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Ricci curvature, the convexity of volume
and minimal Lagrangian submanifolds

TOMMASO PACINI

We show that, in toric Kahler geometry, the sign of the Ricci cur-
vature corresponds exactly to convexity properties of the volume
functional. We also discuss analogous relationships in the more gen-
eral context of quasi-homogeneous manifolds, and existence results
for minimal Lagrangian submanifolds.

1. Introduction

Within Riemannian geometry it is well-known that Ricci curvature is closely
related to the properties of volume. On the infinitesimal level it appears as
the second-order coefficient in the Taylor expansion of the volume density
function along geodesics; more globally, the Bishop-Gromov theorem shows
that it governs the growth of the volume of geodesic balls.

In the Kahler context, Ricci curvature also provides a representative for
the first Chern class of M. The goal of this note is to connect and provide
a new perspective on these relationships, in terms of convexity properties of
the volume functional. It applies to Kéhler manifolds with certain symme-
tries. The simplest example is as follows.

Theorem. Let M be a toric manifold endowed with a Kdhler structure
such that the T™-action is Hamiltonian. Consider the volume functional Vol
restricted to the set of non-degenerate T™-orbits. Then:

1) Ric < 0 iff log Vol is strictly convex. This implies Vol is strictly convex.
Such manifolds cannot be compact.

2) Ric > 0 iff —log Vol is strictly convex. This implies 1/ Vol is strictly
convex. If M is compact then Vol has a unique critical point, corre-
sponding to a global marimum. It is a minimal Lagrangian n-torus.

This result is a special case of Theorem 4.2 in Section 4. The main new
information provided by the theorem is that convexity yields a complete
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characterization of the sign of the Ricci curvature. Compared to the general
relationships mentioned above, and given the already extensive literature on
toric geometry, this fact seems rather striking.

Regarding Part 2, the existence of this minimal Lagrangian orbit already
appeared, for example, in [20] while its uniqueness is due to [19]. The theorem
relates these facts to convexity, thus providing a clear geometric explanation
for their validity.

Theorem 4.2 and Corollary 5.2 provide non-Abelian analogues of this
result within the more general framework of quasi-homogeneous manifolds.
A different type of argument proves the following.

Theorem. Let (M,w) be a compact complex n-dimensional manifold, en-
dowed with a positive Kdhler-Einstein structure. Let G be a compact Lie
group acting isometrically on M, whose generic orbit is n-dimensional and
totally real. Then M contains a minimal Lagrangian submanifold.

This submanifold is a G-orbit in M ; it is isolated within the class of
minimal Lagrangian G-orbits.

The main difference between the toric and the non-Abelian case is that,
in the latter, the G-orbits are only totally real, not Lagrangian. This implies
less control over the volume functional. Results in the non-Abelian case
thus require a preliminary understanding of a related “J-volume” functional,
specifically designed to handle totally real submanifolds. The two functionals
coincide on Lagrangian submanifolds.

Theorem 4.2, in particular, highlights the natural role of the J-volume
by proving that it has the same convexity properties as the standard volume
in the Abelian case. It extends previous results in [14], which were limited
to negative curvature.

Minimal Lagrangian submanifolds have been extensively studied in Rie-
mannian/symplectic geometry. Our focus on totally real submanifolds cor-
responds to the fact that the point of view underlying this paper is, instead,
complex-theoretic. This should be compared to the symplectic viewpoint, es-
poused for example in [I]. This shift paves the way for the main ingredients
in all proofs: (i) a close relationship between the Ricci potential and the J-
volume density, and (ii) a classical relationship between pluri-subharmonic
functions on complexified Lie groups and the convexity of their integrals. It
also provides the appropriate framework for convexity, which does not hold
in the standard symplectic coordinates.
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2. Complexified Lie groups

Let g be a real Lie algebra. Its complexification is the space g¢:=g® C
endowed with the complex-linear extension of the Lie bracket. It is thus,
by construction, a complex Lie algebra containing g as a real sub-algebra.
Furthermore, let J denote the real endomorphism defined by multiplication
by i. We then obtain a splitting g¢ = g @& Jg, where Jg is ad(g)-invariant:
[(X,JY] =JX,Y].

The analogous notion of complexified Lie group is slightly more deli-
cate [9].

Definition 2.1. Let G be a real Lie group. The complezification of G is a
complex Lie group G¢ endowed with a continuous homomorphism ¢ : G — G¢
which satisfies the following “universality property”: given any complex Lie
group K and continuous homomorphism j : G — K, there erists a unique
holomorphic homomorphism j¢: G¢ — K such that jo. = j.

Any G admits a complexification. The definition implies it is unique.
When G is compact, ¢ is injective and the Lie algebra of G¢ is a complexifi-
cation of the Lie algebra g of G. We will usually identify G with its image:
G ~ (G) < G°. Furthermore, the map

gxG— G (X,g9)—exp(iX)g

is a diffeomorphism, so G and G¢ have the same homotopy/homology groups.
We remark that this map also provides a foliation of G¢, transverse to Gj;
the alternative distribution defined by Jg is instead clearly non-integrable.

Ezample. The complexification of G := U(1) is C* ~ C/2miZ (though G em-
beds for example also into the complex group C/ < 1,2miZ >). The com-
plexification of U(1)™ is (C*)™. The complexification of SU(n) is SL(n, C).

Notation. Generic points (elements) in G¢ will be denoted p or k; generic
vectors in its Lie algebra will be denoted Z. We will reserve g for elements in
G and XY for vectors in g. Left /right multiplication maps will be denoted
L/R. The identity element will be denoted e. Given a vector Z in the Lie
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algebra, thus Z = d/dt ky—o, Z will denote the fundamental vector field
defined by right multiplication: Z, := d/dt(pkt);;—o. The map Z — Z is L-
invariant, ie Ly,Z = Z. Furthermore,

(R}C*Z)‘p = Rk*|pk*12\pk*1 = d/dt(pk_lk‘tk) = adk—1Z|p,

so the map is equivariant with respect to these right group actions.
More generally, we will use the notation Z +— Z for any right group
action on a manifold.

Conventions. As made clear above, we shall work with right group actions
on manifolds. Expressing these in the form M x K — M serves to emphasize
the anti-homomorphism property. This choice is compatible both with the
standard convention used for principal bundles and with our main reference
[13], who works with the principal bundle G¢/G. It implies however that
manifolds with a K-transitive action with isotropy subgroup H must be
written in the form H\K, rather than the more common form K/H.

Analytic properties. Let G be a compact Lie group and G¢ its complex-
ification. Matsushima [I7] proved that, as a complex manifold, G¢ is a Stein
space. We can thus apply the following facts, valid for any Stein space M:

e The higher Dolbeault cohomology groups vanish: HP*4(M) = 0 for all
q=>1

o Let HLL(M) := Ker(d)/Im(99) denote the Bott-Chern cohomology
spaces. Then the following version of the 09-lemma holds [2]: the map
HYA (M) — HP*9(M;C) is an isomorphism, thus injective.

This has the following consequence.

Lemma 2.2. Let w be a real (1,1) form on G°. Then w is d-ezact iff w =
100f, for some f: G — R.

Example. Any compact semi-simple Lie group G has H?(G;R) = 0. It follows
that H?(G%R) = 0, so any closed real (1,1) form w on G¢ is d-exact.

Alternatively, assume w = 0 along one G-orbit pG in G¢. Then fz w=0
for all surfaces ¥ C pG, so [w] = 0 € H?(pG;R) ~ H*(G%R).

We can view G€ as a principal fibre bundle with respect to the action Rg
of G defined by right multiplication. Since G < G° is closed, the projection
m: G¢ = G°/G defines a manifold structure on G¢/G. The decomposition
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of the Lie algebra then shows that G¢/G is a reductive homogeneous space,
endowed with a natural connection. The geodesics through the point [e] €
G€/G are the projection of the real 1-parameter subgroups in G¢ generated
by vectors JX € Jg. More generally, geodesics through the point [k] are the
projection of the curves through k obtained by left-translation of the above
1-parameter subgroups. We can thus define a notion of convexity on G¢/G:
a function F': G°/G — R is convez iff it is convex along each such curve.
Lassalle [I3] proved the existence of an interesting relationship

between pluri-subharmonic functions f:G® — R and convex functions
F:G°/G — R.

Theorem 2.3. Let G be a compact Lie group and G¢ its complexification.
Let f be a real-valued function on G€.

1) Assume f is G-invariant, ie f = n*F, for some F on G°/G. Then f
PSH implies F' conver.

2) More generally, given f on G¢, set F([k]) := fo(kg)d,u, where p is
the Haar measure on GG. Then f PSH implies F convex.

3) When G =U(1)" and f is G-invariant, then f is PSH iff F is convez.

Invariant metrics. Recall that, given a symplectic manifold (M,w), a
right action ¢ of G on M is Hamiltonian if there exists a moment map
p: M — g* such that (i) du- X = tgw, (ii) p is G-equivariant with respect
to the (right) coadjoint action; equivalently, i, ) - X = pp - (adg X).

In particular, (i) implies that £g¢w =0 so w is G-invariant, while (ii)
implies that w(X,Y) = p - [V, X]. It follows that the G-orbits are w-isotropic
iff pu - [g, g] = 0. Conditions (i), (ii) also imply that a moment map is unique
up to a constant « € g* such that « - [g, g] = 0.

When M is compact, the fact that w is non-degenerate implies that w
cannot be exact. We are however interested in the manifold G¢, which is
non-compact. It has two natural right G-actions, defined by R, and L,-1.
To simplify, we shall restrict our attention to the former.

Recall also that, on functions, we can write (00 = dd¢, where d°f =
—df o J.

Proposition 2.4. Let w be a Kdhler form on G€.

1) Assume w is Rg-invariant and d-exact. Then the Rg-action is Hamil-
tonian.
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2) In general, assume the Rg-action is Hamiltonian. Then any moment
map p: G¢ — g* is a submersion.

Let L C G° denote the set of points belonging to Lagrangian Rg-
orbits. Then L is either empty or it is a smooth submanifold of G¢ of
dimension dim(G¢) — dim([g, g])-

In particular, all Rg-orbits are Lagrangian (ie L= G°) iff G is
Abelian. In this case w is d-exact (equivalently, dd®-exact).

Proof. Regarding Part 1, Lemma 2.2 shows that we can write w = dd°f. By
symmetrization, we can assume f is Rg-invariant. Let us define

G =gt pe X = —dof(X).

This map satisfies condition (i). Indeed, given any Z € T,,G¢, let us choose
an extension Z to G¢. The Rg-invariance of d¢f shows that

(dp-X)(Z) = d(p- X)(Z) = —Z(d°f (X))
= d(d°f)(X,2) - X(d°f(Z)) + d°f([X, Z])
=d(d°f)(X,Z) - d°f (L3 Z - [X, Z))
=d(d°f)(X, 2),

providing an equality between two, a priori different, uses of the operator
d: respectively, on maps and on 1-forms. We can now conclude that (dp -
X)(Z) =w(X,Z). Alternatively, this follows from the calculation

0= [,X—(dcf) = L)Z—ddcf + dbxdcf =lzw+ dLXdcf.

The map 1 also satisfies condition (ii) because, using the L-invariance of X
and the Rg-invariance of d°f,

_dcf|p(ang) = _(LZRZ—l(dCf))Ig*ng(X) = _(LZ(dCf))\g”pg(X)
= —dcf|pg(X).

Part 2 relies only on the abstract properties of the moment map and
the effectivity of the Rg-action. Indeed, assume p is not a submersion at
some point p € G¢. This implies that there exists X # 0, thus X 2 0, such
that dy- X = 0. Then w(X,Z) = (du- X)(Z) =0 for all Z, contradicting
the non-degeneracy of w.

The set £ can be characterized as u~!([g, g]"), proving both its regular-
ity and the fact that if G is Abelian then all orbits are Lagrangian.
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Conversely, assume all Rg-orbits are Lagrangian. Then, as seen above,
p =0 on [g,g]. Since u is a submersion, it follows that [g,g] =0 so G is
Abelian. The fact that w is d-exact has already been discussed. O

Proposition 2.4 explains why we are interested in Hamiltonian actions:
they provide strong control over the Lagrangian condition for the orbits.

Consider the distribution in T'G* defined by Jg, endowed with the metric
obtained from w. The Rg-invariance of w is equivalent to the fact that
the metric descends to G¢/G or, since the R-action on the tangent bundle
corresponds to the ad-action on the Lie algebra, that it defines a G¢/G-
family of adg-invariant metrics on Jg.

3. Convexity of volume functionals

We are interested in studying the properties of the volume functional on
the set of Rg-orbits in G¢. Our strategy will be to start with a notion of
volume which detects special properties of these submanifolds, then relate
it to the usual notion. Specifically, we shall use the fact that our Rg-orbits
are orientable and, thanks to the splitting g¢ = g ¢ Jg, totally real.

Definition 3.1. A n-submanifold L of a complex n-manifold M is totally
real (TR) if there exists a splitting TM|;, = TL © J(TL), ie any real basis
of T,L is a complex basis of T, M.

Now let L be orientable TR and M Kahler. Consider the standard vol-
ume form induced on L by the Riemannian metric g: given any volume
form o, we can write it as o/|o|,. Integration leads to the standard volume
functional Vol. This construction does not use, in any way, the TR property.

An alternative volume form can be obtained by first extending o, in a
complex-linear fashion, to an element of the canonical bundle K, then
normalizing via the Hermitian metric h. We thus obtain a (n,0)-form Q :=
o/|o|n, which, as before, is independent of the choice of o. The restriction
voly := Qg is a real volume form. Integration leads to an alternative J-
volume functional which we denote Vol;.

In terms of a local basis vy, ...,v, of T'L one finds the formula

B Vi A AU B " "
voly = (et h(or o) 2 det h(vi,vj) v A -+ Ay,

177
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where v denotes both an element in the dual real basis on T*L (so as to
get a real volume form) and its complex-linear extension to A1’0M|TL (so as
to apply h).

We make two observations:

1) When v; are holomorphic, the function H := det h(v;,v;) determines
both the J-volume density V/H and the curvature of the Chern connec-
tion on (K, h): p = i09(— log H). In our Kéhler setting, this coincides
with the standard Ricci 2-form Ric(J-,-).

2) voly < vol. The equality holds precisely on Lagrangian submanifolds,
[16] Section 4.1; the equality Vol; = Vol then holds to first order.

The setting we are interested in is when M := G and L is a Rg-orbit. We can
then choose v; := f(i, where X is a basis of g. These vectors are holomorphic
on G¢ and tangent to the Rg-orbits. The first of the above facts then allows
us to control the analytic properties of the J-volume density function v H
in terms of the Ricci curvature of G¢. Specifically: log vH = 1/2(log H) is
PSH iff p < 0. It then follows that v/ H is PSH.

Proposition 3.2. Let G be a compact Lie group and G¢ its complezifi-

cation. Let w be a Kdahler form on G¢. Consider the J-volume functional

Volj : G¢/G — R on the space of Rg-orbits. If Ric < 0 then Vol is convez.
Now assume w is Rg-invariant. Then H is Rg-invariant, so:

e [fRic <0 then log Vol; is convex. It follows that Volj is convex.

e IfRic > 0 then log Vol is concave. It follows that 1/ Vol is convex.

In particular, if Ric = 0 then log Vol is linear along each geodesic in G¢/G,
so Vol is exponential.

Proof. The integral of v A --- A v} along an Rg-orbit does not depend on
the chioce of orbit. Up to constants, this form coincides with the Haar mea-
sure. The J-volume of an Rg-orbit is the integral of the PSH function v H,
so the first statement is an application of Theorem 2.3.

Notice that h(v,v;) = h(Jv;, Jvj). The vectors Jv; belong to the hori-
zontal distribution defined by Jg. If w is Rg-invariant then h is Rg-invariant
on the distribution and adg-invariant on Jg, so H is also Rg-invariant. In
this case

log Vol ; :log/ \/ﬁduzlog\/ﬁ—kc,
G

so we can conclude as before. O
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Ezample. Bielawski [3] shows that, given any compact simple Lie group G,
G¢ admits a Lg X Rg-invariant Ricci-flat Kahler metric.

Now assume G is compact and Abelian, thus a torus T". Then G¢ =
(C*)™ and G¢/G ~ (RT)", but we can also use the isomorphism exp :
C"/2mi Z™ — (C*)™ to identify G¢/G ~ R". The geodesics on G/G then
coincide with the usual straight lines. Furthermore, in this case, (i) we do
not need to distinguish between L and R, (ii) we can use Part 3 of Theo-
rem 2.3, and (iii) Proposition 2.4 shows that the G-orbits are Lagrangian.
We can thus strengthen the previous result as follows.

Proposition 3.3. Let G be the torus T™ and w be a Kdhler form on (C*)"
such that the G-action is Hamiltonian. Consider the volume functional Vol :
G°/G — R on the space of G-orbits. Then H is G-invariant, so:

e Ric <0 iff log Vol is convex. It follows that Vol is convex.
e Ric > 0 iff log Vol is concave. It follows that 1/ Vol is conver.

In particular, if Ric = 0 then log Vol is linear along each geodesic (straight
line) in G¢/G ~R"™, so Vol is exponential.

The following fact provides a better understanding of the Ricci-flat case.

Lemma 3.4. Assume a C? function f : R™ — R is exponential along each
line. Then f(x1,...,2,) = e @%b for some a;,b € R.

Proof. To simplify assume n = 2. Since f is exponential along the lines de-
fined by constant y, we find f, = a(y)f so fzy = d'f + af,. Likewise, con-
sidering the lines with constant x we find f, = b(x)f, thus fy, =0'f + bfs.
Comparing, we find o'f +afy, = f + bf, thus, substituting, a'f + abf =
b'f+baf. It follows that o’ = b'. Since the two functions depend on differ-
ent variables, this implies a” = 0, b = 0 thus a(y) = ay + a, b(z) = bx + (.
Furthermore, the fact ' = b’ implies a = b. Now consider the line z = y. The
exponential behaviour implies f, + f, = v f along this line. Substituting, we
find (ax + a)f + (ay + B)f = ~vf along this line, so a = 0. It follows that
fz = af, f, = Bf. Integrating we obtain the desired result. O

4. Compactifications

We are interested in extending the above results to compact manifolds: this
will guarantee the existence of critical points for our volume functionals. In
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other words, we are interested in compactifying group actions. This leads to
the following notion.

Definition 4.1. A quasi-homogeneous manifold is a compact complex man-
ifold M together with a complex group K acting (on the right) on M by
complexr automorphisms such that M contains a dense open K -orbit.

Reversing the above point of view, we will say that M is a compactifi-
cation of K (or, more correctly, of the homogeneous space H\K defined by
the isotropy group corresponding to the dense open K-orbit).

The map M x K — M is automatically holomorphic wrt both variables
[4], so each K-orbit is a complex submanifold.

We are mostly interested in the case K = G¢. Assume M has complex
dimension n and p € M belongs to the dense open G°orbit. Consider the
holomorphic map f: G — M, k — pk. We would like to ensure that its
restriction to the TR submanifolds pG in G¢ defines TR submanifolds in M.

In general, a holomorphic map does not send TR submanifolds to TR
submanifolds.

Ezample. The holomorphic function f:C? = C, f(z =2z +iy,w:= &+
in) := z + 4w maps the TR (z,in)-plane onto a TR line in C, but it maps
the TR (z,£)-plane onto C.

If however the isotropy subgroup of p is discrete, then (i) quasi-
homogeneity ensures that dim(G¢)=dim(M), so the submanifolds pG have
real dimension n, and (ii) f is a holomorphic immersion. Its differential
thus preserves C-linear independence, so f sends TR submanifolds to TR
submanifolds. On these submanifolds Vol is strictly positive.

Let us now consider what happens when p € M does not belong to the
dense open G¢-orbit. If its G-orbit pG were a n-dimensional TR submanifold
then its complexification pG¢ would intersect the dense open G¢-orbit: this
contradicts the fact that orbits do not intersect. It follows that either (i) pG
has dimension less than n, so the vector fields X; tangent to pG are linearly
dependent, or (ii) pG is not TR. In either case the formula for vol; shows
that Vol; extends continuously to such orbits, with value zero.

We may conclude, by compactness, that Vol; attains a maximum value
on the space of G-orbits. This value is positive; it is achieved by a G-orbit
contained within the dense open G¢-orbit.
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Theorem 4.2. Let G be a compact Lie group and M be a compactification
of G° with finite isotropy subgroup. Assume M is endowed with a G-invariant
Kahler structure. Consider the J-volume functional Vol restricted to the set
of G-orbits within the dense open G°-orbit.

1) The condition Ric < 0 contradicts the compactness of M.

2) If Ric > 0 then —log Vol is strictly convex. This implies 1/ Vol is
strictly convex so, by compactness, Volj has a unique critical point: its
MazTimum.

This point is also a critical point for Volj, viewed as a functional
on the space of all totally real submanifolds.

Proof. As a first step, we need to show that the convexity results of Section 3
continue to hold in this context. Let 7 be the order of the isotropy subgroup.
Then G¢is ar : 1 cover of the dense open G-orbit in M. Let us pull back the
Kahler structure. We are then in the situation of Proposition 3.2, so those
convexity results hold on G¢. By construction the functionals Vol; on the
dense open Gorbit in M and on G¢ are related by a constant factor 1/r,
so the same convexity results hold in M. We may now prove the theorem.

Part 1 is classical [12]: indeed, any compact such M (even in the Rieman-
nian context) must have finite isometry group. Our set-up provides however
a new proof. We have already argued that compactness would imply that
Vol admits a positive maximum value. On the other hand, if Ric < 0 then
log Vol is strictly convex. This implies Vol is strictly convex, so it has no
maximum point: contradiction.

Regarding Part 2, the arguments of [10] or [21] show that the maximal G-
orbit is critical (but not maximal) within the space of all TR submanifolds.

g

The first theorem in Section 1 is the Abelian analogue of Theorem 4.2,
phrased so as to also allow non-compact M. The Hamiltonian condition and
Proposition 3.3 allow us to replace Vol; with Vol.

Examples. Let us illustrate our results using the manifold M := CP3.
This requires finding compactified G-actions on CP? with real 3-dimensional
G-orbits.

Consider the case G :=U(4), G¢ = GL(4,C) with its standard (right)
action on C*: this action descends to CP3, but the G-action is transitive
so its orbits are too big. We can use representation theory to find alter-
native groups with linear actions on C* (thus subgroups of GL(4,C)) and
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better properties. We shall list some below. In these cases the critical or-
bits predicted by Theorem 4.2 are well-known in the literature. They are
of particular interest because of their relationship with minimal Legendrian
submanifolds in S” and special Lagrangian cones in C*, see eg [11].

1. Choose G := (U')*, G¢ = (C*)* with its standard action on C*. Pro-
jectivizing, we obtain the standard description of CP? as a toric variety.
It has one dense open (C*)3-orbit corresponding to the intersection of the
4 standard charts on CP®. The U(1)3-orbit of p:=[1,1,1,1] is a minimal
Lagrangian torus [g].

2. Let us identify C* with the space of degree 3 homogeneous polynomials
in two variables z, w. There exists an irreducible linear action of G := SU(2),
G¢ = SL(2,C) on this space. After projectivizing, the isotropy subgroup cor-
responding to the dense open G-orbit has order = 12. Chiang [5], see also
[7], showed that the G-orbit of p :=[1,0,0,1] ~ [¢ + w?] is a Lagrangian
submanifold diffeomorphic to a quotient of SU(2) ~ S3; [11], [18] study it as
a minimal Lagrangian submanifold.

3. Let us identify C* with the space of matrices gl(2,C). Right multi-
plication provides an action of G := SU(2), G¢ = SL(2,C): it can be viewed
as the sum of two invariant subspaces, corresponding to two copies of C?
with the standard G, G¢-actions. After projectivizing, the invertible matri-
ces in gl(2,C) form a dense open G®orbit in CP3; the isotropy subgroup
has order 2. The G-orbit of p := Id is a minimal Lagrangian submanifold
diffeomorphic to Zy\ SU(2) ~ RP3, see eg [11].

A final remark: when one compactifies a group K (rather than a homo-
geneous space), it is sometimes of interest to extend to M both the left and
the right group actions. This problem can be cast in the framework of Defi-
nition 4.1 as follows. Consider the group K x K and the diagonal subgroup
A ~ K. The map

Kx K=K, (ki,ka) v kyky

induces an equivariant diffeomorphism between the homogeneous space
A\ K x K, endowed with its natural (right) K x K-action, and the manifold
K, endowed with the (right) K x K-action (k1, ko) - k := ky 'kko. Compact-
ifying this homogeneous space then produces the desired result.

Ezample. After projectivizing, CP? can be seen as the two-sided compactifi-
cation of G := SU(2), G¢ = SL(2, C) acting on gl(2, C) ~ C* via the standard
adjoint action. This action splits into the sum of the trivial action on the



Ricci curvature 1251

subspace generated by Id and an irreducible action on sl(2,C), isomorphic
to the space of degree 2 homogeneous polynomials in z,w. The G-orbits
and isotropy groups do not have the correct dimensions to be studied as
in this paper. However, the G x G-orbit of Id coincides with the minimal
Lagrangian submanifold discussed in Example 3, above.

5. Minimal Lagrangian submanifolds

Our convexity results Proposition 3.2 and 3.3 can be viewed as a geometric
reformulation of Lassalle’s analytic statement, Theorem 2.3. They provide,
via Theorem 4.2, both existence and global uniqueness results for critical
orbits. It seems of interest to also mention what can be achieved using al-
ternative techniques. Compact Kéhler-Einstein (KE) manifolds offer a good
framework. In this context we may rely on two facts.

1. Assume G acts by isometries on M. Up to a quotient we may assume
that the action is effective, ie that G is a subgroup of the isometry group.
It then automatically preserves the complex structure [12], ie G maps into
the group of complex automorphisms of M. The universality property then
implies that G° also maps into this group.

Remark. When M is compact and positive KE, the Lie algebra of the isom-
etry group is TR in the Lie algebra of the automorphism group [12]. This
however does not imply that G-orbits are TR in M. Consider for example
the case M := CP": then G := U(n + 1) acts transitively on M.

2. Let M be a positive or negative KE manifold. [I6] Proposition 5.3
shows that any critical point of Vol; is automatically minimal and La-
grangian. Totally real submanifolds and the Vol; functional are thus a useful
tool for detecting minimal Lagrangian submanifolds.

Remark. This corresponds to the apparently miraculous fact that, in the
examples in Section 4 with M = CP?, the critical TR fibre is always minimal
Lagrangian. Moments maps provide an alternative explanation.

These facts lead to the following result. Compared to the previous sec-
tion, it does not provide global uniqueness but it requires no knowledge of
isotropy subgroups.
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Theorem 5.1. Let (M,w) be a compact complex n-dimensional manifold,
endowed with a positive Kahler-Finstein structure. Let G be a compact Lie
group acting isometrically on M, whose generic orbit is n-dimensional and
TR. Then M contains a minimal Lagrangian submanifold.

This submanifold is a G-orbit in M; it is isolated within the class of
minimal Lagrangian G-orbits.

Proof. The general theory of group actions implies that generic orbits (also
called principal) have maximal dimension. This means that all G-orbits have
dimension less than or equal to n, so Vol; extends continuously to zero on
the other orbits. By compactness, Vol; admits a positive maximum value,
thus a critical point. The arguments of [10] or [2I] then show that this
orbit is critical (but not maximal) within the space of all submanifolds. [16]
Proposition 5.3 shows that this orbit is minimal Lagrangian. [20] Theorem
6 shows that minimal Lagrangian orbits are isolated. ([l

This strengthens [20] Theorem 5, which assumed the existence of at least
one Lagrangian G-orbit.

Remark. Uniqueness holds only within the category of orbits, and for the
given group action. For example, any geodesic in CP! is a minimal La-
grangian orbit for an appropriate group action, but it is not isolated in any
broader sense.

In the context of group compactifications, convexity yields global unique-
ness.

Corollary 5.2. In the setting of Theorem 4.2, assume (M,w) is positive
Kdhler-Einstein. Then M contains a unique minimal Lagrangian G-orbit in
the dense open G¢-orbit.

The example following Lemma 2.2 shows that w is d-exact when pulled
back to G¢; by equivariance, it is true also on the dense open G¢-orbit.

We refer to [22], respectively [6], for the existence theory for KE metrics
in toric manifolds, respectively group compactifications, and to [I5] for a
study of the critical points of the J-volume functional.

References

[1] M. Abreu, Kdihler geometry of toric manifolds in symplectic coordi-
nates, in Symplectic and contact topology: interactions and perspectives



Ricci curvature 1253

(Toronto, ON/Montreal, QC, 2001), Vol. 35 of Fields Inst. Commun.,
1-24, Amer. Math. Soc., Providence, RI (2003).

[2] A. Aeppli, On the cohomology structure of Stein manifolds, in Proc.
Conf. Complex Analysis (Minneapolis, Minn., 1964), 58-70, Springer,
Berlin (1965).

[3] R. Bielawski, Kdhler metrics on G, J. Reine Angew. Math. 559 (2003)
123-136.

[4] S. Bochner and D. Montgomery, Groups of differentiable and real or
complex analytic transformations, Ann. of Math. (2) 46 (1945), no. 4,
685-694.

[5] R. Chiang, New Lagrangian submanifolds of CP", Int. Math. Res. Not.
(2004), no. 45, 2437-2441.

[6] T. Delcroix, Kdhler-Einstein metrics on group compactifications, Geom.
Funct. Anal. 27 (2017), no. 1, 78-129.

[7] J. D. Evans and Y. Lekili, Floer cohomology of the Chiang Lagrangian,
Selecta Math. (N.S.) 21 (2015), no. 4, 1361-1404.

[8] R. Harvey and H. B. Lawson, Jr., Calibrated geometries, Acta Math.
148 (1982) 47-157.

[9] G. Hochschild, The structure of Lie groups, Holden-Day, Inc., San
Francisco-London-Amsterdam (1965).

[10] W.-y. Hsiang, On the compact homogeneous minimal submanifolds,
Proc. Nat. Acad. Sci. U.S.A. 56 (1966) 5-6.

[11] D. Joyce, Special Lagrangian m-folds in C™ with symmetries, Duke
Math. J. 115 (2002), no. 1, 1-51.

[12] S. Kobayashi, Transformation groups in differential geometry, Classics
in Mathematics, Springer-Verlag, Berlin (1995), ISBN 3-540-58659-8.
Reprint of the 1972 edition.

[13] M. Lassalle, Deuz généralisations du “théoréme des trois cercles” de
Hadamard, Math. Ann. 249 (1980), no. 1, 17-26.

[14] J. D. Lotay and T. Pacini, Complezified diffeomorphism groups, totally
real submanifolds and Kdhler-Einstein geometry, Trans. Amer. Math.
Soc. 371 (2019), no. 4, 2665-2701.



1254 Tommaso Pacini

[15] , From minimal Lagrangian to J-minimal submanifolds: persis-

tence and uniqueness, Boll. Unione Mat. Ital. 12 (2019), no. 1-2, 63-82.

, From Lagrangian to totally real geometry: coupled flows and
calibrations, Comm. Anal. Geom. 28 (2020), no. 3, 607-675.

[16]

[17] Y. Matsushima, Espaces homogénes de Stein des groupes de Lie com-
plezes, Nagoya Math. J. 16 (1960) 205-218.

[18] Y. Ohnita, Stability and rigidity of special Lagrangian cones over certain
minimal Legendrian orbits, Osaka J. Math. 44 (2007), no. 2, 305-334.

[19] G. Oliveira and R. Sena-Dias, Minimal Lagrangian tori and action-angle
coordinates, Trans. Amer. Math. Soc. 374 (2021), no. 11, 7715-7742.

[20] T. Pacini, Mean curvature flow, orbits, moment maps, Trans. Amer.
Math. Soc. 355 (2003), no. 8, 3343-3357.

[21] R. S. Palais, The principle of symmetric criticality, Comm. Math. Phys.
69 (1979), no. 1, 19-30.

[22] X.-J. Wang and X. Zhu, Kdhler-Ricci solitons on toric manifolds with
positive first Chern class, Adv. Math. 188 (2004), no. 1, 87-103.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORINO
viA CARLO ALBERTO 10, 10123 ToORINO, ITALY
E-mail address: tommaso.pacini@unito.it

RECEIVED NOVEMBER 6, 2021
ACCEPTED MARCH 12, 2023



	Introduction
	Complexified Lie groups
	Convexity of volume functionals
	Compactifications
	Minimal Lagrangian submanifolds
	References

