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Unique toric structure on a Fano Bott
manifold

YUNHYUNG CHO, EUNJEONG LEE, MIKIYA MASUDA,
AND SEONJEONG PARK

We prove that if there exists a ci-preserving graded ring isomor-
phism between integral cohomology rings of two Fano Bott mani-
folds, then they are isomorphic as toric varieties. As a consequence,
we give an affirmative answer to McDuff’s question on the unique-
ness of a toric structure on a Fano Bott manifold.

1. Introduction

To each symplectic manifold (M,w), one can associate the Hamiltonian
diffeomorphism group Ham(M,w). It is a normal subgroup of the sym-
plectomorphism group Symp(M,w) and governs all possible Hamiltonian
Lie group actions on (M,w). The group Ham(M,w) is infinite dimensional
and non-compact in general, and it might possess more than one maximal
torus with distinct conjugacy classes. It was proved by Karshon—Kessler—
Pinsonnault [KKP07] and Pinsonnault [Pin08] that the number of conjugacy
classes of maximal tori in Ham(M,w), allowing conjugations by elements of
Symp(M,w), is finite in dimension four. Also, McDuff [McD11l Proposi-
tion 3.1] proved that the number of conjugacy classes of maximal tori of
dimension dimTM (called toric actions) is finite in any dimension.

Recall that a symplectic form w is called monotone if ¢;(M) :=
c1(TM,J) =X [w] for some XA >0 and an w-compatible almost complex
structure J on M. Throughout this paper, we always assume that A =1
unless stated otherwise. In this paper, we consider the following question
posed by McDuff [McD11].

Question 1.1 (McDuff). [McD11, Question 1.11] Let (M,w) be a 2n-
dimensional closed monotone symplectic manifold. If T1 and T are n-tori
in Ham(M,w), are (M,w,T1) and (M,w,Ts) equivariantly symplectomor-
phic? Equivalently, is the number of symplectic conjugacy classes of n-tori
in Ham (M, w) precisely one?
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Note that Question 1.1 is the negation of the original question [McD11],
Question 1.11] as we believe the answer to Question 1.1 would be true.
(See Conjecture 1.4.) We also note that one can replace Ham(M,w) by
Symp(M,w) in Question 1.1 since M is a closed symplectic toric manifold,
which in particular implies that any symplectic torus action is Hamiltonian
so that any connected subgroup of Symp(M,w) is indeed in Ham(M,w).

Due to Delzant’s theorem [Del88], any closed symplectic toric mani-
fold is equivariantly symplectomorphic to a smooth projective toric variety
equipped with a torus invariant Kahler form. When a symplectic form is
monotone, it is equivariantly symplectomorphic to a smooth Fano toric va-
riety by Kleiman’s ampleness criterion [Kle66, Theorem 1 in Section ITI-1]
and its moment polytope becomes a reﬂem’vtﬂ polytope.

In the algebro-geometric aspects, Question 1.1 asks whether a smooth
Fano toric variety has a unique toric structure up to isomorphism. McDuff
[McD11] gave an affirmative answer to Question 1.1 when M = CP* x CP™,
and Fanoe [Fanl4] generalized McDuff’s result to the case of CP*-bundle
over CP™. To the best of the authors’ knowledge, Question 1.1 is still open.

This paper addresses Question 1.1 in case that M is a Bott manifold. A
Bott tower, first introduced by Grossberg and Karshon [GK94], is an iterated
CP'-bundle starting with a point

B, i)Bn_lmL; e — By =Cp! L>[)’()Z{&I)Oillt}
where each B; is obtained by projectivizing the direct sum of the trivial line
bundle C and a complex line bundle &; over B;_1, i.e., B; = P(C®¢;). The
total space B, is called a Bott manifold.

We may equip a Bott manifold with a natural complex structure by
taking each &; as a holomorphic line bundle so that B,, becomes a complex
manifold with a natural (C*)™-action constructed in an iterative way using
a toric structure of a base space and a C*-action on a fiber at each stage,
see [OdaT78, Section I-7.6']. Indeed, B, is a smooth projective toric variety.

Any Bott manifold B,, can be characterized by an n x n lower triangular
integer matrix called a Bott matriz. Roughly speaking, a Bott manifold B,
is a smooth projective toric variety, where the corresponding fan is combina-
torially equivalent to the normal fan of the n-cube. After fixing one reference
maximal cone of the fan and making it into the “first quadrant” via some
basis change by multiplying a suitable element of GL(n,Z), we obtain resid-
ual n (column) vectors which form a Bott matrix. Note that a Bott matrix

LA polytope is reflexive if it is integral and has a unique interior lattice point
such that the affine distance from the point to each facet is equal to one.
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presentation of a Bott manifold is not unique and it depends on the choice of
a reference cone and an element of GL(n,Z). In Section 3, we illustrate some
operations (temporarily denoted by Op.1 and Op.2 in this paper) on the
set of Bott matrices and describe cohomology ring isomorphisms induced by
the operations that will be crucially used in the proof of our main theorem.
Not all Bott manifolds are Fano. For instance, there are only two Fano
Bott manifolds in dimension four: CP! x CP! and a Hirzebruch surface
P(C® O(1)). Recently, Suyama [Suyl9] classified all Fano Bott manifolds
in terms of Bott matrices, see Section 2 for details. Now we state our main
theorem which says that every Fano Bott manifold is characterized (as a
toric variety) by its integral cohomology ring and the first Chern class.

Theorem 1.2 (Theorem 4.2). Let X and Y be Fano Bott manifolds. If
there exists a c1-preserving graded ring isomorphism

o: H(X;Z) — H*(Y;Z),

then X and Y are isomorphicﬂ as toric varieties, i.e., the fans associated
with X and Y are unimodularly equivalent.

We call a monotone symplectic manifold (M,w) a monotone Bott mani-
fold if M is diffeomorphic to a Bott manifold. Using Theorem 1.2, we obtain
a positive answer to Question 1.1.

Corollary 1.3. Any monotone Bott manifold has a unique toric structure.

Proof. Suppose that (M,w) is a 2n-dimensional monotone Bott manifold
and T, Ty are n-tori in Ham(M,w). From Delzant’s theorem [Del88], each
T;-action makes M into a toric Fano variety (which we denote by X;) with
T;-invariant complex structure J; on M. Note that each J; can be chosen to
be w-compatible so that c1(X1) = ¢1(X2) = [w] € H?(M; 7).

On the other hand, it follows from |[MPOS8, Corollary 3.5 and Theo-
rem 5.5] that any smooth projective toric variety whose integral cohomol-
ogy ring is isomorphic to that of a Bott manifold is in fact isomorphic to a
Bott manifold as a toric variety. (See Remark 2.3 for details.) Thus we may

2We say that two toric varieties X and Y are isomorphic as toric varieties if
there exists a toric isomorphism ¢ from X to Y, i.e., ¢(t - x) = ¢(t) - ¢(z) for every
element ¢ in the torus Tx C X and z € X. In fact, it was proved in [Ber03] that
there exists a toric isomorphism if X and Y are isomorphic as abstract varieties.
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assume that X; and X, are Fano Bott manifolds. Then the identity map
H*(M;7Z) — H*(M;Z) induces a graded ring isomorphism

H*(Xl,Z) — H*(XQ;Z), 61<X1) = [w] = [w] = Cl(XQ).

Thus the result follows from Theorem 1.2. O

It is worth mentioning a relation between Theorem 1.2 and a problem
posed by the third author and Suh [MS08 Problems 1 and 4] which asks
whether two smooth complete toric varieties having isomorphic cohomol-
ogy rings (as graded rings) are diffeomorphic or not. This problem is now
called the cohomological rigidity for toric varieties. There are many partial
affirmative answers to the problem. For instance, two smooth complete toric
varieties with Picard number 2 are diffeomorphic if and only if their integral
cohomology rings are isomorphic as graded rings, see [CMS10]. We also refer
the reader to [CMS1I, BEM™17| and references therein for recent accounts
of this problem.

Inspired by Theorem 1.2, we pose the following conjecture.

Conjecture 1.4. Suppose that X and Y are smooth toric Fano varieties.
If there exists a ci-preserving graded ring isomorphism between their integral
cohomology rings, then X and Y are isomorphic as toric varieties.

Conjecture 1.4 was verified for some other classes of smooth toric Fano
varieties. Indeed, the authors confirmed Conjecture 1.4 for smooth toric Fano
varieties with Picard number 2, whose proof will be provided in an upcoming
manuscript [CLMP23|. Also the third author together with Higashitani and
Kurimoto [HKM22] proved Conjecture 1.4 for smooth toric Fano varieties
with small dimension (dim X¢ < 4) or with large Picard number.)

Note that if Conjecture 1.4 is true, then the answer to Question 1.1 is
positive. More precisely, if (M, w,T1) and (M, w, T3) are two toric structures
over the same monotone symplectic manifold (M, w), then the identity map
on H*(M;Z) satisfies the hypothesis in Conjecture 1.4. Therefore, Conjec-
ture 1.4 can be thought of as a stronger version of Question 1.1.

We also note that we can count the number of isomorphism classes (as
verieties) of Fano Bott manifolds, that agrees with the number of rooted
triangular cacti. The number goes to infinity as the dimension approaches
infinity. On the other hand, the number of isomorphism classes of smooth
toric Fano varieties is explicitly counted up to some dimension by Obro
and we may give a table of these numbers to compare them up to some
dimension. See [CLMP2I].
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As a final remark, we would like to mention a recent work of Pabiniak
and Tolman. In [PT20], they considered the following question which they
called symplectic cohomological rigidity.

Question 1.5. [PT20, p.3] Let (My,w1) and (Ma,wsz) be symplectic toric
manifolds. If there exists a graded ring isomorphism between their integral
cohomology rings sending [w1] to [wa], are (M1, w1) and (Ma,ws) symplecto-
morphic?

They also gave a positive answer to Question 1.5 under the assump-
tions that w; and wy are rational symplectic forms and that H*(M;; Q) =
H*(My; Q) = H*(CP! x --- x CP4; Q).

This paper is organized as follows. In Section 2, we explain the notion of
Bott manifolds and also discuss their cohomological properties. In Section 3,
we introduce two operations Op.1 and Op.2 on Bott matrices and prove
that any two Bott matrices which represent isomorphic Bott manifolds are
obtained by applying those operations repeatedly. In Section 4, we give the
proof of Theorem 1.2.
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2. Bott manifolds

We begin by recalling the definition of Bott towers and Bott manifolds.
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Definition 2.1. [GK94, §2.1] A Bott tower B, is an iterated CP!-bundle
starting with a point:

By — " By~ - o B — T By,
(2.1) [ I I
P(Co &) CP! {a point}

where each B; is the complex projectivization of the Whitney sum of a
holomorphic line bundle & and the trivial bundle C over B;_1. The total
space By, is called a Bott manifold.

Let ~; be the tautological line bundle over B; and +;; the pullback
of v; by the projection m;0---omji1: B; — B; for i > j. We also define
;. = for convenience. The Picard group of B;_; is isomorphic to the
free abelian group of rank 7 — 1, and is generated by the line bundles ~;_1 ;
for 1 < j < i by [Har77, Exercise 11.7.9]. Therefore, for each i =2,...,n,
there exist a; ; € Z for 1 < j <i such that

Ra;,j
(2.2) &= ® '71‘7(11;]'-

1<5<e

Thus the set of integers {a; j}1<j<i<n determines a Bott manifold.
Each projection m;: B; — B;—1 admits a section induced from the zero
section of C @ &;. This implies that

7T;»k: H*(Bi_l;Z) — H*(Bi;Z)

is an injective ring homomorphism. By abuse of notation, we continue to
write z; € H?(B;_1;Z) for the first Chern class of the dual of v;_1 ; for each

i > j. From (2.2), we obtain
i—1
a(&)=— Zai,jfvj € H*(B;_1).
j=1

On the other hand, a Bott manifold B, is a smooth projective toric
variety by the construction (cf. [GK94] and [Oda78| Section I-7.6']). If B,, is
obtained from {a; ;}1<j<i<n, then it is known from [Civ05, §3] that its fan
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Figure 1: The fan of H;.

has 2n rays and their generators are column vectors of the following matrix

1 -1
1 a2,1 —1
(23) (E| A= 1 ag1 azz —1 ’
L 1 Gn,1 Aan2 *°° (apn—1 _1_

where FE is the n x n identity matrix. We call an integer matrix of the form
A in (2.3) a Bott matrixz. For a given Bott matrix A, we denote by

e; = j-th standard basis vector, v; := j-th column vector of A.

The fan ¥ 4 of the Bott manifold B,, has 2" maximal cones X(n) = {o7 | I C
[n]}, where [n] == {1,...,n} and

(2.4) or =Cone ({e; |i e I} U{v;|jeIY).

Example 2.2. Let n = 2. Then the Bott manifold determined by {az}
is a Hirzebruch surface H,,, = P(C ® O(—az2,1)). There are four maximal
cones:

op = Cone{vy,va}, oy = Cone{e, va},
oy = Cone{es, vi}, or12y = Cone{er,ez}.

We present the fan of H; in Figure 1.

Let M,, be the set of all Bott matrices of size n X n, i.e., the set of all
n X n lower triangular integer matrices with —1’s on the main diagonal as
in . Since a Bott matrix A determines the fan ¥ 4 of a Bott manifold,
we denote the corresponding Bott manifold by B(A). Note that it happens



446 Cho, Lee, Masuda, and Park

that B(A) and B(A’) are isomorphic as toric varieties even if A and A’ are
different.

2.1. Cohomology rings

By the Borel-Hirzebruch formula [BH58|, the integral cohomology ring of a
Bott manifold B(A) for A € M,, is described by

B(A)Z) 2 Zlxy,. .. 2] /(a? + c1(&)x | i =1,...,n)
Z[ ]/( f—(a,lxl—i— —|—ai,i_1xi_1)xi\izl,...,n)
Z|zq zn) /(@ — iz | i =1,2,...,n).

1% ’\

(2.5)

I

Here, x; is the first Chern class of the dual of v, ;, and we set
(2.6) Q; = a; 11+ Q1T € HZ(B(A), Z).

Note that x1,...,x, are of degree two and they generate the cohomology
ring H*(B(A); Z).

Remark 2.3. For a given smooth projective toric variety M, if its integral
cohomology ring is isomorphic to that of a certain Bott manifold B as graded
rings, then the fan of M is combinatorially equivalent to that of B, i.e., it
is combinatorially equivalent to the normal fan of the n-cube (see [MPO0S8|
Theorem 5.5]). Moreover, such a toric variety M is again a Bott manifold
by [MPO08| Corollary 3.5]. Accordingly, any smooth projective toric variety
whose integral cohomology ring is isomorphic to that of a Bott manifold is
isomorphic to a Bott manifold.

When working with rational coefficients, we often use the following no-
tation

(2.7) Y; ‘= T — %ai € H2(B(A),Q)

Note that the y;’s may not be integral classes but they generate H*(B(A); Q)
as a ring.

Recall from [Oda88, Theorem 3.12] that the total Chern class of a Bott
manifold B(A) is given by

n n

c(B(A)) =[]0 + @)1 + 2 — ) = [[(1 + 22 — ).

i=1 i=1
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Substituting in the above, we get

(23 (B(4) = [[1+20)

which implies that

(2.9) c1(B(A)) = Ziyi and ¢, (B(A4)) =2" ﬁyi.
i=1 i=1

Remark 2.4. Note that the cohomology ring description in can be
obtained from the Danilov—Jurkiewicz theorem, see [BP15, Theorem 5.3.1].
It follows that the even Betti number bo;(B(A)) is (') for 1 <i < n. Since
H*(B(A);Z) is generated by degree two elements {z; | 1 <i < n}, we obtain
the following.

1) Since z1,...,z, are linearly independent (over Z), so are yi,...,Yn

(over Q).

2) The set {zj, -z |1<ii<---<ip<n} is a Z-basis of
H?M(B(A); 7).

3) TI;_, vi is the orientation class of B(A). Indeed, since the Euler char-
acteristic of B(A) is 2" and it agrees with ¢,(B(A)) evaluated on the
fundamental class of B(A), [[, y; evaluated on the fundamental class
is 1.

In terms of y;’s, we can obtain a simple description of (any) isomor-
phisms of H*(B(A); Q) as follows. In the following, we denote z;, y; and «a;
in H*(B(A)) by 2!, y#* and o, respectively.

)

Proposition 2.5. [CMM15, Proposition 4.1] For A and A" in My, if we
have a graded ring isomorphism

@: H*(B(A); Q) — H*(B(A");Q),
then there are nonzero qi,...,q, € Q and a permutation o on [n] such that
o) = awly  fori=1,....n.

Theorem 2.6. Suppose that there is a ci-preserving graded cohomology
ring isomorphism between two Bott manifolds. Then all ¢;’s in Proposi-
tion 2.5 are equal to 1. Moreover, it preserves their total Chern classes and
hence all the Chern numbers of the two Bott manifolds are the same.
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Proof. Let B and B’ be Bott manifolds determined by Bott matrices A and
A’, respectively. Let ¢ be a ci-preserving graded cohomology ring isomor-
phism between B and B’. By (2.9)), we have

n n
; (zzyf) a3y
=1 =1

On the other hand, it follows from Proposition 2.5 that

n n
; (z) o3 gt
=1 =1

Comparing these two identities, we obtain
n n
A/ A/
2) ' =2) awg
i=1 i=1

Here, y{‘/, .. ,y;;" are linearly independent, so we conclude ¢; = 1 for any 1.
This together with shows that ¢ preserves their total Chern classes,
proving the former part of the theorem.

The latter part of the theorem follows from the former part and the fact
that ¢ preserves the orientation classes [}, v/ and []I_, v/ (as well as
top Chern classes). O

Remark 2.7. We note the following.

1) Not every graded cohomology ring isomorphism between Bott mani-
folds is c¢1-preserving. For instance, one can find such an isomorphism
for Hirzebruch surfaces Ho and Ha. See Example 2.8.

2) Recall that two Hirzebruch surfaces H, and H; are isomorphic if and
only |a| = |b|. However, for any integers a and b with the same parity,
there is a cj-preserving graded cohomology ring isomorphism between
Hirzebruch surfaces H, and H;,. Therefore, the existence of such a
cohomology ring isomorphism does not imply that two varieties are
isomorphic. We would need to restrict our attention to Fano Bott
manifolds to conclude a variety isomorphism. See Example 2.8 and
Remark 4.3.
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Example 2.8. It follows from ({2.5) that

H*(Ho; Z) = Z[x1, 2]/ (x3,23) and
H* (M2 Z) = L[y, 3] /((21)?, ah(ah — 2a%)).

Note that Hg is Fano with ¢;(Ho) = 221 + 222 and Hs is not with ¢;(Hsa) =
2z!,. The map ¢: H*(Ho) — H*(H2) given by ¢(x1) = 2} and ¢(x2) = 2 —
x) is a graded ring isomorphism which does not preserve the first Chern
class. On the other hand, the map ¢’ defined by ¢'(x1) := ] and ¢'(x2) :=
ah, — x} is a ¢j-preserving isomorphism from H*(Hg) to H*(Hz2). (Note that
¢'(c1(Ho)) = ¢ (221 + 232) = 225 = c1(H2).)

2.2. Fano Bott manifolds

In this subsection, we recall a description of Fano Bott manifolds
from [Suy19].

Theorem 2.9. [Suyl9, Theorem 8] A Bott manifold B(A) is Fano if and
only if each column of A+ E has values in {—1,0,1} and it satisfies one of
the following:

1) all entries are zero,

2) there is at most one 1 and every other entry below the 1 vanishes (if
there is 1 on the column),

3) if there is —1 at the i-th row, then the entries below the —1 coincide
with the entries on the i-th column below the diagonal a; = —1.

Example 2.10. Consider the following Bott matrices.

-1 0 0] -1 0 0
Ai=|1 -1 0|, A,=|1 -1 0],
2 1 -1 |1 0 -1
-1 0 0] —1 0 0]
A3 =|-1 -1 0|, As=1|-1 -1 0.
0 1 -1 11 -1

One can easily check that only Ay satisfies all the conditions in Theorem 2.9
and so B(A,) is the only Fano Bott manifold among B(A)’s for 1 < k < 4.
Indeed, A4 is (10) on the list of Fano threefolds in the book of Oda [Oda88|,
Figure 2.6] and (12) on the list of ‘Smooth toric Fano varieties’ [Obr07] in
the Graded Ring Database [BK].
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3. Operations on Bott matrices

For two Bott matrices A and A’ in M,,, we say that A and A’ are isomorphic
if B(A) and B(A’) are isomorphic as toric varieties. Equivalently, A and
A’ are isomorphic if the corresponding fans ¥4 and X4 are unimodularly
equivalent, i.e., there is a Z-linear map in GL(n,Z) which sends a maximal
cone in Y4 to a maximal cone in X 4.. For a given Bott matrix A, there are
two natural ways of producing (possibly new) isomorphic Bott matrices as
follows.

For A € M,, and I C [n], we consider the n x n lower triangular matrix
L whose j-th column c; is defined by

e ifjel,
Cj = . .
v, if jelf,
where v; is the j-th column of A.
Proposition 3.1. For A € M,, and I C [n], the matriz
A[ = L;l . L[c

is also a Bott matrixz. Moreover, A and A; are isomorphic. We denote the
operation A — Ay by “Op.1”.

Proof. Observe that Aj is a lower triangular integer matrix and

n

(Ar)ii = Z(Lj_l)ij(LIC)jz‘ = (L7 Yi(Lre)i = —1

j=1

since (L;');; =0 for j > i and (Lz);; =0 for i > j. Thus the first claim
easily follows.

For the latter statement, consider a Z-linear map given by L
GL(n,Z). Then it induces a map

le

EA — 2A1

which sends each maximal cone o7 € ¥4 to Ll_la J € X4, for each J C [n]
(in particular o to the first quadrant). Therefore, two fans ¥4 and ¥4, are
unimodularly equivalent. ([
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Remark 3.2. The column vectors of L; are the ray generators of the max-
imal cone o7 in . Therefore, the operation Op.1 is nothing but a pro-
cedure of selecting a reference cone o; and sending it to the first quadrant
by LI_1 € GL(n,Z). Accordingly, if we take a Bott matrix A which defines
a Fano Bott manifold, all the matrices A; obtained by the operation Op.1
define Fano Bott manifolds because being Fano is an intrinsic property of a
toric variety.

Depending on A, it could happen that a reordering (by some permuta-
tion m € S),) of the standard basis {e1, ..., e,} changes A into another Bott
matrix (denoted by A,). Equivalently, A, = P, AP !, where P, is the row
permutation matrix of 7, that is, Pr has 1 on (i, 7(i))-entry for i =1,...,n
and all the other entries are zero. We call the operation A — A; “Op.2”
when A; is still a Bott matrix. It is straightforward that A and A, are
isomorphic since X 4 and ¥4 _ are the same up to reordering coordinates.

-1 0 0
Example 3.3. Consider A=|1 -1 0 |.
0o 0 -1

1) (Op.1) For I = {1} C [3], we have

0 0 -1 0 0
1 0|, Le=|1 1 0|, A;=|-1 -1 0
0 -1 0 0 1

Ly=L;'=

S O =

2) (Op.2) For m = (2,3), we have

A(273) — (i) —01 01

The following proposition tells us that for a given Bott matrix A, all
Bott matrices isomorphic to A are produced by applying Op.1 and Op.2
to A.

Proposition 3.4. Two Bott matrices are isomorphic if and only if one is
obtained from the other by applying the two operations Op.1 and Op.2.

Proof. The “if” part is straightforward. Thus we only need to prove the
“only if” part.

Suppose that A and B are isomorphic Bott matrices, i.e., there exists
a Z-linear map C € GL(n,Z) sending maximal cones in ¥4 to maximal
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cones in Y. The Z-linear map C sends a[ ] €34 to ‘71 € Xp for some

I C [n]. (We denote by o4 the maximal cone in ¥4 given by I C [n].) Since
Band By = (LB)~! Lﬁ are isomorphic, we may think of (LB)~! . C asa Z-
linear map which sends o7}, € 4 to O'B € ¥p,. In other words, (LP)~1.C
is a reordering of the standard basis and hence it corresponds to Op.2
Therefore, By is obtained from A by Op.2. Accordingly, B is given by A
applying Op.2 and Op.1 in order and this completes the proof. U

Note that the rational cohomology class yf‘ given in ([2.7)) depends on
the Bott matrix A. In the rest of the section, we will show that if A and A’
are isomorphic, then there is a graded ring isomorphism

(3.1) p: H*(B(A);Z) — H*(B(A'); Z)

sending the set {2y }7_; to {2y{*' }?_,. This fact can be obtained as a byprod-
uct of Propositions 3.4, 3.5, and 3.6.

Proposition 3.5. Let A€ M,. For I C [n], there exists a c1-preserving
graded ring isomophism

pr: H'(B(A); Z) — H*(B(A1); Z)
such that pr(2y) = 2yZA’ fori=1,...,n.

Proof. We first consider the case where I = {k}° = [n] \ {k} for some k € [n]
so that Ay = Lfkl}cL{k}. Let a; and aiI be the i-th row of A+ F and A; + E,
respectively. By direct computations, we obtain

1) al = a; for i < k;
2) al = —ay, for i = k; and
3) al = a; + a;ay, for i > k.
Then the Bott tower BL corresponding to Ay is given by
B; for 1 < k,

Bl = P(Co¢& ) for i = k,
P(Ca (&®&™)) fori> k.

Here, &1,...,&, are the line bundles used to construct the Bott tower B, =

B(A).
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We define a map ¢ by

A4y = {xf‘f for i # k,

3.2 Ty
(3.2) er(i '+ ek an vyt fori=k.

Then, by (2), we obtain that

(3:3) pr(zi) =o' —apt  and  gr(af) = —a".

We claim that 7 is well-defined and is indeed a graded ring isomorphism
such that 7 (2y) = QyA’ for every i =1,...,n. The well-definedness follows
by showing that cpj(x{‘( A _at)) =0 for all i.

e For i < k, we get (2 (2 — af')) = JJA’( ;4’ - a?’) =0;
e for i =k, by (3.3)), we have

pr(ai (o —ail)) = (#3" - 042“)(1'?’ — o’ — (o))
A

=z (mk —ozk 1) =0;

e for i>k, we have ¢(zd(z?—af))= a M (2 — or(a)) =

(2
aziA’ (;v;h - 04;41) =0;

where the second last equality is obtained from (3.2)) and (3):

(3.4) pr(af’) =Y aijer(x])

i<t
Ap
awzz: g azk AT
J#k,j<i j<k‘
= ozf’ for i > k.

To show ¢;(2y') = 2yiA’, we only need to check the case when i =k
and p;(afl) = a?l for i # k by (3.2) and (3.4)). Then,

I

because ¢ (z) = 2]
by (3.3]), we obtain

g01(2y,?) = g01(2$jg4 — aj?) =2z ?I - ak )+ ozAI = 253‘41 a?’ = 2y,‘€4’

and this completes the proof for the case of I = {k}°.
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For a general [ = {iy <--- <ip} C[n], using the fact L; = L .-
L{iQ}c cee L{im}c, we obtain

PI = Pis}e O Plig}e O " O Pliy,}e-

Applying the previous procedure repeatedly, the result follows. One can
immediately check that ¢; is ¢-preserving by (12.7)). O

For the cohomology ring isomorphism between Bott manifolds induced from
Op.2, we recall the result [CMMI5].

Proposition 3.6 ([CMM15, Lemma 6.1]). Let A€ M,. For a per-
mutation ™ on [n], if Ax € M, then there is a ci-preserving graded ring
isomorphism

pr: HY(B(A);Z) — H*(B(Ax); Z)

such that gpﬁ(xf‘) = xf(’;) fori=1,...,n. Indeed, we have go,r(leA) = 2yf(’;)
fori=1,... n.

4. Main Theorem

In this section, we will prove Theorem 1.2. Throughout this section, we take
coefficient in Z for cohomology unless stated otherwise.

Before to begin with, we explain some notations used in this section. We
use letters B, B’ and B” to indicate Bott manifolds and we similarly denote
by (zi,yi, ), (25,4}, af), and (2,9, o) the elements x, y, and « defined

in (2.5) and (2.7) for B,B’, and B”, respectively.

Lemma 4.1. Let B and B be Fano Bott manifolds. If there is a ci-
preserving graded ring isomorphism p: H*(B) — H*(B'), then there exists
a Fano Bott manifold B" together with a ci-preserving graded ring iso-
morphism : H*(B) — H*(B") such that B' and B" are isomorphic and
Y(x1) = . In particular, we have ¥(2y;) = 2yY.

Proof. Suppose that B and B’ are Fano Bott manifolds determined by Bott
matrices A = (a;;) and A’ = (aj;), respectively. By Theorem 2.6, there exists
a permutation o on [n] such that p(2y;) = 23/3(1‘) for each i =1,...,n. If
o(1) # 1, then we get a;(l)’j = 0 for every j < o(1). Indeed, since 2y; = 2z
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/ /

and 2y ) = 22] 1) = D ico(1) To(r) ;L5 We get

2(p(@1) — ) = = Ao (1) 57
j<o(1)

which is divisible by 2. Since a/, (1) belongs to {0,+1}, we conclude that
a;(l)yj =0 for every j < o(1) and ¢(z1) = x;(l). This fact tells us that the
o(1)-th row of A’ 4+ E is zero, and therefore we may apply Op.2 to A’ for the
permutation m = 5182 ...84(1)—1 Where s; denotes the simple transposition
(7,7 + 1). Here, we note that (mroo)(1) = 1.

Consider the Bott matrix A” := A/ and let B” be the Bott manifold
associated with A”. Suppose that B” is Fano. Then B’ and B” are iso-
morphic and there is a graded ring isomorphism ¢’: H*(B') — H*(B") such
that go’(a:;(l)) = :U;/F(U(l)) = 2/ by Proposition 3.6. Then ¢’ o ¢ is the desired
isomorphism and it completes the proof. ]

Theorem 4.2 (Theorem 1.2). Let B and B’ be Fano Bott manifolds.
Assume that there is a ci-preserving graded ring isomorphism ¢: H*(B) —
H*(B'). Then B and B' are isomorphic as toric varieties.

Proof. We will use an induction on k, where k is the smallest positive integer
such that ¢(xy) # ), and modify B’ into B” using either Op.1 or Op.2 so
that the new isomorphism
for Op.1
w:: ¢IO¢ (OI‘ p ) H*(B)%H*(BH)
¢ro¢ (for Op.2)

satisfies ¢ (xy) = 7.

Suppose that the Fano Bott manifolds B and B’ are determined by the
Bott matrices A = (a;;) and A’ = (a;;), respectively. From Theorem 2.6,
there is a permutation o on [n] such that p(2y;) = 2y(’7(i) foralli=1,...,n.
We may further assume that ¢(z1) = 2} (or equivalently ¢(2y1) = 2y}) by
Lemma 4.1, i.e., o(1) = 1.

Suppose there exists 2 < k < n such that ¢(z;) = ) for every i < k and
o(zy) # ), that is, ¢(2y;) = 2y, for all i < k. Then there are two possibili-
ties:

1) o(k) =k; or
2) o(k) > k.
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We first consider the case where o(k) = k. That is, ¢(2y;) = 2y, and

o(x) # x),. Since p(2yx) = ¢ (2 — ag) = 2p(xr) — (o) and (2y;) =
2y, = 2z}, — a,, we get

(4.1) 2(p(xr) — x3) = plan) — o

and hence ¢ (o) — a}, is divisible by 2. Note that o(ag) — oy =35k (ak,; —
ay, ;)2 by the definition of a; and a; in and from the choice of k. Com-
paring this with Equation (4 , we have go(:ck) =z + Zj<k d; :U , Where

(4.2) 2d; = ay; — ay, forj=1,...,k—1

7j

which implies that

(4.3) dj =ayj = —aj; whend; #0

7j
by the Fano condition in Theorem 2.9. Note that

(4.4) not every d; is zero for j < k by our assumption.

Now we claim that Equation (4.3)) holds even when d; = 0. By the well-
definedness of the isomorphism ¢, we have that

0= o(zk(z —ag)) = x;ngZdjx; $k+2d$ Zak] )

i<k i<k <k
= (z},)* + 2}, ZZd x Zamx
j<k i<k
/
D dswl | | Do diah =D ansT
i<k i<k i<k
+$kz (ij
i<k
/ /
> sy | | D_(ds = o)
i<k i<k

in H*(B'). Since

e there is no term having zj in (ZKk djx ) (2j<k(dj — akJ)x;), and
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o (z)*+ ), > j<k(2dj — ay;j)x’; can be expressed as a linear combina-
tion of the linearly independent set {z} 2’} <k,

both (2},)% + ), 3" 4 (2d; — ag )2y and (35, djx) (32, (dj — anj)))
vanish in H*(B'). In particular, it follows from the vanishing of the latter
term above that

JE— . / [Rp—— . /
0= E :dﬂj Z(d] ak,J)%’
i<k i<k
/ / ’a
= E djfL‘j - g Ag Ty | = — Z djakvéxjxf
j<k 0<k Go<k
d;#0 d¢=0 d;#0 and d,=0

in H*(B), where the second equality follows from (4.3). However, {z}]
d; #0, dg =0, j,¢ < k} is linearly independent by Remark 2.4 (2), so aj ¢ =
0 if d¢ = 0. Moreover, since 2d; = ay, ; — a;w» by (4.2]), we conclude that

e if dj =0, then a;; = azvj =0, and
e if d; # 0, then ay; = —aj ; by (4.3).

Consequently, we have d; = aj j = —aj, j for every j < k. Therefore, we ob-
tain

/ / / / / / /
o(zg) = x), + Zdjl‘j =y, — Za,w-xj =T, — .
i<k j<k

Now, we let B” be a Fano Bott manifold whose Bott matrix A”
is obtained from A’ by applying Op.1 with I = {k}°. Then there is a
c1-preserving graded ring isomorphism ¢': H*(B') — H*(B") such that
@' () = o for every j # k and ¢'(7},) = 2 — oy by and (3.3), and also
¢'(2y}) = 2y! for all i by Proposition 3.5. Then, the composition ¢ := ¢’ o ¢
is a graded ring isomorphism ¢: H*(B) — H*(B") such that ¢(2y;) = 2y/
for every ¢ =1,...,n, B’ and B” are isomorphic as toric varieties, and
Y(x;) = o for every j < k. Indeed, by (3-3), we have

low) = ¢ (@) — o) = afl — ofl + aff = af.
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Now, we consider the second case, o(k) > k. Since ¢(2yx) = 2¢(x)) —
Zj<k ak7j$;~ and p(2yx) = 2%(1@)7 we get

(4.5) 2(p(@k) — =D angT— Y gy

j<k t<o(k)

Because a,; and aq() ¢ belong to {0,1, —1} and the left hand side of (4.5
is divisible by 2, we have

a;(k)?e =0 for k </t < o(k).

Indeed, the o(k)-th row of A’ has consecutive zeros from (o(k),k) to
(o(k),o(k) —1). Therefore by applying Op.2 to A’ for the permutation
T =Sk So(k)—1, We get a new Bott matrix A” such that B(A") is Fano and
it is isomorphic to B’ and there is a graded ring isomorphism ¢': H*(B') —
H*(B") satisfying

! for i < kori>o(k),
o (x}) = zi, fork<i<o(k)-1,
xy for i = o(k)

by Proposition 3.6. Since 7 o o(i) = i for every i < k, the composition ¢ o ¢
is a ci-preserving graded ring isomorphism ¢’ o p: H*(B) — H*(B") satis-
fying

¢opla) =ai (i<k) and ¢ op(2yr) =¥ (2y, ) = 2Yroo(k) = 2Ui:-

Hence this case reduces to the first case.

We may repeat the above argument as many times as necessary. Since
the indices are bounded above by n, this process must stop and eventually
we get an isomorphism

Y H*(B) — H*(B)

sending x; to Z; for every i = 1,...,n where B is the resulting Bott manifold
obtained from B’ by applying a sequence of Op.1 and Op 2 in an inductive
way. Since 1(z;) = %; and ¥(y;) = ¥, it follows from (2.7) that w(az) = ay,
which implies that the Bott matrices corresponding to B and B coincide by
definition of «; in . Therefore B and B’ are isomorphic. This finishes
the proof. O
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Remark 4.3. We cannot extend Theorem 1.2 to weak Fano Bott mani-
folds. Note that the Hirzebruch surfaces Ho and Hso are weak Fand?| Bott
manifolds. As we saw in Example 2.8, Hy and Ho are not isomorphic but
there is a ¢j-preserving graded cohomology ring isomorphism between them.

Remark 4.4. One may wonder whether we can extend Theorem 1.2 to Bott
manifolds whose Bott matrices have entries 0, 1, or —1. However, the set of
such Bott matrices is not closed under the operation Op.1. For example,
consider a matrix

-1 0 0
A=|1 -1 0
1 1 -1
Then, we have that
-1 0 0
Ag=A1=|-1 -1 0
-2 -1 -1

whose entry has —2 ¢ {0,1, —1}. Note that the set of Bott matrices ob-
tained from Fano Bott manifolds is closed under the operation Op.1 as we
mentioned in Remark 3.2.

Remark 4.5. For n = 3, there are five Bott matrices associated with Fano
Bott manifolds up to isomorphisms.

Oda’s list 6 7 8 9 10
@Dbro’s list 21 11 18 17 12

Bott -1 0 0 -1 0 o0 -1 0 0 -1 0 o0 -1 0 o0
i 0 -1 0 0 -1 0 0 -1 0 1 -1 0 1 -1 0
matrix 0 0 -1 11 -1 1 -1 -1 0 0 -1 0 1 -1

Here, we refer the lists provided by Oda [Oda88, Figure 2.6] and
Obro [Obr07] in the Graded Ring Database [BK]. Note that the cohomology
rings of the Bott manifolds of the second and the third matrices are isomor-
phic as graded rings and hence they are diffeomorphic by the smooth rigidity
theorem of Bott manifolds in dimension six. See [CMS10, Theorem 7.1]. Thus
they provide an example of diffeomorphic but non-isomorphic Bott mani-
folds. Indeed, one can check that the degrees of the two Bott manifolds are

3We call a variety X weak Fano if (c1(TX),[C]) > 0 for every algebraic curve
ccX.
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different, so there does not exist c;-preserving cohomology ring isomorphism
between them.

[BEM*17]

[Ber03]
[BH58]
[BK]

[BP15]

[CivO5]

[CLMP21]

[CLMP23]

[CMM15]

[CMS10]

[CMS11]
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