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On the minimal symplectic area of
Lagrangians

ZHENGYI ZHOU

We show that the minimal symplectic area of Lagrangian submani-
folds are universally bounded in symplectically aspherical domains
with vanishing symplectic cohomology. If an exact domain admits
a k-semi-dilation, then the minimal symplectic area is universally
bounded for K (m, 1)-Lagrangians. As a corollary, we show that the
Arnol’d chord conjecture holds for the following four cases: (1) Y’
admits an exact filling with SH*(W) =0 (for some nonzero ring
coefficient); (2) Y admits a symplectically aspherical filling with
SH*(W) = 0 and simply connected Legendrians; (3) Y admits an
exact filling with a k-semi-dilation and the Legendrian is a K (m, 1)
space; (4) Y is the cosphere bundle S*Q with m5(Q) — H2(Q) non-
trivial and the Legendrian has trivial 5. In addition, we obtain the
existence of homoclinic orbits in case (1). We also provide many
more examples with k-semi-dilations in all dimensions > 4.

1. Introduction

One of the fundamental questions in contact geometry is the following chord
conjecture by Arnol’d [8].

Conjecture 1.1. Let (Y,&) be a closed contact manifold, then any closed
Legendrian carries a Reeb chord for any contact form .

The conjecture was completely addressed in dimension 3 by Hutchings-
Taubes [25]. The surgical picture in [25] first appeared in Cieliebak’s proof
[15] of the chord conjecture for some special cases, as the Reeb chord of a
Legendrian sphere is closely related to the surgery formula for Floer theories
[10]. However, in dimension > 5, a Legendrian can have a diffeomorphism
type different from spheres, hence the surgery point of view may not apply
in general. On the other hand, Mohnke used a different method and proved
the chord conjecture for any subcritically fillable contact manifolds in all
dimensions [31].
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Mohnke’s argument revealed a closely related concept called minimal
symplectic area [18]. The minimal symplectic area of a closed Lagrangian L
inside a symplectic manifold (W,w) is defined to be

(L.1)  Apn(L,W) = inf{/u*w

u ewz(W,L),/u*w > 0} € [0, o0].

Let £ be a set of diffeomorphism types of closed connected manifolds, we
define

Amin (L, W) := sup{Amin (L, W) |
L is a Lagrangian in W, the diffeomorphism type of L is in L}.

There are two collections that we are interested in, L,y the collection of all
n-manifolds, Lk (1) the collection of all n-dimensional K (m,1)-spaces, in
particular, those admitting a non-positive sectional curvature. The following
theorem is due to Mohnke [31].

Theorem 1.2 ([31]). If the contact manifold Y admits an exact filling
W, such that Apin(Lay, W) < 00, then the chord conjecture holds for Y. If
Amin(Lk (x,1), W) < 00, then the chord conjecture holds for K(m,1) Legen-
driand].

Then the chord conjecture for subcritically fillable contact manifolds
follows from that the minimal symplectic area is bounded from above by
the displacement energy of the subcritical domain W by [14]. Our main
theorem is finding new families of symplectic manifolds with universally
bounded minimal symplectic area, which are not necessarily displaceable.

Theorem 1.3. Let W be an symplectically aspherical domain and R be
unital commutative ring such that 1 #0 € R.

1) If SH*(W;R) = 0, then Apin(Lay, W) < 0.
2) If W is an exact domain and admits a k-semi-dilation in R coefficient

[44/7 then Amin(['K(ﬂ-,l)u W) < 0.

Remark 1.4. [t is not true that W' C W implies that Apmin(L,W') <
Amin (L, W) since mo(W',L) — mo(W, L) may not be surjective. For ex-
ample, if L£={T"}, then Ann(L,B*(1)) <oo. On the other hand

1Such statement is not the minimal requirement for the argument in [31] to work.



On the minimal symplectic area of Lagrangians 1387

Amin (L, DIT™) = 00 as it contains an exact T", but the disk bundle DT
with small enough radius € can be symplectically embedded into the ball
B?"(1). However if W' C W is a homotopy equivalence, then we have
Amin (L, W) < Apin (L, W). In particular, we can use Amin(L, W) to define
a generalized symplectic capacity for star shaped domains in C™, e.g. the
Lagrangian capacity [16, [18].

By [26], if an exact domain W is displaceable, then SH*(W;Z) = 0. But
the vanishing of symplectic cohomology does not imply being displaceable.
Although the vanishing of symplectic cohomology is a restriction, there are
still many examples (1) flexible Weinstein domains [10, [34], (2) subflexible
Weinstein domains [34], (3) V' x D for any exact domain V' [35], (4) prequan-
tization line bundles over symplectically aspherical manifolds [36]. Moreover,
there are many non-flexible examples whose symplectic cohomology vanishes
in certain finite field coefficient [4, [27]. The k-semi-dilation is a generalization
of the vanishing of symplectic cohomology, as admitting a 0-semi-dilation
is equivalent to the vanishing of symplectic cohomology. Examples with k-
semi-dilations include cotangent bundles of simply connected manifolds [44]
Proposition 5.1], more generally tree plumbings of cotangent bundles of sim-
ply connected (spin) manifolds of dimension at least 3 [28, Proposition 6.2],
and Milnor fibers of many canonical singularities [44, Theorem A]. More-
over, the k-semi-dilation is preserved under subcritical and flexible surgeries
under mild conditions, products and Lefschetz fibrations [44, §3.6]. In this
paper, we also find more examples with k-semi-dilations, see Theorem [1.9
Therefore there is a rich class of examples that Theorem can be applied
to. There are also examples of vanishing of symplectic cohomology using
local systems [7]. As a corollary we have the following.

Theorem 1.5. Let QQ be a closed manifold such that the Hurewicz map
m2(Q) — H2(Q) is nontrivial. Then Apmin(L, D*Q) is uniformly bounded for
any Lagrangian L such that mo(L) — mo(T*Q) is trivial.

The topological conditions in of Theorems and are neces-
sary. For example, the zero section of D*S? is exact, hence has infinite
minimal symplectic area. However, of Theorem or imply that
oriented Lagrangians that are not spheres have a universal minimal sym-
plectic area bound. Indeed, there are many such Lagrangians, as we can
take several copies of the zero section after different Hamiltonian perturba-
tions and then use Lagrangian surgeries to resolve the intersections to get
smooth Lagrangians with higher genus.
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Combining Theorems and together, we prove the chord
conjecture for the following examples.

Corollary 1.6. Let Y be a contact manifold and R # 0 a commutative
ing.

1) If Y has an exact filling W with SH*(W; R) = 0, then the chord con-
jecture holds forY .

2) If Y has a symplectically aspherical filling W with SH*(W;R) =
0, then the chord conjecture holds for any Legendrian A such that
m1(A) = m (W) is trivial, in particular, any simply connected Legen-
drian.

3) If Y has an exact filling W with a k-semi-dilation in R-coefficient,
then the chord conjecture holds for any K(w,1) Legendrian.

4) If Y = 5*Q with the Hurewicz map m2(Q) — H2(Q) nontrivial, then
the chord congjecture holds for any Legendrian A such that mo(A) —
mo(T*Q) is trivial.

Remark 1.7. For exact domains W with SH*(W') = 0, Ritter showed that
the chord conjecture holds for exactly fillable Legendrians via showing the
vanishing of the wrapped Floer cohomology of the filling [37]. However, not
every Legendrian is fillable and we do not have an effective criterion to prove
a Legendrian is fillable.

We first explain the mechanism behind the proof of Theorem In the
extreme case, if L is an exact Lagrangian inside an exact domain W, in
particular, then A, (L, W) = oco. In this case, we have the Viterbo trans-
fer map SH*(W) — SH*(T*L) preserving various structures. Note that
SH*(T*L) is never zero and SH*(T*L) does not carry a k-semi-dilation
if L is a K(m,1) space. Using the Viterbo transfer map, if SH*(W) =0
then W has no exact Lagrangians, and if W admits a k-semi-dilation, then
W has no exact K(m,1) Lagrangians. If L is not an exact Lagrangian, the
Viterbo transfer map (without deformation) does not exist. However a trun-
cated version of the Viterbo transfer map still exists, where the threshold of
the truncation depends on Apin(L, W). Then Theorem follows from the
same argument as in the exact case above.

Inspired by the argument in [31], it is natural to look for the extreme case
of the failure of finite minimal symplectic area in the symplectization, i.e.
exact Lagrangians in a symplectization. By [33], there exist abundant exact
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Lagrangians in overtwisted contact manifolds of dim > 3. Therefore the ap-
proach in [31] is not applicable to all contact manifolds. On the other hand,
every exact Lagrangian in the symplectization is displaceable by Hamilto-
nian diffeomorphisms [33, Remark 4]. In particular, there is no exact La-
grangian in the symplectization if the contact manifold is exactly fillable,
for otherwise the Lagrangian Floer cohomology is well-defined and non-
vanishing, contradicting that it is displaceable. It is an interesting question
to understand if there is some quantitative shadow of this argument which
leads to existence of Reeb chords.

Mohnke’s construction was modified by Lisi [30] to obtain existence of
homoclinic orbits in the case of displaceable exact domains. Here the dis-
placeable property is again used to obtain universal minimal symplectic area
upper bounds by [14]. With new minimal symplectic area bound given by
Theorem we obtain the following result.

Corollary 1.8. Assume (W, \) is an exact domain such that SH*(W; R) =
0 for a commutative ring R#0. Let H: W — R be a Hamiltonian with
H(zp) =0 and xo a hyperbolic zero of the Hamiltonian vector field Xp.
Suppose H=1(0) is compact and H=1(0)\{xo} is of restricted contact type,
i.e. M(Xpg) >0 on H1(0)\{zo}, then there is an orbit of Xy homoclinic to
.

We also find many new examples with k-semi-dilations, which provide
more examples for Theorem [1.3] and Corollary

Theorem 1.9. Let X be a degree m smooth hypersurface in CP"+1 for
m < n. Then for any holomorphic section s of O(k) for k <n+1—m, the
affine variety X\s~1(0) admits a k +m — 2-semi-dilation.
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2. Symplectic cohomology

In this section, we review briefly the construction of symplectic cohomology
for exact and symplectically aspherical domains and the Viterbo transfer
map following [19, §3]. We will only recall basics of symplectic cohomology
to set up notations and relevant structures for our main results. We refer
readers to [19, 37, B9] for a more complete treatment of the subject.

2.1. Symplectic cohomology

2.1.1. Symplectic cohomology for exact domains. Let (W, \) be an
exact filling and (W,X) =W UOW x (1,00) be the completion. Let H be a
time-dependent Hamiltonian on the completion (W, X), then the symplectic
action for an orbit ~ is

(2.1) An(y) = — / R+ /S (H o),

where dX(-,X ) =dH. We say an almost complex structure J is cylindri-
cally convex near W x {ro} iff near the hypersurface 7 = ro we have that
Ao J = dr. We will consider a Hamiltonian H, which is a C? small pertur-
bation (for the more precise meaning, see below) to the Hamiltonian
that is 0 on W and linear with slope a on OW X (1, 00), such that a is not a
period of Reeb orbits of Ry on OW x {1}. We may assume the Hamiltonian
is non-degenerate, then the periodic orbits consist of the following.

(i) Constant orbits on W with Ag =~ 0.

(ii) Non-constant orbits near Reeb orbits of Ry on 0W x {1}, with action
close to the negative period of the Reeb orbits. In particular, we have
Ay € (—a,0). To see this, note that our H is an S'-dependent C?
small perturbation to an autonomous Hamiltonian h(r) with A/(r) = a
for r > 1+ € with € small and h(r) =0 for » < 1. The non-constant
orbits of h(r) are in S! families like (£(h/(ro)t), o), where ¢ is a Reeb
orbit of (OW, A|aw) with the period of £ is h'(rg) for 1 <rp <1+e.
Then the S' family comes from the reparameterization of the Reeb
orbit £. Therefore the symplectic action of such orbit is

—h/(ro)ro + h(ro).

It is clear when € < 1, we have that the symplectic action is approx-
imately the negative period of &, which, in particular, is in (—a,0).
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Then the C2-small perturbation to h(r) in [I1, Lemma 3.3] will break
the S! family orbits into two non-degenerate orbits with symplectic
action arbitrarily close to the original S' family.

After fixing an S'-dependent compatible almost complex structure J that
is cylindrically convex near a slice (i.e. a hypersurface r = ry) where the
Hamiltonian is linear with slope a, we can consider the compactified moduli
space of Floer cylinders, i.e. solutions to dsu + J(0yu — Xp) = 0 modulo the
R translation and asymptotic to two Hamiltonian orbits

./\/lx’y = {u (Ryx S} — w [Osu + J(Opu — Xpr) = 0, limg_yo0 u(Ss, ) = @, limey oo u(s, ") = y} /R.

With a generic choice of J, the count of rigid Floer cylinders defines a cochain
complex C(H), which is a free R module generated by Hamiltonian orbits,
for any commutative ring R (our default setting is R = Z). The differential
80 is defined as

‘50@) = Z (#May)y.

y,dim M, , =0

The orbits of type form a subcomplex Cy(H), whose cohomology is
H*(W). The orbits of type (i) form a quotient complex C (H). The cochain
complexes are graded by n — pcyz, which is in general a Z/27 grading un-
less ¢1 (W) = 0. Given two Hamiltonians H,, H, with slopes a < b, we can
consider a non-increasing homotopy of Hamiltonians Hg from Hy to H,, i.e.
Hs; = Hy for s < 0 and Hg = H, for s > 0. Then the count of rigid solu-
tions to the parameterized Floer’s equation Osu + J(0yu — Xp,) = 0 defines
a continuation map C'(H,) — C(H}), which is compatible with splitting into
zero and positive complexes. Then the (positive) symplectic cohomology of
W is defined as

SH*(W) := lim H*(C(H,)), SH*(W):= lim H*(Cy(H,)),

a—o0 a—00

which fit into a tautological exact sequence,
o= HY(W) = SH*(W) — SHY (W) — H*"Y (W) — ...

We define the filtered symplectic cohomology SH: (W) by H*(C(H,)) and
SH _,(W) by H*(Cy(H,)), which are independent of H, as long as a
is not a period of Reeb orbits on OW, see [46, Proposition 2.8]. We use
SH [OL*(W), SHJ[?]’*(W) to denote the cohomology generated by contractible
orbits.
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2.1.2. Symplectic cohomology for symplectically aspherical do-
mains. Assume (W,w) is a strong domainﬁ that is symplectically aspher-
ical, i.e. w[r, ) = 0. Then the symplectic action for a Hamiltonian H and
a contractible orbit v is now

(2.2) Arly) = - /D wE + /S (Hoy)dt,

where w: D — W is an extension of . is independent of u since
Wrywy = 0. In this case, we still have a cochain complex Ccll(H,) for a
Hamiltonian with slope a and a continuation map C1%(H,) — Cl%(H,) for
a < b. However, it is not longer clear from the symplectic action perspective
that CO)(H,) splits into Cy and C’+ Nevertheless, we can still define sym-
plectic cohomology SHIOW*(W) := lim, .o H*(CI)(H,)) and filtered sym-
plectic cohomology SHE,]Z*(W) .= H*(C(H,)) and a continuation map
H*(W) = SHY* (W) = SHY* (W) — SHO*(W) for € < 1, which in the
exact case, is the map H*(W) — SHEL*(W) — SHOM*(W) in the tautolog-
ical exact sequence.

2.2. The Viterbo transfer map [19), §5]

Let (V,Ay) C (W, A\w) be an exact subdomain, i.e. Ay|y = Ay, then there
exists € > 0, such that V. :=VUAV x (L1+¢ CW with Awly, = Ap.
Then we can consider a Hamiltonian H on W as a C%-small non-degenerate
perturbation to the following.

1) HisOon V.

2) H is linear with slope B on 0V x [1,1+ €], such that B is not the
period of a Reeb orbit on OV

3) His Be on W\V,.

4) H is linear with slope A < Be on OW x [1,00), such that A is not the
period of a Reeb orbit on OW.

Then there are five classes of periodic orbits of Xp.

2A strong domain (W, w) is a compact symplectic manifold with boundary, such
that w = dX near W and the Liouville vector field X defined by txw = A near OW
points out along OW.

3The splitting, in particular, the positive symplectic cohomology is still defined
by the asymptotic behaviour lemma [I9, Lemma 2.3].
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(I) Constant orbits on V' with Ay ~ 0.
(IT) Non-constant periodic orbits near 9V with Ay € (—B,0).

(ITI) Non-constant periodic orbits near OV x {1+ €} with action Ag €
(Be — (14 ¢€)B, Be) = (—B, Be). To see the action region, it is similar
to after . Those orbits are close to Reeb orbits of (OW, Alaw),
but placed near 7 = 1 + €. Therefore — [7*X in is close to (1 +¢€)
times (as X’r:1+e = (14 €)M ow) the period of the Reeb orbits and
Jg:1 (H o 7)dt is close to Be. Hence the claim follows.

1IV) Constant orbits on W\V, with Ay = Be.
(
(V) Non-constant periodic orbits near OW with Apy € (Be — A, Be)

In particular, when Be > A, the quotient complex generated by orbits with
non-positive action are generated by type , orbits along with some
of the type orbits. However, there is no Floer cylinder from a type
orbit to a type or orbit [19, Figure 6]. This follows from the
asymptotic behavior lemma [19, Lemma 2.3] and the integrated maximum
principle [19, Lemma 2.2]. Therefore orbits of the form , form a quo-
tient complex when Be > A. Let Hy denote the Hamiltonian on V' which
is the linear extension of the truncation of H on V;. Then by [19, Lemma
2.2], the quotient complex is identified with C*(Hy ). Those two applications
of the integrated maximum principle are where exactness of the cobordism
W\V is crucial. Next we consider a Hamiltonian Hy on W which is a C?
small perturbation to the function that is zero on W and linear with slope A
on OW x (1,00). Then Hy < H and we can find non-increasing homotopy
from H to Hyy, which defines a continuation map. Therefore we have a map

C*(Hy) — C*(H) — C*(Hy).

Since the continuation map increases the symplectic action, the above map
respects the splitting into Cy, Cy. Taking direct limit for B yields the Viterbo
transfer map which is compatible with the tautological exact sequence,

o= H*(W) ——=SH. (W) —)SH_’{_KA(W) —— H*H (W) —— . ..

| | | |

. — = H*(V) —— SH*(V) SHZ(V) H (V) — .

If we also take the direct limit for A, then we get the Viterbo transfer map
for the full symplectic cohomology.
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Moreover, SH*(W) is a unital ring by the pair-of-pants construction [37,
§6]. The continuation map H*(W) — SH*(W) as well as the (full) Viterbo
transfer SH*(W) — SH*(V) are unital ring maps [37, §9, §15]. If we take
SHO*(W), then the Viterbo transfer map maps to the part of SH*(V)
generated by orbits that are contractible in W, which can then be included
into the full symplectic cohomology generated by all orbits.

2.3. Sl-equivariant symplectic cohomology

The S* action on the free loop space gives rise to an S'-equivariant analogue
for symplectic cohomology [13, [39]. More precisely, one can consider Hamil-
tonians with slope a that are parameterized over ES' = S (in the actual
construction, we need to approximate ES' by S?7*1). In particular, by
counting parameterized Floer trajectories, we have maps 6%, 62, ... defined
on the regular symplectic cochain complex, such that », ik d" 069 =0 for
k > 0. Then 65 = $°0°  uF6* defines a differential on C'(H) @ Rlu,u™']/u,
whose cohomology is denoted by SHg, _ .(W). The full S-equivariant sym-
plectic cohomology SH: (W) is the direct limit with respect to continuation
maps for a — oo, see [13] 22] [43], [44] for details. We also have the splitting
into positive and zero parts, which induces the following long exact sequence
of H*(BS') = R[u]-modules,

(23) ... = H5:(W) = SHE (W) = SHY o (W) S HE (W) — ...,
where Hj (W) = H*(W) ®z Rlu,u™']/u.

Definition 2.1. Let my denote the projection Hg: (W) — HO(W), we say
W carries a k-semi-dilation iff there exists v € SH ¢:(W), such that m o
§(z) =1 and uF*1(z) = 0.

It is clear from definition, that k-semi-dilations only depend on the part
S’HE?};(W) generated by contractible orbits.
Remark 2.2. A symplectic dilation was introduced by Seidel-Solomon [40]
as an element x € SHY (W), such that A(z) =1, where A is the BV op-
erator. In [[])], we introduced the concept of k-dilations, an exact domain
W admits a k-dilation iff there exists x € SH ¢ (W), such that §(z) =1
and uF 1 (z) = 0. Then the existence of a 1-dilation is equivalent to the ex-
istence of a symplectic dilation [{4, Proposition 3.8/, and the ezistence of a
k-dilation for some k is equivalent to the existence of a cyclic dilation for



On the minimal symplectic area of Lagrangians 1395

h =1 introduced in [28], see [{4, Remark 1.1]. The existence of k-dilations
implies the existence of k-semi-dilations [{4), Proposition 3.8].

Let V. C W be an exact subdomain. By the family version of the con-
struction in we have the following Viterbo transfer map which respects
the R[u]-module structure, see [22].

. ——=H5 (W) —=SH% (W) —= SH g (W) —= H5 (W) — ...

| | | l

o H5 (V) SHE (V) SH 6 (V) HEN (V) —— ...

In particular, if W carries a k-semi-dilation, then by the commutativity of
rightmost square as R[u]-modules, we have that V also carries a k semi-
dilation.

Example 2.3. The following examples have a k-semi-dilation for some k.

1) The cotangent bundle T*Q of a simply connected closed manifold Q
[44, Proposition 5.1] and more generally, plumbings of {T*Q;} with
respect to any tree for simply connected closed spin manifold Q; such
that diim Q; > 3 [28, Proposition 6.2];

2) The Brieskorn variety xf + ...+ x) =1 [{4, Theorem AJ;

3) Lefschetz fibration whose fiber admits a k-semi-dilation [{4), Proposi-
tion 3.31];

4) Products of exact domains if one of them admits a k-semi-dilation,
[44., Proposition 3.30];

5) Flexible surgery does not affect the existence of k-semi-dilations under
mild assumptions [{4, Proposition 3.32].

Using the functorial property of k-semi-dilations and Lefschetz fibrations,
there are many more Brieskorn varieties with k-semi-dilations, when the
Brieskorn singularity is canonical, see [[4), §5].

Example 2.4. Let L be a smooth K(m,1) space, then T*L does not admit
a k-semi-dilation. This is because SHgi(T*L) is the equivariant homology
of the free loop space possibly twisted by a local system [2, 3, (38, [42)], hence
SHY 4(T*L) is generated by non-contractible loops as L is a K(m,1) space.
Therefore T*L can not support a k-semi-dilation for any k, as the class
x € SH_T_’SI(W) for a k-semi-dilation is represented by contractible orbits.



1396 Zhengyi Zhou

3. Truncated Viterbo transfer

Let L C W be a Lagrangian. We say L is exact if X is exact on L. In this case,
the complement of a Weinstein neighborhood of L is an exact cobordism. In
general, \|z, is only a closed class, and the complement is a strong cobordism
and the Viterbo transfer in fails. In this case, becomes

Apin(L, W) = inf {/’y*)\ "y € m(L) that is contractible in W, /fy*)\ > 0} .

Proposition 3.1. Let (W, \) be an exact domain and L a Lagrangian such
that Amin(L, W) > 2A >0, then we have a Viterbo transfer SHX ,(W) —
SH*(T*L) such that the following exact sequences commute

o HY (W) —— SH (W) —— SHYZ (W) —— B (W) —— ..

| | | |

.. —— H*(T*L) — SH*(T*L) — SH’ (T*L) — H**{(T*L) — . ..

Proof. Fixing a metric on L, we have the unit cotangent bundle (D*L, Agtq).
We define (DL, \sq) = D*L\(0D*L X (¢,1]). By the Weinstein neighbor-
hood theorem, we have a symplectic embedding (D}L,dAyq) into W.
WLOG, we can assume there exits a closed one form 3 € Q'(D?*L), which
is a pullback from Ql/(\L), such that A = Agq + 8 on D! L. Then we consider
Hamiltonians H on W in the definition of the Viterbo transfer that are C?
small perturbations to functions with the following properties,

1) 0 on D’gL7

2) linear with slope 24 with respect to r € (0, €| on D:L\D%L
3) Aon W\D}!L,

4) linear with slope A on OW x (1, 00).

We write I' := Apin(L, W), which by assumption is > 2A. As in §2.2] we
have the following five types of orbits.

(I) Constant orbits on D% L with Apg =~ 0.

4The standard ry coordinate for the completion DgL U E)DEL x (1,00)p, =T*L
equals to %r on D:L\D%‘L. Therefore the slope w.r.t. the 7o coordinate is A.
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(IT) Non-constant periodic orbits near D* L. The symplectic action using
Astq for those type orbits is the same as before, i.e. in the region
(—A, O)E| But the actual symplectic action using A differs by [ ~*4 for
the orbit «. In particular, those orbits have action in (—A,0) + ZI".

(III) Non-constant periodic orbits near dD* L. The actual symplectic action

using A again differs from that of type (ILI) orbits in by [ ~*B for
the orbit . Hence the symplectic action is in (—A, A) + ZI.

(IV) Constant orbits on W\D}L, with Ay ~ A, as H ~ A there.
(V) Non-constant periodic orbits near OW with Ag € (0, A).

Then we consider the Hamiltonian Hyy on W, which is admissible with
slope A. Since the symplectic action of orbits of X, is in (—A,0) and
the continuation map induced from the non-increasing homotopy from H
to Hyy increases symplectic action, we get a cochain map from C[O](HW)
to the complex generated by orbits of X that are contractible in W with
action in (—A4,0). Since I' > 24, any type (TI), orbit v with action in
(—A,0) has the property that [~*8 = 0.

Claim 1. Type and orbits with action in (—A,0) generate a further
quotient complex, which is isomorphic to CE(HD:L), i.e. the subcomplex gen-

—

erated by orbits annihilated by 3, where Hp.p, € C*°(S* x D¥L) is the linear
extension of H]SWDEJL to ST x T*L.

Proof of the claim. Let z,y be two such orbits. We can require the almost
complex structure to be cylindrically convex for Agq on near 9D7_ ie.
4

Astg 0 J = d%r, we claim if u € My, then imu C D;EL. Assume otherwise
4

that u escapes D% L, and S = u_l(W\D’geL). WLOG, we may assume
uhoD3 L, hence 'S is a compact surface with boundary equipped with
comple)g structure j, then by homology reasons u|sg represents a class anni-
hilated by S, in particular, fas ur\ = fas u* Agtq, this allows us to apply the
integrated maximum principle by Abouzaid-Seidel [5], or [19, Lemma 2.2].

5Translating back to the notation in we have ¢ =1,A' = A, B’ = A, where
e, A" B are e, A, Bin This also explains why the symplectic action using Agq
in the next case is in (—A, A).

6This does not contradict the “genericity” of .J, as it is sufficient to perturb .J
near orbits to achieve transversality.
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More precisely, we have

1
0 < E(ulg) :== 2/ |du — Xy @ dt|*d vol
S

w*d\ — u'dH A dt

d(u*A —u*Hdt)

uw'\— (v H)dt
S

w'\gtqg — (u*H)dt
S

Astd(du — X (u) @ dt)
S

T——

. Asta(J o (du — Xp(u) © dt) o (—j))

2
/ —droduo(—j) <0
as €

which is a contradiction. The second last equality follows from that u solves
the Floer equation (du — Xy (u) ® dt)%! = 0. The last equality follows from
Astd 0 J = d%r and dr(Xpg) = 0 on 9D3_L. The last inequality follows from
the fact that for each tangent vector .54 of S defining its boundary orien-
tation, j¢ points into S, therefore dr o du(j§) > 0. In other words, since we
only consider orbits v with [v*8 =0, the integrated maximum principle
can be applied as usual. As a consequence, combined with the asymptotic
behavior lemma [19, Lemma 2.3], there is no differential from a type
orbit to a type or orbit if both of them are annihilated by 5. This
shows that type () and orbits with action in (—A, 0) generate a quotient
complex.

By [19, Lemma 2.2], all curves involved in the definition of Hamiltonian-
Floer cohomology of the linear extension Hp-r on T* L is contained in D3, L,
where the geometric data is identified with that of W restricted to D%, L. In
particular, we can identify the moduli spaces for the differential, hence our
quotient complex is identified with C}(Hp: 1) on the nose. O

Hence there is a truncated Viterbo transfer map C*(Hw) — Cj(Hp:L)
which respects the splitting into Cp, Cy. Then the claim follows from the
composition with the continuation map to the full symplectic cohomology
of T*L. O
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Remark 3.2. In fact, Proposition holds for Amin(L,A) > A. To see
this, for § < 1, we consider the Hamiltonian with slope ﬁ on DYIL\Dj L,

then type orbits have action in (—%,0) + 2T and type () orbits
have action in (—1’%, A) + 7T, then the argument in Proposition can be
applied if ' > A+ %. Then the claim follows when § — 0. This bound is
sharp, which can be seen from a family of thin ellipsoids converging to the
infinite cylinder D x C"~1, where D C C is the unit disk. Another perspective
of such bound is from the functoriality of SF'T and the relation between SET
and string topology [17], see Remark[4.9

By exactly the same argument, we have the following parameterized
version for equivariant symplectic cohomology.

Proposition 3.3. Let W be an exact domain and L a Lagrangian such that

Anin(L, W) > 2A > 0, then we have a Viterbo transfer map SHg]l]:iA(W) —
SHg (T*L) of Rlu]-modules, such that the following exact sequences com-

mute

e H3y (W) ——> SHEL (W) ——= SHYS (W) —— HE (W) —— ...

| | | |

c.—=H%(T*L) —— SH% (T*L) SHY ¢(T*L) —— HG ' (T"L) — ...

Next, we consider general symplectically aspherical domains. Let Hyy
be an admissible Hamiltonian on W with slope a, the symplectic action of a
contractible orbit v is given by if v is contractible in OW. If « is only
contractible in W, then , might diﬁ’erﬂ Since for a Hamiltonian
of slope a, there are only finitely many orbits. Therefore we can find f(a) >
a > 0, such that symplectic action of periodic orbits of Xp,, is supported in

(—f(a), f(a)).

Proposition 3.4. Let W be a symplectically aspherical domain and L o La-
grangian such that Awyin (L, W) > 4f(A) > 0, then we have a Viterbo transfer

"Since our non-constant orbits are in 9W x (1,00), where X is still defined even
though w is not globally exact.
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SHE)L;*(W) — SH*(T*L) such that the following commutes

H* (W) —= SHY (W)

| i

H*(T*L) — SH*(T*L)

Proof. By the Weinstein neighborhood theorem, we have a symplectic em-
bedding (DfL,d\sq) into W as before. Then we consider Hamiltonians H
on W in the definition of the Viterbo transfer that are C2 perturbations to
functions with the following properties,

1) 0 on D”;L,

2) linear with slope 4f(A) with respect to r € (0, €] on D*L\D*
3) 2f(A) on W\D:L
4) linear with slope A on OW x (1, 00).

We write I' := Apin(L, W), which by assumption is > 4f(A). As in § . we
have the following five types of orbits.

(I) Constant orbits on D% L with Ag =~ 0.

(IT) Non-constant periodic orbits near D L. The symplectic action us-
ing Agq for those type is the same as before, i.e. in the region
(=2f(A),0). The actual symplectic action using w for a contractible
orbit v of type differs from the symplectic action using Agq by
[ w*w, where u € m2(W, L) with boundary homotopic to v in D}L. To
see this, let ug : D — W to be the disk used to compute the symplectic
action of 7y in , and u; be the annulus in D} L with Ou; = —y U,
where 7 C L. Then the glued disk ug#u; is in wo(W, L). Then we have

/(uo#ul)*w = /uf‘)w—l—/u’{w = /u?}w—l—/u’{(d)\std)
Z/UEW—/W*Astd+/U*>\std:/USW—/V*)\SW

i.e. the action difference, where the last equality follows from that
Asta|z. = 0. Therefore the actual symplectic action is in (—2f(A),0) +
ZT. Tt is also important to note that the integral [ u*w is independent
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of u, only depends on 7, as W is symplectically aspherical and 7 (L) —
m1(D¥L) is an isomorphism.

(III) Non-constant periodic orbits near 9D} L. The actual symplectic action
using A again differs from that of type in by [u*w. Hence
the symplectic action is in (—2f(A),2f(A)) + ZI.

(IV) Constant orbits on W\D?L, with Ay ~ 2f(A), as H ~ 2f(A) there.

(V) Non-constant periodic orbits near W with Ag € (—f(A), f(A)) +
2f(A) = (f(A),3f(A)).

Then we consider the Hamiltonian Hyy on /W, which is admissible with slope
A. Since the symplectic action of orbits of Xp,, isin (—f(A), f(A)) and the
continuation map CI*(Hy,) — COM*(H) increases symplectic action, we
get a cochain map from C9*(Hy,) to the complex generated by orbits of
Xp that are contractible in W with action in (—f(A), f(A)). Since I' >
4f(A), any type , orbit in this action window has the property that
J u*w = 0, where u € mo(W, L) is the disk as before. We claim that type
and orbits with action in (—f(A), f(A)) generate a quotient complex,
which is isomorphic to Cf(Hp-r), i.e. the subcomplex generated by orbits
in the homotopy classes that are contractible in W and [ u*w = 0 for the
contracting disk u, where Hp. 7, € C*°(S* x D/:*L) is the linear extension of
the truncation. In view of the proof of Proposition [3.1], this boils down to
the integrated maximum principle for type , orbits with [ u*w = 0.
More precisely, it is sufficient to prove that [qu*w = [, Asta, where S C
R x S' is the part where u exceeds the level set to which we try to apply
the integrated maximum principle. Let uz, u, be the capping disks used to
define symplectic action for x and y. Therefore we have

/]R . uww = /D(u;w — Uyw).
X

Since z, y have the property that [w w = [2*Agq and [ Uyw = [ y* Asta, we

have
/ wrw = /x*)‘std - y*)‘std~
Rx St

Since ulgy g1\ g is contained in the Weinstein neighborhood of L, we have,
by Stokes’ theorem,

/ W = / W (dha) = / (2" At — Y Astd) — / Aot
RxS1\S RxS1\S a5
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Therefore we have f gutw = f g Astd- As a consequence, the claim holds, as
well as the truncated Viterbo transfer map. U

Proof of Theorem[1.3, If W is a symplectically aspherical domain such that
SH*(W) =0, ie. 1 =0 in SHO*(W), then H*(W) % SHI%*(W) maps 1
to 0. Since SHO(W) = lim SHE,* (W), then by definition,

A := min {a

(1) =0e SHY* W), 1e HO(W)}

is finite. Then we have Ay, (L, W) < 4f(A). Assume otherwise, by Propo-
sition we have that 1 € H*(T*L) is also mapped to zero in SH*(T*L),
contradicting that SH*(T*L) # 0 [2, [3, 38, [42]. This proves Claim (1).

If W is exact and admits a k-semi-dilation, then we have

B := min {a ’Elx € SHY g1 .o(W),s.t. uFtH(z) =0,mpo0d(z)=1¢€ HO(W)}

is finite. If there is a K(m,1) Lagrangian L C W with Apin(L, W) > 2B,
then by Proposition we have a commutative square of R[u]-modules

é o

SHYS (W) 2 HEH (W)~ HO(W)

) | |

0

SH* ¢ (T*L) ——— H(T*L) = H(T*L)
Since thereisaz € SHJ[?};KQB(W) such that g o §(x) = 1 and u**1(2) = 0,
then 7 0 §(¢(z)) = 1 and uF 1 (¢(x)) = 0, i.e. T*L admits a k-semi-dilation,

contradicting Example This proves Claim (2). O

Remark 3.5. Following from Remark we have Apin(L, W) < A when
W is an exact domain with SH*(W) = 0. When W is given by the ellipsoid
Z?:l "2{'2 <1 for0<a; <...<an, one can show that A = 7Ta1 Then it
contains a Lagrangian torus L = {|z|? = b;}, where by = a1 — € for 0 < € <
1 and b; = Cé—f for i > 1. Then we have Apin(L, W) = min{nb;}, which is
wby = way — e when a; >0 for i > 1. That is the bound Apin(L, W) < A
18 close to a sharp bound when W is a thin ellipsoid. However the bound is

8 Assume for simplicity a; < ao, then the non-degenerate Reeb orbit in the z;-
coordinate plane is the only Reeb orbit to have the right Conley-Zehnder index to
kill 1.
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much weaker when W is a round ball, i.e. a; = 1, where the sharp bound for
Lagrangian torus is T by Cieliebak-Mohnke [18].

Proof of Theorem|[1.5. By [7] if m2(Q) — H2(Q) is nontrivial, then there
exists a local system p on L@ (the space of contractible loops), such
that SH*(T*Q; p) = 0. As the presence of local system only twists the for-
mula for the differential but uses the same moduli spaces, Proposition [3.1
holds for symplectic cohomology with local systems by the same argu-
ment. Such local system is classified by Hom;p, (m2 (W), C*), i.e. the subset
of Hom(me(W),C*) that is invariant under the 71 (W) conjugation. Since
mo(L) — mo(T*Q) is trivial, we have the local system is trivial on DL, hence
SH*(D:L;p|p-1) = SH*(T*L;C) # 0. Then the proof of Theorem can
be applied to finish the proof. O

4. The chord conjecture

For the completeness, we recall the proof of Theorem |1.2| from [31].

Mohnke’s proof of Theorem[1.4. Let a be a contact form on Y, which is,
a priori, different from the contact form \|gp . However, we have o =
fAlaw for some positive function f on Y. Then A restricted the contact
hypersurface r = f(x) in W is a (through the obvious identification of
r = f(z) and Y = OW). Note that we can find rg > 0, such that rof <1,
Le. the contact hypersurface 7 =rof is contained in the domain W and
A restricted the contact hypersurface r = rof(x) in W is rga. Since the
Reeb flows of rpar and « are the same up to rescaling, the chord con-
jecture holds for « iff it holds for rga. Let W' denote the exact sub-
domain bounded by r = rof. Since W/ C W is an homotopy equivalence,
we have Apin(Lair, W) < Amin (Lo, W) < 0o. Let ¢ denote the Reeb flow
on OW’, i.e. Reeb flow of rga. If the Legendrian A has no Reeb chord,
then @ : A X [e,1] x R = (W' x [e, 1], d(r' Mow)), (2, s,t) — (¢e(x), s) is
an embedding. Here 7’ is the cylindrical coordinate for the symplectization of
OW’, which is different from the r coordinate on W. Then it is direct to check
that any embedded loop 7y € [e, 1] x R gives rise to a Lagrangian ®(A x ) C
OW’ x [e,1] € W'. Note that A|x = 0 and ®*(d(r'Agw)) = ds A dt, then we
know that Api, (P(A X v), W) is the the area enclosed by 7, which can be
arbitrarily big, contradiction! The situation for K (m, 1) Legendrians is sim-
ilar as the product of a K (r, 1) space with S! is again a K (,1) space. [
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Proof of Corollary|[1.6. Cases , follow Theorem and For case
@), if 2 (A) — m2(T*Q) is trivial, then ma(®(A x 7)) — mo(T*Q) is also triv-
ial. Then the existence of Reeb chords follows from Theorem [L5 and the
same argument of Theorem In the case (2)), if 71 (A) — (W) is trivial,
then we know that Apin(P(A x v), W) is again area enclosed by 'yﬂ Then
the claim follows from the argument of Theorem [I.2] and Theorem O

Proof of Corollary[1.8§ The proof follows from the same argument as [30,
Theorem 1.1], where we replace [14] by Theorem in the proof of [30,
Theorem 2.1] to obtain a universal upper bound of the minimal symplectic
area. (]

Remark 4.1. In the special case of SH*(W) = 0, the chord conjecture for
Legendrian spheres can also be proven by surgery following the idea in [15].
Let W be the domain obtained from attaching a Weinstein handle to the
Legendrian sphere A. If A has no Reeb chords, then by [15], we have the
Viterbo transfer map SHY (W) — SHY (W) is an isomorphism. Note that
we have the following commutative diagram,

o——= H*(W) ——= SH*(W) ——= SH* (W) — H*"' (W) —— . ..

T |

c.——= H*(W) ——= SH*(W) ——= SH* (W) — H*"' (W) — . ..

Since SH*(W) =0, we have SHY(W)— H*:(W) hits 1. Therefore
SH*(W) — H*TY (W) also hits 1, because SHY (W) — SHY (W) is an iso-
morphism. As a consequence, we have H*TY (W) ~ SHI (W)~ SHL(W) ~

H**Y(W). However, we can not have H*(W) ~ H*(W), as they have dif-
ferent FEuler characteristics, which is a contradiction.

Remark 4.2. Following the philosophy of SFT, if V. C W is not an ex-
act subdomain, i.e. the cobordism W\V is not exact, the strong cobordism
WAV gives rise to a Maurer-Cartan element by counting holomorphic caps
in W\V [17], and the Viterbo transfer map should hold for the symplectic
cohomology of V' deformed by the Maurer-Cartan element. Then the classical
Viterbo transfer map should hold if we truncated at an action smaller than
the minimal action of the Maurer-Cartan element. In the case of V = DL,
the action of a Maurer-Cartan element is a multiple of Amin(L, W) minus

9In general, it might be smaller contributed by a loop with a nontrivial m(A)
component that is contractible only in W.
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the period of a geodesic loop for metric eg. In particular, it is not obvious
that the Maurer-Cartan action is greater than Amin(L, W'). However, if we
let € = 0, we can replace the symplectic cohomology of T*L by the string
topology of L following [19]. In this case, the Maurer-Cartan element is rep-
resented by the evaluation of boundaries of holomorphic disks, whose action
is indeed bounded below by Amin(L, W). Those two constructions (deformed
symplectic cohomology, the relation between SFT and string topology) faces
various technical difficulties, whose full constructions with complete analyti-
cal details are not available in literature. The argument in this paper can be
viewed as a substitute of such ideas in the classical constructions.

The closely related Weinstein conjecture asserts the existence of Reeb
orbits on every compact contact manifold. It was proven in dimension 3 by
Taubes [41] and various other cases [1I, 6, 24]. All the proofs are based on
existence of holomorphic curves, often abundances of holomorphic curveﬂ
The relation between holomorphic curves and Reeb orbits are much better
understood than the following question.

Question 4.3. How abundances of holomorphic curves (in the symplectic
domain) can be used to show the existence of Reeb chords for any Legendrian.

Remark 4.4. Note that the conditions in Corollary[1.6 imply that the sym-
plectic manifold is uniruled [{4, Theorem 3.27].

5. New examples with k-semi-dilations

Let X be a degree m smooth hypersurface in CP*"*! for m < n. By [32]
Lemma 7.1], for any holomorphic section s of O(k), we have the affine variety
X\571(0) embeds exactly into X\S~1(0), where S is a holomorphic section
of O(k) such that S71(0) is a smooth divisor with multiplicity 1. In our
case, we can assume S~1(0) in the intersection of X with a generic smooth
degree k hypersurface in CP"*!. In view of the functorial property of k-
semi-dilations, i.e. when V C W is an exact subdomain and W admits a
k-semi-dilation, then so does V, Theorem [I.9]is implied by the following.

Theorem 5.1. If k<n+1—m, then X\S™1(0) admits a k+m — 2-
dilation.

10Tn the context of ECH, the non-triviality of the U-map implies the abundance
of holomorphic curves.
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To prove this theorem, we will adopt the method in [20] as in [44]. We
first recall the setups. We use D to denote the smooth divisor S~1(0) and X
to denote the exact (Weinstein) domain X\D. Then the contact boundary
Y := 0X is equipped with a Boothby-Wang contact form [9] such that the
Reeb flow is the S! action on the circle bundle with periods 27 - N. Then
we pick two Morse functions fp on D and fy on X, such that 0, fx>0
near X =Y. We use Crit(f) to denote the set of critical points. We may
assume fp is perfect. This is obvious when n = 2. When n > 4, this follows
from Smale’s simplification of the handle representation since D is simply
connected and H,(D) is free by the Lefschetz hyperplane theorem. When
n = 3, we only need to consider m=1,k=1,2,3, m=2,k=1,2 and m =
3,k = 1, the existence of perfect Morse functions follows from [23] except for
the case m = k = 2. When m = k = 2, D is a K3 surface, hence there exists
a perfect Morse function on D. We also assume fy has a unique minimum
m. In the following, we will consider the filtered cochain complex for period
up to 27k.

Proposition 5.2. The circles with wrapping number around D from
1,...,k are in different homology classes of X.

Proof. To see this, when n > 3, we have D is simply connected by the
Lefschetz hyperplane theorem. 90X is an S'-bundle over D, whose first
Chern class is the restriction of k[H| by the adjunction formula, where
[H] € H?>(CP"*1) is the hyperplane class, i.e. the positive generator of
H?(CP™*1), which is the Poincaré dual to the homology class represented by
a complex hyperplane H. When n > 4, [H] is also a generator of H2(D) by
the Lefschetz hyperplane theorem. Then the Gysin exact sequence implies
that H'(0X) = 0 and the torsion part of H?(0X) is Z/kZ. This implies, by
the universal coefficient theorem, that Hy(0X) = Z/kZ, which is generated
by the fiber circle. When n = 3, assume [H] € H%(D) is divisible by M € N
and M is the maximum of such divisorﬁ That H?(D) is free implies that
the torsion of H2(0X) = H?(D)/{k[H]) is Z/MEZ, hence we can still con-
clude that those multiple covers of fibers are in different homology classes in
H,(0X) =Z/MEKZ. When n =2, i.e. m =1,k =1,2 and m = 2,k = 1, the
only non-trivial case is when m = 1, k = 2, which follows from [29 Proposi-
tion 2.3]7] O

HTf my, my divide [H], then the lowest common multiple of m1,my also divides
[H]

12 Alternatively, in this case, we have D = CP! and 9X is the circle bundle asso-
ciated to O(4) and X = T*RP?. Then the claim follows from a direct check.
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In particular, there will be no Floer differential between orbits with different
wrapping numbers around D when the period is at most 27k. Note that
k <n+1—m is exactly the monotonicity condition in [20]. Next we list
the properties of the symplectic cochain complex and its S'-equivariant
analogue from [20] as follows.

1) The symplectic cochain complex up to period 27k is generated by
x € Crit(fg) and p;, p; for p € Crit(fp) and 1 <4 < k. The positive
cochain complex is generated by p;, p; for p € Crit(fp) and 1 <i < k.
Here p;, p; can be viewed as the two Hamiltonian orbits corresponding
to the Reeb orbit that is the i-mutiple cover of the simple Reeb orbit
corresponding to the critical point p.

2) For p,q € Crit(fp), we have (8°(p:),di) = (c1(O(k), [Wp(g)] N
[Wp(p)]), where

Wi(p) :={z € D| im ¢(2) = p}

with ¢; is the gradient flow of fp, i.e. the unstable manifold of the
negative gradient flow. Similarly, we have the stable manifold

Wp(p) :={z € D| lim ¢i(z) = p}.

as well as stable/unstable manifolds W3 (z), W () for the Morse func-
tion fy and x € Crit(fy).

3) For = € Crit(fx) such that W¢(z) represents a homology class in

H,.(X), we have
(8°(pr), ) = KGWoi T 4 (W ()], [Wh ()

Here ngfi?k), AW (@)], [WE(p)]) stands for the relative Gromov-
Witten invariant counting rational curves in X of the positive gen-
eratox@ A € H?(X) with two marked points mapped to W4 (z) and
W (p) in D with the intersection multiplicity with D at least k. Since
we only care about {&%(py), m) for the unique minimum m, the for-

mula above suffices for our purpose of studying /-semi-dilations.

13That is A maps to the positive generator of Ho(CP"*!) by X — CP"*!. Note
that when n = 2,m = 2, X = CP! x CP! and there are two classes in Hy(X) with
such property, then GWé(iD( I 4(Im], W5 (p)]) should be understood as the sum of

relative Gromov-Witten invariants of both classes.
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4) There are also Morse differentials between critical points of fy, and
from pj to other critical points of f¢. But they are not relevant for
studying [-semi-dilations. Those four cases are all the terms of §°. This
is because fp is perfect and p1, ..., pr are in different homology classes
in X.

5) We have 6*(p;) = ip; and §° = 0 for i > 2. This follows from the S'-
equivariant transversality argument in [44, Proposition 5.9, Remark
5.10], where the Sl-equivariant transversality is provided by [20] as
the monotonicity assumption holds. The coefficient being ¢ follows from
[13, Lemma 3.1].

6) &° respects the splitting of Cp, Oy, i.e. 6° has a decomposition into
8+ 6% + 04 with &) Co — Cp, 0% : Oy — C’+,5'+0 :Cy — Cp. The
connecting map ¢ in is defined by Y%, u’ Yo

Proof of Theorem [5.1] By [21, Theorem 2.6], we have

GWG1 gy, (e, [D] =R [H]) #0,

where H € Ho,(CP"*!) is the hyperplane class. We assume p° is the criti-
cal point of fp of index 2(m + k — 2), such that [Wj(p 0] = [D] Nnti-m=k

E Similarly we use p' to represent the critical point such that
[WD( H] = [D] Antl=m=k+i [[]] for 1 <4 < m + k — 2. We claim that 7 :=
Pk —I—Zm+ B ( 1)iu*iﬁ}; represents a closed cochain in the positive S'-
equivariant cochain complex. To see this, we compute

m+k—2 1

5 ) =2+ S S ()i ()
i=1 7=0

m+k—2 1

LR o SRR

=1 j=0
m+k—3 ‘ ' '
— Z (_1)zu71(59r(ﬁ1)_51(vz+1))+( 1)m+k 2y2—m— k50 (ﬁZH_k 2)
1=0
8.6 m+k—3
)Y Z (_ ) (k,Aerl k,erl) 0
=0

141n general, it is possible that [D] N""*1=™~F [H] is represented by a linear com-
bination of critical points, we use a single one with coefficient 1 for simplicity.
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One the other hand, we compute

m+k—2 1

mod(n) = mo |8+ ZZ )ul 15, o (5}
1=1 =

BB Wi Al (D] () £ 0

Finally, «™*~1(n) =0 by definition. Therefore X admits a m + k — 2-
dilation. O

Remark 5.3. Following the fibration argument in [{4), §5], we can prove
that the order of semi-dilation for X is exactly k +m — 2. It is natural to
expect that examples in Theorem carry a k + m — 2-dilation instead of
a k +m — 2-semi-dilation. However, this requires checking the vanishing of
many other relative Gromov-Witten invariants like [{4, Theorem AJ, i.e. the
differentials in s no longer irrelevant.

Remark 5.4. One can derive a formula of the positive S*-equivariant sym-
plectic cohomology of smooth divisor complements similar to [20]. Under the
monotonicity assumption, we can use the S'-equivariant transversality to
apply a quotient construction of the positive S'-equivariant symplectic co-
homology instead of the Borel construction used in this paper, see [13]. In
this case, the cochain complex is generated by py, for p € Crit(fp) and k > 1,
with differential purely determined by Morse differential of fp. All the other
contributions from check orbits to hat orbits in [20, Theorem 9.1] now con-
tributes to the Rlu]-module structure. Note that by the Gysin exact sequence
[12], the positive S*-equivariant symplectic cohomology as a R[u]-module can
recover the reqular positive symplectic cohomology. In particular, this is just
a reformulation of [20, Theorem 9.1]. When the monotonicity assumption
fails, we may not have a simple collections of degeneration as in [20], but the
other consequence of monotonicity, namely S*-equivariant transversality, is
available through polyfold techniques [45]. In particular, it seems that positive
St-equivariant symplectic cohomology (just as a group not a R[u]-module)
18 much easier to compute for general smooth divisor complement.
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