · · · , n+ 1}, where s ≤ n− 1, such that

(77) Vγ = Kzj1 ⊕ · · · ⊕Kzjs .

Without loss of generality, we may assume that {j1, · · · , js} = {3, · · · , s+
2}, so an element

(78) za3

3 · · · z
as+2

s+2 ⊗ z∨0 ∧ z∨1 ∧ z∨2 ∧ z∨s+3 ∧ · · · ∧ z∨n+1 ∈ Jacwγ
⊗ ∧dimNγN∨

γ

has degree

(79) (a3 + 1)χ3 + · · ·+ (as+2 + 1)χs+2 − χ,

which cannot be proportional to χ since ai + 1 < ki for 3 ≤ i ≤ n+ 1.
If Kz1 ⊕Kz2 ⊂ Vγ , the subset {j1, · · · , js} above may be empty. In the

non-empty case, the degree of

(80) za3

3 · · · z
as+2

s+2 ⊗ z∨0 ∧ z∨s+3 ∧ · · · ∧ z∨n+1 ∈ Jacwγ
⊗ ∧dimNγN∨

γ

is given by

(81) (a3 + 1)χ3 + · · ·+ (as+2 + 1)χs+2,
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which cannot be proportional to χ for the same reason as above.
Finally, when Vγ = Kz1 ⊕Kz2, the only possible contribution to

HH ∗
(
MF (Kn+2,Γw, w)

)
comes from the element

(82) z∨0 ∧ z∨3 ∧ · · · ∧ z∨n+1 ∈ ∧nN∨
γ ,

whose degree is not proportional to χ, so it cannot contribute.
We now prove (52). From the above analysis, one can see that the po-

tential contributions to HH 0
(
MF (Kn+2,Γw, w)

)
happen in the situations

when Vγ = V and Vγ = Kz0 ⊕Kz3 ⊕ · · ·Kzn+1.
In the former case, possible contributions to HH 0

(
MF (Kn+2,Γw, w)

)

can occur only when m(1− n) = 0, which happens when m = 0. It follows
from (64) that

(83) 2 ≤ 2r + 2 ≤ k3.

Clearly, there can be
⌊
k3−2
2

⌋
+ 1 such r, and each one corresponds to a

generator of HH 0
(
MF (Kn+2,Γw, w)

)
.

In the latter case, one gets a contribution to HH 0
(
MF (Kn+2,Γw, w)

)

when m = 0. By (72) we have

(84) 3 ≤ 2r + 1 ≤ k3.

It is elementary to see that there are
⌊
k3−1
2

⌋
such r. All together, we get

(85)

⌊
k3 − 2

2

⌋
+

⌊
k3 − 1

2

⌋
+ 1 = k3 − 1

copies of K in HH 0
(
MF (Kn+2,Γw, w)

)
, which completes the proof of (52).

□

Remark 3.1. Note that when n = 2, our computation coincides with the
computation of [18] for the symplectic cohomology of a 4-dimensional Ak3−1

Milnor fiber.

4. The main argument

This section is devoted to the proof of our main result. We start by recalling
the following algebraic fact:
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Theorem 4.1 (Öinert). Let K be any field, and G a torsion-free group,
then any central unit in the group algebra K[G] has the form λ · g, with
λ ∈ K× and g ∈ G.

Remark 4.1. This is a special case of Kaplansky’s famous unit conjecture,
which states that any unit in K[G] of a torsion-free group G must be of the
form λ · g. When char(K) = 2, this conjecture has been disproved recently by
Gardam [27].

The above theorem follows from [42], Theorem 6.2, which deals with
the more general situation of unital rings equipped with non-degenerate G-
gradings. For readers’ convenience, we will include a self-contained proof of
Theorem 4.1 in Appendix A.

Lemma 4.1. Let M be a Liouville manifold admitting a quasi-dilation.
If L ⊂ M is a closed, orientable, exact Lagrangian submanifold which is a
K(π, 1) space, then SH 0(M) must be infinite-dimensional.

Proof. By Theorem 1.2, the existence of an exact Lagrangian K(π, 1) pro-
hibits the existence of a dilation in SH 1(M). Since M admits a quasi-
dilation, it follows that there is a non-trivial unit h ∈ SH 0(M)× such that
the BV operator ∆ : SH 1(M) → SH 0(M) hits h. Recall that the cochain
complex SC ∗(M) which computes the symplectic cohomology is defined by
(a small perturbation of) a Hamiltonian function H : M → R which is a C2-
small Morse function ϕ when restricted to the interior of M , so it contains
the Morse complex CM ∗(ϕ) as a subcomplex. Denote by SH ∗

+(M) the co-
homology of the quotient complex SC ∗

+ := SC ∗(M)/CM ∗(ϕ) generated by
the non-constant Hamiltonian orbits. One can write

(86) h = α · 1 + t,

with α ∈ K and t ∈ SH 0
+(M) is non-zero. We claim that α = 0.

Let L ⊂ M be a closed, orientable, exact Lagrangian submanifold which
is a K(π, 1) space, consider the Viterbo functoriality SH ∗(M) → SH ∗(T ∗L),
which fits into a commutative diagram

(87)

SH ∗(M) SH ∗(T ∗L)

SH ∗−1(M) SH ∗−1(T ∗L)

∆ ∆
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under which the element h ∈ SH 0(M)× goes to a class

(88) hL = α · 1L + tL ∈ SH 0(T ∗L)×

which lies in the image of the BV operator, where 1L denotes the identity
and tL ∈ SH 0

+(T
∗L) is non-zero. Fix an orientation of L, and a background

class ν ∈ H2(T ∗L;Z/2) given by the pullback of the second Stiefel-Whitney
class w2(L), we have the isomorphisms

(89) SH 0(T ∗L) ∼= HH 0(W(T ∗L)) ∼= HH 0(C−∗(ΩpL)) ∼= Z(K[π1(L)]),

where the symplectic cohomology and the wrapped Fukaya category are
defined with respect to ν, C−∗(ΩpL) is the dg algebra of chains on the
based loop space, and Z(K[π1(L)]) is the center of the fundamental group
algebra. The first isomorphism is given by the closed-open string map CO
[22], the second isomorphism follows from the generation result of Abouzaid
[1], and both of the first two isomorphisms rely on the assumption that L is
orientable, while the third isomorphism follows from the assumption that L
is a K(π, 1) space. Under the composition of these isomorphisms, the class
hL can be identified with a non-trivial2 central unit in K[π1(L)]. Since L is
a K(π, 1) space, π1(L) is torsion-free. It follows from Theorem 4.1 that the
image of hL must have vanishing constant coefficient, which forces α = 0.
We have concluded that h = t ∈ SH 0

+(M).
We proceed to show that the classes 1, h, h2, · · · ∈ SH 0(M) are linearly

independent, which would in particular imply that SH 0(M) is infinite-
dimensional. First notice that for any m ∈ N, hm ∈ SH 0

+(M). To see this
we again use the Viterbo functoriality SH ∗(M) → SH ∗(T ∗L) and the iso-
morphism (89), under which the elements hm ∈ SH 0(M) are sent to powers
of a non-trivial central unit in K[π1(L)]. By Theorem 4.1, these powers must
have vanishing constant coefficients, which implies that hm ∈ SH 0

+(M). Sup-
pose that there are scalars c0, · · · , cm ∈ K such that

(90) c0 · 1 + c1 · h+ · · ·+ cm · hm = 0.

On the cochain level, one can find a cocycle η ∈ SC 0
+(M) representing h

such that

(91) c0 · e+ c1 · η + · · ·+ cm · ηm = dβ

2The reader may find the terminology here confusing: in this paper, we consider
only multiples of the the identity as trivial units in the group algebra K[G], while
for group theorists, any λ · g for g ∈ G and λ ∈ K

× is trivial.
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for some cochain β ∈ SC−1
+ (M), where e ∈ CM 0(ϕ) corresponds to the

unique minimum of the Morse function ϕ. Since all the terms except for the
first one on the left-hand side of (91) lie in the complement of the subspace
CM 0(ϕ) ⊂ SC 0(M), it follows that c0 = 0, and we are reduced to dealing
with the equation

(92) c1 · 1 + c2 · h+ · · ·+ cm · hm−1 = 0

in SH 0(M). Arguing by induction shows that c0 = c1 = · · · = cm = 0. □

Remark 4.2. (i) One can prove the infinite-dimensionality of SH 0(M)
under the weaker assumption that M admits a cyclic dilation. For
the purpose of this paper, introducing this additional sophistication is
uncalled for, but this has potential applications in proving the nonexis-
tence of exact Lagrangian K(π, 1) spaces in more general smooth affine
varieties with log Kodaira dimension −∞, see Section 5.

(ii) Similar considerations have appeared in the literature with the invert-
ible element h ∈ SH 0(M)× with zero constant coefficient being replaced
by the Borman-Sheridan class s ∈ SH 0(M). It is argued in [59], Propo-
sition 3.8 that if M is a Liouville subdomain in the complement of a
Donaldson hypersurface in a compact monotone symplectic manifold,
and L ⊂ M is an exact Lagrangian torus whose Landau-Ginzburg su-
perpotential wL is a non-constant Laurent polynomial, then the powers
sk ∈ SH 0(M) must be linearly independent. In particular, SH 0(M) is
infinite-dimensional.

Example 4.1. When M=T ∗Tn is the cotangent bundle of an n-dimensional
torus, we have an isomorphism

(93) SH ∗(M) ∼= K
[
H1(Tn;Z)

]
⊗H∗(Tn;K)

as K-algebras, which in particular shows that SH 0(M) is infinite-
dimensional. It is well-known that M admits a quasi-dilation. More so-
phisticated examples of Liouville manifolds satisfying the assumptions of
Lemma 4.1 are given by the affine conic bundles (3) over (C∗)n−1 in Ex-
ample 1.2. The infinite-dimensionality of their SH 0(M) can be seen from
the existence of a distinguished class s̊ ∈ SH 0(M) which is mirror to a non-
vanishing regular function ẘ0 : Y0 → K×, whose “quantum correction” gives
the superpotential w0 : Y0 → K mentioned in Remark 2.3. See [3], Section 6.
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Proof of Theorem 1.5. Let M be a Milnor fiber as in the assumption of The-
orem 1.5, and let L ⊂ M be a closed, orientable exact Lagrangian submani-
fold which is a K(π, 1) space. As we have explained in the introduction, since
M is the Milnor fiber of a singularity which is doubly stabilized, it admits
a quasi-dilation. Lemma 4.1 can therefore be applied to M to conclude that
SH 0(M) is infinite-dimensional, with an invertible element h ∈ SH 0

+(M)
whose powers span an infinite-dimensional subspace.

On the other hand, Theorem 1.6 proved in Section 2.3, combined with
the fact that the closed-open string map (9) is an isomorphism, gives rise to
the isomorphism

(94) SH 0(M) ∼= HH 0
(
MF (Kn+2,Γw, w)

)
.

Let us temporarily restrict ourselves to the special case when the powers
k3, · · · , kn+1 in the Brieskorn-Pham polynomial p are distinct prime num-
bers. By Proposition 3.1, it follows that for such an M one has

(95) dimK SH 0(M) < ∞,

which contradicts with Lemma 4.1.
We have proved the nonexistence of exact Lagrangian K(π, 1) spaces in

M in the special case when p is a Brieskorn-Pham polynomial whose powers
are distinct prime numbers. Since for any Milnor fiber M of a singularity of
the form {w = 0} ⊂ Cn+1, where w is as in (13), there is a Milnor fiber M ′

associated to the singularity

(96) z21 + z22 + zp3

3 + · · ·+ z
pn+1

n+1 = 0,

where p3, · · · , pn+1 are distinct prime numbers satisfying

(97) p3 ≥ k3, · · · , pn+1 ≥ kn+1,

the general case follows from a standard degeneration argument, which im-
plies the existence of a Liouville embedding M →֒ M ′. □

We now use the computation of HH n
(
MF (Kn+2,Γw, w)

)
in Proposi-

tion 3.1 and the Koszul duality between Fukaya A∞-algebras proved in
Proposition 2.1 to give a proof to Proposition 1.1.
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Proof of Proposition 1.1. By [35], Theorem 1.8, there is a commutative di-
agram

(98)

Hn(M ;K) SH n(M)

K0(W(M)) HH 0(W(M))

L

PSS

tr

OC

for any Weinstein manifold M , where L is a surjective map constructed by
Lazarev ([35], Theorem 1.4), and tr is the Dennis trace map.

Let M be as in the assumption of Proposition 1.1. Since the open-closed
string map OC is known to be an isomorphism [22], and our computations
of HH n

(
MF (Kn+2,Γw, w)

)
in Proposition 3.1 shows that Hn(M ;K) and

SH n(M) have the same rank, it suffices to prove that the Dennis trace
map tr : K0(W(M)) → HH 0(W(M)) is surjective. In fact, according to the
generation result of [11] and [23] mentioned in Section 2.1, the Grothendieck
group K0(W(M)) is freely generated by the classes [L1], · · · , [Lµ] of the
cocores constructed in Section 2.1 using the Lefschetz presentation of M .
Under tr , they are mapped to the Hochschild homology classes defined by
the identity endomorphisms eL1

, · · · , eLµ
of the objects L1, · · · , Lµ which

generate the wrapped Fukaya category W(M). Using the Koszul duality
between the Fukaya A∞-algebras FM and WM proved in Proposition 2.1,
and the Morita invariance of Hochschild homology, we get an isomorphism

(99) HH 0(W(M)) ∼= homK (HH 0(F(M)),K) ,

under which the Hochschild homology class [eLi
], where 1 ≤ i ≤ µ, is mapped

to the dual of [eVi
], where as in Section 2.1, Vi ⊂ M is a vanishing cycle which

intersects Li transversely at a unique point. Now (53), together with the fact
that OC is an isomorphism implies that

(100) dimKHH 0(F(M)) ∼= dimKHH 0(W(M)) ∼= dimK SH n(M) = µ,

so HH 0(F(M)) is freely generated by the orthogonal classes [eV1
], · · · , [eVµ

].
This allows us to conclude from (99) that HH 0(W(M)) is freely generated
by the classes [eL1

], · · · , [eLµ
]. □

Remark 4.3. We expect the isomorphism PSS : Hn(M ;K)
∼=
−→ SH n(M)

to hold for Milnor fibers which are smooth affine varieties with log Kodaira
dimension −∞. Whether this is true seems to be interesting in its own right.
In the case when M is a plumbing of T ∗Sn’s, where n ≥ 3, according to a
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tree, this fact is essentially proved in [51], Lecture 15, where it is shown to be
useful in understanding the homology classes of odd-dimensional Lagrangian
spheres.

Proposition 1.1 is interesting also because of the following fact:

Proposition 4.1. Let M be a Liouville manifold which admits a cyclic
dilation, and the PSS map Hn(M ;K) → SH n(M) is an isomorphism, then
M does not contain an exact Lagrangian torus with non-zero homology class
[L] ∈ Hn(M ;K).

Proof. Denote by v ∈ SH n(M) the class coming from [L] via the PSS map,
and consider the non-zero class vh ∈ SH n(M) obtained by taking the pair-
of-pants product with the invertible element h ∈ SH 0

+(M) established in
Lemma 4.1. Under the Viterbo functoriality SH ∗(M) → SH n(T ∗L), vh goes
to a class of the form hL ⊗ PD([pt ]), where we have used the identification
(93). As before, hL is a non-trivial (central) unit in the fundamental group
algebra, and PD([pt ]) is the Poincaré dual of the class of a point. The PSS
map for the Liouville manifold T ∗L is given by the inclusion of constant loops
via the obvious identification H∗(T ∗L;K) ∼= H∗(L;K), from which one sees
that the class hL ⊗ PD([pt ]) lies in SH n

+(T
∗L), so must be the class vh ∈

SH n(M), by the compatibility of the Viterbo functoriality with the map
SH n(M) → SH n

+(M). This contradicts with the fact that SH n
+(M) = 0. □

By Eliashberg’s regular Lagrangian conjecture, every oriented, closed
exact Lagrangian submanifold L ⊂ M should be homologically essential, as
long as M is a Weinstein manifold. Assuming this, the nth degree PSS map
being an isomorphism provides a geometric criterion for the nonexistence
of exact Lagrangian tori. It would be interesting to know whether the as-
sumption that M admits a cyclic dilation can be removed in the above
proposition.

5. Generalizations

We discuss several possible generalizations of Theorem 1.5 in the final sec-
tion.

In deriving the version of homological mirror symmetry for the wrapped
Fukaya category of M as stated in Theorem 1.6, we have used the work of
Futaki-Ueda [20] on the homological mirror symmetry of Brieskorn-Pham
polynomials. This is the main reason why we restricted ourselves to the
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special case where the polynomial p in the definition of the affine conic
bundle M is Brieskorn-Pham. There are ongoing efforts by Gammage-Smith
and Polishchuk-Varolgunes [45] to prove the Berglund-Hübsch homological
mirror symmetry for a general weighted homogeneous polynomial. Because
of this one may expect to apply the same method of this paper to prove
the nonexistence of exact Lagrangian K(π, 1) spaces in affine conic bundles
(6), with p being a general invertible weighted homogeneous polynomial
with an isolated critical point at the origin. However, one should notice
that the computation of the corresponding Hochschild cohomology group,
HH 0

(
MF (Kn+2,Γw, w)

)
, would become more complicated in general than

what we have presented in Proposition 3.1.
In another direction, in view of Theorem 1.2, it seems to be legitimate

to expect that the nonexistence of exact Lagrangian K(π, 1) spaces in affine
conic bundles is due to some deeper reason:

Conjecture 5.1. Let M be an affine conic bundle of the form (6), such
that the polynomial p(z3, · · · , zn+1) is weighted homogeneous and invertible.
Then M admits a dilation.

There are also Milnor fibers beyond the affine conic bundles in Conjec-
ture 5.1 which should admit dilations. For example, Let Mp,q,r be the Milnor
fiber associated to the isolated singularity

(101) xp + yq + zr + λxyz + w2 = 0, where
1

p
+

1

q
+

1

r
≤ 1,

which are once stabilizations of the unimodal singularities studied in [32],
where one can take λ = 1 when 1

p
+ 1

q
+ 1

r
< 1, and λ = 0 otherwise. It is

proved in [39], Section 4.2 that Mp,q,r admits a quasi-dilation. In the case
when 1

p
+ 1

q
+ 1

r
= 1, the singularity (101) is weighted homogeneous, and one

can apply similar arguments as used in this paper to prove the corresponding
Berglund-Hübsch homological mirror symmetry for these polynomials and
use the computational tools in Section 3 to show that SH 0(Mp,q,r) is finite-
dimensional. This implies the nonexistence of exact Lagrangian K(π, 1)’s
in the Milnor fibers M3,3,3, M4,4,2 and M6,3,2, and it is therefore natural to
expect that they all admit dilations. Of course, the nonexistence of exact
Lagrangian K(π, 1)’s in M3,3,3 follows also from Theorem 1.4, since it admits
a Liouville embedding into the Milnor fiber of a 3-fold triple point. The same
should hold for all the Milnor fibers Mp,q,r, even though the singularities
(101) are in general not weighted homogeneous.
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Remark 5.1. One powerful tool of proving the existence of a dilation is the
Logarithmic PSS map introduced by Ganatra-Pomerleano [24, 25]. However,
this usually relies on realizing M as a Liouville subdomain of the comple-
ment of a normal crossing divisor in some smooth Fano variety, which is
not possible for topological reasons when the degree of the polynomial p in
Conjecture 5.1 is sufficiently high.

As we have mentioned in the introduction, the existence of a cyclic dila-
tion b̃ ∈ SH 1

S1(M) whose image under the marking map equals the identity
is enough to deduce the nonexistence of exact Lagrangian K(π, 1)’s in M .
In [40], it is conjectured that this is the case for smooth affine varieties with
log Kodaira dimension −∞. Though this seems to be overoptimistic, the
following should hold:

Conjecture 5.2. Let M be a Milnor fiber of an isolated hypersurface sin-
gularity whose log Kodaira dimension is −∞, then it admits a cyclic dilation
with h = 1.

One may also use the existence of a cyclic dilation with arbitrary h ∈
SH 0(M)× to exclude the existence of exact Lagrangian submanifolds which
are K(π, 1) spaces. As a simplest class of examples, consider the Liouville
manifolds MT obtained by plumbings of T ∗Sn’s according to any tree T ,
where n ≥ 3. It is proved in [40], Proposition 6.2 that MT admits a cyclic
dilation, possibly with h ̸= 1. In view of Remark 4.2 (ii), it follows that if
MT contains an exact Lagrangian submanifold which is aK(π, 1) space, then
SH 0(MT ) is infinite-dimensional. On the other hand, by the commutative
diagram (98), it follows that

(102) SH n(MT ) ∼= Hn(MT ;K) ∼= K
|T0|,

where T0 denotes the set of vertices of T . Now Proposition 4.1 suggests that
M does not contain an exact Lagrangian torus. The symplectic cohomol-
ogy group SH 0(MT ) should be computable as the Hochschild cohomology
HH 0(GT ) of the Ginzburg dg algebra GT associated to the tree T .

Appendix A. Central units in group algebras

We reproduce here the proof of [42], Theorem 6.2 in the special case of a
group algebra K[G], where K is any field, and G is a torsion-free group.
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Any element x ∈ K[G] can be written as x =
∑

g∈G cgg, where cg ∈ K,
and only finitely many cg are non-zero. The support of x is defined to be

(A.1) Supp(x) := {g ∈ G|cg ̸= 0}.

Supp(x) generates a subgroup of G, which we will denote by Hx. To get
a better understanding of the structure of Hx ⊂ G, we recall the following
notion.

Definition A.1. A group G is called an FC-group if each g ∈ G has only
a finite number of conjugates in G. In other words, [G : CG(g)] < ∞, where
CG(g) is the centralizer of g.

As for a torsion-free group G, we have the following well-known result.

Lemma A.1 (Neumann [41]). Every torsion-free FC-group is abelian.

The notion of an FC-group is closely related to our interest in central
elements of K[G], as can be seen from the following fact.

Proposition A.1. Let G be any group, and K[G] be its group algebra. If
x ∈ K[G] is a central element, then Hx ⊂ G is an FC-group.

Proof. Define the subset

(A.2) ∆(G) := {g ∈ G|g has only finitely many conjugates in G}.

For any a ∈ G, consider the homogeneous element y = caa ∈ K[G] for some
ca ∈ K×. Note that

(A.3) aSupp(x) = Supp(yx) = Supp(xy) = Supp(x)a,

which shows that Supp(x) is closed under conjugation by elements of G.
Since Supp(x) is by definition a finite subset of G, it follows that Supp(x) ⊂
∆(G). Since Hx is generated by Supp(x), we conclude that Hx is an FC-
group. □

We now turn our attention to units in the group algebra K[G]. Given
any subgroup H ⊂ G, there is a projection map πH : K[G] → K[H], defined
by

(A.4) πH



∑

g∈G

cgg


 =

∑

g∈H

cgg.
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Lemma A.2. Let H be a subgroup of G, and x ∈ K[H]. Then x is a left
(right) invertible in K[H] if and only if it’s left (right) invertible in K[G].

Proof. First note that for x ∈ K[G] and y ∈ K[H], we have πH(xy) = πH(x)y.
In fact, put x′ = x− πH(x), then Supp(x′) ⊂ G \H. Note that if g ∈ G \H
and h ∈ H, then gh /∈ H, which implies that Supp(x′y) ⊂ G \H. Hence,

(A.5) πH(xy) = πH
(
(x′ + πH(x))y

)
= πH(x′y) + πH(πH(x)y) = πH(x)y.

Now suppose that x ∈ K[G] satisfies yx = 1G for some y ∈ K[G], where 1G
denotes the identity of the group algebra K[G]. We have by (A.5) that

(A.6) 1H = πH(1G) = πH(yx) = πH(y)x,

so x is left invertible in K[H] as well. The right invertible case can be treated
analogously. □

For the proof of Theorem 4.1, we need to use the known proof of Ka-
plansky’s unit conjecture for groups with unique product property.

Definition A.2. A group G is said to be a unique product group if given
two non-empty finite subsets A and B of G, there exists at least one element
g ∈ G which can be uniquely written as g = ab for some a ∈ A and b ∈ B.

Theorem A.1 ([43], Theorem 26.2). If G is a unique product group,
then K[G] has only units of the form λ · g for some λ ∈ K× and g ∈ G.

Remark A.1. The above theorem was originally stated in [43] for two
unique products groups instead of unique product groups. A group G is said
to be a two unique products group if for any two non-empty finite subsets
A and B of G with |A|+ |B| > 2, there are at least two distinct elements
g, h ∈ G which can be uniquely represented as g = ab, h = cd, where a, c ∈ A
and b, d ∈ B. However, it was proved later by Strojnowski [57] that a group
G is a unique product group if and only if it is a two unique products group.

It is known that every unique product group is torsion-free. Conversely,
all torsion-free abelian groups are unique product groups.

Proof of Theorem 4.1. Let x ∈ Z (K[G]) be a central unit of K[G], and let
Hx be the subgroup of G generated by Supp(x). It follows from Lemma
A.2 that x is also a unit in K[Hx]. By Proposition A.1, Hx is a torsion-free
FC-group, which is necessarily abelian by Lemma A.1. Since Hx is a unique
product group, we can apply Theorem A.1 to complete the proof. □
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[10] A. Căldăraru and J. Tu, Curved A∞ algebras and Landau-Ginzburg
models, New York J. Math. 19 (2013), 305–342.

[11] B. Chantraine, G. Dimitroglou-Rizell, P. Ghiggini, and R. Golovko, Ge-
ometric generation of the wrapped Fukaya category of Weinstein mani-
folds and sectors, arXiv:1712.09126.

[12] R. Cohen and S. Ganatra, Calabi-Yau categories, the Floer theory of a
cotangent bundle, and the string topology of the base, preliminary ver-
sion available at http://math.stanford.edu/~ralph/papers.html.

http://math.stanford.edu/~ralph/papers.html


✐

✐

“3-Li” — 2023/4/1 — 0:45 — page 1102 — #36
✐

✐

✐

✐

✐

✐

1102 Yin Li

[13] B. Davison, Superpotential algebras and manifolds, Adv. Math. 231(2),
879–912 (2012).

[14] L. Diogo and S. Lisi, Symplectic homology of complements of smooth
divisors, J. Topology 12 (2019) 967–1030.

[15] T. Dyckerhoff, Compact generators in categories of matrix factoriza-
tions, Duke Math. J. 159 (2011), no. 2, 223–274.

[16] T. Ekholm and Y. Lekili, Duality between Lagrangian and Legendrian
invariants, arXiv:1701.01284.

[17] Y. Eliashberg, A. Givental and H. Hofer, Introduction to symplectic field
theory, Geom. Funct. Anal. 2000, Special Volume, Part II, 560–673.
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